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We study the generalized version of energy-momentum squared gravity (EMSG) in the Palatini
formalism. This theory allows the existence of a scalar constructed with energy-momentum tensor as
T(,,;T"/’ in the generic action of the theory. We study the most general form of this theory in the Palatini
framework and present the underlying field equations. The equations of motion of a massive test particle
have been derived. The weak field limit of the theory is explored and the generalized version of the Poisson
equation is obtained. Moreover, we explore the cosmological behavior of the theory with emphasis on
bouncing solutions. Some new bouncing solutions for the specific Palatini EMSG model given by the
Lagrangian density £ = R + R* + 5T, T* are introduced. We show that only the case # > 0 can lead to

viable cosmic bounce.
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I. INTRODUCTION

Recently the energy-momentum squared gravity
(EMSG)' has been introduced to resolve the big bang
singularity [1,2]. This theory allows the existence of a
special scalar constructed using the energy-momentum
tensor as TaﬂT“ﬁ . This is different from theories exploiting
the trace of T, for example, see [3]. The main idea behind
EMSG was to avoid the existence of the big bang
singularity. It is shown in [I] that a simple model of
EMSG in the metric formulation leads to a viable cosmic
behavior possessing a true sequence of the cosmic epochs.
On the other hand, the only difference with the standard
picture is that there is no early universe singularity. In other
words, EMSG predicts a minimum length and a maximum
but finite energy density in the early universe. Currently,
interest in this theory is not limited to removing the big
bang singularity. Depending on the EMSG model consid-
ered, it may suggest interesting modifications/corrections
to the whole cosmic history and not only to the early
universe. Although this model does not avoid black hole
singularities, it predicts larger masses for neutron stars with
the ordinary equation of states [4,5]. For a recent work on
quark compact stars in EMSG we refer the reader to [6].

Recently, several aspects of EMSG have been inves-
tigated. In [7], different models of EMSG have been studied
using the dynamical system approach. Consequently, by
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'EMSG is used only for the special case with Lagrangian
density £ = R + 5T, T". However, for convenience throughout
this paper, we use this name also for the generalized version of the
theory, i.e., £ = f(R, T”,,T’“’).
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analyzing the relevant fixed points, interesting cosmologi-
cal behavior has been reported. For other investigations on
the cosmology of EMSG, we refer the reader to [§—13]. In
[14], the Jeans analysis has been explored in EMSG and a
new Jeans mass has been introduced. Furthermore, by
finding a generalized version of Toomre’s parameter in the
context of EMSG, the local stability of hypermassive
neutron stars has been studied and some constraints on
the free parameters of the theory have been reported.
Recently it has been shown in [11] that the bounce reported
in [1] cannot describe the real Universe in the sense that it
cannot regularly connect the early universe bounce to a
viable de Sitter late time universe. More specifically EMSG
has a viable bounce only in the matter dominated cosmo-
logical toy model [11]. To achieve a viable bounce, the
specific term (T, T#)>/® has been included in the action
instead of the quadratic scalar 7, 7**. However, it is
straightforward to show that the existence of a vacuum
energy density in EMSG, can resolve the mentioned
problem without any changes to the action of the theory.2
It is necessary to mention that EMSG discriminates
between geometrical cosmological constant appearing in
the action and the vacuum energy density treated as a
perfect fluid. Albeit, in this case although there is a regular
bounce connecting the early universe bounce to the late
time de Sitter phase, the viability of the cosmological
model needs more careful investigations.

So far, all the research on EMSG has been carried in the
metric formulation. On the other hand, like any other
modified theory of gravity, the Palatini framework, in
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principle, leads to a different theory with different pre-
dictions. Therefore, our main purpose in this paper is to
explore EMSG in the Palatini formulation. In this formu-
lation, the connection Iy, and the metric tensor g,, are
considered as different and independent fields. As we
know, Palatini formulation of general relativity (GR)
coincides with the metric one [15-17]. However, this is
not the case necessarily for other gravitational theories, for
example in the case of f(R) gravity see [18].

We explore the weak field limit by finding the gener-
alized form of the Poisson equation. Furthermore, we show
that Palatini EMSG is also capable to introduce cosmo-
logical bouncing solutions. All the necessary conditions for
having a bounce are found.

The content of the paper is organized as follows. We
begin in Sec. II by obtaining the modified version of the
Einstein field equations in the Palatini formalism of EMSG.
Then, by using these field equations, we find the con-
servation and geodesic equations in this framework. In
Sec. III, we investigate the weak-field limit of this model.
Also, in Sec. IV, by choosing a toy model given by the
Lagrangian density £ = R + pR*> + nT,, ", we study the
existence of a cosmic bounce in the very early universe.
Finally, in Sec. V, our results are discussed.

Throughout this paper, the Greek indices vary from 0 to
3. Also, the Latin indices vary from 1 to 3. Here, we assume
that the metric signature is (—,+,+,+) and we use
physical units in which the velocity of light is ¢ = 1.

II. FIELD EQUATIONS IN PALATINI EMSG

We launch our calculation of the field equations in the
torsionless Palatini formulation of EMSG by introducing
the following action that is a function of a metric as well as
an independent connection.

S=5x [ RO+ [ dryTlalguw). (1)

where k¥ = 872G and we work using the units in which the
velocity of light is ¢ = 1. Here, g is the determinant of the
spacetime metric tensor g,,, and y is the representative of
the matter fields. In the EMSG, we assume that f is an
arbitrary function of Q =T7,, 7" and the Ricci scalar
R = ¢"R,,. It should be mentioned that in the Palatini
formalism where the spacetime metric and affine connec-
tion F,’l,, are considered as independent fields, the Riemann
and Ricci tensors are constructed from the affine connec-
tion I'},. So, we have R, (I') = R%,,,(I') in which g, is
not utilized to raise or lower indices. Here, as usual, we
assume that the matter Lagrangian density £,, is only a
function of y and the metric components and it does not
depend on the metric derivations. Although the matter field
is in principle coupled to the metric, we assume that there is

no coupling between the matter fields y and the connec-
tion I,

By considering the above assumptions and varying the
action (1) with respect to the metric and affine connection,
after some simplification, we arrive at

1
5S:§/d4x\/—ngg””6RW(F)

1 1
+Zc/d4x\/—g(fRR,w +fQ®;4p_§fg;w_KTuv> 5.9””’
(2)

where fr = 0f/OR and f, = 0f/0Q. Here, T,,, and ©,,
are defined by

o2 T 50

My \/_—g 59/”./ ’ by — 5g;w .

The modified version of the field equations is then

derived from the condition that S = 0. Therefore, the first

integral in Eq. (2) representing the variation of action with

respect to the affine connection can be reduced to the
following equation

(3)

Vi(v=afrg") = 0. (4)

after using the identity 6R,, = V,(6I7s) — V,(I7,) and
applying the divergence theorem. Here, VY stands for the
covariant derivative which is associated with the indepen-
dent symmetric connection Fﬁ,,. We recall that there is no
torsion postulated in this theory. The general version of
Eq. (4) containing both symmetric and antisymmetric parts
of Fﬁb is derived in [19]. The second sector of Eq. (2)
denoting the variation of action with respect to the metric
can be written as

1
fRRm/ - Efg;w = KT,MD’ (5)

in which 7, is an effective energy-momentum tensor
defined as

=T

7 u

uv v % ®/u/' (6)
Equation (5) is the modified version of the Einstein field
equations in the Palatini formulation of EMSG.

Now, by utilizing the similar method introduced in [20],
we attempt to simplify Egs. (4) and (5). To do so, we first
contract Eq. (5) with the metric tensor ¢** and obtain the
following trace equation

Rfgr —2f = k1, (7)
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in which 7 = ¢"z,,. We can then introduce the conformal
relatlon between the physical metric g,, and auxiliary
metric® h,y, as h,, = frg,, for which one can show that

Aa
i, ="
v

(('9 hay 4 Oyhgy — Oghy,). (8)
For more detail, see [20] and references therein. The above
relation implies that the affine connection I}, coincides
with the Christoffel symbols of the auxiliary metric £,
Next, by applying the definition of £, and after some
manipulation, we can rewrite the connection equations (4)
and field equations (5) as

V,(V=hh) =0, )

and

RE(h) = ( +fy) (10)
fx
respectively. Here, R, (h) = W*R,,.

Although the appearance of the latter equation is similar
to the corresponding relation in the metric-affine f(R,T)
theories [20], where T is the trace of the energy-momentum
tensor, it should be recalled since the role of Q is encoded
in 7,, and f, the equation of motion is different.
Equation (10) is our final field equation for Palatini
EMSG and in the following sections we will explore its
consequences in different contexts. To do so, we use the
perfect fluid as the matter source. In this case, the energy-
momentum tensor is given by

Ty = (p+ p)u,u, + pgy,. (11)

where u is the velocity four vector for which u,u* = —1.
Here, p and p are the energy density and pressure of the
fluid, respectively. It is necessary to mention that except the
fifth force and weak field limit of the geodesic equation
where we study two different matter Lagrangian densities,
ie, L£,=p and L, =—p, we assume everywhere
throughout this paper that £ = p. In this case, for the
perfect fluid, it is straightforward to verify that

®,Lu/ = _(,02 + 4,0p + 3p2)uu”w (12)

3Although we call h,, as auxiliary metric throughout this
manuscript, it should be noted that, as seen from Eq. (48), the
perturbations of the physical metric g,, couple to those of #,,.
Therefore, studying the gravitational wave and investigating its
propagation in the linearized theory of Palatini EMSG would
reveal whether the auxiliary metric 4, can be “physical” or not.
For instance, in [21], the gravitational waves in the Palatini-type
gravity theories are studied and from this point of view, the
physical aspect of the metric 4, is investigated.

