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Recently, a novel model for a regular black hole was advocated which possesses an asymptotically
Minkowski core implemented via an exponential suppression (in the core region) of the Misner-Sharp
quasilocal mass. Using this regular black hole as a template, we construct a spherically symmetric thin-shell
traversable wormhole using the “cut-and-paste” technique, thereby constructing yet another black hole
mimicker. The surface stress energy at thewormhole throat is calculated, and the stability of the wormhole is
analyzed. An important result is that (as compared to their Schwarzschild thin-shell counterparts) increasing
the exponential suppression of the Misner-Sharp quasilocal mass by increasing the suppression parameter a
also considerably increases the stability regions for these thin-shell wormholes, and furthermore minimizes
the amount of energy condition violating exotic matter required to keep the wormhole throat open.
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I. INTRODUCTION: AIMS AND GOALS

Recent advances in observational and gravitational wave
astronomy projects such as the Event Horizon Telescope
[1–6] and the LIGO/Virgo Collaboration [7,8] (and LISA
[9] in the future) have opened up the exciting possibility of
testing gravity in extreme astrophysical regimes. These
projects have explored the possibility of observationally
distinguishing between the near-horizon physics of
classical black holes and possible astrophysical mimickers
[10–13]. In fact, in the context of a binary coalescence, it
has been argued that great care should be taken, as it is
commonly believed that the ringdown signal provides a
conclusive proof for the formation of an event horizon after
the merger [14]. This is based on the standard assumption
that the ringdown waveform at intermediate times is
dominated by the quasinormal modes of the final object.
However, it has been shown that very compact objects

with a light ring will also display a similar ringdown stage,
even when their quasinormal-mode spectrum is completely
different from that of a black hole. This analysis proves that
the ringdown waveforms indicate the presence of light
rings, rather than of horizons, and that only precision
observations of the late-time ringdown signal, where the
differences in the quasinormal-mode spectrum eventually
show up, can definitively be used to rule out exotic

alternatives to black holes, and to test quantum effects at
the horizon scale [14,15].
This observation motivates continued research in explor-

ing black hole mimickers as possible alternatives to black
holes, where the properties in the near-horizon strong
gravity region may be different for these two types of
objects. However, it is also possible that at infinity one may
discriminate black holes from their mimickers [16]. In fact,
a plethora of black hole mimickers have been explored in
the literature, such as the Dymnikova models [17–21], the
Mazur-Mottola gravastars and generalizations [22–33] and,
in particular, thin-shell wormholes [34–66]. Indeed, the
latter cases are based on systematic applications of the thin-
shell formalism (or Darmois-Israel formalism) [67–73],
which we shall concentrate on throughout this work.
Herein, we shall use a novel regular black hole spacetime

as a template to construct a traversable wormhole [74–83]
via the well-known “cut-and-paste” technique [34,35], and
then analyze the surface stress energy at the wormhole
throat using the Darmois-Israel formalism [70,73] men-
tioned above. The model spacetime which forms the basis
of this construction is a regular black hole with an
asymptotically Minkowski core, as discussed in [84].
This is an example of a metric with an exponential mass
suppression, and is described extensively below.

II. THIN-SHELL WORMHOLE FRAMEWORK

A. Background

After the renaissance of wormhole physics in the late
1980s [74,75], therewas very rapid progress of investigations
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into thin-shell wormholes. See for instance Refs. [34,35,76].
A relatively recent general analysis and summary can be
found in Ref. [64]. A very recent brief and cogent literature
survey can be found in [65].
The central idea behind thin-shellwormholes is to take two

bulk spacetimes, excise two regions with isometric bounda-
ries, and identify the boundaries [34,35]. This is effectively a
modification of the abstract mathematical notion of the
“connected sum” of manifolds, wherein one uses metrical
information, not just topological information. Key ingre-
dients of the analysis are the two bulkmetrics, the (isometric)
induced metrics (intrinsic 3-metrics) on the boundaries (the
first fundamental forms), and the extrinsic curvatures of these
boundaries in the two bulk spacetimes (the second funda-
mental forms). On the boundary itself there is a delta-
function distribution of stress energy that is related to the
discontinuity in the extrinsic curvatures [34,35] in a very
precise and specific manner [76].
We shall now apply this very general and flexible

formalism in the specific case of spherical symmetry,
choosing the bulk spacetimes to be specific regular black
holes with exponential mass suppression, leading to
asymptotically Minkowski cores [84].

