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The regularization procedure for getting the four-dimensional nontrivial Einstein-Gauss-Bonnet
effective description of gravity and its Lovelock generalization has been recently developed. Here we
propose the regularization for the three-dimensional gravity, which is based on the rescaling of the coupling

constants and, afterward, taking the limit D — 3. We obtain the generalization of the Bafiados-Teitelboim-
Zanelli solution in the presence of the higher curvature (Gauss-Bonnet and Lovelock) corrections of any
order. The obtained general solution shows a peculiar behavior: The event horizon is allowed not only for

asymptotically anti—de Sitter spacetimes, but also for the de Sitter and flat cases, when the Gauss-Bonnet
coupling constant is negative. The factor of the electric charge is analyzed as well for various branches of
the solution, and the Hawking temperature is obtained.
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I. INTRODUCTION

Black holes in theories of gravity of lower than four
dimensions play an important role for our understanding of
properties of black holes as well as strongly coupled dual
systems [1-4]. Analysis of various phenomena in the
background of the lower-dimensional black holes are
sometimes remarkably simple in comparison with the full
higher-dimensional problem and, frequently, allows for an
analytic solution. Probably the most successful black-
hole solution of this kind is the (2 + 1)-dimensional
asymptotically anti—de Sitter (AdS) black hole called the
Bafiados-Teitelboim-Zanelli (BTZ) solution [1]. Various
properties of the BTZ black hole and its generalizations in
modified theories of gravity were considered (see [5—14],
and references therein). Within the three-dimensional
Einstein-Maxwell theory, the black-hole solutions exist
only in the presence of a negative cosmological constant;
that is, only asymptotically anti—de Sitter black holes are
allowed.

Recently, an interesting formulation of the four-
dimensional Einstein-Gauss-Bonnet gravity was suggested
in Ref. [15], which has diffeomorphism invariance and
second-order equations of motion. It was claimed that
the approach bypasses the Lovelock theorem [16], which

froman.konoplya @gmail.com
‘olexandr.zhydenko @ufabc.edu.br

2470-0010/2020/102(6)/064004(8)

064004-1

means that the constructed gravity is different from the pure
Einstein theory in (3 + 1)-dimensional spacetime.

The approach is first formulated in D > 4 dimensions, and
then the four-dimensional theory is defined as the limit
D — 4 of the higher-dimensional theory after the rescaling
of the coupling constant. Notice that the same regularized
four-dimensional black-hole metrics with Gauss-Bonnet
(GB) corrections were obtained earlier within different
approaches [17-19], such as, for example, looking for
quantum corrections to the black-hole entropy. The proper-
ties of black holes obtained within this approach, such as (in)
stability, quasinormal modes, and shadows, were considered
in Ref. [20], while the Hawking radiation analyzed in
Refs. [21,22]. The innermost circular orbits were analyzed
in Ref. [23]. The generalization to the charged black holes
and asymptotically anti—de Sitter and de Sitter cases in the 4D
Einstein-Gauss-Bonnet gravity was considered in Ref. [24]
and to the higher curvature corrections in Refs. [25,26]. Some
further properties of black holes and stars for this novel
formulation of gravity, such as axial symmetry, thermody-
namics, and others, were considered in Refs. [27-32].

It is important to notice here that such a formulation,
apparently, cannot be performed in four dimensions in a
consistent manner. Because of the Lovelock theorem, the
four-dimensional theory cannot be obtained from the action
principle, and equations for the coupled fields in their
general covariant form have no proper limit for D — 4. In
particular, the contribution from the Gauss-Bonnet term
does not obey the Bianchi identity, leading to an

© 2020 American Physical Society


https://orcid.org/0000-0003-1343-9584
https://orcid.org/0000-0001-6838-3309
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.064004&domain=pdf&date_stamp=2020-09-03
https://doi.org/10.1103/PhysRevD.102.064004
https://doi.org/10.1103/PhysRevD.102.064004
https://doi.org/10.1103/PhysRevD.102.064004
https://doi.org/10.1103/PhysRevD.102.064004

