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This paper revives the controversial debate that has arisen over the last two decades about the possibility
that the electromagnetic field affects the lifetime or the decay rate of an unstable particle. In this research,
we show, by performing analytical calculations and extracting numerical results, that the pion lifetime can
be changed notably by inserting the decaying pion into an electromagnetic field only if the number of
photons transferred between the decaying system and the laser field does not reach the well-known sum
rule. The influence of the laser parameters on the decay rate and branching ratio is also discussed.
The surprising result obtained for the pion lifetime is referred to as the well-known quantum Zeno effect.
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I. INTRODUCTION

The study of particle behavior and their properties when
they are inserted into an electromagnetic field has received
much attention in recent times [1,2], due to the progress
made by laser technology in terms of both its intensity and
its sources [3]. As one of these properties, we find the
lifetime or the decay rate of a particle. In the meantime, the
study of decay in the presence of an electromagnetic field
and the size of the effect that the latter may have on the
lifetime were and are still the subject of much scientific
research [4]. Thirteen years ago, in a controversial scientific
research [5], Liu et al. studied the effect of a strong laser
field on the decay rate of the muon and found a dramatic
change in its lifetime, as much as an order of magnitude.
This result is criticized by Narozhny and Fedotov in their
comment [6,7] and they consider it to be invalid and
contradictory to physical intuition. Two other authors have
done their own calculation with different laser polarization
and also reach a very different conclusion [8,9]. They found
the effect of the laser on the muon lifetime to be very small.
In this paper, and in attempt to stimulate the debate again
and deepen our understanding more about this controversy,
we decided to study the decay of the charged pion, which is
a composite particle completely different from the muon.
The pion decay in a linearly polarized laser field was
thoroughly studied almost 50 years ago by Ritus in [10].

The weak decay processes in the presence of strong
laser fields can be divided into two categories: first,
laser-assisted processes which also exist in the absence
of the field but may be modified due to its presence.
Second, field-induced processes which can occur only
when a background field is present, providing an additional
energy reservoir [11]. The pion and muon decays belong to
the first class. Apart from this context, the pions being the
lightest mesons hold a special place in both the weak and
the strong interactions, and remain subjects of research
interest ever since their discovery almost 70 years ago [12].
Historically, pion decay has provided an important testing
ground for the weak interaction and radiative corrections
and was considered the best experimental evidence for the
vector or axial-vector character of weak interactions [13].
Pion decay also attracted a lot of interest from experimental
research; for example in the article [14], the authors have
presented an experimental study of rare charged pion
decays. The muon momentum in the pion decay at rest
has measured experimentally using a magnetic spectrom-
eter by [15], while the precision measurements of the
branching ratio Re=μ between muon and electron decays
have been presented in [16,17] and they provide the best
test of e-μ universality in weak interactions. Our aim in this
work is to study the effect of a circularly polarized laser
field on the decay rate and the lifetime of the negatively
charged pions, which are unstable and decay into two
leptons π− → e−ν̄e or μ−ν̄μ by virtue of weak interaction
with a lifetime τπ− ¼ ð2.6033� 0.0005Þ × 10−8 sec [18].*b.manaut@usms.ma
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The laser-free pion decay can be found in many textbooks
as [19]. As mentioned previously in [6], there are two
mechanisms of an external field influence on a particle
decay. The first of them is purely kinematical and it is
regulated by the parameter η ¼ eE0=mω (here, m is the
rest mass of the particle, e is the electric charge, E0 is
the electric field amplitude of the laser and ω its fre-
quency), while the second mechanism is governed by an
independent dynamical parameter X ¼ E0=ES where
ES ¼ m2c3=eℏ. As long as these two parameters have
very small values for the determined intensities, the decay
rate of a free particle is unaffected by the presence of an
external electromagnetic plane wave. In our case, the values
of the two parameters mentioned above are very small
since we use the laser field amplitude 106 − 1012 V=cm and
mπ ≃ 273me. Note that the laser is supposed to be turned on
adiabatically for a period of time sufficiently longer than
the laser-free pion lifetime, and the laser intensity used is
taken so that it does not allow pair creation [20]. Therefore,
we agree with Narozhny and Fedotov that there should not
be an effect of the laser field on the pion lifetime. But, what
we emphasize and what we will demonstrate from the
results obtained is that this agreement with Narozhny and
Fedotov exists only when we reach a number of exchanged
photons at which the sum rule [21] is fulfilled. This means
that as long as the sum rule is not achieved at a certain
number of exchanged photons, which varies according to
the intensities used, the effect of the laser field on the pion
lifetime will exist and will take its place. As theoretical
physicists, we confirm here that the basis on which this
research was built and on which we relied to demonstrate
the results obtained is purely theoretical, through which we
tried to study theoretically the pion decay and study the
behavior of several quantities in the presence of an
electromagnetic field, believing that these results may pave
the way and offer wider scope for possible experiments in
the future. Note that, in this work, natural units c ¼ ℏ ¼ 1
and the space-time metric g ¼ diagð1;−1;−1;−1Þ are
employed throughout. In many equations of this paper,
the Feynman slash notation is used. For any 4-vector, A,
=A ¼ Aμγμ where the matrices γ are the well-known Dirac
matrices. This paper is structured as follows. A detailed
note on the theoretical model is presented in Sec. II. The
results are discussed in Sec. III. Finally, the conclusion of
this study is given in Sec. IV.