B. Construction

We start with the spacetime of a regular black hole with
an asymptotically Minkowski core given by [84]

ds2 ¼ −
�
1 −

2me−a=r

r

�
dt2 þ

�
1 −

2me−a=r

r

�−1
dr2

þ r2ðdθ2 þ sin2 θdϕ2Þ: ð2:1Þ

A rather different (extremal) version of thismodel spacetime,
based on nonlinear electrodynamics, has been previously
discussed by Culetu [85], with follow-up on some aspects of
the nonextremal case in Refs. [86–88]. See also [89,90].
This spacetime possesses horizons located at

rH ¼ 2meWð− a
2mÞ ¼ a

jWð− a
2mÞj

; ð2:2Þ

where WðxÞ is the real-valued Lambert W function, which
is negative for those negative arguments where it is defined.
Equation (2.2) implies that an outer horizon and an inner
horizon exist, which are obtained by taking either theW0 or
the W−1 branch of the Lambert W function, respectively.
Note that in order for horizons to be present Eq. (2.2) forces
the parameter a to lie in the interval a ∈ ð0; 2m=e�, and in
particular a ≤ 2m=e [84].
More specifically, we have

rH− ¼ 2meW−1ð− a
2mÞ; rHþ ¼ 2meW0ð− a

2mÞ: ð2:3Þ

For a < 2m=e one has rHþ > a > rH− . For the specific
case of a ¼ 2m=e, one hasWð−a=2mÞ → Wð−1=eÞ ¼ −1.

Then the two horizons merge at rH� ¼ a and the regular
black hole is extremal. If a > 2m=e, the horizon locations
are undefined and we are dealing with a horizonless
compact object.
For the purposes of thin-shell construction, if horizons

are present, then we shall perform spacetime surgery
outside the outer horizons, where we have good control
over the physics, and hence we shall have a thin shell
located at some r > rHþ > a. If horizons are not present,
a > 2m=e, then we could in principle perform spacetime
surgery at any nonzero value of r.
In the following, we will consider two copies of the

regular black hole spacetime given by the line element
(2.1), and subsequently analyze the manifold formed by
surgically removing the regions r ∈ ð0; RðτÞÞ, with the
surface RðτÞ lying outside both outer horizons (if present)
of each spacetime, and “gluing” them together along this
new boundary.

C. Energy conditions in the bulk

The bulk spacetime has the following stress-energy
tensor profile:

ρ ¼ −pr ¼
mae−a=r

4πr4
; ð2:4Þ

pt ¼ −
maða − 2rÞe−a=r

8πr5
; ð2:5Þ

where ρ is the energy density, pr and pt are the pressures in
the radial and tangential directions, respectively.
It is interesting to analyze the pointwise energy con-

ditions [76,91–96]. Specifically, in order to satisfy the null
energy condition (NEC) we require ρþ pr ≥ 0 and
ρþ pt ≥ 0. Indeed, we have ρþ pr ¼ 0 globally, however,

ρþ pt ¼
r
2
ρ0 ¼ mae−a=r

8πr5
ða − 4rÞ; ð2:6Þ

and so the NEC is only satisfied in the region r ≤ a=4. In
view of the fact that the outer horizon (if it exists) is located
at rHþ ¼ 2meW0ð− a

2mÞ > a, corresponding to possible loca-
tions rHþ ∈ ða;þ∞Þ, and we “chop” the spacetime outside
any horizons that are present, we may conclude that the
transverse NEC is manifestly violated in the bulk regions of
the constructed spacetime.1

One of the constraints of the strong energy condition
(SEC) is that ρþ pr þ 2pt ≥ 0. That is, we require

ρþ pr þ 2pt ¼
mað2r − aÞe−a=r

4πr5
≥ 0: ð2:7Þ

1If horizons are not present, then one might be able to satisfy
the NEC for small enough r.
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It can be clearly seen that this is only satisfied in the region
r ≥ a=2 and so (regardless of whether or not horizons are
present) there is no region in which both the NEC and the
SEC are simultaneously satisfied. However, in the presence
of horizons, this aspect of the SEC will be globally satisfied
in the bulk regions.2

D. Four-velocity, unit normal, and extrinsic
curvature of the throat

We now allow the boundary surface Σ to be dynamic. For
tractability, we consider dynamic perturbations to the radial
location of the wormhole throat only. It follows that the
intrinsic metric on Σ is given by

ds2Σ ¼ −dτ2 þ RðτÞ2ðdθ2 þ sin2 θdϕ2Þ; ð2:8Þ

with coordinate chart xμðτ; θ;ϕÞ ¼ ðtðτÞ; RðτÞ; θ;ϕÞ,
where τ is the proper time of an observer comoving with
Σ. The implied form for the four-velocity of an observer
(or a piece of stress energy) located on the junction surface
is thus

Uμ
� ¼

�
dt
dτ

;
dR
dτ

; 0; 0

�
; ð2:9Þ

and takes the following explicit form

Uμ
� ¼

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m�e−a�=R

R þ _R2

q
1 − 2m�e−a�=R

R

; _R; 0; 0

1
CA: ð2:10Þ

The hypersurface Σ is defined by the function
fðxμðξiÞÞ ¼ r − RðτÞ ¼ 0, and so the unit normals to this
surface are defined by

nμ ¼ �
����gαβ ∂f

∂xα
∂f
∂xβ

����−
1
2 ∂f
∂xμ : ð2:11Þ

A trivial but quite lengthy calculation yields the following
unit normal vector to Σ:

nμ ¼ �

0
B@ _R

1 − 2m�e−a�=R

R

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m�e−a�=R

R
þ _R2

s
; 0; 0

1
CA:

ð2:12Þ

An essential ingredient in the thin-shell formalism is the
extrinsic curvature, or second fundamental form, which is
defined as Kij ¼ nðμ;νÞe

