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A holographic model is used to investigate the thermodynamics and the phase diagram of a heavy quarks
system. From such a model we obtain an equation of state and explore its applicability in astrophysical
conditions. For this objective, we work in the context of the Einstein-Maxwell-Dilaton (EMD) holographic
model for quantum chromodynamics (QCD). At first, we show the existence of a critical point where the
first-order transitions line ends; later on, we calculated an analytic expression for the equation of state.
Additionally, with the aim of investigating the global properties of compact stars, such as the total
gravitational mass and radius, the equation of state is used to solve the Tolman-Oppenheimer-Volkov
(TOV) equations for stellar structure. The numerical results show that our equation of state is able to
reproduce the expected behavior of hybrid stars. Our main conclusion is that, by using an equation of state
emerging in the framework of the EMD holographic model for QCD, it is possible to obtain quark matter
properties and that it is also possible to extend the procedure to astrophysical applications.
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I. INTRODUCTION

The investigation of the phase structure of quantum
chromodynamics (QCD) is an open problem of modern
physics, and there are several research groups around the
world facing this problem. It is widely known that QCD lies
in the confinement regime in the region of low temperature
T and density (chemical potential ) and that it also lies in
the deconfinement regime in the region of high temperature
and density. It is believed that at the boundary between
these two phases, close to the chemical potential axis, there
is a line describing first-order phase transitions. It is also
speculated that this line terminates at the critical point,
where the theory has conformal symmetry and can be
described by a set of universal critical exponents. In turn, at
low chemical potentials, the transition becomes crossover.
Moreover, it is complicated to extract reliable information
from the region where these transitions occur because
QCD lies in the strong coupling regime where the usual
techniques used in perturbative QCD do not work. On the
other hand, it is known that lattice QCD provides reliable
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results at zero chemical potential (in the strong coupling
regime); however, it does not work when finite chemical
potential effects are considered. Among other problems
arising at finite density is the sign problem. Nevertheless,
most of the relevant problems of modern physics are related
to QCD at finite density, for example, heavy-ion collisions
and investigation of compact objects in astrophysics. In the
last years, lattice QCD is overcoming the application
problems by implementing new techniques, but these do
work in the regime of small chemical potentials and no
reliable results at large densities are available so far; see
e.g., [1-3] for a review.

Another theoretical framework for investigating QCD-
like theories at finite temperature and density has been
implemented following the holographic principle [4,5]. The
anti—de Sitter/conformal field theory (AdS/CFT) corre-
spondence [6—8], which is a realization of the holographic
principle, allows us to investigate the duality between a
strongly coupled field theory living in a d-dimensional
spacetime and its dual gravitational theory (in principle
quantum gravity) living in a (d + 1)-dimensional space-
time. The duality arising directly from superstring theory in
ten or eleven spacetime dimensions is known in the
literature as a top-down approach; see for instance
Ref. [9-13]. On the other hand, the bottom-up approach
relates quantum field theories living in four-dimensional
spacetimes with a dual classical gravitational theory living
on five-dimensional anti—de Sitter spacetime. These models
have phenomenological motivations and are built using
phenomenological results in the quantum field theory side.
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In the first stages the backreaction on the gravitational
background was neglected [14—16] (see also [17-23]); then
the backreaction is considered [24-31] (see also [32-36]);
this approach is also known as holographic QCD. In the
context of holographic QCD models it was shown
that scenarios with simple gravitational theories in five-
dimensional spacetime are able to mimic certain properties
of QCD, like the equation of state (EoS) [37,38] and the
thermodynamics of the gluon plasma [39-43]. What is
interesting is that these results were obtained with a
gravitational action coupled to a scalar field. The conformal
symmetry breaking is realized by the nontrivial profile of
the scalar field. In the same way, by adding an additional U
(1) gauge field in the gravitational action we may include
finite chemical potential in the dual field theory. Thus, the
gauge field in the five-dimensional theory is dual to the
baryon density current and it may be generated turning on
an electric field in the gravitational background. It is worth
mentioning that the resulting metric is asymptotically
Reissner-Nordtrom AdS metric.

Previous works investigated the phase structure and
critical point using holographic QCD at finite temperature
and density [44-54]. It is worth pointing out that in [44,45]
the authors found a phase diagram in agreement with
that is expected in QCD; they also found a critical point.
Interestingly, the information concerning the quarks seems
to be codified in the gauge field and a scalar function,
gauge kinetic function, which characterizes the nonminimal
coupling between the dilaton and gauge field. It is also
interesting to point out that the authors of Ref. [47]
investigated a holographic model for heavy quarks, for
which the phase diagram differs from the one obtained in
[44,45]. Phenomenological properties, like meson dissoci-
ation, were also investigated using holographic models; see
for instance Refs. [55-58].

On the other hand, the interest in investigating neutron
stars increased promoted by the results collected by the LIGO
and VIRGO collaborations [59]. Previous investigations of
compact objects, like neutron stars, were developed using the
Tolman [60] and Oppenheimer-Volkov [61] equations. A
pivotal point to solve these equations is the equation of state
(EoS) of matter in the interior of these objects, where it is
under extreme conditions. The results obtained applying
usual methods in perturbative QCD, for example, are not
reliable because of the high density and strong coupling. It is
also believed that the collision of neutron stars will con-
straint, even more, the EoS in such extreme conditions. At
this point, the holographic approach seems to be useful for
investigating the nuclear matter in such conditions. As
mentioned above, this theoretical framework maps the
problem into a dual classical gravitational theory, where,
in principle, we can face the problem using techniques
available in the literature. This way to face the problem will
allow us to shed new light in the understanding of compact
objects, like neutron, quark matter, or even hybrid stars.

In this paper, we work with the holographic model
proposed in Ref. [26] (see in particular Appendix G of such
Ref.), then applied it to investigate Yang-Mills theories at
finite temperature in Ref. [62]. To include finite chemical
potential effects in the dual field theory we add an Abelian
gauge field in the five-dimensional action following
Refs. [44,45]. Thus, the holographic model describes the
heavy quarks system in the dual field theory [47]. One of
the aims of this work is to apply our EoS to solve the
Tolman-Oppenheimer-Volkov (TOV) equations in order to
investigate the behavior of the mass vs radius relationship
for hybrid stars. As far as we know previous works in the
literature have investigated the internal structure of stars
using holography; see for instance Refs. [63-71]. The
advantage of working with the model of Ref. [62] is that we
get analytic solutions for some of the relevant thermody-
namic variables like temperature and entropy.

