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The regularization procedure for getting the four-dimensional nontrivial Einstein-Gauss-Bonnet
effective description of gravity and its Lovelock generalization has been recently developed. Here we
propose the regularization for the three-dimensional gravity, which is based on the rescaling of the coupling
constants and, afterward, taking the limit D → 3. We obtain the generalization of the Bañados-Teitelboim-
Zanelli solution in the presence of the higher curvature (Gauss-Bonnet and Lovelock) corrections of any
order. The obtained general solution shows a peculiar behavior: The event horizon is allowed not only for
asymptotically anti–de Sitter spacetimes, but also for the de Sitter and flat cases, when the Gauss-Bonnet
coupling constant is negative. The factor of the electric charge is analyzed as well for various branches of
the solution, and the Hawking temperature is obtained.
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I. INTRODUCTION

Black holes in theories of gravity of lower than four
dimensions play an important role for our understanding of
properties of black holes as well as strongly coupled dual
systems [1–4]. Analysis of various phenomena in the
background of the lower-dimensional black holes are
sometimes remarkably simple in comparison with the full
higher-dimensional problem and, frequently, allows for an
analytic solution. Probably the most successful black-
hole solution of this kind is the (2þ 1)-dimensional
asymptotically anti–de Sitter (AdS) black hole called the
Bañados-Teitelboim-Zanelli (BTZ) solution [1]. Various
properties of the BTZ black hole and its generalizations in
modified theories of gravity were considered (see [5–14],
and references therein). Within the three-dimensional
Einstein-Maxwell theory, the black-hole solutions exist
only in the presence of a negative cosmological constant;
that is, only asymptotically anti–de Sitter black holes are
allowed.
Recently, an interesting formulation of the four-

dimensional Einstein-Gauss-Bonnet gravity was suggested
in Ref. [15], which has diffeomorphism invariance and
second-order equations of motion. It was claimed that
the approach bypasses the Lovelock theorem [16], which

means that the constructed gravity is different from the pure
Einstein theory in (3þ 1)-dimensional spacetime.
The approach is first formulated inD > 4 dimensions, and

then the four-dimensional theory is defined as the limit
D → 4 of the higher-dimensional theory after the rescaling
of the coupling constant. Notice that the same regularized
four-dimensional black-hole metrics with Gauss-Bonnet
(GB) corrections were obtained earlier within different
approaches [17–19], such as, for example, looking for
quantum corrections to the black-hole entropy. The proper-
ties of black holes obtained within this approach, such as (in)
stability, quasinormal modes, and shadows, were considered
in Ref. [20], while the Hawking radiation analyzed in
Refs. [21,22]. The innermost circular orbits were analyzed
in Ref. [23]. The generalization to the charged black holes
and asymptotically anti–deSitter and deSitter cases in the 4D
Einstein-Gauss-Bonnet gravity was considered in Ref. [24]
and to thehigher curvature corrections inRefs. [25,26]. Some
further properties of black holes and stars for this novel
formulation of gravity, such as axial symmetry, thermody-
namics, and others, were considered in Refs. [27–32].
It is important to notice here that such a formulation,

apparently, cannot be performed in four dimensions in a
consistent manner. Because of the Lovelock theorem, the
four-dimensional theory cannot be obtained from the action
principle, and equations for the coupled fields in their
general covariant form have no proper limit for D → 4. In
particular, the contribution from the Gauss-Bonnet term
does not obey the Bianchi identity, leading to an
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inconsistency when coupling of conserved fields in the
four-dimensional theory [33]. In order to solve the above
problem, it has been proposed to perform the regularization
by introducing explicitly a conformal metric factor in the
D-dimensional action, which becomes an additional scalar
field in the limit D → 4 [34]. In two dimensions, this
method leads to the equations which are equivalent to the
regularized Einstein theory [35]. When applied to the limit
D → 4 of the Einstein-Gauss-Bonnet theory, it admits the
same cosmological and black-hole solutions [36–38], yet, it
is not possible to prove full equivalence of the theories,
obtained within these two approaches, and the scalar field
may carry an additional hidden degree of freedom [34].
Although the obtained here lower-dimensional black-

