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High energy QCD: Multiplicity distribution and entanglement entropy
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In this paper, we show that QCD at high energies leads to the multiplicity distribution (s, /0cy,) =
(1/N)(N —1/N)""! (where N denotes the average number of particles) and to entanglement entropy
S = In N, confirming that the partonic state at high energy is maximally entangled. However, the value of N
depends on the kinematics of the parton cascade. In particular, for deep inelastic scattering, N = xG(x, Q),
where xG is the gluon structure function, while for hadron-hadron collisions, N « Q%(Y), where Q
denotes the saturation scale. We checked that this multiplicity distribution describes the LHC data for low
multiplicities n < (3 +5)N, exceeding it for larger values of n. We view this as a consequence of our
assumption that the system of partons in hadron-hadron collisions at c.m. rapidity ¥ = 0, is dilute. We show
that the data can be described at large multiplicities in the parton model, if we do not make this assumption.
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I. INTRODUCTION

Over the past several years, new ideas have been devel-
oped in the high energy and nuclear physics community,
which suggest a robust relation between the principle
features of high energy scattering and entanglement proper-
ties of the hadronic wave function [1-17]. The main idea,
which we explore in this paper, is the intimate relation
between the entropy in the parton approach [18-21] and the
entropy of entanglement in a proton wave function [5].

This relation materialized as the resolution of the
following difficulty in our understanding of high energy
scattering: on one hand, the proton is a pure state, and it is
described by a completely coherent wave function with
zero entropy, but, on the other hand, the deep inelastic
scattering (DIS) experiments are successfully described,
treating the proton as a incoherent collection of quasifree
partons. This ensemble has nonvanishing entropy, and
Ref. [5] proposes that the origin of this entropy is the
entanglement between the degrees of freedom one observes
in DIS (partons in the small spatial region of the proton)
and the rest of the proton wave function, which is not
measured in the DIS experiments.
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In other words, the hadron in the rest frame is described
by a pure state |y) with density matrix p = |y) (y| and zero
von Neumann entropy S = —tr[pInp] =0. In DIS at
Bjorken x and momentum transfer, g> = —Q? probes only
a part of the proton’s wave function; let us denote it A. In
the proton’s rest frame, the DIS probes the spatial region A
localized within a tube of radius approximately 1/Q and
length approximately 1/(mx) [22,23], where m is the
proton’s mass. The inclusive DIS measurement thus sums
over the unobserved part of the wave function localized in
the region B complementary to A, so we have access only to
the reduced density matrix p, = trgp, and not the entire
density matrix p = |w)(y/|. In Ref. [5], it is proposed that

Sy = —trg V)A In ﬁA] = Sparton cascade (1)

Equation (1), in spite of its general form, means that we can
estimate the entropy and multiplicity distribution of the
produced gluons using the parton wave function in the
initial state. In addition, we can obtain a thermal distribu-
tion of the produced particles in the high energy collision in
spite of the fact that the number of secondary interactions in
proton-proton collisions is rather low and cannot provide
the thermalization due to the interaction in the final state.

It has been demonstrated in Refs. [6,10,11,16] that these
ideas are in qualitative and, partly, in quantitative agree-
ment with the available experimental data.

The goal of this paper is to study the multiplicity
distribution and the entanglement entropy in the effective
theory for QCD at high energies (see Ref. [24] for a general
review). Such a theory exists in two different formulations:
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the color glass condensate (CGC)/saturation approach
[25-30] and the BFKL (Balitsky-Fadin-Kuraev-Lipatov)
Pomeron calculus [31-45].

We believe that the CGC/saturation approach provides a
more general pattern [43,44] for the treatment of high
energy QCD. However, in this paper, we restrict ourself to
the BFKL Pomeron calculus, which has a more direct
correspondence with the parton approach and has been
used in Ref. [5].

Fortunately, in Ref. [44], it was shown that these two
approaches are equivalent for the description of the
scattering amplitude

2 1
Y < m(7—a, 2)
AprkL  \AgrkL

where Ak, denotes the intercept of the BFKL Pomeron.

The main difference between the CGC approach and
the parton QCD cascade for the topics dealt with in this
paper is the fact that the CGC approach generates the
nondiagonal elements of the density matrix (see, for
example, Refs. [3,9,12,17]), while for the parton cascade
and, generally, in the BFKL Pomeron calculus, the density
matrix is diagonal. Since in DIS experiments we can only
measure the diagonal elements of density matrix, we can
introduce in the framework another kind of entropy: “the
entropy of ignorance” [17], which characterized this lack of
knowledge of the actual density matrix in DIS experiments.
We will show below that the McLerran-Venugopalan
approach [25], which is used in Ref. [17], leads to the
same multiplicity distribution as the parton cascade.

The paper is organized as follows. In the next section, we
consider the entropy and multiplicity distributions in the
QCD parton cascade. We show that in different kinematic
regions the QCD cascade leads to different energy and
dipole size dependence of the mean multiplicity, and that
the multiplicity distribution has a general form,

1 — n—1

On _ 5 <N_1) , (3)

Oin N
where N is the average number of partons. The entangle-
ment entropy is equal t0 Spuion cascade = IN N, confirming
that the partonic state at high energy is maximally
entangled [5] (see Fig. 2). In the case of DIS, we argue
that N is equal to the gluon structure function, but we can
only prove the multiplicity distribution of Eq. (3), for the
BFKL evolution of this structure function. In Sec. III, we
show that the CGC approach leads to the multiplicity
distribution of Eq. (3). In Sec. IV, we consider hadron-
hadron scattering. In the range of energy given by Eq. (2),
we use the Mueller-Patel-Salam-Iancu (MPSI) [36,46]
approach, using the formalism of Ref. [41]. We show that
in the framework of this approach we have the distribution
of Eq. (3), which can describe the experimental data for

sufficiently low multiplicities n < (3 + 5)(n). However, we
fail to describe the data for larger n. We conclude that the
main assumption of the MPSI approach, that a system of
dilute partons are produced in the c.m. rapidity ¥ = 0, is
not valid for large multiplicities at high energies of the
LHC. Unfortunately, at the moment, we have no theoretical
tool to treat this scattering. However, in Ref. [47], an
approach has been suggested, which allows us to describe
the dense system of partons in hadron-hadron collisions, as
well as the dilute one. Developing this approach for the
multiplicity distribution, we are able to describe the data for
large multiplicities. We summarize our results in the
conclusions.