The paper is organized as follows. In Sec. II we introduce
the five-dimensional model. We also solve the Einstein-
Maxwell-Dilaton equations using a simple holographic
model and get an analytic expression for the gauge field,
temperature, and entropy density. The asymptotic analysis
of the thermodynamic variables allows us to get an analytic
EoS. In the end, we investigate the extremal solution, i.e.,
when the temperature vanishes. In Sec. III, our numerical
results are presented and discussed. Section IV is devoted to
investigating the phase structure of the holographic model.
In Sec. V we implement the matching procedure between
the nuclear EoSs and the quark matter EoS, and then we
solve the Tolman-Oppenheimer-Volkov equations to get the
mass-radius relationship. Finally, we conclude and discuss
future extensions of the present work in Sec. VI
Complementary material is left in the Appendix.

II. THE FIVE-DIMENSIONAL
EINSTEIN-MAXWELL-DILATON MODEL

A. The five-dimensional background

The gravitational dual of the Yang-Mills theory in four-
dimensional spacetime is described by a five-dimensional
gravitational theory whose action contains the metric
coupled to a scalar field, and, in order for including finite
density effects in the dual field theory, a gauge field must
be added in the five-dimensional action, and thus the
metric is also coupled to this field. The most general
five-dimensional action is defined by [44]

1
SZZ—KZ/d.XS\/—g[R"‘E], (1)
where the Lagrangian is given by

L- —g (07®)(9,,®) + V() —@F’""me 2)

where @ is the dilaton field; V(®) is the dilaton potential
and contains the cosmological constant term, —6/ £%, where
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¢ is the AdS radius; F,, the gauge field defined by
F,,=0,A, —0,A,; and k is the Newton constant in
five-dimensional spacetime; while fq(®) is the gauge
kinetic function, which includes the nonminimal coupling
between the dilaton and gauge field. In the present work we
restrict ourselves to the case fq(®) = 1. The equations of
motion obtained from varying the action (1) are:

G = 3 (04 ®)(0,) + 227 (27 ) (9,@) - 22 v (@)

1
+ E <%’ ququ - gquanmp> = O’ (3)

where G,,, is the Einstein tensor. In turn, the Maxwell
equations are:

(/=99 9" 1F pq) = 0. (4)
Finally, the Klein-Gordon equation is
8
——0,(/—90"®) + 06V (P) = 0. 5

In applications of holographic QCD it is usual to consider
an ansatz on the metric tensor and gauge field of the
form [55,56]

b
f(2)
A]:A2:A3:A4:0, (6)

ds? = >l (—f(z)dt2 + dz> + dxidxi),

Ay = Ay(z2),

where A(z) is the warp factor; we also define the new
function ¢ = e~ to rewrite the equations of motion.
Neglecting the dilaton field, the solution of the Einstein-
Maxwell equations is the (fifth-dimensional) Reissner-
Nordstrom AdS black hole (RNAdS). Following the
convention of Refs. [52,56,57]) we are going to consider
the constant x given by

1 N?
< (202 )

where N is the number of colors. Plugging the ansatz (6) in
(3) we get the following system of coupled differential
equations:

C_”_i AV
37!
1= F = @A =0
. é'/z 3f/él/ 2V — 4'4(A6)2 -
36—12?+ T =0, (8)

where the primes stand for total derivatives with respect to
the variable z, d/dz. As can be seen, these equations

involve the warp factor, dilaton field, and its potential,
horizon function, and the gauge field. On the other hand,
the Maxwell equation is obtained plugging (6) in (4)

for which the solution is given by A, = ¢,{(z), where ¢, is
the integration constant. The complete solution of the
gauge field is given by

%@=@+q/wm» (10)

z

B. The holographic model

In the following we introduce the holographic model we
are going to work with here, which is the model originally
proposed in Ref. [26], Appendix G, and that was also used
to investigate deconfined properties of SU(N) Yang-Mills
theories in Ref. [62]. In such a holographic model, the warp
factor is given by

¢(z) = EeAzzz’ (11)
4

where A is a free parameter. Our motivation to use the
analytic warp factor is the same as in Ref. [62]. Even
though we do not know the explicit form of the dilaton
potential, this warp factor allows us to investigate some
general properties of the dual field theory in the strong
coupling regime. It is worth mentioning that there are three
ways to solve the coupled equations (8). The first one is to
know the dilaton potential, one may get {, ®, and A,
solving the differential equations. The second one is to
postulate the dilaton field, motivated by phenomenological
constraints, one may get £, V, and A, solving the corre-
sponding differential equations. The third approach is to
postulate the warp factor, motivated by phenomenological
constraints, one may get ®, V, and A, solving the
equations.

In order to solve the field equations, we start with the
gauge field. By plugging Eq. (11) into Eq. (10) we get an
expression that, after integration, furnishes the gauge
potential in the form

2,2
c (N —1)
AO(Z) = 62+?72A2 P

(12)
where c¢; and ¢, are integration constants. We may fix them
by comparing the asymptotic form of (12), close to the
boundary z — 0, with the corresponding Reissner-
Nordstrom AdS (RNAAS) solution, which takes the form
Ay =p— Q7> +--- [52,56,57]). Thus, we get ¢, = u,
¢y = =27Q, and the gauge field is may be written as
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Aole) =5 (1= ) (13)

where p is interpreted as the chemical potential, and Q is a
parameter related to the electric charge of the black hole.
The gauge field should be regular at the horizon; i.e., it may
be imposed that A((z,) = 0. This condition allows us to
find a relation between Q and y, namely,

A2
0=—r— (14)

=— .
eNa—1

By substituting the last relation into (14), we get the final
analytic solution for the gauge field:
eAzz2 _ eAzzi

Ao(2) :HW (15)

From the expansion of this result close to the boundary,
Ay = p—pz> + -, and using the holographic dictionary
we read of the quark density vacuum expectation value [72]
in the dual field theory [47]

A%u

Thus, the relation between the parameter Q and quark
density is p = Q. The current-source coupling in the dual
field theory is of the form S = [ dx*uJ°, where p = (J°).
Proceeding with the process of solving the field equa-
tions, we plug Egs. (11) and (13) into the second equation
of the system (8) to get a differential equation for the
horizon function f(z), whose solution is given by

Q2€4A2z2 (4A222 _ 1)
16£2A°

f=cq+c33NT (B2 —1)+ (17)

We fix the integration constants c; and ¢, with the
conditions f(0) =1 and f(z,) = 0, what yields

14422 A8 + 90?1 + *N4i (4272 — 1)]
T 144201 4 VG (3A22 — 1))
SNA(162A° + 02)(3A%2 - 1)

T 162A%[1 + &N (3N — 1)]
02670 (1 — 4A272)
1622A9(1 + N (3A22 — 1))

C3 =

9’

(18)

The relation between the parameter Q and the electric
charge ¢ may be obtained by expanding Eq. (17) close to
the boundary where this expression reduces to the RNAdS
solution. Thus, we get

0% =372, (19)

where ¢ is the charge of the black hole.
It is also worth mentioning that the limit of zero A of
Eq. (17) is

4
Z

flz)=1-(1 +q212)z—4+q226, (20)
h

which is the horizon function of the RNAdS black hole
solution. On the other hand, by expanding Eq. (17) close to
the boundary, i.e., in the limit of small z;, and z, we obtain

1 2A?
r=t+ (-5 2o ay )2
<y <p
2A%  4AA4
+ (-2 B o) e+ o). 2
h h

where O(A,z,) represents subleading contributions.
Interestingly, the RNAJS solution is recovered in the limit
of zero A. Then, we may see this equation as a deformed
RNAGJS black hole solution.

