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In the literature on f(T) gravity, the status of local Lorentz invariance and the number of physical
degrees of freedom have been controversial issues. Relying on a detailed Hamiltonian analysis, we show
that local Lorentz invariance is completely broken, whereas, generically, the number of physical degrees of

freedom is N* = 5; in D dimensions, this number is N*

=D(D -3)/2+ (D — 1). As expected, the theory

is vulnerable to having problematical propagating modes. We compare our results with those existing in the
literature. As a by-product of our analysis, the diffeomorphism invariance is explicitly confirmed.
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I. INTRODUCTION

The teleparallel theory of gravity (TG) can be understood
as a gauge theory of local translations, with torsion as the
only field strength. In the context of Poincaré gauge theory
(PG) [1,2], a gauge theory of gravity with two field
strengths, the curvature and the torsion, TG is naturally
defined by the condition of vanishing curvature [3]. In
contrast to general relativity (GR), where the geometry of
spacetime is characterized by a Riemannian curvature and
vanishing torsion, TG has a nontrivial torsion but vanishing
curvature. In spite of this geometric difference, there is a
special version of TG which is dynamically equivalent to
GR, known as the teleparallel equivalent of GR (TEGR or
GR)) [4-6]. This fact is of particular importance for the
physical interpretation of TG.

Experimental predictions of general relativity (GR) in the
low energy limit (the Solar System), as well as in some high
energy regimes, such as gravitational waves, have been
extremely well tested [7]. The situation with the observational
data on the largest, cosmological scale is rather different. The
standard cosmological model can explain most of these
observations, but at the expense of introducing mysterious
concepts of dark matter and dark energy, “inferred to exist
only through their presumed gravitational effects [2]”.

As a response to this challenging situation, there has
been a lot of activity in developing modified (Riemannian
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and non-Riemannian) gravitational models; see, for in-
stance, Refs. [8,9]. One of the well-known models of this
type is f(R) gravity, which is defined as an extension
of the GR Lagrangian, Lz = —ayR, to a function of R,
Lk = f(R). The existence of GR| was a natural theoreti-
cal motivation to introduce an analogous extension of TG,
known as f(T) gravity [10]. Due to the complicated
dynamical structure of f(T) gravity, its basic dynamical
properties, such as the status of local Lorentz invariance
and the number of physical degrees of freedom (d.o.f.), are
still controversial; see Li et al. [11] and Ferraro and
Guzman [12,13]. The objective of the present work is to
find out reliable answers to these controversies by a
detailed analysis of f(T) gravity, based on Dirac’s
Hamiltonian approach [14].

This paper is organized as follows. In Sec. II, we give a
short account of TG, including the special case of GR|, and
describe its generalization to f(T) gravity. In Sec. III, we
use Dirac’s Hamiltonian approach to examine the canonical
structure of the model. In particular, we found the preser-
vation condition for the Lorentz constraint C;;, which plays
a central role in the canonical analysis of f(T) gravity. In
Sec. IV, the Legendre transform technique is used to derive
the Poisson bracket algebra between the Arnowitt-Deser-
Misner (ADM) components of the Hamiltonian. Then, in
Sec. V, we continue by constructing the canonical generator
of local translations, which allows us to prove the first-class
nature of the Hamiltonians. In Sec. VI, the preservation
conditions of the Lorentz primary constraints are shown to
produce a number of conditions on the corresponding
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multipliers. In the generic case, Lorentz invariance is
completely broken and the number of d.o.f. is found to
be N* =5. In another interesting scenario, we obtained
N* = 2.1In Sec. VII, our analysis is compared to the works
of Li et al. [11] and Ferraro and Guzman [12,13]. Finally,
we have a number of appendixes, which contain not only
technical details, but also some interesting extensions of the
main text. In particular, a short account of an alternative
Hamiltonian analysis of f(T) gravity is given in
Appendix D, and Appendix F generalizes the results of
the main text to higher-dimensional spacetimes.

Our conventions are as follows. The latin indices
(i,],...) are the local Lorentz indices, the greek indices
(4, v, ...) are the coordinate indices, and both run over
0,1,2,3; the orthonormal frame (tetrad) is 9' =9’ dx*
(1-form), 19:det(19i#), the dual basis (frame) is e; =
ed,, the metric components in the local Lorentz and
coordinate basis are g;; = (1,—1,—1,-1) and g, =
g;;9' 9, respectively, and ;,,, is the totally antisymmet-
ric symbol with &y;,3 = 1. The wedge product of forms is
implicitly understood.

II. FROM TELEPARALLEL TO f(T) GRAVITY

Poincaré gauge theory (PG) was developed in the early
1960s by localizing the Poincaré group of rigid symmetries
of matter Lagrangians in Minkowski spacetime [1,2]. The
basic gravitational variables of PG are the tetrad field 9’ and
the Lorenz connection w” (1-forms); the corresponding
field strengths are the torsion 7" := d9' + ';9 and the
curvature RV := dw' + o' 0’/ (2-forms), and the under-
lying structure of spacetime is described by Riemann-
Cartan geometry. In this framework, TG is defined by the
condition of vanishing curvature, RV = 0 [3], which means
that the related Lorentz connection is pure gauge. (For a
more general approach based on metric-affine gravity, see
Ref. [15].) As a consequence, the parallel transport is path
independent (under certain topological restrictions on
spacetime), and we have a teleparallel geometry, a geo-
metry with a distant (or absolute) parallelism.

It seems quite natural to define the TG dynamics by a
Lagrangian, which is quadratic in the torsion field strength,
but in that case, one has to keep in mind that the non-
vanishing Lorentz connection is pure gauge. An efficient
way to incorporate this information into the Lagrangian
formalism is by imposing the condition RY =0 via a
Lagrange multiplier method; see, for instance, [5,15-17].
Such an approach is Lorentz-covariant and may be very
useful in exploring the general structure of the theory, but it
turns out to be rather complicated in certain practical
calculations, as can be seen in the Hamiltonian formulations
of [5,16]. A significant technical simplification can be
achieved by imposing the relation @’/ = 0 as the gauge-
fixing condition. In the resulting dynamical model, usually
called the (pure) tetrad formulation of TG, the tetrad field

remains the only dynamical variable, and the torsion 2-form
takes the simple form 77 = d9'.

Is the tetrad form of TG equivalent to the Lorentz-
covariant form? A detailed analysis of this issue can be
found in Ref. [17], which also includes the case of f(T)
gravity (for the case of GR|, see Ref. [18]). Using the
Lagrange multiplier approach, the authors were able to
show that the related equations of motion contain the same
information on the physical properties of the theory as the
equations of the pure tetrad version. More general argu-
ments supporting these results can be obtained from the
Dirac canonical approach to gauge theories [14]. The
Hamiltonian constraint analysis implies that the gauge-
fixing conditions, by construction, merely remove un-
physical (arbitrary) variables from the theory without
affecting its observable (gauge-invariant) properties.
Thus, one can fix the local Lorentz symmetry by taking
the gauge condition @’/ = 0. One is then left with a purely
frame theory which contains all the physics. In particular,
this conclusion justifies using the pure tetrad approach to
count the number of d.o.f. in f(T) gravity, or, for instance,
to evaluate the conserved charges or entropy in GR [19].

In our further analysis of the teleparallel theories, we
rely, as did [11,12], on the pure tetrad formalism, charac-
terized by the vanishing spin connection. The general
(parity even) TG Lagrangian is defined in terms of three
independent quadratic invariants,

L1 = 9Lrq.
Lrg = agT™ (T + hoT iy + h3gi T i), (2.1)
where ay=1/162G. For the special choice of

parameters (hy, hy, h3) = (1/4,1/2,—1), one obtains the
GR| Lagrangian [4-6],

1 -
Ly=9Ly, Ly :ZQOTUk(Tijk +2T 5 —49;;Vi), (2.2)

with V := T" .. The corresponding covariant momentum,

OL;
ijk = W —
Hije = ao(T e + 2T 0 — 49i;V i)

H IHjs

(2.3)

plays an important (technical) role in the canonical analysis
of GR|. Variation of L7 with respect to 9, vyields the
gravitational field equations, which turn out to coincide
with the GR field equations in vacuum.

In the last two decades, in an attempt to find a physically
acceptable description of the cosmological dynamics, many
alternative gravitational models, based either on suitable
modifications of GR or its non-Riemannian extensions,
have been proposed [8—10]. In particular, the form of
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f(R) gravity motivates one to introduce an analogous
Lagrangian for f(T) gravity,

Lr = f(T),

1 .
T:=Ly= ZaOT”k(T,-jk + 2T iy — 4g,~ij), (2.4)

where T is the teleparallel counterpart of the Riemannian
scalar R.