hole metrics could be used as a viable background for test
fields, when the matter field is not simply propagating in the
background of a spacetime given by some metric but is
strongly coupled to gravity, theD-dimensional treatment of
a problem is necessary with the subsequent rescaling of the
coupling constant leading to the regularization in theD → 4
limit. Thus,when the coupling to gravity comes into play, for
example, under the analysis of gravitational perturbations
and stability of black holes, then the perturbation equations
must first be considered in theD-dimensional case and then
the dimensional regularization must be performed for the
whole system, as was done in Refs. [20,39].
Here, following the approach of Ref. [15], we suggest a

similar regularization for the (2þ 1)-dimensional gravity
allowing for an electric charge, cosmological constant (both
positive and negative), and Lovelock terms of any order.
We find the generalization of the (2þ 1)-dimensional
charged BTZ black hole in this approach, which includes
higher curvature (Gauss-Bonnet and Lovelock) corrections.
We will show that the black-hole metric has the follow-

ing simple form for the 3D-Einstein-Gauss-Bonnet gravity:

fðrÞ ¼ 1 −
r2

2α̃2

0
B@−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α̃2

Λðr2 − r2HÞ þ α̃2
r2H
þ 1

r2

s 1
CA;

where α̃2 is the GB coupling constant, Λ is the cosmo-
logical constant, and rH is the radius of the event horizon,
such that for the sign “þ” corresponds to the branch,
perturbative in α̃2, for which 1þ 2α̃2=r2H > 0, while the
sign “−” appears for the nonperturbative branch and
implies that 1þ 2α̃2=r2H < 0. This simple metric is further
generalized to the case of a charged black hole and black
string, as well as to the higher-order Lovelock terms.
Unlike the classical BTZ metric, our general solution
allows for an event horizon even for asymptotically
de Sitter or flat black holes and strings, provided the
GB coupling constant is negative. We consider some
basic properties of these perturbative and nonperturbative
solutions. The Hawking temperature and the horizon
structure are discussed for these cases.

Our paper is organized as follows. In Sec. II, we briefly
describe the generic static maximally symmetric solution in
the 3D Einstein-Lovelock gravity, allowing for an electric
charge and the Λ term. In Sec. III, we go over to the units of
the radius of the event horizon, consider the basic proper-
ties of the general black-hole solution, and calculate the
Hawking temperature. In Sec. IV, we discuss different
branches of the 3D-Einstein-Gauss-Bonnet solution and
show that, in addition to the nonperturbative branch, there
is the perturbative branch which is a generalization of the
charged BTZ solution. In Sec. V, we consider the general
solution for a particular case of the third-order Einstein-
Lovelock gravity. Finally, in conclusions, we summarize
the obtained results and discuss some open questions.

II. STATIC SOLUTIONS IN THE THREE-
DIMENSIONAL LOVELOCK GRAVITY

The Lagrangian density of the Lovelock-Maxwell theory
has the form [16,40]

L¼−2Λþ1

4
FμνFμν

þ
X̄m
m¼1

1

2m
αm
m

δμ1ν1…μmνm
λ1σ1…λmσm

Rμ1ν1
λ1σ1…Rμmνm

λmσm; ð1Þ

where

δ
μ1μ2…μp
ν1ν2…νp ¼ det

0
BBBBB@

δμ1ν1 δμ1ν2 � � � δμ1νp

δμ2ν1 δμ2ν2 � � � δμ2νp

..

. ..
. . .

. ..
.

δ
μp
ν1 δ

μp
ν2 � � � δ

μp
νp

1
CCCCCA

is the generalized totally antisymmetric Kronecker
delta, Rμν

λσ is the Riemann tensor, α1 ¼ 1=8πG ¼ 1,
and α2; α3; α4;… are arbitrary constants of the theory.
The Euler-Lagrange equations, corresponding to the

Lagrangian density (1), read [41]

Λδμν −
X̄m
m¼1

αm
2mþ1m

δμμ1ν1…μmνm
νλ1σ1…λmσm

Rμ1ν1
λ1σ1…Rμmνm

λmσm

¼ 1

2
FμσFνσ −

1

8
FλσFλσδ

μ
ν ;

