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We consider a triangle diagram for B0 → ðJ=ψπþπ−ÞKþπ− where an Xð3872Þ peak has been observed
experimentally. We demonstrate that a triangle singularity inherent in the triangle diagram creates a sharp
peak in the J=ψπþπ− invariant mass distribution when the final ðJ=ψπþπ−Þπ invariant mass is at and
around the D�D̄� threshold. The position and width of the peak are 3871.68 MeV (a few keV above the
D�0D̄0 threshold) and ∼0.4 MeV, respectively, in perfect agreement with the precisely measured Xð3872Þ
mass and width: 3871.69� 0.17 MeV and <1.2 MeV. This remarkable agreement is virtually parameter-
free. The result indicates that the considered mechanism has to be understood in advance when separating
an Xð3872Þ-pole contribution from B0 → ðJ=ψπþπ−ÞKþπ− data; the separation yields an Xð3872Þπ line
shape that could be used to determine the Xð3872Þ mass. We suggest a method to set a constraint on the
triangle mechanism by analyzing a charge analogous process B0 → ðJ=ψπ0π−ÞKþπ0 where a similar
triangle singularity generates an X−ð3876Þ-like peak.
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I. INTRODUCTION

Establishing the existence of exotic hadrons, which are
not accommodated by the conventional quark model picture
[1], is arguably the most prioritized problem in contempo-
rary hadron spectroscopy. The discovery of Xð3872Þ [2]
triggered this trend where the nature of Xð3872Þ has always
been the central problem; see Refs. [3–12] for reviews.
Experimentally, Xð3872Þ has been observed not only in B
meson decays,where itwas discovered [2,13], but also inpp
and p̄p collisions [14–16] and eþe− annihilations [17].
Xð3872Þ has been confirmed to decay into several channels
such as J=ψρ0ðρ0 → πþπ−Þ [2,13–17], J=ψω [18,19], J=ψγ
[20], D�0D̄0 [21], and more.
Many theoretical attempts have been made to understand

what Xð3872Þ consists of. Because of the close proximity
of its mass to the D�0D̄0 threshold,1 a D�0D̄0 molecule is a
popular idea [22,23]. However, a pure molecule picture
makes it difficult to understand its formation rate in hadron
collider experiments [24]. Thus, a superposition of the
molecule with an excited charmonium is considered more

plausible [24–26]. The latest lattice QCD [27,28] found a
state that could be identified with Xð3872Þ and disfavored
diquark-antidiquark interpretations [29,30]. Yet, it seems
difficult to reach a consensus on the structure of Xð3872Þ
within the so-far proposed ideas (maybe except for lattice
QCD) because of lots of unknowns concerning the relevant
hadron dynamics, and one may fine-tune them to reproduce
available data.
Another issue is that a spectrum peak of Xð3872Þ could

be partly faked by a kinematical effect, the triangle
singularity (TS), in particular. A TS occurs from a triangle
diagram like Fig. 1 only if a special kinematical condition is
realized: All three internal particles are simultaneously on
shell, and their momenta are collinear like in a classical
process [31–33]. The TS can significantly enhance the
amplitude and can show up as a bump in, for example,
J=ψρ and J=ψρπ invariant mass distributions of the
processes in Fig. 1. For mathematical details and practical
use, we refer the readers to Ref. [34]. Attempts have been
made to interpret some XYZ exotic candidates as bumps
due to TSs [35–45].
The triangle diagram of Fig. 1(a)2 for B0 → J=ψρ0Kþπ−

satisfies the TS conditions to create an Xð3872Þ-like peak
in the J=ψρ0 invariant mass distribution when the J=ψρ0π−

invariant mass is at and around the D�−D�0 threshold.
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Experimentally, an Xð3872Þ peak has been observed in
the J=ψπþπ− line shape of B0 → ðJ=ψπþπ−ÞKþπ−
[46,47].3 In this work, we demonstrate that the TS inherent
in the triangle diagram generates an exactly Xð3872Þ-
like peak in the J=ψπþπ− invariant mass spectrum. The
spectrum peak position and shape agree with the Xð3872Þ
mass measured at ∼0.01% precision and the tightly con-
strained width without any fine-tuning of the model
parameters.
Our analysis will indicate that the TS should be taken into