II. QCD PARTON CASCADE
A. QCD cascade for fast moving large dipole

1. General approach

As discussed in Refs. [24,26,40,41], the parton cascade
can be written in the form (see Fig. 1)

aPn(Y,r,b;rl,bl,rz,b2...rl’,bi, ..
oY

n
= — Z(A)G(rl')Pn(Y,r,b;rl,bl,r2,b2...rl',bi, ...rn,bn)
i=1

'rn’bn)

—_

n—

- (ri+rn
+agy 5P, (Y,r,b;r,by, ...
P (2z)rirk "

bim---rn—l’bn)’ (4)

(S5}

(ri+rn)’

where P, (Y; {r;, b;}) is the probability to have n—di]?oles of
size r;, at impact parameter b; and at rapidity Y by, in
Eq. (4) is equal to by, = b, +1r; =b, —3r.

Eq. (4) is a typical cascade equation in which the first
term describes the reduction of the probability to find n
dipoles due to the possibility that one of the n dipoles can
decay into two dipoles of arbitrary sizes, while the second
term describes the growth due to the splitting of (n — 1)
dipoles into n dipoles.

The initial condition for the DIS scattering is

P,(Y =0,r,b;r,b)) =6 (r—r))6@ b -b,);
Py (Y =0:{r;}) =0, (5)

which corresponds to the fact that we are discussing a
dipole of definite size which develops the parton cascade.

Since P, (Y;{r;}) is the probability to find dipoles {r;},
we have the sum rule

'In the laboratory frame rapidity, Y is equal to Y =
Ydipole  — Ydipoles r;» WHETE Yginoe - 18 the rapidity of the incoming
fast dipole and ygipoies , 1S the rapidity of dipoles r;.
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FIG. 1.

i/ﬁerideiPn(Y; {ribi}) = 1; (6)
-1 =1

i.e., the sum of all probabilities is equal to 1.

This QCD cascade leads to Balitsky-Kovchegov (BK)
equation [24,27,28] for the amplitude and gives the
theoretical description of the DIS. We introduce the
generating functional [26]

Z(Y,r,b;[u;])

:i/Pn(Y,r,b;{rib,} [[utb)dras, ()
n=1

i=1

where u(r;b;) = = u; is an arbitrary function. The initial
conditions of Eq. (5) and the sum rules of Eq. (6) take the
following form for the functional Z:

Z(Y =0,r,b; [u;]) = u(r,b); (8a)

Z(Y,r,u;=1]) = 1. (8b)

Multiplying both parts of Eq. (4) by [[", u(r;b;) and
integrating over r; and b; we obtain the following linear
functional equation [41]:

0Z(Y,r,b; u;])
oy
_ / PYK(r 1)) (—u(r, b)

L, e L\ 6Z
—|—u<r’,b+2(r r))u(r r.b 2r>>5u(r,b)’

(9a)

2
ag r

K(r.r—r I

Kir'.r=rir) = 21 (r—r')?’

. / ErK(E r—rl).  (9b)
Searching for the solution of the form Z([u(r;, b;,Y)])

for the initial conditions of Eq. (8), Eq. (9a) can be rewritten
as the nonlinear equation [26]:

P F|’-,_1 (Y!rv{ri}) 1

1

The graphical form of Eq. (4).

0Z(Y,r,b; [u;])
oY

:/dzr’K(r’,r—r’|r){Z<r’,b+%(1‘—"/);[“i]>
1

x z<r —rb—=r, [u,.]> —Z(Y.r.b; [u,.})}. (10)

Therefore, the QCD parton cascade of Eq. (4) takes into
account nonlinear evolution. However, to obtain the BK
equation for the scattering amplitude, we need to introduce
the scattering amplitude y(r;, b), for the interaction of the
dipole with the target at low energies. Using these ampli-
tudes, we can obtain the nonlinear BK equation from
Eq. (10), since [28]

f: " 1/H<J2r,y r,,b)—>

n=1

X Z(Y,r. b, [wi])]u=1- (11)

N(Y,r,b)

Using Eqgs. (9a) and (11), we derive the BK equation in the
standard form:

9 _ 2 . ) / _1 _
aYN(r,b,Y)_/d rK(r.r r’|r){N<r,b 2(r r’),Y>

1
—&—N(r—r’,b—ir’,Y) —N(r,b,Y)

1 1
—N(r-r,b—=r Y |N(F,b—=(r—r),Y | ;.
2 2
(12)
2. Several first iterations
Our goal is to find the solution to Eq. (4). In particular,

for the multiplicity distribution and for the entropy, we wish
to find

P(Y.r) = / P(Y.r.b () [[£ril. (13)
n=1

P, is the probability of finding n dipoles of all possible
sizes at the same values of the impact parameters, and being
such, it gives o, /0;,, which is the multiplicity distribution
in the QCD parton cascade. The initial and boundary
conditions for P,(Y,r) follow from Eq. (5) and Eq. (6)
and take the form:
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P,(Y=0,r)=0 forn> I,

SO B(Yrb) = 1. (14)

First, let us find P, (Y, r). The equation for P, has the
form

8P1(Y,r,b,r1,bl)
oY

= —wg(r)P\(Y,r,b,r,by) (15)
with the initial condition
P (Y=0,r,b,r,b) =6 —r)s®®B-b)). (16)

Therefore, for P, (Y, r, D), the equation takes the form

OP,(Y.r. b -
%:—WG(I")PI<Y,T,I7) (17)
with the solution
Pi(Y,r,b) = e @Y, (18)

The equation for P,(Y, r, b, r, b, ry, b") has the follow-
ing form:

OP>(Y,r,b;r, b, ry, b')
oY
= —(wg(r) + wG(r2)) Py (Y, r.b, 1, b 1y, b)
ag (ry + 1)

5 ap  DilYornbir 4 b). (19)
172

First, let us estimate the value of w¢(r), which is given
by Eq. (9b):

- 2 dr/Z
:asln (r /r0)+ 0 :&S/ 2 (20)
r<r r'>r ré /

Hence, only dipoles of size smaller than r contribute to the
value of wg(r).