II. OUTLINE OF THE THEORY

We consider the decay of a charged pion into two
leptons,

π−ðp1Þ → l−ðp2Þ þ ν̄lðk0Þ; ðl ¼ e; μÞ ð1Þ
where l is an electron or a muon and the arguments are our
labels for the associated momenta. We assume that this
decay occurs in the presence of a circularly polarized

monochromatic laser field, which is described by the
following classical four-potential:

AμðϕÞ ¼ aμ1 cosðϕÞ þ aμ2 sinðϕÞ; ϕ ¼ ðk:xÞ; ð2Þ
where k ¼ ðω;kÞ is the wave 4-vector ðk2 ¼ 0Þ, ϕ is the
phase of the laser field andω its frequency. The polarization
4-vectors aμ1 and a

μ
2 are equal in magnitude and orthogonal:

aμ1 ¼ jajð0; 1; 0; 0Þ;
aμ2 ¼ jajð0; 0; 1; 0Þ; ð3Þ

which implies ða1:a2Þ ¼ 0 and a21 ¼ a22 ¼ a2 ¼ −jaj2 ¼
−ðE0=ωÞ2 where E0 is the amplitude of the laser’s electric
field. We shall assume that the Lorentz gauge condition is
applied to the four-potential, so that

kμAμ ¼ 0; ð4Þ
which implies ðk:a1Þ ¼ ðk:a2Þ ¼ 0, meaning that the wave
vector k is chosen to be along the z-axis. Thewave function
of the relativistic lepton l− with four-momentum p2 moving
in an electromagnetic field obeys the following Dirac
equation [22]:

�
ðp2 − eAÞ2 −m2

l −
ie
2
Fμνσ

μν

�
ψ lðxÞ ¼ 0; ð5Þ

where e ¼ −jej and ml− are, respectively, the electron
charge and the rest mass of the lepton l−. Here Fμν ¼
∂μAν − ∂νAμ is the electromagnetic field tensor and
σμν ¼ 1

2
½γμ; γν�. The solution of Eq. (5) gives the relativistic

Dirac-Volkov functions [23], which represent the lepton l−

in a laser field normalized to the volume V:

ψ lðxÞ ¼
�
1þ e=k=A

2ðk:p2Þ
�
uðp2; s2Þffiffiffiffiffiffiffiffiffiffiffiffi

2Q2V
p × eiSðq2;xÞ; ð6Þ

with

Sðq2; xÞ ¼ −q2:x −
eða1:p2Þ
k:p2

sinðϕÞ þ eða2:p2Þ
k:p2

cosðϕÞ:

ð7Þ
uðp2; s2Þ represents the bispinor for the free lepton l− with
momentum p2 and spin s2 satisfying

X
s2

uðp2; s2Þūðp2; s2Þ ¼ p2 þml: ð8Þ

The 4-vector q2 ¼ ðQ2;q2Þ is the effective momentum
that the lepton l− acquires in the presence of a classical
monochromatic electromagnetic field

q2 ¼ p2 −
e2a2

2ðk:p2Þ
k: ð9Þ
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The square of this four-momentum is given by

q22 ¼ m2
l − e2a2 ¼ m2

l�; ð10Þ
where ml ¼ 0.511 MeV for the electron and ml ¼
105.6 MeV for the muon. The quantity ml� plays the role
of an effective mass of the lepton l− inside the electro-
magnetic field. For the laser-dressed charged pion (spinless
particle), its wave function will obey the Klein-Gordon
equation for bosons with spin zero, which is in fact the
second-order equation (5) without the term −ie

2
Fμνσ

μν.
Therefore, the corresponding Volkov solutions read [2]

ψπ−ðxÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

2Q1V
p × eiSðq1;xÞ; ð11Þ

with

Sðq1; xÞ ¼ −q1:x −
eða1:p1Þ
k:p1

sinðϕÞ þ eða2:p1Þ
k:p1

cosðϕÞ:

ð12Þ
The dressed four-momentum q1 ¼ ðQ1;q1Þ and the effec-
tive mass mπ−� of the charged pion are, respectively, such
that

q1 ¼ p1 −
e2a2

2ðk:p1Þ
k; m2

π−� ¼ m2
π− − e2a2; ð13Þ

where mπ− ¼ 139.57 MeV is the rest mass of the charged
pion. The outgoing antineutrino ν̄l is treated as a massless
particle with four-momentum k0 and spin t0. According to
the Feynman rules, it is represented by an incoming wave
function with negative four-momentum as follows [13]:

ψν̄lðxÞ ¼
vðk0; t0Þffiffiffiffiffiffiffiffiffiffiffi
2E2V

p eik
0:x; ð14Þ

where E2 ¼ k00 and vðk0; t0Þ is the Dirac spinor satisfying
the following formula,

X
t0
vðk0; t0Þv̄ðk0; t0Þ ¼ =k0: ð15Þ

The decay process of the pion in the field of a circularly
polarized electromagnetic plane wave is a weak interac-
tion process; it can be described by the lowest Feynman
diagrams. Therefore, in the first Born approximation, the
S-matrix element for the laser-assisted π− decay can be
written as [13]