Substituting these relation into (6), we simplify Eq. (10) as
follows

R, () =f—2 (p+ p)uu, + (p+i)5’5
R

2K
+%(p2+4pp+3p2)u”up}. (13)

As a final task in this part, let us find the modified
version of the Einstein curvature tensor in the Palatini
EMSG. To do so, by utilizing Eq. (10), we obtain the Ricci
scalar. Then by considering the definition of the Einstein
tensor and some algebra, we have

G (h) =~ {Tﬂy—é—f<r+£)]. (14)

By specifying the function f(R,Q) and the energy-
momentum tensor of the matter fields, in principle, one
may use these field equations for obtaining the auxiliary
metric h,,. Consequently, regarding the conformal relation
between h,, and g,, the physical spacetime metric in the
Palatini EMSG can be found. The field equations (9) and
(14) are the cornerstone of future calculations in the metric-
affine f(R, Q) theories.

It is necessary to mention that there is no a priori way to
find the generic function f(R, Q). Normally these kinds of
functions in modified gravity theories, are postulated in
such a way that the theory reveals a new feature in
comparison with GR while leaving the classical tests of
the gravity unchanged. This new feature would be used to
alleviate GR’s problems. Some times forcing the theory to
comply with some symmetry issues is helpful to fix the
functionality of the generic function. For example see [22]
in which by requiring the Noether symmetry in Palatini
f(R) gravity, it is possible to fix the function f(R).

A. Conservation equations of 7,

As we know, the energy and momentum are conserved
when the covariant derivative of the energy-momentum
tensor of the matter vanishes. It should be noted that the
covariant derivative should be written in terms of the
physical metric g,,. Therefore, in order to find the con-
servation equations in this theory, we first take the covariant

derivative V,(,h) of Eq. (14) where V,(,h) is based on the
auxiliary metric h,,. Then by considering the Bianchi
identity and obtaining the relation between V(h> and

V,(, >, we find the conservation equations 1n th1s theory.
Applying the Bianchi identities, i.e., V UeZ ,(h) =0,
reveals that the right-hand side of Eq. (14) can be written as
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f
V Jon, —3(2 2K)
f

—ZB”IHfR[T”D—%<T+;>:| =0. (15)

To simplify this relation, as mentioned before, one should

rewrite V,(lh) with respect to V,(f’). To do so, let us find the
relation between the Christoffel symbols of the auxiliary
metric, F,w, and those of the physical metric, ff,y. One can
easily show that

r, =1%+C, (16)

after inserting the conformal relation between 4%, and g,
within Eq. (8). Here, C%, is given by

Ci, = fRR (518 R+ 8,0,R — g, 0,R).  (17)

Now, we can use the above relations to transform the
covariant derivative based on the auxiliary metric to the
standard form. So, we have

v, (18)
By considering the definition (17) and substituting

Egs. (18) and (7) into Eq. (15), after some manipulation
and simplification, we finally arrive at

= Vflg%’”y + Cﬁﬂlb -C,r

VW, = an ,0. (19)

The above relation represents the conservation equation in
the Palatini formulation of EMSG. We see that T, is not
conserved in Palatini EMSG. This is also the case in the
metric formulation of EMSG [1]. On the other hand, the
effective energy-momentum tensor can be conserved pro-
vided that 9,0 = 0. This is not a physically interesting
condition. Therefore, we conclude that neither T, nor 7,
are conserved in Palatini EMSG." By setting f 0=0, the
standard energy-momentum tensor conservation is
recovered.

This nonconservation has immediate consequences that
could rule out the theory. Therefore, this kind of corrections
to the gravitational law should be carefully treated. In the
next subsection, we explore this issue with more details.

B. Fifth force

In this subsection, we obtain the geodesic equation in
Palatini EMSG. In fact, we investigate the world line of a

*Albeit, in the following, we show that for the null dust fluid,

T,, is conserved in Palatini EMSG.

test particle and show that the path deviates from the
standard geodesic curves of the spacetime. To be specific,
we show that the right-hand side of the geodesic equation is
nonzero and behaves like an extra force, namely the
fifth force.

To find this extra fore, we apply the method presented in
[20]. We first insert the definition of 7, and ©,, within
Eq. (6). After contracting the result with the metric tensor
¢ and some simplification, we have

, =T, — % 2THT ,, — 2L2,5)
, 0L, o*L,
+2(T+2L,)d" — 4T gt } . 20
(T +2L0)g" 52 Sl )

Then by utilizing the above relation, one can rewrite the
conservation equation (19) as follows:

vTH, = —%GVQ+V,(,9) [f?Q (2T’“’TW ~2L28

oL oL 0L
AL, g Smm o g Com _gpap g ©Zm ) |
FAend g T g agﬂ”@g&ﬂ)]

(21)
In order to simplify the above relation, we should next

obtain each term on the left-hand side of this equation. By
considering the fact that

1
6.0 = ip(uuuv + g/w)ég/wv (22)

which is comprehensively derived in Eq. (32) of [20], we

find the gé"; and azb 3 g(,/, terms as
oL 1 d
7 m__ m u"
PoE = ), (23)

and

0*L

A m

g dg* g’

1 ac, — d*L,

= P+ )+ 01) [ p (2

respectively. On the other hand, 7', can be written as [1]

T, =-pu,

22

dE dc

—p—m 2
“d +g,w<£ pdp>, (25)
and then Q as

dc,,

drc
= —6pL,, — 2+ 3p?
0 pmdp+p(dp

2
) +4L£2,. (26)
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Using these relations, we simplify the other terms in

Eq (21)’ Le., TaﬂTbaa 81/Qa5 and Taﬂ(uau/i+gaﬁ), as
follows:
dcL,,\? dr
Ta”Tl/a = 5/;‘6%1 |:,02 (_m) - Zp’cm _m:| (M”My + 5!41/)1
dp P
(27)
e dc,, d*L d*L
0,0 = (2L, " +6p> —"——6p——" L, | O,p.
0 < m dp + Op dp de P dp2 n> P
(28)
dl
T (uqtty + gap) =3 <£m - pd—p’”>. (29)

Therefore, considering the mathematical definition of

VA

d?x+ dx* dx*

W = — 30
. " ds? T ds ds (30)
one can rewrite Eq. (21) as
xt . dxtdxt
i, = = F*H, 31
ds? T ds ds (31)

after some manipulation and simplification. Here, the fifth
force F* is of the form

fo dL,,
uo_— _ vy
pr=to X[4 = (cm )]gﬂ Mo p

— (¢ + wu)VE (In X), (32)
in which
fo dc,, dc,
X =22 |20, a0 "t dp v
&L, dr,, dc,,
G (ﬁm“’d—p)} T P

Eq. (31) represents the trajectory of a test particle in this
theory. In GR, for a freely falling particle, the right-hand
side is zero, i.e., F¥ = 0. However, in Palatini EMSG, we
see that F* is nonzero and appear as a force, namely the
fifth force. The particle equation of motion Eq. (31) is
written in terms of connections of the metric g,, and not the
“independent” connections I}, . It is necessary to recall that
We assumed that the matter Lagrangian does not depend on

I',. This directly means that the Levi-Civita connection of

*Note, for deriving the 9,0 term, we use 9,0 = %/Q)a

the metric is used to define the parallel transport, and
accordingly it should also appear in the geodesic equation.

In order to compare our result with the corresponding
one in the metric-affine f(R,T) theories, see Eq. (38) in
[20], let us study the simplest case, i.e., the dust fluid, in
which p =0 and L, = —p. For this case, Eq. (32)
reduces to

Fhu = =(¢ + u'u)0, In (%ﬂ-l) (34)

It is seen that the extra force depends on f, while the
corresponding force in the f(R, T') theories is a function of
fr. Therefore, it seems that any kind of dependency of
function f on the energy-momentum content of the fluid (at
least the linear and squared ones examined in [20] and the
current work, respectively) can induce an extra force. It is
interesting to mention that the fifth force (34) in
perpendicular to u,, namely F,u* = 0. This means that
the fifth force does not have any component tangent to the
four velocity vector. Of course, the spacial part of the force
F, in principle, has component tangent to the spacial
velocity v.

As expected, when f 0= 0, i.e., when f is only a
function of the Ricci scalar, our results reduce to those
of the f(R) gravitational models in the Palatini formalism.
It is worth mentioning that by adopting the standard
Lagrangian density £,, = p, one can easily show that this
fifth force is zero for the dust fluid. This difference between
the fifth forces for the dust fluid in two cases £,, = p and
L,, = —p reveals that these two Lagrangian densities, like
the similar case in the f(R) gravity, are not equivalent, for a
more detailed discussion on this issue see [23] and
references therein.

