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We study the emergence of entropy in gravitational production of dark matter particles, ultralight
scalars minimally coupled to gravity and heavier fermions, from inflation to radiation domination. Initial
conditions correspond to dark matter fields in their Bunch-Davies vacua during inflation. The “out”
states are correlated particle-antiparticle pairs, and their distribution function is found in both cases. In
the adiabatic regime the density matrix features rapid decoherence by dephasing from interference effects
in the basis of out particle states, effectively reducing it to a diagonal form with a concomitant von
Neumann entropy. We show that it is exactly the entanglement entropy obtained by tracing over one
member of the correlated pairs. Remarkably, for both statistics the entanglement entropy is similar to the
quantum kinetic entropy in terms of the distribution function with noteworthy differences stemming from
pair correlations. The entropy and the kinetic-fluid form of the energy-momentum tensor all originate
from decoherence of the density matrix. For ultralight scalar dark matter, the distribution function peaks
at low momentum o 1/k> and the specific entropy is < 1. This is a hallmark of a condensed phase but
with vanishing field expectation value. For fermionic dark matter the distribution function is nearly
thermal and the specific entropy is O(1) which is typical of a thermal species. We argue that the
functional form of the entanglement entropy is quite general and applies to alternative production
mechanisms such as parametric amplification during reheating.
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I. INTRODUCTION

The convergence of evidence for dark matter (DM) from
cosmic microwave background (CMB) anisotropies, galac-
tic rotation curves, gravitational lensing, Bullet Cluster,
large scale surveys, and numerical evolution of galaxy
formation is very compelling. It is also evident from its
properties that a particle physics candidate must be sought
in extensions beyond the Standard Model (SM). However, a
multidecade effort for its direct detection has not yet led
to an unambiguous identification of a DM particle [1-5].
A suitable particle physics candidate must feature a
production mechanism yielding the correct abundance
and equation of state, and satisfy the cosmological and
astrophysical constraints with a lifetime of at least the age
of the Universe. So far, all of the available evidence is
consistent with dark matter interacting solely with gravity.

Among the various production mechanisms, particle
production as a consequence of cosmological expansion
is a remarkable phenomenon that has been studied in
pioneering work in Refs. [6-12]. An important aspect of
this mechanism is that if the particle interacts only with
gravity and no other degrees of freedom, its abundance is

"MURA4 @pitt.edu
"boyan @pitt.edu

2470-0010/2020/102(6)/063532(28)

063532-1

determined solely by the particle mass, its coupling to
gravity, and the expansion history, independently of hypo-
thetical couplings beyond the SM. As such, production via
cosmological expansion provides a baseline for the abun-
dance and clustering properties of dark matter candidates.

Gravitational production has been studied for various
candidates and different cosmological settings: heavy par-
ticles produced adiabatically during inflation [13-21], or via
inflaton oscillations [22], during reheating [23-27], or
via cosmological expansion during an era with a particular
equation of state [28]. More recently the nonadiabatic
cosmological production of ultralight bosonic particles
[29] and heavy fermionic particles [30] were studied during
inflation followed by a radiation dominated era.

A. Motivations and main objectives

Nonadiabatic gravitational production of both ultralight
bosonic dark matter and a heavier fermionic dark matter
species was studied in Refs. [29,30] with initial “in”
conditions during inflation with the respective fields in
their Bunch-Davies vacuum state, evolving to asymptotic
“out” particle states in the radiation dominated era. The
asymptotic out particle states feature pair correlations and
the distribution function is obtained from the Bogoliubov
coefficients relating the in to the out states which were
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obtained in these references. Well after the transition
from inflation to radiation domination (RD) and well
before matter radiation equality, when the scale factor

aoy ~ 107> a(t) > 10717/ /m/(eV), there ensues an
adiabatic regime during which the Hubble expansion rate
H(t) is much smaller than the mass m of the dark matter
particle. It is shown in these references that during the
adiabatic regime, and after averaging rapid oscillations in
interference terms, the energy-momentum tensor of these
dark matter particles feature the kinetic-fluid form.
Furthermore, in the case of fermionic dark matter,
Ref. [30] found that the distribution function features an
unexpected near thermality.

These results motivate the main questions addressed in
this article: a kinetic-fluid description in terms of a
distribution function typically also includes the entropy
[31], which along with the energy density and pressure
provide an effective statistical description of the “fluid,” as
in thermodynamics. In this study we address the origin of
entropy associated with this kinetic-fluid description.

At prima facie the question of entropy within the context
of gravitational production seems surprising because the in
state of dark matter is the vacuum state during inflation;
therefore, the density matrix describes a pure state with
vanishing entropy. While this is true, the study in
Refs. [29,30] revealed that during the adiabatic regime
and in the basis of asymptotic out particles, the energy-
momentum tensor features contributions that evolve on
widely different timescales: a slow timescale associated
with the cosmological expansion ~1/H(r) and a fast time-
scale ~1/m associated with the dynamics of the out particle
states. The latter one is manifest in specific interference
terms in pair correlations which dephase on the rapid
timescale ~1/m. As shown explicitly in Refs. [29,30], the
kinetic-fluid form emerges upon averaging these rapidly
varying correlations on the longer timescales. The wide
separation of these two timescales is precisely the hallmark
of the adiabatic regime that sets in well before matter
radiation equality. In this article we study whether and
how this rapid dephasing phenomena stemming from
interference in the asymptotic out state heralds a
decoherence mechanism, and how such mechanism entails
loss of information and a nonvanishing entropy.

B. Brief summary of results

Following up on the study of Refs. [29,30], we consider
the nonadiabatic gravitational production of an ultralight
complex scalar field minimally coupled to gravity and a
heavier fermionic Dirac field under the same set of minimal
assumptions considered in these references. The cosmo-
logical expansion results in the production of entangled
correlated asymptotic out particle-antiparticle pairs of
vanishing total momentum.

During the adiabatic regime, we introduce an effective
Schroedinger picture that implements a separation of the

widely different timescales, the rapid timescale is included
in the time evolution of the density matrix, whereas the
slow timescale is associated with operators. The
Bogoliubov transformation that relates the in to the out
states relates the Schroedinger picture density matrix in the
in basis to the out basis. Off-diagonal density matrix
elements in the out basis feature fast dephasing on short
timescales ~1/m, leading to decoherence and information
loss, effectively reducing the density matrix to a diagonal
form in this basis, and consequently to a nonvanishing von
Neumann entropy. This rapid dephasing and decoherence
in the density matrix is a direct manifestation of the
interference terms in the energy-momentum tensor in the
out basis and the emergence of its kinetic-fluid form.

We show that because gravitational production results
in correlated particle-antiparticle pairs, the von Neumann
entropy resulting from dephasing and decoherence is
precisely the entanglement entropy obtained by tracing
the density matrix over one member of the pairs.
Remarkably, the entanglement entropy is similar to the
quantum kinetic expression in terms of the distribution
function with noteworthy differences arising from the
intrinsic pair correlations in the out states. We find that
the comoving entropy density in terms of the distribution
function of produced particles, Ny, is given by

1 o0

S:iz—z kz{(lj:Nk)ln(l:I:Nk):FNklnNk}dk,
7= Jo

where “+” is for real or complex bosons and “—" is for

each spin/helicity of Dirac or Majorana fermions. If the
out states were independent particles and/or antiparticles,
complex bosons and Dirac fermions would have twice the
number of degrees of freedom of real bosons and Majorana
fermions and the entropy would feature an extra factor 2
when particles are different from antiparticles. The fact that
the entropy is the same regardless of whether particles are
the same as antiparticles or not is a consequence of the pair
correlations of the out state. These pairs are entangled
in momentum (and spin/helicity for fermions); tracing out
any member of the pair yields the same entanglement
entropy regardless of whether the member is a particle or an
antiparticle. Therefore, the von Neumann-entanglement
entropy and the kinetic-fluid form of the energy-momentum
are all a direct consequence of decoherence of the density
matrix in the out basis by dephasing.

We discuss the role of the out particle basis as a
privileged or “pointer” basis; to describe the statistical
aspects of dark matter, it is preferred by the measurement of
the properties of dark matter “particles.”

For a minimally coupled ultralight scalar field, gravita-
tional production yields a distribution function that is
strongly peaked in the infrared [29]. In this case we find
that the specific entropy (entropy per particle) is vanish-
ingly small; this is a hallmark of a condensed phase albeit
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with a vanishing expectation value of the field. For
fermionic dark matter, the distribution function is nearly
thermal [30] and the specific entropy is O(1) in agreement
with a nearly thermal (but cold) dark matter candidate.

Although we have studied the origin of entropy within
these two specific examples, we argue that the emergence
of entropy in the production of dark matter from the time
evolution of an initial pure state is more generally valid and
the mechanism of decoherence by dephasing is common to
several alternative proposed mechanisms of particle pro-
duction in cosmology.

We note that cosmological particle production and
entanglement entropy have previously been considered
for inflationary perturbations [32-39], in cosmological
particle production [40], and as scenarios of quantum
information concepts applied to model cosmologies
[41-44]. However, to the best of our knowledge the origin
of entropy has not yet been addressed for nonadiabatic
gravitational production of dark matter during inflation
followed by a postinflation radiation dominated cosmol-
ogy, which is the focus of our study.

The article is organized as follows: Section II summa-
rizes the main assumptions. Section III studies a complex
ultralight scalar dark matter field minimally coupled to
gravity, introduces the method of separation of timescales,
obtains the energy-momentum tensor and the density
matrix in the out basis, and analyzes decoherence by
dephasing and the entanglement entropy. Section IV stud-
ies fermionic dark matter specifically to understand
how particle statistics affect the entanglement entropy.
Section V provides a discussion of various related aspects
and arguments for the generality of our results. Section VI
summarizes our conclusions and poses new questions.
Finally, various appendixes supplement technical details.

For self-consistency, completeness and continuity of
presentation, Secs. III and IV include some of the most
relevant technical aspects that are discussed in greater detail
in Refs. [29,30].

II. PRELIMINARIES

We consider a similar cosmological setting as in
Refs. [29,30], namely, a spatially flat Friedmann-
Robertson-Walker cosmology in conformal time x with
metric

G (n) = a*(n)diag(1, ~1, -1, -1). (2.1)
The assumptions adopted from these references are (i) the
dark matter particle only interacts with gravity but no other
degrees of freedom and the dark matter field does not
develop an expectation value, (ii) instantaneous transition
from inflation to a postinflation radiation dominated era,
motivated by the consideration of modes that are super-
Hubble at the end of inflation, (iii) we take the cosmo-
logical dynamics as a background: during inflation it is

determined by the inflaton field, and during radiation
domination by the more than ~100 degrees of freedom
of the SM (and beyond), and (iv) we take all dark matter
fields to be in their (Bunch-Davies) vacuum state during
inflation.

The inflationary stage is described by a de Sitter space
time (thereby neglecting slow roll corrections) with a scale
factor

1

Hys(n—2ng)° 22)

a(n) =

where H ;¢ is the Hubble constant during de Sitter and 7y is
the (conformal) time at which the de Sitter stage transitions
to the RD stage.

During the RD stage

1 da(n)
a*(n) dn

H(n) = (2.3)

T2
= 1.66+/Gogr ——2>—,
ef Mpa®(n)

where g 1S the effective number of ultrarelativistic degrees
of freedom, which varies in time as different particles
become nonrelativistic. We take g.;; = 2 corresponding to
radiation today. As discussed in Refs. [29,30] by taking
gerr = 2 for a fixed dark matter particle mass, one obtains a
lower bound on the DM abundance and equation of state,
differing by a factor of O(1) from the abundance if the RD
era is dominated only by SM degrees of freedom. This
discrepancy is not relevant for our study on the origin of
entropy.