The Hamiltonian analysis of the covariant teleparallel
gravity worked out in [5,16] shows that TG always has
gauge generators associated with the local Poincaré sym-
metry of the underlying Riemann-Cartan spacetime: the
local translations and the Lorentz symmetry of the frame-
connection pair (8, ). In addition, for the one special
case of GR, there is an additional local Lorentz symmetry
that acts on the frame alone. This pure frame local Lorentz
symmetry is absent for any other choice of the teleparallel
Lagrangian.

After fixing the gauge @ =0, the local Lorentz
symmetry of the frame-connection pair is broken. The
gauge symmetries of the generic tetrad form of TG are only
local translations, whereas in the special case of GR”, the
pure frame Lorentz symmetry is not affected, it survives as
a valid gauge symmetry of the theory. However, the
situation in f(T) gravity is more complicated. Although
one might expect breaking of the pure frame local Lorentz
symmetry, it is not a priori clear whether the violation is
complete or only partial. As we shall see, the final answer
depends on the complex dynamical structure of f(T)
gravity.

In order to simplify the Hamiltonian analysis of f(T)
gravity, we find it convenient to represent f(T) as the
Legendre transform of a function V(¢) [10-13],

L/ =9,/, L= ¢T - V(g), (2.5)
where ¢ is an auxiliary scalar field. In classical mechanics,
the Legendre transformation is a well-known technique
used to switch from a Lagrangian L(x,v) to the
Hamiltonian H(x, p) = pv — L(x, v). Based on an (incom-
plete) analogy with Brans-Dicke theory, the Lagrangian £/
is often referred to as the scalar-tensor form of f(T) gravity.
The new Lagrangian £/ = L/ (¢, T) is dynamically equiv-
alent to f(T). Indeed, using the relation T = V'(¢)
obtained from 8L/ /5¢p = 0, one can express ¢ as a function
of T, ¢ =¢(T), provided V' is invertible. Then, by
substituting ¢(T) into £/, it becomes a function of T only,
which confirms the equivalence with f(T). The function
V'(¢) is invertible in the domain where V”(¢) # 0.

In what follows, our analysis of f(T) gravity will be
based on the Lagrangian (2.5), with the basic dynamical
variables (&, ¢). The convenience of this formalism is
clearly visible in the form of the covariant momentum,

. OLS
Hijom ore = 0Hiye o= My (2:6)
which is obtained from the GR expression (2.3) by the
simple rule ay — ag¢. ‘

Variation of L/ with respect to ' , and ¢ yields the field
equations in vacuum,

sLf
Ef = 9 Vu(@H#) + Tpui(pH™™) — €L/
= (8ﬂ¢>Hiﬂb + ¢[vl4Him/ + TmniHmnD - ei”19—|]—]
+ e[_v&v(¢) — 07 (278.)
= O[T = ,V(h)] = 0. (2.7b)

In the presence of matter, the right-hand sides contain the
corresponding matter currents.

Using the identities from Appendix A of [5], the first
equation can be transformed into

£ = (9, $)H™ — ¢ [2%,9 (R”‘(&)) _ % gfkR(a;)ﬂ

+g*9v(p) =0, (2.8)
where @ is the Riemannian connection. Its trace and
antisymmetric part read

E = 49[—agVF 0, + agpR/2 + V()] =0,  (2.9a)

EM = HIKky, ¢ = 0. (2.9b)
In GR|, the six equations (2.9b) are trivial.

In our further exposition, the superscripts “f”” will be
omitted, to simplify the notation.

III. HAMILTONIAN FORM OF f(T) GRAVITY

The Dirac-Hamiltonian formalism for a system with
constraints [14] is a particularly suitable approach to
analyze both local symmetries and the dynamical d.o.f.
in f(T) gravity. As we shall see, the analysis closely
follows certain aspects of the GR| structure at an early
stage, but later, differences become more and more serious.

In the present analysis, we rely on the (1 + 3) decom-
position of spacetime, whose basic aspects can be charac-
terized by two simple properties: (pl) at each point of a
spatial hypersurface X:x° = const, one can define a unit
timelike vector m = (n;), orthogonal to X; (p2) any
spacetime vector V = (V) can be decomposed into a
component V| :=n*V, along n and another component
Vi =V —n,V, laying in the tangent space of (“parallel”
to) . As a consequence, nfV; = 0. We will use &5z as the
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Euclidean epsilon symbol with e753 = 1, and 7

generalized Kronecker symbol.

1 1s the

A. Primary constraints

The canonical momenta (z;#, 7,,) associated to the basic
Lagrangian variables (9',,¢) are

OL oL
~_ — pH™ .
T, ¢H ¥, Ty = =0

71'1'” =

o (3.1)

Note first that these relations define the set of 4 4 1 primary
constraints,

ﬂiozo,

7y~ 0, (3.2)
the existence of which does not depend on the particular
values of the coupling constants. On the other hand, the
canonical momentum z;* can be equivalently expressed in

terms of the parallel canonical momentum,

_ o
k 7w’ &ka

Hzﬂc =

¢JHIJ_k’

aolTi ;i + (Trri—T i) —2(nVi—9zV1)l.  (3.3a)
where J := 9/N. Then, the constraint content of the first
relation in (3.1) can be clarified by introducing a new
object Pz,

P =2/ — ¢H;13(0) = ¢H,; (1),
where H;(0) does not depend on the “velocities” T, ;.
and H; 7(1) is linear in them. The irreducible decom-
position of P;; with respect to the group of three-
dimensional spatial rotations yields [5]

(3.3b)

Pii=r/J+ 2a0¢Tm i~0,

AP =4 .1/ J — appT |77 = 0, (3.4a)
Pmm = ﬁmrh/'] = 4“0¢Tmr7u_’
TPIIE = TAil}/J = 2a0¢TTul'<’ (3.4b)

where 4X;z = X, "Xip = Xy — 9:1X"a/3. Now, it is
obvious that the first two relations define six additional
primary constraints. Further calculations are greatly sim-
plified by representing these primary constraints in a

compact form,

Cit = Hix + ap¢Bir, (3.5a)
where
Hix = 2 — g = 21" 940
By =0,B%,  BY=erom,9n,  (3.5b)

and we used the notation £

oot = 0%, . The above
result follows from the identity By = —2J(T*.;—
n T w + m ™ ;7). The existence of the constraints C;;
is caused by the special values of the coupling constants in
the GR| Lagrangian (2.2). On the other hand, the remaining

two relations (3.4b) are not constraints, they relate the
velocities T;,; to the canonical momenta 7;;.

B. Hamiltonians

Starting with the definition of the canonical Hamiltonian,
H, = 1;%0y9', — bL, (3.6)

one can rewrite it in the standard Dirac-Arnowitt-Deser-
Misner form [20],

H.=NH, + N'Hy;+ 0,D°, (3.7a)
where
M, = 7T — L — nidze,
Hﬂ =7 Ti/i(l -9 ﬁaaﬂ-la’
D = 1,%9%, (3.7b)

Here, the lapse and shift functions N = n;9%, and
N = ¢;%9%,, respectively, are linear in the unphysical
variables 9%,. The lapse Hamiltonian 7, is the only
dynamical part of H. as it depends on the Lagrangian.
To eliminate the velocities T;,; from H,, we use the
relation,

o | 7
"y —JL = EJleTiJ_m —-JL, (3.8a)

where L := £(0) = ¢T — V(¢). Then, inserting here the
irreducible decomposition,

1 _ _ -
§Pmﬁ1TnJ_r'z + TP”‘(TTUJC

+ [A P”_{ATiu} + PLI_{TLLIE]’

pin Tim=
(3.8b)

where the last two terms are weakly vanishing as a
consequence of (3.4a), the elimination of velocities with
the help of (3.4b) yields

~ T-V 0.7%=H,,
H 2a0¢ =J(¢ ) —n'O,m=H
1 1,
P2i=— | p,. o plmi) __(pm )2
2 (mi) 2(77 m) ’
- 1 _ -
T: =4 (TlﬁzftTlmn +2TlmnTm 4Tmﬁ1]_chlnk) (39)
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An explicit distinction between H | , defined by (3.7b), and
its on shell version | is usually disregarded, but we keep
it for later convenience. Apart from the V term, the rest of
H 1 is obtained from the GR| expression by ay — ag¢.

The general Hamiltonian dynamics is described by the
total Hamiltonian,

1
Hy=H, +u'yn° +u¢ﬂ¢+ ul C; (3.10)

l] ’
where i/'s are, at this stage, arbitrary Hamiltonian multipliers.
Their dynamical interpretation is given by (Appendix A)

Uy = 9o = NI+ N“Ouh, (3.11a)

uiﬁ — NTLLﬁ’ unin = NATan (311b)
Keeping the last two terms in (3.8b), the complete
dynamical Hamiltonian ,, defined in (3.7b) as the
Legendre transform of £ with respect to the velocity
T' | ;. is given by
. 1
H, =H, +§it’"”Cmn, amn = N~lum™. (3.12)
Simultaneously, the expression for the total Hamiltonian is
simplified,

HT :HC+Mi07[iO+M¢T[¢. (313)

C. Preservation of primary constraints

For consistency of the Hamiltonian analysis, every
constraint ¢ appearing in the theory has to be preserved
during dynamical evolution of the system, determined by
the total Hamiltonian as

x=00p ={¢p.Hr} 0.