μ
ðiÞe

ν
ðjÞ, where nμ is the unit normal

four-vector (2.11) to the surface Σ, and eμðiÞ are the

components of the holonomic basis of vectors tangent to
Σ. Thus, in terms of the above quantities, the extrinsic
curvature can be expressed in the more tractable form

K�
ij ¼ −nμ

� ∂2xμ

∂ξi∂ξj þ Γμ�
αβ

∂xα
∂ξi

∂xβ
∂ξj

�
: ð2:13Þ

A quick calculation yields the K�
θθ component, where the

mixed tensor is given by

Kθ�
θ ¼ gθθK�

θθ ¼ � 1

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m�e−a�=R

R
þ _R2

s
: ð2:14Þ

A lengthy calculation yields the Kτ�
τ component, but we

make use of the formalism discussed in [76], which is
rather pedagogical. To this effect, note that we have

K�
ττ ¼ K�

μνUμUν ¼ ∇�ðμnνÞUμUν

¼
�
1

2
ð∇�

μ nν þ∇�
ν nμÞ

�
UμUν ¼ ∇�

μ nνUμUν: ð2:15Þ

Taking into account Kτ�
τ ¼ −K�

ττ, we therefore have the
following:

Kτ�
τ ¼ −ð∇�

μ nνÞUμUν ¼ þUμnνð∇�
μ UνÞ

¼ nνðUμ∇�
μ UνÞ ¼ nνAν

�; ð2:16Þ

where Aν
� is the 4-acceleration of the throat. Spherical

symmetry implies that Aν
� ∝ nν, i.e., Aν

� ¼ jA�jnν.
Therefore,

Kτ�
τ ¼ ðnνjA�jÞnν ¼ jA�j: ð2:17Þ

That is, Kτ�
τ is simply equal to the magnitude of the

4-acceleration of the throat.
The underlying bulk geometry possesses a Killing vector

kμ ¼ ð∂tÞμ ¼ ð1; 0; 0; 0Þμ. Lowering the index on this
Killing vector, we obtain [calculating at the throat where
r ¼ RðτÞ]

kμ ¼
�
−
�
1 −

2me−a=R

R

�
; 0; 0; 0

�
: ð2:18Þ

We now examine the quantity d
dτ ðkμUμÞ, which we can

compute in two different ways to obtain the magnitude of
the 4-acceleration as a function of R, its first and second
derivatives, a and m:

2If horizons are not present, then one might be able to violate
the SEC for small enough r.

THIN-SHELL TRAVERSABLE WORMHOLE CRAFTED FROM A … PHYS. REV. D 102, 064054 (2020)

064054-3



(a) First calculation (employing Killing’s equation):

d
dτ

ðkμUμÞ ¼ Uν∇νðkμUμÞ ¼ ð∇�
ν kμÞUμUν þ kμ

dUμ

dτ

¼ kμ
dUμ

dτ
¼ kμA

μ
� ¼ kμjA�jnμ ¼ jA�jðkμnμÞ

¼∓jA�j _R: ð2:19Þ
(b) Second calculation:

d
dτ

ðkμUμÞ ¼ d
dτ

ðktUtÞ ¼ −
d
dτ

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2me−a=R

R
þ _R2

s #

¼ −
_R½R̈þ me−

a
R

R2 ð1 − a
RÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2me−a=R
R þ _R2

q : ð2:20Þ

Comparing Eqs. (2.19) and (2.20), we obtain

∓ jA�j _R ¼ −
_R½R̈þ me−

a
R

R2 ð1 − a
RÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2me−a=R
R þ _R2

q ; ð2:21Þ

and so

Kτ�
τ ¼ jA�j ¼ �

"
R̈þ m�e

−
a�
R

R2 ð1 − a�
R Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2m�e−a�=R

R þ _R2

q
#
: ð2:22Þ

In summary, the extrinsic curvature components are
given by

Kθ
θ
� ¼ Kϕ

ϕ
� ¼ � 1

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m�e−a�=R

R
þ _R2

s
; ð2:23Þ

Kτ
τ
� ¼ �

"
m�e−a�=RðR − a�Þ þ R3R̈

R3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m�e−a�=R

R þ _R2

q
#
; ð2:24Þ

respectively.