With this approximation the scale factor during radiation
domination is given by

a(n) = Hgn, (2.4)
with
Hy = Hy\/Qp = 1075 eV, (2.5)
and matter radiation equality occurs at
Qg = g—; ~1.66 x 107, (2.6)

The result (2.5) corresponds to the value of the fraction
density Qp today, thereby neglecting the change in the
number of degrees of freedom contributing to the radiation
density fraction. For g effective ultrarelativistic degrees
of freedom, Eq. (2.5) must be multiplied by +/ges/2.
However, as discussed in Refs. [29,30] accounting for
ultrarelativistic degrees of freedom of the SM at the time of
the transition between inflation and RD modifies the final
abundance by a factor of O(1) and affects the entropy only
at a quantitative level by factors of O(1).
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We require that the scale factor and the Hubble rate be
continuous across the transition from inflation to RD at
conformal time 775, and assume (self-consistently) that the
transition occurs deep in the RD era so that a(ng) =
Hgng < a,,. Continuity of the scale factor and Hubble
rate at the instantaneous reheating time results in that the
energy density is continuous at the transition [29,30].

Using H(n) = a'(n)/a*(n), continuity of the scale factor
and Hubble rate at 1z imply that

1 1
= Hpgng; Hiys=——>,
H jsng R’ﬁe

adS(’?R) = (2-7)

yielding

1

_— 2.8
HsHp (28)

Mg =

Constraints from Planck [45] on the tensor-to-scalar
ratio yield the following upper bound on the scale of
inflation H 4,

HdS/MPI <25x 10_5

(95%)CL. (2.9)

We take as a representative value H ;5 = 103 GeV, from
which it follows that

|H
ags(ng) = Hyitg = H—;z 108 <a,, (2.10)

consistently with our assumption that the transition from
inflation occurs deep in the RD era.

With H,g~ 10" GeV, Hg ~ 1073 eV it follows that
ng = 10%/(eV). In our analysis we will consider solely
modes that are super-Hubble at the end of inflation, namely
with comoving wave vectors k such that

knp < 1, (2.11)
corresponding to comoving wavelengths 1 > few meters.
Therefore, all scales of cosmological relevance today
correspond to super-Hubble wavelengths at the end of
inflation.

The consideration of solely super-Hubble modes pro-
vides an a priori justification for the assumption of an
instantaneous transition from inflation to RD. These modes
feature very slow dynamics and in principle are causally
disconnected from microphysical processes, such as colli-
sional thermalization, occurring on sub-Hubble scales.
These considerations suggest that these cosmologically
relevant modes are insensitive to the reheating dynamics
postinflation, thereby bypassing the model dependence of
reheating mechanisms [25,27] and the rather uncertain
dynamics of thermalization of SM degrees of freedom,
which depends on couplings and nonequilibrium aspects.

III. COMPLEX SCALAR FIELDS

We begin by considering an ultralight complex scalar
field ¢ minimally coupled to gravity, generalizing the
study in Ref. [29]. The action in comoving coordinates
is given by

5 Vo'V - mz¢*¢}
(3.1)

Changing coordinates to conformal time n with metric
(2.1), conformally rescaling the scalar field

x(X,1)
a(n)

P(X.n) = : (3.2)

and after discarding a total surface term the action becomes
S = / Pxdn{y"y = Vy'™Ny =M (n)y'xt  (3.3)

where ' = di and

a"(n)
a(n)

M?(n) = m*a®(n) - (3.4)

Quantization of the complex scalar field in a comoving
volume V is achieved by writing

x(X.m) = \/—Z[ 20:(n)e™ T + blgi(n)e ””} (3.5)

where the mode functions g;(n) obey the equations of
motion

da"(n)
a(n)

gz<n>+[k2+m2a2<n>— ]gkm):o’ (3.6)

and satisfy the Wronskian conditions

giln) = —i. (3.7)

9 (mge(n) = g ()

which imply canonical commutation relations for the
annihilation and creation operators in the expansion (3.5).

A. “In-out” states, adiabatic mode functions,
and particle states

The mode equation (3.6) can be written in the more
familiar form as
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2

=3 0x(n) + V(n)gi(n) = Ky (n);
n

V(n) = —m*a*(n) +

. (3.8)

namely a Schroedinger equation for a wave function g
with a potential V(1) and “energy” k*. The potential V (n)
and/or its derivative are discontinuous at the transition #g;
however, g;(#) and g, (1) are continuous at 7. Defining

gi(n);  for; n <ng
) = { LTI ()

gk (’7)’ for’ n>ng

the matching conditions are
9 (nr) = gz (&),
d

— g5 =—g7 3.10
% (n) T ¢ (n) . (3.10)

As discussed in Ref. [29] these continuity conditions on
the mode functions, along with the continuity of the scale
factor and Hubble rate ensure that the energy density is
continuous at the transition from inflation to RD.

1. Inflationary stage

We consider that the DM scalar field is in the Bunch-
Davies vacuum state during the inflationary stage, which
corresponds to the mode functions g;(n) fulfilling the
boundary condition

e—ikr]
n) — —F=,
Ik i ok

(3.11)

and the Bunch-Davies vacuum state |0;) is such that

a0y =0,  blo)=0 ¥k  (3.12)
We refer to this vacuum state as the in vacuum.
During the de Sitter stage (1 < 1), with the scale factor

given by Eq. (2.2), the mode equation becomes

a 2 —1/4] _
ng (T) + |:k2 —T:|gk (T) :0, (313)
where
9 m?
T=n-2ng,  V=-——. (3.14)
4 H¢215

The solution with the boundary condition (3.11) fulfilling
the Wronskian condition (3.7) is given by

1 .
g (r) = E\/—_'—ﬂre’ﬂ”“/z)H,(,l)(—kr) (3.15)

where H ,(,l) is a Hankel function. For ultralight dark matter

with the correct abundance, the result of Ref. [29] yields
m =~ 107>(eV); therefore, with H 5~ 10'3 GeV it follows
that m/H ;3 < 1, hence we can take v = 3/2, yielding

- B e—lkT i

g5 (7) = NGT: [1 kr} (3.16)

As mentioned in the previous section, we consider only
comoving wavelengths that are well outside the Hubble
radius at the end of inflation, namely fulfilling the condition
(2.11), these describe all the relevant astrophysical scales
today.

In summary, the in state is the Bunch-Davies vacuum
defined by Eq. (3.12) and the mode functions (3.16) during
the de Sitter inflationary stage.

2. Radiation dominated era

During the radiation era for n > ng, with a(y) = Hgn
we set @’ = 0, and the mode equation (3.6) becomes

dZ
d—nzgi(n) + [k + m*Hy*lg; (n) =0, (3.17)

the general solutions of which are linear combinations of
parabolic cylinder functions [29,46-50]. As out boundary
conditions, we consider particular solutions that describe
asymptotically positive frequency particle states; their
complex conjugates describe antiparticles. This identifica-
tion relies on a Wentzel-Kramers-Brillouin (WKB) form of
the asymptotic mode functions.

Let us consider a particular solution of (3.17) of the
WKB form [9]

I / /
¢ IJ:YR Wi (n')dn

feln) = W)

(3.18)

Upon inserting this ansatze in the mode equation (3.17)
one finds that W,(n) obeys

_ o2 = L[WH() 3 (W)
Wiln) = i) 2|:Wk(’7) 2(%(?7))]’ (3.19)

where

wi(n) = k* + m*Han’. (3.20)
When w () is a slowly varying function of time, the
WKB Eqg. (3.19) may be solved in a consistent adiabatic
expansion in terms of derivatives of @ (17) with respect to 7
divided by appropriate powers of the frequency, namely
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W%(n)—wi(n)[1—2wk§”;+4(Z’%EZ%)Z---} (3.21)

We refer to terms that feature n-derivatives of w(n) as of
nth adiabatic order. During the time interval of rapid
variations of the frequencies, the concept of particle is
ambiguous, but at long time the frequencies evolve slowly
and the concept of particle becomes clear [29].

We want to identify particles (dark matter particles) near
the time of matter radiation equality, so that entering in
the matter dominated era when a(y) ~ a,, ~ 1074, we can
extract the energy-momentum tensor associated with these
particles.

The condition of adiabatic expansion relies on the ratio

w;(n)

o (n)

< 1. (3.22)

An upper bound on this ratio is obtained in the very long
wavelength (superhorizon) limit; taking w, () = ma(n), in
a RD cosmology the adiabaticity condition (3.22) leads to

! =17

? gﬂ) = IiR < 1=ay) >0 (3.23)
ma*(n)  ma*(n) m/(eV)
Therefore, for m ~ 107> eV corresponding to a(n) ~ 1074
there is a long period of nonadiabatic evolution since the
end of inflation a(ng) ~ 107% < 1074, during which the
wy(n) varies rapidly. However, even for an ultralight
particle with m ~1073(eV) the adiabaticity condition is
fulfilled well before matter-radiation equality.

The adiabaticity condition (3.23) has an important
physical interpretation. Since a'/a®> = H(t) = 1/dy(t) is
the Hubble expansion rate with dj; the Hubble radius (both
in comoving time) it follows that the condition (3.23)
implies that

H(1)

<1 or <1, (3.24)

dHEt)

where /. is the Compton wavelength of the particle. During
radiation or matter domination, d(¢) is proportional to the
physical particle horizon; therefore, the adiabaticity con-
dition is the statement that the Compton wavelength of the
particle is much smaller than the physical particle horizon.
The adiabaticity condition becomes less stringent for
k> ma(n), in which case it implies that the comoving
de Broglie wavelength is much smaller than the particle
horizon. The evolution of the mode functions is non-
adiabatic during inflation and for a period after the
transition to RD [29,30], but becomes adiabatic well before
matter radiation equality.

During the adiabatic regime the WKB mode function
(3.18) asymptotically becomes

o [ onl)dn

fe(n) = —Zwk(ﬂ)

(3.25)

We refer to the mode functions with this asymptotic
boundary condition that fulfill the Wronskian condition

L fin) = frm)fiim) = —i

as out particle states. As discussed in Refs. [29,30] this
criterion is the closest to the particle characterization in
Minkowski space-time.

The general solution of Eq. (3.17) is a linear combination

9z (n)

where f(n) are the solutions of the mode equation (3.17)
with the asymptotic boundary conditions (3.25) and A; and
B, are Bogoliubov coefficients. Since g7 (1) obeys the
Wronskian condition (3.7) and so does f(#), it follows that
the Bogoliubov coefficients obey

(3.26)

= Afi(n) + Bifi(n), (3.27)

A = B = 1. (3.28)
Using the Wronskian condition (3.26) and the matching
condition (3.10), the Bogoliubov coefficients are deter-

mined from the following relations:

A = ilgS () fi(nr) = g5 (1r) fi(ng)]

By = —ilgi= (ng) fr(nr) — g5 (nr)fi(nr)]- (3.29)

Since the mode functions g () also fulfill the Wronskian
condition (3.7), it is straightforward to confirm the iden-
tity (3.28).

For 1 > np the field expansion (3.5) yields

[ azg ; zkx_|_bi[g;;>( ) —zk-?c}

Yy
- sl

3\

zkx+dek< ) —zk-)?]7 (330)

3\

where

;= apAy + bfZB;, azjz = b]T:A,t +a_:B,. (3.31)

We refer to ¢z, dp and c%, d]i( as the annihilation and creation

operators of out particle and antiparticle states respectively
and the mode functions f (1) as defining the out basis.
These operators obey canonical quantization conditions as
a consequence of the relation (3.28) and are time inde-
pendent because the mode functions f;(n) are exact
solutions of the equations of motion. The expectation
values of bilinears in ¢, d in the Bunch-Davies vacuum
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state |0;) (3.12) are obtained from the relations (3.31);
we find

(O/lcicg|0r) = 1B.26;

i <01‘d£d/:’|01> = |B[*6; 13

kK>

(Orleld",10,) = BiAS; (3.32)
with all others vanishing. In particular the number of out
particles and antiparticles are given by

Ny = <01|C,-L*C;}‘\01> = |Bk|2 =Ny = <01|d,-';d;}‘\01>- (3.33)
We identify N; = N, with the number of dark matter
particles and antiparticles produced asymptotically from
cosmic expansion. Gravitational production yields the same
number of particles as antiparticles. Only in the asymptotic
adiabatic regime can N, be associated with the number of
particles (for a more detailed discussion on this point
see Ref. [29]).

