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An investigation is undertaken into the properties and effects of a preinflationary era during at least part
of which semiclassical gravity was valid. It is argued that if the Universe (or our part of it) was
approximately homogeneous and isotropic during that era, then the Universe was likely to have been
radiation dominated. A simple model in which the Universe contains classical radiation and a cosmological
constant is used to investigate potential effects of such a preinflationary era on the cosmic microwave
background. The power spectrum is computed using the mode functions of a quantized massless minimally
coupled scalar field. Various choices of state for this field are considered, including adiabatic vacuum states
of various orders and the vacuum state that would naturally occur if the Universe made a sudden transition
from being radiation dominated to de Sitter space. In all cases investigated, there is a suppression of the
power spectrum at large angles, and, when plotted as a function of the momentum parameter, there are
always oscillations with state-dependent amplitudes.
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I. INTRODUCTION

In the traditional big bang theory, theUniverse beganwith
zero size and an initial curvature singularity. Of course, what
this really means is that classical general relativity breaks
down, and a description of the very early Universe must
come from a quantum theory of gravity. Since it is currently
unknown which, if any, of the current quantum gravity
candidates is correct, the beginning of the Universe (if there
was one) is unknown. However, the paradigm today is that
early in its history the Universe underwent a period of
inflation. If there was a preinflationary era, then semi-
classical gravity may well have been valid during the latter
part of that era. One expects that semiclassical gravitywould
be valid in the early Universe once the curvature is well
below the Planck scale. This would be true for spacetime
curvatures of the order of 10−4 in Planck units which in the
early Universewould correspond to energy scales about 100
times larger than that of the grand unified theory (GUT)
energy scale. For this reason, it is interesting to explore the
predictions that semiclassical gravity makes about the
Universe prior to inflation.
There is some ambiguity as to the exact form of

the semiclassical Einstein equations due to the unknown
sizes of the coefficients of the scalar curvature squared and
Ricci squared terms in the gravitational Lagrangian.
Renormalization of the stress-energy tensor for quantum
fields in curved space requires the existence of such terms.
Nevertheless, when gravity is thought of as an effective
field theory, one expects that the contributions from such

terms to the semiclassical Einstein equations should be
relatively small. If that is the case, and if the preinflationary
Universe, or at least our part of it, was approximately
homogeneous and isotropic, then from the point of view of
semiclassical gravity, the Universe began with zero size as
in the classical big bang model. Of course, one of the
advantages of inflation is that the part of the Universe we
can observe today would have been an extremely small part
of the Universe at the onset of inflation. Thus, if there were
significant inhomogeneities on larger scales, they would be
well outside the current horizon. However, here we make
the stronger assumption that any large inhomogeneities
were far enough away that the part of the Universe that
contained the part we can see today, and was significantly
larger than it, was approximately homogeneous and iso-
tropic. Then our argument implies that this portion was
radiation dominated at least during the latter part of the
preinflationary era. Given our ignorance of the preinfla-
tionary era, it is of interest to consider models of this type.
It was argued in Ref. [1] that if the Universe began with

zero size, then it is possible to define an initial vacuum state
for a conformally coupled massive scalar field that, at the
initial time, is equivalent to the conformal vacuum state for
a conformally coupled massless scalar field. This was done
by replacing the mode equation with a Volterra equation
that could be solved iteratively. At lowest order, it was
shown that, for any other homogeneous and isotropic state,
the stress-energy tensor hTμνi contains terms that have the
same form as classical radiation. This is not surprising,
since it is known [2] that for a conformally invariant field in
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any other homogeneous and isotropic state than the
conformal vacuum the stress-energy tensor has such terms.
In this paper, we investigate the properties of this initial

vacuum state as well as other homogeneous and isotropic
vacuum states in significantly more detail than was done in
Ref. [1]. We show that, for the vast majority of cases where
the Universe begins with zero size in any other homo-
geneous and isotropic state, the stress-energy tensor for a
massive conformally coupled scalar field at early times has
a term that acts like classical radiation. We use this to make
an argument that it is extremely likely that if the Universe
had a period before inflation in which the semiclassical
approximation was valid, then it expanded in approxi-
mately the same way as a radiation-dominated universe
during that period. Evidence for a radiation-dominated
preinflationary era has also been found in a model in which
the Wheeler-DeWitt equation is solved in the minisuper-
space approximation which includes the Hamiltonian for
the scale factor when a cosmological constant is present
along with the Hamiltonian for a single mode of a massless
minimally coupled scalar field [3].
From an observational point of view, the best chance for