We suggest that the solution to Eq. (19) has the form
/ dzb/P2<Y, r, b, ry, b/, ry, b,)

:EG(r—rl)Q(r—rz)Pz(’"’b)’ (21)

where ©(z) denotes the step function: ®(z) = 1 for z > 0
and ©(z) = 0 for z < 0. For the solution of Eq. (21), we can
obtain the equation for P, (Y, r, b), integrating both parts of
Eq. (19) over b/, ry, and r,. It has the form

OP,(Y, . -
L) — ooV ) 4 e, (22)
Using Eq. (18), we obtain that

Py(Y,r) = e= @Y (1 — e=2a(NY)), (23)

One can see that Eq. (23) gives P,(Y =0,7) =0 in
accord with Eq. (14). For small wg(r)Y < 1 in the parton
cascade, only two terms exist, P, (Y,r) and P,(Y,r), and
Eq. (6) reduces to

Pu(Y.r) + By(Yor) " 1 wg(nY +wg(n)Y = L.
—_—— =
P, P,

Eq. (24) shows that P,(Y,r,b,{r; b'}) are negligibly
small for dipoles with large sizes (r; > r).

3. Solution

We suggest looking for the general solution in the form

Pu(¥.r.bi{rl)) = [ [ 00 - ri)%f-’n(Y, rb).  (25)

i

For such a solution, we can obtain from Eq. (4) the
following equations for P,(Y,r;b):

GIBH(Y, r; D)

57 = —an(r)Pn(Y, r;b)

+ (n=Dag(r)P,_1(Y.r;b). (26)

Introducing the Laplace transform

- e+ico (]
P,(Y.rib) = / e pa(w.rb).  (2)
€—ioo l

we rewrite Eq. (26) in the form
wp,(@, r;b) = —nwg(r)p,(w. r: b)
+ (n = Dg(r)pp-i (o, r;b).  (28)

074008-4
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Eq. (28) has the solution

patw.r) = (=12 [

m=1

; (29)

note that Eq. (29) reproduces both Eq. (18) and Eq. (23).
Taking the inverse Laplace transform of function

e—wG(r)Y(l _ e—a;G(r)Y)”_l, we have

/oo dYe—wYe—wG(r)Y(l _ e—wG(r)Y)n—l
0

- ]2 pwn. (O

m=1
Hence, we have the following solution:
P,(Y,r) = e @Y (] — g=@a(r)¥)n=1, (31)

It is easy to see that Eq. (31) satisfies the initial conditions
and the sum rules of Eq. (14).

B. Multiplicity distribution and entropy
of the parton cascade

As has been mentioned,

In _p(Y.r) (32)

Oin

and therefore determines the multiplicity distribution.
Calculating the average N,

N = nn ann(Y, r) = e?Y, (33)

n=1 Oin n=1

we see that this distribution can be written in the form

1 /N=1\"=! 1/ N \"
On 2 (T2 o (L) (34)
6, N\ N N\N+1

where we have denoted N = N — 1.
We can compare Eq. (34) with the general form of the
negative binomial distribution (NBD)

P (r, 2 m) = <r +”<n>)’rr§l!1r—(|—r;’) (r jtnzn>>n' 5

One can see that Eq. (34) can be rewritten as

N _
In — T _pNBD(| N p), (36)

where o, is the cross section for producing »n hadrons in a
collision and oy, is the inelastic cross section. Therefore, at
large N, our distribution is close to the negative binomial
distribution with number of failures r =1 and with
probability of success p = N/(N + 1). Eq. (34) coincides
with the multiplicity distribution in the parton model (see
below and Ref. [5]). The difference is only in the expres-
sion for the average multiplicity (V).

Having Eq. (34), we can calculate the von Neumann
entropy of the parton cascade [see Eq. (1)], given by the
Gibbs formula,

Spanon cascade — _an In Pn» (37)
n

where p,, is the probabilities of microstates. In the parton
cascade, we can identify p, with P,(Y,r), reducing
Eq. (38) to the following expression (see Fig. 2):

Sparton cascade — _an(y’ }"> In pn(Y7 r)
n

= ;(mN—nln(N]j_ 1>> % (NLJFJ

1\ ~>1
- 1+=]—In(N-1
N+1)< +N> n(N-1)

= wg(r)Y. (38)

I
=3
=
_|_
5
N
=

Eq. (38) shows that at large Y all probabilities P,, become
equal and small, of the order of P, ~ . It is well known
that this equipartitioning of microstates maximizes the von
Neumann entropy and describes the maximally entangled
state. We thus conclude that at large Y the fast dipole
represents a maximally entangled quantum state of partons.

10

exact
8 ... asymptotics

o
o
®
5

INN=wgnNY

FIG. 2. Entropy S vs InN = wg(r)Y [see Eq. (38)]. Syymp =
InN = wg(r)Y.
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C. QCD motivated parton model

The main assumption of the parton model [19-21] is that
all partons have average transverse momentum, which does
not depend on energy. Therefore, we can obtain the parton
model from the QCD cascade assuming that the unknown
confinement of gluons leads to the QCD cascade for the
dipole of fixed size. In this case, the cascade equation take
the form

dpP,(Y)
d

= —AnP,(Y) + (n=1)AP,(Y),  (39)

where P,(Y) is the probability to find n dipoles (of a fixed
size in our model) at rapidity ¥ and A = wg(r = ry).