It is worth mentioning that the existence of the fifth force
can be considered as a direct consequence of the energy-
momentum nonconservation. As we already mentioned,
this causes consequences that might rule out the theory. We
see that the fifth force F* depends on the internal properties
of the moving object. This directly violates Einstein’s
equivalence principle (EEP). On the other hand, EEP is
well constrained in the solar system local tests [24].
Therefore, the correction terms in EMSG should be small
enough to pass the tests. We recall that the main motivation
behind EMSG is to resolve the big bang singularity [1]. Of
course, there is no constraint or observational evidence on
EEP at the early universe where EMSG’s effects are not
negligible. From this perspective, EMSG would remain
viable at the cosmological scale. In the next section, we
explore the weak field limit of Palatini EMSG to ensure the
viability of the model.

As a final remark in this subsection, let us obtain the null
geodesic equation in Palatini EMSG. To do so, we can use
the conservation equation of a null dust fluid [25]. In this
case, the energy-momentum tensor is given by
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T, = pu,it,. (35)

Regarding the null condition u,u” = 0, it is easy to show
that for the null dust fluid, Q vanishes. Here, u, is the four-
velocity of the null fluid element. Therefore, for this fluid,
considering Eqs. (23)—(24) and using this fact that Q = 0,
one can simplify Eq. (21) as

v Te, =0. (36)

This relation obviously illustrates that for the massless dust
fluid, 7', is conserved in Palatini EMSG. Now, by utilizing
Eq. (35), we can obtain the left-hand side of the above
relation. So, after some manipulation, we arrive at

1
MﬂVLg) uy = — <v/(4g) Mﬂ + - uﬂapp) ul/’ (37)
P

as the definition of the null geodesic curve. So, as expected
from Eq. (36), unlike the previous case, the null geodesic
equation does not change in Palatini EMSG.

Before closing this section let us mention that deriving
the modified version of the geodesic deviation equation and
the Raychaudhuris equation in the context of EMSG would
be interesting. These equations will provide a more
complete picture on the particle motion in EMSG. For
similar works in the context of other modified gravity
theories we refer the reader to [26-29]. This issue is
comprehensive enough to be considered as the subject
for future studies on EMSG.

III. WEAK-FIELD LIMIT IN PALATINI EMSG

By weak field limit we mean that the characteristic
velocity of the underlying system is small compared to the
speed of light, and gravity is weak everywhere. In this
situation one can ignore the relativistic effects. It is
convenient to assume that the background metric is
described by the Minkowski spacetime. One can easily
verify that the Minkowski metric is a trivial solution for
EMSG’s field equations in the vacuum. Now, a self-
gravitating system can be considered as a perturbation to
the background. So, we consider that the perturbed physical
and auxiliary metrics are expressed by

G R My + by (38)
and

h/u/ ~ 77/41/ + ?ﬂl/’ (39)
respectively. Here, #,, and 7,, are the first order perturba-

tions, ie., |t,| <1 and [7,| < 1. By considering the
standard form of the perturbed metric in the Newtonian
limit as

By =—(1+2¢)dr* + (1 + 2@)(dx* + dy* + dz?)  (40)
in which ¢ and W are two scaler fields, one can
conclude that 7o, = —2¢ and 7, ;= 2pd;;. Here, 6;; is the
Kronecker delta.

Hereafter, we consider that every quantity M©) is
perturbed as M = M® + M in which the “(0)” index
denotes the nonperturbed background quantities and
OM is a very small quantity and represents the first order
perturbation so that |sM/M©)| <« 1. Note that in the
perturbation theory, we have oM*, ~n"*6M,,. As we
know, there is no mass/energy distribution in the
Minkowskian background, So the perturbed material quan-
tities reduce to Q =60, T, = 6T, and ©,, = 560,,. For
convenience, let us gather the perturbed gravitational
quantities to the required order in the following

R=RO +6R+ .-, (41a)
R, =R L 5RM, 4 - - - (41b)
Fr=1% + FRoR+ figpdQ+--,  (41c)
Fo=18 +[508Q+ [gdR+ . (41d)
=504+ rOsR +f(QO)6Q o (41e)

It should be recalled that R and R*,(©) are zero in the
background.
As a first step toward obtaining the perturbed

field equations, we derive OR by perturbing the trace
equation (5) as

k6T + [y (250 — 50)
fx

, (42)

after using Eqgs. (41a)-(41le). We now substitute the
perturbed quantities Q, T,,, ©,,, and (4la)—(4le) into
the time-time component of Ricci tensor (10). After
utilizing Eq. (42) and keeping the first-order terms, we

arrive at

f
0__ 0_7 Y
OR) = () oT 25T+2

Ir

(60 -250)-50)|. (43)
We will see that for our purpose, computing this component
is sufficient and we do not need to obtain the rest
components of SRY.

For finding the right-hand side of the above relation, let
us briefly introduce the perturbed matter quantities. Taking
the energy-momentum tensor of the perfect fluid (11), one
can show that
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STy=—-p, oT=-p, 8Q=560=50)=p> (44)
Therefore, by using these quantities, we can rewrite the
right-hand side of Eq. (43) in terms of pressure and energy
density. It is worth mentioning that in the weak-field
regime, one can neglect the contribution of pressure
compared with the energy density. In fact, in this limit,
we have |T]k| < |T()]| < |T00|.

Here, in order to construct the left-hand side of Eq. (43)
from the auxiliary perturbation metric 7,,, we first perturb
Eq. (8) by using h,, ~n,, +1,, and find the first-order
Christoffel symbols. Then by inserting &I, within the
definition of the Ricci tensor, after some simplification, we
find the following first order equation

OR,, = —%(Diﬂy — 0,0,1 — 0,0,1 + 0,0,7),  (45)

where [J = 9”0, is the wave operator in the Minkowskian
spacetime and 7 is the determinant of the auxiliary
perturbation metric 7,,. By choosing the standard gauge
9,(#4 —L15%4) = 0, one can show that the sum of the last
three terms in Eq. (45) becomes zero and this relation
reduces to the following form

1

SRY(h) = —%D?j ~ Ly (46)

[\

Notice that since the time derivative is smaller than the
spatial derivative in the weak-field regime [30], we can
replace the d’Alembertian operator [] with the Laplacian
operator V2. Now, by substituting the time-time component
of Eq. (46) into Eq. (43) and also applying Eq. (44), we
finally obtain

27 k(1 f (QO) 2
R

This equation cannot describe the nature of the modified
f(R, Q) gravity in the weak-field limit. In fact, the scaler
field ¢ is the auxiliary Newtonian potential based on hy,
which is not the actual spacetime. Therefore, to find the true
description of the gravity in Palatini EMSG, we should find
the relationship between ¢ and the physical Newtonian
potential ¢ related to g,,. To do so, let us return to the
conformal relation between h,, and g, once again. By
perturbing this relation and also using Eqgs. (38) and (39),
we find

| B
t/w = W (t/,w - ”ﬂl/éfR)’ (48)

R

for the first-order equation. Furthermore, from the
Newtonian order of the conformal relation, one can easily

conclude that fg)) = 1. Although, here, we assume that 5f
does not vanish and it is given by 6fp = fgeolgéR [20]. Using
this fact that 13 = 2¢ and inserting Eq. (42) within Eq. (48)
led to the following relation

o k(S0
¢—¢—T<P—TPZ>- (49)

Finally, by regarding the above equation, we show that
Eq. (47) reduces to

(0) ) ,£(0)
V2 = K@ +fip2) + ke (fip - 1>V2p. (50)
K 2 K

In fact, this equation represents the modified version of the
Poisson equation in the weak-field limit of the Palatini
EMSG. Note that in this modified Poisson equation, the
first term in the right-hand side, i.e., kp/2 denotes the
standard Poisson equation in the Newtonian gravity and
the rest terms are new correction terms induced by Palatini
EMSG. It is seen that these correction terms containing the
derivations of f with respect to R and Q, may cause
significant deviation from the Newtonian gravity in the
environments where those are not negligible. It is con-

structive to mention when f (QO) — 0, the above relation
reduces to the corresponding Poisson equation in the
Palatini f(R) gravity, e.g., see [31] and references therein.

Equation (50) can be compared with Eq. (32) in [14]. In
this paper the weak field limit of EMSG in the metric
formulation has been investigated. It is interesting that
metric and Palatini versions lead to different weak field
limits. In the Palatini version we have second derivatives of
the matter density in the right-hand side of the modified
Poisson equation. While, in the metric formulation, there is
a nonlocal integral term over the whole space. It is also
interesting to mention that the existence of the Laplacian of
the matter density in the Poisson equation is reminiscent of
the weak field limit of EiBI gravity [32]. This correction
term may cause drastic consequences in the properties of
compact objects and the gravitational collapse. In the case
of Palatini f(R) gravity, i.e., f (QO> — 0, it has been recently
argued in [33] that proper junction conditions formalism is
needed to be adapted in order to have well-defined compact
objects. We refer the reader to [34] where several aspects of
the existence of V?p in the Poisson equation have been
investigated.