evidence of a preinflationary radiation-dominated phase for
the Universe would likely come from the cosmic micro-
wave background, where it has been shown [4] that if
inflation did not go on for too long, then there could be
significant deviations from the usual prediction if the state
of the quantum field differs significantly from the Bunch-
Davies state [5–8].
With this as motivation, we consider a simple model in

which the Universe contains classical radiation and a
cosmological constant. At early times, the Universe
expands like a radiation-dominated universe and at late
times like a de Sitter universe. This model gives a natural
onset to inflation described entirely by the cosmological
constant. Since we are concerned with the effects on the
power spectrum of the preinflationary phase, our results are
independent of the reheating phase which occurs in most
inflationary models, and they are also compatible with
warm inflation models [9], in which there is a gradual
transfer of energy from the inflaton field to the radiation,
which eliminates the need for a reheating phase.
In many models of inflation, the inflaton field is treated

as a classical minimally coupled scalar field with a
potential, while quantum fluctuations of the inflaton field
are treated as a quantized massless minimally coupled
scalar field. In this paper, we are effectively modeling the
classical inflaton field with a cosmological constant. We
compute the power spectrum using the mode functions for a
massless minimally coupled scalar field. The effects of
certain types of initial vacuum states for this field on the
power spectrum are investigated. One is the natural vacuum
state that occurs in a pure radiation-dominated universe that
suddenly transforms into de Sitter space. The others are
adiabatic vacuum states [10–14] of zeroth, second, and

fourth order. There have been several previous calculations
of the power spectrum for various models in which the
preinflationary era was homogeneous, isotropic, and radi-
ation dominated [15–26]. As is discussed in Sec. VI, it
appears that in most previous cases a sudden approximation
or something similar to one was used. Two exceptions are
Refs. [21,22], where the power spectrum was computed
numerically using zeroth-order adiabatic states. A detailed
comparison of our results with theirs is given in Sec. VI.
In agreement with previous calculations, we find that the

power spectrum deviates from that of the Bunch-Davies
state because the initial vacuum state differs from the
Bunch-Davies state. In particular, the power spectrum is
suppressed at large angles. When plotted in terms of the
momentum parameter k, there are oscillations for all of
the states considered. The largest oscillations come from
the sudden approximation and from zeroth-order adiabatic
states where the adiabatic matching time (discussed in
Sec. IV B) occurs near the onset of inflation. For adiabatic
states, the oscillations have significantly smaller amplitudes
for earlier matching times and for higher-order adiabatic
states.
In Sec. II, we present our argument that if there was a

preinflationary phase in which the semiclassical approxi-
mation was valid and if the Universe or our part of it was
approximately homogeneous and isotropic during that
phase, then it is likely that it expanded like a radiation-
dominated universe. In Sec. III, we discuss the solution to
Einstein’s equations for our specific model, which consists
of classical radiation and a cosmological constant. The
different states that we use for the computations of the
power spectrum of the massless minimally coupled scalar
field are discussed in Sec. IV. A general form for the power
spectrum for our model is derived in Sec. V. Some of our
computations of the power spectrum are presented, dis-
cussed, and compared with previous calculations in
Sec. VI. A brief summary of our results is given in
Sec. VII. The Appendix contains details of the calculations
related to a possible radiation-dominated preinflationary
phase. Throughout, we use units such that ℏ ¼ c ¼ G ¼ 1.

II. PREDICTION REGARDING A
PREINFLATIONARY ERA

As discussed in the introduction, we consider the
possibility that the Universe, or our part of it, began with
zero size in a homogeneous and isotropic state from
the point of view of semiclassical gravity. We further
assume that there was a preinflationary era in which
the semiclassical approximation was valid and that during
this era interactions between the quantum fields present
did not make the dominant contributions to the stress-
energy tensors of those fields. In this case, we present an
argument that it is very likely the Universe was expanding
like a radiation-dominated universe during this preinfla-
tionary era.
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As mentioned in the introduction, in many models of
inflation, the inflaton field is a massive minimally coupled
scalar field that is treated classically. Quantum fluctuations of
this field during the period of inflation are generally approxi-
mated by a quantized massless minimally coupled scalar
field. In such models, the power spectrum is computed from
these fluctuations. This is also our approach here. However,
most quantum fields that are likely to have had a significant
impact on the expansion of the Universe in a semiclassical
preinflationary era are of spin 1