Fμν
;ν ¼ 1ffiffiffiffiffiffi−gp ∂ν

ffiffiffiffiffiffi
−g

p
Fμν ¼ 0: ð2Þ

The antisymmetric tensor in (2) is nonzero only when the
indices μ; μ1; ν1; μ2; ν2;…μm; νm are all distinct. Notice that
for D ¼ 2m̄ the m̄-order correction in the Lagrangian (1)
does not vanish. Nevertheless, it does not contribute to the
equations of motion, because it is a topological invariant
which leads to a surface integral in the action. Thus, the
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general Lovelock theory is such that 2m̄ < D. In particular,
for D ¼ 4 and D ¼ 3, we have m̄ ¼ 1, which corresponds
to the Einstein theory [16].
We consider the general static solution, described by the

metric

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2dΩ2

n;

fðrÞ ¼ κ − r2ψðrÞ; ð3Þ

where dΩ2
n is a ðn ¼ D − 2Þ-dimensional space with a

constant curvature κ ¼ −1, 0, 1 and the only nonzero
components of the electromagnetic strength tensor are

Ftr ¼ −Frt ¼ EðrÞ: ð4Þ

Then Eqs. (2) can be reduced to the following form [41]:

d
dr

rD−2EðrÞ ¼ 0; ð5Þ

−
D − 2

2rD−2
d
dr

rD−1ðP½ψðrÞ� − λÞ ¼ −
EðrÞ2
4

; ð6Þ

−
1

2rD−3
d2

dr2
rD−1ðP½ψðrÞ� − λÞ ¼ EðrÞ2

4
; ð7Þ

where

λ ¼ 2Λ
ðD − 1ÞðD − 2Þ

and the function P½ψ � is defined as follows:

P½ψ � ¼ ψ þ
X̄m
m¼2

αm
m

ðD − 3Þ!
ðD − 2m − 1Þ!ψ

m

¼ ψ þ
X̄m
m¼2

α̃mψ
m: ð8Þ

Notice that Eq. (7) is not independent and follows from (5)
and (6).
The new constants α̃m are introduced as in Ref. [42]:

α̃m ¼ αm
m

ðD − 3Þ!
ðD − 2m − 1Þ! ¼

αm
m

Y2m−2

p¼1

ðD − 2 − pÞ: ð9Þ

Considering finite values of α̃m, one can see that (6) and (7)
are finite for any D ≥ 3. In this way we can perform
dimensional regularization of the generic static solution (3)
in the Einstein-Lovelock theory for D ≤ 2m̄.

By integrating (5), we find that

EðrÞ ¼ Q
rD−2 ; ð10Þ

where the integration constant Q is the electric charge.
After integration of (6), we obtain the algebraic equation

for ψðrÞ:

P½ψðrÞ� ¼ 2M
rD−1 −

Q2

r2ðD−2Þ þ
2Λ

ðD − 1ÞðD − 2Þ ; ð11Þ

where the arbitrary constant M defines the asymptotic
mass [43]:

M ¼ ðD − 2ÞπD=2−3=2

4ΓðD=2 − 1=2Þ M; ð12Þ

and

Q ¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ðD − 2ÞðD − 3Þ

s
: ð13Þ

When considering the limit D → 3, one can use two
approaches to deal with the electromagnetic field. One
approach, inferred in Ref. [26], is to take the limitQ → 0 as
D → 3 such that Q remains finite. In this case, Eq. (11) for
ψðrÞ reads

P½ψðrÞ� ¼ 2M −Q2

r2
þ Λ ¼ 8M −Q2

r2
þ Λ: ð14Þ

Although the electric charge vanishes, the quantity Q leads
to an additional term, which is subtracted from the
asymptotic mass in the metric function. As a result, the
constant (effective mass) is not necessary positive. Within
this regularization of the higher-dimensional electrodynam-
ics, the three-dimensional electrodynamics leads to the
redefinition of mass and is, thereby, trivial.
A more natural approach is first to formulate the

regularization of the gravitational sector and then to impose
a three-dimensional electromagnetic field. In this way, we
consider the solution to (6) for a finite value of α̃m and Q,
which reads