Sfiðπ− → l−ν̄lÞ ¼
−iGffiffiffi

2
p

Z
d4xJðπÞ†μ ðxÞJμðl−ÞðxÞ: ð16Þ

Here G ¼ ð1.166 37� 0.000 02Þ × 10−11 MeV−2 is the

Fermi coupling constant, Jμðl−ÞðxÞ and JðπÞμ ðxÞ are,

respectively, the leptonic and hadronic currents in the laser
field, which can be expressed by

Jμðl−ÞðxÞ ¼ ψ̄ lðx; tÞγμð1 − γ5Þψν̄lðx; tÞ; ð17Þ

and

JðπÞμ ¼ i
ffiffiffi
2

p
fπp1μ

1ffiffiffiffiffiffiffiffiffiffiffiffi
2Q1V

p × e−iSðq1;xÞ; ð18Þ

where fπ ¼ 90.8 MeV is called commonly the pion decay
constant [13]. We note that the sign of the argument of the
exponential function in (18) is chosen in such a way that the
product of all plane waves in the S-matrix element yields
the conservation of four-momentum. This corresponds to
assigning the character of an antiparticle to the negative
pion, while the positive pion has the character of a particle
[13]. Inserting Eqs. (17) and (18) and the wave functions
into Eq. (16) and after some manipulations, we find the
S-matrix to be written as

Sfi ¼
−Gfπ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Q1Q2E2V3

p
Z

d4xp1μūðp2; s2Þ

× ½1þ Cðp2Þ=a1=k cosðϕÞ
þ Cðp2Þ=a2=k sinðϕÞ�γμð1 − γ5Þvðk0; t0Þ
× eik

0:xeiðSðq1;xÞ−Sðq2;xÞÞ; ð19Þ

where Cðp2Þ ¼ e=ð2ðk:p2ÞÞ. Now, we transform
eiðSðq1;xÞ−Sðq2;xÞÞ by introducing

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α21 þ α22

q
with α1 ¼ e

�
a1:p1

k:p1

−
a1:p2

k:p2

�
;

α2 ¼ e

�
a2:p1

k:p1
−
a2:p2

k:p2

�
; ð20Þ

we get

Sðq1; xÞ − Sðq2; xÞ ¼ ðq2 − q1Þx − z sinðϕ − ϕ0Þ; ð21Þ

with ϕ0 ¼ atanðα2=α1Þ. Therefore, the S-matrix element
becomes

Sfi ¼
−Gfπ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Q1Q2E2V3

p
Z

d4xp1μūðp2; s2Þ

× ½1þ Cðp2Þ=a1=k cosðϕÞ
þ Cðp2Þ=a2=k sinðϕÞ�γμð1 − γ5Þvðk0; t0Þ
× eiðk0þq2−q1Þ:xe−iz sinðϕ−ϕ0Þ: ð22Þ

The three different quantities in Eq. (22) can be transformed
by the well-known identities involving ordinary Bessel
functions JsðzÞ:
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2
64

1

cosðϕÞ
sinðϕÞ

3
75 × e−iz sinðϕ−ϕ0Þ ¼

Xþ∞

s¼−∞

2
64
BsðzÞ
B1sðzÞ
B2sðzÞ

3
75e−isϕ; ð23Þ

where

2
64
BsðzÞ
B1sðzÞ
B2sðzÞ

3
75 ¼

2
64

JsðzÞeisϕ0

ðJsþ1ðzÞeiðsþ1Þϕ0 þ Js−1ðzÞeiðs−1Þϕ0Þ=2
ðJsþ1ðzÞeiðsþ1Þϕ0 − Js−1ðzÞeiðs−1Þϕ0Þ=2i

3
75;

ð24Þ

where z is the argument of the Bessel functions defined in
Eq. (20) and s is the number of exchanged photons. Using
these transformations in Eq. (22) and integrating over d4x,
the matrix element Sfi becomes

Sfi ¼
−Gfπ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Q1Q2E2V3

p X∞
s¼−∞

Ms
fið2πÞ4δ4ðk0 þ q2 − q1 − skÞ;

ð25Þ

where the quantity Ms
fi is defined by

Ms
fi ¼ ūðp2; s2ÞΓsvðk0; t0Þ; ð26Þ

where

Γs ¼ ½BsðzÞ þ Cðp2Þ=a1=kB1sðzÞ þ Cðp2Þ=a2=kB2sðzÞ�
× p1ð1 − γ5Þ: ð27Þ

To evaluate the pion lifetime, we first evaluate the decay
rate of the pion per particle and per time into the final states,
which are obtained by multiplying the squared S-matrix
element by the density of final states, summing over spins
of leptons and antineutrinos and finally dividing by the
time T. We obtain for the decay rate of the pion:

Wðπ− → l−ν̄lÞ ¼
Xþ∞

s¼−∞
Wsðπ− → l−ν̄lÞ; ð28Þ

where the photon-number-resolved decay rate Ws is
defined by

Wsðπ− → l− þ ν̄lÞ ¼
G2f2π
8Q1

Z
d3q2

ð2πÞ3Q2

Z
d3k0

ð2πÞ3E2

× ð2πÞ4δ4ðk0 þ q2 − q1 − skÞjMs
fij2;
ð29Þ

where

jMs
fij2 ¼

X
s2;t0

jMs
fij2 ¼

X
s2;t0

jūðp2; s2ÞΓsvðk0; t0Þj2: ð30Þ

Let us recall that the measured quantity here is the decay
rate Wðπ− → l−ν̄lÞ obtained from the so-called Breit-
Wigner distribution, which represents the measurement
of the invariant mass of unstable particle.
Performing the integration over d3k0, the photon-

number-resolved decay rate Ws becomes

Ws ¼
G2f2π

ð2πÞ28Q1

Z
d3q2
E2Q2

δðE2 þQ2 −Q1 − sωÞjMs
fij2;