In the expressions (3.10) or (3.12) for Hy, an integration

over d’x is implicitly understood. Let us now apply this

condition to the primary constraints ¢, = (7,°, 7, C;;).
Starting with the preservation condition for z,°, one finds

yi=—{x % Hy}y = n/H, + e"Hy & (3.14a)
)(J_:HJ_NO, ){a:HaNO. (314b)
To calculate y, := dymy, we use the relations
v v 1 -
{ﬂqﬁ’HL} = —5)¢HL :2a0¢2 (T—8¢V) ==F¢,
(3.15a)
{7[¢, CU} = —8¢Cij = _Fijv F = CloBU, (315b)

where the § functions on the right-hand sides are omitted,
which imply

1
Xp = NEy=5u"F 0. (3.16)

As shown in Appendix B, the Lagrangian counterpart of y,
is (T —0,V).

The key preservation condition at the level of primary
constraints is that of the Lorentz constraint C;;, which is of
particular importance for a proper understanding of the
status of Lorentz invariance in f(T) gravity A direct

calculation shows that the expression y;;:={C,;, Hr}
has the form (Appendix C),

Xij = Gijk(ak(]ﬁ)é =0, (3.17a)
where
Gt = —2a09(T+;; — n;V; +n;V;) = NFy;, (3.17b)

G* = 2apJ 55k M um;

ijm

— N~ F ™M (it ) — i) + agJ ST 5]

The result is also verified in the Lagrangian approach by
showing that the Hamiltonian transcription of the six
Lagrangian equations (2.9b) coincides with y;;.

Based on the analysis presented in Appendix C, one can
explicitly determine the Poisson bracket (PB) of C;; with
itself, relying on the value of the coefficient B3. The result
can be conveniently written in the form,

mn{Clj’ Cmn} =2u™" (gjmcin - gimcjn) +4a0~]¢k5zj}]r§1n mn'
(3.18)

The presence of the nontrivial last term shows that the
C;; are second class constraints, which implies that local
Lorentz invariance is broken.

The preservation of the primary constraints ¢4 leads to
the corresponding secondary constraints,

XA = (HJ_’Ha;)(gb’)(ij)- (3-19)
Since f(T) gravity is expected to be invariant under
local translations (diffeomorphisms), the Hamiltonians
(71( 1, H,) (or their suitable deformations) are expected
to be first class (FC). On the other hand, the constraints
(¥4-x:j) define seven conditions on the seven multipliers
(uy, u™). These conditions will play a prominent role in

the forthcoming analysis of local Lorentz invariance, as
well as in counting the physical d.o.f.
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For a comparison of the results found in the present
analysis to the canonical structure based on the standard
Lagrangian Ly = f(T), see Appendix D.

IV. PB ALGEBRA BETWEEN HAMILTONIANS

In this section, we wish to examine the PB algebra
between the Hamiltonians (7, , H,), which will allow us
to understand their preservation conditions, as well as the
status of diffeomorphisms invariance in f(T) gravity.

In the generic TG, the Hamiltonians satisfy the same PB
algebra as in GR,

{Hao Hy} = (Hpdy — Ho0))5, (4.1a)
{Ho H' } = H 10,8, (4.1b)
{HLH 3 = =CoPHy + P Hp) 0,6, (4.1c)

An elegant proof can be found in Mitri¢ [21]. Instead of
relying on explicit expressions for (H,, H, ), he followed a
more effective method introduced by Nikoli¢ [22], based
on treating the dynamical Hamiltonian H | as a Legendre
transform of the Lagrangian; see (3.7b).

In GR|, the existence of parameters with critical values
generates the additional constraints C;;. In [21], the author
used the Legendre transform approach to show that the PB
algebra of the Hamiltonian constraints remains the same as
in (4.1). Note that the explicit expressions for H, in TG
and in GR are different.

The case of f(T) gravity requires further generalizations.
When H, acts on the phase-space variables (9',,7) via
the PB operation, it generates spatial diffeomorphisms. The
presence of the additional phase-space variables (¢, 7,)
suggests to modify H, by adding the term r40,¢.
A consistent realization of this idea requires one to relocate
the term 740y¢ from Hr to H ., whereby both H, and H |
are effectively modified as

7:{(1 = Ha + 71'(/,8(145, (428')

Hy=H) + 7,0, (4.2b)
Here, H | as understood as the Legendre transform of L,
HJ_ == ﬁ'iﬁlTiJ_m - .]E - niaaﬂ'ia. (43)

With these modifications, the total Hamiltonian can be
written in a more compact form as
HT = Hc + ui0ﬂi0 + 8(1Dav (448')

H,=9.H; = NH, + N*H,, (4.4b)

where the primary constraints C;; and r, are hidden
inside H..

Now, we are ready to find the PBs between the modified
Hamiltonians (4.2). In the approach based on explicit
expressions for the Hamiltonians, the most difficult part
of the calculation stems from the fact that ; depends on
the Lagrangian. Studying the more complicated case of PG,
Nikoli¢ [22] used a different strategy, based essentially,
but not entirely, on treating the dynamical Hamiltonian
as a Legendre transform of £ with respect to the velocities
T; 7. in accordance with (4.3). Applying certain identities
characterizing Legendre transformations, he was able to
derive the PB algebra of the Hamiltonian constraints
without specifying the explicit form of the Lagrangian.
Based on a number of technical details that can be found in
[21], we use here an analogous approach which takes into
account the presence of an extra dynamical variable ¢ in
f(T) gravity. As shown in Appendix E, the final result
takes the form,

{Ha Hy} = (Hpdo — H,,0))8, (4.5a)
{Ho H } ~ T 0,8, (4.5b)
{HL H = =CgPHy + 3 VH)) 0,6, (4.5¢)

Is the result (4.5) sufficient to conclude that 7, and H
are FC? Certainly not, since there are other constraints in
the theory, whose PBs with the Hamiltonians are still not
known. In order to extend the previous considerations, one
can calculate the PBs between the Hamiltonian constraints
and C,,,. Using the form of the term B, in Appendix C,
Eq. (3.15b), and the relations (4.4), one can show that both
H, and H | have vanishing PBs with C,,,,. However, that is
still not sufficient since the PBs of the Hamiltonian
constraints with x4, v;; and the related, possibly nontrivial
preservation conditions, are not yet known.

A refined analysis in the next section will allow us to go a
step further.

V. DIFFEOMORPHISM INVARIANCE

In this section, we construct the Hamiltonian gauge
generator for local translations in f(T) gravity, based on
Castellani’s algorithm [23], and use it to show that
(H,,H,) are FC.

If the local symmetries of a gauge theory are described
only in terms of the gauge parameters & (x) and their first
derivatives, the canonical gauge generator has the form
(integration over d°x understood),

G=EGY+ &G, (5.1)
where the phase-space functions G? and G/ are determined
by the conditions,
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G} = Cprc, (5.2a)
G)! +{GY Hr} = Cprc, (5.2b)
{G!.Hr} = Cprc, (5.2¢)

and Cpgc denotes a primary FC constraint. The construc-
tion starts with any primary FC constraint G, and the
algorithm describes how the corresponding G} should be
determined.

A. Gauge generator of the generic TG

The total and canonical Hamiltonians of TG are given by

Hy=H,+u'yz + 0,D% (5.3a)

H.:=NH, + N*H, = 9yH,, (5.3b)
where

H; =nH, + e;"H,. (5.3¢)

The PB algebra of the Hamiltonian constraints (4.1),

obtained by the Legendre transform technique [21] can

be transformed to an equivalent form as

{HiH;} =T"H,0. (5.4)

Since the only primary FC constraints in TG are

@; = m;°, we start the construction of the gauge generator
by taking

GY = -0 (5.5)

The condition (5.2b), combined with {G?, Hy} =H;,

implies

C;l1 = _Hi + al‘mﬂ'mo, (56)

where the unknown coefficients ;" are determined by
(5.2¢),

{Gl.Hy} = =9%T"yH,6 — 0" H,6 = Cppc. (5.7a)
Solving this condition for «;" yields
a" = =Ty, G} = —H; = 9 T"ym,", (5.7b)
and the final gauge generator takes the form,
G =—&n" — E(H; + 9T ym,°). (5.8)

It is convenient to introduce the coordinate components
of &' by &' =9, so that

G=-&9,1"-&P, (5.9a)
Pﬂ = 19i”(H,' + lgkoTnikﬂno) + ﬂ'ioaﬂ&io
- 19i”Hi + ﬂioaﬂgio. (59b)

Using the on shell relation 9,8 = u'(, one obtains

Po = HC + Mioﬂio = HT - aaD", (5103)

Pa = Ha + ﬂ'ioaalgio = 71',-“80,19"# — 6ﬂ(ﬂiﬂ8ia). (510b)
This form of G correctly reproduces the local translations
as a symmetry of the generic TG [21].