2
and spin 1. In the approxi-

mation that interactions are neglected, the massless ones are
exactly conformally invariant, and the massive ones are
conformally invariant in the limit that their masses go to
zero. Thus, the effects of the inflaton field on the expansion
during a preinflationary phase are expected to be small.
For conformally invariant fields in a spatially flat

homogeneous and isotropic spacetime, the stress-energy
tensor h0jTμνj0i is composed of two local tensors that
contain higher derivative terms [27]. If the semiclassical
approximation is valid, then it is usually assumed that these
terms are very small.1 If a conformally invariant field in
such a spacetime is in a homogeneous and isotropic state
other than the conformal vacuum state, then there is an
additional term in its stress-energy tensor that has the same
form as that of classical radiation [2]. Therefore, if the early
Universe consisted only of massless conformally invariant
quantum fields in homogeneous and isotropic states, and if
one or more of the fields was not in the conformal vacuum
state, then the Universe would expand like a radiation-
dominated universe provided the higher derivative terms
made a small contribution to the stress-energy tensor.
Of course, many of the quantum fields in the early

Universe were massive. We model the spin-1
2
and spin-1

massive fields with conformally coupled massive scalar
fields. The rationale for doing this is that all of these fields
are conformally invariant in the massless limit, and at high
enough momenta they are effectively massless.
We also restrict our attention to cases when the Universe

begins with zero scale factor. We do this, as mentioned in
the introduction, in the same spirit that classical general
relativity predicts that the Universe began with an initial
singularity.
The metric for a spatially flat homogeneous and isotropic

universe is

ds2 ¼ a2ðηÞð−dη2 þ dx⃗2Þ; ð1Þ

with η the conformal time defined by adη ¼ dt. Scalar
fields with arbitrary masses and curvature couplings ξ
satisfy the equation

□ϕ −m2ϕ − ξRϕ ¼ 0; ð2Þ

where the scalar curvature is

R ¼ 6a00

a3
: ð3Þ

Here primes denote derivatives with respect to η.
Expanding the fields in terms of modes in the usual way
gives

ϕ ¼
Z

d3k½ak⃗eik⃗·x⃗ϕkðηÞ þ a†
k⃗
e−ik⃗·x⃗ϕ�

kðηÞ�: ð4Þ

With the definitions

ϕk ¼
ψk

a
; ð5aÞ

ω2
k ¼ k2 þm2a2; ð5bÞ

one finds that ψk is a solution to the equation [27]

ψ 00
k þ

�
ω2
k þ 6

�
ξ −

1

6

�
a00

a

�
ψk ¼ 0 ð6Þ

and satisfies the Wronskian condition

ψkψ
�0
k − ψ�

kψ
0
k ¼ i: ð7Þ

The classical expression for the stress-energy tensor of
an arbitrarily coupled scalar field is [27]

Tμν ¼ð1−2ξÞ∂μϕ∂νϕþ
�
2ξ−

1

2

�
gμνðgρσ∂ρϕ∂σϕþm2ϕ2Þ

−2ξϕ∇μ∇νϕþ2gμνξ2Rϕ2þ ξGμνϕ
2: ð8Þ

Substituting (4) and (5a) into (8) then yields an unrenor-
malized energy density [14]:

ρu ¼
1

4π2a4

Z
dkk2

�
jψ 0

kj2 þ ω2
kjψkj2 þ 6

�
ξ −

1

6

�

×

�
a0

a
ðψ 0

kψ
�
k þ ψkψ

�0
k Þ −

a02

a2
jψkj2

��
: ð9Þ

Specializing to the case of conformal coupling, ξ ¼ 1
6
, it

is helpful to define functions αkðηÞ and βkðηÞ by the
simultaneous equations

ψkðηÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ωkðηÞ
p ½αkðηÞe−iθkðηÞ þ βkðηÞeiθkðηÞ�; ð10aÞ

ψ 0
kðηÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
ωkðηÞ
2

r
½−iαkðηÞe−iθkðηÞ þ iβkðηÞeiθkðηÞ�; ð10bÞ

1An important exception is Starobinsky inflation [28], which
requires that the coefficient of the R2 term in the gravitational
Lagrangian be of the order of 109 and that it have a certain sign.
We do not consider Starobinsky inflation in this paper.
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where