E. Surface stress energy

For our thin-shell analysis, the extrinsic curvature need
not be continuous across the junction boundary Σ. Thus, we
denote the discontinuity by κij ¼ Kþ

ij − K−
ij. The surface

stress-energy tensor on Σ, Sij, can be calculated via the
Lanczos equations:

Sij ¼ −
1

8π
ðκij − δijκ

k
kÞ: ð2:25Þ

Due to spherical symmetry, the discontinuity can be repre-
sented by a diagonal matrix, κij ¼ diagðκττ; κθθ; κϕϕÞ, and
so the surface stress-energy tensor simply reduces to

Sij ¼ diagð−σ;P;PÞ, where σ is the surface energy density
and P is the surface pressure. Thus, with κkk ¼ κττ þ 2κθθ,
the Lanczos equations imply

σ ¼ −
1

4π
κθθ; ð2:26Þ

P ¼ 1

8π
ðκττ þ κθθÞ: ð2:27Þ

Using the extrinsic curvature components given in
Eqs. (2.23) and (2.24), the surface stress energy at the
junction throat Σ is finally found to be

σ¼−
1

4πR

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2mþe−aþ=R

R
þ _R2

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

2m−e−a−=R

R
þ _R2

s #
;

ð2:28Þ

P ¼ 1

8πR

"
1þ _R2 þ RR̈ − mþe−aþ=R

R2 ðRþ aþÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2mþe−aþ=R

R þ _R2

q

þ 1þ _R2 þ RR̈ − m−e−a−=R

R2 ðRþ a−Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m−e−a−=R

R þ _R2

q
#
: ð2:29Þ

It can be seen from Eq. (2.28) that negative energy is needed
to keep the wormhole throat open, implying that exotic
matter would be required.
An important ingredient explored in recent work [64,65]

is the potential presence of an additional energy flux term,
which arises from the conservation identity. This identity is
obtained by combining the second contracted Gauss-
Codazzi equation (or the Arnowitt-Deser-Misner con-
straint) Gμνe

μ
ðiÞn

ν ¼ Kj
ijj − K;i with the Lanczos equations,

and is given by Sijji ¼ −½Tμνe
μ
ðjÞn

ν�þ
−
. The momentum flux

term in the right-hand side corresponds to the net disconti-
nuity in the momentum which impinges on the shell. Note
that for the present geometry, this flux term vanishes:

½Tμνe
μ
ðτÞn

ν�þ
−
¼ ½TμνUμnν�þ−

¼

2
64�ð−Tt

t þ Tr
rÞ

_R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m�e−a�=R

R þ _R2

q
1 − 2m�e−a�=R

R

3
75
þ

−

¼ 0; ð2:30Þ

where Tt
t ¼ −ρ and Tr

r ¼ pr, and Eq. (2.4) yields
−Tt

t þ Tr
r ¼ ρþ pr ¼ 0.

Thus, the conservation identity finally provides
Siτji ¼ 0 ¼ −½ _σ þ 2_aðσ þ PÞ=a�. That is,

σ0 ¼ −
2

a
ðσ þ PÞ: ð2:31Þ
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F. Stability analysis

1. Equation of motion

In order to force stability constraints on the mass of the
thin shell, msðRÞ, let us consider the thin-shell equation of
motion, and write it in the form 1

2
_R2 þ VðRÞ ¼ 0. To obtain

an explicit expression for the potential VðRÞ, taking into
account msðRÞ ¼ 4πR2σðRÞ, we rearrange Eq. (2.28) to
derive

VðRÞ ¼ −
1

2
_R2

¼ 1

2

�
1þ Δ̄ðRÞ

R
−
�
msðRÞ
2R

�
2

−
�
ΔðRÞ
msðRÞ

�
2
	
: ð2:32Þ

Here Δ̄ðRÞ and ΔðRÞ are defined as

Δ̄ðRÞ ¼ mþe−aþ=R þm−e−a−=R;

ΔðRÞ ¼ mþe−aþ=R −m−e−a−=R:

Having obtained this explicit form for VðRÞ, we may
now recast the surface energy density σ as a function of the
effective potential:

σðRÞ ¼ −
1

4πR

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2mþe−aþ=R

R
− 2VðRÞ

s

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m−e−a−=R

R
− 2VðRÞ

s #
: ð2:33Þ

2. Linearized equation of motion

Let us assume there exists some static solution at
R ¼ R0, and linearize around it accordingly. The equation
of motion is 1

2
_R2 þ VðRÞ ¼ 0, which also directly yields

that R̈ ¼ −V 0ðRÞ, and if we analyze a second-order
Taylor series expansion of VðRÞ about R0 we obtain the
following:

VðRÞ ¼ VðR0Þ þ V 0ðR0ÞðR − R0Þ þ
1

2
V 00ðR0ÞðR − R0Þ2

þO½ðR − R0Þ3�: ð2:34Þ

Various simplifications ensue due to our solution being
static, namely, _R0 ¼ R̈0 ¼ 0 and V 0ðR0Þ ¼ −R̈0 ¼ 0.
Thus, our Taylor series for VðRÞ reduces to