For a given matter distribution p(x), one may solve
Eq. (50) to find the corresponding potential. Then the
trajectory of the particles can be found using the geodesic
equation written in the weak field limit, namely the
modified version of the Newtonian equation of motion
for a test particle in the gravitational field.
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From this point of view, it would be desirable to find the
weak field limit of the geodesic equation (31). As men-
tioned before, in the weak field limit, we assume that the
particle moves slowly. This is equivalent to considering that
4| < ‘%| in this case. By utilizing this fact, Eq. (31)
reduces to

Axt . (dxO\2
WJF%(@) — (51)

We recall that s is an arbitrary affine parameter and x*(s)
represents the particle worldline in the curved spacetime.

In the first order perturbation, one can find that f’géo) =0

and [%, = 0% = — 10, ty). Here, we assume that the
metric is stationary. We should also mention that in the
Minkowskian background, F*®) =0 and consequently,
F# ~ 6F*. Therefore, by considering these assumptions
and 7o) = —2¢, we have

d?xH

ds?

0\ 2
+ 0, (dx ) — 5F*. (52)

ds

We now turn to obtain 6F*. To do so, let us first apply the
standard Lagrangian density £,, = p. Here, we also use the
barotropic equation of state for the matter, i.e., p = wp. For
this case, we arrive at

dx* dx*
Fr=—| ¢ +— In X, 53
(7 + 4% )o,m (53)
as the fifth force in which
w2
X:7fQ,0+w. (54)

Since there is no mass/energy distribution in the
Minkowskian background, the zero and first orders of

Eq. (54) are given by X©) = 0 and X = w2/kfSp + w,
respectively. Therefore, one can obtain that

dx* dx 2
SFH — _<nﬂv L dtdx >8yln<tf<QO>p+w>, (55)

ds ds

We notice again that in the weak-field regime, one can
neglect the contribution of pressure compared with the
energy density. In fact, in this limit, we consider that
w = cte which is very small, i.e., w < 1. By keeping this
fact in mind, we find that 6F* = 0. Therefore, for this
Lagrangian density, the time and space components of
Eq. (52) reduce to

d*t d%x! dr\?
W = O, W = —8,{]5 <%> s (56)

respectively. Here, ¢ is defined by x° = . The first relation
in the above equations revels that dt/ds = cte. So, the
second relation can be written in the following vectorial
form

d’x

2=V, (57)

As can be seen, although, the mathematical form of the
above relation is quite similar to the Newtonian equation of
motion for a particle in the weak field limit of GR,
regarding Eq. (50), a particle can move in a completely
different path in the weak-field regime of the Palatini
EMSG. We mention that in this case, the fifth force has no
role in the worldline of the particle. However, EMSG’s
corrections appear in the gravitational sector.

For the sake of completeness, it is also instructive to
investigate the weak field limit of the geodesic equation (52)
in the case of £ = —p. By considering Eq. (34), one can
find that

()
dx* dx¥ f
SFF =—|np+——"—10,1 Q0 . 58
dust (77 + ds dS) y 1N < K p) ( )

By inserting the above relation within Eq. (52) and using

of (QO> =f <Q0)Q 0,00, after some manipulations, we arrive at

&

e 0, (59)

and

2= > (0) +2p2 (0)
Z )zc v <dt) 3 (fo 0 fo0) E’ (60)
s

B ds (©)
s fo p
for the time and space components of Eq. (52), respectively.

Then by using Eq. (59) and keeping in mind that
ds? ~ ggodt?, we arrive at

0 0
(/9 +20*/0) Vi
Tt p

d’x

proie -V¢ + , (61)

which is the modified version of the equation of motion
describing the path of a particle. In this case, in contrast to
the previous one, i.e., when £,, = p, the fifth force plays a
significant role in determining the worldline of the particle.
It is obvious if either 5 +2p2f) =0 or Vp=0 is
established, Eq. (61) reduces to Eq. (57). Therefore, only
under these specific conditions, a particle can fall freely on
the same path in both Lagrangian densities £, = p
and L,, = —p.

It is also important to mention that outside the matter
distribution where p = 0, the geodesic equation coincides
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with the standard case. In other words, there is no fifth force
experiencing by the test particle moving within the vacuum.
More interestingly, this theory does not induce any modi-
fication to vacuum metric solutions in Palatini f(R) gravity.
One should note that vacuum solutions in the Palatini
and metric formulations of f(R) gravity are effectively
equivalent to “vacuum” solutions in GR + A. Therefore,
one may conclude that vacuum solutions in Palatini/metric
EMSG are equivalent to those of in GR + A, like de Sitter/
anti—de Sitter Schwaraschid and Kerr-de Sitter metrics. For
example, the linear model investigated in [1] does not
change GR’s vacuum solutions like Schwarzschild and
Kerr metrics.

As the last point in this section, it should be noted that we
expect the corrections in the modified Poisson equation of
EMSG are negligible even in the galactic scales. In other
words, there are modified gravity theories that are identical
to GR at solar system experiments while showing signifi-
cant deviations from GR at galactic scales. The deviations
are helpful in the sense that they can alleviate the missing
mass problem in the galaxies, for example see [35] and
[36]. However, EMSG is by no means relevant to the dark
matter problem. This theory’s effects appear only at the
strong field limit. In the next section, we explore the
cosmological behavior of the theory.

IV. COSMIC BOUNCE IN PALATINI EMSG

As we mentioned before, EMSG deviates from GR at
high curvature. Therefore, we expect different behavior for
this theory in the very early universe. In the case of the
metric EMSG, it has been shown that the universe does not
necessarily start from a singularity and it can instead cross a
bounce at which the maximum energy density of the
cosmic fluid has a finite value [1].

We know that the cosmic bounce can exist in the Palatini
formalism of modified theories of gravity, e.g., for f(R)

|

theories see [37] and references therein. Therefore, as the
first cosmological consequence of Palatini EMSG, we are
interested to identify the characterization of a bounce in the
early time cosmology.

For our purposes, it is convenient to rewrite the Einstein
tensor in terms of the physical metric g,,. To do so, as
mentioned before, we utilize the conformal transformation
h,, = frGu- After some manipulation and simplification,
we express Eq. (5) in the form

1
G/u/(g) = Gm/(h) + E (vﬂvufR - g;u/DfR)

- % <aﬂfRal/fR - %gﬂvaifRaﬂfR> ’ (62)
in which G,,(g) is the Einstein tensor obtained from the
physical metric. It should be mentioned that, here, the
covariant derivatives are written in terms of g,,. We assume
that the distribution of matter and energy in the universe can
be described with the perfect fluid and consequently, the
metric of the space-time is given by the Friedmann-
Robertson-Walker (FRW) metric

ds* = —dt* + a(1)? <1 —a

+ r2d£22>, (63)

where a(?) is the cosmological scale factor and k = 0, 1
represents the spatial curvature. We assume that the
equation of state of the cosmic fluid is p = wp. Then
one can readily verify that Q = (3w? + 1)p?. By consid-
ering the above assumptions, and inserting Eq. (62) into
Eq. (14), we finally derive time-time and space-space
components of Eq. (14) as

11,

H2 _ 2(2p(apr -+ K') -+ Hl _ 2k

2
3fr ?> (ZFIHZ = 3w+ 1)plafre(Bw + 1)pfo + K)> 7

4k

. 3 2
4H <2 — m (W + 1)pF2F3fRR) + ? - (Hl - 2K'Wp)

Ir

1
+ 3H? <4 + O {3 (w+ 1)*p T\ D303 fr(4f % f rrr — 3f rS kg + 3RS 2r) +4(w + 1)P¢F3H%fRR} ) =0, (65)

1772

receptively. Here, a = (w+ 1)(3w+ 1) and H = % where the dot sign stands for a derivative with respect to time. For
simplifying these relations, we also introduce the following functions

[y =k+ (a+4w)pfo +2a(3w? + 1)p3f 0. (66)
I3 =x+ (Bw+ Dpfo. (67)
[ = k(1 =3w) +2(a—6w? = 2)pfpo +2a(3w? + 1)p° f oo, (68)

064016-9



NAZARI, SARVI, and ROSHAN

PHYS. REV. D 102, 064016 (2020)

Ty =3(a—6w> —2)f5 + (3w? + 1)(9a — 24w? — 8)p> o f 0o + 2a(3w* + 1)2p*(f40 + fof 000)-
[s = (2a=2Iw?* =3)fo + Bw? + 1)p*(3(2a = Tw? = 1) fpp + 2a(3w?* + 1)p*fo00)-
To = (a+4w)fo +403w* + 1)p*2(a+w)f oo + aB3w? + 1)p*f 000)-
® = 2T, = 3(w + 1)plallg + 3(w + 1) (k2(1 = 3w) + 2kpTs + 2(3w + 1)p°Ty),
I, =Rfr—f.

Il = fr(fr — Rfr)-

So, Egs. (64) and (65) are enough to find the unknown
functions, i.e., a(t) and p(t). It should be mentioned that in
order to simplify these equations, we applied Eq. (4) and
the conservation relation

_ 3H(w+ 1)(kp + (1 + 3w)p*fp)
K+ (a+4w)pfo + 223w + 1)’ foo

p= (75)

It is instructive to note that by setting f, f oo, and f g to
zero, these relations reduce to corresponding equations in
Palatini f(R) theories introduced in [37]. As expected, the
FRW equations in GR are also reproduced in the linear
limit f — R.