Using the Laplace transform of Eq. (27), we obtain the
solution to Eq. (39) in the form

P, () = (n-1)sz+1mA.

m=1

(40)

Using Eq. (30), we see that the solution of Eq. (39) has
the form

o, _ —ayanel L (N=T1\""1
o W(Y)=e b (1-e™) ]:N<—N ) . (41)
m

which is a direct generalization of Eq. (31). In Eq. (41), N is
the average number of the partons, which is equal to
N = exp (AY). In the parton model, the average number of
partons is related to the deep inelastic structure function.
Therefore, in Ref. [5], it is assumed that

N = xG(x, 0%), (42)

where xG is the gluon structure function. In this case, A can
be identified with the intercept of the BFKL Pomeron [31].
One can see that N = exp (wg(r)Y); this is certainly not
the same as a solution of the QCD evolution for the gluon
structure function.

D. Mutiplicity distribution for the parton cascade
in DIS

As we have seen [see Eq. (25)], our solution describes the
evolution in the system of partons with smaller sizes of
dipoles than the initial fastest dipole. On the other side, only
partons of larger than initial parton size contribute to the
structure function. In double log approximation, the emis-
sion of such dipoles leads to xG o exp (21/asY In (R?/r?)),
where R is the size of the target. We need to consider how the
produced dipoles interact with the target. We measure the
gluon structure function in the experiment in which r* of
the fastest dipole is about 7> ~ 1/Q? < R?. Since all r; < r
the n produced dipoles interact with the target at rapidity Y
and since r; < R, the amplitude of this interaction is

proportional to r?/R?. This fact completely changes the
structure of the cascade. Let us illustrate this, considering
P, (Y, r;ry, r;). The amplitude of interaction is proportional
o  p(Y,r, by, ra, b)) = (12 + 3Py (Y, r bsry, 1y, D).
Let us look at Eq. (19) for r; > r. The term with gluon
wg(r;) does not contribute since, as we have discussed,
only r; > r contribute in this term. Therefore, the equation
reduces to the following one:

Op(Y,r,byry,ra,b') 12
57 = r—Aer%P(Y, r,byr.b")
1
:2ﬁP(Y,r,b;r1.b/). (43)

1

Therefore, we infer that dipole sizes larger than r
contribute to the scattering amplitude of our interest and
lead to large p,.

Generally speaking, the scattering amplitude can be
written in the form [28,41]

N(Y.r.b) == (=1)"ph(ri. b1, ...r b3 Y = Yo)
n=1
x [[N(Yo. ri b)) drid?b;, (44)
i=1

where N (Y, r;, b;) is the amplitude of the interaction of
dipole r; with the target at low energy Y =Y, and the
n-dipole densities in the projectile pf (ry, by, ..., r,, b,) are
defined as follows:

146
P A VA —_ - — .
PR b =Yo) = [ 20 = Yos
(45)
For p,, we obtain [41]
apﬁ(rl,bl...,rn,bn)
a,0Y
= = 0(r)ph(r1. by by)
i—1
n er/ r/2
2 s ph (... V. b, =7 )2...
+23 [ G e b= /12
n—1 2
ri+rn
+ ( ) (oo.(rj +1,),biy...). (46)

For p;, we have the linear equation:

074008-6
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Opy (Yiry, b)

as0Y = —wc(rl)ﬂlf(Y; r1.b)

er/ r/2 _

Introducing p} (Y;ry, b) = rip}(Y,r,b), we obtain for
pt(Yry, b) the BFKL equation:

opy (Y1, b)

as0Y = —wg(r)p} (Y;ry,b)

d*r 1
2 — (Y, b). 4
+ /27‘[ (rl—r’)zpl( .7, b) (48)

The physical meaning of p! is clear from Eq. (45); it is the
mean number of dipoles with size r; that have been
produced. The multiplicity, which we needed in DIS, is
the number of dipoles with sizes larger than r ~ 1/Q. It is
equal to

NP (Y,r) :/dzrl,dszf()’;rl,b)
¢
= [faenpiren = . @)

where & = In(1/7?).
In the double log approximation (DLA) of perturbative
QCD, Eq. (48) can be rewritten in the form

PNY(Y,r)
W—NI(Y,T‘). (50)

It is worth it to mention that N is the gluon structure
function in the DLA.
The equation for pj (Y;ry, r,, b) has the form?

apg(Y; r1.12,b)

gy~ @aln)+o6(r))pz(Yin, rb)

d2r P2
- z/ﬁr%(rl —r’)ngw’ rbor2.b)

dzr/ r/2
+2/ﬁwpg<Y, rl,r’,b)

ro+r)?
Mpf(y;r]+r2),b). (51)

However, to find the multiplicity distribution, we need to
introduce moments [see Eq. (13)]:

“For simplicity of presentation, we took b > r;.

