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Smirnov and Zamolodchikov recently introduced a new class of two-dimensional quantum field
theories, defined through a differential change of any existing theory by the determinant of the energy-
momentum tensor. From this TT̄ flow equation one can find a simple expression for both the energy
spectrum and the S-matrix of the TT̄ deformed theories. Our goal is to find the renormalized Lagrangian of
the TT̄ deformed theories. In the context of the TT̄ deformation of an integrable theory, the deformed
theory is also integrable and, correspondingly, the S-matrix factorizes into two-to-two S-matrices. One may
thus hope to be able to extract the renormalized Lagrangian from the S-matrix. We do this explicitly for the
TT̄ deformation of a free massive scalar, to second order in the deformation parameter. Once one has the
renormalized Lagrangian one can, in principle, compute all other observables, such as correlation
functions. We briefly discuss this, as well as the relation between the renormalized Lagrangian, the TT̄ flow
equation, and the S-matrix. We also mention a more general class of integrability-preserving deformations
of a free scalar field theory.
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I. INTRODUCTION

The bootstrap is a powerful, nonperturbative, method to
study quantum field theory. Rather than starting with a
specific theory, one starts with a set of consistency relations
for the S-matrix that any theory, or any class of theories,
must satisfy. Assuming one succeeds in finding a solution,
a question arises: what theory, if any, is this the solution of?
In this paper we study this question in the context of

integrable two-dimensional field theories, for a specific
type of S-matrix. Two-dimensional integrable quantum
field theories (QFTs) can be characterized as theories that
have no particle production. One can discuss integrability
of the classical theory (no particle production at tree level),
as well as integrability of the quantum theory; the former
does not always imply the latter. In the simplest example
of an integrable theory, the sinh-Gordon model, it so
happens that the renormalized Lagrangian takes the same
functional form as the classical Lagrangian, and hence
quantum integrability follows immediately from classical
integrability.
Recently, Smirnov and Zamolodchikov [1] introduced a

rich new class of integrable two-dimensional theories. They
gave both the S-matrix for these theories, as well as the

classical Lagrangian. Our goal is to find the renormalized
Lagrangian. Renormalization of these theories is highly
nontrivial. Indeed, from the form of the classical
Lagrangian, one would say that these theories are non-
renormalizable. If these were standard (nonintegrable)
QFTs, this would mean that one lacks predictive
power in the UV: when renormalizing, the finite part of
counterterms must be fixed experimentally, and for non-
renormalizable theories there are an infinite number of
counterterms. However, these theories are integrable, and
this gives an infinite number of constraints which, one may
hope, uniquely fix all counterterms.
The central equation in the analysis of Smirnov and

Zamolodchikov [1] is the TT̄ flow equation. Starting from
any Lagrangian, the TT̄ deformation generates a one-
parameter family of Lagrangians satisfying the equation,

∂LðλÞ
∂λ ¼ −4ðTλ

zzTλ
z̄ z̄ − ðTλ

zz̄Þ2Þ; ð1:1Þ

where Lðλ ¼ 0Þ is the original Lagrangian and Tλ
μν are the

components of the energy-momentum tensor of the finite λ
theory. The composite operator on the right-hand side is
defined via point splitting. It is important to note that
both sides of the equation are renormalized and UV finite;
this equation is not an RG flow equation. Rather, it is an
equation describing some particular one-parameter family
of theories. From the TT̄ flow equation, it is simple to
derive a differential equation for the energy spectrum as
a function of λ, and to derive the λ dependence of the
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S-matrix. It is, however, not simple to find the renormalized
Lagrangian; this will be our goal. Our approach will be to
first solve the classical version of (1.1). Starting with any
theory, one may solve the classical TT̄ flow equation
perturbatively in λ, using the classical energy-momentum
tensor for the right-hand side. The result will be the
classical Lagrangian of the TT̄ deformation of the original
Lagrangian. This Lagrangian must then be renormalized.
We find an unambiguous renormalized Lagrangian by
demanding that it gives the correct S-matrix: the one
required by the (renormalized) version of (1.1). We will
do this explicitly to one-loop order for the TT̄ deformation
of a free scalar.
The paper is organized as follows. In Sec. II we review

the TT̄ deformation, as well as some elementary aspects of
integrability that pertain to it. In Sec. III we consider the TT̄
deformation of a free scalar. In Sec. III A we compute the
renormalized Lagrangian to one-loop order for the TT̄
deformation of a free massless scalar. In Sec. III B we
compute the renormalized Lagrangian to one-loop order for
the TT̄ deformation of a free massive scalar. An interesting
result is that the renormalized Lagrangian is qualitatively
different from the classical Lagrangian. In Sec. IV we
discuss further aspects of TT̄. In Sec. IVA we discuss the
relation between the TT̄ flow equation and the S-matrix. In
Sec. IV B we discuss the relation between the renormalized
Lagrangian and the TT̄ flow equation. In Sec. IV C we
discuss the relation between the renormalized Lagrangian
and correlation functions under TT̄. In Sec. IV D we show
that there is a broad class of deformations of a free theory,
going beyond TT̄, that are integrable, at least classically. In
Sec. V we discuss future directions. In Appendixes A and B
we collect some useful integrals.

II. INTEGRABILTIY

In this section we review some elementary aspects of
integrability of two-dimensional quantum field theories [2],
as well as some relevant aspects of TT̄.
Consider the two-to-two S-matrix in a field theory with a

single particle species, of massm. The energy and momenta
of the particles are parametrized by the rapidity θi,

EðθiÞ ¼ m cosh θi; pðθÞ ¼ m sinh θi: ð2:1Þ

As a result of two-dimensional kinematics, the ingoing mo-
menta are the same as the outgoing momenta. The two-to-
two S-matrix is thus only a function of the rapidity
difference, θ ¼ θ1 − θ2, and is denoted by SðθÞ. Correspon-
dingly, the Mandelstam variables, in signature ðþ;−Þ, are

s ¼ ðp1 þ p2Þ2 ¼ 2m2ð1þ cosh θÞ;
t ¼ 4m2 − s; u ¼ 0: ð2:2Þ

The t channel corresponds to θ → iπ − θ, and the u channel
corresponds to θ ¼ iπ.

The assumption of integrability is that there is no
particle production: the 2 to n S-matrix, for n > 2 is zero.
As a result, unitarity, which ordinarily is the inequality
jSðθÞj2 ≤ 1, becomes the equality jSðθÞj2 ¼ 1. Combined
with crossing symmetry, the symmetry of the S-matrix
under the interchange of the s and t channels, we have the
set of equations,

jSðθÞj2 ¼ 1 and Sðiπ − θÞ ¼ SðθÞ: ð2:3Þ

A solution of these equations is the CDD factor,

SαðθÞ ¼
sinh θ − i sin α
sinh θ þ i sin α

; ð2:4Þ

for any real α. It is easy to see that this is a solution, since
sinhðiπ − θÞ ¼ sinh θ, and taking a ratio as above ensures
unitarity. A product of SαðθÞ over various α,

Q
α SαðθÞ,

is clearly also a solution. A single factor, SαðθÞ, is the
S-matrix for the sinh-Gordon model, where the parameter α
is related to the coupling.

A. TT̄ flow equation

An interesting question is which theory, if any, has an
S-matrix that is some product of the SαðθÞ. Progress in
this direction was recently made by Smirnov and
Zamolodchikov [1]. They consider an alternative basis of
solutions of (2.3),

S0
sðθÞ ¼ exp ðiλsm2s sinhðsθÞÞ; ð2:5Þ

where s is an odd integer, and λs is a constant of dimension
−2s, so that λsm2s is dimensionless. A result of [1] is the
following: let SðθÞ be the S-matrix of some integrable
theory. Since the theory is integrable, it has an infinite
number of conserved currents, ∂̄Tsþ1 ¼ ∂Θs−1. Suppose
one constructs a one-parameter family of theories, depend-
ing on the parameter λs, that are deformations of this theory,
and have a Lagrangian that solves the differential equation,

∂L
∂λs ¼ −4ðTλs

sþ1T̄
λs
sþ1 − Θλs

s−1Θ̄
λs
s−1Þ; ð2:6Þ

where λs ¼ 0 corresponds to the original theory, and Tλs
sþ1

andΘλs
s−1 are the conserved currents of the deformed theory.

Then, [1] argue that the deformed theory is integrable, and
moreover, has an S-matrix given by SðθÞS0

sðθÞ.
The simplest case (the TT̄ deformation) is that of a

deformation with s ¼ 1, in which case the currents are
simply components of the stress tensor, Tμν. Since every
theory has a stress tensor, the TT̄ deformation can be
performed on any theory, integrable or not. The differen-
tial equation for the λ dependence of the Lagrangian is
therefore,
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∂L
∂λ ¼ −4ðTλT̄λ − ðTλ

zz̄Þ2Þ: ð2:7Þ

Moreover, consider the simplest subcase of this, in which
one deforms a free massive scalar (so that the S-matrix of
the initial theory is the identity),

L ¼ 2∂ϕ∂̄ϕþ VðϕÞ; V ¼ 1

2
m2ϕ2; ð2:8Þ

where ∂ ≡ ∂z is the derivative with respect to the hol-
omorphic coordinate z ¼ x1 þ ix2, and similarly ∂̄ ≡ ∂ z̄ is
the derivative with respect to the antiholomorphic coor-
dinate z̄ ¼ x1 − ix2. The S-matrix of the TT̄ deformation of
the free scalar is (2.5) with s ¼ 1,

SðθÞ ¼ exp ðiλm2 sinh θÞ: ð2:9Þ

The classical Lagrangian for the TT̄ deformation of a
massless scalar was first found by Cavaglià, Negro,
Szécsécnyi, and Tateo [3]. The classical Lagrangian for
the TT̄ deformation of a scalar theory of the form (2.8),
with an arbitrary potential VðϕÞ, was found in [4] and takes
the form

L ¼ V
1 − λV

þ −1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8λ̄∂ϕ∂̄ϕp
2λ̄

; λ̄ ¼ λð1 − λVÞ:
ð2:10Þ

For λ ¼ 0, this reduces to the starting Lagrangian (2.8). One
can explicitly verify that the Lagrangian (2.10), combined
with its classical stress tensor, is a solution of the TT̄ flow
equation (2.7).
We now make several comments:
(1) An essential aspect of the TT̄ deformation is that one

knows both how the theory changes, as described by
the flow equation (2.7), and how the S-matrix
changes, by picking up the phase factor (2.9). Let
us briefly review how this connection can be under-
stood. One may notice that in the massless case,
(2.10) is the Nambu-Goto action for a long string in
three spacetime dimensions, in static gauge. In work
predating the study of TT̄ in the form initiated by
[1], Dubovsky, Flauger, and Gorbenko [5] found the
S-matrix for this Nambu-Goto action to be (2.9); see
also [6]. Their computation did not explicitly use the
Lagrangian. Rather, they appealed to the knowledge
of the energy spectrum of a string, and then applied
the thermodynamic Bethe ansatz (TBA) equation,
which (for integrable theories) relates the energy
spectrum to the S-matrix. More generally, if one
takes the S-matrix for any integrable theory and
multiplies it by the factor (2.9) [7], then one can turn
the TBA equation into a differential equation for the
energy spectrum as a function of λ [3]. At the same

time, one can start from the definition of the TT̄
deformation (2.7) and compute the energy spectrum,
as a function of λ, to find the same equation [1,3,8].
This establishes, for integrable theories, that the TT̄
deformation (2.7) is equivalent to multiplying the S-
matrix by the factor (2.9). In fact, the TT̄ deforma-
tion is not unique to integrable theories; one can
study the TT̄ deformation of any theory. The relation
between the flow equation (2.7) and the change in
the S-matrix in this general case will be discussed in
Sec. IVA.