It remains to obtain the solutions f;(n) of the mode
equations (3.17) with asymptotic out boundary condition
(3.25) describing asymptotic particle states.

It is convenient to introduce the dimensionless variables

k2

x:\/ZmHRn, a:_Z}’n—H’
R

(3.34)

in terms of which Eq. (3.17) becomes Weber’s equation
[47-50]

j; Flx) + [22 - a] f(x) =0.

(3.35)
The solution that satisfies the Wronskian condition (3.26)

and features the asymptotic out state behavior (3.25) with

w}(n) =% — a, has been obtained in Ref. [29] in terms of

Weber’s function W|a; x] [46-48]. It is given by

1 1 )
fk(”l) = W %W[Ot;x} - l\/EW[a; —x] ,

k=14 e 2lal — g=lal,

The Bogoliubov coefficients are obtained from
Egs. (3.29), where the mode functions during the de
Sitter era, g;(n), are given by Eq. (3.16) (with 7 =
1 — 2ng). Here we just quote the result for |B;|* referring
the reader to [29] for details. In terms of the variable

(3.36)

k

© T amH

(3.37)

it is given by

1 [(Hy\2D(2)
Ny= Bl —— ﬁ) 3.38
(=B () Py
where
| O
D(z) = V14 e 2 FE‘S‘ l;; (3.39)
i~y

This function is analyzed in Ref. [29] but the only
properties that are relevant for our discussion are that
D(0) ~4.2 and that D(z) — /2/z for z > 1. The infrared
enhancement of N; o 1/k* and the prefactor H g/m > 1
are both consequences of a minimally coupled light scalar
field during inflation [29] and results in a distribution
function that is strongly peaked with N> 1 for

7 << \/Hyg/m.

B. Heisenberg vs adiabatic Schroedinger pictures

In the adiabatic regime the mode functions f; () with
out boundary conditions can be written as
e—if”wk(ﬂ’)dn’

20, (n)
/ . e S ox)dn'
Ji(n) = —iw () PO

filn) = Fi(n),

Ge(n),  (3.40)

where

Filn) = €0+ 4 70 ) + FO () 4 -+,
(3.41)

Gul) = &= €14 GY () 1+ G )+,
(3.42)

The functions 5“’) are real, and cf("), F ,(C"), G are of nth
adiabatic order and vanish in the asymptotic long time
limit. During the adiabatic regime &), F(n), G(n) are
slowly varying functions of #, whereas the phase

e S i rapidly during a Hubble time. To
appreciate this latter point more clearly, consider the
k = 0 case for which the phase is given in comoving time
by mt~m/H(n) = ma®/a’ > 1, were the last equality
follows from the adiabaticity condition (3.23) during RD.
The important point is that during the adiabatic regime
there is a wide separation of timescales: the expansion
timescale 1/H(¢) is much longer than the microscopic
timescale 1/m, namely H(¢)/m < 1 which is precisely the
adiabaticity condition.

This important point is at the heart of decoherence of the
density matrix by dephasing discussed below.
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With the slow-fast expansion of the out basis modes
(3.40) the expansion of the complex field (3.30) in this
basis in the Heisenberg representation is given by

n / ! -
*f fi wk('? )dfl ik-3
-3 i TR .

i F)e 1K wkmdn’e_,-z.;} , (3.43)

where 7; is some (arbitrary) early scale but well within the
adiabatic regime. We note that a change of 5; may be
absorbed into a canonical transformation of o d Let us
introduce the zeroth order adiabatic Hamlltoman in the
out basis

Ho(n) =" [c;%c,; + d;d,;} o (n).  (3.44)
k
It follows that
[Ho(n), cz] = —an(n)c;, [Ho(n), d] = o (n)d;-
(3.45)

Although H () depends explicitly on time, it fulfills

[Ho(n), Ho(')] =0V n,7. (3.46)

Therefore, associated with H, we introduce the unitary
time evolution operator

—i |" Ho(n'dn'

Uo(n.n;) = e , (3.47)

and from the commutation relations (3.45) it follows that

i
ciUo(n.m;) = cze ,
—if,Z o)’

Ug' (n.m;)
Ug' (n,n:)dzUo(n,n;) = die (3.48)

We can now write the Heisenberg picture field operator in
the out basis (3.43) as

x (%, 1)

with the adiabatic Schroedinger picture field

= Uy (n,ni)xs(Em)Uo(n,mi), — (3.49)

1 o o
)= —————|c:Feln)e*™ + dlF: e"k"‘}.
&N =3 [ceFume™ + diF )
(3.50)
Similarly with the expansion (3.40) we find
K () = Ug' (n.n)0g(X.)Uo(n.m;). (3.51)

where

—iwy '7)
Z \/ Za)k |:
(3.52)

This is the Schroedinger picture version of the adiabatic
expansion, ys(X,7);Is(X,n) evolve slowly, on timescales
~1/H(¢) in the adiabatic regime, whereas the phases

e fZ (e evolve fast, on timescales 1/m.

In the Heisenberg picture, operators depend on time, but
states and the density matrix do not. Consider a Heisenberg
picture operator O(X,#) and its expectation value in the
Bunch-Davis in state |0;),

(0,|0(%,m)|0;) = <01|U51(77’ ﬂi)os(i n)Uo(n.1;)|0;)
= Tr[ps(1n)Os(X, n)], (3.53)

where we have introduced the adiabatic Schroedinger
picture density matrix

Uo(n.1;)107)(0;|UG" (1. m;).- (3.54)

ps(n) =
Obviously this density matrix describes a pure state since
p%(n) = ps(n). This adiabatic Schroedinger picture effec-
tively separates the fast time evolution, now encoded in the
density matrix, from the slow time evolution of the field
operators Og(X, 7).

In Minkowski space time the Schroedinger picture
operators Og(X,7) do not evolve in time whereas the states
and the density matrix evolves in time with the usual time
evolution operator e~*/’. During the adiabatic regime in RD
cosmology the equivalent Schroedinger picture operators
feature a slow residual adiabatic time evolution on the
timescales of cosmological expansion.

C. Energy-momentum tensor

For a minimally coupled complex scalar field, the
energy-momentum tensor is given by

T;w = aﬂ¢T8y¢ + av¢Taﬂ¢ - gﬂv[gaﬁaaqﬁaﬂ(ﬁ - m2|¢|2]
(3.55)

In conformal time and after the conformal rescaling of
the field (3.2) we find (space-time arguments are implicit)

1 a \T a .
TSZFK ’—Ex) (x’—;;()Jer'-WwLmzazlxlz ,
(3.56)

along with
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2
Tﬂ _7 |:2m2a2\)(|2 _ <)(/

AN /
—a)(> <x’ —a)(> + Vit V)(] :

a a
(3.57)

The Bunch-Davies in vacuum state is homogeneous and
isotropic; therefore, the expectation value of the energy-
momentum tensor in this state features the ideal fluid form
(0,7710;) = diag(p(n), —P(n), —P(n). —P(n)). It proves
convenient to extract the homogeneous and isotropic
components of the energy-momentum tensor as an oper-
ator; this is achieved by its averaging over the comoving
volume V, namely

|

L R o ) 2 - ) 2

—92)+2<

=2i | " wy(n)dn
cd_ge 2 It [wkm)(fz

Z{(l + cjzc,; + dédk) [’”zaz(’?)

7 wi (1)
- <az/> 2 wy (1)

s
+epd e Sy onetran [52 (m?
W

Wy

The expectation values of these operators in the in
vacuum state are readily obtained from Eq. (3.32).

These expressions show explicitly that the contributions
that are diagonal in the out basis, namely, c'c; d'd are
slowly varying, whereas the off-diagonal terms cd, c'd"
exhibit the fast varying phases. These rapidly varying terms
are a consequence of the interference between particle
and antiparticle out states, similar to the phenomenon of
zitterbewegung, and average out over timescales >1/m
leaving only the diagonal contributions to the energy
density and pressure [29]. The energy-momentum tensor,
as an operator, can also be written passing to the adiabatic
Schroedinger picture as

r(X,n) = Ug' (n.n) T (R.n)Uo(n.mi),  (3.61)
where Uy(n,n;) is the time evolution operator (3.47)
removing the fast varying phases in (3.59), (3.60), and

T (X,n) is the adiabatic Schroedinger picture operator

Ltdt e Sy ontn et Fr2
K-k

So{0+ cleg + dla)| (7 + 6Pty

QIQ\

(m?

a+w}) ——

()]}

k

Q||

o2

7P+ o) (7 - 10P) + (%) (67 - 07

1 - -
v / d*xT{(x,n) = p(n).

1 _ .
v / d*xT}(X,n) —-3P(n).

p(n) (3.58)

where the hat refers to the operator. Since we are interested
in the energy-momentum tensor near matter radiation
equality well within the adiabatic regime, we obtain these
volume averages by implementing two steps: (i) the field y
is written in the out basis, namely in terms of the mode
functions f,(n) as in Eq. (3.30), (ii) these mode functions
are written by separating the slow and fast parts as in
Egs. (3.40), (3.43); we find

(&)er-ar+ (5) )
(4) f’ﬂ
D )

) =
(FG)* +

)

(3.59)

@ + o) ——

(o757 ]

Wy

(3.60)

with slow time evolution in the adiabatic regime. In terms
of the adiabatic Schroedinger picture density matrix (3.54),
it follows that

(077 (%.1)|07) = Trlps(n) T (X.7)].

The rapidly varying phases in the particle-antiparticle
interference terms in the out basis in (3.59), (3.60) suggest
that the of-diagonal elements of the density matrix pg(57) in
the out basis will also feature these rapidly varying phases
from particle-antiparticle interference, which average out
on timescales = 1/m. This averaging suggests a process of
decoherence by dephasing, which is analyzed in detail in
the next section.

(3.62)

D. Decoherence of the density matrix:
von Neumann and entanglement entropy

In Appendix A we show that the in Bunch-Davies
vacuum state can be written in terms of the Fock states
of the out basis as (see Appendix A for definitions)
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|OI ZC k)|nk, ,

Zl(ﬂ—( ) ¥
C (k) = (e tanh(6;))" ’
k cosh(6,)

(3.63)

with

|Bk|2 = Sinh2<9k) = Nk’ |Ak|2 = COShz(ek),

N
tanh?(6;) = ———, 3.64
anh*(6) 11N, ( )
and
2ip_(k) _ B;
- tanh(0;) = —, (3.65)
A
and the correlated Fock pair states
=i ) (C;)ni(di’?)nim b, n-=0,1,2..., (3.66)
[2’ _E: O/ Ezvs"'s .
ngl /ng!
where the out vacuum state |0,) is such that
czl0g) = d;|0p) = 0. (3.67)

We note that the Fock pair states (3.66) are eigenstates of
the pair number operator

Np=>" mgmgm_g) (mzm_g], (3.68)
m;=0
with
N,;|n];;ﬁ_,~{»> = ng|np;n_g), ny=0,1,2.... (3.69)

In this out basis and in the adiabatic regime prior to
matter-radiation equality, the density matrix in the
Schroedinger picture (3.54) becomes

(3.70)

The diagonal density matrix elements both in momentum
and number of particles, namely k= D, myz = ny are time
independent; these describe the “populations,” whereas the
off-diagonal elements describe the coherences. These latter
matrix elements vary rapidly in time and average out over
timescales > 1/m. To see this aspect more clearly, and
recognizing that

n t 2
/a’k<’1')d’7'=/Ek(t’)dt’; E (1) = af(t)erz,

(3.71)
let us consider the average
! /tf o2 [ By () —m Bl m(t; —t;) > 1.
(tp=1:) Js,
(3.72)

For example for p = k=0and m(t; —t;) > 1 the integral
yields &,,. ... Taking the interval 7; — 7; of the order of the

Hubble time ~1/H(t¢), in the adiabatic regime with
H(t)/m < 1 the integral yields ~H/m < 1 for myz # ng
and O(1) for mg = nz. Therefore, the rapidly varying
phases effectively average out the coherences over time-
scales ~1/m < 1/H(t) projecting the density matrix to the
diagonal elements in the out basis.