P½ψðrÞ� ¼ Q2 lnðr=r0Þ
2r2

þ Λ; ð15Þ

where r0 is an arbitrary constant. In the next section, we
shall see that, in the limitQ → 0, Eq. (15) can be reduced to
(14), so that one can consider Eq. (15) for any value of the
electric charge Q without loss of generality. Thus, we will
follow the second approach to inclusion of the electro-
magnetic field. This approach also reproduces the charged
BTZ black hole [1] in the limit α̃m → 0.
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III. DESCRIPTION OF THE GENERAL METRIC
AND HAWKING TEMPERATURE

Unlike the higher-dimensional case, when D ¼ 3, the
arbitrary constant r0 in (15) cannot be simply related with
the black-hole mass. Therefore, as for the BTZ solution, we
shall measure all dimensional quantities in units of the
horizon radius rH. Since fðrHÞ ¼ 0, owing to (3) we have
ψðrHÞ ¼ κr−2H . Therefore, we find that

κ

r2H
þ
X̄m
m¼2

α̃mκ
m

r2mH
¼ Q2 lnðrH=r0Þ

2r2H
þ Λ; ð16Þ

what allows us to express r0 in terms of the event horizon
radius rH.
Substituting (16) into (15), we obtain the equation for

ψðrÞ in terms of the event horizon radius:

P½ψðrÞ� ¼ 1

r2

�
κ þ

X̄m
m¼2

α̃mκ
m

r2m−2
H

�

þQ2 lnðr=rHÞ
2r2

þ Λ
�
1 −

r2H
r2

�
: ð17Þ

Notice that, if one substitutes the expression for mass in
(14) in terms of rH,

2M ¼ κ

r2H
þ
X̄m
m¼2

α̃mκ
m

r2mH
− Λr2H þQ2;

back into (14), then Q2 cancels out and the corresponding
equation for ψðrÞ coincides with (17) in the limit Q → 0.
Therefore, we conclude that (17) or, equivalently, (15)
describes the general static maximally symmetric solution
in the three-dimensional Lovelock gravity with the electric
charge Q.
Let us start from the assumption that there is a kind of

three-dimensional analog of the cosmological horizon
rC>rH, such that fðrCÞ¼0. Then, we have ψðrCÞ¼κr−2C ,
and one can express Λ as follows:

Λ ¼
X̄m
m¼2

α̃mκ
m r2−2mC − r2−2mH

r2C − r2H
−
Q2 lnðrC=rHÞ
2ðr2C − r2HÞ

: ð18Þ

If α̃m ¼ 0, then Λ < 0, which means that the solution
with positive Λ cannot have a horizon. The interval rH <
r < rC corresponds to the region inside the inner horizon of
the charged BTZ black hole, and the solution is asymp-
totically AdS.
However, from (18) we see that when α̃m ≠ 0 the family

of solutions to (17) can include asymptotically de Sitter
black holes as well, with Λ → 0 as rC → ∞. The extreme
value of Λ is given by

Λ̄ ¼ lim
rH→rC

Λ ¼ −
X̄m
m¼2

α̃mκ
mðm − 1Þr2−2mH −

Q2

4r2H
: ð19Þ

In units of the event horizon, we can also obtain a closed
form for the Hawking temperature:

TH ¼ f0ðrHÞ
4π

¼ rHðΛ̄ − ΛÞ
2πP0½κr−2H �

¼ −4Λr2H −Q2 − 4
P

m̄
m¼2ðm − 1Þα̃mκmr2−2mH

8πrHð1þ
P

m̄
m¼2mα̃mκ

m−1r2−2mH Þ : ð20Þ

When the denominator of (20) is positive, that is,
P0½κr−2H � > 0, then the temperature decreases as the electric
charge Q grows until its extreme value Q̄, corresponding
to TH ¼ 0. Thus, the extreme charge Q̄ is given by the
relation

Q̄2 ¼ −4Λr2H − 4
X̄m
m¼2

ðm − 1Þα̃mκmr2−2mH

¼ −4Λr2H − 4α̃2
κ2

r2H
− 8α̃3

κ3

r4H
− 12α̃4

κ4

r6H
� � � ≥ 0: ð21Þ

Inequality (21) imposes the upper limit on Λ for which
the event horizon still exists:

Λ < −
X̄m
m¼2

ðm − 1Þα̃mκmr−2mH ¼ −
α̃2κ

2

r4H
−
2α̃3κ

3

r6H
� � � : ð22Þ

Solutions of the field equations (5) and (6), satisfying the
following inequality:

P0½κr−2H �≡ 1þ
X̄m
m¼2

mα̃mκ
m−1r2−2mH

¼ 1þ 2κα̃2
r2H

þ 3κ2α̃3
r4H

þ 4κ3α̃4
r6H

þ � � � > 0; ð23Þ

will here be called perturbative, because, in the limit
α̃m → 0, they go over into the charged BTZ black hole
(κ ¼ 1) or black string (κ ¼ 0;−1). Notice that inequality
(22) implies that the cosmological constant must be
negative, if κ ¼ 0.
When P0½κr−2H � < 0, owing to Eq. (20), TH grows when

Q is increased, so that, if inequality (22) is satisfied, then
Q ¼ Q̄ is the minimal charge, corresponding to TH ¼ 0.
Otherwise, if the value of Λ is larger than the limit (22), the
uncharged black hole has nonzero Hawking temperature,
and solutions can possess any electric charge.
Notice that, in the sameway as for the higher-dimensional

solutions [42], P0½ψðrÞ� cannot change its sign for r ≥ rH,
because ψ 0ðrÞ is divergent in the point P0½ψðrÞ� ¼ 0, what
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leads to a singularity there. Therefore, if we study only
regular black holes, we must choose values of α̃m in
such a way that P0½ψðrÞ� is either positive or negative for
any r ≥ rH.

IV. THREE-DIMENSIONAL GAUSS-BONNET
BLACK HOLE

In the regularized 3D Einstein-Gauss-Bonnet gravity
(m̄ ¼ 2), Eq. (17) has two solutions:

fðrÞ ¼ κ −
r2

2α̃2

�
−1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2α̃2

2Λðr2 − r2HÞ þ 2κ þ 2κ2α̃2=r2H þQ2 lnðr=rHÞ
r2

r �
: ð24Þ

A. Perturbative branch

The sign “+” corresponds to the perturbative branch, for which (23) reads P0½κr−2H � ¼ 1þ 2α̃2κ
r2H

> 0.
It is useful to rewrite this solution in the alternative form:

fðrÞ ¼ κ −
2Λðr2 − r2HÞ þ 2κ þ 2κ2α̃2=r2H þQ2 lnðr=rHÞ

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2α̃2ð2Λr2 − 2Λr2H þ 2κ þ 2κ2α̃2=r2H þQ2 lnðr=rHÞÞ=r2

p : ð25Þ

The constraint for the cosmological constant (22) has the
form

Λ < −
α̃2κ

2

r4H
;

implying that for α̃2 ≥ 0 or κ ¼ 0 only the asymptotically
AdS space allows for an event horizon. The electric charge
Q must satisfy the inequality

Q2 ≤ Q̄2 ¼ −4
�
Λr2H þ α̃2κ

2

r2H

�
:

The metric function fðrÞ has the following asymptotic:

fðrÞ → −
2Λ

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α̃2Λ

p r2; r → ∞; ð26Þ

so that, considering the factor in front of r2 as an effective
cosmological constant, we can see that the latter has the
same sign as Λ; i.e., if Λ < 0, the solution is asymptotically
AdS, while for Λ > 0, we have an asymptotically de Sitter
black hole.
When 0 ≤ Λ < −α̃2κ2r−4H , using Eq. (18), we can

express the cosmological constant in terms of the cosmo-
logical horizon rC as follows:

Λ ¼ −
α̃2κ

2

r2Hr
2
C
−
Q2 lnðrC=rHÞ
2ðr2C − r2HÞ

: ð27Þ

It is interesting to note that, when rC → ∞ (Λ → 0), the
solution is not asymptotically flat, unlessQ ¼ 0. The latter
reads

fðrÞ ¼
−2α̃2κ2=r2H − κ þ κ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α̃2κr2Hþ4α̃2