NE(Y, r) = / T &2r:bol (v, {r.}.b)
i=1
S KT
- H7d bph(Y, {r;}.b).  (52)
i=1 i
NY is equal to

13 13
NE(Y.r) = / dé, / dé, / PORY.E 6 b). (53)

which gives ("("T_l)>

The equation for p5 can be rewritten in the form for p5

opy(Ysry,ry,b)

aor = @s(n) +ac(r2)ph(Yir. rab)

da*r 1
2 —ph Y7 /5 b’ 7b
+ / 27 (r) _r/)zl)z( ', b.ry.b)

ar1
2 | ———=pP (Y, r, 7. b
+ /2” (rz_r/)2p2( r,r )
+p1(Ysr +12,b), (54)

or in DLA, it takes the form

aﬁg(y9§17§27b)

i
— / =P 4
aSaY _/ dng(Y7§7§27b)

+ / ® e (Y, E, 8 b)
+p7 (& = &) (55)

Note that the gluon Reggeization does not contribute in
DLA, since it describes the contribution of distances r; < r
(see the discussion above). Integrating Eq. (55) over £; and
&>, we obtain

ON3 (Y. 8)

13 13
2 s / JEND(Y.E) + / JENI(Y.E). (56)

The general solution to Eq. (56) has a form N5 (Y,&) =
NPPOMOE(y £)  NP(Y,&), where NZMM™E(Y.£) is the
solution of the homogenous equation:

aNg.homog(Y’ 5)

¢
aor 2 / dENEM™ (Y, 8).  (57)

The solution of Eq. (57) has the form

crioo dy sy, .

€—ico 2mi

Nin (}/) ’ (58)

where w(y) = % is the DLA limit of the BFKL kernel,
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w(y) =asx(y) = asQy(1) —w(y) —w(1-7)), (59)

where w(z) is Euler gamma function [see Ref. [48],
Eq. (8.36)].

We select n;,(y) = 1/y, since at Y = 0 we have only one
dipole and N, = (n(n—1)/2) = 0. Taking the integral
over y using the method of steepest descent, we obtain

W) = () e (2VERTE. (60

T
2\ 2asY¢&
First, we wish to note that Eq. (60) leads to

NPROMOE(y £) £ (NP(Y,£))2. However, in the diffusion
approximation for the BFKL kernel,

w(y) = Ak, + D(1/2 —7)?

1
= ABFKL - DIJ2 Wlth Yy = E + iIJ,

ABFKL — 4]n 2&5,D — 14§(3)d5 — ]6828&5‘, (61)

the main contribution stems from @ = Agpgy and
NPPOmoE(y £) = (NP (Y, &))2, if we neglect the contribu-
tions at y # 1/2 v # 0). Taking the integral over y using the
method of steepest descent for the kernel of Eq. (61), one
can see that the values of the saddle point for v are equal,

=—, 62
Usp 2DnY (62)
for NP. Therefore, for large Y as well as for large n, we,

indeed, can consider vgp — 0. For this special case, we have
NJ(Y.§) = (N7(Y.8))? = N{(Y.§). (63)

Comparing with the multiplicity distribution of Eq. (34),
one can see that Eq. (57) gives the factorial moment <@)
of this distribution with (n) = N7.

For N}, the equation follows from Eq. (53), which in
DLA takes the form

ONL (Y, €)

.f / ]
o :n/ JEND(Y. &)

Fn—1) / AENT_(¥.E).  (64)

The solution to this equation has the form

et+ioco dy |
NL(Y, &) = / _y_em@)YJrVﬁ{ew(y)Y — 1}, (65)

€—ico 2mi 4

with @(y) = @g/y in DLA.
Comparing Eq. (65) with the moments M, = <q!(;‘iq)!)
for the multiplicity distribution of Eq. (34),

n!

N, =1i; Nk(k>1)—< )!>—r‘z(ﬁ—1)k", (66)

q'(n—q

one can see that N} (Y, &) coincide with these moments
only if we take into account the main exponential behavior
at y = 1/2. As we have seen above, for large n, the value
of the saddle point for v [see Eq. (62)] indeed approach-
ing zero.

Hence, we infer that the QCD parton cascade in DIS
leads to the multiplicity distribution of Eq. (34) with
N =xG(Q,x) at x > 0, as is expected from the parton
model of Sec. IIC, but xG should satisfy the BFKL
evolution equation, and the accuracy of Eq. (34) is not
very precise at small n.

III. MULTIPLICITY DISTRIBUTION
IN CGC APPROACH

In Ref. [17], the density matrix is calculated in the
CGC approach, using the CGC wave function from
Refs. [49,50]. In the CGC approach, the large fraction
of momentum is carried by the valence quarks and gluons.
These fast partons emit low energy gluons whose lifetime is
much shorter than the valence partons. In other words, the
valence (“hard”) partons can be treated as static sources of
the soft gluons. The wave function of such a system of
partons can be written in the form

w) = v) ®s), (67)

where |v) characterizes the valence degrees of freedom,
while |s) denotes the wave function of the soft gluon in the
presence of the valence partons. Sign ® does not denote a
direct product, since the wave function of a soft gluon
depends on the valence degrees of freedom. Using that

2

d°k
|s) =C|0) with C=exp <2itr/ 22

bf(k)cb?(k)),
(68)

where ¢;(k) = af + a(—k) and b}, = gpa(k)%—F (p® s
the charge density of the valence partons), and McLerran-
Venugopalan (MV) model for wave function |v), the
density matrix

p=1v) ®]|s)(s| & (v] (69)
is calculated in Ref. [17]. The result of these calculation is

<lc(q)’ mc(_Q) |ﬁ|ac(Q)nBc(_q)>

l I /R\ !/
=(1- R)% <§> Oiipmiar  (70)

with
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q2 -1
R=(1+ ) , (71)
( 29°p?

where g is QCD coupling constant and x> determines the
color charge density in the valence wave function in the
MV model [25].

For the multiplicity distribution, we only need the
diagonal elements of the density matrix with / = a and
m = f, and the multiplicity is n = [ + m. Plugging these [
and m into Eq. (70), we obtain for the multiplicity
distribution

n! R\"
=(1-R —— | =) =(1-R)R" 72
Calculating average n = N, we obtain

N=(1-R)", (73)

and the multiplicity distribution can be rewritten in the form

o, 1 /N-1\" 1 N \"
— == === . (74)
6, N\ N N\N +1
We stress that Eq. (74) coincides with Eq. (34), which we
derived for the QCD parton cascade.