In summary, the rapid dephasing of the off-diagonal
matrix elements in the out basis in the adiabatic regime
average these contributions on timescales of order 1/m
which are much shorter than the expansion timescale
(Hubble scale) in the adiabatic regime. The rapid dephasing
leads to decoherence in the out basis, the time averaging is
tantamount to a coarse graining over short timescales
leaving effectively a diagonal density matrix in this basis,
describing a mixed state that evolves slowly on the long
timescale,

p(sd>:l'[ 1 —tanh?(6;) Z (tanh?(6y)) k|n,;;’_l_*><”1§§ﬁ_“|'

(3.73)

This density matrix is diagonal in the Fock out basis of

correlated—entangled—particle-antiparticle pairs, and in k
space, with the diagonal matrix elements representing the
probabilities. We note that Trpgd) = 1. The entropy asso-
ciated with this mixed state can be calculated simply by
establishing contact between the density matrix p(sd) and
that of quantum statistical mechanics in equilibrium
described by a fiducial Hamiltonian

7:{ - ng./(/’i{',
K

(3.74)

with A/ 7 the pair number operator (3.68) with eigenvalues

ng = 0,1,2---, and the fiducial energy
& = —In[tanh?(6;)]. (3.75)

This fiducial Hamiltonian is diagonal in the correlated basis
of particle-antiparticle pairs; therefore, we identify
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Y )
pgd) = 67, Z=Tre"=e¢", (3.76)
with F the fiducial free energy, and
Z=1.2 Z: = ! = !
SR Kol —e %] [1—tanh?(6;)]
(3.77)

Obviously the matrix elements of (3.76) in the pair basis are
identical to those of (3.73).

The von Neumann entropy associated with this mixed
state is

S@ = —Trp@ 1n p), (3.78)

Since H is diagonal in the basis of the pair Fock states

(d)

(3.66), so is pgd). The eigenvalues of p¢~ are the probability

for each state of n; pairs of momenta (l_é —l:) namely,

e—(‘:k}’l;

P, = z ZOP;:;,!E =1L (379
ny=
therefore, the von Neumann entropy is given by
@ — _ . i
5 Z Z Pk;n; In Pk;n;‘ (380)

x =0

This is equivalent to a simple quantum statistical
mechanics problem. The relation

F=-ImZ=U-89,  U=Tpf (3.81)

is a direct consequence of the expression (3.80) for (9 and
the normalized probabilities P;. ~ given by (3.79). The
Tk

entropy S(4) is obtained once the fiducial internal energy U
is found. It is easily shown to be given by the equivalent
form in quantum statistical mechanics

(3.82)

Using the identity (3.64) and recognizing the following
relations

=N,

1+N 1
i k}, (3.83)

& = In|— "k
k n|: Nk eg"—l

we find the von Neumann entropy

SO =3 "{(1+N)In(1 + N) =Ny InN,}. (3.84)
7

E. Interpretation of S@: Entanglement entropy

Consider the full density matrix pg(7) Eq. (3.70).
Although it describes a pure state, in the out basis this
state is a highly correlated, entangled state of pairs,
because in this basis the state |0;) is not a simple product
state. Because the members of the particle-antiparticle pairs
are correlated, projecting onto a state with n; antiparticles

of momentum —k effectively projects onto the state with n;

particles with momentum k. Therefore, consider obtaining
a reduced density matrix by tracing pg(n) over the
antiparticle states p. Because the states [n;;n_;) =
|nz)|a_;) such trace involves terms of the form
(Ing) (ms|) ((A_glm_)) = (Ing) (m5[)8g 56n.m, thereby pro-
jecting on particle states diagonal both in number and
momentum. Therefore the rapidly varying phases in (3.70)
vanish identically, yielding

p$(n) = Trops(n)

=I;[1 - tanh?(6;)] i(tanhz(ﬁk))”l|n;> (ng].

n]'(:O

(3.85)

Note that because the density matrix (3.73) is diagonal in
the basis of correlated pairs, tracing over one member of the
correlated pair, either the particle or the antiparticle keeps
the density matrix diagonal with the same probabilities.
For example, tracing over the antiparticles reduces (3.73)
directly to (3.85) with the same eigenvalues, i.e., proba-
bilities. This observation is yet another manner to interpret
the equivalence with the fiducial quantum statistical
mechanical example, now with the fiducial Hamiltonian

L(r) _ r(r)
=N "eNT, (3.86)
k
with the reduced number operator
N =5 mglmg) (mg, (3.87)
mp=0
namely,
0] A
p=¢ —.  Z= Tre " = e, (3.88)
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with the same Z and fiducial free energy F as for p(Sd>

Eq. (3.73). Hence pgr) and p(sd) feature the same eigenvalues
and yield the same entropy.
The von Neumann entropy associated with the reduced

density matrix p(Sr> (n), ie.

S0 = ~Trp{ np{, (3.89)
is the entanglement entropy [51]. Therefore, we conclude
that decoherence from rapid dephasing of the off-diagonal
density matrix elements results in a reduction of the density
matrix which is diagonal in the correlated pair basis. This
reduction is identical to tracing over one member of the
correlated pair leading to the entanglement entropy. The
equivalence between the entropy resulting from dephasing
and decoherence and the entanglement entropy is no
accident: it is a direct consequence of the entangled—
correlated—particle-antiparticle pairs in the out state and
that after decoherence the density matrix is diagonal in this
basis of correlated pairs. Therefore the diagonal matrix
elements, in other words the probabilities, are exactly the
same as when one of the members of the pairs is traced
over, which yields the entanglement entropy. The result
(3.84) is remarkably similar to the quantum kinetic form of
the entropy in terms of the distribution function [31].
However, there is an important difference: a complex scalar
field has two degrees of freedom, corresponding to particles
and antiparticles; therefore, if the out state were a super-
position of independent single particles and antiparticles we
would expect an extra overall factor 2 multiplying the von
Neumann entropy (3.84) because of the two independent
degrees of freedom. The reason for this discrepancy is that the
density matrix is diagonal in the basis of particle-antiparticle
correlated pairs, not independent particles and antiparticles.
Because of the pairing, for each pair there is effectively only
one degree of freedom, not two as would be the case for
independent particles and antiparticles. This is more evident
in the identification of the von Neumann entropy with the
entanglement entropy which is obtained by tracing over one
member of the pairs either particle or antiparticle.

F. Energy density, pressure, and entropy

During the adiabatic regime and well before matter
radiation equality, the decoherence process via dephasing
renders the time-dependent density matrix in the
Schroedinger picture diagonal in the out basis, namely

pgd). With this density matrix we find

Trc%cﬁpgd) - Trd]%d%pgd) = sinh?(6;) = Ny,

Trc;_:.dil_(.p(sd) = Trd_cipy” =0, (3.90)

from which we can now obtain the expectation value of
the energy-momentum tensor, given by Eq. (3.62) with

(d)

ps(n) = pg’ . The nonvanishing contributions to the expect-
ation values of the expressions (3.59), (3.60) are those with
terms c'c, d'd, since the off-diagonal terms of the density
matrix p(Sd) vanish.

Near matter radiation equality when the dark matter
contribution begins to dominate, the adiabatic approxima-
tion is very reliable; therefore, we keep the leading order
terms in the adiabatic expansions (3.41), (3.42), namely
|F| = |G| = 1, yielding

p(n) = Trpmp® = — / * K21 4 2N Joy (n)dk.

s _2”2‘14(’7) 0

(3.91)
o 0 k>
P(n) = TrP(n)pg’ = 6712614(77)A K1+ 2N (1) k.

(3.92)

These are precisely the kinetic-fluid expressions obtained
in Ref. [29] after averaging over the rapid phases in the
interference terms. Therefore, this averaging in the energy-
momentum tensor and the emergence of the kinetic-fluid
form in the adiabatic regime is a direct manifestation of
decoherence by dephasing in the density matrix, hence also
directly related to the emergence of entropy.

The “1” inside the brackets in (3.91), (3.92) corresponds
to the zero point energy density and pressure. As explained
in detail in Ref. [29], these zero point contributions are
subtracted by renormalization of the energy-momentum
tensor [52—58]. Therefore the contribution from gravita-
tional particle-antiparticle production to the energy density,
pressure, and comoving entropy density S = S/V (V is
comoving volume) of dark matter are given by the kinetic-
fluid forms

1 )
Ny = A k2N, dk, (3.93)
_ 1 &
Pop(n) = ”2a4(”)A K*Nw(n)dk,  (3.94)
Po(n) = — /°° KNk (3.95)
=328 ) Jo o)

1 0
Spi,:ﬁ/ kz[(l—l—Nk)ln[l—l—Nk]—NklnNk]dk,
= Jo
(3.96)
where N ,; is the total (particles plus antiparticles)

comoving number density. It is straightforward to confirm
covariant conservation
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Pop(0) 35 (Ppp(0) + Ppp(1)) = 0. (3.97)
along with the conservation of the comoving entropy
density
Spp =0, (3.98)
where the dot stands for derivative with respect to comov-
ing time. Although the comoving entropy density is
proportional (up to a factor 2) to the quantum kinetic
expression, it is not to be identified with a thermodynamic
entropy; as shown above it is the entanglement entropy
resulting from the loss of information as a consequence of
dephasing and decoherence from the interference between
particle and antiparticle out states. The equivalence with the
entanglement entropy is a consequence of the correlations
in the particle-antiparticle pairs; tracing over one member is
equivalent to neglecting the off-diagonal matrix elements.
The result (3.96) is similar to the expression for the
entanglement entropy obtained in Ref. [40] for bosonic
particle production after tracing one member of the
produced pairs from the Wigner distribution function.
While in this reference the tracing over one member of
the pairs was carried out to obtain the entanglement
entropy, we emphasize that in our case, the main origin
of entropy is the decoherence via dephasing during the
adiabatic regime. The fact that this entropy is exactly the
same as the entanglement entropy is an a posteriori
conclusion on the equivalence between the entropy emerg-
ing from the decoherence via dephasing and the entangle-
ment entropy.

G. Entropy for ultralight dark matter

In Ref. [29] the case of gravitationally produced ultra-
light dark matter has been studied under the same con-
ditions assumed in this article. In this reference it was
established that a scalar field minimally coupled to gravity
and with mass m ~ 107> eV yields the correct dark matter
abundance and is a cold dark matter candidate with a very
small free streaming length. The distribution function is
given by Eq. (3.38). It features an infrared enhancement
« 1/k* and the large factor H;5/m > 1, both conse-
quences of a light scalar minimally coupled to gravity
during inflation. Since D(z) ~ 1/z for z > 1 the occupa-
tion number N; > 1 in the region 0 < z < \/Hgg/m.