Now, we are in a position to study in what conditions a
regular bounce can happen in Palatini EMSG. In the
following subsections, we first introduce the general
bouncing conditions. Then, by choosing a toy model for
f(R,Q), we examine these conditions one by one and
investigate the existence of a cosmic bounce in the very
early universe.

A. General bouncing conditions

In this subsection, we introduce the bouncing conditions
and characterize possible cosmic bounces. Henceforth, for
the sake of simplicity, we consider a flat geometry and set
k = 01in Egs. (64) and (65). In the below, for convenience,
we categorize these conditions:

(1) ag = 01is known as the first necessary condition for
the existence of a bounce. i.e., the scale factor can
reach an extremum where a cosmic bounce may
exist. Here, the index “B” represents the bounce.
Under this condition, we have Hg = 0. As seen from
the first Friedmann equation (64), there are three
cases for which H can be zero at p = pg, i.e., when
Ag = 0,115 =0, or [I,5 = 0. Here, A is defined as
A =2p(apfy + k) +I1;. We will separately exam-
ine each case in the following.

(i) The second condition for having a bounce is that this
extremum should be a minimum. Therefore, we put
dg > 0. As H =0 at the bounce, this condition

reduces to Hy > 0. Using Eq. (65), one can obtain

(69)

(70)

(iii)

@iv)

)
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HB _ ( (T1; = 2xwp)I 11, ) >0,
R4 I, — 6(w + 1)plols3fRre) ) B
(76)

as the second bouncing condition.

In order to have a maximum energy density at the
bounce point, the next condition is that pg < 0.
Since H should be positive at this point, as expressed
in the previous part, the third condition can be
written as

< (w+ 1)(kp + (1 +3w)p*fp) > >0
K+ (a+4w)pfo +2a0Bw + 1)p’foo /s~
(77)

after applying Eq. (75). This is true provided that
the denominator does not vanish at the bounce.
Furthermore, to have a regular bounce and to
avoid singularity in the continuity equation, the
denominator should not vanish in the interval
p € (0,pg), or its root coincides with that of the
term (k + (1 +3w)pfy) in the numerator. The
singularity should be carefully checked in other
governing equations. Regarding the complicated
nature of the equations for a general f(R, Q)
function, it is difficult to find a single condition
to remove singularity in all the governing equations.
However, as we shall show, for our toy model this
issue can be straightforwardly addressed.

As we know, H is a real function, so H> must be
positive. To fulfill this condition, by considering the
Eq. (64) and also ignoring 2k/a®, we obtain that
Afr > 0 within the interval 0 < p < pg.

As the last bouncing condition, it should be recalled
that to avoid having a singularity at the beginning of
the universe, the minimum value of the scale factor
should not be zero, i.e., ag # 0. In fact, it means that
the Hubble parameter H remains finite in the very
early universe. Therefore, by considering Eq. (64),
the fifth condition is that
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(20T, = 3(w+ 1)pla frr((Bw+ 1)pf o +k))g #O.
(78)

Moreover, in order to have a regular bounce and to
avoid singularity in the Friedman equation, the
roots of this relation should not be in the interval
p € (0,pp).

To sum up, we have defined five bouncing conditions.
When all of these conditions are satisfied and also the root
of Eq. (64), poor» be a real value, p,,, can represent a
physical cosmic bounce, i.e., pr,o; = pp- We next return to
specify the cases under which H can be zero. According to
the discussion in the first part, there are three cases that
satisfy this condition. In the following, for each case, we
examine the rest bouncing conditions.

1. Case A: I, =0

According to the definition (74), this case means that f
or fr — Rfgg 1s zero at p = pg. It is worth mentioning as
the bounce happens at some high curvature in the very early
universe, it is expected that Ry ~ Rp where Rp is the Planck
curvature written in terms of the Planck length as Rp ~ £5°.

For the case fr =0 (at the bounce), by substituting
fr = Ointo Eq. (7), after some algebra, one can obtain that

fo=yplapfo +r(l=30) (19
Ao =2 plapfo + (vt 1))y, (80)

Now, by inserting fp within the second condition (76), we
find that

H___@W+UP+W7QMH
B 12(w + 1)pL,l

)B >0. (81)

Also, since the third condition is a function of p, fy, and f 5,
the mathematical appearance of Eq. (77) does not change in
this case. Moreover, in this case, the fourth and fifth
conditions can be established. Hence, fr = 0 (at the bounce)
can be one of the possible case for creating a cosmic bounce.

Inthe case (fg — Rfrg)s = 0, both H and H are equal to
zero. So, the second condition is not satisfied and con-
sequently, this case cannot create a bounce.

2. Case B: T'13=0

For this case, one can show that HB is zero. Therefore,
we conclude that this case like the latter one in the previous
part, cannot induce a cosmological bounce.

3. Case C: Ag=0

This condition means that at the bounce we have

IT, + 2xp

5 (82)

fo= 2ap

By inserting this relation within Eq. (7), after some
simplification, we obtain that

fo = (%RfR - 2xwp> . (83)
B

For this value, the second bouncing condition reduces to

i 2RI 11,
B \12r M, — 18(w + 1)plals fre

)B >0, (84)

and the condition pg < 0 is given by

apRf[(Bw? + 8w + 1)Rf g + 3((3w? + Sw)kp
“2a(Bw 4 BWE + Dptfpo)(w+ D! > 0. (85)

In this case, the rest of the bouncing conditions, i.e., the
fourth and fifth conditions, can be satisfied. Therefore, the
current case can also be considered as one of the possible
situations where a nonsingular solution exists.

We have so far introduced the general conditions for
having a bouncing solution. In fact, these results are valid
for any f(R, Q) theory near the bounce. As shown, without
fixing f(R, Q), the above relations are quite complicated.
So, in order to investigate these conditions and gain more
intuition, we will choose a simple and also helpful model
for the f(R, Q) theory in the very early universe and obtain
the cosmic bounce for each case in the next subsection.

As the last part of this subsection, let us recall the energy
conditions. For the perfect cosmic fluid with p = wp, it is
shown that the general forms of the energy conditions are
given by

p(1+w) >0, (86a)
p>0, and p(1+w)>0, (86b)
p(14+w)>0, and p(1+3w)>0, (86¢)

which are respectively known as the null energy condition
(NEC), weak energy condition (WEC), and strong energy
condition (SEC) [38]. We know that one or more energy
conditions are violated in the bouncing models, for instance
see [38] and references therein. It should be added by
regarding that WEC is a necessary condition for establish-
ing the dominant energy condition (DEC), we do not
consider DEC here. In order to investigate these conditions
in Palatini EMSG, we should obtain p in terms of a from
Egs. (64) and (65). After inserting this relation within the
above conditions and considering @ = 0 and & > 0, we can
examine these conditions in this formalism. To do so, we
should first choose a toy model for f(R,Q). We will
postpone this issue to the next subsection and show how
these conditions restrict the allowed value of w.
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B. A toy model

We launch our calculation by choosing a toy model of
f(R, Q). In this model, f is a linear and quadratic function
of Q and R, respectively. It takes the following form

f(R.Q) =R+ pR* + 0, (87)

in which f and 5 are coupling constants that their values can
be determined by observational constraints. It is necessary to
mention that the Palatini f(R) model f(R) = R + fR?
already leads to bouncing cosmology [37]. Therefore it is
natural to expect the existence of bounce in our model.
Notice that our aim here is just to present the simplest toy
model in EMSG. It is obvious that in the solar system
local tests these parameters should satisfy the constraint
ln| < |R/Q| and |f| < 1/|R|. It should be mentioned
that both # and # can be positive or negative. The coefficient
of the linear term R is a unity to ensure that at low curvature
regime this model recovers GR, i.e., limg_,( fr = 1. For this
model, using the trace equation (7) one can find that

= (Bw=1)((1 =wnp* —&p). (88)

It should be added since our aim is to describe the very early
universe, there is no need to consider the role of the
cosmological constant A in our toy model. However, we

|

YZ
Hy= —@Pd(zﬁw -+ (w

in which A =a+4w, y=(3w—-1)(w—1) and

will bring it back when we attempt to estimate the magnitude
of the coupling constants # and . It is necessary to mention
that in the metric formulation the existence of the cosmo-
logical constant can play an essential role for the bounce. For
example, in the simple linear model investigated in [1],
without A one cannot achieve a nonsingular solution.
Therefore, interestingly, the cosmological constant in that
model plays essential roles in both the early universe (for
addressing the singularity problem) and the late time universe
(for explaining the cosmic speed-up). Such behavior might
happen in the Palatini version. However, we omit such a
possibility and focus on bounces without A.