IV. MULTIPLICITY DISTRIBUTION
IN HADRON-HADRON SCATTERING

A. Interaction of two dipoles at high energies

We first consider the high energy interactions of two
dipoles with sizes r and R and with r ~ R. In Ref. [44], it is
shown that in the limited range of rapidities, which is
given by Eq. (1), we can safely apply the Muller, Patel,
Salam, and lancu approach for this scattering [36,46] [see

Fig. 3(a)]. The scattering amplitude in this approach can be
written in the form [41]

< 1
N(Y,r,R,b)=— -1)" ! b,,...r,,b,,=Y
( ’r’ ’ ) E( ) /pn<r1’ 1° 7rnv n 2 >

n=1

1
X pn (r’l,b—b’1 —b’f,...,rn,b—b’n—b;{;_iy>

x 11 d*r, H1 & v b P NBA (ry, v BY),
i= j=

(75)

where p!, and p}, are the parton densities in the target and
projectile, respectively. These densities can be calculated
from P, using Eq. (45). NBA is the scattering amplitude of
two dipoles in the Born approximation of perturbative QCD
(see Fig. 3). Eq. (75) simply states that we can consider the
QCD parton cascade of Eq. (4) generated by the dipole of
the size r for the c.m.f. (center mass frame) rapidities from
0to % Y and the same cascade for the dipole of the size R for
the rapidities from 0 to —5 Y

Generally speaking, for the dense system of partons
at Y =0, n dipoles from upper cascade could interact
with m dipoles from the low cascade, with the amplitude
N3 ({r;},{r;}) [41]. In Eq. (75), we assume that the system
of dipoles that has been created at Y = 0 is not very dense.
In this case,

N2 ({rb A7} 75,””1‘[ )INBA(rL P b)), (76)

and after integration over {r;} and {r}}, the scattering
amplitude can be reduced to a system of enhanced BFKL
Pomeron diagrams, which are shown in Fig. 3(b).

FIG. 3.

Scattering amplitude for the interaction of two dipoles with sizes: r and R at high energy in MPSI approach [see Figs. 3(a) and

3(b)]. The amplitudes of interaction of two dipoles in the Born approximation of perturbative QCD [N (r;, 1}, b”;) in Eq. (75)] are shown
as white circles. The wavy lines denote the BFKL Pomerons. Fig. 3(c) shows the Mueller diagram [51] for inclusive production of

gluons.
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(a) The comparison of the average multiplicities in proton-proton collisions at | < 2.4 [56] with the theoretical prediction

[53-55,57]. The figure is taken from Ref. [56]. The CGC prediction is marked by Levin et al., and they are taken from Ref. [57]. (b) The
Mueller diagram [51] for the inclusive production in CGC/saturation approach. The wavy lines are the BFKL Pomerons. The helical
lines denote the gluons. The black blobs stand for the triple Pomeron vertices.

The average number of dipoles at ¥ = 0 are determined
by the inclusive cross section, which is given by the
diagram of Fig. 3(c) and which can be written at y — 0
as follows [52]:

d 2Cr 1 .
;‘ _ F4 2/d2rTelpT»rT
dyd’pr a,(27)* pz

1
x/deV%NBFKL <§Y;r,rT;b>

1
x/dzBV%NBFKL<y2Z—EY;RJ’T;B) (77)

The average number of dipoles that enters the multiplicity

distribution of Eq. (34)isequaltoi=N = | g ,f)ﬁ dy;’;’pr / Gip
exp (AgpgrY)® only if we assume that o;, ~ Const. Indeed,
the enhanced diagrams of Fig. 3(b) lead to the inelastic cross

section, which is constant at high energy.

B. Hadron-hadron collisions

The first idea is to view a hadron as a dilute system of
dipoles and use Eq. (77) for the average multiplicity,
together with the multiplicity distribution of Eq. (34).
However, the energy dependence of the mean multiplicity
from Eq. (77) (i « exp (AgpkrY)) does not describe the
experimental data (see Fig. 4). The experimental depend-
ence of the mean multiplicity on energy can be para-
metrized as 7 o« exp(4Y), but with the value of
A=0.1+0.2 [53-55], which is far too small for Agpk;.
However, this power is close to the experimental behavior

3 Apri is the intercept of the BFKL Pomeron.

of the deep inelastic structure function. Therefore, the main
assumption of Ref. [5], that N ~xG(x, Q?), does not
contradict the experimental data at least on the qualitative
level [16].

On the other hand, the experimental data can be
described in the framework of the CGC/saturation approach
in which NBFKL were replaced by NBX [57]. Hence, we
cannot view hadrons as the dilute system of dipoles but
rather have to consider them as the a dense system of
dipoles. For such a situation, we expect that i1 o Q2(Y)/ag
(see Refs. [24,57-60]). Therefore, the entanglement
entropy in this case is

Sparton cascade = 1072 = In (Q?(Y)/Q%(Y =0)). (78)

Note that for CGC approach of Sec. III the average
multiplicity turns out to be proportional, u> ~ Q2, if the
energy evolution is taken into account (see Refs. [24,30]
for review). Frankly speaking, we do not have a theoretical
tool to treat the dense-dense system scattering. For a
general set of diagrams [see Fig. 5(a)], we cannot use the
Hamiltotian of Ref. [44] nor other theoretical methods.
Therefore, our suggestion to use the multiplicity distribution
of Eq. (34) with 7 determined by Eq. (77) with NBX is a
conjecture. However, we can claim that p, = p(r)p,(r,) —
p1(r; +r,) [see Figs. 5(b) and 5(c)), on the same theoretical
grounds as the derivation of BK equation [27,28], since the
fact that the amplitude for two BFKL Pomeron production is
equal to (NBX)? is used in the derivation of the BK equations.

C. Comparison with the experimental data

To compare the parton cascade with the experimental
data, we first need to establish a relation between the
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FIG. 5.