The comoving number density of gravitationally pro-
duced cold dark matter scalar particles has been obtained in
Ref. [29]; it is given by

H o \? 2mH
N,y = (ﬁ) (2mHg)3/2D(0) ln[v o, Rl (3.99)

The leading contribution to the comoving entropy
density (3.96) can be extracted by implementing the

following steps: (a) changing integration variable to z
given by (3.37), and (b) taking the limit N; > 1 in the
region of integration dominated by the infrared 0 < z < z,.

where 1 < z. < \/H 5/m, yielding

(ZmHR>3/2
pp = 2

S /ZC Z[n(Ny) +--Jdz,  (3.100)

where the dots stand for subleading terms of order 1/N for
N, > 1. It is more instructive to obtain the dimensionless
specific entropy, namely the entropy per particle S ,;/ N PP
To leading order in H,g/m > 1 we find

Spp 16 In(Hyg/m)z {1_ 1
Ny~ 3D(0) (Hasy> 120ty | 21In(H gs/m)

x |In(8v/2) — (4/3 —4Inz,) — OZ#} } (3.101)

c

For ultralight dark matter with Hy < m < H ;5 (for exam-
ple with H ;5 = 103 GeV, m ~ 10> eV) it follows that the
specific entropy

f% < 1. (3.102)
pp
A large occupation number in an narrow momentum
region and with a very small specific entropy are all
hallmarks of a condensed state; these are precisely the
conditions of a Bose-Einstein condensate. However, in this
case of gravitationally produced particles, this is not a
condensate in the usual manner because the expectation
value of the field vanishes; therefore, it is not described by a
coherent state. Instead this a condensed state of correlated
pairs entangled in momentum but of total zero momentum
in a two-mode squeezed state [59].
For a value of the mass that yields the correct dark matter
abundance, m ~ 1075 eV [29], the ratio of the comoving
dark matter entropy S, to that of the CMB

Scmb o~ TS, TO s 10_4 eV (3103)
yields
S -
2pp 1045, (3.104)
Scmb

therefore, if ultralight dark matter is gravitationally pro-
duced, the entropy of the Universe today is dominated by
the CMB.

IV. FERMIONIC DARK MATTER

The results obtained above for a complex scalar are, in
fact, much more general and apply with few modifications
primarily due to the different statistics, to the case of
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gravitationally produced fermionic dark matter. We analyze
this case by briefly summarizing the results of Ref. [30] to
which we refer the reader for a more comprehensive
treatment.

In comoving coordinates, the action for a Dirac field is
given by

S= /d3xdt\/—_g‘i’[iy”Dﬂ - m]¥. (4.1)

Introducing the vierbein field €4 (x) defined as

9" (x) = ea(x) e (x)n

where 5,, = diag(1,—1,—1,—1) is the Minkowski space-

time metric, the curved space time Dirac gamma-matrices

y*(x) are given by

{r'(x).r" ()} =29"(x), (4.2)

where the y“ are the Minkowski space time Dirac matrices.
The fermion covariant derivative D,, is given in terms of

the spin connection by [9,11,60,61]

1
Dﬂ - 8/4 +3 [7cv Vd]eg<8ﬂedu - Fﬁvedﬂ)v

5 (43)

where I'}, are the usual Christoffel symbols.

The vierbeins can be obtained easily for a spatially flat
Friedmann- Robertson-Walker cosmology in conformal
time with metric given by Eq. (2.1). Introducing the
conformally rescaled fields

3

G ). 1) = w(En). (4.4
the action becomes
5= [ dxdnplip - MOn)w. (4.5)
with
M(n) = ma(n), (4.6)

and the y* matrices are the usual Minkowski space time
ones taken to be in the standard Dirac representation. We
consider the fermion mass m much smaller than the Hubble
scale during inflation, namely m/H ;5 < 1 but otherwise
arbitrary.

The Dirac equation for the conformally rescaled Fermi
field becomes

i —M(n)ly = 0. (4.7)

Then expand y/(X,7) in a comoving volume V as

w(X,n) = —Z[b;.s Us(/z, n) + dT—/’{,sV‘Y(_lz’ 77)]61%'7‘,
(4.8)

and the spinor mode functions U, V obey the Dirac
equations

- -

[iy°0, =7 - k= M(n)|U(k,n) =0, (4.9)
(i1°0, =7 - k= M)V (=k.n) = 0. (4.10)
Finally, the spinor solutions are given by [30]
- F s
U_S.(k,n):N( ((mé > (4.11)
kfi(n)sé,
B, —kfi(n)sé,
V,(<k.y) = N( ff(")s‘f‘ ) (4.12)
fk(ﬂ)gx
where
Friln) = ifi(n) +M(n)fi(n), (4.13)
and the functions f;(#) are solutions of [30]
d2
d—ﬂz+k2+M2(f7) —iM'(n) | feln) =0,  (4.14)
with in boundary conditions
fr(n) = e, (4.15)

as 7 — —oo during inflation [30]. The two component
spinors & are helicity eigenstates, namely
G-kE = ské, 5=+, (4.16)
and N is a (constant) normalization factor.
The spinor solutions are normalized as follows:

-

UI (]_év ’7) US’ (k’ ’7) = 5s,s’7

-

VI (_I_(" 77) Vy (_kv 77) = 6s,x’,
(4.17)

yielding
INPIFL () Filn) + R fim) fe(m)] = 1. (4.18)

With these normalization conditions the operators b,; e d,; s

in the field expansion (4.8) obey the usual canonical
anticommutation relations.
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Furthermore, it is straightforward to confirm that

Ulk.n)Vy(=k.n) =0 ¥ s.s'. (4.19)
The spinors U,, V, furnish a complete set of four
independent solutions of the Dirac equation.
During the inflationary stage, considered as a spatially

flat de Sitter space-time, the functions f; obey

d? 1/4
{ﬁ‘”‘z— :|fk() T =1n— 21,
1 m
=—+i— 4.20
2+1Hds ( )

The solution with in boundary conditions (4.15) is given by

nkt

fule) = \[- e )

(=k7),  (4.21)

(1)

where H, '’ is a Hankel function. The operators b/?.s’ d,—{» s in

the field expansion (4.8) are chosen to annihilate the in
vacuum state |0;), namely

bié,s|01> =0, d; |0;) =0 (4.22)
with the mode functions f; given by (4.21), the state |0;)
corresponds to the Bunch-Davies vacuum.

Since we are considering an instantaneous transition
between inflation and radiation domination, and because
the Dirac equation is first order in time, the matching
conditions correspond to the continuity of the spinor wave
functions across the transition.

Defining yw=(X,n) and w”(X,n) the fermion field for
n < ng (inflation) and 5 > ni RD respectively, the match-
ing condition is

w=(X.ng) =y~ (X, 18). (4.23)
This continuity condition along with the continuity of the
scale factor and Hubble rate at 5y results in that the energy
density is continuous at the transition [30].

Introducing the Dirac spinors during the inflationary
(n < ng) and RD (n > np) stages as U<, V= and U~, V~
respectively, it follows from the matching condition (4.23)
that

Us (k,ng) = Uz (k,ng), (4.24)

We define the mode functions during RD as h(5) to
distinguish them from the solutions (4.21) during inflation.

These obey the mode equations

dn - +wk< ) = imHR:| hi(n) = 0,
wi(n) = k* + m*Hyn?.  (4.26)

Similarly to the spinor solutions (4.11), (4.12) we now find

7 o (77)63
Uslhom) = N(khk(n)sés > 427)
7 khlt(’/l)s‘fs
(k= M2, I
where we have introduced
Hy(n) = il (n) + M(n)hi(n), (4.29)

and N is a (constant) normalization factor chosen so that

- -

Us (komUy (k) = 8,00 Vi(=kn)Ve(=kon) = 8.,
(4.30)
yielding
INPIHG ) H(n) + R he ()] = 1. (4.31)
Again, it is straightforward to confirm that
Ul (k,n)Vy(=k,n) = 0. (4.32)

The mode equation (4.26) admits a solution of the
form [30] (see Appendix C)

hi(n) = e—if"Qk(n’)dn

where Q,(n7) obeys a differential equation that can be
systematically solved in the adiabatic expansion and is
analyzed in Appendix C. It relies on the ratio H(n)/m < 1
which during the RD era implies that a(n)>
10717/y/m(eV), for the value m ~ 108 GeV which satu-
rates the dark matter bound as found in Ref. [30]; its range
of validity begins well before matter radiation equality at

Apq =107 ~4. We choose the solution of (4.26) to feature the
asymptotic out boundary condition

(4.33)

he(n) — e~ J e (4.34)

With this boundary condition, the spinor solutions
during the RD era (4.27), (4.28) satisfy the asymptotic
out boundary conditions

-

us (ka ’7) —& e_i f” CU/{(VI,)I]VI/’ Vs (l_év ’7) —& eifﬂ (Uk(ﬂ/)dﬂ/’

(4.35)

063532-15



MUDIT RAI and DANIEL BOYANOVSKY

PHYS. REV. D 102, 063532 (2020)

therefore describing out particle and antiparticle solutions
with helicities 1, defining a complete set of four solutions
of the Dirac equation during RD.

It is convenient to introduce the following dimensionless
combinations:

k
= Hpn, =, A=qg*>—i 4.36
Z mirign q \/m—HR q l ( )
in terms of which Eq. (4.26) becomes
& 2
——h(z) + (22 + Dh(z) = 0, (4.37)

dz

the solutions of which are the parabolic cylinder functions
[46-50]

D,[V2e™/47], D, [V2e37/47)
12 2
a:—i—iiz—l—z% (4.38)

The solution that fulfills the out boundary condition (4.34)
(see appendix A in Ref. [30]) is given by

h(n) = Dy[V2e 7). (4.39)
The general solution for the spinor wave functions U~, V>
during the RD era are linear combinations of the four
independent solutions (4.27), (4.28). In principle, with four
independent solutions during inflation matching onto four
independent solutions during RD there would be a 4 x 4

matrix of Bogoliubov coefficients; however, because hel-
icity is conserved, the linear combinations are given by

U (kon) = Ag U (kon) + B, Vy(=kon), (4.40)
Vi (=kn) = Co,Vo(=kon) + DU (ken). (441
The Bogoliubov coefficients Ay - - - D, ; are obtained from

the matching conditions (4.24), (4.25) and the relations
(4.30), (4.32). These obey the relations [30]
Dk,.\' = _Bz,sv

Cis = AL, (4.42)

and

Asl? + [Bisl? = 1. (4.43)

During the RD era, with U, = U7, V, =V, with U,
V= given by (4.40), (4.41) the field expansion (4.8) in terms
of the spinor solutions with out boundary conditions (4.35)
becomes

X ! b k d k ikx
w(X,n) = \/_VZ[bE'SuS(k’ n) + dT—l?,sV“'(_k’ n)]es,
ks
(4.44)
where
I;/;,S = bl}.,sAk + di]_c"SDk,_w (445)
Eli]_(.’s = di;‘g,sck-s + b;‘g,sBk,p (4.46)

The relations (4.42), (4.43) imply that the new operators b,
d obey canonical anticommutation relations. The operators
b" and d' create asymptotic particle and antiparticle states,
respectively. In particular we find that the number of
asymptotic out particle and antiparticle states in the
Bunch-Davies vacuum state (4.22) are the same and are
given by

<01|l~7£’sl~71§,s|01> = |Dk,s|2 = <01|gli,;’sa_;§,s|01> = |Bk,s|2’
(4.47)

We identify the number of out particles, which is equal to
the number of out antiparticles as

<01|l~7,§.xl~71;5|01> = <01|aT_,;,Sa_;;S|01> =[Bi,’=N,  (4.48)
with N = |By,|> being the distribution function of pro-
duced particles and antiparticles. The relation (4.43)
implies that

|Besl> < 1., (4.49)

for each helicity s, consistent with Pauli exclusion. For
m < H g it is found in Ref. [30] that

1 e
Ni = 1B =3 [1 —(1—e znfm)'/z}, (4.50)

in terms of the emergent temperature [30]

H
Ty =-—2~10"% V.