(2) In stating that the Lagrangian (2.10) is a solution of
the TT̄ flow equation (2.7), we treated the flow
equation as a classical equation. Consequently,
(2.10) is the classical Lagrangian. In the study of
Smirnov and Zamolodchikov [1], and in particular
in the computation of the energy spectrum and the
S-matrix, the TT̄ flow equation is treated as a
quantum equation, with operators on the right-hand
side.1 In particular, the Lagrangian on the left-hand
side of the TT̄ flow equation is implicitly taken to be
the renormalized Lagrangian. Our goal in this paper
is to find the renormalized Lagrangian: to renorm-
alize, perturbatively in λ, the classical Lagrangian
(2.10). The counterterms are chosen so that (2.9) is
the S-matrix of the renormalized Lagrangian. This is
what we show in Sec. III, to one-loop level.

(3) In finding consistent S-matrices through the boot-
strap, it is important to not only impose unitarity and
crossing, as was done in Eq. (2.3), but also to ensure
that the S-matrix has correct analytic behavior. The
S-matrices (2.5) do not have correct analytic behav-
ior—they grow exponentially at large imaginary
momenta. Such growth is inconsistent with the
behavior of a local quantum field theory. However,
rather than just discarding these theories, the ap-
proach in much of the TT̄ literature is to regard them
as quantum field theories coupled to gravity [9–13].2
The question of if it is correct to interpret the TT̄
deformed theories at finite λ as gravitational theories
is orthogonal to the focus of this paper: we will work

1More precisely, the composite operator on the right-hand side
is defined by point-splitting, and the right-hand side is defined up
to a total derivative (which is irrelevant for the change in the
action). The fact that via point-splitting one gets a finite operator
is nontrivial; this was shown in [8], and relies crucially on both
two dimensions and Tμν being a conserved current.

2The AdS3 dual of the TT̄ deformed theories is correspond-
ingly an interesting question, first studied in [14]. At large N one
expects the TT̄ deformation to correspond to a change in
boundary conditions [15]. See also [16,17] for AdS studies,
[18,19] for related developments on TT̄ and string theory in
AdS3, and [20] for studies of dS. Separately, understanding the
Hagedorn behavior and partition function of the TT̄ theories is an
interesting question [1,3,21–23].
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perturbatively in λ around λ ¼ 0, and in this regime
these theories are quantum field theories.

We finish this section with a brief review of the one-loop
S-matrix in the sinh-Gordon model; this is a good warmup
for the one-loop calculation that we will perform in Sec. III.

B. Sinh-Gordon model

As we mentioned, the theory that gives the CDD factor
S-matrix in (2.4) is the sinh-Gordon model,

L ¼ 1

2
ð∂ϕÞ2 þm2

b2
ðcoshðbϕÞ − 1Þ; α ¼ πb2

8π þ b2
;

ð2:11Þ

in which the coupling b is related to the free parameter α in
the S-matrix. For imaginary b, this is the sine-Gordon
model. In this section we briefly recall some properties of
the sinh-Gordon model, as originally discussed in [24].
It is instructive to expand the Lagrangian perturbatively

in b,

L ¼ 1

2
ð∂ϕÞ2 þ 1

2
m2ϕ2 þm2b2

4!
ϕ4 þm2b4

6!
ϕ6 þ…;

ð2:12Þ

and to verify, to a few order in b2, that (2.4) is in fact the
correct S-matrix. An immediate question that arises is that
(2.12) is the bare Lagrangian; presumably, we will encoun-
ter UV divergences and will need to renormalize the theory.
In fact, in two-dimensional theories with nonderivative
interactions, all UV divergences are of the trivial tadpole
type. In particular, the quartic interaction leads to the
divergent tadpole shown on the left side of Fig. 1, which
we cancel with a mass counterterm,

−
1

2
δm2ϕ2; δm2 ¼ 1

2
m2b2

Z
d2p
ð2πÞ2 GðpÞ; ð2:13Þ

where GðpÞ is the propagator. Similarly, the ϕ2nþ2 inter-
action in the Lagrangian requires a counterterm,

−
1

ð2nÞ! δm
2b2n−2ϕ2n: ð2:14Þ

Summing all these terms, the full set of counterterms at one
loop is

Lctr ¼ −
δm2

b2
ðcoshðbϕÞ − 1Þ: ð2:15Þ

Through a redefinition of the mass, the renormalized
sinh-Gordon Lagrangian is the same as the classical
sinh-Gordon Lagrangian. Thus, the quantum sinh-
Gordon model maintains all the integrability properties
of the classical theory.
We now turn to the two-to-two S-matrix. For integrable

theories, the initial momenta are the same as the final
momenta, and so we define the S-matrix SðθÞ by

outhk3; k4jk1; k2iin ¼ SðθÞð2πÞ22ωðk1Þ2ωðk2Þ
× δðk1 − k4Þδðk2 − k3Þ: ð2:16Þ

With this definition, the S-matrix at zeroth order in the
coupling is Sð0ÞðθÞ ¼ 1. The S-matrix is related to the
scattering amplitude A through

S ¼ A
4m2 sinh θ

: ð2:17Þ

At tree level, the amplitude is simply −im2b2, which gives
the S-matrix,

Sð1ÞðθÞ ¼ −ib2

4 sinh θ
: ð2:18Þ

At one loop, the s-channel amplitude, shown in Fig. 2, is

As ¼
−m4b4

2

Z
d2q
ð2πÞ2Gðp1 þ p2 − qÞGðqÞ

¼ im4b4

8π

ðiπ − θÞ
m2 sinh θ

; ð2:19Þ

where the integral is performed in Appendix A, Eq. (A16).
Adding also the t and u channels, the one-loop S-matrix is
thus

FIG. 1. The only divergent diagrams in the sinh-Gordon model
are tadpole diagrams. The combinatorics works out so that their
only effect is to renormalize the mass.

FIG. 2. The bubble diagram contribution to the sinh-Gordon
S-matrix.
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Sð2ÞðθÞ ¼ b4

32π sinh θ

�
i −

π

sinh θ

�
: ð2:20Þ

These order b2 (2.18) and order b4 (2.20) contributions to
the S-matrix agree with the Taylor expansion of the exact
S-matrix (2.4). One could in principle proceed to any order.

III. RENORMALIZATION OF TT̄
DEFORMED THEORY

We previously wrote the classical Lagrangian for the TT̄
deformation of a free massive scalar. In this section we
compute the renormalized Lagrangian to order λ2, at one-
loop level. The classical Lagrangian was given by
Eq. (2.10). The first few orders in λ are

L ¼ 2∂ϕ∂̄ϕþ 1

2
m2ϕ2 − 4λð∂ϕ∂̄ϕÞ2 þ 1

4
λm4ϕ4 þ 16λ2ð∂ϕ∂̄ϕÞ3 þ 2λ2m2ð∂ϕ∂̄ϕÞ2ϕ2 þ λ2

8
m6ϕ6 þ… : ð3:1Þ

The renormalized Lagrangian that we will find is given at
the end of the section, see Eq. (3.34).
We will compute the renormalized Lagrangian by taking

the classical Lagrangian, using it to compute the S-matrix,
and then adding appropriate counterterms so that the
S-matrix is given by what the definition of the TT̄ deformed
theories says it should be, Eq. (2.9). Stated differently,
as is standard in quantum field theory, in computing the
S-matrix using the classical Lagrangian, we will encounter

UV divergences.Wewill cancel the divergences through the
addition of counterterms. The finite parts of the counterterms,
which are usually ambiguous,will be fixedbydemanding that
integrability be preserved at the quantum level.
For computing the S-matrix, we switch to Lorentzian

signature, x1 ¼ it and x2 ¼ x, so that the holomorphic and
antiholomorphic coordinates are, respectively, z ¼ iσþ and
z̄ ¼ iσ−, where σ� ¼ t� x. The action (3.1), to order λ2,
is thus

−I ¼ −
Z

dx1dx2L ¼ i
Z

dtdx

�
2∂þϕ∂−ϕ −

1

2
m2ϕ2 þ 4λð∂þϕ∂−ϕÞ2 −

1

4
λm4ϕ4

þ16λ2ð∂þϕ∂−ϕÞ3 − 2λ2m2ð∂þϕ∂−ϕÞ2ϕ2 −
λ2

8
m6ϕ6 þ…

�
; ð3:2Þ

where we are using the nonstandard convention that ∂þ
denotes ∂

∂σþ. The light-cone momenta are p� ¼ ω� k. In

terms of the rapidity θi of particle i, the light-cone momenta
are pi;� ¼ me�θi . The Mandelstam variable is s ¼ p2,
where p ¼ p1 þ p2, is in light-cone variables, s ¼ p2 ¼
pþp−. Finally, the Feynman propagator is

hϕðx1Þϕðx2Þi ¼
Z

d2p
ð2πÞ2GðpÞe

−i
2
ðp−σ12;þþpþσ12;−Þ;

GðpÞ ¼ i
pþp− −m2 þ iϵ

: ð3:3Þ

In Sec. III Awe compute the S-matrix for the special case
of zero mass. In Sec. III B we consider the massive theory.