R. A. KONOPLYA and A. ZHIDENKO

PHYS. REV. D 102, 064004 (2020)

inconsistency when coupling of conserved fields in the
four-dimensional theory [33]. In order to solve the above
problem, it has been proposed to perform the regularization
by introducing explicitly a conformal metric factor in the
D-dimensional action, which becomes an additional scalar
field in the limit D — 4 [34]. In two dimensions, this
method leads to the equations which are equivalent to the
regularized Einstein theory [35]. When applied to the limit
D — 4 of the Einstein-Gauss-Bonnet theory, it admits the
same cosmological and black-hole solutions [36—38], yet, it
is not possible to prove full equivalence of the theories,
obtained within these two approaches, and the scalar field
may carry an additional hidden degree of freedom [34].

Although the obtained here lower-dimensional black-
hole metrics could be used as a viable background for test
fields, when the matter field is not simply propagating in the
background of a spacetime given by some metric but is
strongly coupled to gravity, the D-dimensional treatment of
a problem is necessary with the subsequent rescaling of the
coupling constant leading to the regularization in the D — 4
limit. Thus, when the coupling to gravity comes into play, for
example, under the analysis of gravitational perturbations
and stability of black holes, then the perturbation equations
must first be considered in the D-dimensional case and then
the dimensional regularization must be performed for the
whole system, as was done in Refs. [20,39].

Here, following the approach of Ref. [15], we suggest a
similar regularization for the (2 4 1)-dimensional gravity
allowing for an electric charge, cosmological constant (both
positive and negative), and Lovelock terms of any order.
We find the generalization of the (2 + 1)-dimensional
charged BTZ black hole in this approach, which includes
higher curvature (Gauss-Bonnet and Lovelock) corrections.

We will show that the black-hole metric has the follow-
ing simple form for the 3D-Einstein-Gauss-Bonnet gravity:

r AP =)+ 2+ 1
f(r):l—T -1+ 1+4(~12 5 a B
2(12

I%

where &, is the GB coupling constant, A is the cosmo-
logical constant, and ry is the radius of the event horizon,
such that for the sign “+” corresponds to the branch,
perturbative in &,, for which 1+ 2&,/ r%, > (0, while the
sign “—” appears for the nonperturbative branch and
implies that 1 + 2@&,/r% < 0. This simple metric is further
generalized to the case of a charged black hole and black
string, as well as to the higher-order Lovelock terms.
Unlike the classical BTZ metric, our general solution
allows for an event horizon even for asymptotically
de Sitter or flat black holes and strings, provided the
GB coupling constant is negative. We consider some
basic properties of these perturbative and nonperturbative
solutions. The Hawking temperature and the horizon
structure are discussed for these cases.

Our paper is organized as follows. In Sec. II, we briefly
describe the generic static maximally symmetric solution in
the 3D Einstein-Lovelock gravity, allowing for an electric
charge and the A term. In Sec. III, we go over to the units of
the radius of the event horizon, consider the basic proper-
ties of the general black-hole solution, and calculate the
Hawking temperature. In Sec. IV, we discuss different
branches of the 3D-Einstein-Gauss-Bonnet solution and
show that, in addition to the nonperturbative branch, there
is the perturbative branch which is a generalization of the
charged BTZ solution. In Sec. V, we consider the general
solution for a particular case of the third-order Einstein-
Lovelock gravity. Finally, in conclusions, we summarize
the obtained results and discuss some open questions.

II. STATIC SOLUTIONS IN THE THREE-
DIMENSIONAL LOVELOCK GRAVITY

The Lagrangian density of the Lovelock-Maxwell theory
has the form [16,40]

1
L=-20+ F"F,
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is the generalized totally antisymmetric Kronecker
delta, RM,/“’ is the Riemann tensor, a; = 1/8zG =1,
and a,, a3, ay, ... are arbitrary constants of the theory.

The Euler-Lagrange equations, corresponding to the
Lagrangian density (1), read [41]
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The antisymmetric tensor in (2) is nonzero only when the
indices y, pq, V1, Ho, Vo, ...y, V,, are all distinct. Notice that
for D = 2/ the m-order correction in the Lagrangian (1)
does not vanish. Nevertheless, it does not contribute to the
equations of motion, because it is a topological invariant
which leads to a surface integral in the action. Thus, the
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general Lovelock theory is such that 2/m < D. In particular,
for D =4 and D = 3, we have m = 1, which corresponds
to the Einstein theory [16].