ð31Þ

with k0 þ q2 − q1 − sk ¼ 0. In the pion rest frame, we
furthermore have Q1 ¼ mπ−� and q1 ¼ 0, then k0 ¼
sk − q2. Hence, using d3q2 ¼ jq2j2djq2jdΩl, we obtain

Ws ¼
G2f2π

ð2πÞ28Q1

Z jq2j2djq2jdΩl

E2Q2

× δ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðsωÞ2 þ jq2j2 − 2sωjq2j cosðθÞ
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jq2j2 þm2

l�
q

−Q1 − sω
�
jMs

fij2: ð32Þ

The remaining integral over djq2j can be solved by using
the familiar formula:

Z
dxfðxÞδðgðxÞÞ ¼ fðxÞ

jg0ðxÞj
				
gðxÞ¼0

: ð33Þ

Thus we get

Ws ¼
G2f2π

ð2πÞ28Q1

Z jq2j2dΩl

E2Q2g0ðjq2jÞ
jMs

fij2; ð34Þ

where

g0ðjq2jÞ ¼
jq2j − sω cosðθÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðsωÞ2 þ jq2j2 − 2sωjq2j cosðθÞ
p

þ jq2jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jq2j2 þm2

l�
q : ð35Þ

The term jMs
fij2 can be calculated as follows:

jMs
fij2 ¼ Tr½ð=p2 þmlÞΓs=k0Γ̄s�; ð36Þ

where

Γ̄s ¼ γ0Γs†γ0;

¼ =p1ð1 − γ5Þ½B�
sðzÞ þ Cðp2Þ=k=a1B�

1sðzÞ
þ Cðp2Þ=k=a2B�

2sðzÞ�: ð37Þ

The trace calculation can be performed with the help of
FeynCalc [24]. The result of the trace (36) is given by
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jMs
fij2 ¼

2e−iðsþ2Þϕ0

ðk:p2Þ
½AJ2s−1ðzÞ þ BJ2sþ1ðzÞ þ CJs−1ðzÞJsðzÞ þDJsþ1ðzÞJsðzÞ þ EJ2sðzÞ�; ð38Þ

where the five coefficients A, B, C, D and E are explicitly given by

A ¼ −e2eiðsþ2Þϕ0 ½m2
πϵða1; a2; k; k0Þ − 2ðk0:p1Þϵða1; a2; k; p1Þ þ a2ð2ðk0:p1Þðk:p1Þ − ðk:k0Þm2

πÞ�; ð39Þ

B ¼ −e2eiðsþ2Þϕ0 ½−m2
πϵða1; a2; k; k0Þ þ 2ðk0:p1Þϵða1; a2; k; p1Þ þ a2ð2ðk0:p1Þðk:p1Þ − ðk:k0Þm2

πÞ�; ð40Þ

C ¼ efim2
πðeiðsþ1Þϕ0 − eiðsþ3Þϕ0Þϵða1; k; k0; p2Þ − 2iðk0:p1Þðeiðsþ1Þϕ0 − eiðsþ3Þϕ0Þ

× ϵða1; k; p1; p2Þ þ eiðsþ1Þϕ0 ½−m2
πð1þ e2iϕ0Þϵða2; k; k0; p2Þ þ 2ðk0:p1Þð1þ e2iϕ0Þ

× ϵða2; k; p1; p2Þ þ ða1:k0Þðk:p2Þm2
πe2iϕ0 þ ða1:k0Þðk:p2Þm2

π − ða1:p2Þðk:k0Þm2
πe2iϕ0

− ða1:p2Þðk:k0Þm2
π þ 2ða1:p2Þðk0:p1Þðk:p1Þe2iϕ0 þ 2ða1:p2Þðk0:p1Þðk:p1Þ − iða2:k0Þðk:p2Þ

×m2
πe2iϕ0 þ iða2:k0Þðk:p2Þm2

π þ iða2:p2Þðk:k0Þm2
πe2iϕ0 − iða2:p2Þðk:k0Þm2

π

− 2iða2:p2Þðk0:p1Þðk:p1Þe2iϕ0 þ 2iða2:p2Þðk0:p1Þðk:p1Þ�g; ð41Þ

D ¼ ef−im2
πðeiðsþ1Þϕ0 − eiðsþ3Þϕ0Þϵða1; k; k0; p2Þ þ 2iðk0:p1Þðeiðsþ1Þϕ0 − eiðsþ3Þϕ0Þ

× ϵða1; k; p1; p2Þ þ eiðsþ1Þϕ0 ½m2
πð1þ e2iϕ0Þϵða2; k; k0; p2Þ − 2ðk0:p1Þð1þ e2iϕ0Þ

× ϵða2; k; p1; p2Þ þ ða1:k0Þðk:p2Þm2
πe2iϕ0 þ ða1:k0Þðk:p2Þm2

π − ða1:p2Þðk:k0Þm2
πe2iϕ0

− ða1:p2Þðk:k0Þm2
π þ 2ða1:p2Þðk0:p1Þðk:p1Þe2iϕ0 þ 2ða1:p2Þðk0:p1Þðk:p1Þ − iða2:k0Þðk:p2Þ