A. Renormalization of TT̄ deformation
of massless free scalar

In the massless limit, the Lagrangian (2.10) becomes [3]

L ¼ 1

2λ

�
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8λ∂ϕ∂̄ϕ

q �
: ð3:4Þ

This is of course the gauge-fixed Nambu-Goto action
for a string embedded in three spacetime dimensions, with

embedding coordinates Xμðτ; σÞ given by X0 ¼ τ, X1 ¼ σ,
and X2 ¼ ffiffiffiffiffi

2λ
p

ϕ.3

To study the S-matrix in the massless limit, we hold s
fixed while taking m to zero and θ to infinity. In this limit,
the S-matrix (2.9) becomes

S ¼ exp ðiλs=2Þ: ð3:5Þ
At zero coupling our action is that of a free massless scalar,
L ¼ 2∂ϕ∂̄ϕ, with correlation functions, hϕðz1Þϕðz2Þi ¼
− 1

4π log z12z̄12. Since the interactions involve only ∂ϕ and
∂̄ϕ, it is convenient to think of our fundamental fields as ∂ϕ
and ∂̄ϕ, with propagators given by

3There is an important distinction between this theory and the
standard Nambu-Goto theory, defined as the area swept out by a
string in D ¼ 3 embedding spacetime dimensions. For the
Nambu-Goto theory, there is D dimensional Poincare invariance,
which must be preserved under quantization. For instance, in the
standard quantization of string theory in light-cone gauge, D can
be anything; however, the spectrum is only consistent with
Poincare symmetry if D ¼ 26 (or D ¼ 3, which is exceptional
[25]). In the context of the TT̄ deformation of D − 2 free scalars,
we have no such restriction, as there was no Poincare symmetry
to start with. Physically, the action (3.4) describes small fluctua-
tions around a static long string. The S-matrix for Nambu-Goto
was recently studied in [26].
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h∂ϕðz1Þ∂ϕðz2Þi ¼ −
1

4π

1

z212
; h∂̄ϕðz1Þ∂̄ϕðz2Þi ¼ −

1

4π

1

z̄212
;

h∂ϕðz1Þ∂̄ϕðz2Þi ¼ 1

4
δ2ðx12Þ; ð3:6Þ

where zij ≡ zi − zj, and to get the last equation we used
that ∂̄ 1

z ¼ 2πδ2ðzÞ.
Let us now compute the S-matrix, to order λ2. The

S-matrix is related to the amplitude through S ¼ A=2s. At
tree level, the interaction −4λð∂ϕ∂̄ϕÞ2 in the Lagrangian
gives an amplitude A ¼ iλs2. Correspondingly, the first
order S-matrix is

Sð1Þ ¼ i
λ

2
s; ð3:7Þ

in agreement with (3.5).
At one-loop level, we must compute the bubble diagram

shown in Fig. 3, where each interaction vertex is
−4λð∂ϕ∂̄ϕÞ2. Since the particles are massless, one of the
two incoming particles is left moving, while the other is
right moving. This uniquely fixes the contractions between
the ingoing and outgoing particles and the ∂ϕ and ∂̄ϕ that
appear in the interaction vertices. Within the loop, along
one of the lines we have a propagator for ∂ϕ, and along the
other line a propagator for ∂̄ϕ.4 Thus, the one-loop diagram
is, in Euclidean signature,

Lðp2
EÞ ¼

1

ð4πÞ2
Z

d2x eipE·x
1

z2z̄2
¼ 1

8π

Z
dr
r3

J0ðjpErjÞ;

ð3:8Þ
where p ¼ p1 þ p2, and the subscript E denotes
Euclidean, and J0ðrÞ is the Bessel function. We
first regulate the integral by putting a hard cutoff,

r ¼ 1=Λ, then evaluate the integral, and then take
Λ → ∞, to get

Lðp2
EÞ ¼

1

8π

Z
∞

Λ−1

dr
r3

J0ðjpErjÞ

¼ Λ2

16π
−

p2
E

32π
ð1 − γ þ log 2Þ þ p2

E

64π
log

�
p2
E

Λ2

�
:

ð3:9Þ

Converting from Euclidean to Lorentzian signature, using
dtdx ¼ −idx1dx2 and p2

E ¼ −p2, the s-channel amplitude
is thus

As ¼ −16λ2s2LðsÞ;

LðsÞ ¼ −
iΛ2

16π
−

is
32π

ð1 − γ þ log 2Þ þ is
64π

log

�
−s
Λ2

�
:

ð3:10Þ

Adding the t-channel amplitude (where t ¼ −s), and
dividing by 2s to convert to the S-matrix, the second order
S-matrix element is thus

Sð2Þ ¼ iλ2
Λ2

π
s −

λ2

8
s2: ð3:11Þ

The real piece matches the order λ2 part of the S-matrix that
we want, see Eq. (3.5).5 On the other hand, the imaginary
and power law divergent piece of Sð2Þ will need to be
canceled by a counterterm of the form ð∂ϕ∂̄ϕÞ2. This
corresponds to a fairly trivial renormalization of λ.

1. Quantum effective action

In fact, if instead of the on-shell S-matrix, we study the
quantum effective action directly, by integrating out high
energy modes, we find a number of interesting counter-
terms. As we will show, these terms do not contribute to the
S-matrix at second order in λ. However, they are necessary
in the computation of off-shell quantities, such as corre-
lation functions, and play a role in the calculation of higher
order terms in the S-matrix.
Let us introduce an external field configuration ϕ̄,

through a shift of the field, ϕ → ϕþ ϕ̄. The λ2 contribution
to the effective action is given by the one particle
irreducible correlation function of the form

FIG. 3. The one-loop contribution to the S-matrix in the TT̄
deformation of a massless free scalar (the gauge-fixed Nambu-
Goto theory). Solid lines represent propagators of ∂ϕ, while
dashed lines are propagators of ∂̄ϕ.

4The contribution of the mixed propagator h∂ϕ∂̄ϕi can be
ignored, as it leads to a local and divergent contribution to the
amplitude.

5The real piece comes from a −iπ that comes from the logð−sÞ
term. Namely, replacing s with sþ iϵ, we have logð−s − iϵÞ ¼
−iπ þ logðsÞ. The logðsÞ term gets canceled by the correspond-
ing t-channel contribution.
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Γð2Þ
eff ðϕ̄Þ ¼ 8λ2

Z
d2x1

Z
d2x2hTT̄ðz1z̄1ÞTT̄ðz2; z̄2Þi1PI;

ð3:12Þ

with either n ¼ 0, 2, or 4 external legs associated with the
background field ϕ̄. We denote these terms by Vn. Thus, for
instance, V2 is given by

V2 ¼ −
λ2

π3

Z
d2x1

Z
d2x2

�
∂ϕ̄1∂ϕ̄2

1

z̄412z
2
12

þ c:c:

�
;

ð3:13Þ

where we made use of the correlation functions (3.6),
and ϕi denotes ϕðziÞ. This integral exhibits a UV
divergence when the points z1 and z2 collide. (In addition,
there is a spurious infrared divergence, which is regulated
by the decaying external background ϕ̄.) The UV diver-
gence is cured in the standard way, through the addition
of a local counterterm, Ic:t:, to the action. In order to
obtain the structure of the counterterm, we expand ϕ̄2

around z1,

V2 ¼ −
λ2

3π3

Z
d2x1∂ϕ̄1∂̄3∂2ϕ̄1

Z
d2x2

1

jz12j2
; ð3:14Þ

and extract the UV divergent part of the x2 integral.
Introducing a sharp UV cutoff Λ yields

Z
d2x2

1

jz12j2
¼ 2π

Z
Λ−1

dr
r
¼ 2π logΛþ…; ð3:15Þ

where the ellipsis encode finite contributions. Thus, the
divergent part of the two-point vertex takes the form

Vdiv
2 ¼ 2λ2

3π2
logΛ

Z
d2x ∂̄∂ϕð∂̄∂Þ2ϕ; ð3:16Þ

where the argument of the logarithm can be made
dimensionless by dividing Λ by some IR scale.
Similarly, the four-point vertex is given by

V4 ¼ 8λ2
Z

d2x1

Z
d2x2

�
∂ϕ̄1∂̄ϕ̄1∂ϕ̄2∂̄ϕ̄2

16

ð4πÞ2jz12j4

þ ð∂ϕ̄1Þ2ð∂ϕ̄2Þ2
2

ð4πÞ2z̄412
þ ð∂̄ϕ̄1Þ2ð∂̄ϕ̄2Þ2

2

ð4πÞ2z412

�
: ð3:17Þ

As before, we Taylor expand ϕ̄2 around z1 and integrate
over x2 to get the structure of possible UV divergences.
Only one divergent integral, which takes the form (3.15),
survives. In the minimal subtraction scheme, we thus end
up with the following set of counterterms:

Ic:t: ¼ Vdiv
2 þ Vdiv

4 ¼ λ2 logΛ
�

2

3π2

Z
d2x ∂̄∂ϕð∂̄∂Þ2ϕ

þ 16

π

Z
d2xð∂ϕ∂̄ϕÞ∂∂̄ð∂ϕ∂̄ϕÞ

�
: ð3:18Þ

In fact, both counterterms are proportional to the equa-
tions of motion, ∂̄∂ϕ ¼ 0. For the first term this is
manifest, while for the second term this requires a few
manipulations,

∂ð∂ϕ∂̄ϕÞ∂̄ð∂ϕ∂̄ϕÞ ∼ ð∂2∂̄ϕÞð∂ϕ∂̄2ϕÞ ∼ 1

4
∂ð∂ϕÞ2∂̄ð∂ϕÞ2

∼
1

4
∂̄ð∂ϕÞ2∂ð∂ϕÞ2 ∼ 0: ð3:19Þ

Here in the first equality we acted with the derivatives
inside the parentheses and used the equations of motion.
We then regrouped the terms to get the second equality,
and then integrated by parts in both directions. The
equality with zero then follows by the equations of
motion, provided the field is on-shell. The effective action
is consistent with our computation of the S-matrix, as
these terms do not contribute to the perturbative S-matrix
at order λ2; they vanish when contracted with on-shell
external particles obeying ∂∂̄ϕ ¼ 0.