The dilaton field may be obtained by plugging Eq (11)
into the first equation of the system (8) and by integrating
the resulting relation. Then, the dilaton takes the form [26]

3zA 9 [2zA + V6 + 472 A?
®="—16+472A> +"1 .22
1 +4z —1—4 n 7 (22)

By expanding the function ®(z) given by the last equation
close to the boundary, we get

® =zt i+ (23)

where ¢, = 3A/+/6 is interpreted as the source, while
¢3 = A3//6 is interpreted as the vacuum expectation
value in the dual field theory. Considering the general
expansion of the dilaton field close to the boundary
O =721 +-)+¢3z°(1+---), where A is the
conformal dimension of the operator dual to the dilaton,
while ellipses denote higher powers in z. Comparing this
expression with (23) we may conclude that A = 3, which
means that @ is dual to an operator of dimension three.
In turn, the dilaton potential may be calculated directly
from the last equation of the system (11). Taking analytical
solutions of the background functions f(z), {(z), and
Ao(z), and expanding close to the boundary it follows

12 54A%72

=t (24)

Writing this in terms of the dilaton field (23), the potential
becomes

066006-4



PHASE DIAGRAM AND COMPACT STARS IN A HOLOGRAPHIC ...

PHYS. REV. D 102, 066006 (2020)

12 4
V=—"--M,®*+--. 25

where M3£? = A(A —4) is the mass of the dilaton field.
By setting A = 3 we recover (24), showing the consistency
of the expansion (23).

C. Thermodynamics

The knowledge of the horizon function allows the

calculation of the Hawking temperature, which is
defined by
1
T == 0f(3)]oms, (26)

Since the present holographic model presents an analytic
expression for the warp factor, cf. Eq. (11), the expression
of the temperature may be expressed in exact form. It reads

333N [48A0 — g2 (16eM% + M40 (124222 —
327A2[1+ N0 (3222 —1))]

r— 7)-9)]

(27)

The dependence of the temperature on the chemical
potential is obtained by plugging Eqgs. (19) and (14)
into (27).

The next important thermodynamic variable to be easily
calculated is the black hole entropy, which is determined by
means of the Bekenstein-Hawking formula,

./4 277,'V3
S=T = 5 28
3Gy 200 (28)

where A is the transverse area and V3 is the three-dimen-
sional space volume. Substituting Eq. (11) into the last
expression, it is straightforward to show that the entropy
density (s = S/V3) may be written as

B 2n83

—3A272
e i 29
Kz (29)

So far we have calculated the temperature and entropy
density as a function of the horizon radius and the electric
charge (or chemical potential). In the way to obtain the
EoS of the system, we note that the first law of thermo-
dynamics in the presence of a chemical potential may be
rewritten as [44]

dF = —sdT — pdu, (30)
where F is the free energy density and p is the quark

density. The free energy may be calculated through
the relation

[

In the last expression, we implicitly imposed the condition
that the free energy in the limit of arbitrarily small black
hole, i.e., in the limit z;, — oo, the free energy of the dual
thermal gas is zero [47].

Once we have got the free energy, the pressure is also
known. It is given by

p=-F. (32)

Finally, the energy density is calculated through the
thermodynamic relation € = F 4 T's + up. That completes
the task of building an EoS that, through the holographic
dictionary, will describe a dual fluid to the charged-dilaton
AdS black hole.

D. Asymptotic analysis

Let us calculate the asymptotic behavior of the thermo-
dynamic variables. In this section we work on the branch
where there are no instabilities, i.e., close to the boundary,
see Fig. 1. Then, expanding Eq. (27) close to the boundary
(which means that we are considering the big black holes
branch) and plugging the relation (19) the temperature
becomes

1 A, A
+—

nz), /s 471 20

2 6
(q + A—) S +0E). (33)
It is worth mentioning that in the limit of vanishing A we
recover the RNAdAS expression for the temperature. One
more interesting relationship is the one relating the temper-
ature and chemical potential, which is obtained plugging
(14) and (19) in (27), then, expanding close to the boundary

T(GeV)

=== =00 i
=== 1,=0.095 GeV ]
— =5%x107* GeV
memm y=10GeV

2,(GeV™)

FIG. 1. The figure shows the temperature in terms of the
horizon radius for different values of the chemical potential. The
other parameters of the model are fixed as x = 2z/N, with
N =3, and A = 0.402 GeV.
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1 A2 2 A4 3A2 2
oLy (M) (M
nzZ), T 6L 4n  8al

A ISIAYR
Nt O(z]). 34
(20;; T 36022 >Zh +06) (34)

The RNAJS solution is obtained by setting A to zero and

replacing u/z3 = Q. Now, we may invert the asymptotic
series (34) such that the expression for z, becomes

1 AP 1
=—+4|=—-—=—=]= 1/7).
< 7rT+ (753 67z3f2> T3 +oU/T) (35)

This result will be useful when we calculate the thermo-
dynamic variables as a function of the chemical potential
and temperature.

Let us now calculate the asymptotic expressions for the
quark density, entropy, and free energy density close to the
boundary, i.e., in the high-temperature regime. Then,
plugging (35) in (16) we get

3 5A2
)= % - Tﬂ + 22T+ O(A*/T?).  (36)

whereas the entropy density, Eq. (29), becomes

2743 T w2 (p? — 1202 T
S =
K2 K2
+ O(AY)T, N*? )T, u*)T). (37)

In turn, the free energy density (31) is given by

T 7
F =- —— (36A%% = 72 T?
2k?2 + 6K ( )
93A* 10N> 11t
- 2 2ﬂ - /; +o (38)
K 3k 36k-¢

while the pressure is the negative of the free energy. It is
worth pointing out that the free energy (38) splits out in a
piece depending on the temperature, another depending on
the chemical potential and the last one depending on a
mixture. Following an argument similar to the one of
Ref. [68] (see also [69]), neglecting the piece depending on
the temperature, then we may calculate an EoS which does
not depend on the temperature. Thus, the free energy we are
going to work with is given by

1t 1022 923N

F=- -
36K%¢ 3k2 K2

(39)

It is worth mentioning that we do not impose any condition
on u and A to get this result. The free energy has the same
mathematical structure as one expression proposed in
Ref. [73], where the authors used a phenomenological
construction to investigate the quark matter stars. Hence,

the results we obtain support the heavy quarks interpreta-
tion we are considering in this work. In turn, the pressure is
given by

11t

B 10£A22  9£3A*
36K ’

3k2 K2

p (40)
Then, at large densities the energy density is obtained using
€=pud,p—p,

B 11t

106022 923N
€ = —_ —_
12626

3x2 [

(41)
rewriting the last expression as a function of the pressure

40232 N2\ /112 p + 3 A*

112

4¢3 A
_I_

TP (42)

€e=3p+
So far, we do not impose any restrictions on the chemical
potential, i.e., if it is large or small. Expanding (42) in the
regime of high pressures,

40£3/2 \2 43N
=3p4+— 4+ 01 . (43
e=3p+ NaP VPt t (1/v/p).  (43)

It is worth mentioning that the leading term of Eq. (43)
represents the EoS of a conformal theory. In turn, the
subleading terms may be interpreted as the deformation of
the conformal theory.