Before introducing the bouncing conditions for this
model, let us rewrite Egs. (64), (65), and (75) in a dimension-
less form. The dimensionless form of the equations is helpful
for our subsequent calculations. To achieve this goal, we
introduce the dimensionless quantities as follows

_Inl n
=)= t
pa="_p =sign(n) p. 4= \/—
2
n PB PBd

Using these new variables, and after some s1mpliﬁcati0n,
Eq. (64) takes the following form

— Dsign(n)pa)sign(n)fspa — 1)
X (24 [A+ (9w = 6w+ 1)B; + (3w = 1)(2 + (w — 1)sign(n)pq)sign(n)Bspalsign(n)pg

); (90)

X =141+ (9w? = 1), + (9w + 3 + 4(3w? + 2w + 1)sign(n)pq)ysign(n)Bspalsign(n)pq, (91)
Y =1+ Asign(n)pq. (92)

By applying the dimensionless parameters and functions, one can also obtain the dimensionless form of the second

Friedmann equation (65) as follows

8H:i< 2yﬁspd

502~ Dsign(n)pa + 3(w = 1)(6w + 21 + 6w — 10}

+ 303w - 1)(9w + 69w* + 132w + 16w? — 29w — 5)sign(n) B3 + YA(2TW? + 123w? + 97w + 17)B.p4

+ 6279w — 10w? + 1)Sign(n)ﬁsp§]> + %n(")
6
— 46w - 1)(1 = 2y Rsian(n)pps + L

— 15w =T)p3 +2[5w =1 +2(w —
4w+ 1
LAwtD)

san(y (= D0+ 200 = 1w+ 1))
X ﬂspd)ﬂspd - W (W

_ﬁs + 3W(2ﬂs + W(l - 3[}3)) -

Bw-1)(1+
1) (3w + 1)2pglsign(n)pq

+ (5w — 1)sign(n)pq) (1 = 273 —

(3w? — 4w + 1)2Bpd)sign(n)p3

H§<1—47ﬂsﬂ§+4(3w—1)2(1+( 1R

(3w + 1)sign(n)pq) (1 + (15w3 + 55w?
)(2(3W - 1)ﬂspd - (1 - zyﬂsp?j)SIgn(ﬂ))ﬁspd

2(3w — 1)sign(n)

RS = D+ 14200 = 1w+ 1)pZien() 22 ) + g + 20

—4r(3w = 1)} =0, (93)
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where Z is defined as

Z =2(1=3w)Bypq + (1 =2y p3)sign(n).  (94)

Furthermore, the prime sign indicates differentiation with
respect to 74 and H) = ‘K%‘H . It should be mentioned that
even for this simple toy model, we deal with modified
Friedmann equations which are much more complicated
compared with the standard Friedmann equations.

Finally, for the dimensionless conservation relation, we
have

o= =5 Halw + (1 + Gt Dsign(mpps. (99)

where pl; = ‘”Ez/z pq. In the case of dust (w = 0), Eq. (95)

coincides with the standard case, namely p); = —3Hyp4. On
the other hand, for an arbitrary equation of state, the
continuity equation is singular at p}; = —sign()/A. To avoid
this singularity we expect that —sign(s)/4 & (0, pgq). For
example if —sign(n)/A <O then there will not be any
singularity in the continuity equation and in the terms
proportional to Y™ (n > 0) in other governing equations.
It is easy to verify that for @ > —0.13, only >0 is
acceptable. Regarding that in the early universe one can
assume the dominant components in the cosmic fluid possess
a positive equation of sate parameter, then the free parameter
n should be positive. However, for the sake completeness we
explain the 7 < 0 case alongside with # > 0. Moreover, we
cannot certainly rule out the # < 0 case since depending on
the magnitude of other free parameters p; can be larger than
the density at the bounce. Clearly, if this happens, then the
continuity equation will be free of singularity.

Equation (95) can be simply integrated. Let us write its
solution for the viable case 7 > 0

a = dy; (@)ﬁ <%> 95{1{72)“ (96)
i Pd (1+ 3a))pd +1

where a,;, is the scale factor at the bounce. One may plug
this equation into Eq. (90) in order to find a(¢). However,
Eq. (90) cannot be integrated analytically.

As seen from the above relations, in this model, the
dynamics of the cosmic fluid dramatically depends on the
magnitude of f, and the choice of the equation of state
parameter w. Therefore, it is necessary to estimate the order
of magnitude of S, and w. Furthermore, the sign of the
coupling constant #z is another variable that must be
specified. This means that # and # do not appear separately
and only their ratio matters.

Here, we will first attempt to find a constraint on the
magnitude of f, and then categorize the possible bouncing
solutions in terms of the sign of the coupling constants. In
order to constraint f;, we need to estimate  and f. As

already mentioned, EMSG should recover the standard
gravity at the low energy regime. We use this fact to find a
restrict the parameters. In the presence of the cosmological
constant, our toy model takes the form f(R,T)=
R + BR? + nT? + 2A. Naturally one may expect that the
correction terms should be negligible compared to other
terms at the present time. This means |B|R*> < A and
[n|T?> < A. For the former, by considering that R o A,
we arrive at |f| < 1/A. And for the latter, by assuming
that T ~p, and p, = A/k, we deduce that || < x*/A.
So, by gathering these results together, one can show
that || > 1.

So if fi is a positive quantity, i.e., when# > 0 and f > 0
orn <0 and f <0, then ;> 1. And if f; be a negative
quantity, i.e., whenn > O0and f < Qorn < Oand g > 0, its
reliable realm is f; << —1. In the following, we classify the
bouncing solutions with respect to the sign of 5, and in each
case illustrate how the sign of the coupling constant 7 as
well as the choice of equation of state, i.e., w, can affect the
existence of a nonsingular universe.

As mentioned in the last part of the previous subsection,
it is interesting to examine the energy conditions in Palatini
EMSG. In the following, for each bouncing solution, we
check these conditions.

1. Case I: If B, > 0

a. n>0and >0

We first focus on the case where 7 > 0 and > 0. Back
in Sec. IVA, we found the required conditions for the
existence of bounce. In a similar way, our first task here is
to find the roots of the dimensionless Friedmann equa-
tion (90) in which we put sign(s) = +1. By considering
A-C cases in the previous subsection, we see that the two
cases fr =0 and A =0 can induce cosmic bounces.
Therefore, in this model, we restrict our study to the fp-
induced and A-induced bounces. For the fr and A
functions, we respectively obtain two and three roots that
can describe a bounce. Then, by inserting each root within
Egs. (76) and (77), and imposing the second to fifth
bouncing conditions introduced in Sec. IVA, we obtain
allowed region in the f; — w plane. Here, we assume that
P, > land —2 < w < 2. For the current case, these allowed
areas are exhibited in Fig. 1. In the top and bottom right
panels, the yellow and red surfaces represent the allowed
areas that come from two roots of the fr function.
Considering S, > 1 reveals that the yellow region is not
physically important since S, is not large enough. In this
case, for the roots of A function, we do not have an allowed
regime in this interval of ; and w. It should be noted that to
display these areas, we also impose another condition under
which each root should be a real and positive parameter to
describe a physical energy density. In this case, the roots of
the f function are given by
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FIG. 1. The allowed areas for the scaled coupling constant and
the equation of state parameter in the Sy — w plane for the case
(7> 0,4 >0). In the top and bottom right panels, the red and
yellow zones represent the acceptable values of g, and w for
having a cosmic bounce in the Palatini formalism of EMSG.
These red and yellow areas are obtained from the first and second
roots of the f function, Egs. (97a) and (97b), respectively. In the
top and bottom left panels, for Eqs. (97a) and (97b), we
respectively exhibit the allowed region where the energy con-
ditions are established. Here, we assume that =2 < w < 2 and f
is a positive parameter.

1

Pa1 = Gw-_1p.— VA (97a)
1

Pa2 = (97b)

(3W— 1>ﬂs + \/Z’

where A = (3w — 1)(w(2 + 3f,) — s — 2)ps. We should
also mention that the roots of the A function are long and
for some values of ; and w, they can be imaginary. So, let
us only provide one of them as an example

1 2B
=—— (3 4+— 2(B. — 1
Pa3 3B< +W_1+W(ﬂs )

B2
1 — 4w + 3w?)?pq

+ + p —6w(4+ﬁs)>. (98)
(
Here

B =[3V3C + (1 =3w)*(w —1)3p2(36 + 9w*(3 + )
+3w(15 = 26) + o))"/, (99)

in which

C=(1=3w)3(w=1)3"2((1 + w8+ 3w))?
+ (1 =3w)?(18w* + 42w3 + 77w? + 104w + 47)
+3(1 = 3w)*(1 +w)282)1/2, (100)

Now, by regarding these solutions and considering
Egs. (86a)—(86c), we are in a position to examine the energy
conditions. In the top and bottom left panels of Fig. 1, for
Egs. (97a) and (97b), we respectively exhibit the allowed
region in the f; — w plane where the energy conditions are
established. As can be seen from the comparison of the top
row panels in this figure, for the first root of f function, i.e.,
Eq. (97a), the allowed region for having a cosmic bounce is
completely restricted to the area where all NEC, WEC, and
SEC are established. On the other hand, for the second root
of fr function, i.e., Eq. (97b), the corresponding area is a
very tiny part of the zone where only NEC and WEC are
satisfied. See the yellow surface. Therefore, in the latter case,
SEC is violated.

So far, the acceptable area for the scaled coupling constant
P, and the equation of state parameter w have been obtained.
Now, by choosing a suitable point (f,, w)°® from this allowed
area and inserting that within the definition of H3, we obtain a
maximum energy density that can truly describe a universe
without the big bang singularity. We display this dimension-
less density by pgy. For instance, by choosing the allowed
point (92,0.8) from the red area of the top right panel of Fig. 1
and inserting it within Eq. (90), we obtain the numerical value
of the roots of Hy. Among these roots, only the smallest
positive real root, here py = 0.004, satisfies all five bouncing
conditions (i)—(v) introduced in Sec. IV A. We call this value
the density at the bounce.