×m2
πe2iϕ0 þ iða2:k0Þðk:p2Þm2

π þ iða2:p2Þðk:k0Þm2
πe2iϕ0 − iða2:p2Þðk:k0Þm2

π

− 2iða2:p2Þðk0:p1Þðk:p1Þe2iϕ0 þ 2iða2:p2Þðk0p1Þðk:p1Þ�g; ð42Þ

E ¼ −4ðk:p2Þeiðsþ2Þϕ0 ½ðk0:p2Þm2
π − 2ðk0:p1Þðp1:p2Þ�; ð43Þ

where, for all 4-vectors a, b, c and d, we have

ϵða; b; c; dÞ ¼ ϵμνρσaμbνcρdσ: ð44Þ
We notice that in the coefficient E, there is no occurrence of
the antisymmetric tensors ϵμνρσ. This clearly means that
they were totally contracted. The other coefficients A, B, C
and D contained various noncontracted tensors. For exam-
ple in A and B, there are two noncontracted tensors
involving ϵμνρσ whereas in C and D, there are four. Particle
physicists are very often dealing with this. Let us remind
that to evaluate these tensors, we use the Grozin convention

ϵ0123 ¼ 1 ð45Þ
meaning that ϵμνρσ ¼ 1 for an even permutation of the
Lorentz indices whereas ϵμνρσ ¼ −1 for an odd permutation
of the Lorentz indices and finally ϵμνρσ ¼ 0 otherwise.
Using Einstein’s summation convention, the noncontracted
tensors in A and B reduce to

ϵða1; a2; k; k0Þ ¼ ϵμνρσa
μ
1a

ν
2k

ρk0σ;

¼ jaj2½ϵ1203k0k03 þ ϵ1230k3k00�;
¼ jaj2ω½sω − jq2j cosðθÞ − E2�; ð46Þ

and

ϵða1; a2; k; p1Þ ¼ ϵμνρσa
μ
1a

ν
2k

ρpσ
1;

¼ jaj2½ϵ1203k0p3
1 þ ϵ1230k3p0

1�;

¼ jaj2ω
�
e2a2ω
2ðk:p1Þ

− p0
1

�
: ð47Þ

With the same approach, the four tensors appearing in C
and D can be expressed as follows:

ϵða1; k; k0; p2Þ ¼ jajjq2jω sinðθÞ sinðφÞ

×

�
sωþ e2a2ω

2ðk:p2Þ
− E2 − p0

2

�
;

ϵða1; k; p1; p2Þ ¼ jajjq2jω sinðθÞ sinðφÞ
�
e2a2ω
2ðk:p1Þ

− p0
1

�
;

ϵða2; k; k0; p2Þ ¼ jajjq2jω sinðθÞ cosðφÞ

×

�
E2 þ p0

2 − sω −
e2a2ω
2ðk:p2Þ

�
;

ϵða2; k; p1; p2Þ ¼ jajjq2jω sinðθÞ cosðφÞ
�
p0
1 −

e2a2ω
2ðk:p1Þ

�
;

ð48Þ
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where θ and φ are the spherical coordinates of q2. p0
1 and

p0
2 are, respectively, the temporal components of p1 and p2

given by

p0
1 ¼ Q1 þ

e2a2ω
2ðk:p1Þ

; p0
2 ¼ Q2 þ

e2a2ω
2ðk:p2Þ

: ð49Þ

After giving some important details about the trace calcu-
lation, we return to the lifetime of the charged pion, which
is defined by

τπ− ¼ 1

Wtotal
; ð50Þ

where Wtotal ¼ Wðπ− → μ−ν̄μÞ þWðπ− → e−ν̄eÞ is the
total decay rate of the charged pion π− in the laser field.
Now, we introduce a very interesting quantity measured
experimentally. This is the branching ratio (BR) of a decay
mode. In particle physics, the branching ratio refers to the
probability that a particle will follow a given decay mode
out of all possible decay modes. The sum of the branching
ratios of all decay modes of a particle is therefore by
definition equal to 1 (or 100%). In our case, we define the
BRs of the muonic and electronic decay channels as
follows:

Brðπ− → μ−ν̄μÞ ¼
Wðπ− → μ−ν̄μÞ

Wtotal
; ð51Þ

Brðπ− → e−ν̄eÞ ¼
Wðπ− → e−ν̄eÞ

Wtotal
: ð52Þ

The ratio between the two decay channels, also called the
branching ratio for the decay modes, is given by

Re=μ ¼
Wðπ− → e−ν̄eÞ
Wðπ− → μ−ν̄μÞ

: ð53Þ

Its experimental value, in the absence of the laser field, is
Rexp
e=μ ¼ ð1.218� 0.014Þ × 10−4 [17].