We consider the general static solution, described by the
metric

1
ds®> = —f(r)dt* + —dr* + r*dQ2,
e+ 56

f(r) =x—riy(r), (3)
where dQ2 is a (n = D — 2)-dimensional space with a

constant curvature k = —1, 0, 1 and the only nonzero
components of the electromagnetic strength tensor are

F'" = —F" = E(r). (4)
Then Egs. (2) can be reduced to the following form [41]:
d
ErD_zE(r) =0, (5)
D-2d , , E(r)?
-_ - P —_ = —
P P =) = =20 (6)
1 & E(r)?
- PP —-A) = 7
e P - =2 ()
where
1= 2A
- (D-1)(D-2)
and the function P[] is defined as follows:
" q, (D-=3)!
Ply] = SR AN—
] "’+; m (D —2m—-1)"
=y + Z ay" (8)
m=2

Notice that Eq. (7) is not independent and follows from (5)
and (6).
The new constants @,, are introduced as in Ref. [42]:

_ (D -

3 ZmZ
= (D —2m— 1)

Considering finite values of &,,, one can see that (6) and (7)
are finite for any D > 3. In this way we can perform
dimensional regularization of the generic static solution (3)
in the Einstein-Lovelock theory for D < 27n.

By integrating (5), we find that

E(r) = (10)

D-2"

where the integration constant Q is the electric charge.
After integration of (6), we obtain the algebraic equation

for y(r):

Ply(r)] = ,ZDA_/II - rz%—z) - 12)/(\1) -2)’ "

where the arbitrary constant M defines the asymptotic
mass [43]:

(D _ 2)71D/2‘3/2

M=aron-1) 12

and
= 2 13
0=2 (D —-2)(D -3) (13)

When considering the limit D — 3, one can use two
approaches to deal with the electromagnetic field. One
approach, inferred in Ref. [26], is to take the limit @ — 0 as
D — 3 such that Q remains finite. In this case, Eq. (11) for
w(r) reads

Py =58 =

r

2
MoC LA (18

Although the electric charge vanishes, the quantity Q leads
to an additional term, which is subtracted from the
asymptotic mass in the metric function. As a result, the
constant (effective mass) is not necessary positive. Within
this regularization of the higher-dimensional electrodynam-
ics, the three-dimensional electrodynamics leads to the
redefinition of mass and is, thereby, trivial.

A more natural approach is first to formulate the
regularization of the gravitational sector and then to impose
a three-dimensional electromagnetic field. In this way, we
consider the solution to (6) for a finite value of &,, and Q,
which reads

Q*In(r/ry)

Ply(n] === 57— +A (15)

where r, is an arbitrary constant. In the next section, we
shall see that, in the limit Q@ — 0, Eq. (15) can be reduced to
(14), so that one can consider Eq. (15) for any value of the
electric charge Q without loss of generality. Thus, we will
follow the second approach to inclusion of the electro-

magnetic field. This approach also reproduces the charged
BTZ black hole [1] in the limit &,, — 0.
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III. DESCRIPTION OF THE GENERAL METRIC
AND HAWKING TEMPERATURE

Unlike the higher-dimensional case, when D = 3, the
arbitrary constant ry in (15) cannot be simply related with
the black-hole mass. Therefore, as for the BTZ solution, we
shall measure all dimensional quantities in units of the
horizon radius ry. Since f(ry) = 0, owing to (3) we have
w(ry) = kr. Therefore, we find that

m o~ . m 21
Ky Tt QU)o
rno A= TH 2ry

what allows us to express rq in terms of the event horizon
radius ry.

Substituting (16) into (15), we obtain the equation for
w(r) in terms of the event horizon radius:

Q*In(r/ry) H
+T+/\<1—7>. (17)

Notice that, if one substitutes the expression for mass in
(14) in terms of ry,

K " & K"
M=+ A+ Q%

L e S

back into (14), then Q? cancels out and the corresponding
equation for y/(r) coincides with (17) in the limit Q — 0.
Therefore, we conclude that (17) or, equivalently, (15)
describes the general static maximally symmetric solution
in the three-dimensional Lovelock gravity with the electric
charge Q.