B. Renormalization of TT̄ deformation
of massive free scalar

In this section we compute the S-matrix, to order λ2, of
the TT̄ deformation of a free massive scalar. The relevant
part of the bare action was given in (3.2).
At tree level, there are two contributions to the ampli-

tude. The first is from the quartic interaction without
derivatives, which gives a contribution to the amplitude
of −6iλm4. The second is from the quartic interaction with
derivatives, which gives a contribution to the amplitude
of 2iλm4ð2cosh2θ þ 1Þ. Converting from the amplitude to
the S-matrix via (2.17), the tree level S-matrix is trivially
seen to be the order λ piece of (2.9)

Sð1ÞðθÞ ¼ iλm2 sinh θ: ð3:20Þ
At one loop, there are two contributions to the amplitude.

The first comes from the tadpole diagram, and the second
comes from the bubble diagram.

1. Quartic tadpole diagrams

From the sextic terms in the Lagrangian, we have one-
loop tadpole diagrams that contribute to the S-matrix, see
Fig. 4.6 From the last three terms in the action (3.2), we get
the quartic effective action,

6There are also tadpole diagrams that renormalize the mass;
these are trivial to remove with mass counterterms, and we
simplify notation by taking the mass in the Lagrangian to be the
physical mass.
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iLtad ¼ λ2
�
2ð∂þϕ∂−ϕÞ2ð72h∂þϕ∂−ϕi −m2hϕ2iÞ

− 8m2∂þϕ∂−ϕϕ
2h∂þϕ∂−ϕi −

15

8
m6ϕ4hϕ2i

�
:

The corresponding amplitude is

Atad ¼ iλ2m4ðð2þ cosh 2θÞð72h∂þϕ∂−ϕi
−m2hϕ2iÞ − 16h∂þϕ∂−ϕi − 45m2hϕ2iÞ: ð3:21Þ

Now, using

hϕ2i ¼ −1
4π

log

�
m2

Λ2

�
; h∂þϕ∂−ϕi ¼

m2

4
hϕ2i − Λ2

16π
;

ð3:22Þ
where the first equation is found in Appendix A, Eq. (A6),
and the second is immediate after writing p2 ¼ p2−
m2 þm2, we get that the tadpole diagram contribution
to the amplitude is

Atad ¼
iλ2m6

4π
ð15 − 17 cosh 2θÞ log

�
m2

Λ2

�

−
iλ2m4Λ2

2π
ð16þ 9 cosh 2θÞ: ð3:23Þ

2. Bubble diagram

We now compute the contribution of the bubble diagram
to the S-matrix. Since there are two quartic interactions in
the Lagrangian (3.2), one with derivatives and one without,
we need to consider the bubble diagram in three separate
cases, depending on which of the two is chosen for each of
the vertices, see Fig. 5.

a.No derivative.—If neither vertex has derivatives, then
the amplitude is the same as the corresponding one for
the sinh-Gordon model, computed in Sec. II B,
provided that the coupling ðm2b2=4!Þ is replaced by
1
4
λm4. This gives

AðaÞ ¼ 9

2π
λ2m6

�
i −

π

sinh θ

�
: ð3:24Þ

b.One derivative.—Next, we look at the bubble diagram
with one vertex having derivatives. We get for the s-channel
amplitude

AðbÞ
s ¼ −48λ2m6

�
1

2
e−ðθ1þθ2ÞLþþ þ 1

2
eðθ1þθ2ÞL−−

þ 2 cosh θL−þ

�
; ð3:25Þ

where Lμν is defined by the integral,

Lμν ¼
1

4

Z
d2k
ð2πÞ2

kμ
k2 −m2

ðpν − kνÞ
ðp − kÞ2 −m2

: ð3:26Þ

The integral Lμν is computed in Appendix A, see (A18).
Combined with the trivial relations, p2þe−ðθ1þθ2Þ ¼ s and
p2
−eθ1þθ2 ¼ s. we get for the amplitude

AðbÞ
s ¼ 3iλ2m6

π

�
1 − ð2þ cosh 2θÞ ðiπ − θÞ

sinh θ

þ 2 cosh θ log
m2

Λ2

�
: ð3:27Þ

Adding to this the amplitude in the t channel, θ → iπ − θ
[note that coshðiπ − θÞ ¼ − cosh θ and sinhðiπ − θÞ ¼
sinh θ], and the amplitude in the u channel, θ ¼ iπ, we
get the amplitude

AðbÞ ¼ AðbÞ
s þAðbÞ

t þAðbÞ
u

¼ −
3iλ2m6

π

�
2 log

m2

Λ2
þ iπ

�
2 sinh θ þ 3

sinh θ

��
:

ð3:28Þ
c.Two derivatives.—Finally, we look at the bubble diagram
with both vertices having derivatives. We get for the
s-channel amplitude

AðcÞ
s ¼16λ2m4

�
s2

p4þ
Lþþþþþ8 cosh θ

s
p2þ

L−þþþ

þð1þ4cosh2θÞLþ−þ−þ4cosh2θLþþ−−

�
; ð3:29Þ

where we defined the integral,

Lμναβ ¼
1

16

Z
d2k
ð2πÞ2

kμkν
k2 −m2

ðpα − kαÞðpβ − kβÞ
ðp − kÞ2 −m2

: ð3:30Þ

The integral Lμναβ is computed in Appendix A, see (A21).

Using this to get AðcÞ
s , and then adding the s, t, and u

channels, AðcÞ ¼ AðcÞ
s þAðcÞ

t þAðcÞ
u , gives

AðcÞ ¼ iλ2m6

12π

�
πi
6ð2þ cosh2θÞ2

sinhθ
þ 8þ 57

Λ2

m2

þ 90 log
m2

Λ2
þ 8 cosh2θ

�
−2þ 3

Λ2

m2
þ 3 log

m2

Λ2

��
:

ð3:31Þ

FIG. 4. Tadpole diagram contribution to the S-matrix of the TT̄
deformation of a massive free scalar.
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d.All terms.—The full amplitude coming from the bubble
diagram is the sum of these three contributions,
Abub ¼ AðaÞ þAðbÞ þAðcÞ, and is

Abub ¼ −2λ2m6sinh3θ þ iλ2m6

12π

�
62þ 57

Λ2

m2
þ 18 log

m2

Λ2

þ 24 cosh 2θ

�
−
2

3
þ Λ2

m2
þ log

m2

Λ2

��
: ð3:32Þ

3. Renormalized Lagrangian

The total one-loop amplitude is the sum of the contri-
bution Atad (3.23) of the tadpole diagrams and the con-
tribution Abub (3.32) of the bubble diagrams. Adding these
two together, and converting to an S-matrix, we find that
the second-order S-matrix is

Sð2ÞðθÞ ¼ −
1

2
λ2m4 sinh2 θ

−
im4λ2

48π sinh θ

�
−46þ 69

Λ2

m2
− 36 log

m2

Λ2

þ
�
32þ 60

Λ2

m2
þ 54 log

m2

Λ2

�
sinh2 θ

�
:

In fact, as discussed in Appendix A, when evaluating
divergent integrals, we discarded finite pieces, so more
precisely the order λ2 piece of the S-matrix is

Sð2ÞðθÞ ¼ −
1

2
λ2m4sinh2 θ −

im4λ2

16π sinh θ

�
23

Λ2

m2
− 12 log

m2

Λ2

þ
�
20

Λ2

m2
þ 18 log

m2

Λ2

�
sinh2 θ

�
; ð3:33Þ

up to finite terms that are of the functional form of those
that can be obtained by changing the cutoff Λ in this
expression by a finite amount.
Since the linear term in λ in the S-matrix (2.9) is purely

imaginary, unitarity completely fixes the real part of the λ2

term in the S-matrix: it was guaranteed that the real part of
Sð2ÞðθÞ would come out to − 1

2
λ2m4 sinh2 θ. On the other

hand, unitarity tells us nothing about the imaginary part
of Sð2ÞðθÞ.
The second order S-matrix that we wanted to get is not

(3.33), but rather the order λ2 piece of (2.9), which contains
the same real part but a vanishing imaginary part. We
obtained (3.33) as the S-matrix coming from the classical
(bare) Lagrangian (3.1). We will now add counterterms to it
in order to cancel off the imaginary pieces of (3.33). Our
ability to add local counterterms to the Lagrangian in order
to get the S-matrix that we want is not a generic property,
and is special to the theory being integrable. In particular,
generic amplitudes contain logarithms. However, with
local counterterms we can only cancel polynomials of
the Mandelstam variable s (equivalently, powers of sinh θ)
that may appear in the amplitude; we can never cancel
a term involving θ [which involves a logarithm, when
expressed in Mandelstam variables, see Appendix A,
Eq. (A15)]. Indeed, we found that even though individual
contributions to the amplitude had terms involving θ, they
canceled from the final amplitude. This is as it should be,
since the S-matrix in an integrable theory can only have
poles and not branch cuts.
Adding the appropriate counterterms to cancel the ima-

ginary part of the S-matrix, the renormalized Lagrangian
is thus

L ¼ 2∂ϕ∂̄ϕþ 1

2
m2ϕ2 − 4gð∂ϕ∂̄ϕÞ2 þ 1

4
hm4ϕ4 þ…;

ð3:34Þ

where the renormalized couplings are7

FIG. 5. The contribution of s-channel bubble diagrams to the S-matrix of the TT̄ deformation of a massive free scalar. The diagrams

are (a) AðaÞ
s , (b) AðbÞ

s , (c) AðcÞ
s .

7The renormalized couplings also have finite pieces; we have
not written them, but it is straightforward to include them: in the
one-loop integrals that appeared in the computation of the
S-matrix, one should simply keep the finite pieces instead of
discarding them. If one were to use the renormalized Lagrangian
to compute correlation functions, it would be important to have
the correct finite pieces. Indeed, our ability to uniquely fix the
finite pieces of the counterterms, by matching to the desired
S-matrix, is essential. For future calculations, it will be better to
use dimensional regularization, rather than the hard cutoff that we
have used.
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g ¼ λþ λ2m2

8π

�
10

Λ2

m2
þ 9 log

m2

Λ2

�
; ð3:35Þ

h ¼ λþ λ2m2

24π

�
7
Λ2

m2
þ 39 log

m2

Λ2

�
: ð3:36Þ

Already at one-loop level, we see that the renormalized
Lagrangian is qualitatively different from the classical
Lagrangian. Namely, in the classical Lagrangian (3.1) there
is only one scale, λ, and it appears as the coupling of both
quartic terms, ϕ4 as well as ð∂ϕ∂̄ϕÞ2. In the renormalized
Lagrangian, the couplings g and h for these two quartic
terms are different. It would be interesting to know what
happens at higher orders in λ. In any case, it is clear that
quantum integrability gives rise to a more intricate renor-
malized Lagrangian than the classical Lagrangian coming
from classical integrability. This is qualitatively different
from what occurs in the sinh-Gordon model where, as we
saw in Sec. II B, the renormalized Lagrangian takes the
same functional form as the classical Lagrangian.