III. RESULTS AND DISCUSSION

In this section, we present and analyze the numerical
results for the pion decay in the presence of a circularly
polarized laser field. It is important here to warn that all
obtained numerical results are only a means of depicting
the theoretical quantities that were calculated in the
previous section. The influence of the laser parameters
(intensity and frequency) on the decay rate, lifetime, and
branching ratio is discussed. The origin of the coordinate
system is chosen to be on the pion which is at rest before
decay. The direction of the field wave vector k is along the
z-axis. The integral over dΩl (dΩl ¼ sinðθÞdθdφ) involved
in the evaluation of Ws (34) should be performed using the

numerical integration. The spherical coordinate φ is chosen
to be φ ¼ 0° throughout this section. The expression of jq2j
can be found by solving the equation gðjq2jÞ ¼ 0, which is
a condition to apply the familiar formula (33). The relation
between the lifetime τ expressed in seconds [s] and the
decay rate W expressed in [eV] can be obtained from

τ½s� ¼ 6.58212 × 10−16 ½eV:s�
W ½eV� : ð54Þ

Bearing in mind that we have used the following unit
conversion: in Systeme International (SI) units, the electric
field strength E0½SI� ¼ 4329.0844 ½V=cm� corresponds, in
natural units, to E0½NU� ¼ 1 ½eV2�. In the following and
throughout this section, we will adopt the same arrange-
ment that was followed to construct the theory in the
previous section. We will start by showing the results of the
data obtained for the decay rate, then for the lifetime and
finally for the branching ratio. We will study the effect of
the laser field on each of these quantities. For the results
related to the decay rate, we remind here that only the
muonic channel ðπ− → μ−ν̄μÞ has been considered, since it
is more favored than the electronic channel for consid-
erations and reasons that will be mentioned at the end of
this section. Figure 1 shows the phenomenon of multi-
photon energy transfer for different field strengths and
frequencies. In Fig. 1(a), we display the photon-number-
resolved decay rate Wsðπ− → μ−ν̄μÞ (34) versus the net
photon number s transferred between the decaying system
and the laser field. We have chosen the spherical coor-
dinates θ ¼ 90° and φ ¼ 0°. The strength and frequency of
the laser field are E0 ¼ 107 V=cm and ℏω ¼ 1.17 eV. A
few number of photons are exchanged between the laser
field and the decaying system. The cutoffs are s ≃
−50 photons for the negative part (absorption) of the
envelope and s ≃þ50 photons for the positive part (emis-
sion). Figure 1(b) shows the situation when only the field
strength increases to 108 V=cm and also when both the
field strength and frequency decrease, respectively, to
106 V=cm and ℏω ¼ 0.117 eV. The other parameters are
the same as in Fig. 1(a). The process involving large
numbers of photons exchanged has significant contribution
and the cutoff numbers now are about s ¼ −450 and
s ¼ þ450. Comparisons between Figs. 1(a) and 1(b) show
that the transfer of photons is enhanced when only the
strength of the laser field is increased. Figure 1(c) shows the
behavior of Wsðπ− → μ−ν̄μÞ when E0 ¼ 108 V=cm and
ℏω ¼ 2 eV and the cutoff numbers, in this case, are s ¼
−150 and s ¼ þ150. In Fig. 1, the contributions of various
s-photon processes are cut off at two edges which are
symmetric with respect to s ¼ 0. The spectrum exhibits
also an overall symmetric envelope for peaks of negative
and positive energy transfer. The cutoff number can be
explained by the properties of the Bessel function, which
decreases exponentially after its order reaches its argument.
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FIG. 1. The multiphoton decay rateWsðπ− → μ−ν̄μÞ (34) (in units of 10−8) as a function of the number of photons exchanged s in the
rest frame of the pion, with the spherical coordinates θ ¼ 90° and φ ¼ 0°. The laser field amplitude and frequency are
(a) E0 ¼ 107 V=cm and ℏω ¼ 1.17 eV, (b) E0 ¼ 106 V=cm and ℏω ¼ 0.117 eV or E0 ¼ 108 V=cm and ℏω ¼ 1.17 eV, and
(c) E0 ¼ 108 V=cm and ℏω ¼ 2 eV.

FIG. 2. The variation of the summed decay rates Wðπ− → μ−ν̄μÞ (28) (in units of 10−8) with and without a laser as a function of the
angle θ for various numbers of photons exchanged. The spherical coordinate φ ¼ 0°. The laser field amplitude and frequency are
(a) E0 ¼ 108 V=cm and ℏω ¼ 2 eV, (b) E0 ¼ 107 V=cm and ℏω ¼ 1.17 eV.
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The heights of the different photon-energy-transfer peaks
depend crucially on the values of the ordinary Bessel
functions.
In Fig. 2, we have made simulations concerning the

laser-assisted decay rate for a set of net number of photons
exchanged. In Figs. 2(a) and 2(b), we have summed, res-
pectively, over these sets (−N ≤ s ≤ þN with N ¼ 20,
100, 150) and (−N ≤ s ≤ þN with N ¼ 5, 10, 20, 30, 50)
for different field strengths and frequencies. We see that, in
Fig. 2(a) [Fig. 2(b)], at −150 ≤ s ≤ þ150 (−50 ≤ s ≤þ50)
the two decay rates with and without the laser field give two
indistinguishable curves. Otherwise, the laser field gives
rise to significant changes in the decay rate. We return to
the case −150 ≤ s ≤ þ150 in Fig. 2(a); the coincidence
reached here is called the sum rule that was shown by
Bunkin and Fedorov as well as by Kroll and Watson [21].
Let us first recall that the sum rule is, mathematically,
modeled such as