account when studyingXð3872Þ inB0 → J=ψρ0Kþπ− in the
TS region. This would be particularly relevant to an idea
recently proposed by Guo [48–50] on determining the
Xð3872Þ mass from Xð3872Þπ and Xð3872Þγ line shapes.
Characteristic line shapes are created by TSs of triangle
diagrams similar to diagram A but different in including
an Xð3872Þ-pole propagation as D�0D̄0 → Xð3872Þ →
J=ψρ0.4 The idea is based on the fact that the line shapes
sensitively change depending on theXð3872Þmass. Because
Xð3872Þ → J=ψπþπ− is suppressed by an isospin violation,
the isospin-conserving nonresonant process like diagram
A could give a comparable Xð3872Þ-like contribution as a
background for the Xð3872Þ mass analysis. In order to
understand the nonresonant mechanism and separate it from
the Xð3872Þ-pole contribution, we will suggest to analyze a
charge analogous B0 → ðJ=ψπ0π−ÞKþπ0 decay for which
TSs from related triangle diagrams C and D generate an
X−ð3876Þ-like peak.

II. MODEL

The B0 → J=ψρ0Kþπ− amplitude from triangle diagram
A can be written, in the J=ψρ0π− center-of-mass (c.m.)
frame, as

T ¼
Z

dqvJ=ψρ0;D�0D̄0

1

W − ED�0 − ED̄0 − Eπ−

× ΓD̄0π−;D�−
1

W − ED�− − ED�0
VKþD�−D�0;B0 ; ð1Þ

where q is a loop momentum. The invariant mass of the
J=ψρ0π− subsystem is denoted byW, while the energy of a
particle x is Ex, which depends on the particle mass (mx)
and momentum (px) as Ex ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2x þm2

x

p
− iΓx=2; Γx is the

decay width, which is nonzero for D�. The summation of
intermediate spin states is implied. We use values from the
Particle Data Group (PDG) [54] for the particle masses
(mx), except for the final ρ meson for which our treatment
will be discussed later. Amplitudes for triangle diagrams B,
C, and D are similar. In calculating observables for the
B0 → J=ψρ0Kþπ− (B0 → J=ψρ−Kþπ0) decay, the triangle
mechanisms A and B (C and D) must be coherently added.
Because of thecharge-parity invariance and isospin symmetry
of the strong interaction, the triangle mechanisms A and B
(C and D) exactly cancel with each other in a hypothetical
situation where the charged and neutralDð�Þ mesons have the
same mass and width. In reality, the cancellation is incom-
plete; the TS peaks are mostly intact, while contributions
away from the TS region are largely canceled.
We emphasize that mass differences between the isospin

partners such as ðπ�; π0Þ, ðDþ; D0Þ, and ðD�þ; D�0Þ must
be taken into account, because they are essentially impor-
tant whether or not a TS exists in the triangle diagrams.
Indeed, while triangle diagrams A, C, and D cause TSs,
diagram B does not. This is because D�0 → Dþπ− at on
shell is kinematically forbidden, and, thus, the kinematical
condition for TS is not satisfied by diagram B. The triangle
amplitude of Eq. (1) for diagram A in the zero-width limit
causes a TS in the kinematical range of

0 < MJ=ψρ − ðmD�0 þmD0Þ ≤ 0.2 MeV; ð2Þ

0 < W − ðmD�− þmD�0Þ≲ 1.0 MeV; ð3Þ

where MJ=ψρ denotes the J=ψρ invariant mass. Although
finite widths would relax the singularity, the D�− and D�0

(a) (b) (c) (d)

FIG. 1. Triangle diagrams (a),(b) [(c),(d)] contributing to B0 → J=ψρ0Kþπ− [B0 → J=ψρ−Kþπ0]. The diagrams (a),(c),(d) cause
triangle singularities to generate a sharp peak in J=ψρ invariant mass (MJ=ψρ) distributions at MJ=ψρ ∼ 3.872, 3.876, and 3.875 GeV,
respectively. From left to right, we refer to the diagrams in the text as diagrams A, B, C, and D, respectively.

3An Xð3872Þ peak has been also observed in Bþ →
J=ψρ0K0πþ [46] for which a similar triangle diagram generates
an Xð3872Þ-like peak. Because of the similarity, we study only
the B0 decay processes in Fig. 1 in this work.