θkðηÞ ¼
Z

η
dxωkðxÞ: ð11Þ

The lower limit for this integral is arbitrary. The Wronskian
condition (7) becomes

jαkj2 − jβkj2 ¼ 1: ð12Þ

Substituting (10a) and (10b) into (9), setting ξ ¼ 1
6
, and

using (12) yields

ρu ¼
1

4π2a4

Z
∞

0

dkk2ωkð1þ 2jβkj2Þ: ð13Þ

Subtracting off the adiabatic counterterms [14,29,30], one
finds

ρr ¼
1

2π2a4

Z
∞

0

dkk2ωkjβkj2 −
m2

96π2
a02

a4

þ 1

2880π2

�
−
1

6
ð1ÞH0

0 þ ð3ÞH0
0

�
: ð14Þ

The second term on the right is a finite renormalization of
G0

0, and the last two terms are the higher derivative terms
that are assumed to be small.
The first term on the right in (14) has the same form as

the energy density for classical radiation if ωkjβkj2 is
independent of time. However, it is actually a function
of time, so its behavior at early times needs to be analyzed.
This is done in the Appendix, where it is shown that if βkðηÞ
is nonzero in the limit aðηÞ → 0, then the initial behavior of
the first term in (14) is that of classical radiation provided
that (i) the integral in (14) is finite at η0; (ii) jβkðη0Þj
increases slower than k−1 at small k; (iii) the derivative
ða2Þ0 has a finite limit as η → η0; and (iv)

R
η
η0
jða2ðxÞÞ00jdx is

finite. If these conditions are satisfied, then the resulting
solution to the semiclassical Einstein equations will
describe a universe that expands like a radiation-dominated
universe at early times, since the second term in (14) is a
finite renormalization ofG0

0 and the last terms are assumed
to be negligible.

A. A “natural” vacuum state

It is well known that in a dynamical spacetime there is
usually no state that one can unambiguously label as the
vacuum state as there is for free quantum fields in
Minkowski space. However, there can be states which
for one reason or another are preferred. One example is the
Bunch-Davies state in pure de Sitter space [5–8]. Another is
the class of states found in Ref. [31] for which at a given
moment of time the stress-energy tensor for the quantum
field is exactly equal to zero. Here we discuss a different

choice for a vacuum state based on the above analysis of
states for a massive conformally coupled scalar field.
The state when βkðη0Þ ¼ 0 for the conformally coupled

massive scalar field provides a natural definition of a
vacuum state if the Universe began with zero size, since,
as shown above, there is no term in the energy density that
acts like classical radiation. One might guess that a similar
state would exist, at least in some cases, for nonconformally
coupled scalar fields. This is correct, but, as we next show,
in some important cases the state is problematic for
nonconformally coupled scalar fields and potentially prob-
lematic for conformally coupled massive scalar fields.
Returning to (6), it is useful to define an effective mass

M2
a ¼ m2a2 þ 6

�
ξ −

1

6

�
a00

a
: ð15Þ

If initially

ψk ¼
e−ikηffiffiffiffiffi
2k

p ; ð16Þ

which is the exact solution for the conformally invariant
scalar field in the conformal vacuum state, then one can
find a formal solution in terms of a Volterra equation:

ψkðηÞ¼
1ffiffiffiffiffi
2k

p e−ikη−
1

k

Z
η

η0

dx1M2
aðx1Þsin ½kðη−x1Þ�ψkðx1Þ:

ð17Þ
This can be solved by iteration to give

ψkðηÞ ¼
e−ikηffiffiffiffiffi
2k

p þ
X∞
n¼1

ð−1Þn
kn

Inðk; ηÞ; ð18aÞ

Inðk;ηÞ¼
Z

η

η0

dx1

Z
x1

η0

dx2 � � �
Z

xn−1

η0

dxnM2
aðx1Þsin½kðη−x1Þ�

×

�Yn
j¼2

M2
aðxjÞsin½kðxj−1−xjÞ�

�
e−ikxnffiffiffiffiffi

2k
p ; ð18bÞ

where the product is equal to 1 for n ¼ 1, aðη0Þ ¼ 0, and
either η0 ¼ −∞ or −∞ < η0 < ∞. It can be shown that this
converges provided that k−1

R
η
η0
dxjM2

aðxÞj is finite [1]. We
shall restrict our attention to those cases in what follows.
The first term in the sum in (18a) can be written as