2
κ2

r2r2H

r

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α̃2κr2Hþ4α̃2

2
κ2

r2r2H

r

¼ −
α̃2κ

2

r2H

�
1 −

ðα̃2κ þ r2HÞ2
r2r2H

�
þO

�
1

r4

�
: ð28Þ

This is a remarkable particular case of the general
solution, when α̃2<0, representing the (2þ1)-dimensional
asymptotically flat black hole (κ ¼ 1) or string (κ ¼ −1).
When α̃2 → 0, the metric function fðrÞ vanishes and the
solution does not exist, which agrees with the existence of
only asymptotically AdS BTZ black holes at zero α̃2.
Equation (26) imposes an additional constraint: In order

to have real solutions, the Gauss-Bonnet parameter must
obey

1þ 4α̃2Λ ≥ 0: ð29Þ
When Λ < 0, the condition (29) gives the upper bound

for α̃2 ≤ −1=4Λ. When Λ > 0, in addition to the lower
bound for α̃2 ≥ −1=4Λ, there is a bound for the black-hole
charge Q, requiring that the solution be real.
When α̃2 is sufficiently small, the solution is real and can

be thought as a Gauss-Bonnet corrected BTZ solution:

fðrÞ ¼ −Λðr2 − r2HÞ −
Q2 lnðr=rHÞ

2
−
α̃2κ

2

r2H

þ α̃2
r2

�
κ þ ðr2 − r2HÞΛþQ2 lnðr=rHÞ

2

�
2

þOðα̃22Þ: ð30Þ

B. Nonperturbative branch

The sign “−” in (24) corresponds to the nonperturbative
branch, for which
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1þ 2α̃2κ

r2H
< 0: ð31Þ

These solutions correspond to small black holes, when
α̃2κ < 0, because rH must be smaller than

ffiffiffiffiffiffiffiffiffiffiffiffij2α̃2κj
p

.
Since the metric function fðrÞ has the following

asymptotic:

fðrÞ → 1

α̃2

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4α̃2Λ

p
2

r2; r → ∞; ð32Þ

the effective cosmological constant and α̃2 have opposite
signs. In this case, the value of Λ can be considered as a
small correction to the effective cosmological constant.
When α̃2 < −r2H=2 (κ ¼ 1), the solution corresponds to

an asymptotically de Sitter black hole. Using (27), one can
express α̃2 in terms of the cosmological horizon rC as
follows:

−
α̃2
r2H

¼ Λr2C þQ2 lnðrC=rHÞr2C
2ðr2C − r2HÞ

: ð33Þ

We see that α̃2 → −∞ as rC → ∞, so that inequality (31)
holds. However, there is no black-hole solution in this limit,
because the Hawking temperature

TH ¼ −
4Λr2H þQ2 þ 4α̃2=r2H
8πrHð1þ 2α̃2=r2HÞ

ð34Þ

becomes negative. The reason for this is that the non-
perturbative asymptotically de Sitter black hole has the
minimal charge, given by (21):

Q2 ≥ Q̄2 ¼ −4Λr2H − 4α̃2=r2H:

One cannot consider the limit rC → ∞ holding a constant
value of Q̄ orΛ as well, because the expression in the square
root in (24) becomes negative. We conclude, therefore, that
the nonperturbative asymptotically de Sitter solution does
not have a flat limit.
When α̃2 > r2H=2 (κ ¼ −1), the solution corresponds to

the AdS black string. For small Λ, it reads

fðrÞ¼−1þ r2

2α̃2

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4α̃2
r2

þ 4α̃22
r2r2H

þ2α̃2Q2 lnðr=rHÞ
r2

s !

þ Λðr2−r2HÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4α̃2

r2 þ
4α̃2

2

r2r2H
þ 2α̃2Q2 lnðr=rHÞ

r2

r þOðΛ2Þ: ð35Þ

Finally, we notice that, when κα̃2 < 0, we cannot
continuously decrease rH in order to go from the pertur-
bative to the nonperturbative branch, because TH diverges

in the limit 1þ κα̃2=r2H → 0, which means that rH becomes
a singular point of the solution.