4Braaten, He, and Ingles [51–53] also studied similar triangle
diagrams as an amplifier of Xð3872Þ productions.
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widths are very small as discussed in the next paragraph.
Therefore, we expect from the TS a very sharp peak at
MJ=ψπþπ− ∼mD�0 þmD0 ¼ 3871.7 MeV that coincides with
the Xð3872Þ mass. Similarly, the TS condition is satisfied
for triangle diagram C in

0 < MJ=ψρ − ðmD�0 þmD−Þ ≤ 0.2 MeV; ð4Þ

with mD�0 þmD− ¼ 3876.4 MeV, and for diagram D

0 < MJ=ψρ − ðmD�− þmD0Þ ≤ 0.2 MeV; ð5Þ

with mD�− þmD0 ¼ 3875.1 MeV; the W range is the same
as Eq. (3). Thus, the coherent sum of diagrams C and D
is expected to give a sharp X−ð3876Þ-like peak in the
MJ=ψπ0π− distribution.
Regarding theD�� decaywidth,we use the central value of

the PDG average, ΓD�� ¼ 83.4� 1.8 keV [54]. On the other
hand, theD�0 decaywidth has been given an upper limit only,
ΓD�0 < 2.1 MeV [54]. Thus, we use ΓD�0 calculated by
assuming the isospin symmetry between D�þ → Dþπ0

and D�0 → D0π0 and also by taking account of the exper-
imentally determined branching to D�0 → D0γ [54]. We
obtain ΓD�0 ¼ 55 keV, which is very similar to those derived
previously [48,55]. We use the constant D� width values in
Eq. (1), which has been checked to be a very good
approximation.
An s-wave D�0D̄0 → J=ψρ0 interaction we use in

Eq. (1) is

vJ=ψρ0;D�0D̄0 ¼ f01
J=ψρ0

ðpÞf01
D�0D̄0ðp0Þϵ�J=ψ × ϵ�

ρ0
· ϵD�0 ; ð6Þ

where ϵx denotes the polarization vector for a vector meson
x. The J=ψρ0 pair coming out of this interaction has the
spin parity JP ¼ 1þ because of the spin combination
specified by the interaction. Thus, if the J=ψρ0 pair
generates a bump in the invariant mass (MJ=ψρ) distribu-
tion, the pair seems like a decay product of a resonance of
JP ¼ 1þ, the spin parity of Xð3872Þ. We have used in
Eq. (6) dipole form factors fLSij ðpÞ defined by

fLSij ðpÞ ¼ gLSij
pLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EiðpÞEjðpÞ
p

�
Λ2

Λ2 þ p2

�
2þðL=2Þ

; ð7Þ

where L (S) is the orbital angular momentum (total spin) of
the ij pair; p ¼ jpijj with pij the i’s momentum in the ij
c.m. frame. We use a cutoff Λ ¼ 1 GeV in the form factors
throughout unless otherwise stated. The coupling strength
(gLSij ) for the interaction of Eq. (6) is little known and, thus,
left arbitrary. Microscopically, this contact interaction can
be viewed as an axial vectorD1-meson exchange or a quark
exchange mechanism [22]. An Xð3872Þ-pole contribution
is not included in vJ=ψρ0;D�0D̄0 .

The vertex function for D�− → D̄0π− is denoted by
ΓD̄0π−;D�− in Eq. (1), and its explicit form is given in a
general form as

Γij;Rðpi; pj; pRÞ ¼
X
LS

fLSij ðpijÞðsiszi sjszjjSSzÞ

× ðLMSSzjSRSzRÞYLMðp̂ijÞ; ð8Þ
where YLM is spherical harmonics. We use a notation of
ðabcdjefÞ as Clebsch-Gordan coefficients in which we
write the spin of a particle x as sx and its z component szx.
The coupling strength g10