−
1

k
I1ðk; ηÞ ¼ −

1

2ik
eikηffiffiffiffiffi
2k

p
Z

η

η0

dx1e−2ikx1M2
aðx1Þ

þ 1

2ik
e−ikηffiffiffiffiffi
2k

p
Z

η

η0

dx1M2
aðx1Þ: ð19Þ

The second term on the right is positive frequency for all
times. The first term in some cases has a negative frequency
component. This was not noticed in Ref. [1]. To see this,
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assume that there is no divergence in M2
a or any of its

derivatives at η0. Then successive integrations by parts can
be done. The evaluation of each at the upper limit yields a
positive frequency term. The evaluation at the lower limit
yields a negative frequency term. Thus, if M2

a or any of its
derivatives is nonzero at η0, then there is a negative
frequency term. Suppose that M2

a and its first (n − 1)
derivatives are zero at η0 and that the nth derivative of
M2

a is nonzero at η0. Then the vacuum state can be of
adiabatic order n − 1 only if m ≠ 0 and ξ ¼ 1

6
. The vacuum

state can be of adiabatic order nþ 1 only if m ¼ 0 and
ξ ≠ 1

6
. Ifm ≠ 0 and ξ ≠ 1

6
, then the order of the vacuum state

depends on whether it is the nth derivative of them2a2 term
(giving n − 1) or the other term in (15) (giving nþ 1).
From the point of view of pure mathematics, one can

think of Eq. (6) as a mode equation in flat space with a time-
dependent potential. If the potential vanishes in the limit
η0 ¼ −∞, then it turns on very slowly, and this leads to an
infinite-order initial vacuum state. In the case that η0 is
finite, the potential turns on at the time η0. How rapidly it
turns on depends on how rapidly a → 0. The more rapidly it
turns on, the more particle production one would expect to
occur due to the “turn on” and the lower the order of the
adiabatic state that the vacuum state corresponds to. Of
course, there are cases where the potential is a constant in
the limit η → −∞ and cases where it (or one of its
derivatives) diverges at η ¼ η0 > −∞. We do not consider
these cases here.
An important example where the spacetime begins at

η0 ¼ −∞ and the vacuum is an infinite-order adiabatic state
is de Sitter space in spatially flat coordinates, where a ¼
1

−Hη with H a constant. The vacuum state in this case is the
Bunch-Davies state.
An important example where the vacuum state is a finite-

order adiabatic state is when the scale factor can be
expanded in the power series aðηÞ ¼ P∞

n¼1 anðη − η0Þn.
In general, there are two contributions to M2

a. One comes
from the m2a2 term, which occurs for any massive field.
For it, one finds that if a1 ≠ 0, so that the Universe is
approximately radiation dominated at early times, then the
vacuum state is at most a first-order adiabatic state. The
second contribution to M2

a is proportional to a00
a . If a1 ≠ 0,

then the Volterra solution (18) does not work unless
a2 ¼ a3 ¼ 0. In that case, if m ¼ 0 and ξ ≠ 1

6
, the vacuum

state is at most second-order adiabatic if a4 ≠ 0, third-order
adiabatic if a4 ¼ 0 and a5 ≠ 0, and so forth. For the model
described in the next section, a4 ¼ 0 and a5 ≠ 0, so the
vacuum state is at most a third-order adiabatic one.
In general, it is necessary to have a fourth-order adiabatic

state for the stress-energy tensor to be ultraviolet finite.
Thus, at least for the model we consider below, the vacuum
state discussed here is not acceptable for the massless
minimally coupled scalar field. For a conformally coupled
massive scalar field, it is technically necessary only to have

a zeroth-order adiabatic state, so this vacuum state could
work. However, if the spacetime is even slightly inhomo-
geneous or anisotropic, then something akin to a fourth-
order adiabatic state would be required to yield a finite
stress-energy tensor. Therefore, we do not consider this to
be an acceptable vacuum state for a massive field for the
model considered below or for any model of the Universe
in which the expansion approaches that of a radiation-
dominated universe at early times but is not exactly equal to
that of a radiation-dominated universe.

III. SIMPLE MODEL WITH A RADIATION-
DOMINATED PREINFLATIONARY ERA

For the rest of this paper, we consider a simple model
that has a radiation-dominated preinflationary era and a late
time inflationary era. It consists of classical radiation plus a
positive cosmological constant Λ. In this case, one of the
Friedmann-Lemaître-Robertson-Walker equations is

a02

a4
¼ Λ

3
þ 8πcr

3a4
; ð20Þ

where cr > 0 is a constant. The trace of the Einstein
equations gives

R ¼ 6a00

a3
¼ 4Λ: ð21Þ

We use the following scaled variables:

α≡
�

Λ
8πcr

�
1=4

a; ð22aÞ

χ ≡ γ−1η; ð22bÞ

κ ≡ γk; ð22cÞ

γ2 ≡ 3ffiffiffiffiffiffiffiffiffiffiffiffiffi
8πcrΛ

p : ð22dÞ

Equation (20) can then be written

dα
dχ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ α4

p
: ð23Þ

Integrating (23) and choosing the constant of integration
such that αjχ¼0 ¼ 1 gives