E. Extremal solution

In the previous section we have calculated an analytic
EoS by approximating the thermodynamics variables close
to the boundary, i.e., in the high-temperature regime.
However, from a pragmatic point of view, it is more
convenient to find out an EoS in the zero temperature
case. A way for reaching this requirement in the holo-
graphic model is to consider the extremal solution. This
solution is obtained when the Hawking temperature (27)
vanishes. Hence, by solving the equation 7 = 0 we may
express the parameter g as a function of A and z;, in
the form

4/3N3

(=9 + 166240 + &M% (124222 — 7)) /2

q= (44)

The relation between the chemical potential y, A, and z,
in the extremal case is obtained by plugging relation
(44) in (19),

B 122A(eN4 — 1) (45)
M Do v 166 1 eNa(12022 = 7))V/*

where Eq. (14) was also employed. It is convenient to get a
relation of z;, as a function of the chemical potential, for
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that reason we may expand the last equation close to the
boundary, i.e., z;, =0,

V6 560Nz, 1492M%z;
S 8 32016

Inverting the last asymptotic series we get

3 A2
:\/ff_ls\ﬁf NLoans). @)

+0(z3).  (46)

Zh

Then, plugging (47) in (29) we get the entropy. However, as
one of the aims of this paper is to get an analytic EoS we
expand the entropy in the region of large densities; this
approximation gives us the result

159674 A
16x°u

B au’ 3V6r 2N

tT 3v/6x> 8k? +O(/k).

(48)

In the regime of large densities terms depending on O(1/pu)
may be neglected. We observe that Eq. (48) in the A zero
limit reduces to the RNAdS extremal result, cf. (A15) in the
Appendix. The subleading terms in Eq. (48) may be
interpreted as deformations of the RNAdS extremal sol-
ution. Implementing the same procedure for the free energy
we get

4 3 A4
u 75¢6° A 5
F=—-—T=—-———75+0( 67/u), 1 . 49

=+ Ollog(Vee i) 1 /). (49)
The pressure is given by p = —F. It is worth mentioning

that in the A zero limit we recover the RNAdS extremal
solution; see Eq. (A15) in the Appendix. In turn, the EoS is
given by

7563 A4

€=3r- 8k?

(50)

The subleading term may be interpreted as a deformation of
the conformal theory, in which the EoS is given by ¢ = 3p.
To finish this section we are going to rewrite the metric
(6) close to the horizon. Then, expanding the horizon
function (17) becomes
22 ad
f= 1c<12z—2 + (28 + 5622 A%) at 0(24/z2)>, (51)
h h

where 7 = z — z;,, the constant /C is given by

P 24N078 %N .
—9 + 16e5N + ¥ (12722 = 7)

(52)

Then, close to the horizon the metric becomes

]Ce—z%Az 5222 fZe—zflAz
2 __ 2 =2
22 —22A? '
+ 2 dxdx, (53)
Zh

Finally, after defining the new variable Z = 772 /£2, the last

equation reads

KCe~aN 32 Ple~alV

12 r? di?
2 ke T2

202
fze—zhA

ds®> =— dx;dx'.

(54)

The point is that in the limit of zero A, K =1 and the
metric (54) reduces to the AdS, x R? (see the Appendix).
The emergence of this geometry is related to the emer-
gence of quantum criticality in the dual field theory [74].
Hence, we may interpret the metric (54) as a deformation
of the AdS, x R geometry due to the presence of the
parameter A.

III. THERMODYNAMICS: NUMERICAL RESULTS

We start this section by fixing the parameters of the
model. In order to do that we first search for a critical
value of the chemical potential, x4, for which the temper-
ature is a monotonic decreasing function of the horizon
radius z,. This value may be calculated by solving
the equations 8, T(z;,u. A) =0 and 0% T(z4,pu, A) =0,
which are the conditions for the curve having no maximum
neither minimum points. These two equations together
with Eq. (27) form the system to be solved. Since the
model presents five unknown parameters, namely, k, g°
(or u), A, z, T, additional conditions are needed. We set
the parameter «, as usual, by x =2z/N, with N = 3.
Additionally, here we set T =T, = 0.270 GeV, where
T, plays the role of the critical temperature. Then we
are left with a closed system to be solved, three equations
for the three unknown quantities, namely, ¢ (or u), A,
and z;,. In fact, with such choices it is possible to solve
numerically the system of equations mentioned above
to get u=pu. = 0.095 GeV, A=A, =0.402 GeV, and
zj, = 2.434. It is worth pointing out that the value of A
fixed in this way is of the same order of magnitude as the
value found by means of the vector meson spectra in the
holographic soft wall model [75] (see also [76]).

In the remaining of this section, the parameter A is fixed
to its critical value corresponding to the critical temperature
T.=0.270 GeV, i.e., A = 0.402 GeV, and the parameter
k = 2x/3 also is kept fixed. With the two parameters being
fixed, and taking different values of the chemical potential,
we may analyze the behavior of the temperature, cf. Eq. (27),
as a function of the horizon radius z,. Some plots of the
resulting functions are displayed in Fig. 1, where it is seen
also the strong dependence of ' = T(z;,) on the value of the
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FIG. 2. The figure shows s/T?> as a function of the temperature
for different values of the chemical potential. We observe that the
values asymptotically approach the conformal value, the hori-
zontal black dashed line, for which s/T3 = z2¢/>N?/2. We have
set N = 3 and A = 0.402 GeV. The vertical dashed line is drawn
for T=T.=0.270 GeV.

chemical potential. In particular, the figure displays the
behavior of the temperature for the critical value 4., see the
red line in Fig. 1, and for three other selected values of
the chemical potential, as indicated.

Still concerning Fig. 1, it is verified that for any arbitrary
value of the chemical potential u in the interval 0 < u < ..,
the graph for the temperature presents a local minimum at
Ty s SAYs and a local maximum at Ty s S€C the case for
u=5x10"* GeV (brown line) shown in the figure. A
system (a black hole) with configuration such that
2 < Zp,, » the big black hole branch, is stable from the
thermodynamic point of view. In turn, the branch belonging
to the region z;, . < z;, < z,, represents an unstable phase
where the specific heat becomes negative, as we shall see
below. Finally, a black hole whose configuration is in the
region z; > z; 18 also thermodynamically stable. For
additional discussions on this subject see, for instance,
Ref. [47] (see also the recent paper [54]).