B. Generalization to f(T) gravity

In the formalism of Sec. V, the dynamical Hamiltonian is
defined by the Legendre transform, which means that C;; is
included in H | . Then, the total/canonical Hamiltonians can
be written in the form (4.4), representing an isomorphic
image of the TG formulas (5.3). In particular, the structure
functions of the PB algebra (4.5) in f(T) gravity are
identical to those of the PB algebra (4.1) in TG. Hence, the
Castellani procedure is practically identical to the one used
in TG. As a result, the gauge generator in f(T) gravity is
found to be

Gr—Er0 —E(H; + T ym®).  (5.11)
Here, the weak equality is a consequence of the weak
equalities appearing in (4.5). However, one can show that
the weak equality can be safely replaced by the strong one,
so that
G

—&9 10— &P, (5.12a)

PO == I:IC + l/lioﬂ'io == HT - aaD“, (512b)

Pu = 7:‘(1 + ”i08(18i0 = ﬂiﬂaa&iﬂ - aﬁ(”i/}&ia) + ”¢a(1¢'
(5.12¢)

Indeed, by comparing this result with the one displayed
in (5.10), one can conclude that the gauge generator G
produces the correct local translations when acting on the
phase-space variables (§',, 7). Moreover, a direct verifi-
cation shows that its action on (¢, 7,) is also correct.
Hence, G acts correctly on the whole phase space of f(T)
gravity.

The gauge generator G is constructed by assuming that
7,0 is FC and using the PB algebra (4.5). The fact that G is
the true gauge generator of f(T) gravity implies that the
Hamiltonian constraints (H , H,,) must be FC, independ-
ently of the properties of other constraints, like 7,, C

or ){4,,}(,]

ijs
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VI. DETERMINING THE MULTIPLIERS (u¢,uij)

Preservation of the primary constraints z,, and C,,,, leads
to the conditions (3.16) and (3.17), respectively, which
either produce new constraints or determine some multi-
pliers (at least generically). These conditions can be written
in the form,

Kot uiFH+ % u;;F' = NF, (6.1a)
Xijt Fijiig + 2a0)gndiimum, ~ X, (6.1b)
where
y:=NO ¢p=u;— Nﬂa/,(/), ¢y = 07, (6.2a)
Xij = N¢1‘<[¢_191—Cm(”iﬁ(m) - ”jﬁ(m)) + aO‘Iéi_]ﬁ;ﬁT?rh']'
(6.2b)

Making a 1 + 3 decomposition of (6.1b), one finds

where Z; := 2ayJ¢y. Then, using the notation,
1 mn 1 mn
Fy= Egl_crth , UE =75 Ekmalt ™" (6.4)

the system of seven equations (6.1) for the seven unknown
multipliers (i, u, 7, u;) takes the form,

Fu s+ F'u; ~ NF, (6.5a)
FY, — Z by, = X1, (6.5b)
Fﬁ1ﬁ¢ - ZkE'i( ﬁ“_llxtj_;, = Xm. (65(3)

For an extension to D spacetime dimensions, see
Appendix F.

Further analysis is organized by separating two com-
plementary cases, ¢; # 0 and ¢; = 0.

A g #0
The contraction of Eqs. (6.5b) and (6.5¢) with ¢;;, yields
(b,hFJJthld) = ¢,;lXJJh, (663)
¢1?1Fmﬁ¢ = ¢ﬁ1th (66b)

These conditions have two important consequences.
First, they generically determine i,

[(‘f’mFLm)z + (¢ﬁ1Fﬁ1)2]ﬁ¢ = (fﬁmFlm)‘l"ﬁXlﬁ

+ (P F™) X", (6.7a)

1
as long as

(b F") + (aF™)? #0. (6.70)
This is our main generic assumption, which implies that
at least one of the two terms ¢, F" and ¢, F™ does
not vanish. And second, they produce a new secondary
constraint,

X = ¢ﬁFM(¢mXﬁ1) - ¢ﬁFﬁ(¢mXLm)-
A, Ay

(6.8)

A more detailed expression for y is obtained using the
identities,

Fi;=2a0JV;, Fy=-2a0JT
XJ_jEN(lﬁ_l(f’mA nj)

(
X'= aobqﬁl'cgmr_'T’rm’

7

Xi5= aob(ﬁ/}égﬁmﬁmm

ijr

where V; := TX;;. As a consequence,

Ay =2agJ V" aob(ﬁ;qb,;e’_‘m’_’TIm,—q,
Ay = —agJ M PiT - NG shin™,
= 1 = aobe "y (T Lk + 200 HVT 57).
(6.9)
To examine how this result affects the multipliers u

and uz, we split them into components parallel to and
orthogonal to ¢y,

ljtj_]‘((bk = 07

gt = 0.

uyg=u dr+ilg,

up = u(]ﬁ,; + Ift]‘c, (6.10)
Returning to the general conditions (6.5), note first that
Egs. (6.5b) and (6.5¢) contain only the orthogonal compo-
nents ii; and i ;,

FJ_rhﬁ(/) _ 200.](15/‘(8[”7“_'12;1 — ylm

X
Fmﬁ¢ - Zao.]qﬁ]’c&j(mﬁi/\llﬁ ES Xﬁl

’

(6.11)

'Here one can explicitly see that, as argued qualitatively in
[24,25], the f(T) theory is indeed vulnerable to problems with
nonlinear constraints leading to multipliers which can become
unbounded for certain field values. This is an indication of a
tachyonic propagating mode: in this case, when (6.7b) ap-
proaches zero i, becomes unbounded—unless the right-hand
sides of (6.6a) and (6.6b) also vanish.
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Then, substituting the solutions of these equations for it;
and @1,; into (6.5a) yields one linear equation for the
parallel components u | and u,

wy (FYs)+u(Fip;) =NF y— F 0 — F ;. (6.12a)

The second equation for # and u is obtained from the
term {C,,,,x'} in the preservation condition for y (see
Appendix G),

—0ox' = {Hr. '}

1
=3 u™{C,,,,x'} + multiplier independent terms

_ 1
o)+ (5 B Con )

+ multiplier independent terms. (6.12b)

The solutions of the system of linear equations (6.12) for
u, and u depend on the form of the determinant,

D) = F5a (3 ulCopr)
- (Fﬁ¢ﬁ)(¢j{cly,)(/})- (6'13)

To proceed further in a simple way, suppose that
F1¢, #0, in accordance with our generic condition
(6.7b). (The alternative case F¢; # O can be handled in
a similar way.) Then, (6.12a) can be interpreted as an
equation that defines u | in terms of u. Next, introduce the
notation,

L HC )+ (3 B Coner ) ) =0l
(6.14a)

multiply this relation by F-7¢;,

MJ_(FLI}(;’I‘))((!);’{CJ_%’)/})+M(Fll_7¢1'7)<%8mﬁk¢l}{cmm}/}>
= FH g g(x'), (6.14b)

insert the expression for u#, determined by (6.12a), and
rearrange to get

u [ngfﬁﬁ <%3rhﬁ]_(¢/‘c{cmﬁ»/}> - Fﬁ¢ﬁ(¢ﬁ{cj_ﬁ’)(/}):|
(6.15)

= known terms.

This equation for the last undetermined multiplier has the
form,

(6.16)

where D(x,x’) is defined in (6.13). In view of the

derivatives of the & function buried in D(x,x), see

Appendix G, it is important to be mindful of the implicit

integration over the variable x. Carrying out the integrations

by parts (and then in the end dropping the prime) will lead
to a relation of the form,

A7O,u+au=G. (6.17)

The explicit functional forms for A” and a can be

straightforwardly obtained from the explicit form of

{Cij.x}, derived in Appendix G. Several scenarios are

possible.

(s1) Generic scenario. If the differential equation (6.17)
can be solved for u, all the multipliers are determined.
Then the numbers of Lagrangian variables, first and
second class constraints are, respectively, N = 16 + 1,
Ny (%, H;)=8, Ny(my.C,;. x) = 8, and consequently,
the number of d.of.isN*=16+1-8-8/2=5.In
particular, such a scenario could be realized if A"
vanishes but a # 0. In that special case, the relation
(6.17) degenerates to a linear algebra relation for the
final multiplier.