IV. THE RENORMALIZED LAGRANGIAN, THE
TT̄ FLOW EQUATION, AND THE S-MATRIX

In Sec. IVAwe will start with the TT̄ flow equation and
derive the S-matrix of the TT̄ deformed theory (regardless
of if the original theory is integrable or not). In the previous
section, we used the S-matrix to get the renormalized
Lagrangian for the TT̄ deformed theory. In Sec. IV B we
discuss general aspects of using the renormalized
Lagrangian to verify that the TT̄ flow equation is satisfied.
This then brings us back full cycle: from the flow equation
to the S-matrix to the renormalized Lagrangian and back to
the flow equation. In Sec. IV C we discuss how one can use
the renormalized Lagrangian to compute correlation func-
tions in the TT̄ deformed theory. In Sec. IV D we discuss
integrable deformations of a free theory that go beyond the
TT̄ deformation.

A. From the TT̄ flow equation to the S-matrix

In this section we present a derivation for the change in
the S-matrix of any theory, integrable or not, under a TT̄
deformation.8

We consider the n body S-matrix, where for notational
simplicity we take all particles to be incoming. Let SðθiÞ be
the S-matrix of some theory. The S-matrix of the TT̄
deformed theory will be shown to be

SðθiÞ exp
�
iλm2

1

2

X
1≤i<j≤n

sinh θij

�
; ð4:1Þ

where θij ≡ θi − θj, and θi are assigned to the particles
sequentially in order from left to right.9 More generally, the
change in the S-matrix under a Tsþ1T̄sþ1 deformation will
be shown to be

SðθiÞ exp
�
iλm2s 1

2

X
1≤i<j≤n

sinhðsθijÞ
�
: ð4:2Þ

The currents, written as one-forms, along with the corre-
sponding charges, are

⋆j ¼ Tsþ1dzþ Θs−1dz̄; Q ¼
Z

⋆j; ð4:3Þ

⋆j̃ ¼ T̄sþ1dz̄þ Θ̄s−1dz; Q̃ ¼
Z

⋆j̃; ð4:4Þ

and the currents are conserved, d⋆j ¼ d⋆j̃ ¼ 0. In terms of
these one-forms, the Tsþ1T̄sþ1 deformation can be written
in a simple form, as the wedge product,

ðTsþ1T̄sþ1 − Θs−1Θ̄s−1Þdz ∧ dz̄ ¼ ⋆j ∧ ⋆j̃: ð4:5Þ

In order to show that the Tsþ1T̄sþ1 deformation, as defined
by (2.6), gives rise to the S-matrix (4.2), it is necessary to
show that the finite λ theory has the matrix element,

houtj
Z

⋆j ∧ ⋆j̃jini ¼ −
m2s

8

� X
1≤i<j≤n

sinhðsθijÞ
�
houtjini;

θij ≡ θi − θj: ð4:6Þ

As we said, we will take the out state to be empty, and
the in state to have n particles, each with rapidity θi, so
that jini ¼ jθ1;…; θni.
It will be convenient to work in Euclidean signature. It is

then natural to use the radial coordinate as the time
coordinate: we take the contour of integration in (4.3) to
be a circle. We let ϕ be the angle around the circle.
Furthermore, we define the scalar quantity Q̃ðϕÞ to be the
integral of the current part way around the circle, up to
angle ϕ,

Q̃ðϕÞ ¼
Z

ϕ

0

⋆j̃: ð4:7Þ

Notice that dQ̃ðϕÞ ¼ ⋆j̃, and in addition, Q̃ðϕ ¼ 2πÞ ¼ Q̃.
Since the current is conserved, we have that dð⋆jQ̃ðϕÞÞ ¼
⋆jdQ̃ðϕÞ. This allows us to rewrite

8We are grateful to J. Maldacena for suggesting all the key
steps in the derivation, as well as very helpful discussions.

9In the case of two-to-two scattering, taking θ3 ¼ iπ þ θ1 and
θ4 ¼ iπ þ θ2 (we added the iπ to make the particles outgoing)
gives back the phase factor discussed before; see Eq. (2.9), given
by exp ðiλm2 sinh θ12Þ.
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Z
⋆j ∧ ⋆j̃ ¼

Z
dð⋆jQ̃ðϕÞÞ ¼

Z
∂
⋆jQ̃ðϕÞ; ð4:8Þ

where in the last step we applied Stokes’s theorem. The
boundary ∂ that appears here consists of two disconnected
circles: a small circle around the origin (corresponding to a
Lorentzian time that is in the far past) and a large circle
around the origin (corresponding to a Lorentzian time that
is in the far future). Since we have only incoming particles,
only the small circle is relevant. The left-hand side of (4.6)
is thus

houtj
Z

⋆j ∧ ⋆j̃jini ¼ h0j
Z
∂
⋆jQ̃ðϕÞjθ1;…; θni: ð4:9Þ

The integral on the right is an integral over the angle ϕ,
around the circle. As we move around the circle, ⋆j is the
current at the angle ϕ, while Q̃ðϕÞ defined in (4.7) is the
integral of the current from 0 to ϕ. For the moment, suppose
we consider a state of a single particle, jθii. It is an
eigenstate of the charge operator,

Qjθii ¼
1

2
msesθi jθii; Q̃jθii ¼

1

2
mse−sθi jθii: ð4:10Þ

In the case of s ¼ 1, the charges Q and Q̃ are just the
holomorphic and antiholomorphic momenta, respectively.
We assume that the state of n particles that we have,
jθ1;…; θni, consists of localized particles at separated
angles ϕi, with the particle at ϕi having rapidity θi. This
state is an eigenstate of the operator QðϕÞ,

QðϕÞjθ1;…; θni ¼
1

2
ms

Xk
i¼1

esθi jθ1;…; θni;

Q̃ðϕÞjθ1;…; θni ¼
1

2
ms

Xk
i¼1

e−sθi jθ1;…; θni; ð4:11Þ

where k is the maximum index i such that the particle
with rapidity θi is at an angle ϕi for which ϕi < ϕ.
An illustration is shown in Fig. 6. QðϕÞ is a sequence
of step functions, undergoing jumps at ϕi. We assume that
the value at precisely ϕi is given by the average of the value
to the left and to the right of ϕi,

QðϕiÞ≡ 1

2
ðQðϕi − ϵÞ þQðϕi þ ϵÞÞ: ð4:12Þ

When we go fully around the circle and get back to ϕ ¼ 0,
we must have that 0 ¼ Qð0Þ ¼ Qð2πÞ, when acting on this
state, which follows from charge conservation (since we
assumed that the out state is empty),

Xn
i¼1

e�sθi ¼ 0: ð4:13Þ

We may now evaluate (4.14),

h0j
Z
∂
⋆jQ̃ðϕÞjθ1;…; θni

¼ 1

2
ms

Xn
i¼1

esθi Q̃ðϕiÞ ¼
1

8
m2s

� X
1≤j<i≤n

esθij þ
X

1≤j≤i≤n
esθij

�

¼ −
1

8
m2s

X
1≤i<j≤n

sinh sθij; ð4:14Þ

where in the last step we used that the total charges is zero
(4.13), and thus so is the product of the total left charge and
total right charge, 0 ¼ P

n
i;j¼1 e

sθij . We have thus shown
(4.6), and hence (4.2).
Although we took all particles to be incoming, the

answer is of course valid if some of the particles are
outgoing, which one can achieve by sending θ to iπ þ θ. If
one wishes, one can also modify the derivation to make
some of the particles outgoing. Letting the index a denote
the ingoing particles and the index b denote the outgoing
particles, we get a contribution that is like the one we found
before, Eq. (4.14), but now with a sum only over the a
indices. This came from the small boundary circle. There is
also the large boundary circle, as discussed below Eq. (4.8),
which gives an additional contribution which is of the form
(4.14), but with b indices. Thus, we have

−
1

8
m2s

X
a<ã

sinh sθaã −
1

8
m2s

X
b<b̃

sinh sθbb̃: ð4:15Þ

FIG. 6. The circle is a constant time slice, in radial quantization.
We have shown a time slice in the far past (small circle) where the
particles are well separated, and represented by the blue dots. A
particle at angle ϕi has rapidity θi. Q̃ðϕÞ is the integral of the
antiholomorphic current around the circle, up to angle ϕ; it
undergoes discrete jumps when passing through the particles.
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Multiplying the two momentum conservation equations,P
a e

θa ¼ P
b e

θb and
P

b e
−θb ¼ P

a e
−θa , gives thatP

a;b sinh θab ¼ 0. Hence, (4.15) reproduces (4.14).
The S-matrix “dressing” (4.2), applied to any theory, was

first considered in [5,7] (for s ¼ 1). This is naturally the
S-matrix of a QFT coupled to Jackiw-Teitelboim (JT)
gravity [9]. The desired result of this section—that this
is also the S-matrix of the TT̄ deformed theory—then
requires showing that the TT̄ deformed theory is the same
as the theory coupled to JT gravity [10]. The derivation in
this section is more direct, by bypassing JT gravity, and it is
also valid for Tsþ1T̄sþ1 deformations.