TT T

(c)

(a) The BFKL Pomeron diagrams for p,,. (b,c) The Pomeron diagrams for p,. The wavy lines denote the BFKL Pomerons, The

black circles stand for triple Pomeron vertices. The arrows describe quarks and antiquarks.

multiplicity of hadrons with the multiplicities of partons, in
the QCD parton cascade. Based on “parton liberation”
picture [61] and on the “local parton-hadron duality” [62],
we assume that Sparon cascade = Shadrons- 10 Other words, we
suggest that there is no substantial entropy increase during
the transformation of partons to hadrons. This relation is
our hypothesis about confinement of quarks and gluons,
and it has support in the fact that the value of the entropy
corresponds to a maximally entangled, equipartitioned state
at a relatively modest average multiplicity of around
N=3=+6.

Hence, we use Eq. (34) for the hadron multiplicity
distribution replacing # = N of partons, by 7 of hadrons.

Following Ref. [5], we estimate, using Eq. (34), the value
of the cumulants

Cp= b (79)

where (...) denotes the average over the distribution in
hadron multiplicity n. These quantities can be readily
computed using Eq. (34) (see Ref. [5]). The results of
these estimates are the following:

6(n—1)n+1

C,=2-1/i; C3:%;
n
(I2a(n—1)+1)(2n—1)
C4: ﬁ3 3

in—1)(1207%(n—1) +30a) + 1

Using the experimental multiplicity in the rapidity
window || < 0.5 equal [56] to 7 = 6.33 £0.46 at W =
7 TeV and 1 = 3.72 £ 0.23 at W = 0.9 TeV, we get from
Eq. (80) the following predictions for the cumulants:
C, ~1.83(1.73), C3~5.08(4.46), C, ~18.6(15.31), and
C5~85.7(65.75). We put in parentheses the values at
W = 0.9 TeV. The CMS experiments give (see Fig. 6(b)
of Ref. [56]) C5F =2.04005 C37=59+0.6,
Cy" =21+2, and CJP =90 + 19. Therefore, our esti-
mates are in reasonably good agreement with the data,
indicating that the parton distributions are close to the
hadronic ones. Taking the limit of 77 — oo, we obtain the
maximal values for the cumulants C, =2, C; =06,
C, =24, and C5 = 120 as a prediction for asymptotically

high energies. Comparing these numbers to the experi-
mental values listed above, we see that the multiplicity
distribution measured at /s = 7 TeV is already quite close
to the expected asymptotic form.

In Figs. 6 and 7, we plot the multiplicity dependence in
the form of the KNO (Koba-Nielsen-Olesen) scaling

function [63]:
o 1 n
L= Y(z==—]. 81
ve(a=1) (51)

Oin n

One can see that at large 7 the distribution of Eq. (34)

leads to
ny\ mi>1 _ 1 Z
Ple=—) = e (1+-—> (82)
n n 2n

and shows KNO scaling for 77 > z. As far as we know, this
is the first time that KNO scaling appears at ultrahigh
energies on theoretical grounds for hadron-hadron colli-
sions. At least, in the framework of the Pomeron calculus
[64], KNO scaling is expected only for the intermediate
range of energy [65,66].

In Fig. 6(a) and Fig. 7(a), we compare the CMS data [56]
with the multiplicity distribution of Eq. (34). In spite of
the good agreement at small z, one can see two major
qualitative disagreements: (i) KNO scaling works better for
In] < 0.5 than at |y| <2.4 in the data, while Eq. (34)
predicts a different behavior, and (ii) Eq. (34) predicts a
larger cross section in the region of large z than is observed
experimentally. The first disagreement is intimately related
to the small value of 7 at || < 0.5. In the framework of our
approach, the violation of KNO scaling will not be seen if
we take N = 5.8 [67] at y = 0, instead of 6.33 = 30.4/4.8,
which we used in these figures. The second disagreement is
of a principle nature. As we have discussed, we use
Eq. (76), which is based on the assumption that we do
not have a dense system of parton at ¥ = 0. Certainly, such
an assumption is not correct for events with large multi-
plicities. Therefore, this disagreement can be considered as
an additional argument in the attempts to build a gener-
alization of CGC approach to describe the hadron-hadron
collisions.

In Figs. 6(b) and 7(b), we use the negative binomial
distribution of Eq. (35) in which we fixed the parameter r
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FIG. 6. KNO function (2=1W¥(%)) vs z=n/n for rapidity window || < 0.5. (a) Comparison with prediction of Eq. (34).

n

(b) Comparison with the negative binomial distribution of Eq. (35), in which we estimated parameter r using p, =

p1(r1)pi(ry) = pi(ry +12).
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FIG. 7. KNO function (2 =1W¥(%)) vs z=n/n for rapidity window || <2.4. (a) Comparison with prediction of
Eq. (34). (b) Comparison with the negative binomial distribution of Eq. (35), in which we estimated parameter r using

P2 = pi(r)pi(ra) = pi(ry +r2).

from the moment <@) which is estimated using

ps = pi(r)pr(r) = pi(r +12) (see Fig. 5). One can
see that this distribution has the same characteristic features

as Eq. (34).

D. Back to QCD motivated parton model

In the previous section, we inferred that comparison
with the experimental data indicates that we cannot use

Eq. (76), which stems from the assumption that the system
of partons, which is produced at ¥ = 0, is rather dilute.
Unfortunately, we have not developed a theoretical
approach in the framework of QCD to treat this problem.
However, in the QCD parton model, that we have discussed
above, a breakthrough has been made by Ref. [47], and an
approach has been constructed that sums all Pomeron
diagrams of the most general type (see Figs. 3 and 5 for
examples).
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In Ref. [47], a new Hamiltonian is suggested and has
the form

1.
HPM:—;PP, (83)

where PM stands for “parton model.” P and P are the
BFKL Pomeron field in the model, where the sizes of the
dipoles are fixed. This Hamiltonian in the limit of small P
reproduces the BK Hamiltonian (see Ref. [47] and below
for details). This condition is the most important one for
fixing the form of Hpy. The second of such conditions is
that this Hamiltonian satisfies both 7 and s channel
unitarity. y in Eq. (83) has the physical meaning of the
dipole-dipole scattering amplitude in the Born approxima-
tion of perturbative QCD, and, being such, it is naturally
small and of order aj.