VðRÞ ¼ 1

2
V 00ðR0ÞðR − R0Þ2 þO½ðR − R0Þ3�: ð2:35Þ

Now, the condition for our solution at R0 to be stable is that
VðR0Þ is a local minima; i.e., V 00ðR0Þ > 0. Given our form
for σ as a function of VðRÞ in Eq. (2.33), we may now use
this condition, along with VðR0Þ ¼ V 0ðR0Þ ¼ 0, to force
stability constraints on the mass of the thin shell. It is in fact
preferable to consider the effect of these constraints on the
dimensionless quantity ½msðRÞ=R�, rather than on msðRÞ
itself.
In all generality we have the following:

msðRÞ
R

¼ 4πσðRÞR ¼ −

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2mþe−aþ=R

R
− 2VðRÞ

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m−e−a−=R

R
− 2VðRÞ

s 3
75; ð2:36Þ

�
msðRÞ
R

�0
¼ −

2
64 mþe−aþ=RðR−aþÞ

R3 − V 0ðRÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2mþe−aþ=R

R − 2VðRÞ
q þ

m−e−a−=RðR−a−Þ
R3 − V 0ðRÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2m−e−a−=R

R − 2VðRÞ
q

3
75; ð2:37Þ

�
msðRÞ
R

�00
¼ ½mþe−aþ=R

R2 ð1 − aþ
R Þ − V 0ðRÞ�2

½1 − 2mþe−aþ=R

R − 2VðRÞ�32
−

mþaþe−aþ=R

R4 ð4 − aþ
R Þ − V 00ðRÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2mþe−aþ=R

R − 2VðRÞ
q

þ ½m−e−a−=R

R2 ð1 − a−
R Þ − V 0ðRÞ�2

½1 − 2m−e−a−=R

R − 2VðRÞ�32
−

m−a−e−a−=R

R4 ð4 − a−
R Þ − V 00ðRÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2m−e−a−=R

R − 2VðRÞ
q : ð2:38Þ
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3. Master equations

Applying the stability constraints to these equations, we
see that in order to have a stable solution at R0 the thin-shell
mass msðRÞ must satisfy the following:

msðR0Þ
R0

¼ −

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2mþe−aþ=R0

R0

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m−e−a−=R0

R0

s #
;

ð2:39Þ
�
msðR0Þ
R0

�0
¼ −

"
mþe−aþ=R0ðR0 − aþÞ
R3
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2mþe−aþ=R0

R0

q

þm−e−a−=R0ðR0 − a−Þ
R3
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m−e−a−=R0

R0

q
#
; ð2:40Þ

�
msðR0Þ
R0

�00
≥
½mþe−aþ=R0

R2
0

ð1 − aþ
R0
Þ�2h

1 − 2mþe−aþ=R0

R0

i3
2

−
mþaþe−aþ=R0

R4
0

ð4 − aþ
R0
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2mþe−aþ=R0

R0

q

þ
½m−e−a−=R0

R2
0

ð1 − a−
R0
Þ�2h

1 − 2m−e−a−=R0

R0

i3
2

−
m−a−e−a−=R0

R4
0

ð4 − a−
R0
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 2m−e−a−=R0

R0

q :

ð2:41Þ
This final inequality gives us the stability regions for the
thin-shell wormhole for various cases of the parametersm�
and a�.

III. EXAMPLES

Let us now analyze some of the more interesting specific
subcases by fixing the parameters a� andm� and examining
the corresponding stability criteria implied by Eq. (2.41).

A. Symmetrically vanishing a parameter:
Asymmetric mass m+ ≠ m−

In the bulk spacetime we know that a ¼ 0 corresponds to
the usual Schwarzschild solution. To fix aþ ¼ a− ¼ 0 in
the wormhole construction while allowing asymmetric
masses m− ≠ mþ is to perform the thin-shell surgery
exterior to two Schwarzschild spacetimes with distinct
masses. By now, this particular thin-shell construction is
rather well known; see [64,65]. For the purposes of plotting
the stability regions we define a dimensionless form for the
stability constraint as follows. First note that Eq. (2.41)
reduces to

R2
0

�
msðR0Þ
R0

�00
≥ F1ðR0; m�Þ

¼ m2þ

R2
0



1 − 2mþ

R0

�3
2

þ m2
−

R2
0



1 − 2m−

R0

�3
2

: ð3:1Þ

Then, for the purposes of plotting the full domain of R0,
we shall consider the dimensionless definitions x ¼ 2mþ

R0
;

y ¼ 2m−
R0

, so that the parameters x and y lie in the ranges
0 < x < 1 and 0 < y < 1, respectively. Hence,