(s2) If A” and a both vanish (this seems highly unlikely to
us), then G is a new secondary which must be
preserved. That in turn could lead to further constraints
with either the remaining multiplier being eventually
determined or maybe remaining undetermined. We do
not see any easy way in principle to restrict the possible
length of this constraint chain. If it is long enough,
there will be no d.o.f.

(s3) We cannot exclude some other, albeit unlikely, pos-
sibilities. Thus, for instance, if Jyy identically vanishes,
there would be only one condition for the multipliers u
and u . Then, there would remain one undetermined
multiplier, one degree of “remnant local Lorentz sym-
metry [25].” As a consequence, one combination of the
components of (7, C;;) would be first class and would
lead to the first class secondary y, and six components
of (z;,C;;) would be second class. Hence, N; =
8+2=10,N, =6,and N*=17-10-6/2 = 4.

It seems likely that there are more than the 3 d.o.f. claimed

by Ferraro and Guzmén [12], and no—or at most two—

“remnant” local Lorentz symmetries, not five.

B. Sector ¢p; =0

The phase space for field theories has in general
various sectors with distinct dynamics. One way this can
happen is if one considers just the subset of initial data with
some special symmetry (e.g., spherical, axisymmetry,

“This is the first time that we have encountered a differential
equation for a multiplier. It seems strange to us. How does this
affect locality?

064025-9
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homogeneous). Another way is by restricting to the subset
of fields where some quantities vanish.

The objective of the following discussion is to take a
broader view on the phase-space constraint/multiplier story
in the f(T) theory. We focus on the ¢-Lorentz sector with
the primary constraints z, and C;;. Preserving these
constraints leads to the conditions (6.5). Clearly, there is
a special sector I of the whole phase space I, defined by’

¢ =0.

This is a very important sector; it includes the homo-
geneous cosmologies where ¢ = ¢(7).*

The content of (6.18) is clarified by the following
observations.

The differential conditions 93¢ = 0 that define I" do not
eliminate ¢ as a degree of freedom, they only restrict the
coordinate dependence of ¢ (invariance under spatial
translations). Hence, they do not change the dimension
of the phase space.

Additional information on the restriction (6.18) comes
from its dynamical preservation,

Aoz = {¢r. Hr} = {pp uymly + Cj;(u) )2}
= u;/)(‘?,-cé - u;-jqﬁ] =~ 0,

(6.18)

(6.19a)

where we used the relations (H1)s. By partial integration,
one finds
Oruy =0, (6.19b)
which is just a consistent extension of the condition (6.18)
on ¢ to an analogous condition on uy = Dop.
In the sector I, the relation (6.2a) simplifies into

Uy = Uy, (6.20)
and the relations (6.5) reduce to
Fu s+ Flu; % NFy, (6.21a)
Fl’hu(/, =0, (6.21b)
Fuy = 0. (6.21¢)

There are different types of vanishing. One case is instanta-
neous, that is a quantity vanishes at ¢ = ¢, but not at earlier or
later instants. Such a case need not be pursued, as one can just
adjust the initial time a little to avoid the vanishing. (However,
one should then be concerned that the evolution stays regular as
one approaches the critical time [24].) One should instead focus
on the cases where the system evolution stays on the subset where
some quantity vanishes. Another complication that could happen
but cannot be treated generally is where a quantity vanishes on a
subset of the spatial hypersurface.

*Note: interest in the f (T) theory is mainly as a potential
solution to the dark matter/dark energy cosmological puzzles.

In contrast to (6.5), the conditions (6.21) do not produce
any additional constraint . The physical content of (6.21)
is strongly influenced by the following theorem.

(T1.) If at least one of F™ F™ is nonvanishing, then
u; =0 and, as a consequence, dyp={¢h,Hy} =
{¢,uym,} =0. Combining this result with ¢z = E),
one finds that ¢ must be a true constant, ¢ = ¢.
Hence, the dynamical content of the Lagrangian
field equation (2.9b) becomes trivial, and more-
over, the Lagrangian field equation (2.8) takes
the GR; form, up to a cosmological constant
term V(¢p).

To complete the analysis, let us now examine the
corresponding number of d.o.f. Theorem T1 implies that
the conditions (6.21) have just one physically relevant
realization,

F ;=2ayJV; =0, (6.22a)
F* = —agJeé™ T |2 =0, (6.22b)
= F,= P2+ J(T-9,V)=0. (6.22¢)

2a0¢2

Since these conditions restrict the dimension of the phase
space, one should impose their dynamical preservation.

Taking into account the relation {J,H,,,} =0, see
(H1);, the preservation of F,; becomes equivalent to
(integration over x" implicit)

60‘771 = {thHT}

_ 1, .. _
= (Vo M} ) + {75 B} 20, (623)

where we used the expression (3.10) for Hy. A direct
inspection of the second term shows that it does not depend
on the canonical multipliers. When the above relation, with
interchanged x and x/, is combined with (H3),, it yields

_ 1 .. _
Vi = _Euu{Hijv Vi +B;
~—(uT556 4+ u', Vi — uHT 55)6
— (el eq?) [0p(u',6) = O, (u' 48] + B,

where f8, :== —{H,_, V% }. Integrating over x, and replacing
x' by x in the final result, one obtains three differential

conditions on the six multipliers u'/,
— (U T35 4+ w, Vi =T 55) + (el i) (Opu', — Dyu' )
+ B = 0. (6.24a)
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Similarly, the preservation of F" is equivalent to
il ijy/
00T Linn & {TJ_I;’lfl’Hij}E(u )+ Bima=0.
Then, relation (H3), implies

aOT/J_ﬁzﬁ = _[(”uTjnaﬁ + uTmTLiiz - ”TnTﬂm)‘s

- n:’(erh/}eﬁy)/[a/ﬁ(uiyé) - a;(”iﬁé)ﬂ + Bl
and consequently,

17 1 7
—u jijr‘: —u'y T g5 + ', T 15

+ ”i(emﬂer‘zy)(aﬁ”iy - ay”iﬁ) +PBLan~0. (6.24b)
Here, we have a set of three conditions on the six multi-
pliers (u'7, u').

Finally, the preservation of F; takes the form,

OoFy ={Fy.Hr} = {F,, M;gﬂ;,} + more

= uy(04F,) + more ~ 0. (6.24c¢)
Relations (6.24a) and (6.24b) are differential equations
for the canonical multipliers u”/, whereas the condition
(6.24¢) determines u,, provided 9,F, # 0.
(s4) In the generic scenario, relations (6.24) determine the
multipliers (u,, u”/). Then, in the phase space I with
17 Lagrangian variables (9',, ¢), we have 34+3+41=7
new constraints (6.22), seven preservation conditions
(6.24), and seven determined multipliers (", u).
Since the seven primary constraints (74, C;;) and
the seven new constraints (6.22) are second class,
and N; =38, the number of physical d.o.f. is
N* =17 -8 —7 = 2, the same as in GR”.
This result was to be expected, since, as we noted at the end
of T1, in this case, the Lagrangian equations reduce to
those of GR with a cosmological constant. However, we
find it instructive, and a good consistency check, to obtain
this result within the Hamiltonian analysis.

VII. SUMMARY AND DISCUSSION

In the present paper, we performed a detailed
Hamiltonian analysis of f(T) gravity, with a focus on
the local Lorentz invariance, the number of the physical
d.o.f., and the issue of nonlinear constraint effects. Our
main results can be summarized as follows.

The central role of the Lorentz constraint C;; with respect
to the status of local Lorentz invariance can be seen already at
an early stage of the canonical analysis. Namely, by showing
that {C;;, C,; } does not vanish weakly, which means that C;;
is not first class, one can directly conclude that local Lorentz
invariance is broken.

To determine the classification of all the constraints and
calculate the number of physical d.o.f., we found it
convenient to first prove the first-class nature of the
ADM components of the canonical Hamiltonian. This
significantly simplifies further analysis and, as an “aside”
but expected result, it implies the diffeomorphism invari-
ance of f(T) gravity.

The classification of the remaining constraints is based
on the preservation conditions of the primary constraints
(my, C;j), interpreted as seven conditions on the seven
multipliers (u, u'/). Then, in a somewhat parallel process-
ing procedure, we analyzed which of these multipliers are
determined (that is, associated to second-class constraints)
and what happens with secondary constraints, if they exist.
Following such an approach, we found that generically, the
number of physical d.o.f. is N* = 5. Note also that in the
special case dz¢p = 0, f(T) gravity reduces to GR with a
cosmological constant, with N* = 2.

We confirmed that f(T) gravity is indeed vulnerable to
the effects associated with nonlinear second class con-
straints [24,25]. When the dynamical variables evolve
toward values such that certain quantities approach zero,
certain canonical multipliers can diverge—signaling an
associated anomalous propagation. Such behavior can be
an indication of a fatal problem.