D̄0π−
included in the form factor

f10
D̄0π−

is determined by fitting the partial decay width for
D�− → D̄0π− [54].
The B0 → D�−D�0Kþ decay vertex in Eq. (1) is

expressed with two vertex functions of Eq. (8) as

VKþD�−D�0;B0 ¼ exp

�
−b

W −mD�− −mD�0

mD�− þmD�0

�

×
X
R

ΓD�−D�0;RðpD�− ; pD�0 ; pRÞ

× ΓKþR;B0ðpKþ ; pR; pB0Þ; ð9Þ
where “states”R have been introduced just for conveniently
representing JP of the D�−D�0 pair; R is not a propagating
state. We consider JP ¼ 0þ and s wave for theD�−D�0 pair;
the other JP (s-wave) does not change the main conclusion,
which is essentially determined by the TS.
We introduced the exponential factor in Eq. (9) where

the parameter b characterizes the W dependence of
the vertex. Although there is no experimental information
to fix the W dependence, possibly related information
is available from other processes such as the MD�D̄�

distributions from eþe− → J=ψD�D̄� [56] and eþe− →
ðD�D̄�Þ�π∓ [57]; both data show significant enhancements
near the D�D̄� threshold. We assume that the MD�D̄�

distribution of B0 → D�−D�0Kþ is similar to these data
and that the D�−D�0 s-wave decay vertex of Eq. (9)
dominates in the whole W region. Then we can fix the
parameter b in Eq. (9) as b ¼ 30 for the cutoff Λ ¼ 1 GeV.
The resulting MD�D̄� distribution is shown in Fig. 2.
After fixing the W dependence, we can determine the
B0 → D�−D�0Kþ vertex strength using data for the
branching ratio: BðB0→D�−D�0KþÞ¼1.06�0.03ðstatÞ �
0.086ðsystÞ% [58]. Since the triangle diagrams in Fig. 1
hit TSs only at W ∼mD�− þmD�0 , the W dependence is
unimportant for these processes in the TS region. We note
that the Xð3872Þ mass determination method [48–50]
analyzes the W dependence only near and in the TS
region. However, the MJ=ψπþπ− line shape for B0 →
ðJ=ψπþπ−ÞKþπ− from Belle [46] includes data from the
whole W region. Because the W-integrated MJ=ψπþπ− line
shape depends on the W dependence, we manage it as
above in order to compare the model with the data.
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We evaluate the interactions of Eqs. (6) and (8) in the
c.m. frame of the two-body subsystem and then multiply
kinematical factors to account for the Lorentz trans-
formation to the J=ψρ0π− c.m. frame; see Appendix C
in Ref. [59] for details.
The double differential decay width dΓB→J=ψρ0Kπ=

dWdMJ=ψρ is calculated with the decay amplitude of
Eq. (1) in a standard manner as detailed in Appendix B
in Ref. [59]. We then take account of the ρ0 → πþπ− decay.
Thus, the final expression for the double differential decay
width is given by

dΓB→J=ψπþπ−Kπ

dWdMJ=ψπþπ−
¼

Z
dMππ

2π

dΓB→J=ψρ0Kπ

dWdMJ=ψρ0

����
mρ0¼Mππ

×
½Mππ=Eρ0 �2Γρ0→πþπ−ðMππÞ
jW̃ − Eρ0 þ i

2
Γρ0ðMππÞj2

; ð10Þ

where W̃ ≡W − EJ=ψ − Eπ and the ρ0 nominal mass

(m̄ρ0 ¼ 775 MeV) is used only in Eρ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m̄2

ρ0
þ p2

ρ0

q
.

The total and partial ρ0 decay widths are denoted by Γρ0

and Γρ0→πþπ− , respectively, and the Mππ dependence is
given by Γρ0=Γ̄ρ0 ¼ ðq=q̄Þðm̄ρ0=MππÞ2½f10ππðqÞ=f10ππðq̄Þ�2,
where q is the pion momentum in the ρ0 rest frame; the
quantities with a bar correspond to the case of Mππ ¼ m̄ρ0

and Γ̄ρ0 ¼ 150 MeV; the form factor f10ππðqÞ has been
defined in Eq. (7).

III. RESULTS

A. Xð3872Þ-like TS peak in B0 → ðJ=ψπ +π − ÞK +π −
We show in Figs. 3(a) and 3(d), 3(b) and 3(e), and 3(c)

and 3(f) theMJ=ψπþπ− distributions of the double differential
decay width dΓB0→J=ψπþπ−Kþπ−=dWdMJ=ψπþπ− , defined
in Eq. (10), from triangle diagrams A, B, and Aþ B,