Figure 2 shows a plot of s/7° as a function of the
temperature for three different values of the chemical
potential, u = p, = 0.095 Gev (dashed red line), u =5 x
10™* GeV (solid blue line), and u = 0.15 GeV (dotted
black line). The asymptotic behavior of the function s/7? is
the same in the three cases, approaching the conformal
limit s/T3 = 7>¢>N?/2 at high temperatures. As seen in
the inset of that figure, the main difference is found
close to the critical temperature 7=7,.=0.270GeV. The
function s/T> starts to grow just above T, at T =T,
and just below T, respectively, for u = p,. = 0.095 Geyv,
u=>5x10"*GeV, and u = 0.15 GeV.

Another important thermodynamic function, the free
energy density F (or grand potential in the grand canonical
ensemble) is displayed in the top panel of Fig. 3. As can be
seen, for 0 < pu < u,. (see the solid blue line), F is a

0 i : I J
......................... — 1
.............................. 3
e L L T . ‘|‘
T -2 sl
Y P |
S 3l
3 I R
oS 4+ l-\ 1 1
< b === u.=0.095GeV [ lI
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-6 ==== 4=0.15GeV i : .
| 1
.
il 1
_ PR B PR PR PR MR- | B
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120 LA L B L L B L B tg— T 1 ™)
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3 q]
S 40t i b
Y
20F By ]
l-. 1
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|
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0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
T(GeV)
FIG. 3. Top: The free energy F as a function of the temperature

for different values of the chemical potential: u < p,. (solid blue
line), 4 = u, (dashed red line), and p. < u (dotted black line).
Bottom: The specific heat Cy,/T? as a function of the temperature
for different values of the chemical potential: u < p,. (solid blue
line), 4 = p. (dashed red line), and p. < u (dotted black line). In
both figures, the vertical line represents 7. = 0.270 GeV.

multivalued function of the temperature. This behavior is a
characteristic feature of a first-order phase transition, and it
may be interpreted as representing a transition between the
big black hole to the small black hole phases. In turn, in the
case, ¢ = u. (dashed red line), the free energy is a smooth
decreasing function of the temperature, except at the point
(T.,F.), where the derivative is not defined. This is the
critical point. Meanwhile, for ¢ > p. (dotted black line),
the free energy is a smooth decreasing function of the
temperature. In the next section, we present the phase
diagram and investigate a few more details on this subject.
In turn, the specific heat is defined as

Os
6 -1(2).

The numerical results for the specific heat as a function of
the temperature are displayed in the bottom panel of Fig. 3
for different values of the chemical potential. We can see
that, when p < u,. the specific heat has a negative branch
and is multivalued, representing the unstable phase arising

(55)
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FIG. 4. Top: The figure shows the square of the speed of sound
as a function of the temperature for different values of the
chemical potential: 4 < u, (solid blue line), u = u. (dashed red
line), and p, < pu (dotted black line). Vertical dashed line
represents 7, = 0.270 GeV, while the horizontal dashed line
¢2 = 1/3. Bottom: The figure shows the quark density as a
function of the chemical potential for different values of the
temperature: 7 < T (blue line), T =T, (red line), and T, < T
(black line). Vertical dashed line represents 7. = 0.270 GeV.

between zygi, < 2, < Zmax 10 Fig. 1. In turn, for u > u, the
specific heat is always positive, representing the stable
black hole phase.

The speed of sound may be calculated from the relation

2o olnT
' Jlns’

(56)

The top panel of Fig. 4 shows the dependence of ¢2 on the
temperature for three different values of the chemical
potential. Notice that, for u < . (solid blue line), c2
becomes negative in a given interval of temperature, that
is the region where thermodynamic instabilities arise. This
is related to the fact that the specific heat is multivalued and
may have negative values. In fact, one has the relation

2= (57)

12
10f
+ 8
& [
=
5
w
4r ——— e
[ 1e=0.095GeV
of —_— u=5x107*GeV
[ === 1=0.15GeV

08 10 12 14 16
T(GeV)

0 A . .
02 04 06

FIG. 5. The trace anomaly (or interaction measure) as a
function of the temperature for different values of the chemical
potential: for y < p. (blue line), u = . (red line), and for p. < p
(black line). The vertical line is at 7. = 0.270 GeV, while the

dotted dashed line represents the function Const/7? where
Const ~ 3.9.

For u = p. (dashed red line), the square of the speed of
sound touches the horizontal axis (¢ =0) at T =T.,.
This fact is also related to the specific heat, which blows up
at the critical temperature. Moreover, for 7 < T, (dotted
black line), 2 increases rapidly. In turn, for g > ., it has a
nonzero minimum at 7 < T,. Finally, it is worth mention-
ing that in the high-temperature regime c2 approaches
asymptotically to the conformal value, ¢2 = 1/3, in all the
cases investigated here.

In the same way, we may calculate the susceptibility,

which is defined by
(&)
=5 -
ou) 1

The numerical results concerning this thermodynamic func-
tion are displayed in the bottom panel of Fig. 4 where we plot
the quark density as a function of the chemical potential,
p = p(p), for three different values of the temperature. It is
seen that, for T < T, (solid blue line), p(u) is a smooth
monotonically increasing function of the chemical potential.
In turn, for T = T, (dashed red line) the quark density is as
increasing function of the chemical potential, but the slope of
the curve for p(u) blows up at u~0.067 GeV (see the
vertical dashed black in the figure), which means that the
susceptibility function has a singularity at 7 =T..
Meanwhile, for 7 > T, (dotted black line), p(u) is a multi-
valued function, and y presents two singularities in the region
H # He; i.e., the quark density is such that ,p blows up for
two specific values of the chemical potential.

Finally, as we have all the thermodynamic variables on
hand we may calculate the trace anomaly, € — 3p. Our
numerical results of the trace anomaly are displayed in
Fig. 5, where we plot it as a function of the temperature; as

(58)
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can be seen, there is a peak near to T, then it decreases
monotonically with the temperature, whereas the maximum
depends on the value of the chemical potential. As pointed
out in Ref. [62], the behavior of the trace anomaly goes like
~1/T? for T > T,; we also notice this behavior in the
region of 7 > T, for small values of the chemical
potential.