- (4.51)

In the adiabatic regime during RD the spinors us(/?, 1),
Vs(—l;, 1) can be written as (see Appendix C and Ref. [30])

U, (k) = yy A Ko,

V(=) = & Ny Ry, (4.52)

where 1515(1?, n), T/S(—l;, 1) are slowly varying functions of
time during this regime, and again #; is some early time in
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the adiabatic regime. To leading (zeroth) order in the
adiabatic expansion these are given by (see Appendix C)

U 1
Uk = ) (@n ) - MG

8 ((wk(n);;g(n))és)

(4.53)

~ - 1
Vo) = G i @n ) + M)

_kS§s
) <(wk('1) + M(n))&, ) (4.54)

A. Energy density, pressure, and entropy

The energy-momemtum tensor for Dirac fields is given
by [11,62-64]

o = (@y”B”T) +u <. (4.55)

N

In terms of conformal time and the conformally rescaled
fields (4.4), the energy density p and pressure P as
operators are given by

(4.56)

—1 . -
v + o > v -
6a4 (’7) (VI ('xv ’7)“ l//(x’ ’1)

The expectation value of the energy-momentum tensor in
the Bunch-Davies vacuum state is given by
(0,]T510;) = diag(p(n), —P(n). —P(n).—P(n)); ~ (4.58)
only the homogeneous and isotropic component of the
energy-momentum tensor contributes to the expectation
value. Because we want to extract the rapid time depend-
ence during the adiabatic era, we obtain this homogeneous

component by averaging the above operators in the
comoving volume V; just as in the bosonic case we obtain

1 - -
;/d3xT8(x, n) = p(n),

_% daxzjjrg(z, n) = Pn). (4.59)

During the RD era and near matter radiation equality when
the adiabatic approximation becomes very reliable, we
obtain these operators by expanding the fermionic field in
the out basis as in Eq. (4.44), and writing the spinors as in
Eqgs. (4.53), (4.54) separating the fast phases from the
slowly varying spinors U, V. We find

p(1) = Pyac(n) + pin (1) + D p(n), (4.60)
P(n) = Pyoe(n) + Pins(n) + P,y (n).  (4.61)
with
1 ~ 1 - - ~ -
Pvac 4 Z [V;(_k’ ’I)Z(k”?)vs(—]@ n)}’ (462)
v (’1)1}\:11
R 1 ~ = =2 [Tan)dnf
Pint = d,*‘b_}e
" vat(n) ;21[ ks k
x V(=K. n)=(k.n)U,(k.n) + H.c } , (4.63)
A 1 ~‘ ~ ~ - - ~ -
p bl by Ul (k.n)Z(k.n)U(k,n
rp Va4(’7)1-{»;si][ 5P sUs (ko) Z(k. U (k. )
—d' A VIR ZE ()| (4.64)
where
s(k,q) =a-k+y"M(n) (4.65)

is the conformal time instantaneous Dirac Hamiltonian, and

1 ~ - I -
Pvae = 53— Vi(—k-n)(a.k)Vy(—k.n)]. (4.66)
N 3Va4(;7) 12-21
- 1 ~ oz =2 [Ty
Pint = d_; gbﬁ € K
t 3Va4(r]) /;.21[ ks k,s

063532-17



MUDIT RAI and DANIEL BOYANOVSKY

PHYS. REV. D 102, 063532 (2020)

Pyacs Pyae are the zero point (out vacuum) contributions to

the energy density and pressure. The terms p;,, P;,, feature
the fast oscillations associated with the interference
between particle and antiparticles similar to the complex
bosonic case studied above. As discussed in the previous
section, these oscillations average out on comoving time-
scales equal to or shorter than ~1/m <« 1/H(t) leaving
only the slowly varying contributions py,c, 2,5; Pyacs Ppp-
Following the same strategy as in the bosonic case, we
introduce the zeroth-order adiabatic Hamiltonian,

[Ho(n). Ho(n')] =0V n.17', (4.69)
and the time evolution operator
Uo(n,ni) = e_i["' o, (4.70)
from which it follows that
U5" (n,n:)bg Uo(n.n:) = by ,Se_if"f e
Ug'(n.m:)dy; Uo(n.m;) = &; o e 471
0 k.s

It is clear that the fermionic case is very similar to that
of the complex scalar case studied in the previous section
with the important difference in the statistics. Following
the steps described for the scalar case, we define the
Schroedinger picture fermion operator during the adiabatic
regime in the RD era

w(X.n) = Uo(n.n))ws(X.m)U" (n.m;),  (4.72)
with
= 1 Y ~t (T i3
WS(xv 77) = W Z [b%',su? (k’ ’7) + d}_k SV‘(_k’ ’1):| et
k,s
(4.73)

This field evolves slowly in time in the adiabatic regime.
A similar definition of Schroedinger picture operators is
carried out for the energy-momentum tensor just as in the
complex scalar case. The density matrix evolved in time in
the Schroedinger picture is given by Eq. (3.54). In
Appendix B we show that the fermionic in Bunch-
Davies vacuum state |0;) is now given in terms of the
out states by

07) =TT, { [cos(6)]

1

x Z (—e2io-(h) tan(Hk))”F«s|n,—{»ys;ﬁ_,;ﬁ}, (4.74)

=0

the fermionic out particle-antiparticle pair states are
given by

00).  mg, =0.1,

(4.75)
where the out vacuum state |0p) is such that
b; 100) =0.  d;[00)=0 V k. (4.76)
and from Eq. (4.48)
|Bk,s|2 = sinz(é’k) = Nk' (477)

The Schroedinger picture density matrix pg(n) =
Uo(1,1;)107)(0;1U;" (. n;) is now given by

pS( kv ps Z Z )Cn,;_s(k>|n1?.s;ﬁ—1:,s>

£ =0m; =0
x (my g1 yle” g, =g ol (4.78)
where in the fermion case (see Appendix B)
Cy (k) = cos(6y) (—e*#-W) tan (6, ))"Es, ng, =0,1.
(4.79)

Just as in the scalar case, the rapid oscillatory phases in the
terms that are off-diagonal in pair number m # n, momenta
and helicity average out on timescales ~1/m < 1/H(t)
leading to the decoherence of the density matrix in this
basis. Proceeding as in the scalar case we average these
terms over timescales intermediate between 1/m and the
Hubble timescale 1/H(t). This averaging, a coarse graining
on the short timescale, is a direct consequence of the
separation of timescales during the adiabatic regime, with
H(t)/m < 1 and yields a density matrix that is diagonal in
the basis of particle-antiparticle pairs (4.75). The loss of
coherence in the averaging of correlations implies a loss
of information (from these correlations). The calculation of
the entropy associated with this loss of information follows
the same route as in the scalar case with few modifications
as a consequence of the different statistics. Upon averaging
the rapidly varying phases, the density matrix becomes
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diagonal in the basis of particle-antiparticle pairs, and is
given by

1

ps) = ;. [cos®(6)] Y (tan?(6;))"s

n,;‘)_:()

X (ng si_g |- (4.80)

n,—{*ys, n

T

We can compare this density matrix with the reduced one
obtained by tracing over the antiparticle states,

s (n) = Tryps(n)
1
=T [cos*(60))] > (tan?(6,))"%|nz ) (nz .

(4.81)

exhibiting the equivalence of the diagonal matrix elements,

namely the probabilities. The density matrices p§d>; p(Sr>

feature the same eigenvalues, hence the same entropy.
Again, this is the statement that the entropy arising from the
loss of information in the time averaging or coarse graining,
is identical to the entanglement entropy obtained from the
reduced density matrix.

The diagonal density matrix (4.80) can be written in a
familiar quantum statistical mechanics form by introducing
a fiducial Hamiltonian

GEDYEN (4.82)
K.s
with
& = —Inftan®(6y)],
1
Niw= D miglnigig)ngsngl. (483)
n=0
and the partition function is given by
Z =TI [cos®(6)] 7" =TI [1 +tan*(6,)],  (4.84)
so that
'y A
Pl = 67 Z=TreH=eF, (485

with F the fiducial free energy. We note that in the
fermionic case A %.S = N, therefore, for fixed k. s its

eigenvalues are 0,1 and from the relations (4.48), (4.77) it
follows that

Ny
1-N,

tan®(6;) = (4.86)

The entropy is now obtained from (3.81) but now with

U:Trp(d>H:Ze£k+1:ZNkln{ N ] (4.87)
k,s k,s

The entropy is now given by

S@ = =23 "{(1=N)In(1 =Ny) + NyInN,}. (4.88)
i

This is a remarkable result; the entanglement entropy is
proportional to the quantum kinetic entropy for fermions in
terms of the distribution function [31]. The factor 2
accounts for two helicity eigenstates, since the distribution
function is the same for both helicities. We highlight that
although the number of particles and of antiparticles are
the same, the entropy does not feature a factor 4 (particle,
antiparticle with two helicities) but a factor 2. The reason
behind this is the same as in the complex scalar case:
particles and antiparticles are produced in correlated pairs
not independently. This important aspect is also at the heart
of the equivalence between the entropy arising from
dephasing and decoherence and the entanglement entropy:
tracing over one member of the particle-antiparticle pairs
in (4.78) (either particle or antiparticle) reduces the full
density matrix (4.78) to (for example tracing over anti-
particles)

pr) = T, leos (0] > (tan(6,))"% g ) . |

ng =0

(4.89)

yielding an entanglement entropy equivalent to (4.88). We
also find

7ior o (d ~ 5 (d
Trbgsb,—{»ysp(s ) = Trd} dz ps" = |By P = Ny,

N

e d ~ r
Tl d' pf? = Trd g by o = 0. (4.90)
Therefore, the energy density and pressure near matter
radiation equality when the adiabatic approximation is very
reliable and the density matrix has undergone complete
decoherence via dephasing, are given by

p(n) = Tip(mpl”,  P(n) = TeP(n)pl”. (491
p(n) = Trp(n)ps (n) =TrP(n)ps.  (4.91)
These are obtained to leading (zeroth) order in the
adiabatic approximation by using the spinors (4.53),

(4.54). As a consequence of decoherence yielding the
identities (4.90), the particle-antiparticle interference terms
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vanish. Because the spinors (4.53), (4.54) are eigenstates
of the instantaneous conformal Hamiltonian (4.65) with
eigenvalues +wy(n), we find to leading order in the
adiabatic expansion

1 /00
p() = ———— | Kdke
p(ﬂ) ﬂ2a4 (’7) 0 k (17)
Po(n)

2 0
+ =7 / K*dkNwi(n),  (4.92)
z*a*(n) Jo

/_)pﬁ(’])

_ 1 © k?
Pl = ‘3,,2a4(,1)A g dkwk(n)

Po(n)
2 ®© k?
+— K*dkN, —,
3za*(n) A o)

Pp/’?(r/)

(4.93)

where py(n), Py(n) are the zero point energy density and
pressure and p,;(n), P,,(n) are the contributions from
gravitational particle production. The zero point and
particle production contributions independently obey
covariant conservation. As explained in Ref. [30] the zero
point contribution is absorbed into a renormalization
[62—66]; therefore, the kinetic-fluid description of gravi-
tationally produced fermionic dark matter near matter
radiation equality can now be summarized as

2 [+
Ny == / I2N dk, (4.94)
= Jo
_ 2 ® 2
Ppp(n) = 220 Jo k*Nyawy(n)dk, — (4.95)
P ()—#/WWN k—zdk (4.96)
PP\ = 3r2a*(n) Jo Cor(n) '
2 [+
Spp === | K{(1=Ng)In(l =N,)+ N, InN}dk,
2 0

(4.97)

where N ,; is the total comoving number density of
particles plus antiparticles produced, S,; is the time-
independent comoving entropy density, and the distribution
function N, is given by Eq. (4.50). The kinetic-fluid forms
of the energy density (4.95) and pressure (4.96) are exactly
the same as those obtained in Ref. [30] by averaging over
the fast phases in the particle-antiparticle interference

'For higher order contributions see Ref. [30].

terms. Therefore, just as in the bosonic case this averaging
in the energy-momentum tensor and the emergence of
the kinetic-fluid form in the adiabatic regime is a direct
manifestation of decoherence by dephasing in the density
matrix, hence also directly related to the emergence of
entropy in this case.