B. From the renormalized Lagrangian
to the TT̄ flow equation

The TT̄ deformed theories are defined by the TT̄ flow
equation, Eq. (1.1). From the flow equation one can find the
S-matrix for the TT̄ deformed theories, as we saw in the
previous section. Then, from the S-matrix, one may hope to
construct the renormalized Lagrangian; we did this explic-
itly in Sec. III for the TT̄ deformation of a free scalar. One
thing that remains of interest to verify is that the renor-
malized Lagrangian satisfies the original TT̄ flow equation.
In this section, we make some general comments on this.
Everything we will say also trivially extends to the higher-
spin Tsþ1T̄sþ1 deformations described by (2.6).
In our setup, we started with the TT̄ flow equation

interpreted as a classical equation. The solution of this gave
the classical Lagrangian, which was our starting point for
constructing the renormalized Lagrangian. It is then no
longer obvious how the TT̄ flow equation manages to hold
as a quantum equation, with the renormalized Lagrangian
on the left and renormalized composite operators on
the right.
First we note that, as a result of the Ward identity, if one

has a conserved current, then the renormalized current can
differ from the canonical unrenormalized current only by
terms that are themselves conserved. For instance, in the
context of ϕ4 theory in four dimensions, the renormalized
stress tensor is, see e.g., [27,28],

Tμν ¼ Tμν
0 þ η0ðημν∂2 − ∂μ∂νÞϕ2

0; ð4:16Þ
where ϕ0 is the bare field and Tμν

0 is the classical stress
tensor,

Tμν
0 ¼ ∂μϕ0∂νϕ0 − ημν

�
1

2
ð∂ϕ0Þ2 þ

1

2
m2

0ϕ
2
0 þ

1

4!
λ0ϕ

4
0

�
:

ð4:17Þ
Notice that the renormalized stress tensor may differ from
the classical stress tensor: one must choose a specific η0 so
that Tμν is finite. The improvement term on the right-hand
side of (4.16) is itself a conserved quantity, which is why it

appears. There are many other improvement terms; how-
ever, these all contain higher derivatives, and as our
couplings λ and m are of non-negative dimension, they
are excluded on dimensional grounds.
Let us now turn to field theory in two dimensions. In two

dimensions, the equation for conservation of the stress
tensor is

∂̄T ¼ ∂Θ: ð4:18Þ
We may deform the stress tensor by any quantity that is
itself conserved. In particular, we may send T → T − ∂ρ
and Θ → Θ − ∂̄ρ. Since we need Θ ¼ Θ̄, we must have
∂̄ρ ¼ ∂ρ̄. Provided that this is satisfied, we can choose any
ρ, and thereby get a new stress tensor. The renormalized
stress tensor must thus take the form

T ¼ T0 − ∂ρ; Θ ¼ Θ0 − ∂̄ρ; ð4:19Þ
where T0 and Θ0 are the components of the bare stress
tensor, and ρ is something that would need to be computed
for the specific theory.10 Since in the TT̄ deformed theory
the coupling λ has negative dimension, there are an infinite
number of things that ρ can potentially be.
In any case, the quantity that we are interested in is the

one that appears on the right-hand side of the TT̄ flow
equation,

X ¼ TT̄ − ΘΘ̄: ð4:20Þ

The relation between the bare X0 and the renormalized X is
thus

X ¼ ðT0 − ∂ρÞðT̄0 − ∂̄ ρ̄Þ − ðΘ0 − ∂̄ρÞ2
¼ X0 þ ∂ðȲ þ ρ∂̄ ρ̄Þ þ ∂̄ðY − ρ∂ρ̄Þ; ð4:21Þ

where Y ¼ ρΘ0 − ρ̄T0, and we made use of conservation of
the bare stress tensor. Thus, X0 and X differ by a total
derivative, which does not impact the action.

C. From the renormalized Lagrangian
to correlation functions

Suppose that we wanted to understand the λ dependence
of correlation functions of ϕ for the TT̄ deformed theory
[29–32]. A straightforward way of proceeding would be to
compute the correlators perturbatively in λ. If we were to do
this using the bare Lagrangian, then we would expect to

10An important distinction with the ϕ4 theory in four dimen-
sions is that, in the TT̄ deformed theories, the renormalized
Lagrangian will acquire new counterterms that were not present
in the classical Lagrangian. So, for the purposes of this paragraph,
by “bare stress tensor” we mean a stress tensor computed
classically from a Lagrangian, but the Lagrangian is not the
classical Lagrangian but rather the classical Lagrangian plus all
terms that will be picked up after renormalization.
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find UV divergences. We could cancel these by adding
counterterms to the Lagrangian; however, since the finite
part of the counterterms is ambiguous, it would naively
seem that the correlation functions are ambiguous. It is here
that the results of Sec. III become important: we fully fixed,
to order λ2, the renormalized action, by demanding that the
corresponding S-matrix be expðiλm2 sinh θÞ. Assuming
that we can uniquely fix the renormalized action at arbitrary
order in λ, this then gives a way to obtain unique correlation
functions. If, instead of correlation functions of ϕ, we are
interested in correlation functions of composite operators,
then we must, in addition, renormalize the composite
operators.

1. Stress-tensor two-point function

In this section we evaluate the two-point function of the
stress tensor of the TT̄ deformation of a massless scalar, to
second order in the coupling λ. This is not a sufficiently

high order in λ for anything interesting to happen since, as
discussed in Sec. III A, at second order in λ there are no log
divergences. Thus, we expect to be able to get a finite
answer by simply evaluating the integrals via analytic
continuation, with no need for the addition of counterterms.
However, the computation we perform is a necessary
warmup for the computation at higher orders in λ.
The free massless scalar has a two-point function

hϕðz1Þϕðz2Þi ¼ − 1
4π log zz̄ [see Eq. (3.6)]. The stress tensor

Tμν has components Tzz ≡ T, Tz̄ z̄ ≡ T̄, and Tzz̄. For the
free scalar, the only nonzero components are T ¼ ð∂ϕÞ2
and T̄ ¼ ð∂̄ϕÞ2. Trivially, the two-point function is

hTðz1ÞTðz2Þi ¼
1

8π2
1

z412
: ð4:22Þ

For the Nambu-Goto theory, from the action (3.4), one
finds that the stress tensor is

Tλ ¼ ð∂ϕÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8λ∂ϕ∂̄ϕp ; T̄λ ¼ ð∂̄ϕÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8λ∂ϕ∂̄ϕp ; Tλ
zz̄ ¼

∂ϕ∂̄ϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8λ∂ϕ∂̄ϕp −

1

2
L: ð4:23Þ

In computing the two-point function of the stress tensor, hTλ
μνðz1ÞTλ

αβðz2Þiλ, perturbatively in λ, we must account for the λ
dependence of Tλ

μν, which we expand in λ, Tλ
μν ¼ Tμν þ λTð1Þ þ � � �, as well as the λ dependence of the action (3.4), which

we also expand in λ, I ¼ I0 þ λI1 þ � � �. Explicitly, we have

Tλ ¼ ð∂ϕÞ2ð1 − 4λ∂ϕ∂̄ϕþ…Þ; T̄λ ¼ ð∂̄ϕÞ2ð1 − 4λ∂ϕ∂̄ϕþ…Þ;

Tλ
zz̄ ¼ −2λð∂ϕ∂̄ϕÞ2 þ…; I ¼

Z
d2xð2∂ϕ∂̄ϕ − 4λð∂ϕ∂̄ϕÞ2 þ…Þ: ð4:24Þ

We now proceed to compute, perturbatively in λ, the two-point function of the stress tensor. At zeroth order in λ, the result is
that of the free scalar (4.22), while at first order in λ, all contributions manifestly vanish. Thus, we need to look at the order
λ2 contributions. We start with the simplest components, hTλ

zz̄ðz1ÞTλ
zz̄ðz2Þi. Since Tλ

zz̄ starts at order λ, we simply Wick
contract to get

hTλ
zz̄ðz1ÞTλ

zz̄ðz2Þiλ ¼
λ2

16π4
1

z412z̄
4
12

; ð4:25Þ

at order λ2. This result was found in [29], and all other components were then obtained from it through use of energy-
momentum conservation. However, it is instructive to calculate these directly as well. Proceeding, we next look at
hTλðz1ÞT̄λðz2Þiλ. The only nonzero contribution is

hTλðz1ÞT̄λðz2Þiλ ¼
λ2

2
hTðz1ÞT̄ðz2ÞI1I1i ¼

8λ2

ð2πÞ6
Z

d2x3d2x4
1

z213z
2
34z

2
41

1

z̄223z̄
2
34z̄

2
42

¼ λ2

16π4
1

z412z̄
4
12

; ð4:26Þ

where we used (B12) to evaluate the double integral. Next, we look at hTλðz1ÞTλ
zz̄ðz2Þi. The only contribution is

hTλðz1ÞTλ
zz̄ðz2Þiλ ¼ 2λhð∂ϕ1Þ2ð∂ϕ2∂̄ϕ2Þ2I1i ¼

λ2

8π5
1

z212

Z
d2x3

1

z213z
2
23z̄

4
23

¼ −
λ2

12π4
1

z512z̄
3
12

; ð4:27Þ

where we used (B4) to evaluate the integral.
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Finally, we look at hTλðz1ÞTλðz2Þiλ. There are three distinct contributions. The first comes from the order λ contribution
of Tλ,

hTð1Þðz1ÞTð1Þðz2Þi ¼
6λ2

ð2πÞ4
1

z612z̄
2
12

: ð4:28Þ

A second contribution comes form the mixing of the order λ part of the stress tensor and the first order in λ part of the action,

−hTð1Þðz1ÞTð0Þðz2ÞI1i − ð1 ↔ 2Þ ¼ −32λ2
Z

d2x3hð∂ϕ1Þ3∂̄ϕ1ð∂ϕ2Þ2ð∂ϕ3Þ2ð∂̄ϕ3Þ2i ¼
−12λ2

ð2πÞ4
1

z612z̄
2
12

:

Here, the only piece that contributes comes from a contactlike term: a contraction h∂ϕ2∂̄ϕ3i, which is proportional to a delta
function [see Eq. (3.6)]. A third contribution comes from two first-order in λ pieces of the action,

hTðz1ÞTðz2ÞI1I1i ¼
4λ2

ð2πÞ6
Z

d2x3d2x4
1

z̄434

�
1

ðz13z14z23z24Þ2
þ 2

ðz12z14z23z34Þ2
�
þ 6λ2

ð2πÞ4
1

z612z̄
2
12

;

where the second term comes from the contactlike contractions between ∂ϕ and ∂̄ϕ. The integrals in the first term are
evaluated using the integrals in Appendix B, giving

Z
d2x3d2x4

1

z̄434

1

ðz13z14z23z24Þ2
¼ 4π2

3

1

z612z̄
2
12

;
Z

d2x3d2x4
1

z̄434

1

ðz14z23z34Þ2
¼ π2

z412z̄
2
12

: ð4:29Þ

Combining all three contributions, in total we have

hTλðz1ÞTλðz2Þiλ ¼
1

z412

�
1

8π2
þ 5λ2

24π4
1

z212z̄
2
12

�
: ð4:30Þ

This completes the computation of the two-point func-
tion of Tμν for the TT̄ deformation of a massless scalar. It
would be interesting to repeat the computation for the TT̄
deformation of a massive scalar. We save this for future
work; although we have the renormalized Lagrangian, a
necessary ingredient in the computation is, in addition, the
renormalized Tμν (for the massless case Tμν does not get
renormalized at second order).