To gain a deeper insight into our results, we compare
them to those of Li et al. [11] and Ferraro and Guzman [12].

The basic results of Li ef al. in D = 4 are presented in
Sec. IV of Ref. [11]. Their Egs. (25)—(28), representing
the PB algebra involving the set of the ¢-Lorentz primary
constraints (7, C;;) and the canonical Hamiltonian H,,
are in complete agreement with our findings. In particu-
lar, their PB (25), with G* given in the first line of the
next page, is identical to our result for {C;,C,,} in
(3.18). On the other hand, it should be contrasted with
the Lorentz PB algebra closure found in Eq. (70), of
Ref. [12]. We did not find any comment by Ferraro and
Guzman on this disagreement, although it is of essential
importance for the Lorentz invariance and the counting
of d.of.

Next, Li et al continue with the analysis of
the three equations (29) by interpreting them as
146+ 1 =28 conditions for the seven multipliers. In
addition to the last two equations that we considered
(seven conditions for the seven multipliers), they included
here also the preservation condition for the canonical
Hamiltonian H,, equal to our H, In our approach,
we gave a completely separate discussion of the preser-
vation of H.. Namely, in Secs. IV and V, we showed
that a suitably modified canonical Hamiltonian H, =
H+(1/2)um"Cmn+u¢n'¢ is first class, which implies its
preservation. Hence, Eq. (29), is not really needed, it is
just a consequence of the last two equations.
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Without knowing that, the authors continue by writing
the eight conditions (29) in the form of a homogeneous
matrix equation with an 8 x 8 antisymmetric matrix M
having a vanishing determinant and rank 6. The condition
detM =0 is written in the form of a new constraint
7 = vVdet M ~ 0, whose preservation dyz; ~ 0 yields a
new condition on the multipliers. Alternatively, by dis-
regarding the redundant Eq. (29),, one is left with 6 + 1 =
7 conditions for seven multipliers. As we showed in
Sec. VI. A, the second equation gives (generically) five
conditions on multipliers plus a secondary constraint y, the
preservation of which produces one more condition on the
multipliers, Oy ~ 0. Thus, the seven equations (29), and
(29)5 could be written as a homogeneous matrix equation,
with a 7 x 7 matrix of rank 6. This confirms that Eq. (29),
is indeed superfluous. Using it does not do any serious
harm, but it does complicate the analysis. Although both
approaches in the generic scenario predict the same number
of d.of, N* =35, our formalism is more explicit and
practical.

At the end of Sec. V, Li et al. discuss the d.o.f. for a
D-dimensional spacetime. The result of our analysis in
Appendix F, (D — 1) d.o.f., agrees with their finding in
the Lorentz ¢ sector. As a final remark, in discussing
the results obtained from the second equation in D
dimensions, the authors write “One can check that in
four dimensions the constraint derived from the second
equation of Eq. (29) and square root of the determinant
of M Eq. (36) are exactly the same.” This means that
our y coincides with their z;. If we trust this assertion,
then our secondary constraint result is “exactly the
same” as theirs.

We also note that, in their Appendix, Li ef al. find, just as
we did, a first order differential equation for the last
canonical multiplier.

As we mentioned above, one of the main errors in
Ferraro and Guzman [12] is their claim that the PB
algebra of the constraints G,(ll,] in Eq. (70), closes just
like the ordinary Lorentz algebra, which is in contra-
diction to our result (3.18) [and Li et al. Eq. (25)]. This
error seriously affects their analysis, leading them to
claim that five of the six constraints Gilb) are first class,
not second class.

There are, however, a number of other errors, but we
choose to comment here on only two of them. We begin by
noting that the last equality in their (65) implies Fy = 0.
Indeed, as shown in our Appendix B, the Hamiltonian
transcript of E(T — 0, V) weakly vanishes. Then, since F,
introduced in their Eq. (64) does not vanish, the last
equality in (65) cannot be correct.

Moreover, Ferraro and Guzmén calculated the preser-
vation condition for G, b> in their Eq. (81),. By comparison
to our Appendix C, their result is recognized just as a
fraction of the complete result, associated to our coeffi-
cient By.

Ferraro and Guzmdn have published several
follow-up works [13], which have already attracted consi-
derable attention. As they were based on the unsound
foundation [12], they are not reliable guides.

In this paper, we presented a detailed analysis
of the puzzling f(T) Hamiltonian/constraint/d.o.f. issues.
This could be used as a solid foundation for certain future
investigations into the nature of this curious theory.
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APPENDIX A: DYNAMICAL INTERPRETATION
OF THE MULTIPLIERS

Using the relations,

{9, "} =

PR B
<A<k”) - Egkn;r> Snyé - (nkay)/&

2a qu
(Ala)
{19/{]” Hﬂ} - Tkﬂ},é - (19kﬂ8y)/5 (Alb)
{ 7 z]} 25k19]]/ (AIC)

where 7 := ﬁ’_‘,-(, one finds that the dynamical equation for

9% takes the form,

8019ky = {9, Hr}

- Nzaofcb (ﬂ(k =3¢ ”) Oy + NITY

+ 8,95 + ut"9,,.

where the integration over d>x’ is understood, and we used
Nn*+NP9*;=9%,. Based on the identity, 9y9%, — 9,9%,=
NT*,, + NPT*, , this equation leads to the interpretation
of the multipliers ™" as displayed in (3.11b). Moreover, it
implies

3
El

g’h”ﬁ- =2a J¢T (mLi) mn =2a J¢TTan

l\)\'—

(A3)
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APPENDIX B: LAGRANGIAN EXPRESSION
FOR y,

By rewriting the identity (3.8a) in the form,

JL—JL =~ P2+ 2T, s

(Bla)
ao

and adding J¢(T — 9, V) to both sides, one obtains

1 - -
JO(T—0,V) =— ¢P2 +JP(T = 0pV) + &"T; 5.
ao
(B1b)
Then, transforming the last term as
AT, ~ L P? + ifr‘”u (B2)
ilm ™~ a0¢ in»
and using ‘H,,,, =~ —¢F,,,, one obtains
1
IP(T - 0,V) = ¢NF, + > W Hyy = yy.  (B3)

As a by-product of the above analysis, one can combine
the identity (B1) with the relation (B2) to obtain

N
200¢

IL ~ P2+ 9L+~ 5 AT’"“”H,,,,, (B4)

APPENDIX C: THE PRESERVATION OF C;

To calculate the preservation condition J9yC;; ~ 0, we
start from the relation,

Aij = {Cij’HT}
={Cij, NH_} +{Cij, NP Hy} + {Cij, (1/2)u™"C,,, }
B, B, Bs
+ {Cij,u¢ﬂ¢}, (Cl)
———
By
where we used {C;;,7°}~0. The B, terms are

given by

B, = —%a [N(n,C Cyi)eks]
aa¢ A a
¢ N( iﬂ(jk) - I’l ﬂ' )ek 1)

0 m
_a0(8(1¢) ljanf]};T /}yNnka’

B3 u™" (g]m Cm YGim Cjn)5
+ aoumnaa¢(gjn30a - gmB?;fz)é

B4 = doBiju¢5 = aoBij(NaJ_Qs +Nﬂaﬂ¢)

(€2)
Then, transition to the weak equality yields

aa¢ A A ka
# N(nift iz = njp))ets

Blz—

0
— ap(Dup)e] i T" 5, Nnks
B3 ~ aoumn8a¢(gjﬁ im gmBoa )5

B4 +B2 %aoBijNal(l). (C3)

After transforming the second term in B; and the whole of
B; with the help of the identities,

9T N = —2b(T 5 — 65V + 65V;)
o
'9k mn(anBO( - ganO(l) = =2Ju™" (g]né'Ll_( - gméﬁf)
= —2J8kkmum, (C4)

the expression for y;; can be transformed exactly to the
form (3.17).

APPENDIX D: DIRECT-HAMILTONIAN
ANALYSIS FOR f(T)

In this appendix, we examine what one gets if one tries to
directly construct the f(T) theory Hamiltonian. The f(T)
theory has the Lagrangian,

zfT =I9Lsr = If(T).

where T is the GR| expression, displayed in (2.4).
The conjugate momenta come from

L)
o8,

(D1)

= f(T)9H, . (D2)

Once again, one finds the sure primary constraints,

7% ~0.