F1ðx; yÞ ¼
1

4

�
x2

ð1 − xÞ32 þ
y2

ð1 − yÞ32
�
: ð3:2Þ

We see from Fig. 1 that large stability regions exist for
low values of x and y, corresponding to R0 ≫ 2m�, while
as R0 → 2m� the size of the stability regions decreases
steeply as we near the respective horizons.
The special case of equal masses mþ ¼ m− simply

corresponds to the diagonal x ¼ y in Fig. 1. Before
proceeding to the next case of interest it is worth noting
that, since our construction is formed from a spacetime
which is strictly Minkowski in the m → 0 limit, the case of
symmetrically vanishing m� ¼ 0 trivially reduces to
Minkowski surgery. This corresponds to x ¼ 0 ¼ y and
F1ð0; 0Þ ¼ 0. Thence in this specific situation the stability
criterion simply reduces to

�
msðR0Þ
R0

�00
≥ 0: ð3:3Þ

Similar logic is applied to the case for asymmetric
vanishing of parameters, say (without loss of generality)
for mþ > 0 while m− ¼ 0, as we are simply stitching
Schwarzschild with Minkowski. This corresponds to y ¼ 0
but with x > 0, and is represented by the x axis in Fig. 1.

FIG. 1. Stability analysis for the a� ¼ 0 case, which reduces
to Schwarzschild surgery. The stability region lies above the
surface F1ðx; yÞ, as given explicitly by Eq. (3.2). The red region
indicates where this function departs the specified range for z, and
we can see that F1 is increasing very steeply within this region, as
x → 1 and/or y → 1. Note that we chop off the plot vertically
once F1ðx; yÞ ¼ 20.

BERRY, LOBO, SIMPSON, and VISSER PHYS. REV. D 102, 064054 (2020)

064054-6



B. Mirror symmetry: Both m+ = m− and a+ = a−
For the specific case of mirror symmetry, let us fix both

mþ ¼ m− ¼ m as well as aþ ¼ a− ¼ a. For this case the
stability condition reduces to

R2
0

�
msðR0Þ
R0

�00
≥F2ðR0;m;aÞ

¼2

8<
:
½me−a=R0ð1− a

R0
Þ�2

R2
0½1−2me−a=R0

R0
�32

−
mae−a=R0ð4− a

R0
Þ

R2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−2me−a=R0

R0

q
9=
;:

ð3:4Þ

In this case, we consider the two dimensionless parameters
x ¼ 2m

R0
e−a=R0 and y ¼ a

R0
. Then the dimensionless function

F2ðx; yÞ is given by

F2ðx; yÞ ¼
x2ð1 − yÞ2
2ð1 − xÞ3=2 −

xyð4 − yÞ
ð1 − xÞ1=2 : ð3:5Þ

Notice that x ∈ ½0; 1Þ to keep F2ðx; yÞ real and finite.
Furthermore, if the bulk spacetime contains horizons then
y ∈ ð0; 1�; if the bulk spacetime is horizonless we are
allowed to enter the region y ∈ ð1;∞Þ. Observe that the
parameter x has a natural directly physical interpretation in
terms of the gravitational redshift z of the throat as seen
from spatial infinity:

1þ z ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2m

R0
e−a=R0

q : ð3:6Þ

The point ðx; yÞ ¼ ð1; 1Þ corresponds to the wormhole
throat being located exactly at the degenerate horizon of an
extremal bulk spacetime. The region ðx; yÞ ≈ ð1; 1Þ corre-
sponds to the wormhole throat being located near the
almost degenerate horizon of a near-extremal bulk space-
time. It is easy to check that

lim
x→1

F2ðx;y≠ 1Þ¼þ∞; lim
x→1

F2ðx;y¼ 1Þ¼−∞: ð3:7Þ

Inspecting Figs. 2 and 3 we observe relatively large
stability regions. An interesting feature of this plot is the
presence of a “pit” in the behavior of F2ðx; yÞ where the
function is significantly negative in the immediate vicinity
of the extremal point ðx; yÞ ¼ ð1; 1Þ. This pit is a region
which maximizes the size of the stability region, and hence
implies a preferred location for R0 as a function ofm and a.
The condition F2ðx; yÞ ¼ 0, bounding the region where

F2ðx; yÞ changes sign, implicitly defines the curve

x ¼ 2yð4 − yÞ
1þ 6y − y2

: ð3:8Þ

In Fig. 4 we plot the boundary of this region where F2ðx; yÞ
changes sign. Then in Fig. 5 we move deeper into the pit
and plot the boundary of the region where F2ðx; yÞ < −1.
This pit in the stability plot is ultimately due to the

wormhole throat getting close to where the extremal
horizon would be in the bulk spacetime. It is actually a
well-known phenomenon that having a wormhole throat

FIG. 2. Stability analysis for the case of perfect mirror
symmetry: aþ ¼ a−, and mþ ¼ m−. The stability region lies
above the surface F2ðx; yÞ, given explicitly by Eq. (3.5). The red
and purple regions indicate where this function departs the
specified range. Note that we chop the graph vertically at
F2ðx; yÞ ¼ 30 and at F2ðx; yÞ ¼ −10.

FIG. 3. Contour plot. Stability analysis for the case of perfect
mirror symmetry. The purple region indicates the pit where
F2ðx; yÞ < −10. The red region indicates the region of lesser
stability where F2ðx; yÞ > 30.