α ¼ cnð2χj 1
2
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
ffiffiffi
2

p
snð2χj 1

2
Þdnð2χj 1

2
Þ

q ; ð24Þ

where sn, cn, and dn are the Jacobi elliptic functions in the
notation of Ref. [32]. The limits of χ defined by αjχ0 ¼ 0

and αjχ∞ ¼ ∞ are given by
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−χ0 ¼ χ∞ ¼ 1

2
K

�
1

2

�
¼ 0.927037…; ð25Þ

where K is the complete elliptic integral of the first kind.
A plot of α during the preinflationary era is shown in Fig. 1.
The mode equation (6) written in terms of χ is

d2ψκ

dχ2
þ ðκ2 þ γ2M2

aÞψκ ¼ 0: ð26Þ

As discussed in the introduction, in our model we compute
the power spectrum using the modes of a massless
minimally coupled scalar field, m ¼ ξ ¼ 0. For this field
substituting (15) into (26) and using (21) and (22) gives

d2ψκ

dχ2
þ ðκ2 − 2α2Þψκ ¼ 0: ð27Þ

The Wronskian condition in terms of scaled conformal
time is

ψκ
dψ�

κ

dχ
− ψ�

κ
dψκ

dχ
¼ iγ: ð28Þ

At late times χ → χ∞, the spacetime is asymptotically de
Sitter, and, thus, the mode equation (27) approaches the
mode equation for pure de Sitter space. In pure de Sitter
space, the solution corresponding to the Bunch-Davies
state, which we will call vκ, is

vκ ¼
ffiffiffiffiffi
γ

2κ

r
e−iκðχ−χ∞Þ

�
1 −

i
κðχ − χ∞Þ

�
: ð29Þ

It satisfies the Wronskian condition (28). It plus its complex
conjugate forms a set of linearly independent solutions to
(27) in the limit χ → χ∞. For all times it is possible to
change variables so that the general solution to the exact
mode equation (27) is in the form

ψκ ¼ c1ðκ; χÞvκ þ c2ðκ; χÞv�κ ; ð30aÞ

dψκ

dχ
¼ c1ðκ; χÞ

dvκ
dχ

þ c2ðκ; χÞ
dv�κ
dχ

: ð30bÞ

The coefficient functions c1ðχÞ and c2ðχÞ are defined by
demanding that (30) hold for all χ and are given, respec-
tively, by

c1ðκ; χÞ ¼ −
i
γ

�
ψκ

dv�κ
dχ

−
dψκ

dχ
v�κ

�
; ð31aÞ

c2ðκ; χÞ ¼
i
γ

�
ψκ

dvκ
dχ

−
dψκ

dχ
vκ

�
: ð31bÞ

As de Sitter space is approached in the limit χ → χ∞, c1 and
c2 approach constant values. First-order differential equa-
tions for c1 and c2 can be obtained by using (30) in (27):

dc1
dχ

¼ −
2i
γ

�
1

ðχ∞ − χÞ2 − α2ðχÞ
�
ðc1jvκj2 þ c2v�2κ Þ; ð32aÞ

dc2
dχ

¼ 2i
γ

�
1

ðχ∞ − χÞ2 − α2ðχÞ
�
ðc1v2κ þ c2jvκj2Þ: ð32bÞ

The explicit form for the Bunch-Davies state (29) can then
be substituted to get expressions where γ cancels out. The
state for the massless minimally coupled scalar field can be
specified by choosing values of c1 and c2 at some specific
time χm for all values of κ.

IV. STATES FOR THE MASSLESS MINIMALLY
COUPLED SCALAR FIELD

A. Sudden approximation

The model described above is designed to give a smooth
transition from an initially radiation-dominated universe to
de Sitter space, such as would be expected to occur in any
realistic model of inflation with an approximately homo-
geneous and isotropic preinflationary phase. An even
simpler approximation is to suddenly switch from a pure
radiation-dominated universe to a pure de Sitter universe at
some particular time. This is called the sudden approxi-
mation. It has the advantage that the initial vacuum state for
the massless minimally coupled scalar field is just the
conformal vacuum,

ψk ¼
1ffiffiffiffiffi
2k

p e−ikη; ð33Þ

because in a pure radiation-dominated universe the scalar
curvature is zero.
The matching can be done by choosing η, a, and a0 to be

continuous across the matching surface. A complete set of
solutions to the mode equation (6) for a given value of k in
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0.01