IV. PHASE DIAGRAM

Having described the thermodynamics and, after choos-
ing an appropriate value for A, identified the critical point
(e, T.), now we may draw the phase diagram. This is
obtained by plotting the temperature as a function of the
chemical potential. The phase diagram brings us informa-
tion about the phase structure of the holographic model and
shows the region in the parameter space where there are first-
order, as well as crossover transitions in the model we are
working with. This diagram also shows the location of the
critical point, which lies at the end of the first-order
transition line. The results of the numerical analysis are
displayed in Fig. 6, where we plot the temperature versus the
chemical potential for A = 0.402 GeV and x = 2z/3. The
solid line starts at u = 0 and finishes at the critical point
(e, T.), represented by the dark point in the figure. This line
represents the region of first-order phase transitions. Above
the critical point, the transition becomes crossover, which is
represented in the figure by the dashed line. These results are
in agreement with a holographic model describing the heavy
quarks system, as discussed in Ref. [47].

So far we have studied the thermodynamic functions by
fixing the parameter A to its critical value, A = 0.402 GeV,
that corresponds to T.(z;,u,A) = 0.270 GeV and p, =
0.095 GeV. To complete the investigation it is worth
verifying also the dependence of the critical temperature
and of the critical potential on A. For that we may solve the
equations 9, T(z, . A) =0 and 82 T(z,,u,A) =0 by

0275}

0270}

T(GeV)

0265}

0260}

02556 o v 0 v Y]
0.00 0.02 0.04 0.06 0.08 0.10 0.12

1(GeV)

FIG. 6. The phase diagram of the holographic model. The solid
line represents the first-order phase transition region, the black
dot point is the critical point, and the dashed line represents the
Crossover region.

choosing different values of A time at a time. Thus,
solving for z,, the two equations and comparing the results
we find a linear relation between the critical value of the
chemical potential and A, i.e., 4. = a;A + by with a; and
b, being adjusting parameters. The relation between the
critical temperature and A is also approximately linear,
T. = a)A + b,, with a, and b, being adjusting parameters.

V. HOLOGRAPHIC COMPACT STARS

A. The heavy quarks zero temperature equation of state

Here we analyze further the properties of the EoS for the
matter at the core of hybrid stars, where the energy density
is high enough to justify the use of a matter model based on
the holographic approach. In this section, we relax the
condition imposed on A so that this parameter may be
viewed as a free parameter of the model. This will allow us to
investigate the dependence of the equation of state on A, and
also to compare the results against other models available in
the literature, especially those of Refs. [63,68,69]. The EoS
we are working with here is given by Eq. (42), which is
obtained from Eqs. (40) and (41). In the sequence, we follow
the procedure implemented in Ref. [68], which was also
followed in Ref. [63]. On the other hand, we fix the
parameter A to get zero pressure at 4 = 308.55 MeV. In
the present model, the zero pressure condition provides a
relation between A and p. In fact, from Eq. (40) we get

U
A=——+, 59
Ve (59)
from what follows A = 125.965 MeV.
A plot of the pressure as a function of the chemical

potential is displayed in Fig. 7 in comparison to the results
of the holographic model of Ref. [68], and also to the

70F T T T T
; === Soft
600 * Intermediate
== Stiff

Ref. [68]
— A=125.965MeV

500 F

400 F

p(MeV /i)

300 F
200 F

100 F

PR B P " I T S S S 'Y
450 500 550 600

H(MeV)

r R R Y
300 350 400

FIG. 7. The pressure as a function of the chemical potential for
the holographic model (blue solid line) in comparison to the result
of Ref. [68] (cyan solid line). In drawing this figure we have
chosen A = 125.965 MeV (blue). The other lines represent the
soft (dashed green), intermediate (solid orange), and stiff (dashed
red) nuclear data of Ref. [77].
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FIG. 8. The pressure as a function of the chemical potential of

the holographic model for three different values of the parameter
A. The dashed red line is the plot of the stiff nuclear EoS from
Ref. [77].

nuclear matter EoSs of Ref. [77]. In this figure, the heavy
quark holographic EoS of the present work is plotted with a
solid blue line, the nuclear matter EoSs results are plotted,
respectively, with a dashed green line (soft nuclear EoS), a
solid orange line (intermediate nuclear EoS), and by a dashed
red line (stiff nuclear EoS), while the holographic EoS of
Ref. [68] is represented by a solid cyan line. Note that the
solid blue and solid cyan lines are very close to each other. A
matching procedure is implemented at the intersection points
between the curve for the present holographic matter EoS,
cf. Eq. (42), and the curves for the nuclear matter EoSs.
In this figure, the intersections are represented by black
points, which are, respectively: (u, p) = (440.272 MeV,
103.679 MeV/fm?®) for the stiff case, (u,p)=
(497.252 MeV, 233.466 MeV/fm3) for the intermediate
case, and (u, p)=(597.255MeV,662.592MeV /fm?) for the
soft EoS case.

As seen in Fig. 7, the stiff matter EoS is dominant in the
low densities region, then, a phase transition to the quark
matter occurs at u = 440.272 MeV (at the intersection with
the solid blue line). This means that the star has an outer
structure dominated by the stiff nuclear matter, while its
central region is dominated by the quark matter EoS. As
pointed out in Ref. [68], it is expected a first-order phase
transition from nuclear to quark matter. The same is valid
for the transition from intermediate and soft nuclear matter
EoSs to quark matter EoS. Compared to the top-down
holographic model of Ref. [68] (solid cyan line), the
transitions occur at lower densities in the cases of stiff
and intermediate EoSs. On the other hand, in the case of the
soft EoS, the transition occurs at higher densities when
compared to the results of Ref. [68].

We also explored the behavior of phase transitions for a
fixed stiff hadronic EoS. For this objective we have
considered different values of the parameter A, such that
the transition from the hadronic to the quark matter phases

occurs at higher densities. The results are displayed in
Fig. 8, where the EoS of the holographic model is potted for
three different values of the parameter A, namely,
125.965 MeV (solid blue line), 133.372 MeV (solid black
line), and 162.475 MeV (solid brown line). The stiff
nuclear EoS from Ref. [77] is also drawn in such a figure
(dashed red line). The intersections are represented by
black points and have, respectively, the coordinates
(u, p) = (440.272 MeV, 103.679 MeV/fm?) for the case
with A = 125.965 MeV (solid blue line), (u,p) =
(469.714 MeV, 137.653 MeV/fm?) for the case with
A =133373 MeV (solid black line), and (u,p)=
(560.390 MeV, 260.259 MeV /fm?) for the case with A =
162.475 MeV (solid brown line). It can be seen that an
increase in the parameter A produces an increase in the
transition pressure.