Let us start from the assumption that there is a kind of
three-dimensional analog of the cosmological horizon

re>ry, such that f(r¢)=0. Then, we have y(r¢) =«r?,
and one can express A as follows:
i 2-2m _ ,2-2m 21
A= Zam m'c ”f _Q I;(’”c/z’”H) (18)
re=ry 2(rc —ry)

If &,, =0, then A < 0, which means that the solution
with positive A cannot have a horizon. The interval ry <
r < r¢ corresponds to the region inside the inner horizon of
the charged BTZ black hole, and the solution is asymp-
totically AdS.

However, from (18) we see that when @,, # 0O the family
of solutions to (17) can include asymptotically de Sitter
black holes as well, with A — 0 as r- — o0. The extreme
value of A is given by

_ . m QZ
A= lim A=- a, k" (m—1)ri?m — =, 19
Jim A== S n = )7 = (19

In units of the event horizon, we can also obtain a closed
form for the Hawking temperature:

T _f/(”H) - ’”H(/_\—A)
= T
Ar 27P [Kr ]
—4Ars — 45 m (m = 1)a,c"mry "
= KM 1 2 2m (20)
87”H( + Z —y M, K" )

When the denominator of (20) is positive, that is,
P'[xr?] > 0, then the temperature decreases as the electric
charge Q grows until its extreme value Q, corresponding
to Ty = 0. Thus, the extreme charge Q is given by the
relation

m
Q? = —4Ar%, Z 0: K"’r2 2m
m=2
2 3 4
= —4AF —4a2K—— 8y 12a4K—. >0, (21)
H H H

Inequality (21) imposes the upper limit on A for which
the event horizon still exists:

it ~ 2 oz 3

_ Kk~ 203K
E m—1)a,,k™ erm:—T— 2 e (22)
m—2 "n TH

Solutions of the field equations (5) and (6), satisfying the
following inequality:

P'[kry?] _1—|—Zma KM=l y2oam
m=2
ki,  3K%a; Ay

2 4 6
TH Ty T'H

>0, (23)

will here be called perturbative, because, in the limit
a,, — 0, they go over into the charged BTZ black hole
(x = 1) or black string (x = 0, —1). Notice that inequality
(22) implies that the cosmological constant must be
negative, if k = 0.

When P'[xr7] < 0, owing to Eq. (20), Tj; grows when
Q is increased, so that, if inequality (22) is satisfied, then
Q= Q is the minimal charge, corresponding to 75 = 0.
Otherwise, if the value of A is larger than the limit (22), the
uncharged black hole has nonzero Hawking temperature,
and solutions can possess any electric charge.

Notice that, in the same way as for the higher-dimensional
solutions [42], P'[w(r)] cannot change its sign for r > ry,
because y/(r) is divergent in the point P'[y(r)] = 0, what
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leads to a singularity there. Therefore, if we study only
regular black holes, we must choose values of @, in
such a way that P'[y/(r)] is either positive or negative for
any r > ry.

IV. THREE-DIMENSIONAL GAUSS-BONNET
BLACK HOLE

In the regularized 3D FEinstein-Gauss-Bonnet gravity
(m = 2), Eq. (17) has two solutions:

1) = -

2,

r? <_1 N \/1 Iy 2A(r2 =) + 2k + 21<22€z2/r%1 + Q2 ln(r/rH)>' (24)

I%

A. Perturbative branch

The sign “+” corresponds to the perturbative branch, for which (23) reads P'[xkr7?] = 1 + 2:’72" > 0.

It is useful to rewrite this solution in the alternative form:

flr)=x

2A(r2 - r%{) + 2k + 2K2&2/}’%1 + Q*In(r/ry)

H

(25)

The constraint for the cosmological constant (22) has the
form

~ 2

arK

A< - >
TH

implying that for &, > 0 or k = 0 only the asymptotically
AdS space allows for an event horizon. The electric charge
Q must satisfy the inequality

)
= arK
Q2 < Q2 = —4<AV%.1 +r—2)

H

The metric function f(r) has the following asymptotic:

2A
N L S - o0, (26
fO = T ama s T @

so that, considering the factor in front of 7? as an effective
cosmological constant, we can see that the latter has the
same sign as A; i.e., if A < 0, the solution is asymptotically
AdS, while for A > 0, we have an asymptotically de Sitter
black hole.