The most important ingredient of this approach is the
generalization of the commutation relation, which has the
form

(1=P)(1=P)=(1-y)(1=P)(1-P). (84)

Eq. (84) gives the correct factor (1 —y)" that includes all
multiple scattering corrections, while all the dipoles remain
intact and can subsequently scatter on an additional
projectile or on target dipoles. For small y, and in the
regime where P and P are small themselves, we obtain

(PPl =—y+--, (85)

consistent with our original expression. One can see that
these commutation relations take into account the inter-
action of one dipole with many other partons, and therefore
we are going beyond the approximation, which is given by
Eq. (76). Concluding this brief outline of this approach, we
see that for the first time we have a simple theory in which
we can describe the interactions of dilute-dilute parton
system scattering as well as dilute-dense and dense-dense
system interactions.

For 'Hpy, the cascade equation takes the form (see
Eq. (5.8) of Ref. [47])

dpP,(Y) A n
1Y :—7(1—(1—7> )PVL(Y)

+§<1 (=P (V). (86)

For small n (yn < 1), one can see, that Eq. (86) reduces to
Eq. (39). Hence, for such small n, we have the multiplicity
distribution of Eq. (41) with (n) = ¢*. However, at large
n, Eq. (86) has the form

dp,(Y) A A
% _—?Pn(Y)—l-?P,,_l(Y)- (87)

We will show below that this equation gives the Poisson
distribution with (n) = %Y . Therefore, as we have guessed,

the interaction of one dipole with many dipoles at ¥ = 0 in
Fig. 3 would lead to far fewer multiplicities than Eq. (41).
Using Laplace transform of Eq. (27) and following the
pattern described in Sec. II C, we obtain the solution in
w-representation,

1 4% o
P = " 88
o) = T (58)

where @, =& (1 = (1 —y)").

We have not found an elegant form for the inverse
Laplace transform, but we can see the main qualitative
features of this solution, assuming that for n < n, with
yno ~ 1 we have w,, = mA, but for n > ny w,, = %. In this
approach, we obtain

n< l’loPn(Y) — e_AY(l — e—AY)n—l; (892[)
Y
n> nOPn(Y) = / dy/e—A(Y_Y')(l _ g—A(Y—Y’))no—l
o A yryn—ng
X e_TY (77) (89b)
(n—np)!

Poisson distribution

The Poisson distribution in Eq. (89b) is the inverse
Laplace transform of

()

14
(w + A)n—no—&-l : (90)
14

In Fig. 8, we compare this multiplicity distribution with
Eq. (34). One can see that at large multiplicities the
modified distributions of Eq. (89a) and Eq. (89b) lead to
the suppression of the parton emission, as we expected. Of
course, this modified distribution is very approximate and
can only be used to clarify the qualitative features of the
interaction of the partons in the exact approach.

To illustrate that the parton cascade of Eq. (86) is able to
describe the experimental data, we calculate the first two P,
and P,, taking integral over w in Eq. (27),

Py(Y) =€
Pz(Y) -

— 6_(”'Y(1
Wy — W

— e—(wz—‘”l)y)7 (91)

where w, —@w; = A —yA < A. P, in our notation with
N = 2 can be r-written in the form

P, = % <1 - <%) H). (92)
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of Eq. (34) and modified distribution of Eq. (93), which
was used for z > 3.5. y is equal to 0.15. The data are taken
from Ref. [56].

Assuming that the multiplicity distribution has the form

G

we can use this approximation, except for very large n. In
Fig. 9, we compare Eq. (93) with the data. One can see that
it provides quite a good description of the data.

(93)

V. CONCLUSIONS

As has been discussed in the Introduction, this paper has
two main results. First, we prove that in QCD at high
energies the multiplicity distribution has the form of
Eq. (34), which was discussed in Ref. [5], in the framework
of the parton model. We also show that the average number

(b) (c)

Comparison of the multiplicity distribution, given by Eq. (34) with the modified distribution of Eq. (89a) and Eq. (89b).

of gluons is not always related to the gluon structure
function and can depend on both energy and the size of the
dipoles. However, the entanglement entropy is equal to
Sparions = In N, where N is the average number of partons,
confirming that the partonic state at high energy is
maximally entangled [5]. In the case of DIS, we prove
that the average number of partons is related to the gluon
structure function, and only if we use the BFKL evolution
equation for this structure function can we prove that the
multiplicity distribution has the form of Eq. (34).

Second, we developed an approach for hadron-
hadron collisions in which we show that Eq. (34) correctly
describes the Mueller-Patel-Salam-Iancu approach [36,46].
We argued that actually at high energies the mean multi-
plicity is proportional to Q?(Y), leading to the entanglement
entropy proportional to In Q2(Y).

We compared the multiplicity distribution with the
experimental data. We described quite well the data at
multiplicities n < (3 +4)(n), using Eq. (34), but predict
higher o, for large multiplicities than have been seen
experimentally. We conclude that this indicates that the
assumptions that at high energies we create a dilute system
of partons in the c.m. rapidity ¥ =0, and we can use
Eq. (76), are not correct, and we have to deal with a rather
dense system of partons. At the moment, we have not
developed theoretical tools to treat such a system. However,
in Ref. [47], an approach was developed for the parton
model, which allow us to theoretically treat such a dense
system of partons. We show that in this approach the
production of a system of partons with large multiplicities
is suppressed in comparison with Eq. (34), and we are able
to describe the experimental data.
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