(D3)

We find it convenient to represent the parallel momenta in a
suggestive form,
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Fg=D®IHip.  P=f(T). (D4)

k

The momenta z;* can again be split into irreducible

components to give

pix =R/ = 20T 1,

Aprp =51/ = OT 31 (D5)
pﬁlﬁz = ;tmrh/‘] = —4cI)T'71M1’
TP = Thyp/J = 207T; ;. (Do)

Let us now combine the first two relations in the form,

1 A
Pik = 27 (mi7 — mz) = OFy, (D7a)
Fio= (THp = nTmp + m T 50, (D7b)

where both p;; and F ;x are antisymmetric objects. From
this, it follows that
Fope=Bip, —of2, = F.F=PhE,  (DS)
Clearly, vanishing £ is a special case. Let us put this case
aside for separate investigation and consider the generic
case, where 2 does not vanish anywhere. (One could also
make a more complicated, “less covariant,” analysis by
considering the vanishing of F'|; and F;; separately.) Then,
we find from (D8) the component of (D7a) along F ik
F-p
©=f(T) = P2

(D9)

Using (D9), one can invert the relations (D6) for some of
the “velocities,”

" p'z_ Tpf-
T" | =— 4(;» T = 2(;-

(D10)

Furthermore, assuming f”(T) # 0, by the implicit function
theorem, the relation (D9) can be inverted to give

T= () (@)

With this relation, one can find the “missing” “antisym-
metric velocity”’—momentum relation for the one velocity
component along F;; from

(D11)

99 ¢

1
T~ Evelocity2 + (anti-sym velocity comp)! + T

1 . _
=—5 P2+ F*MT,  +T,

T (D12)

where T and P? are defined as in (3.9). No other components
of the “antisymmetric velocity” can be inverted for

momenta; instead, the other five components of (D7a) are
new primary constraints, which can be written as’
Cy = py—OF; ~0, CyF*=0. (DI3)

It is interesting to point out certain structural similarities
of the above results to those obtained in the ¢T formalism
of Sec. III: first, the expression (D13) is an analogue of the
extra primary constraint (3.5), and second, the relation
(D12) is a counterpart of (B4).

Now, one can construct the Hamiltonian. The fotal
Hamiltonian has the form,

. 1,.,.
HT = Hc + Mloﬂ'io +—itlkcik,

: (D14)

including 4 4+ 5 primary constraints with the canonical
multipliers. The explicit form of H, can be found by
following a close analogy to the procedure described in the
main text, but the alternative ¢T formalism seems to be
much more practical. Nevertheless, we want to stress that
one could develop a complete Hamiltonian analysis based
on (D14). Unlike the case of the six Lorentz generators of
GR|, one will now find that the Poisson brackets algebra

among the five primary constraints C‘ik does not close,
which is related to the fact that the Lorentz Lie algebra does
not have a five-dimensional Lie subalgebra. From the
analysis of the ¢T formulation discussed in detail in the
text, we can infer that the five constraints (D13) will be
second class. If one goes further, one will find that the
preservation of these five constraints will generically lead
to four conditions on the five multipliers #* plus one
secondary constraint y. The preservation of the latter will,
generically, yield a first order differential equation for the
last multiplier. Generically, the number of physical d.o.f. is
then

N*=N-N,-N,/2=16-8-6/2=5=2+3. (DI5)

APPENDIX E: DERIVATION OF THE
ALGEBRA 4.5)

Let us start from the observation that the PB algebra of
the Hamiltonians (H,, H ) in GR| has the form (4.1), as
shown in [21]. Then, since the result was derived with the
Legendre transform representation for H | , which does not
depend on the explicit form of the Lagrangian, one can
conclude that (4.1) holds also in f(T) gravity. Indeed, the
presence of the variable ¢ in the Lagrangian has no effect
on this algebra since none of the Hamiltonians (H,, )

SAn alternative form is

N A~

Cip=Fpy— (F-p)Fy ~0.
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depends on 7. Knowing that, we will now show that the

PB algebra (4.5) for the ¢-modified Hamiltonians (4.2)

follows from (4.1). The proof is presented in three steps.

al) Since H, does not depend on ¢, the relation (4.5a)
follows directly from (4.1a) and the definition of H,,.

a2) The dynamical Hamiltonian H; does not depend on
m 4, Whereas its ¢ dependence, combined with relations
(3.15) and (3.12), implies

{ﬂ'{/,,HJ_} = —5‘¢Hl :)(¢5. (El)
As a consequence,
{Ho Hi} # {Ho H P~ {He M, ) (E2)

which proves (4.5b).
a3) Relying on Eq. (E1), one finds
{(HLH Y = {HLH Y+ {HL 20 4
+{7p01. 1 } +{7y0.1 . 740" @'}
~{H.i H\ ] (E3)

which confirms (4.5¢).

APPENDIX F: SOLVING FOR MULTIPLIERS
IN DIMENSION D

This is an alternative analysis to the one in Sec. VI; it is
hardly more complicated and extends the result to D
spacetime dimensions.

The equations to be solved are displayed in (6.1a)
and (6.3),

_ 1 .

FHu ;=5 Figul + NF? %0, (F1)
1J i 1 1J

Flig, —chsmi My X4, (F2)
Fl]u(/,+Zk5[/uJ_l~X-— (F3)

These equations have, respectively, 1, D—1, (D—1)(D-2)/2
components.

The first relation gives one restriction on u'/; let us set it
aside for now. The component of the second relation
projected along ¢; is

(¢7Fl7)12¢ & (ﬁjXJ‘j. <F4)
Generically (i.e., when ¢;F # 0),% it determines iy

The unknown “velocity” multipliers «*/ can be split into
components along and orthogonal to ¢y,

®In the D = 4 case in the main text, we considered the special

cases ¢ F Lk — 0 and ¢ = 0. We have not pursued these cases
for D > 4, they are left for future work.

iyl =0, (F5)

87y = 0, (F6)

having, respectively, 1 + (D —2) =D —1 and (D-2)+
(D-2)(D-3)/2=(D-1)(D-2)/2 components. Using
this splitting and (F4), the remaining part of (F2) and (F3)
can be, respectively, rearranged into

(a7 Zs Yl = —(rF ) Zgu
~ QP [Flihxl] — Fljxirh}’ (F‘7)
(¢mFlnl)Z ;277 1IRPn [FJ-ﬁiXU — FYJXJ_ﬁz]' (FS)

Generically, (F7) is D — 2 equations, which can be solved
for the D — 2 components of «/. Contracting (F8) with ¢
yields

(Q{)mFLm)(qﬁTZi)ﬁLy ~ ¢m¢7[FUhXij - Fi]XLm]’ (F9)

which (generically) can be solved for the D —2 compo-
nents of i | ;. The remaining components of (F8) orthogonal
to ¢y are (D—1)(D-2)/2—(D-2)=(D-2)(D-3)/2
secondary constraints,

Zrs = S b FH7Xoy = FiyX 7). (F10)
Note the appearance of the projection operator,
pl l'cr
7’15 = ;g%qb ¢k’ (Fl 1)

which projects antisymmetric quantities (multiplied by a
factor of ¢r¢*) onto the subspace orthogonal to ¢;.

The preservation of the secondary constraint (F10)
will, upon introducing the values of the known quantities,
yield a relation linear in the as-yet-undetermined

~UD
uJ_a u s

1 .
= —0uyts = {Hr. jb5) ziu’f{cij,)('ﬁ} + known terms
i I
_ ulj{cu’xlﬁ} +—u”{C;7,)(’;g} + known terms

= ul¢j{CLJ71rs} + (¢k¢k)

+ known terms, (F12)

where r, s, u, v effectively range over the directions
orthogonal to ¢y.
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A similar splitting of (F1) gives
z . 1 -
0~ (¢19") FLJ”J_; _EFUMU +NF?
I Lo 1 S
= (ppd* ) Fu, ;- ZF;;PZ—,’;)&““ +known terms.  (F13)

Rearranging, this gives u; from

- 2.1 R
¢ Fu, = (¢pg*)™! ZFﬁP’L-;’E,ﬁ”” +knownterms.  (F14)
Inserting this into (F14) leads to (D —2)(D—3)/2
linear relations for the remaining (D —2)(D —3)/2
unknowns #*?,
" EP?@ [FJ_/}¢I_{{C7]’Z/?§} - Ffjflﬁl_({cu}v)(/ﬂ}]
= known terms. (F15)

This equation for the remaining undetermined multi-
pliers has the form,

"7 (x) Dy prs(x,x') = Grs(x'). (F16)
When one calculates the Poisson brackets {C;;, x5}, one
will get, in general, both terms proportional to the &
function and to its derivative. In view of the derivatives
of the § function buried in D(x,x’), it is important to be
mindful of the implicit integration over the variable x.
Carrying out the integrations by parts (and then, in the end,
dropping the prime) will lead to a relation of the form,

Als750, 07 + gyl = Gy (F17)
Thus, we get generically a system of first-order linear
differential equations for the multipliers #"?; the solutions
to such a system will thus have a certain degree of
nonlocality, in comparison with the solutions of algebraic
equations. The explicit functional forms for A% ;.. and
ag 375 in (F18) can be straightforwardly obtained from the
explicit form of {C;;, x75}-

Several scenarios are possible. One can determine all the
“missing” multipliers if this linear relation determines the
#i"?. Otherwise, some components of this relation may give
some additional constraints, which should then be pre-
served. The chain of constraints could, in principle, go on
for several steps before terminating. We cannot exclude the
possibility that, in the end, some components of #%” may
remain undetermined, so that the solutions have some
gauge freedom. However, we think that these possibilities
are quite unlikely.