With the distribution function (4.50), we find

Ny = %(ZmTH)3/2 x 0.126, (4.98)
and
Spp = %(2mTH)3/2 x 0.451, (4.99)
with a specific entropy
Siii ~1.8. (4.100)
pp

We note that a specific entropy O(1) is typical of a thermal
species. However, with m ~ 10® GeV for a heavy fermion
with the correct dark matter abundance [30], the ratio of
its comoving entropy to that of the CMB today given by
(3.103), which also features a specific entropy O(1), is

S

PP~ 1015, (4.101)

Scrnb
therefore, even for a heavy fermionic dark matter species
that is gravitationally produced, its entropy is negligible
compared to that of the CMB today.

V. DISCUSSION

A. Real scalars, Majorana fermions

We have studied complex scalars and Dirac fermions for
which particles are different from antiparticles. However,
the results apply just as well to real scalars and Majorana
fermions, in which cases particles are the same as anti-
particles and the correlated pair states are now of the form
|nz,n_;). The entanglement entropy is exactly the same as
for complex scalars or Dirac fermions respectively, since
for each value of k (and helicity s for fermions), tracing

over one member of the pair (say that with —I?) yields
exactly the same probabilities, regardless of whether it
is a particle or an antiparticle. This is also explicit in the
entanglement entropies obtained above since there is no
factor 2 for particle and antiparticle, because of the
correlated nature of the pair state, independently of whether
the members of the pairs are particle and antiparticle or
particle-particle with opposite momenta.
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B. The origin of entropy: The out basis
is a pointer basis

In the language of quantum information, the out basis of
particles is the “measured” basis and constitutes a pointer
basis [67]. This is indeed a privileged basis, since the
energy-momentum tensor in this out particle basis
describes the abundance, equation of state, and entropy
of particles (and antiparticles). These are the observable
macroscopic variables that describe the properties of dark
matter. It is precisely in this basis that the rapid dephasing
and coarse graining as a consequence of time averaging
over the short timescales leads to decoherence and infor-
mation loss, with the concomitant emergence of a non-
vanishing entropy.

One could take expectation values of the energy-
momentum tensor (or any other observable related to dark
matter) in the in vacuum state |0;) or the density matrix
|0;)(0;| as is the case in Refs. [29,30]. This expectation
value features the rapidly oscillating interference terms
between out particles and antiparticles, which were aver-
aged out on the short timescales in these references. This
averaging in the expectation values in the in state |0;) are a
manifestation of the loss of correlations by dephasing,
yet do not make explicit the entropic content of this
decoherence process.

These are precisely the coherences and correlations that
are averaged out in the density matrix in the Schroedinger
picture in the out basis. Hence, particle “observables” or
measurements in the out particle basis in general will
undergo this process of decoherence via dephasing even
when the matrix elements are obtained in the in basis. The
coarse graining of the density matrix in the Schroedinger
picture in the out basis exhibits directly this decoherence
mechanism by dephasing and the emergence of entropy. It
also makes explicit that the decoherence timescale is
~1/m. Therefore, the origin of entropy is deeply associated
with this natural selection of basis of “out particles” to
describe the density matrix and the statistical properties of
dark matter.

C. More general arguments for entropy

Although we focused on the entropy in gravitational
particle production, the main concepts elaborated here are
more general. For example they apply also to the case when
particles are produced from inflaton oscillations at the end
of inflation [22], or by parametric resonance during
reheating [25,27]. In these cases, a homogeneous scalar
field (generically the inflaton) couples nonlinearly to the
matter bosonic or fermionic fields. If the expectation value
of this scalar field depends on time, acting as a time-
dependent mass term, such coupling leads to production of
particle or particle-antiparticle pairs entangled in momen-
tum (and any other conserved quantum number). The in
basis is generically a superposition of the out particle basis
states; therefore, the interference effects will also be

manifest in a similar manner as studied here, although the
occupation number of out states will be different for different
mechanisms. Because dark matter particles are defined as
asymptotic out states in the adiabatic era, a separation of
timescales as in the adiabatic Schroedinger picture in which
the density matrix evolves in time will feature a structure
very similar to that unveiled in the study above, but with
different probabilities determined by the different processes.
Nevertheless dephasing and decoherence will play a similar
role leading to an entropy of the very same form as obtained
above but with different N.

D. Entanglement entropy vs entropy
(isocurvature) perturbations

The entanglement entropy discussed above should not be
identified with linear entropy or isocurvature perturbations.
The latter are generically associated with multiple fields
with nonvanishing expectation values during inflation
[68-70]. Entropy perturbations in the case when scalar
fields do not acquire expectation values [71], or for
fermionic fields (which cannot acquire expectation values)
[72] were analyzed within the context of zero point
contributions to the energy-momentum tensor in
Refs. [71,72]. However, in Refs. [29,30] it was argued that
the renormalization fully subtracting the zero point contri-
bution as is implicitly or explicitly done in the literature,
prevents a consistent interpretation of entropy perturbations
from the zero point contribution of the energy-momentum
tensor as advocated in Refs. [71,72]. In our study here the
scalar field does not acquire an expectation value and we
implemented the same renormalization scheme subtracting
completely the zero point contribution to the energy-
momentum tensor as in Refs. [29,30] both for scalar and
fermion fields. Therefore the analysis and conclusions of
Refs. [71,72] do not apply to our study.

Curvature perturbations and inhomogeneous gravita-
tional potentials will modify the entropies (3.96), (4.88)
by modifying the distribution functions N, — N; +
ON (X, ) thereby inducing a perturbation in the entangle-
ment entropy. Such perturbation is completely determined
by the change in the distribution function which obeys a
linearized collisionless Boltzmann equation in the presence
of the metric perturbations. This equation along with a
proper assessment of initial conditions must be studied in
detail for a definite understanding of entropy perturbations,
a task that is well beyond the scope and objective of
our study.

VI. CONCLUSIONS AND FURTHER QUESTIONS

While the evidence for dark matter is overwhelming,
direct detection of a particle physics candidate with
interactions with SM degrees of freedom, necessary for
detection, has proven elusive. Therefore dark matter par-
ticles featuring only gravitational interaction are logically a

063532-21



MUDIT RAI and DANIEL BOYANOVSKY

PHYS. REV. D 102, 063532 (2020)

suitable alternative. Such candidates are produced gravi-
tationally via cosmological expansion, a phenomenon that
received substantial attention in the last few years. In this
article we studied the emergence of entropy in gravitational
production of dark matter particles, focusing on the cases of
a complex scalar and a Dirac fermion under a minimal set
of assumptions as in Refs. [29,30]. We considered a rapid
transition from inflation to radiation domination and
focused on comoving super-Hubble wavelengths at the
end of inflation, with dark matter fields being in their
Bunch-Davies vacua during inflation. The out states are
correlated particle-antiparticle pairs and the distribution
function of gravitationally produced particles is obtained
exactly both for ultralight scalars and heavier fermions.

Well after the transition and before matter radiation
equality there ensues a period of adiabatic evolution when
the scale factor a,, > a(t) > 1077 /,/m(eV) character-
ized by the adiabatic ratio H(t)/m < 1 with H(t) the
Hubble expansion rate and m the particle’s mass. During
this regime there is a wide separation of timescales with
1/H(t) along timescale of cosmological evolution and 1/m
a short timescale associated with particle dynamics. As
shown in Refs. [29,30], during this regime the energy-
momentum tensor written in the out particle basis (dark
matter particles) feature rapidly varying particle-antiparticle
interference terms. Averaging these contributions on inter-
mediate timescales renders the energy-momentum tensor of
the usual kinetic-fluid form. We show that these rapidly
varying interference terms are manifest in the density matrix
in the adiabatic Schroedinger picture in the out particle
basis as off-diagonal density matrix elements that feature
rapid dephasing on short decoherence timescales ~1/m.
Decoherence by dephasing effectively reduces the density
matrix to a diagonal form in the out basis with a non-
vanishing von Neumann entropy. In turn, the von Neumann
entropy is exactly the same as the entanglement entropy
obtained by tracing over one member of the correlated
particle-antiparticle pair.

Remarkably, we find that the comoving von Neumann
entanglement-entropy density is almost of the kinetic-fluid
form in terms of the distribution function N,

1 [
5,y iﬁ/ K2{(1£ N In(1 £ N,) F NeIn Ny }dk,
T~ Jo
(6.1)

where “+” is for real or complex bosons and “—" is for
each spin/helicity of Dirac or Majorana fermions. If the
out states were described by independent particles and/or
antiparticles, complex bosons and Dirac fermions would
have twice the number of degrees of freedom of real bosons
and Majorana fermions and the entropy would feature an
extra factor 2 when particles are different from antipar-
ticles. The fact that the entanglement entropies are the
same regardless of whether particles are different from

antiparticles is a consequence of the pair correlations of the
out state, explaining the qualifier “almost.” These particle-
antiparticle or particle-particle pairs are entangled in
momentum (and helicity in the case of fermions) and the
entanglement entropy; being obtained by tracing over one
member of the pair is the same in both cases regardless of
whether particles are the same or different from antipar-
ticles. An important conclusion of our study is that the von
Neumann entanglement entropy and the kinetic-fluid form
of the energy momentum are all a consequence of
decoherence of the density matrix in the out basis.

We argue that the origin of entropy is deeply related to
the natural physical basis of out particles that determine the
statistical properties of dark matter, such as energy density,
pressure, and entropy. Furthermore, we also argue that our
results are more general and apply also to several other
production mechanisms such as parametric amplification
and production from inflaton oscillations at the end of
inflation.

For an ultralight bosonic dark matter candidate mini-
mally coupled to gravity we find that while the occupation
number is very large in the infrared region, the specific
entropy, or entropy per particle, is negligibly small,
indicating that this dark matter candidate is produced in
a condensed state, albeit with vanishing expectation value.
For fermionic dark matter the distribution function is nearly
thermal [30] and the specific entropy is O(1) consistent
with a thermal species.

A. Further questions

1. Observational consequences?

While the energy density and pressure (or equation of
state) both have clear observational consequences and
directly yield information on clustering properties such
as the free streaming length or cutoff in the matter power
spectrum [29], we have not yet identified an observational
consequence directly associated with entropy. As discussed
above, for both cases, ultralight or heavier fermionic
gravitationally produced dark matter, their comoving
entropy is many orders of magnitude smaller than that
for the CMB today.

The similarity with the fluid kinetic form suggests that
perhaps the entropy may play a role in the dynamics of galaxy
formation. Pioneering work in Refs. [73,74] studied the
nonequilibrium process of violent relaxation in collisionless
galactic dynamics in terms of an H-function that is similar to
the statistical entropy of a classical dilute gas. It is argued in
these references that such H-function increases during this
process of relaxation towards an equilibrium state. It is an
intriguing possibility that the entanglement entropy that we
find could play a similar role in understanding the evolution of
clustering during the matter dominated era.

Another important question is the role of metric pertur-
bations on the entropy; as mentioned above this would
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entail a study of the linearized boltzmann equation and
further understanding on initial conditions.