Xþ∞

s¼−∞
Wsðπ− → l−ν̄lÞ ¼ Wlaser-freeðπ− → l−ν̄lÞ; ð55Þ

and is achieved when the laser-assisted decay rate tends
to approach the laser-free results with increasing the
number of photons exchanged. Figures 1(c) and 2(a) per-
fectly establish correlation in the net number of photons
exchanged that reaches the well-known sum rule. As we
can see from Fig. 1(c), the decay rate falls off abruptly
beyond the interval ½−150;þ150� and Fig. 2(a) shows
clearly that beyond −150 ≤ s ≤ þ150, the sum rule is
obviously checked. The same thing can be said in the case
of Figs. 2(b) and 1(a) in which the sum rule is attained only
at −50 ≤ s ≤ þ50. After extensive discussion regarding
the effect of the laser field on the decay rate, let us move on
to discuss the influence of the laser on the pion lifetime as
an important point in our research.
Figure 3 displays the typical behavior of the pion lifetime

in the rest frame of the pion for the laser frequency ℏω ¼
1.17 eV and for different numbers of photons exchanged.

As we can see from this figure, at small intensities
ð102 − 106 V=cmÞ all curves, regardless of the number
of photons exchanged, are identical and take a fixed value
equal to the value of the pion lifetime in the absence of
the laser field. Beyond the intensity 106 V=cm, we notice
that the lifetime, for each specified number of exchanged
photons, expands and lengthens (i.e., it is subject to
elongation and extension) and changes nonlinearly with
increasing intensity. It seems clear to us that as the number
of exchanged photons increases, the effect of the laser on
the lifetime diminishes until it becomes zero when we reach
−450 ≤ s ≤ þ450 exchanged photons at which the well-
known sum rule is achieved.
Figure 4 represents the same thing as shown in Fig. 3, but

here the laser frequency is equal to ℏω ¼ 0.117 eV. We
note from this figure that, in the interval of intensities
ð102 − 105 V=cmÞ, the laser has no effect on the lifetime,
regardless of the number of photons exchanged. However,
between the intensities 105 and 106 V=cm, the effect of the
laser on the lifetime appears only at −100 ≤ s ≤ þ100,
−200 ≤ s ≤ þ200 and −300 ≤ s ≤ þ300, and the laser
field has no effect at all on the case of the number of
exchanged photons −450 ≤ s ≤ þ450, since the latter
presents the cutoff number in the case of intensity
106 V=cm and frequency ω ¼ 0.117 eV as indicated in
Fig. 1(b). As expected, in the interval of intensities
ð106 − 108 V=cmÞ, the effect of the laser on the lifetime
will come back as long as we do not reach a number of
exchanged photons at which the sum rule is achieved. For
the intensity 108 V=cm and the frequency ω ¼ 0.117 eV,
the cutoffs are at s ¼ −50000 and s ¼ þ50000. We point
out here that due to our limited computing capacity, we
could not include the result obtained with respect to this
large number of exchanged photons. Nevertheless, we are
certain that, when we reach 50000 photons exchanged, the
effect of the laser on the lifetime will not remain, and we
will obtain a fixed horizontal curve at the intensities
between 102 and 108 V=cm. For the effect of the laser

FIG. 3. The laser-modified pion lifetime as a function of the
laser field amplitude for various numbers of photons exchanged.
The frequency of the laser field is ℏω ¼ 1.17 eV.

FIG. 4. The laser-modified pion lifetime as a function of the
laser field amplitude for various numbers of photons exchanged.
The frequency of the laser field is ℏω ¼ 0.117 eV.
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frequency, and by comparison between Figs. 3 and 4, it
becomes clear to us that at higher frequencies, the effect of
the laser on the lifetime decreases, a behavior similar to the
case of the muon lifetime [5]. Besides all this, we confirm
that this observed change in the pion lifetime is not strange
or contradictory to physical intuition. Furthermore, a long
lifetime can be easily understood as a result of the so-called
Zeno effect, which has received great attention from many
scientific research in the past and present [25]. In 1977,
Misra and Sudarshan [26] showed, based on the quantum
measurement theory, that frequent observations slow down
the decay and may alter the decay rate. They were the first
to call the effect by that name. It was predicted that an
unstable particle would never even decay when continu-
ously observed. In the paper [27], it was shown that the
lifetime of an unstable system can be extended by watching
it closely (e.g., illuminating it with an intense laser field of
appropriate frequency). Consequently, we attribute this
observed change in lifetime to the quantum Zeno effect
resulting from the interaction of the decaying system with
the external electromagnetic field which, in our case, plays
the role of a measurement device. To show the global
behavior of the pion lifetime, we simultaneously vary the
laser intensity and frequency. Figure 5 illustrates the
density plot for the pion lifetime over the ðω; E0Þ plane
for −5 ≤ s ≤ þ5 photons exchanged. We see from this
figure that from the intensity of 2 × 106 V=cm and above,
the lifetime is constant, whatever the laser frequency, so
that the predominant color in the figure is the dark blue
color, which almost indicates, according to the bar legend,
the value of the lifetime when the laser is absent. This
means that in this interval there is no effect of the laser on
the lifetime, regardless of the laser frequency used. This is
due to the fact that the number of exchanged photons
−5 ≤ s ≤ þ5, in this case, is sufficient to achieve the sum