Generically, the constraints 7z, C;;, 775 are 1 +-D(D—1)/
24+(D-2)(D-3)/2=(D—-1)(D-2)+2 second class con-
straints, and the number of d.o.f. in the ¢-Lorentz
sector is

D(D—l)/2+1—%[(D—l)(D—2)+2}:D—1. (F18)
For D =4, this gives 3 d.o.f. beyond the metric. This is
what we found in the main text and exactly agrees with the
claim of [11]. For D > 4 also, the analysis presented here
leads to the same number of constraints as presented in that
work; however, the formulas and the analysis appearing
here are more detailed and simpler.

Although the relations presented here seem much more
tractable than those in [11], explicitly verifying that the y; 5
are truly second class and their preservation leads to all
the missing multipliers is not so easy. So we cannot yet
exclude other possibilities, including the unlikely extreme
case that the y;; are identically preserved. Then, they
would be first class and (D — 2)(D — 3)/2 of the C;; would
also be first class. In this case, the Lorentz sector would
have (D —2)(D —3) first class constraints and 1+ 1+
2(D—2)=2(D —1) second class constraints. There are
other unlikely possibilities. In any case, we can be sure that
there are at least 2(D — 1) second class constraints and not
D(D —1)/2 — 1 first class, unlike the claims of [12].

Furthermore, there are indeed (as we had conjectured
[24]) some possibilities for problematical nonlinear con-
straint effects. Fixing the multipliers in the second class
case requires ¢z F* # 0 and a nondegeneracy of Dy 75
The dynamics is prone to catastrophic behavior if these
quantities degenerate somewhere. However, if ¢ is non-
constant and yet vanishes asymptotically at infinity, it must
have critical points somewhere, so ¢y can be expected to
vanish at some points. Thus, indeed, there is good reason to
be concerned about the effects of the changing of the rank
of the constraint Poisson bracket matrix.

APPENDIX G: CALCULATION OF {C; x'}

We shall focus here on the part {C;;. ¥’} of the complete
expression —0gy. The calculation will be organized in
several simple tasks. Start by rewriting C;; in the form,
C,-j:H,-j—l—ao¢)Bij, Hij:ﬂij_”ﬁ’ BU:aaB?]“ (Gl)

In order to explore the dynamical content of y, it is
suitable to rewrite it in the form,

x = aobd™'wi(wy + 2a0J Ppws),

(G2)

see Sec. VL. The factors f = (b, ¢, J) are singled out since
{Ci;.f} = 0; see (HI). The indices of w, can be recon-

structed by w; — w7 w, — w, 5. and similarly for wj.
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Step 1. We begin by calculating the terms W, :=

{C;;,w},}, using the formulas,

lj’

Wi = {Hj. (™)} prhs)'
+ { My (dsps) Y (et 7Y,
Wo = {Hij. T} @) + { My (27T
+ agp{B;;. (” s ) JYAT
W3 = {Hij, (V) T ma) + {Hijo (T°50) V7).

Explicit results are obtained with the help of Appendix H,

(G3)

Wi = de(8)el™ = 87el )3 dhyips
+ Pi(gps + 95)5 - pret "7 = (i )), (Ga)

Wy =Wy + Wy + Was, (G4b)

{Hlj’ Lmn}(ﬁ(;§>),
<nzT]mn + gjmTJjﬁ - gjnTJ_tm)

— (8,046 = 9;,0,5) (niez/ ez 279) = (i < j).
{Hl]’ (A 7S ) }Tlmn

7’?

= (82" + 8\ )T L = (i < ),
Wi = ao¢{sz’( ) }TJ_mn
= ayp0a[(B)f 9" + g BY S, + g BY8})S|T 5
Wi = W3 + Wa, (Géc)
= {Hi;, V)T )
= (T“ + 5; V)T 6 — niTu?(TE,w)ﬁ
— (9,046 = 9,50,8) (el e T y5) = (i < J),

Wiy = {Hj. (T°55) }(VT)

= [(gjmTﬁiﬁ - gjnTgiﬁl) - ni(5§)ns + 5;,117) pmn]vr5
- (i < ). (G4d)
Step 2. The PB that we are looking for,
{Cijo x'} = ag(bg™" )W (wh + 2a0J ¢'w})
Z,
+ ag(bp™")' W) (W 4 2a¢J'¢'W53),  (G5)
Zy=Zy+Zyp

can be calculated directly from (G4). The term W, is
proportional to the 6 function, whereas W, and W5 contain
both 6 and 05. Terms with 96 can be transformed using the
o-function identity (H1);.

The first term in (G5) is given by

Z]ij = 2ao(b¢_1)¢]-([5;!817<r71¢;¢5 + ¢ng(;¢g)gl_<ﬁzﬁ]

X (T L7 + 2agJ VT 1,7)6 — (i < j). (G6)

The structure of the second term is more complicated,
as it contains both § and 9§ terms. The contributions
to Z,(08) are determined by isolating 05 terms in
W2 and W3,

W1(96) = —[(9,056 — 9,50, 8)(niexles? a79) — (i < j)]
+a0¢[(BQ(lgrs +grk32515; rkBOa5s)a 5}7‘3_’?”_1’

W3(35)=—( Jy ;}5 8//38/ )(eiﬂeryTsrhﬁ +5ierhﬂeﬁyvr)

(i< ). (G7)

Now, one can insert these terms in (G5), substitute the
resulting expression Z,(98;x,x’) into Eq. (6.13) for
the determinant, rearrange the result with the help of the
S-function identity (H1),, and integrate over d*x (applying
the partial integration where needed). Then, replacing x’ by
x, one obtains the first term in the differential equa-
tion (6.17). The second term in (6.17) is produced by
the 6 function contributions from both Z; and Z,.

APPENDIX H: TECHNICAL APPENDIX

The formulas presented in this appendix greatly facilitate
the work in the ADM basis; see [21]. For any variable U,

we use the notation U’ := U(x').
fg06=—-f0(g0).
=0, Ne =1, &,=9,
e,;“&kﬁ =87, ep®9, =08k —n,n*=:5k,

{ﬂ'ia,N/} :Nan,ﬁ,
{ﬂia,lg/} = _1961_6!5’

{m %, J'} =—=Je;*s,
{Hijﬂ9'} - {HijJ/} =0,

{Hij, U;—{} = (gij,» —gikUj)(S for U,‘{ = (nk,lgkﬂ,el_cﬂ,¢]_{),
{H,-j,(5’;‘)’}:—(5§nr+gjrnk)n,»5—(i<—>j). (H1)
{Hij’ﬁ-;nr‘l} = (gjm;tiﬁ - ginffmj)5 = (i < J),

{Hijvﬁ;hﬁ} = (gijm - ginﬁ:ﬁﬁ) (i <)),
(B 7l } =26} 9" 5 = (B¥e,! + BY¥e ) + BYel)s,

{Bij. 15} = Ol (BY gin + BY9jn + BO"gm)é] (H2)
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{Hijv Thimnt = [<9jmTkm - g/nTkm)5 - gik('gjya/ﬁ5 - '9jﬂa;5)(emﬂeﬁy)/] (i< J),

{Hij’ T/J_rhﬁ} = {Hijv ”kaﬁm}
= (8%n; = 65n;) Tiad + () {H,j. Thmi }

kmn

= [T 76+ (GjmT 137 = GjnT 1) 8 = (85,046 — 9,50,68) (e ex? )] = (i <> ),

{Hij. Thmay = {Hijs T}na6t}

kimn

= [(gjmTﬁr'z - gjnTmh)5 - 91';(&‘%%5 - 19jﬂ8;5)(eﬁ1ﬂeﬁy>/] - ni(éf'”r + gjr”k)Tkrhﬁ5 = (i< ),

{Hija V%} = {sz’ T/'cm}gkm

= (Tﬁfz +gjn‘77 - niTJ_jﬁ)(s_ (19;'7(%5_ ‘9jﬁa;/6)(€fﬂeﬁy)/ = (i< )

(H3)

Additional formulas are used in Appendix G to calculate W, and W,.

grzﬁylgkalgmﬂ&ny — Jg_ m fl’

{Hij (6F77)} = 85 (e ™) + &7 (") + 82(e5™)]5 — (i <> j).
{Hijs (936" ™7)'} = [0 (eF™) + 87 (e7F)16 = (i < ),

{Hij. (Dsp5)'} = Pi(gj0h5 + g;50b7) 6 = (i < ).

(H4)
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