V. THIRD-ORDER LOVELOCK GRAVITY

In the regularized third-order Lovelock gravity (m̄ ¼ 3),
Eq. (17) has generally three solutions. When α̃3 ≥ α̃22=3,
only one solution is real:

fðrÞ ¼ κ −
α̃2r2

3α̃3
ðAþðrÞ − A−ðrÞ − 1Þ; ð36Þ

where

A�ðrÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FðrÞ2 þ

�
3α̃3
α̃22

− 1

�
3

s
� FðrÞ3

vuut ;

FðrÞ ¼ 27α̃23
2α̃32r

2

�
Λr2 − Λr2H þ κ þ κ2α̃2

r2H
þ κ3α̃3

r4H

þQ2 lnðr=rHÞ
2

�
þ 9α̃3
2α̃22

− 1:

In this case, for any ψðrÞ we have

P0ðψðrÞÞ ¼ 1þ 2α̃2ψðrÞþ 3α̃3ψ
2ðrÞ≥ ð1þ α̃2ψðrÞÞ2 ≥ 0;

so that all solutions are perturbative.
The event horizon exists when (22)

Λ < −
α̃2κ

2

r4H
−
2α̃3κ

3

r6H
:

Yet, the sign of the effective cosmological constant can be
different from the sign of Λ. We notice that, when α̃2 < 0,
the asymptotically de Sitter solutions always exist for
sufficiently large black holes (κ ¼ 1).
The extreme charge is given by the relation (21):

Q2 ≤ Q̄2 ¼ −4
�
Λr2H þ α̃2

κ2

r2H
þ 2α̃3

κ3

r4H

�
:

For α̃2 < α̃22=3, there are three real solutions to Eq. (17).
In principle, for each set of the values of rH, α̃2, and α̃3, the
solution can be given in a closed, but cumbersome form.
Yet, such an analysis, as well as the analysis of solutions in
higher-order Lovelock gravity, is beyond the scope of the
present paper. We believe that, for practical purposes, in
higher-order Lovelock gravity it is easier to work with
numerical solutions of (17) rather than to derive the lengthy
expressions with various branches in their closed forms.

VI. CONCLUSIONS

A black hole in the D > 4 Einstein-Gauss-Bonnet
gravity and its Lovelock generalization were extensively
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studied and a number of interesting propertieswereobserved.
For example, the lifetime of only a slightly Gauss-Bonnet
corrected black hole is characterized by a few orders longer
lifetime and a smaller evaporation rate [44]. The eikonal
quasinormalmodes break down the correspondence between
the eikonal quasinormal modes and null geodesics [45,46].
Apparently, one of the interesting properties of higher
curvature corrected black holes is the gravitational insta-
bility:When the coupling constants are not small enough, the
black holes are unstable, and the instability develops at high
multipole numbers [41,42,47–53].
In higher dimensions, as well as when considering

D ¼ 4 Einstein-Gauss-Bonnet black holes coupled to a
dilaton or other scalar field, all the effects due to the higher
curvature corrections are analyzed numerically (see, for
example, [54–63], and references therein). The model of
the three-dimensional Gauss-Bonnet and Lovelock cor-
rected black holes and strings considered in this paper
could be a much simpler model for analysis of various
effects in the black-hole background, which could, pos-
sibly, be analyzed analytically and, thereby, give a clearer
understanding of various phenomena in the presence of the
higher curvature corrections. The existence of the asymp-
totical flat black-hole solution in the (2þ 1)-dimensional
spacetime gives addition advantages for this. One of the
possible nearest future aims could be the analysis of the
quasinormal spectra [64] of the above black holes.
It is interesting to notice that the black brane solution

(25) for κ ¼ 0 obtained in our work as a result of the

dimensional regularization was also reproduced in an
alternative approach proposed recently in Refs. [34,38],
where there is a well-defined action:

S ¼
Z

d3x
ffiffiffiffiffiffi
−g

p ½R − 2Λ − 2α̃2ðgμν∂μϕ∂νϕÞ2

− 2α̃2ð2Rμν − ðRþ 2□ϕÞgμνÞ∂μϕ∂νϕ

− α̃2ϕðRμνλσRμνλσ − 4RμνRμν þ R2Þ�:

Thus, the black brane metric (25) is also an exact solution
of the scalar-tensor theory with ϕ ¼ lnðr=lÞ [65]. This
means that, although it is not clear whether the dimensional
regularization leads to any well-defined theory in (2þ 1)
dimensions, it can be an effective tool for obtaining exact
solutions. Unlike black brane solution (25), the black-hole
solutions obtained in this work have not been yet repro-
duced in some well-defined theory, and this raises another
appealing question: whether the scalar-tensor theory used
in [65] could be modified in such a way that the κ ¼ �1
solutions are allowed as well.
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