When 0 < A < —@k?’ry', using Eq. (18), we can
express the cosmological constant in terms of the cosmo-
logical horizon r as follows:

&27(2 QZ 1n(rc/l"H)
2.2 2 2

A:
rarc 2(re —ry)

(27)

It is interesting to note that, when r- — o0 (A — 0), the
solution is not asymptotically flat, unless Q = 0. The latter
reads

14+ /1120207 —2A7, + 2k 1 25007 + @ In(r/rp)/ P

4a, Kr?_, +4a2Kk>

2,2
rrH

=20,k /1Y — Kk + Ky )1+

e
14 /1 4 236
H

5 2 ~ 2\2
Aok (x +r 1

=-2 (1— 222”)>+O<—4>. (28)
ry r

r'rg

f(r) =

This is a remarkable particular case of the general
solution, when @&, < 0, representing the (2+ 1)-dimensional
asymptotically flat black hole (x = 1) or string (x = —1).
When @, — 0, the metric function f(r) vanishes and the
solution does not exist, which agrees with the existence of
only asymptotically AdS BTZ black holes at zero &j.

Equation (26) imposes an additional constraint: In order
to have real solutions, the Gauss-Bonnet parameter must
obey

1 + 4a,A > 0. (29)

When A < 0, the condition (29) gives the upper bound
for @, < —1/4A. When A > 0, in addition to the lower
bound for &, > —1/4A, there is a bound for the black-hole
charge Q, requiring that the solution be real.

When @, is sufficiently small, the solution is real and can
be thought as a Gauss-Bonnet corrected BTZ solution:

3 Q%In(r/ry) B K’

1) = =A? = )

2 r%,
~ 2 2
+ (x (72 = a4 2 ra) ln(zr/r”)>
+ O(&3). (30)

B. Nonperturbative branch

73R L

The sign in (24) corresponds to the nonperturbative
branch, for which
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2a
1+ 225 <o, (31)
i

These solutions correspond to small black holes, when

ark < 0, because ry must be smaller than +/|2a&;k]|.
Since the metric function f(r) has the following
asymptotic:

11+\/1+4(12

f(r)— A 5 r— oo, (32)

the effective cosmological constant and &, have opposite
signs. In this case, the value of A can be considered as a
small correction to the effective cosmological constant.

When &, < —r2%/2 (x = 1), the solution corresponds to
an asymptotically de Sitter black hole. Using (27), one can
express @, in terms of the cosmological horizon r- as
follows:

&2 Q2 In

2
re/ry)r
Y (re/ru)re

1 G

We see that &, - —oo as r¢c — o0, so that inequality (31)
holds. However, there is no black-hole solution in this limit,
because the Hawking temperature

4Ary + @ +day/ry
871'7'[.](1 "‘ 2&2/7’%_1)

Ty = - (34)

becomes negative. The reason for this is that the non-
perturbative asymptotically de Sitter black hole has the
minimal charge, given by (21):

Q> > O = —4Ar}, — 4y /13

One cannot consider the limit - — oo holding a constant
value of Q or A as well, because the expression in the square
root in (24) becomes negative. We conclude, therefore, that
the nonperturbative asymptotically de Sitter solution does
not have a flat limit.

When &, > r2/2 (k = —1), the solution corresponds to
the AdS black string. For small A, it reads

r da, a3 2a,Q%In(r/ry)
“l— | 1+4/1-= 2
flr)= +2a2< +\/ r? +r2r,2q+ 2

:
AP =13)

+
\/1 _4ﬂ+ 42-112 +2(12Q ln(r/rH)

+O(A2). (35)

Finally, we notice that, when xa, <0, we cannot
continuously decrease ry in order to go from the pertur-
bative to the nonperturbative branch, because Ty diverges

in the limit 1 + x@,/r%, — 0, which means that r;; becomes
a singular point of the solution.