2. Interactions

Although we did not consider the possibility of dark
matter self-interactions or interactions with SM degrees of
freedom, the study of how the entanglement entropy
evolves in time as a consequence of such interactions
would be of fundamental interest and a worthy endeavor.
In principle the evolution of the entropy could be obtained
by setting up a quantum kinetic Boltzmann equation for the
distribution function N;. However, a new framework must
be developed to implement this program, because typically
the Boltzmann equation is obtained by calculating tran-
sition amplitudes in S-matrix theory; however, the mode
functions even during the adiabatic regime are not the same
as in Minkowski space time. Furthermore, the usual
approach takes the infinite time limit to obtain the transition
probabilities, which in principle is not warranted in the
presence of cosmological expansion, instead a framework
similar to that implemented in Refs. [75,76] must be
adapted to a quantum kinetic approach.

The first law of thermodyamics when combined with
covariant conservation of the energy entails that the total
thermodynamic entropy is constant, namely the cosmo-
logical expansion is adiabatic in the thermodynamic sense
in agreement with the Universe being a closed system.
However, the entanglement entropy is not a thermody-
namic entropy; therefore, if interactions are included, it is
by no means clear that the entanglement entropy remains
constant. The authors of Ref. [77] advocated a possible
statistical framework to include interactions akin to the
Bogoliubov-Born-Green-Kirkwood- Yvon hierarchy of
equations that yields the usual Boltzmann equation.
While this suggestion is compelling, the applicability of
such framework to study the time evolution of the
entanglement entropy merits further study beyond the
scope of this article.

APPENDIX A: BOGOLIUBOV
TRANSFORMATION FOR BOSONIC FIELDS

The unitary operator that implements the Bogoliubov
transformation (3.31),

c; = agAc + b’ By, (A1)

d' .= b A; + By, (A2)
is obtained as follows. The coefficients A;, B, are functions
solely of k determined by the relations (3.29) and obey the
condition (3.28). We write
Ay = e cosh(8),),

B, = e7sMsinh(6,).  (A3)

Let us introduce the following definitions (we suppress the
momentum arguments of the angles):

QA =@+, Yp =P+ — @,
Cllzei%r = Ell-(', blzei%r = ~1-€',
cre™r- = ¢y, dpe™'- = dj, (A4)

in terms of which the transformation (A2) becomes

¢; = acosh(6y) + b_; sinh(6;),

i (AS)

d’. = b’ cosh(6;) + agsinh(6). (A6)

These transformations are implemented by the following
unitary operator:

S[0] = Myexp{Oc[b_gaz —ath' J},  S7'[0] = S[-0),
(A7)
so that
Slela;s'16] = &, (A8)
S[O1b" S0 = d_y, (A9)

as can be confirmed by expanding the exponential and
using the canonical commutation relations. An important
identity yields the following factorization of the exponen-
tial [59]:
S[0] = IT; exp{—1In(cosh(6;)) } exp{— tanh(é’k)&;l;iz}

x exp{— ln(cosh(ek)(&ic”z; + B%lﬁ)}

x exp{tanh(6;)b_zaz}. (A10)

The inverse Bogoliubov transformation is given by

ap = ¢y cosh(6;) — 5’2; sinh(6;),

b’ =d' cosh(6;) — & sinh(6)). (A11)
The unitary operator that implements it is
T(0) = Mexp{~6[ezd_; —d" &)}, T'[6] = T[4,
(A12)
so that
T[Q]E’ET_I [9] = CNII;
Tlold" .70 = b’ . (A13)
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The factorized form of T[6) is

T[6] = II; exp{—In(cosh(6y))} exp{tanh(6; )¢ ]‘:EZI_]_(.}
x exp{—In(cosh(6;)(¢

x exp{— tanh(@k)a_lgélg (A14)

These operators allow us to relate the in vacuum state to

out states. Define the out vacuum state |0,) as that
annihilated by ¢z, d, namely,

czl00) =0, d]0o) =0. (A15)

Premultiplying these expressions by T[6] and inserting
T-10)T[6] = 1 yields

(T[0)cT~'[0]) (T16]]00)) = O.
ag [07)

(T[0)d;T~"[0]) (T[6]|00)) = O.
—_—

b; [07)

(A16)

Therefore, we find

0,) = { [cosh(8)]~ Z(ez"/’ Jtanh(6,))" |ng; 7 ~>}

l‘lf

(A17)

where the out particle-antiparticle states read as

(chy(d’ )

0 ny=
\/_\/n_~| 0> k

In quantum optics these correlated states are known as
two-mode squeezed states [59]. Several checks are in order:

i tanh?(6,))"

n=

0.1.2.... (AI8)

Inpn_p) =

0;]0;) =

1 1
=1II; =1,
kcosh?(6,) 1 — tanh?(6;)

(A19)

<01|C;Cﬁ|01> = <01|did”|01>

(A20)

<01|C},d;|01>
1 e2ie-(p) & (0,
= (1 4 n)(tan "
cosh?(6,) tanh(6,,) <

e~2¢-(P) tanh*(6,,) 1
tanh(H,,) cosh?(6,,) (1 — tanh?(6,,))?
) c

e~2ip-(p s1nh(¢9p) OSh(9 )= BPA;’

(A21)

thereby confirming the identities (3.32) in the out basis.

APPENDIX B: BOGOLIUBOV
TRANSFORMATION FOR FERMIONIC FIELDS

The Bogoliubov transformations for fermionic operators
are somewhat more subtle because of the anticommutation
relations. The out basis operators are related to the in basis
via the Bogoliubov transformation

by, = by A — dil.{.’SB;S, (B1)
E’Lz,s d . Ap + b B, (B2)
and
[Ars® + |Bis|> = 1. (B3)
We write
Ay =cos(0;)e!#++0-) B, =sin(fy)e!#+=-), (B4)

where the k, s arguments of the phases are implicit. We now
absorb the phases into a redefinition of the various
operators,

(BS)

In terms of these redefinitions the Bogoliubov transforma-
tions (B1), (B2) read

by, = by cos(6;) — djlzs sin(6;). (B6)

d'; =d'; cos(6y) + by sin(6). (B7)
The inverse transformation is

by, = by cos(6;) + Zﬂ—zé,s sin(6y), (B8)

d*_las =d' . cos(6y) = by sin(6). (B9)
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It is convenient to define
(B10)

in terms of which, this inverse transformation is generated
by the unitary operator

Ty[6] = exp{-birz}. (B11)

namely
by, = T/0b; T7'04], (B12)
d'y =Tsl0dd"; T7'[04]. (B13)

To see that this is the case, consider the definitions

a(6) = 7,161, T7 [0, (B14)
(o) =T,l0)d"; T7'[0]. (B15)
Using the anticommutation relations we find
da(9)
= p(0), B16
L= p(0) (B16)
dp(0)
W = —a(G), (B17)
with the “initial conditions”
7 da(@) o o
~ dp(o)
_ g “P\Y) - _ — —_h-
p0)=d . . o |, (0) = —bz,. (B19)

The solutions of Egs. (B16), (B17) with the initial con-
ditions (B18), (B19) are given by

a(0) = BI;.S cos(0) + Zlﬁ—/?,s sin(6), (B20)

,sin(0), (B21)

po) = Zﬂ—iés cos(0) — B,—{»y

which are recognized as by , dT_]_(.S Egs. (BS), (BY),

respectively, confirming the relations (B12), (B13).
These relations may also be found from the identity

eXYe X =Y+ [X,Y] —i—%[X, X, Y]] +---  (B22)

with X = —60,y; and ¥ = b,d" respectively. Suppressing
the indices, /? s, it follows that

- - - 2. P
—0r7, 07 (R S I}
e "be” = b+ 6d 2!b 3!d... (B23)
5 92 94 5 3
_ LA g
_b<1 2!+4!...>+d<9 T+ )
(B24)
= e he®” = bcosO+d sin@=b.  (B25)
Similarly,
~ ~ - . 6.
e rd e’ =d" —0b - EdT +37be (B26)
= e d'e% = d"cos@ — bsind =d'. (B27)

In order to find a more compact expression for 7';[6] it
proves convenient to expand,

1 1
Tel6i) = 1= Oy + 5,057 + 5 0hrs +-+- (B28)

2! 3!
Using the canonical anticommutation relations we find

“ 7
o B B =Py

(B29)

bi by =np.  didg =ng (B30)
may also be written as
P]-{' = ﬁ]:rél_]-{' + (1 - ﬁ]-c')(l - Iel_]-c'), P% = Plz (B3l)

Again using the anticommutation relations we find

viPr =P =rp (B32)
and iterating yields
vi=-r. 7i=P.  r=pPr=ro. (B33
Combining these results we finally find
T¢[0] = 1 =Py + Prcos(6;) — v sin(6y). (B34)

Since the operators y; commute for different values of kit
follows that the full unitary transformation is

T;10] = II;T4[6y]. (B35)
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Define the out vacuum state |0,) as that annihilated by

b/'é,s’ d-/’cﬂ,s for all k, namely

bi l00) =0, d_]00)=0.  (B36)

Premultiplying these expressions by 7/[f] and inserting
T;'[0]T([6] = 1 yields

(T 1016z , T716]) (T10]100)) = 0.

k,s
by [07)

(T[0)d_; ,T716]) (T10]]0o)) = 0. (B37)
d" [07)

Applied to the out vacuum state |0,) annihilated by 13,—5‘5,
El_;s for all /? we find

107) = T¢[6]]00)
— I, [cos(ek) _ Qo sin(Hk)E;EsgliZJ 00).  (B38)

where we restored the phases as per Eq. (BS). It proves
convenient to write this result as

0) =11, { cos(6))]

1
< 3 (O anO) g n ) | (B39
ng =0

where the fermionic out particle-antiparticle states

(B )t (d". )
Ingshg,) =— B |0p),  ng

1 e ks
nl?.s : n/?,s °

=0,1.

(B40)
Unitarity of the transformation is confirmed by obtaining

(0,]0;) =TI {cos?(6)[1 +tan*(6;)]} = 1. (B41)

Furthermore, we find

<0,|I~7;‘51~9,; 0) = <01|EZ,§’S&; 10,) =sin®(6) = | By ,|* =Ny

N S

(B42)

APPENDIX C: SUMMARY OF ADIABATIC
EXPANSION FOR FERMIONS

In this appendix we provide a brief summary of the
adiabatic expansion for fermions. For more details see

Ref. [30]. We write generically the spinors as U, V with the
implicit understanding that during RD these are to be
identified with the solutions U, V.

Consider the mode equation (4.26) (we suppress the
momentum label and conformal time arguments for ease of
notation)

n' + (0* —iM')h =0 (C1)
and propose the solution
h(p) = S0 g g i, (C2)

Introducing this ansatz into the mode equation (C1) yields

Q* +iQ — w? +iM' = 0. (C3)
Separating the real and imaginary parts yields the coupled
system of equations

Q- Q- Q) —w? =0, (C4)
(Qk + M)

2QRQ[+(Q/R+M/) :O : Q[ _ -
2Qk

(C5)

The above equations can be solved in a consistent adiabatic
expansion in derivatives of @, M; with respect to conformal
time, we find

oY =w; V=0 ) =0
o _ @My o (@) (@)
7 - ’ 'R ’
2w 2w
Q=0 (C6)
@ _

In the representation (C2) it follows that the spinors can
be written compactly as

R (A
ksé,

_—> _ lf'lgz(n/)d”/< —ksfs >
V,(~K.n) = Ne @) (€

with N a normalization constant. The orthogonality con-
ditions UjUy = 0, VIiVy = 0fors # s and ULV, = 0 for
all s, s' are evident.

Normalizing the spinors Ul Uy =06,y = Vi Vg it fol-
lows that

U = ( @+ M, )
D TR T 0?1 2MQ P\ kse, )
(C9)
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-

e f” Qr(n)dn’

Vs(_k’ ’7) -

—ksé&,
[Q2 + QF + w? + 2MQg]'/? ( (QF + M)E, )

(C10)

To leading (zeroth) adiabatic order with Qp = w; (1), Q; = 0.
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