Therefore, for this case, pgg = 0.004. One should note
that the allowed regions in the f; — w plane satisfy all the
bouncing conditions and after choosing a suitable point
from this plane, as illustrated above, one can find the
density at the bounce.

After rescaling py by ppg, we numerically solve Egs. (90)
and (95) for the allowed corresponding values of f; and w,
and find the dimensionless energy density and scale factor
in terms of dimensionless time. We repeat this method for
any point selected from the allowed area. These results are
exhibited in Figs. 2 and 3. Here, for convenience, we
display the time evolution of p,. Therefore, for all cases at
the bounce we have p, = 1.

In Figs. 2 and 3, the solid and dashed lines express the
dynamics of the cosmic fluid in Palatini EMSG and GR,
respectively. In these figures, one can see that there is a
cosmic bounce for each allowed value of 5 and w selected
from the red region of the top right panel in Fig. 1. Here, it
is assumed that the bounce occurs at fgg = —5. In fact,

®This point should not be on the border of the allowed area.
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FIG. 2. The dynamics of the perfect cosmic fluid in the very
early universe in Palatini EMSG in which we choose that > 0
and f > 0. Here, we assume that ; = 100. From top to bottom,
the panels respectively illustrate the evolution of the dimension-
less scale factor, scaled energy density, and dimensionless Hubble
parameter in terms of ¢4 for different values of w selected from the
red region in Fig. 1. Here, for w = 0.45, 0.65, 0.85, 0.98, we
obtain pg, = 0.0144, 0.0053, 0.0032, 0.0026, respectively. In
each case, the analytical GR solutions, dashed curves, are also
scaled over the corresponding pp,;.

without lose of generality, we set 7y = —5 as the bouncing
time and leave 7y = 0 as the initial time in this scenario. Of
course from the physical point of view, the time origin is
not important.
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FIG. 3. The dynamics of the perfect cosmic fluid in the very
early universe in Palatini EMSG in which we consider that # > 0
and # > 0. Here, we assume that w = 0.8. From top to bottom,
the panels illustrate the behavior of the scaled energy density,
dimensionless scale factor, and dimensionless Hubble parameter
in terms of ¢4 for different values of f, respectively. Here, for
Py =5, 40, 80, 120, we obtain pg,; = 0.072, 0.009, 0.005, 0.003,
respectively. In each case, the analytical GR solutions, dashed
curves, are also scaled over the corresponding pp,.

We see that at the bounce the scale factor undergoes a
minimum. At this minimum, the scale factor is nonzero.
On the other hand, as expected the energy density has a
finite value maximum at the bounce. It should be
mentioned that for all of these plots, the same initial
and physical conditions are considered. We assume that
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aq(tg =0) =1 and py(tq = tgq) = 1. Also, in order to
achieve a meaningful comparison, the GR plots are derived
from the same conditions and in each case, they are scaled
by the corresponding value of pp,4. In the following, we will
explain more about this issue.

For a detailed survey of the dynamics of a4 and p;, in
Figs. 2 and 3, we study their evolution in terms of different
magnitudes for w and f;. Here, the density varies smoothly
in the interval p; € (0, 1). This guarantees that before and
after the bounce there is no singularity in the governing
equations, i.e., the third and fifth bouncing conditions
introduced in Sec. IVA are truly established. So these
solutions can be viable bounces.

As seen from the top panel of Fig. 2, by decreasing w, the
dimensionless scale factor evolves faster, i.e., at a fixed
time, the slope of a tangent line to these curves increases
with decreasing w. It should be noted that in this case,
w = 1/3 does not lie in the allowed region, see the red
region of the top right panel of Fig. 1. In the next case,
where w can be very close to w = 1/3, we will discuss this
specific value of w which can clearly indicate the radiation
dominated phase of the thermal history of the universe.

It should be noted that the dashed curves (in these figures
and forthcoming ones) are analytically derived in the GR
context. In this standard case, the Friedmann equations
have the exact solution. Let us first write these equations in
the dimensionless form. The result is

Hy = ,/’%. (101)

Regarding the above mentioned initial conditions, the
solution takes the following form

ps+ 3(1 + W)Hdps =0,

a(ty) = (gtd(l — /o) + 1) " (102a)
and
25p9
ps(ty) = , 103a)
Wl
where p, = p(t4 = 0) and is given by
GrsAegr) . (o)
po = . 104a
0 2+5V3y/ppa(l +w)

Considering these results in the vicinity of the bounce,
see the magnified figure at the top right of the upper panel
of Fig. 2, one may deduce that the GR cosmic fluid with
larger ws, and also smaller pggys, has a larger dimensionless
scale factor at a fixed time. Furthermore, by decreasing w,
the GR cosmic fluid expands more rapidly in the vicinity of
the bounce. This fact can be also grasped from this
magnified figure. In the middle panel of Fig. 2, we study

the time evolution of p; in terms of different values of w. As
seen, in EMSG, the cosmological fluid with smaller w
expands much faster than those with larger w. The GR
system behaves in the same manner. This fact is illustrated
in the zoomed figure at the top left of this panel. We recall
that the above studies are only reliable in the vicinity of the
bounce.

Moreover, to complete our study, we survey the behavior
of the dimensionless Hubble parameter for each case. As it
is obvious, apart from the vicinity of the bounce, like the
GR case, Hy is a decreasing function in terms of the time.
This fact is also investigated for the next solutions.

The behavior of pg, aq, and Hy in terms of different f is
also examined in Fig. 3. Here, we choose a fixed w and
several f;s from the allowed area in the top right panel of
Fig. 1. One can see that by decreasing f, the cosmic energy
density decreases more quickly. Furthermore, at the smaller
P, the universe expands faster.

We should keep it in mind if the bounces exist in EMSG,
they do not necessarily occur at the GR singularity, and
they might just be in its vicinity. This fact is clarified in
Figs. 2 and 3. As one can see from these figures, the GR
singularity does not occur exactly at tgq = —5. This fact is
also checked for the bouncing solutions studied in the next
part. However, one should note that the location of the
bounce depends on our choice for the initial conditions. In
other words, it is always possible to choose initial con-
ditions in such a way that GR singularity and EMSG
bounce happens at the same 7.

b. n<0and <0

We next turn to study the other possible case, i.e., when
both f and 7 are negative. For this case, by considering
sign(n) = —1 in Egs. (90)—(95), and applying the same
method as before, the allowed values of g and w can be
obtained. In this case, all roots of the f function as well as
two of the roots of the A function do not specify any area in
the 5, — w plane. Moreover, for one of the roots of the A
function, we obtain several very small regions most of which
are only displayed with their borders. As the chosen point
from these areas should not be on the border, we discard these
unphysical regions. In fact, for very specific choices of the
parameters from these tiny areas, one may obtain a bounce.
But this seems like a fine-tuning and is not satisfactory.
Therefore, we ignore these kinds of unreliable solutions. To
sum up, in this case where # < 0 and n < 0, there is no
allowed value of (3, w) for which the regular cosmic bounce
can exist. However, we do not rule out the possibility of the
existence of a viable cosmic bounce in the case with f < 0
until we check the other case # < 0 andn > 0in the next part.

2. Case II: If B, < O

Here, we discuss the conditions for existing a cosmic
bounce in the case f; < 0. For this case, we have shown
that 3, should satisfy the physical range f; < —1. Here, as
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before, we choose that —2 < w < 2. By considering the
definition of f3;, two cases (7<0,#>0) and (n > 0, < 0)
are possible. So, in the following, we investigate them
separately and study the existence of the bounce in each
one. For both cases, again by considering the sign of 7, we
find the roots of Eq. (90). Then, for each root, we impose
the second to fifth bouncing conditions introduced in
Sec. IVA. Furthermore, as before, we consider that p,,
should be real and positive. By regarding these conditions,
we find the allowed region for w and j, that may discard the
big bang singularity and lead to a bounce in the very early
universe. Next, by applying these values, we obtain the
numerical value of the smallest real positive root of H, as
ppq- Finally, we numerically study the dynamics of a4 and
p for the corresponding allowed values of w and f,. Here,
we consider the physical and initial conditions similar to
the preceding part.

a n<0and >0

For the case of 7 < 0 and § > 0, by regarding the above
method, one can derive the allowed areas of f; and w. In
this case, the fr = 0 condition does not specify any area in
the i, — w plane. Also, the regions obtained from the A = 0
condition are quite tiny. Therefore, as before, we drop these
artificial areas. So, in this case, similar to the case IB where
both  and f are negative, there is no allowed surface in the
P —w plane that can describe the nonsingular universe. In
fact, we found that although there is a bounce for which
most of the required conditions are satisfied. However, at
least one of the governing equations gets singular some-
where in the range (0, ppy)-

b.n>0and p <0
In the next probable case where # > 0 and f < 0, the
allowed zones are shown in Fig. 4 and the bouncing
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FIG. 4. The allowed area for the scaled coupling constant and
the equation of state parameter in the f; — w plane. In the right
panel, the green surface represent the acceptable values of 3, and
w for having a cosmic bounce in the Palatini formalism of EMSG.
The this panel belongs to the case (7 > 0, # < 0). In this case, the
green surface is deduced from one root of the f function. In the
left panel, for the corresponding roots, we exhibit the allowed
region where the energy conditions (86a)—(86c) are established.
Here, we assume that —2 < w < 2 and fj, is a negative parameter.