THIN-SHELL TRAVERSABLE WORMHOLE CRAFTED FROM A … PHYS. REV. D 102, 064054 (2020)

064054-7



get close to where a horizon would be in the bulk spacetime
leads to interesting behavior [97,98]. In particular, we note
that in this symmetric situation

msðR0Þ
R0

¼ −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2me−a=R0

R0

s
¼ −2

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
; ð3:9Þ

so that x ≈ 1 corresponds to an arbitrarily small violation of
the energy conditions [97,98]. In terms of the redshift of the
throat

msðR0Þ
R0

¼ −
2

ð1þ zÞ2 : ð3:10Þ

C. Specific asymmetry: m+ ≠ m− while a+ = a− = a

Let us supposemþ ≠ m− while aþ ¼ a− ¼ a. Hence we
now have the case of surgery between two asymptotically
Minkowski regular black holes with different masses but

identical exponential suppression parameters. For a trac-
table analysis, let us define

m� ¼maxfmþ;m−g; α¼ minfmþ;m−g
maxfmþ;m−g

≤ 1: ð3:11Þ

We may then reexpress the stability condition of
Eq. (2.41) as

R2
0

�
msðR0Þ
R0

�00
≥F3ðR0;m�;a;αÞ

¼
½αm�e−a=R0ð1− a

R0
Þ�2

R2
0

h
1− 2αm�e−a=R0

R0

i3
2

−
αm�ae−a=R0ð4− a

R0
Þ

R2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 2αm�e−a=R0

R0

q

þ
½m�e−a=R0ð1− a

R0
Þ�2

R2
0

h
1− 2m�e−a=R0

R0

i3
2

−
m�ae−a=R0ð4− a

R0
Þ

R2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 2m�e−a=R0

R0

q :

ð3:12Þ

Now define the two dimensionless parameters, x ¼
2m�
R0

e−a=R0 and y ¼ a
R0
, so that the dimensionless function

F3ðx; yÞ takes the form

F3ðx; yÞ ¼
½αxð1 − yÞ�2
4½1 − αx�32 −

αxyð4 − yÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αx

p

þ ½xð1 − yÞ�2
4½1 − x�32 −

xyð4 − yÞ
2

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p : ð3:13Þ

Note that the argument of the square root on the
denominator forces our x parameter to be less than unity,
otherwise F3ðx; yÞ will become complex. We therefore
have 0 < x < 1, while 0 < y ≤ 1 if the bulk spacetimes
have horizons, and y ∈ ð1;∞Þ is allowed if the bulk
spacetimes are horizonless. Since by construction α ≤ 1
it is easy to check that

lim
x→1

F3ðx;y≠ 1Þ¼þ∞; lim
x→1

F3ðx;y¼ 1Þ¼−∞: ð3:14Þ

We have chosen to illustrate two specific subcases, namely,
α ¼ 0.7 and α ¼ 0.9. These correspond to the left-hand and
right-hand plots of Figs. 6 and 7, respectively. We observe
that large stability regions exist, except in the limit x → 1
(with y ≠ 1). It appears that the difference between α ¼ 0.7
and α ¼ 0.9 is qualitatively negligible. However, of par-
ticular interest is the region very close to the asymptote at
x ¼ 1; where we again have a pit. This leads to a preferred
choice of the parameters a;m�, which in turn leads to
regions of maximal stability.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0

y
a

R0

x
2m e

a
R0

R0

FIG. 5. Region in the ðx; yÞ plane where F2ðx; yÞ < −1.

1 2 3 4
y

0

0.2

0.4

0.6

0.8

1.0

x
2 0

0

FIG. 4. Region in the ðx; yÞ plane where F2ðx; yÞ flips sign.
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Note that in this situation

msðR0Þ
R0

¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2αm�e−a=R0

R0

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2m�e−a=R0

R0

s

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − αx

p
−

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p

¼ −
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
þOð1 − xÞ: ð3:15Þ

Thus for α < 1 the energy condition violations are
minimized (though no longer arbitrarily small) as the
wormhole throat approaches the location of what would
be a horizon in the bulk spacetime [97,98].

D. Specific asymmetry: a+ ≠ a− while m+ =m−
Let us now suppose aþ ≠ a− and mþ ¼ m− ¼ m.

Hence we are now performing surgery between two

FIG. 6. Stability analysis for the specific asymmetry aþ ¼ a− ¼ a, while mþ ≠ m−. The stability region lies above the surface
F3ðx; yÞ. The red and purple regions indicate where the function departs the specified range for F3ðx; yÞ.