D. Further integrable deformations of a free theory

In Sec. IV D 1 we show that there is a broad class of
integrable deformations of a free theory. In Sec. IV D 2 we
argue that this can be thought of as a consequence of the
higher spin Tsþ1T̄sþ1 deformations, of which TT̄ is a
subcase. In Sec. IV D 3 we contrast this with theories with
nonderivative interactions, like the sinh-Gordon model,
which is the unique integrable theory in its class.

1. L = f ðλ∂ϕ∂̄ϕÞ is integrable
An important property of TT̄ is that the TT̄ deform-

ation of an integrable theory is also integrable. An example
that we studied in Sec. III A is the TT̄ deformation of
a free massless scalar, corresponding to a classical action
that is the gauge fixed Nambu-Goto action (3.4). In this

section we show that, in fact, any action of the general
form

L ¼ fðxÞ; x ¼ λ∂ϕ∂̄ϕ; ð4:31Þ
where fðxÞ is any function that is analytic in the vicinity of
x ¼ 0, is classically integrable.
To show that the theory is integrable, we need to find an

infinite number of conserved currents, ðTn;Θn−2Þ, which
we parametrize as

Tn ¼ ð∂ϕÞntnðxÞ; Θn−2 ¼ ð∂ϕÞn−1ð∂̄ϕÞhnðxÞ: ð4:32Þ

The conservation equation ∂̄Tn ¼ ∂Θn−2 becomes

x
λ
∂∂̄ϕ½ntn − hn þ xt0n − xh0n�
¼ −ð∂ϕÞ2∂̄2ϕxt0n þ ð∂̄ϕÞ2∂2ϕððn − 1Þhn þ xh0nÞ:

ð4:33Þ
We need this to be consistent with the equations of motion,
which are given by

∂∂̄ϕ ¼ −
λ

2

f00ðxÞ
f0ðxÞ þ xf00ðxÞ ðð∂ϕÞ

2∂̄2ϕþ ð∂̄ϕÞ2∂2ϕÞ:

ð4:34Þ

Thus, we need to have that

−xt0n ¼ ðn − 1Þhn þ xh0n: ð4:35Þ
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Inserting this into (4.33), we see that consistency with the
equations of motion further requires

ntn − hn þ xt0n − xh0n ¼ 2
f0ðxÞ þ xf00ðxÞ

f00ðxÞ : ð4:36Þ

We can turn these two equations, (4.35) and (4.36), into one
equation. Solving (4.35) for tn gives

tn ¼ −hn þ ðn − 1Þ
Z

x
dy

hnðyÞ
y

: ð4:37Þ

Inserting this into (4.36) gives an integral equation for hn,

−xh0n − nhn þ
1

2
nðn − 1Þ

Z
x
dy

hnðyÞ
y

¼ f0ðxÞ þ xf00ðxÞ
f00ðxÞ :

ð4:38Þ

Given a Lagrangian L ¼ fðxÞ, this can be explicitly solved
to obtain hn. Therefore, the theory is classically integrable.

2. Ts+ 1T̄s + 1 deformations of a free massless scalar

In addition to the TT̄ deformation, there are also the
higher spin Tsþ1T̄sþ1 deformations, defined earlier in
(2.6).11 These are like the TT̄ deformations, but with the
higher spin currents, rather than the stress tensor. They too
preserve integrability. One may want to view the general
integrable theory that we just discussed,L ¼ fðxÞ, as being
formed from a superposition of Tsþ1T̄sþ1 deformations of a
free massless scalar.
The classical Lagrangian for the Tsþ1T̄sþ1 deformation

of a free massless scalar is straightforward to find: one
solves the Tsþ1T̄sþ1 flow equation (2.6) as well as the
conservation equation ∂̄Tn ¼ ∂Θn−2, perturbatively in λ.
The resulting Lagrangian is [42]

Ls ¼
X∞
n¼0

cnλnð∂ϕ∂̄ϕÞnsþ1; ð4:39Þ

where the coefficients cn are given recursively through

cn ¼
Xn−1
m¼0

2nþ1

ðmþ 1Þðm − nÞ dmdn−1−m; ð4:40Þ

dp ¼ 1

2p

Xp
m¼1

cmdp−m

×
ð1þmsÞð4m2 þ 2pð1þ pÞ −mð3þ 6pþ sÞÞ

m − p − 1
:

ð4:41Þ

Explicitly, the first several coefficients are

c0 ¼ 2; c1 ¼ −4; c2 ¼ 4ðsþ 1Þ2;
c3 ¼ −ð7sþ 3Þðsþ 1Þ3: ð4:42Þ

For the special case of s ¼ 1 (the TT̄ deformation), this
reproduces the Nambu-Goto Lagrangian (3.4) found in [3].
For general s, there does not appear to be a simple closed-
form expression for the Lagrangian.

3. Uniqueness of sinh-Gordon

One of the motivations for this section was the well-
known property of uniqueness of the sinh-Gordon model.
More precisely, within the class of scalar field theories,

L ¼ 2∂ϕ∂̄ϕþ VðϕÞ; ð4:43Þ

with symmetry ϕ → −ϕ, the sinh-Gordon model is the
unique integrable theory. A simple argument for this is to
look at the constraints that the existence of a higher spin
conserved current imposes on VðϕÞ [43].12
The equations of motion are ∂∂̄ϕ ¼ V 0. Corres-

pondingly, the energy-momentum tensor is conserved,

∂̄T2 ¼ ∂Θ0; T2 ¼
1

2
ð∂ϕÞ2; Θ0 ¼ V: ð4:44Þ

Next, looking at the spin 4 current, it must take the form

T4 ¼
1

4
ð∂ϕÞ4 þ αð∂2ϕÞ2; ð4:45Þ

where α is some parameter. We get Θ2 by imposing
conservation of the current, ∂̄T4 ¼ ∂Θ2, which yields

∂̄T4 ¼ ∂ðð∂ϕÞ2VÞ þ 2ð∂2ϕÞð∂ϕÞðαV 00 − VÞ: ð4:46Þ

For this to take the required form, ∂̄T4 ¼ ∂Θ2, we must
have ðαV 00 − VÞ ¼ 0, the solution of which is the sinh-
Gordon potential.
The reason integrability for Lagrangians of the form

L ¼ fðλ∂ϕ∂̄ϕÞ is so much less constraining than for
Lagrangians of the form (4.43) is clear: for the former,

11Other variants of TT̄ include supersymmetric versions
[33,34], the JT̄ deformation [35], simultaneous JT̄ and TT̄
deformations [36,37], TT̄ in curved space [38], and deformations
in quantum mechanics [39]. See also [40,41].

12An alternative is to consider the Taylor expansion of VðϕÞ
and fix the coefficients by demanding that the tree level 2 to n
S-matrix be zero for all n > 2 [24,44]. As a practical matter, this
is significantly less efficient; see however [45].
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unlike the latter, there is a coupling λ of negative dimen-
sion, which allows us to have currents ðTn;Θn−2Þ for which
both components have both holomorphic and antiholomor-
phic derivatives.

V. DISCUSSION

The perspective in this paper has been the following.
Given any quantum field theory, the TT̄ flow equation,

∂LðλÞ
∂λ ¼ −4ðTλ

zzTλ
z̄ z̄ − ðTλ

zz̄Þ2Þ; ð5:1Þ

gives a one-parameter family of theories, with λ ¼ 0
corresponding to the original theory. This equation serves
as the definition of the TT̄ deformed theory. We interpret
all quantities in this equation as renormalized and UV
finite. From this equation, it is simple to find the λ
dependence of certain quantities, such as the energy
spectrum and the S-matrix, and (perhaps) difficult to find
certain other quantities, such as correlation functions. Our
perspective has been that we will use the flow equation
(or, more precisely, the S-matrix which follows from it) to
find the renormalized Lagrangian of the TT̄ deformed
theory. Once we have the renormalized Lagrangian we
can, in principle, compute all other quantities using
standard QFT perturbation theory. Of course, computing
with the Lagrangian, or defining the theory through the
Lagrangian, is not necessarily optimal. Indeed, for the TT̄
theories, the simplicity of the S-matrix and of the flow
equation (5.1) suggests that these are ultimately better
definitions and starting points for computations. Never-
theless it is, at the very least, conceptually useful to make
contact with the Lagrangian.
In Sec. III B we computed, to one-loop order, the renor-

malized Lagrangian of the TT̄ deformation of a free massive
scalar. An interesting question is what the Lagrangian looks
like to all orders; the simplicity of the S-matrix gives reason
to be optimistic that there is a way of writing the Lagrangian
so that it too looks simple. Our study has been of the TT̄
deformation of an integrable theory. It would be of interest to
repeat the calculation for the TT̄ deformation of an non-
integrable theory. It is not obvious that in this case it is
possible to construct a renormalized Lagrangian satisfying
the necessary properties.
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APPENDIX A: ONE-LOOP INTEGRALS

In this Appendix we evaluate some one-loop integrals
that arise in the computation of the S-matrix of two-
dimensional massive theories.