solutions are illustrated in Figs. 5 and 6. First of all, let
us mention that the smooth behavior of the density
guarantees that there is no singularity in this case. Here,
the green surface is deduced from one of the roots of the f
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FIG. 5. The dynamics of the perfect cosmic fluid in the very
early universe in Palatini EMSG in which we consider that 7 > 0
and f < 0. Here, we assume that w = 0.2. From top to bottom,
the panels illustrate the behavior of the scaled energy density,
dimensionless scale factor, and dimensionless Hubble parameter
in terms of z4 for different values of f, respectively. These
values are selected from the green area in the bottom right
panel of Fig. 4. Here, for f; = —5,—-40,—-80, —120, we obtain
ppa = 0.35, 0.03, 0.02, 0.01, respectively. In each case, the
analytical GR solutions, dashed curves, are also scaled over the
corresponding pp,.
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FIG. 6. The dynamics of the perfect cosmic fluid in the very early
universe in Palatini EMSG in which we choose that # > 0 and
p < 0. Here, we assume that f; = —100. From top to bottom, the
panels illustrate the evolution of the scaled energy density, dimen-
sionless scale factor, and dimensionless Hubble parameter in terms
of t4 for different values of w, respectively. These values are selected
from the green area in the bottom right panel of Fig. 4. Here, for
w = —0.3,-0.1, 0, 0.1, 0.3, we obtain pg, = 0.003, 0.004, 0.005,
0.007, 0.052, respectively. In each case, the analytical GR solutions,
dashed curves, are also scaled over the corresponding pp,.

function. For the rest of the roots of fr and also A
functions, we do not achieve an allowed regime in this
interval of f; and w. In Fig. 5, by fixing the equation of
state, we examine the behavior of pg, ay, and Hy in terms of

P, which is negative here. It is obvious that for larger fj,,
the energy density of the cosmic fluid vanishes faster, and
the infant universe grows more rapidly. This behavior
contrasts with the f;, > 0 case. In Fig. 6, by fixing the
value of f;, we also see that by increasing w, the
cosmological fluid decreases more quickly and it expands
with higher speed. The same behavior is observed in GR in
the vicinity of the bounce point. These facts can be easily
grasped from the magnified plots in the top and middle
panels of Fig. 6. This behavior is also quite different from
the previous case where f; > 0. We will discuss these
differences in more detail in the next subsection.

C. Discussion

Now, let us summarize all the main results obtained
in the preceding subsections. First of all, as seen, the
dimensionless energy density starts from infinity in GR,
while, for some specific cases in the Palatini formalism of
EMSG, this function has a finite maximum, namely pg.
On the other hand, the cosmic scale factor undergoes a
nonzero minimum. This means that Palatini EMSG pro-
vides bouncing solutions. In all the viable cases, we saw
that the density varies more slowly near the bounce
compared with the corresponding model in GR.

The second point is that the subcase # < 0 in the both
cases f, > 0 and S, < 0 provides no region in the param-
eter space ff, — w for the existence of the bounce. From this
perspective, one may conclude that only the subcases
(n>0,8<0) and (n > 0, > 0) are physically interesting.

The next is that, by considering the definition of the
scaled coupling constant and the results obtained from both
Figs. 3 and 5, after assuming a fixed /3, one can deduce that
near the bounce, a cosmic fluid with larger # expands faster
than that with smaller 7. Accordingly, the density falls more
rapidly.

Before discussing the fourth point, let us recall the
definition of fluid stiffness. As we know, the stiffness of the
fluid is measured by the sound speed c,, e.g., see [39]. For
simplicity, here, we consider the definition of the sound
speed in the Newtonian regime, i.e., c> = dp/dp where we
assume that the pressure is only a function of p. By
regarding the barotropic equation of state p = wp, one
may deduce that w can represent the stiffness of the fluid.
Therefore, the big value of w indicating the dramatic
changes in pressure for small changes in density refers
to a stiff equation of state and the small value of w refers to
a soft equation of state.

Now, by considering the above definition, we interpret
the results of the previous subsection. As seen from Fig. 2,
in both GR and Palatini contexts, near the big bang
singularity, softer cosmic fluids expands more quickly
than stiffer ones. This behavior is observed in the case
ps > 0. So if the cosmic fluid has soft and stiff components
and they were around the bouncing point, the softer
component would expand faster. On the other hand, this
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behavior is completely different in the case f; < 0. In this
case, as seen from Fig. 6, soft components are more
resistant to expansion than those with a stiff equation
of state.

The last remark is to emphasize the existence of the
bouncing cosmology for interesting toy models. As one can
see from the numerical curves in Fig. 6, a cosmic bounce
can even exist for the cold dust with w = 0 and the fluid
with w =~ 1/3. We reiterate again that the exact w = 1/3
case does not lie in the allowed region for the existence of
bounce in our toy model. However, the equation of state for
the bouncing solution can be very close to @ = 1/3. In this
figure, it is also shown that a cosmic fluid with a negative
equation of state that may be a model for the dark energy,
can have a bouncing solution. Furthermore, for these toy
models, it is illustrated that the energy density of the
radiation-dominated universe with w ~ 1/3 falls faster than
that of the matter-dominated universe. And the latter one
disappears more quickly than the energy density of
the universe with a negative w. So if the component of
the cosmic fluid with a negative pressure could exist in the
vicinity of the bounce, it would be more dominant than
the rest of the components of the cosmic fluid in the late-
time universe. Of course, these results are true only for this
simple toy model, and for more realistic results, more
physical models should be considered.

V. SUMMARY AND CONCLUSION

In this paper, we have studied the Palatini formulation of
EMSG. In this formalism, the modified version of the field
equations has been derived. We have explored their
consequences in different contexts. We have shown that
the energy-momentum tensor 7, is not conserved and
consequently the path of a test particle deviates from the
standard geodesic curves of the spacetime. In fact, in this
context, a test particle undergoes an extra force called the
fifth force. We showed that in the vacuum, the geodesic
equations coincide with the standard case. This means that
EMSG does not predict any fifth force in the vacuum.

We have also investigated the weak field limit of this
formalism and obtained the modified version of the Poisson
equation. It is expected that the corrections in the modified
Poisson equation of EMSG are negligible even in the
galactic scales. As already mentioned, the original version
of EMSG is neither a theory for dark matter nor for dark
energy. It is worth mentioning that in the weak field limit of
this theory, the left-hand side of the field equations is
reduced to the formal wave equation. See Eq. (46).
Therefore, by investigating the right-hand side of this wave
equation and completing the analysis of the linearized
theory in Palatini EMSG, one can study the gravitational
waves in this theory [40].

In the second part of this paper, we have explored the
cosmological behavior of this theory. In fact, in order to
obtain the deviation of EMSG from GR, we focused on the
evolution of the cosmos at very early times. To do so,
we have obtained the modified version of the Friedmann
equations in Palatini EMSG. We have next introduced the
general bouncing conditions and then by choosing a toy
model as f(R,Q) =R+ SR> +nQ, as the simplest
Palatini EMSG model, we have examined the bouncing
solutions. To ensure that at low curvature regime, this
model recovers GR, the coefficient of the linear term R is
unity and the coupling constants f and 5 satisfy the
constraint |7| < x?/A and || < 1/A. Like the metric
formulation of EMSG, here, it has been shown that the
cosmic fluid has a finite energy density value in the very
early universe and crosses a bounce. On the other hand, the
cosmic scale factor has a nonzero minimum. Our study on
the bouncing solution is in favor of the case # > 0. On the
other hand, as the case 7 < 0 does not provide any allowed
area, we rule out the possibility of the existence of a regular
bounce for the cases where 7 < 0. We have also shown that
most of the acceptable values of f; and w for having a
cosmic bounce in the Palatini formalism of EMSG, satisfy
all three energy conditions WEC, NEC, and SEC. It has
been exhibited that near the bounce, a cosmic fluid with
larger # expands faster than that with smaller #.
Accordingly, the density falls more rapidly. Furthermore,
in all cases, the density varies more slowly near the bounce
compared with the corresponding model in GR.

Therefore, in Palatini EMSG, the regular bounce exists
and the cosmic fluid dramatically deviates from the GR
case at the big bang singularity. This fact leads us to a
considerable question: Does this formalism possess the true
sequence of the cosmological epochs? As it is shown in [1],
a powerful method to check this issue is to use the
dynamical system analysis. In future work, we plan to
study the dynamical system approach to the cosmological
evolution in Palatini EMSG. Another crucial study that is
necessary to be done in EMSG, is the stability of the model
against tensorial cosmological perturbations. It is known
that bouncing cosmological models, like EiBI, suffer from
tensor instabilities [41]. If this kind of instability happens in
EMSG, then a serious challenge will be raised for the
viability of the model. We leave this issue as a subject for
future studies.
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