respectively. The spectra in and near the TS region
(W ∼mD�0 þmD�−) are shown in Figs. 3(a)–3(c), where
the prominent feature is a very sharp peak created by the TS
from diagramA atMJ=ψπþπ− ∼ 3871.7 MeV, exactly falling
on the precisely measured Xð3872Þ mass: 3871.69�
0.17 MeV [54]. We stress that the peak position and the
narrowwidth due to the TS are virtually parameter-free. The
cutoff dependence over Λ ¼ 0.5–2 GeV has been con-
firmed not to significantly change the position and shape
of the TS peak, and the other arbitrary parameters can
change only the overall normalization. This stability stems
from the facts that (i) the TS dominates, because the tinyD�
width puts the TS very close to the physical region, and
(ii) the TS does not depend on dynamical details. We also
find the acute sensitivity of the TS peak toW, reflecting the
fact that the TS region is within a small window of W as
in Eq. (3).
Meanwhile, triangle diagram B gives smooth line shapes

for W ∼mD�0 þmD�− as seen in Fig. 3(b). This sharp
contrast between diagrams A and B is from the fact that the
TS condition is satisfied by diagram A only. Although one
might have expected a smaller enhancement arising from
diagram B because of its proximity to the TS condition, this
is not the case. The high selectivity of the TS condition
shown here is in part due to the smallness of the D� width.
The role played by diagram B in the coherent sum shown in
Fig. 3(c) is to remove the smooth backgroundlike contri-
bution from diagram A.
TheMJ=ψπþπ− distributions for higherW region are given

in Figs. 3(d)–3(f). Figure 3(d) shows that the remnant of
the TS peak from diagram A quickly disappears as W
increases, and the threshold cusp stays at MJ=ψπþπ− ¼
mD�0 þmD̄0 in the higher W region. The cusp height for
higher W is shorter due to the W dependence of the B0 →
D�−D�0Kþ decay vertex introduced in Eq. (9). Diagram B
also generates similar cusps at slightly higher energy of
MJ=ψπþπ− ¼ mD�− þmDþ as seen in Fig. 3(e). Thus, the
coherent sum leaves just a small difference between
contributions from diagrams A and B as shown in Fig. 3(f).
Integrating the spectra in Figs. 3(c) and 3(f) over

MJ=ψπþπ− at each W gives dΓB0→J=ψπþπ−Kþπ−=dW, which
is shown in Fig. 4 by the red solid curve. The spectrum
sharply rises and peaks slightly above the D�−D�0 thresh-
old and then falls off. Because the W dependence of the
spectra in Fig. 3(c) is particularly strong around the
peak, we expect an even stronger W dependence of
dΓB0→J=ψπþπ−Kþπ−=dW if we limit the integral with respect
MJ=ψπþπ− to a range aroundMJ=ψπþπ− ∼ 3871.7 MeV. This
is indeed the case as shown by the blue dashed curve
in Fig. 4.
The Belle data on dΓB0→J=ψπþπ−Kþπ−=dMJ=ψπþπ− for

B0 → J=ψπþπ−Kþπ− [46,47], showing the peak at
MJ=ψπþπ− ∼ 3.872 GeV, are from the whole kinematically
allowed W region. To obtain a theoretical counterpart, we

 0
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FIG. 2. W dependence of the B0 → D�−D�0Kþ differential
decay width from the decay vertex of Eq. (9). No rescattering is
considered.
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integrate the spectra in Figs. 3(c) and 3(f) with respect
toW. The resulting spectrum is shown in Fig. 5(a). We find
a sharp peak at MJ=ψπþπ− ∼ 3.872 GeV and also a large
shoulder near the D�−Dþ threshold. We smeared the
spectrum by the experimental resolution and found that
the line shape is too broad to be compatible with the data.
This shape depends on the W dependence of the B0 →
D�−D�0Kþ vertex specified in Eq. (9). As the higher W
region is more suppressed, the shoulder shrinks more.
Although our choice of the W dependence can be different
from reality to some extent, it seems unlikely that diagrams
A and B can explain the Belle data.
We now limit theW integral to near and in the TS region,