1. Preliminaries

We start with the finite integral,

Z
d2k
ð2πÞ2

1

ðk2 −m2Þ2 ¼ i
Z

d2kE
ð2πÞ2

1

ðk2E þm2Þ2 ¼
i

4πm2
;

ðA1Þ

where we Wick rotated to Euclidean signature, k0 ¼ ikE0
and k2 ¼ −k2E. Next, consider the divergent integral, which
we regulate by placing a hard cutoff,

Z
d2k
ð2πÞ2

k2

ðk2 −m2Þ2

¼ i
Z

Λ

0

dkE
2π

−k3E
ðk2E þm2Þ2

¼ −
i
4π

�
−

Λ2

Λ2 þm2
þ log

�
Λ2 þm2

m2

��
: ðA2Þ

The right-hand side is exact; we may simplify it by
dropping terms that go to zero as Λ goes to infinity. We
will simplify it further, and drop all terms that are finite. We
will do the same for all other divergent integrals, keeping
only log terms and Λ2 terms (in fact, there is little point in
keeping the Λ2 terms, but we will do so anyway). Thus, we
write the above integral as

Z
d2k
ð2πÞ2

k2

ðk2 −m2Þ2 ¼
i
4π

log
�
m2

Λ2

�
: ðA3Þ

Using Lorentz symmetry we can evaluate the following
integral:

Z
d2k
ð2πÞ2

kμkν
ðk2 −m2Þ2 ¼

i
8π

ημν log

�
m2

Λ2

�
: ðA4Þ

We will need two additional integrals. The first is
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Z
d2k
ð2πÞ2

kμkνkαkβ
ðk2 −m2Þ2 ¼

i
32π

ðημνηαβ þ ημαηνβ þ ημβηναÞ

×

�
Λ2 þ 2m2 log

�
m2

Λ2

��
; ðA5Þ

and the second is

Z
d2k
ð2πÞ2

1

p2 −m2
¼ i

4π
log

�
m2

Λ2

�
: ðA6Þ

2. One-loop integrals

We now turn to the one-loop integrals that appear in the
calculation of scattering amplitudes. We start with the finite
one-loop integral,

L1ðp2Þ ¼
Z

d2k
ð2πÞ2

1

k2 −m2

1

ðp − kÞ2 −m2
: ðA7Þ

Introducing Feynman parameters, this becomes

L1ðp2Þ ¼
Z

1

0

dx
Z

d2k
ð2πÞ2

×
1

½ðk − pð1 − xÞÞ2 þ p2xð1 − xÞ −m2�2 ðA8Þ

¼
Z

1

0

dx
Z

d2k
ð2πÞ2

1

½k2 þ p2xð1 − xÞ −m2�2 ; ðA9Þ

where in the second equality we shifted the momentum
k → kþ pð1 − xÞ. Using (A1) to evaluate the k integral
gives

L1ðp2Þ ¼ i
4π

Z
1

0

dx
1

ðm2 − xð1 − xÞp2Þ : ðA10Þ

Through a partial fraction decomposition, one can establish
that

Z
1

0

dx
1

A − xð1 − xÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4A
p log

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4A

p
− 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4A
p þ 1

: ðA11Þ

Thus our integral L1ðp2Þ becomes

L1ðp2Þ ¼ i

2πp2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2=p2

p log

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2=p2

p
− 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4m2=p2
p

þ 1

¼ i

2πs
ffiffiffiffiffiffiffiffiffiffi
−t=s

p log

ffiffiffiffiffiffiffiffiffiffi
−t=s

p
− 1ffiffiffiffiffiffiffiffiffiffi

−t=s
p þ 1

; ðA12Þ

where in the second equality we used the Mandelstam
variables s ¼ p2 and t ¼ 4m2 − p2. Let us write this in

terms of θ, which we take to be positive. The Mandelstam
variables are

s ¼ p2 ¼ pþp− ¼ 2m2ð1þ cosh θÞ ¼ 4m2cosh2
θ

2
;

⇒ t ¼ −4m2sinh2
θ

2
; ðA13Þ

and so the expression appearing in L1ðp2Þ is
ffiffiffiffiffiffiffiffiffiffi
−t=s

p
− 1ffiffiffiffiffiffiffiffiffiffi

−t=s
p þ 1

¼ −e−θ;
ffiffiffiffiffiffiffi
−st

p ¼ 2m2 sinh θ: ðA14Þ

As a result we have that

1ffiffiffiffiffiffiffi
−st

p log

ffiffiffiffiffiffiffiffiffiffi
−t=s

p
− 1ffiffiffiffiffiffiffiffiffiffi

−t=s
p þ 1

¼ ðiπ − θÞ
2m2 sinh θ

; ðA15Þ

where we used that s is really sþ iϵ, in order to pick the
correct sheet. Hence, our integral is

L1ðsÞ ¼
i
4π

ðiπ − θÞ
m2 sinh θ

: ðA16Þ

Next, we consider the one-loop integral Lμν defined by

Lμν ¼
1

4

Z
d2k
ð2πÞ2

kμ
k2 −m2

ðpν − kνÞ
ðp − kÞ2 −m2

: ðA17Þ

As before, we introduce Feynman parameters, perform the
k integral, and then perform the x integral. This gives

Lþþ ¼ i
16π

p2þ
s

�
−1þ ðiπ − θÞ

sinh θ

�
;

L−þ ¼ i
16π

�
− log

�
m2

Λ2

�
þ ðiπ − θÞ cosh θ

sinh θ

�
: ðA18Þ

In evaluating L−þ, to perform the x integral we used

Z
1

0

dx log ðA − xð1 − xÞÞ

¼ logA − 2þ 1

2

Z
1

0

dx
4A − 1

A − xð1 − xÞ ; ðA19Þ

where the integral on the right is just the integral (A11) that
appeared earlier. This identity, as well as similar ones, are
easily established through integration by parts. Finally, we
look at the integral Lμναβ,

Lμναβ ¼
1

16

Z
d2k
ð2πÞ2

kμkν
k2 −m2

ðpα − kαÞðpβ − kβÞ
ðp − kÞ2 −m2

: ðA20Þ
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Evaluating gives

Lþþþþ ¼ i
64π

p4þm2

s2

�
−
4

3
−
coshθ
3

þ ðiπ − θÞ
sinhθ

�
;

L−þþþ ¼ ip2þ
64π

m2

3s

�
1− 2 coshθþ 3ðiπ − θÞ coshθ

sinhθ

�
;

L−−þþ ¼ im2

64π

�
Λ2

m2
− 2 coshθ log

m2

Λ2
þ ðiπ − θÞ coshð2θÞ

sinhθ

�
;

Lþ−þ− ¼ im2

64π

�
Λ2

m2
−
1

3
coshθþ 2 log

m2

Λ2
þ ðiπ − θÞ

sinhθ

�
:

ðA21Þ

APPENDIX B: TWO-DIMENSIONAL MASSLESS
INTEGRALS

In this Appendix we record some two-dimensional
integrals. In two dimensions, we use the notation ½z�a,
which denotes

1

½z�a ≡
1

zaz̄ā
¼ z̄a−ā

jzj2a ¼
zā−a

jzj2ā ¼
ð−1Þa−ā
½−z�a ; ðB1Þ

where the difference between a and ā is an inte-
ger, a − ā ¼ n.

1. Two-point integral

The two-point integral is given by

Z
d2x3

1

½z13�α½z32�β
¼ πð−1Þγ−γ̄CðαÞCðβÞCðγÞ 1

½z12�αþβ−1 ;

ðB2Þ

where γ ¼ 2 − α − β and zij ≡ zi − zj and

CðαÞ ¼ Γð1 − ᾱÞ
ΓðαÞ ¼ ð−1Þα−ᾱ Γð1 − αÞ

ΓðᾱÞ ; ðB3Þ

where the second equality is a consequence of the dif-
ference in α and ᾱ being an integer. This integral can be
easily obtained through Fourier transform for the case of
α ¼ ᾱ and β ¼ β̄, combined with differentiation for the
other cases. A few two-point integrals that we will need in
particular are

Z
d2x3

1

z213z
β
23z̄

βþ2
23

¼ −π
β

β þ 1

1

zβþ1
12 z̄βþ1

12

; ðB4Þ

Z
d2x3

1

z223z
β
13z̄

β
13

¼ −π
β

β − 1

1

zβþ1
12 z̄β−112

;

Z
d2x3

1

z223

1

zβ13z̄
βþ1
13

¼ −π
1

zβþ1
12 z̄β12

: ðB5Þ

2. Three-point integral

The three-point integral is given by

Z
d2x4

1

½z41�a½z42�b½z43�c

¼ 1

½z12�aþb
2

1

½z13�aþbþ2c−2
2

ðAa;b;cfðχ; χ̄Þ þ Ba;b;cgðχ; χ̄ÞÞ;

ðB6Þ

where χ ¼ z12=z13 and

Aa;b;c ¼ π
Γð1 − a − bÞ
Γðāþ b̄Þ

Γð1 − cÞ
Γðc̄Þ

Γðāþ b̄þ c̄ − 1Þ
Γð2 − a − b − cÞ ; ðB7Þ

Ba;b;c ¼ π
Γð1 − aÞ
ΓðāÞ

Γð1 − b̄Þ
ΓðbÞ

Γðaþ b − 1Þ
Γð2 − ā − b̄Þ ; ðB8Þ

fðχ; χ̄Þ ¼ χ
aþb
2 2F1ðb; aþ bþ c − 1; aþ b; χÞχ̄ āþb̄

2 2F1

× ðb̄; āþ b̄þ c̄ − 1; āþ b̄; χ̄Þ; ðB9Þ

gðχ; χ̄Þ ¼ χ
2−a−b

2
2F1ðc; 1 − a; 2 − a − b; χÞχ̄2−ā−b̄

2
2F1

× ðc̄; 1 − ā; 2 − ā − b̄; χ̄Þ: ðB10Þ

To get this result, we started with the expression for a
conformal four-point integral and took one of the points
to infinity.13 A particular three-point integral that we will
need is

Z
d2x4

1

z214z
2
24z̄

4
34

¼ 2π

3

1

z312

�
1

z̄323
−

1

z̄313

�
: ðB11Þ

13The conformal four-point integral is well known, as it is
equivalent to the integral definition of a conformal partial wave,
see e.g., [46,47]. An efficient way to evaluate the conformal
partial wave integral is by noting that the partial wave is a sum of
a conformal block and a shadow block (with coefficients that can
be established by taking the χ → 0 limit). The two-dimensional
conformal block is a product of two one-dimensional conformal
blocks, which are trivial to establish. For more details, see for
instance [48,49].
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3. Double Integral

A particular double integral that we will need is [50]

Z
d2x0d2x1

½z01�αþβþγ−2

½z0�α½z1�α½1 − z0�β½1 − z1�β
¼ π2 cos

�
π

2
ðα − ᾱþ β − β̄ þ γ − γ̄Þ

�
2αþᾱþβþβ̄þγþγ̄−4

× CðαÞCðβÞCðγÞC
�
3 − α − β − γ

2

�
C

�
2 − α − β þ γ

2

�
C

�
2þ α − β − γ

2

�
C

�
2 − αþ β − γ

2

�
;

where CðαÞ was defined in (B3).14 Taking α ¼ β̄ ¼ 2, ᾱ ¼ β ¼ 0, and γ ¼ γ̄ ¼ −2þ ϵ and sending ϵ to zero gives

Z
d2x3d2x4

1

z213z
2
34z

2
41

1

z̄223z̄
2
34z̄

2
42

¼ π2

2

1

z412z̄
4
12

: ðB12Þ
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