B. Stellar structure of heavy quark compact stars

This section is devoted to investigating the stellar
structure of compact stars employing the equations of
state discussed previously. In the sequence we choose
geometrical units such that G =1 = ¢. We consider the
star as being composed of a perfect fluid whose energy-
momentum tensor can be written in the form

T, = (e + p)u,u, + pgu, (60)

with ¢, p, and u, being, respectively, the energy density, the
pressure, and the four-velocity of the fluid. In addition, for
the generic background space-time of a static spherical star,
we use the following line element:

ds? = —e!"di> + dr? + 2 (d6* + sin® 0dg?),  (61)

with (z,r0, @) being Schwarzschild-like coordinates, and
v(r) and A(r) are functions of the indicated coordinate
alone. The Einstein equations in such a spacetime lead to
the well know Tolman-Oppenheimer-Volkov equations for
stellar structure,

dp em p 4xpr’ 2m\ !
w_ L P (4 il 2
dr r? ( + e)( R r ’ (62)

dv 2dp P\t
—=———{14=) , 63
dr €dr< +e> (63)
d
d—r:l:4ﬂ'r2€, (64)

where m, p, €, and v are function of the radius r only. The
integration of these equations requires initial conditions. As
usual, we take P(r = 0) = p, as the given central pressure,
m(r=0)=0 and v(r =0) = v, as the given values for
the mass and the metric field at the center of the star. During
integration, we also use the EoS to obtain the energy

066006-11



MAMANI, FLORES, and ZANCHIN

PHYS. REV. D 102, 066006 (2020)

2.5 ’v T T T T T T T T T T T T T T T ]
20k ]
o 1.5 r ]
= 0 ]
2 ]
§ 10fF === Stiff branch ]
[ 1 II Intermediate branch
[ l, l’ === Soft branch ]
05 ‘\ \ = Hybrid branch 1
i See ]
0.0 L " " " 1 " " " 1 " " " 1 " " " 1 " ;

8 10 12 14 16

FIG. 9. The figure shows the mass-radius relation of hybrid
stars obtained by solving the TOV equations. The red dashed line
represents the hadronic star branch corresponding to the stiff EoS,
while the orange solid line to the intermediate EoS, the green
dashed line to the soft EoS, and solid black lines represent hybrid
stars build from the hadronic and the quark matter EoS (i.e., stars
with phase transitions in its interior). These results were obtained
for A = 125.965 MeV and correspond to the results displayed in
Fig 7.

density € at each radius r inside the star. In the cases of one
phase hadronic stars, a unique equation of state is used and
the integration is performed from the center toward the
surface. The integration process is finished when the
pressure reaches the zero value. At this point we identify
the coordinate » = R as the star radius and M = m(R) as
the star mass. In the cases of two-phases stars (hybrid stars)
we use two equations of state and two separated numerical
integration processes inside the star. The first one is the
integration from the center to the interface (i.e., the place
where the pressure reaches its transition value), and the
second one is the integration from the interface to the
surface of the star.

We first investigate the structure for compact
objects considering the holographic EoS for fixed
A = 125.965 Mev/fm?, taking the input data for the
central pressure from the situation of Fig. 7. For the hybrid
stars, the TOV equation is solved by taking the combination
of two different equations of state, always considering the
holographic EoS as a member used to describe the central
region of the star. The initial condition for each integration
is the value of the central pressure, which depends on the
specific parameters of the phase transition. In the case of the
pair holographic/stiff EoSs, the central pressure values (in
Mev/fm?) are in the interval [2.14949, 16547.0], with the
transition at p. = 107.013, and the central energy density in
the interval [139.014, 53884.0], also in MeV/fm3. For
central pressure values below p. = 107.013, the hadronic
(stiff) EoS is employed alone and the results are pure
baryonic stars modeled by the stiff EoS. In the cases of
the pair holographic/intermediate EoSs, the central pressure

values are in the interval [2.60088, 16547.0], with the
transition at p,. = 229.391, and the central energy density
in the interval [177.027, 53884.0], also in MeV /fm>. For
central pressure values below p. = 229.391, the results are
pure baryonic stars modeled by the intermediate EoS. In the
case of the pair holographic/soft EoSs, the central pressure
values (in Mev/fm?) are in the interval [2.60088, 16547.0],
with the transition at p. = 594.982, and the central energy
density in the interval [190.215,53884.0], also in MeV /fm?.
For central pressure values below p,. = 594.982, the results
are pure baryonic stars modeled by the soft EoS.

The numerical results for the mass of the compact objects
as a function of the respective radius are displayed in Fig. 9.
We come up with three different stellar models composed of
hadronic matter and quark matter, the so called hybrid stars,
which correspond to the black solid lines in that figure. For
pressure phase transition pure hadronic stars are obtained
and they correspond to red dashed, orange, and green dashed
lines; those stars were built, respectively, by using the stiff,
intermediate, and soft EoS. As we can observe, this scenario
supports stars with masses of 2.44 My, 2.29 M, and
2.00 My, respectively. The corresponding radii are
14.3 km, 12.2 km, and 9.57 km, respectively. It can be
seen that these solutions are unstable under the static
criterion of stability [78] (see also [79]). It is also confirmed
that more compact objects are the hybrid stars obtained with
the combination of the holographic and the soft EoSs.

In order to see some details of the internal structure
of the objects modeled with the equations of state consid-
ered in the present study, we analyze a particular hybrid
compact object. Figure 10 shows the evolution of the
normalized energy density (in terms of the central density
€.) and of the normalized pressure (in terms of the central
pressure p.) described by the quark matter (solid line)
and nuclear stiff (dotted line) EoSs across the chosen
hybrid star. The central pressure and central density
for this case are, respectively, p, = 400.000 MeV/fm?
and e, = 1862.48 MeV/fm>. As it can be seen, the energy
density is discontinuous at the interface between the two
matter phases. The pressure is continuous but its derivative
is not defined at the interface, which is located at the radial
coordinate r = 5.49295 km, and the transition pressure
is p = 1.04241 x 10> MeV /fm>.

Finally, we solve the TOV equations for considering the
holographic EoS for different values of A matched to the
stiff EoS model for the nuclear matter as displayed in Fig. 8.
The results for the mass-radius relation of hybrid stars are
displayed in Fig. 11. We observe that the maximum mass
depends on the transition point, the larger the chemical
potential (and pressure) the larger the mass of the star.
Thus, the maximum masses are: 2.42 My, 2.61 My, and
2.87 My for A =125.965 MeV, A = 133.372 MeV and
A = 162.475 MeV, respectively. It is worth pointing out
that these results are qualitatively equivalent to the results
presented in Ref. [63].
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FIG. 10. The figure shows the evolution of the normalized
energy density (blue) and normalized pressure (black) as a
function of the radius in the interior of a single star. The
quark matter EoS is represented by solid lines, while the stiff
nuclear EoS by dashed lines. The central pressure is p, =
400.000 MeV/fm? and A = 125.965 MeV.
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FIG. 11. The figure shows the mass-radius relation of hybrid

stars obtained by solving the TOV equations. The red dashed line
represents the hadronic branch corresponding to the stiff EoS,
while solid lines represent the hybrid branch built from the
hadronic and quark matter EoS. These results were obtained for
different values of A and correspond to the results displayed in
Fig. 8.