FIG. 7. Contour plots. Stability analysis for the specific asymmetry aþ ¼ a− ¼ a, whilemþ ≠ m−. The purple region indicates the pit
where F3ðx; yÞ < −10. The red region indicates region of lesser stability where F3ðx; yÞ is large and positive.
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asymptotically Minkowski black holes with identical
masses but different exponential suppression parameters.
To develop a tractable analysis, define

a� ¼ minfaþ; a−g; β ¼ maxfaþ; a−g
minfaþ; a−g

≥ 1: ð3:16Þ

We then have

R2
0

�
msðR0Þ
R0

�00
≥ F4ðR0; m; a−; βÞ

¼
½me−

βa�
R0 ð1 − βa�

R0
Þ�2

R2
0

�
1 − 2me

−βa�R0

R0

�3
2

−
mβa�e

−βa�
R0 ð4 − βa�

R0
Þ

R2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2me

−βa�R0

R0

r

þ
½me−

a�
R0ð1 − a�

R0
Þ�2

R2
0

h
1 − 2me

−a�R0
R0

i3
2

−
ma�e

−a�
R0ð4 − a�

R0
Þ

R2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2me

−a�R0
R0

r :

ð3:17Þ

The stability analysis may now be simplified by employ-
ing the two dimensionless parameters x ¼ 2m

R0
e−a�=R0 and

y ¼ a�
R0

to reexpress this stability condition as a function of
these dimensionless parameters. Specifically

F4ðx; yÞ ¼
½xeð1−βÞyð1 − βyÞ�2
4ð1 − xeð1−βÞyÞ32 −

βxyeð1−βÞyð4 − βyÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − xeð1−βÞy

p

þ ½xð1 − yÞ�2
4ð1 − xÞ32 −

xyð4 − yÞffiffiffiffiffiffiffiffiffiffiffi
1 − x

p : ð3:18Þ

Notice that the square root in the denominator implies
0 < x < 1. We may however once again assert 0 < y < 1 if
the bulk spacetimes contain horizons, while 1 < y < ∞ is
permitted if the bulk spacetimes are horizon-free.
Since by construction β ≥ 1 it is easy to check that

lim
x→1

F4ðx;y≠ 1Þ¼þ∞; lim
x→1

F4ðx;y¼ 1Þ¼−∞: ð3:19Þ

For illustrative purposes we present the specific cases
β ¼ 1.2 and β ¼ 1.4. These correspond to the left-hand and
right-hand plots of Figs. 8 and 9, respectively. We have
large stability regions other than in the limit x → 1 (with
y ≠ 1). There is again a pit in the vicinity of ðx; yÞ ≈ ð1; 1Þ.
We note that in this situation

msðR0Þ
R0

¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2me−βa�=R0

R0

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2me−a�=R0

R0

s
;

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − eð1−βÞyx

p
−

ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p

¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − eð1−βÞy

p
þOð1 − xÞ: ð3:20Þ

Thus for β > 1 the energy condition violations are mini-
mized (though no longer arbitrarily small) as the wormhole

FIG. 8. Stability analysis for the asymmetry maxfaþ; a−g ¼ βminfaþ; a−g ¼ βa�, with β > 1, mþ ¼ m− ¼ m. The stability
region lies above the surface F4ðx; yÞ. The red and purple regions indicate where the function F4ðx; yÞ departs the range
ð−20;þ30Þ.
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throat approaches the location of what would be a horizon
in the bulk spacetime [97,98].

IV. DISCUSSION AND CONCLUSIONS

In this work we used a novel regular black hole model
based on exponential mass suppression to construct a thin-
shell wormhole using the cut-and-paste technique. The
construction under consideration provides an example of a
black hole mimicker. (The smaller the value of the mass
suppression parameter a and the closer the location of the
wormhole throat to the Schwarzschild radius, the better this
model is at mimicking a standard Schwarzschild black
hole.) For suitable choices of parameters, the wormhole
under consideration was found to violate the null energy
condition in the bulk spacetime, whereas the strong energy
condition was satisfied in this region. The wormhole
construction was analyzed via the thin-shell formalism,
allowing the four-velocity of the wormhole throat to be
calculated along with the junction surface unit normal
vectors, the extrinsic curvature, and the junction surface
stress energy. The surface energy at the wormhole junction
throat was found to be negative, and so, much like other
traversable wormholes, exotic matter would be needed to
keep the wormhole throat open.
We found that this class of wormholes permits a clean

and quite general stability analysis, with wide swaths of

stable behavior. Furthermore the stability plateau exhibits a
pit of enhanced stability when the wormhole throat is close
to where a near-extremal horizon would have existed in the
bulk spacetime before applying cut-and-paste surgery.
Finally we found that the quantity of exotic matter needed
to support the wormhole throat could be minimized (and in
some cases made arbitrarily small) by a suitable choice of
parameters.
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FIG. 9. Contour plots. Stability analysis for the specific asymmetrymaxfaþ; a−g ¼ βminfaþ; a−g ¼ βa�, with β > 1,mþ ¼ m− ¼ m.
These are contour plots for the function F4ðx; yÞ. The purple region indicates the pit where the function function F4ðx; yÞ is strongly
negative. The red region indicates the region of decreased stability where the function function F4ðx; yÞ is strongly positive.
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