rule. Under the value 2 × 106 V=cm, we note that the
lifetime changes according to the intensity and the fre-
quency of the laser field, because the number of photons
exchanged cannot reach the sum rule below this value. So
far, we have examined the laser effect on the decay rate and
lifetime of the pion, as these two quantities are important in
studying decays. Another quantity, not less important, is the
branching ratio that was introduced and defined at the end
of the outline of the theory. In what follows, we will see the
effect of the laser on the branching ratio of both electron
and muon. Figures 6 and 7 depict the behavior of Brðπ− →
μ−ν̄μÞ (51) and Brðπ− → e−ν̄eÞ (52) versus the laser field
amplitude for different numbers of photons exchanged. We
notice from Figs. 6 and 7 that the branching ratio for all
numbers of exchanged photons remains constant in the
interval of intensities between 102 and 105 V=cm where all
the curves are identical. Outside this interval, we note that
the branching ratio for the muon increases, and the

FIG. 6. The behavior of the branching ratio (51) of the muonic
decay channel as a function of the laser field amplitude strength
for different numbers of photons exchanged. The frequency of
laser field is ℏω ¼ 1.17 eV.

FIG. 7. The behavior of the branching ratio (52) of the
electronic decay channel as a function of the laser field amplitude
for different numbers of photons exchanged. The frequency of
laser field is ℏω ¼ 1.17 eV.

FIG. 5. The behavior of the pion lifetime as a function of the
laser field amplitude E0 and laser frequency ω for an exchange of
−5 ≤ s ≤ þ5 photons. The laser field amplitude varies from
104 V=cm to 3.3 × 106 V=cm whereas the frequency varies from
0.117 to 2 eV.
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branching ratio for the electron decreases until they both
reach a saturated value at which they stagnate and all curves
meet. According to these results, it becomes clear to us
that the branching ratio, unlike the lifetime, is affected by
the laser field even if the number of photons exchanged is
equal to the cutoff numbers (s ¼ −50 and s ¼ þ50 in this
case). Comparing Figs. 6 and 7, we note, as required, the
branching ratios for both the muon and electron are
complementary, as their sum is equal to 100%. Another
very important remark to make here is that the proba-
bility of decay to the muon is much greater than the
probability of decay to the electron so that the latter
becomes almost nonexistent. This fact also applies to the
absence of the laser field where the electronic decay
channel must be strongly suppressed by considering the
helicities of the participating particles (see [13] for more
details). Therefore, the same thing occurs in the presence of

the laser field, since, at high intensities the branching ratio
for the muon increases approximately to 99.996% and that
for the electron decreases to 0.003%. Figure 8 illustrates
the behavior of Re=μ (53) as a function of the laser field
amplitude for different numbers of photons exchanged.
It appears that this figure is similar to the Fig. 7, meaning
that Re=μ ≈ Brðπ− → e−ν̄eÞ and thus Wðπ− → e−ν̄eÞ ≪
Wðπ− → μ−ν̄μÞ. This is in full agreement with everything
that has been discussed previously. Figure 9 displays a
contour plot of the two branching ratios over the ðE0;ωÞ
plane for −20 ≤ s ≤ þ20 photons exchanged. With a
small number of photons exchanged (for example,
−5 ≤ s ≤ þ5), the branching ratio presents some spots
(with minimum or maximum value of the branching ratio at
fixed laser field amplitude and frequency) in some locations
which represent oscillations inherent to the presence of
the ordinary Bessel functions JsðzÞ (this situation is not
presented here). By increasing the number of photons
exchanged to −20 ≤ s ≤ þ20 and as shown in Fig. 9,
the behavior of the branching ratio has changed and there is
no longer an appearance of these spots. Apparently, these
two figures are divided into many distinct regions by
contours and with different colors accompanied by a value
on the bar legend. Examining these two figures, we notice
that they are superposable, but the same region varies its
value from one branching ratio to the other, so that if we
combine the two different values for the same region, one
obtains the value 1. Therefore, the two branching ratios are
complementary as we have seen before.

IV. CONCLUSIONS

We have performed the analytical calculation for the
negatively charged pion decay in the presence of a
circularly polarized laser field. Summing up the results,

FIG. 9. The behavior of the branching ratios as a function of the laser field amplitude E0 and laser frequency ω for an exchange of
−20 ≤ s ≤ þ20 photons. The laser field amplitude varies from 104 to 107 V=cm whereas the frequency varies from 0.117 to 2 eV.
(a) Brðπ− → e−ν̄eÞ, (b) Brðπ− → μ−ν̄μÞ.

FIG. 8. The behavior of the branching ratio Re=μ (53) (in units
of 10−4) as a function of the laser field amplitude for different
numbers of photons exchanged. The frequency of laser field
is ℏω ¼ 1.17 eV.

MOUSLIH, JAKHA, TAJ, MANAUT, and SIHER PHYS. REV. D 102, 073006 (2020)

073006-10



it can be concluded that the pion lifetime (then the decay
rate) can be affected by the laser field as long as the number
of photons exchanged between the decaying system and the
laser field is not sufficient to achieve the well-known sum
rule. Once the sum rule is checked for a determined number
of photons, the influence of the laser on the pion lifetime

becomes zero. We have explained the modification of the
pion lifetime in the presence of a laser field by considering
the well-known quantum Zeno effect. Concerning the
branching ratio, we have shown that the laser field increases
the probability of decay toward the muonic channel more
than the electronic one.
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