−3 MeV ≤ W − ðmD�− þmD�0Þ ≤ 4 MeV, and show the
obtained spectrum by the red solid curve in Fig. 5(b). This
time, the narrow peak clearly remains. To see the peak
position and width quantitatively, we simulate the spectrum
with the conventional resonance(X)-excitation mechanism,
B → XKπ followed by X → J=ψρ0, and determine the
Breit-Wigner mass and width of X. We also add a coherent
background contribution given by an adjustable quadratic
polynomial of MJ=ψπþπ− . The result of the fit is shown by
the blue dashed curve in the inset in Fig. 5(b). The quality
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FIG. 3. J=ψπþπ− invariant mass (MJ=ψπþπ− ) distributions from the triangle diagrams of Figs. 1(a) and 1(b) for B0 → J=ψπþπ−Kþπ−.
J=ψ is paired with πþπ− from ρ0 decay to give MJ=ψπþπ− . (Upper) The TS region. The black dotted, red solid, and blue dashed curves
correspond to the spectra at W − ðmD�0 þmD�−Þ ¼ −1.0, 0.0, and 1.2 MeV, respectively, where W is the invariant mass of the final
J=ψπþπ−π− subsystem andmD�0 þmD�− ¼ 4017.1 MeV. (Lower) HigherW region. The red solid, black dotted, green dash-dotted, and
blue dashed curves correspond to the spectra at W − ðmD�0 þmD�−Þ ¼ 2.7, 32.8, 112.8, and 258.3 MeV, respectively. In the upper
[lower] panels, the triangle diagrams of Figs. 1(a) and 1(b) generate the spectra in panels (a) and (b) [(d) and (e)], respectively, and their
coherent sum is given in panel (c) [(f)]. While the vertical scale is arbitrary, the relative scales among the curves in all the panels are the
model prediction and not arbitrary.
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FIG. 4. W dependence of B0 → J=ψπþπ−Kþπ− decay rate
from the coherent sum of the triangle diagrams of Figs. 1(a)
and 1(b). The red solid curve is obtained by integrating the
spectrum in Figs. 3(c) and 3(f) with respect to MJ=ψπþπ− at each
W. The blue dashed curve is obtained similarly, but the integral is
limited to the range of 3.871 ≤ MJ=ψπþπ− ≤ 3.8725 GeV. For
better visibility, the blue dashed curve has been scaled by a factor
of 1.95. The vertical dotted line indicates the D�−D�0 threshold.
The inset shows the peak region.
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of the fit in the tail region is not very good because (i) the
peak shape is rather different from the Breit-Wigner form
and (ii) the background is a quickly decreasing function of
MJ=ψπþπ− near the higher end at ∼3.88 GeV due to the
limited phase space. Still, the obtained Breit-Wigner
parameters would be useful to characterize the peak and
are presented in Table I and compared with the PDG value
for Xð3872Þ. The parameters from triangle diagrams A and
B are very stable against changing the cutoff value and in
excellent agreement with the precisely measured values for
Xð3872Þ. The Breit-Wigner mass value is only a few keV
above the D�0D̄0 threshold. The results indicate that the
TS peak from diagram A could partly fake the Xð3872Þ
signal in B0 → J=ψπþπ−Kþπ− around W ∼mD�− þmD�0 .
This also means that the mechanism could have a possible
impact on the Xð3872Þ mass determination method
[48–50]. We will come back to this point later.

B. X − ð3876Þ-like TS peak in B0 → ðJ=ψπ0π − ÞK +π0

We now consider a charge analogous process, B0 →
ðJ=ψπ0π−ÞKþπ0, with triangle diagrams C and D in
Fig. 1. The MJ=ψπ0π− distribution around the TS region
(W ∼mD�− þmD�0) is presented in Fig. 6(a). The clear twin
peaks are created by TSs from triangle diagrams C and D at

the positions expected in Eqs. (4) and (5), respectively.
Again, the spectra show a sharpW dependence. Integrating
the spectra with respect toW, we obtain the red solid curve
in Fig. 6(b) and also the magenta dotted curve that include
contributions in and near the TS region only. The clear peak
still remains, and this could appear as an X−ð3876Þ-like
peak in future data. This is an interesting channel to identify
a TS in data, because no resonance(like) structure similar to
this peak has been observed. Finally, we integrate the
spectra in Fig. 6(a) with respect to MJ=ψπ0π− at each W and
present theW distribution in Fig. 6(c). The TS also creates a
sharp peak here.