V. THIRD-ORDER LOVELOCK GRAVITY

In the regularized third-order Lovelock gravity (m = 3),
Eq. (17) has generally three solutions. When &; > &3/3,
only one solution is real:

azr
_(r)=1), 36
1) =k =T ()= A-() =1 (36)
where
R = 3
AL(r) =, \/F(r)z—i— <—3 —l> =+ F(r),
0‘2
272 KCa, Ka
F(ry=—2(ArP=A 2+
(r) 2&§r2< rh 4+ K+ 7 + )
O*In(r/ry) 9a3
AL VA e N
T/ o

In this case, for any w(r) we have

P'(y(r)) =14 2ay(r) + 3a5y(r) 2 (1 + ay(r))* 2 0.

so that all solutions are perturbative.
The event horizon exists when (22)

asz 2&31('3
A < _—4 - 6 .
ry ry

Yet, the sign of the effective cosmological constant can be
different from the sign of A. We notice that, when @, < 0,
the asymptotically de Sitter solutions always exist for
sufficiently large black holes (x = 1).

The extreme charge is given by the relation (21):

_ 2 3
Q* < O? :—4<Ar%{+d2’c2+2d31€4>.
T T

For &, < @3/3, there are three real solutions to Eq. (17).
In principle, for each set of the values of ry, @,, and &3, the
solution can be given in a closed, but cumbersome form.
Yet, such an analysis, as well as the analysis of solutions in
higher-order Lovelock gravity, is beyond the scope of the
present paper. We believe that, for practical purposes, in
higher-order Lovelock gravity it is easier to work with
numerical solutions of (17) rather than to derive the lengthy
expressions with various branches in their closed forms.

VI. CONCLUSIONS

A black hole in the D > 4 Einstein-Gauss-Bonnet
gravity and its Lovelock generalization were extensively
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studied and a number of interesting properties were observed.
For example, the lifetime of only a slightly Gauss-Bonnet
corrected black hole is characterized by a few orders longer
lifetime and a smaller evaporation rate [44]. The eikonal
quasinormal modes break down the correspondence between
the eikonal quasinormal modes and null geodesics [45,46].
Apparently, one of the interesting properties of higher
curvature corrected black holes is the gravitational insta-
bility: When the coupling constants are not small enough, the
black holes are unstable, and the instability develops at high
multipole numbers [41,42,47-53].

In higher dimensions, as well as when considering
D = 4 Einstein-Gauss-Bonnet black holes coupled to a
dilaton or other scalar field, all the effects due to the higher
curvature corrections are analyzed numerically (see, for
example, [54-63], and references therein). The model of
the three-dimensional Gauss-Bonnet and Lovelock cor-
rected black holes and strings considered in this paper
could be a much simpler model for analysis of various
effects in the black-hole background, which could, pos-
sibly, be analyzed analytically and, thereby, give a clearer
understanding of various phenomena in the presence of the
higher curvature corrections. The existence of the asymp-
totical flat black-hole solution in the (2 + 1)-dimensional
spacetime gives addition advantages for this. One of the
possible nearest future aims could be the analysis of the
quasinormal spectra [64] of the above black holes.

It is interesting to notice that the black brane solution
(25) for k = 0 obtained in our work as a result of the

dimensional regularization was also reproduced in an
alternative approach proposed recently in Refs. [34,38],
where there is a well-defined action:

S— / Px /=GR = 27 — 2 (0,00, )

— 20, (2R" — (R 4 200¢)¢*) 0,0, b
- a2¢(R/4U/1ﬂR”Mg - 4R;4DR”1/ + Rz)]

Thus, the black brane metric (25) is also an exact solution
of the scalar-tensor theory with ¢ = In(r/l) [65]. This
means that, although it is not clear whether the dimensional
regularization leads to any well-defined theory in (2 + 1)
dimensions, it can be an effective tool for obtaining exact
solutions. Unlike black brane solution (25), the black-hole
solutions obtained in this work have not been yet repro-
duced in some well-defined theory, and this raises another
appealing question: whether the scalar-tensor theory used
in [65] could be modified in such a way that the x = +1
solutions are allowed as well.
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