VI. CONCLUSION AND OUTLOOK

The thermodynamics and the phase structure of heavy
quarks systems were studied in this work by using the
holographic description. The interpretation of our results is
motivated by a previous holographic model investigated in
[47], where the phase diagram is in agreement with a
system composed by heavy quarks when contrasted with
lattice QCD results. The holographic model used in this
work was implemented in the context of Einstein-Maxwell-
Dilaton theories. Its dual quantum field theory is at finite
temperature and density. We show that the thermodynamic
properties are sensitive to the value of chemical potential.

We also found a first-order phase transition for y < u,
and also showed that the critical point lies at y = u,., where
the phase transition becomes second-order. In turn, for y >
U, the transitions become crossover. The phase diagram
summarizes these findings.

In order to investigate the inner structure of compact
objects, we built the EoS for the heavy quark system. We
realized that the free energy naturally decouples, allowing
us to get an expression which is independent of the
temperature, which is what makes it possible to calculate
the EoS. These findings allowed us to investigate the inner
structure of stars composed by heavy quarks central core
matched to an outer nuclear matter crust. Analogously to
what was done in Ref. [68] (see also [69]), we explored the
transition between the nuclear matter EoSs to quark matter
EoS. It is worth mentioning that the EoS we got is
qualitatively equivalent to the one obtained in the holo-
graphic top-down approach investigated in [68,69]. Indeed,
the results of the pressure as a function of the chemical
potential are quantitatively equivalent, showing the con-
sistency of the top-down and bottom-up approaches for
describing QCD-like theories. We conclude that in all cases
the quark matter stars we found are unstable.

Finally, we stress that the present study of a bottom-up
holographic model is the first step and we plan to expand it
to try to find more realistic equations of state, what could be
useful in order to describe the inner structure of compact
objects, resulting in important applications in Astrophysics.
We are also planning to address further studies, turning on
the kinetic function, which allows us to get a phase diagram
in agreement with the one expected in QCD with light
quarks [48]. Other directions of investigation also include
the use of the holographic dictionary to include magnetic
field [80] and nucleons in the theory to model the matter
inside compact objects.
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Note added.—After the first version of this draft was
announced in the arXiv, we saw the paper of Ref. [54],
where the authors investigate the thermodynamics of heavy
quarks within a model in the context of holographic
Einstein-Maxwell-Dilaton (EMD) models for QCD.
Their approach is quite different from ours. In particular,
they use the dilaton field as input, while we use the warped
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factor instead. In both models, the thermodynamic analysis
shows qualitatively equivalent results as well as the phase
diagram.

APPENDIX: EQUATION OF STATE IN ADS
EINSTEIN-MAXWELL SOLUTION

In this section, we investigate the extremal solution of the
Einstein-Maxwell equations. In this case, the solution of the
gauge field is given by

Ay(z) = p— Q2% (A1)
The condition at the horizon gives us Q = u/z;. It is worth
mentioning that the relation (14) reduces to this result when

A goes to zero. While the horizon function solution is given
by Eq. (20). Then, the black hole temperature is

1 2.6
T:—<1—ﬂ).
ip 2

We also may calculate the entropy density using the
relation (29)

(A2)

2nt?
s =—=. A3
o (43)
In the same way the free energy through (31)
2 5¢0u?
F=——F7—"">5>- A4
2%z 6K%z (A4)
Analogously, the pressure is p = —F
£? 5¢u*
p= (A5)

2.4 22"
2%z, 6Kz

Let us consider the relationship between the charge and the
chemical potential, which is obtained plugging evaluating
Eq. (Al) at the horizon, then plugging Q = u/z; in
Eq. (19) we get

2 5

= . A6
3ztf2 (6)

q

Then, we may write the temperature (A2) as a function of
the chemical potential

ro L (123,
247 62

The last equation is a quadratic equation on z;,. Solving this
equation we get a relation of z, as a function of the
temperature and chemical potential

(A7)

=3aT* + (9T + 6u2)/?
iy = B .
H

(A8)

Expanding the square root in the high temperature regime,
keeping up to the first subleading term we get

1 u?

AT T 6t T?

+O(1/T9). (A9)

Plugging (A9) and x from (A2) in (A3), then we expand in
the high temperature regime, the asymptotic expression for
the entropy becomes

27T m2CurT
S=—3 Kg + O(

p /T, pu0/T?),  (A10)

we observe that the entropy scales correctly with the
temperature. In turn, plugging (A8) in (A4) the free energy
is given by

T IR0t T?
2k? 6K2

11t

F== T 3672

+O0°/T?), (All)

where O(u®/T?) contains higher-order contributions.
Observing Eq. (Al1) the expression decouples into one
piece depending only on the temperature, chemical poten-
tial, and a mixture of the form O(u®/T?). The pressure is
given by p = —F; therefore, the pressure also decouples.
Considering the piece depending only on the chemical
potential, because we want to describe a cold phase in the
dual field theory, we get

11
=— Al2
P =360 (A12)
whereas the energy density is given by
11t
=—. Al3
‘T e (A13)

Hence, the EoS is ¢ = 3p, which is the EoS of a system
preserving conformal symmetry.

On the other hand, let us investigate the extremal
solution of the Reissner-Nordstrom AdS solution, which
is given when the temperature (A2) vanishes, it happens
when ¢ = v/2/ z;. It is worth mentioning that the location
z;, can be chosen close to the boundary; this means that the
value of the black hole charge should be large. Plugging
Q = u/z; and ¢ = v/2/z; in (19) we get a relation between
u and zj,

_ Ve

(A14)
u

Zn

Then, plugging g and z; in (A3), (A3), and (A5) we get
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il i i (

=—, f = = —
NG P =12

12307
Now, we may calculate the energy density using the
relation € = ud,p — p, which gives us

A15)

N

4

u
= —F. A16
T4l (A16)

Finally, the EoS of the extremal solution is
€ =3p, (A17)

which is the EoS of a system preserving conformal
symmetry. It is worth mentioning that in the extremal
solution we did not do any approximation.

Finally, let us write the metric in the extremal case and
expand it close to the horizon. Plugging ¢ = v/2/ z,31 in (20)

(222 +23)

1) = @ -G a)

then,
7 7
fOR125+B5+0E ). (A19)
h h

where we have defined Z = z — z;,. Plugging this result in
(6) and replacing A = —1In(z/¢)

23 £ no
SdP = dP + Sdxde. (A20)
Zh

ds®> = -12—~
’ z 1222

Defining the variable Z = #z2 /£, thus, the metric becomes
o 2 2
2 Poa s i
ds® = —12ﬁd2‘ —‘rﬁdl‘ —l—gdxidx . (A21)

This is the AdS, x R? metric, with boundary at # — oo and
radius Z = #/+/12. The emergence of this geometry in the
IR is related to the emergence of quantum criticality arising
naturally in the holographic model; for details see Ref. [74].
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