C. Possible impact on Xð3872Þ mass determination
method using W line shape

As stated in the introduction, a method has been pro-
posed recently to determine the Xð3872Þmass by analyzing
TS peaks in the Xð3872Þπ or Xð3872Þγ invariant mass
(corresponding to W) distributions [48–50]. The TSs arise
from diagrams as shown in Fig. 7 which are very similar to
diagram A. Thus, in the following, we speculate a possible
impact of our result, Figs. 3(c) and 5(b) and Table I, in
particular, on this method in a qualitative manner. Our
result indicates that the TS peak from diagram Awould be a
perfect fake of Xð3872Þ in the TS region of interest, and
one needs to find a way to extract the W line shapes from
data by separating off the fake from Xð3872Þ (-like) signal
events.
One may wonder if the nonresonant diagram A would

give a negligible contribution compared with those from
the Xð3872Þ pole. Because Xð3872Þ signal events are
reconstructed from its decay products, whether or not an
isospin violation, and a significant suppression associated
with it, occurs in the decay is a key to answer this question.
We first note that the nonresonant diagram A includes the
D�0D̄0 pair with the maximal mixture of isospin 0 and 1
components. Thus, both D�0D̄0 → J=ψρ0 as in diagram A
and D�0D̄0 → J=ψω proceed as isospin-conserving proc-
esses. If the isospin is conserved in a resonant process as in
Fig. 7(a), then the TS peak in the W line shape would be
almost saturated by this process. The nonresonant diagram
A, with ρ0 replaced by ω, may be negligible. However, if
Xð3872Þ signals are from isospin-violating decay products
such as the process shown in Fig. 7(b), the resonant process
would be significantly suppressed and diagram A could be
relevant. The degree of the suppression is uncertain and
could be estimated only model dependently. Although
some analysis such as Ref. [60] (Table I therein) seems
to indicate that the amplitude magnitude of Fig. 7(b) is
∼1=4 of that of Fig. 7(a), this does not necessarily mean
that the suppression due to the isospin violation is rather
moderate ∼1=4. It may also be the case that the Xð3872Þ →
J=ψω coupling is weak and the suppression is large.
Thus, for measuring the Xð3872Þπ and Xð3872Þγ line

shapes, one may be tempted to utilize a process that
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FIG. 5. MJ=ψπþπ− distributions from the triangle diagrams of
Figs. 1(a) and 1(b). (a) The red solid curve is obtained from the
spectra in Figs. 3(c) and 3(f) by integrating with respect toW over
the whole W region as shown in Fig. 4. (b) The red solid curve is
obtained similarly, but the integral is limited to the range of
−3 MeV ≤ W − ðmD�− þmD�0Þ ≤ 4 MeV. The inset shows the
peak region. The blue dashed curve is the Breit-Wigner plus a
background fitted to the red solid curve. The green bands indicate
the Xð3872Þ mass range from the PDG [54].

TABLE I. Breit-Wigner mass (mBW) and width (ΓBW). The
parameters in the second column are determined by fitting the
MJ=ψπþπ− spectrum of Fig. 5(b) from the triangle diagrams of
Figs. 1(a) and 1(b). The parameter ranges are from the cutoff
dependence (Λ ¼ 0.5–2 GeV). The PDG values for Xð3872Þ are
shown in the third column.

Figs. 1(a) + 1(b) Xð3872Þ (PDG [54])

mBW (MeV) 3871.68� 0.00 3871.69� 0.17
ΓBW (MeV) 0.42� 0.01 <1.2

SATOSHI X. NAKAMURA PHYS. REV. D 102, 074004 (2020)

074004-6



involves an isospin-conserving Xð3872Þ decay, thereby
avoiding the concern about the nonresonant contributions.
However, the experimentally cleanest signal of Xð3872Þ is
obtained from the isospin-violating Xð3872Þ → J=ψπþπ−
decay, and this is the best channel to measure the Xð3872Þπ
and Xð3872Þγ line shapes. Therefore, subtracting the
background due to the nonresonant TS process like dia-
gram A is a practical issue.
An interesting idea to set a constraint on the nonresonant

diagram A is to analyze the charge analogous B0 →
ðJ=ψπ0π−ÞKþπ0 process. As discussed in the previous
section, diagrams C and D create an X−ð3876Þ-like sharp
peak of a width of ∼2 MeV, and no similar resonance(like)
peak has been experimentally observed in the other
processes. Therefore, if a peak as shown in Fig. 6 is found
in B0 → ðJ=ψπ0π−ÞKþπ0 data, this peak is likely to be
from TSs of diagrams C and D. Thus, the data can give an
ideal constraint on the magnitude of diagrams C and D,
and, as a consequence, diagrams A and B are also con-
strained. With the well-controlled triangle diagrams A
and B, we can extract the Xð3872Þ-pole amplitude and

the correspondingW line shape in the TS region from B0 →
ðJ=ψπþπ−ÞKþπ− data. The Xð3872Þ mass can now be
assessed with a good control of the background.
References [48–50] proposed to utilize diagrams in

which internal particles D�0D̄�0D0 form the triangle. The
charge analogous diagrams including this triangle do not
satisfy the TS condition, because D�0 → Dþπ− is forbid-
den at on shell. Therefore, the corresponding nonresonant
TS mechanism cannot be studied with the charge analogous
process. However, once the relative strength and phase
between the resonant and nonresonant TS mechanisms for
B0 → ðJ=ψπþπ−ÞKþπ− are understood through the pro-
cedure described above, they can be brought to other
triangle diagrams studied in Refs. [48–50]. Some necessary
corrections can be estimated reliably, because they are
associated with kinematical differences.

IV. SUMMARY

We have demonstrated that the TS inherent in the triangle
diagram of Fig. 1(a) creates a sharp peak in the J=ψπþπ−

invariant mass distribution of B0 → J=ψπþπ−Kþπ−. The
Breit-Wigner fit of the peak in and near the TS region
results in the mass 3871.68� 0.00 MeV and width
0.42� 0.01 MeV, which are in perfect agreement with
those of Xð3872Þ, 3871.69� 0.17 MeV and <1.2 MeV,
from the precise measurements. The result is virtually
independent of the uncertainty of the model parameters
involved. This is because the TS, which does not depend on
dynamical details, determines the peak position and the
shape. However, this TS peak does not explain the Xð3872Þ
peak observed in the Belle data for the same process. This is
because the TS region is rather small in the whole phase
space, and the total peak including contributions from the
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FIG. 6. MJ=ψπ0π− and W distributions for B0 → J=ψπ0π−Kþπ0 from the coherently summed triangle diagrams of Figs. 1(c) and 1(d).
J=ψ is paired with π0π− from ρ− decay to giveMJ=ψπ0π− . (a) The black dotted, red solid, and blue dashed curves correspond toMJ=ψπ0π−

distributions at W − ðmD�0 þmD�−Þ ¼ −1.0, 0.0, and 1.2 MeV, respectively. (b) The red solid curve is obtained from the spectra in
panel (a) by integrating over W. The magenta dotted curve is obtained similarly, but the integral range is limited to
−3 MeV ≤ W − ðmD�− þmD�0Þ ≤ 4 MeV. (c) The red solid curve is obtained by integrating the spectra in panel (a) with respect
to MJ=ψπ0π− at each W. The vertical dotted line indicates the D�−D�0 threshold. The TS peak region is enlarged in the inset. Regarding
the vertical scale, the curves in panels (a), (b), and (c) are comparable to those in Figs. 3, 5, and 4, respectively.

(a) (b)

FIG. 7. Triangle diagrams utilized in Xð3872Þ mass determi-
nation method. The diagrams include (a) isospin-conserving
Xð3872Þ → J=ψω (ω → πþπ−π0) and (b) isospin-violating
Xð3872Þ → J=ψρ0ðρ0 → πþπ−Þ. The D�D̄ loop violates the
isospin symmetry due to the mass difference between the charged
and neutral Dð�Þ.
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other kinematical region is significantly broader than the
Xð3872Þ-like TS peak.
Wealso studied a charge analogousB0→ðJ=ψπ0π−ÞKþπ0

process. We found that the triangle diagrams of Figs. 1(c)
and 1(d) create an X−ð3876Þ-like TS peak with the width of
∼2 MeV. We argued that this process is useful for studying
and setting a constraint on the TS mechanisms, because the
TS contribution would not overlap with a resonant one.
We also argued that the TS peak from triangle diagrams

like Fig. 1(a) could be a relevant background when
extracting TS-enhanced Xð3872Þπ and Xð3872Þγ line
shapes from data. It has been recently proposed that the
Xð3872Þ mass can be determined by analyzing the line

shapes in the TS region. We suggested a procedure to
separate the nonresonant and Xð3872Þ-pole contributions
in the TS region.
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