0.10

1

10

100

FIG. 1. Rescaled scale factor αðχÞ over its domain ðχ0; χ∞Þ.
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pure de Sitter space consists of the mode function for the
Bunch-Davies state and its complex conjugate. Multiplying
each of these times a constant and matching the mode
functions and their first derivatives at the sudden transition
time ηs fixes the values of the two matching coefficients.
Our model is not strictly speaking compatible with a pure

radiation-dominated universe, because we take R to be a
nonzero constant. Similarly, because our model contains
radiation, it is not strictly speaking compatible with pure de
Sitter space. Nevertheless, it is possible to use our model to
obtain the same results for the power spectrum as one gets
from the sudden approximation. This is useful so that we
can directly compare the resulting power spectrum with
those of previous calculations as well as with our results for
adiabatic vacuum states, which are described below.
Because the matching in the real spacetime is just done at

a particular value of the time η ¼ ηs, there is nothing to
prevent one from using (22b) and (22c) for some fixed
value of crΛ to change from η to χ and from k to κ. After
doing so, the matching equations are equivalent to (31)
evaluated at the matching time χs. However, for χ > χs the
spacetime is pure de Sitter space, so instead of being
starting values for a numerical integration, in the sudden
approximation c1 and c2 are fixed constants.
In terms of the scaled coordinates, (33) becomes

ψκ ¼
ffiffiffiffiffi
γ

2κ

r
e−iκχ : ð34Þ

The Bunch-Davies state in these coordinates in pure de
Sitter space is given in (29). Substituting into (31) at χ ¼ χs
gives

c1s ¼
�
1þ i

κðχs − χ∞Þ
−

1

2κ2ðχs − χ∞Þ2
�
e−iκχ∞ ; ð35aÞ

c2s ¼ −
1

2κ2ðχs − χ∞Þ2
eiκðχ∞−2χsÞ: ð35bÞ

The sudden approximation is an extreme limit and often
results in a state that is not physically acceptable. As shown
below, that is the case here. It is for this reason that it is
useful to consider a model in which the Universe evolves
continuously from a radiation-dominated era to the infla-
tionary era such as the one described in Sec. III. As shown
in Sec. II A, we have not found a physically acceptable
natural initial vacuum state for the massless minimally
coupled scalar field in this model. In lieu of a natural initial
vacuum state, it is often useful to consider various adiabatic
vacuum states, and these are discussed next.

B. Adiabatic vacuum states

A choice of vacuum state for our model can be made by
specifying the values of c1 and c2 in (31) at some time χm
for each value of κ. The solutions to the mode equations can

then be obtained at any other time by numerically integrat-
ing (32) forward (or backward) in time. In this section, we
discuss adiabatic vacuum states. These are exact states for
the quantum field that are specified by using a WKB
approximation to provide starting values for the modes and
their first time derivatives at some particular time that we
call the matching time [10–14].
To understand how the WKB expansion works for the

scaled coordinates, it is useful to begin with the original
coordinates and the original form of the mode equation (6).
For the massless minimally coupled scalar field, the mode
equation can be written in the form

ψ 00
k þ

�
k2 −

1

6
a2R

�
ψk ¼ 0: ð36Þ

Note that, for the model we are using, R ¼ 4Λ. Then one
makes the change of variable

ψk ¼
1ffiffiffiffiffiffiffiffiffi
2Wk

p exp

�
−i

Z
η

η1

Wkðη0Þdη0
�
; ð37Þ

where η1 is an arbitrary constant. This automatically
ensures the Wronskian condition (7), with the result that

W2 ¼ k2 −
a00

a
−
�
W00

2W
−
3W02

4W2

�
: ð38Þ

One starts with zeroth order in terms of derivatives of the
metric and then iterates. At each iteration, the new terms
contain two more derivatives of the scale factor than the
previous ones. Thus,

Wð0Þ ¼ k; ð39aÞ

Wð2Þ ¼ k −
a00

2ka
; ð39bÞ

Wð4Þ ¼ k −
a00

2ka
þ 2a02a00 − 2aa0a000 − 2aa002 þ a2a0000

8k3a3
:

ð39cÞ

An adiabatic state is an exact state for the quantum field
that is obtained by using the WKB approximation to some
order to fix the starting values for the modes at some
particular matching time ηm. One does this by substituting
the expression for W at some order into (37) and equating
with the exact mode function. One does the same for the
first time derivative of (37). For a given order, there are
many possible adiabatic states, in part because one obtains
different states for different matching times.
For the specific model we are considering and the scaled

variables that we are using, one can think of α2 as being of
second adiabatic order and each derivative of α then giving
an extra adiabatic order. The reason is that, as mentioned
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above, the scalar curvature R is a constant for our model
and, as is seen from Eq. (36), is multiplied by a factor of a2

in the mode equation. Then the WKB approximation in
terms of scaled variables is

ψκ ¼
ffiffiffiffiffiffiffi
γ

2W

r
exp

�
−i

Z
χ

χ1

Wðχ0Þdχ0
�
; ð40Þ

where

W2 ¼ κ2 − 2α2 −
�
1

2W
d2W
dχ2

−
3

4W2

�
dW
dχ

�
2
�
: ð41Þ

One easily finds that

Wð0Þ ¼ κ; ð42aÞ

Wð2Þ ¼ κ −
α2

κ
; ð42bÞ

Wð4Þ ¼ κ −
α2

κ
þ 2α4 þ 1

2κ3
; ð42cÞ

where we used (23) to eliminate all the derivatives of α.
To do the adiabatic matching at a time χm, it is easiest to

choose the lower limit of the integration variable to be
χ1 ¼ χm. Then

ψW
κ ðχmÞ ¼

ffiffiffiffiffiffiffi
γ

2W

r
;

�
d
dχ

ψW
κ

�
χm

¼ −i
ffiffiffiffiffiffiffi
γW
2

r
−

ffiffiffi
γ

p
ð2WÞ3=2

dW
dχ

: ð43Þ

One can compute these to a particular adiabatic order by
substituting for W. Strictly speaking, all that is necessary
for the derivative ofW is to use the previous adiabatic order,
although it is permissible to use the same adiabatic order.
The adiabatic state that is generated will be different in the
two cases. The result is then substituted into Eq. (31) to
obtain values for c1 and c2 at the time χm. This fixes the
solutions to those equations.
It is important to note that the WKB approximation

breaks down in our model for κ ≤
ffiffiffi
2

p
α. Thus, for any given

matching time χm there will be values of κ that cannot
reasonably be fixed using adiabatic matching. If one
wishes to compute the stress-energy tensor for the quantum
field, then it will be important to find acceptable starting
values for such modes. However, for the purposes of the
power spectrum, it is in most cases sufficient to restrict
attention to κ >

ffiffiffi
2

p
αðχmÞ for matching times χm that occur

near the time when the semiclassical approximation
becomes valid in the radiation-dominated preinflationary
phase. Exceptions can occur if the horizon size at the time

of the onset of inflation, when scaled to the current time, is
significantly smaller than the horizon size today.

V. POWER SPECTRUM

The standard power spectrum for the field ϕ given in
terms of wave number k and conformal time η is [4]

Pϕðk; ηÞ ¼
k3

2π2
jϕkðηÞj2: ð44Þ

Using (5a) and the scaled variables (22) gives

Pϕðκ; χÞ ¼
κ3H2

Λ
2π2γα2

jψκðχÞj2; ð45Þ

whereH2
Λ ≡ 1

3
Λ. Evaluating (45) in the limit χ → χ∞ using

(29) and (30a), one finds

PϕðκÞ ¼
H2

Λ
4π2

jc1ðκ; χ∞Þ − c2ðκ; χ∞Þj2: ð46Þ

The problem of calculating the late time power spectrum
therefore reduces to finding c1ðκ; χ∞Þ and c2ðκ; χ∞Þ. For
the model we are considering, this can be accomplished by
solving (32).
Models of the early Universe are heavily constrained by

observations of the cosmic microwave background (CMB)
as well as measurements of large-scale structure. Variations
in the CMB are described in terms of the parameters Cl,
which are related to the power spectrum by [33]

Cl¼
4π

9

Z
∞

0

dk
k
PϕðkÞj2lðkηeffÞ¼

4π

9

Z
∞

0

dκ
κ
PϕðκÞj2lðs−1κÞ:

ð47Þ

Here jl is a spherical Bessel function, ηeff ¼ reff
a0
, where reff

and a0 are the physical size of the effective horizon and
scale factor today, respectively, and s ¼ γa0

reff
. We define ai as

the scale factor at the start of inflation, when the radiation
and cosmological constant contributions to (20) are equal.
Then using Eq. (22d) and H2

Λ ¼ Λ
3
, we find ai ¼ H−1

Λ γ−1,
and therefore

s ¼
�
a0
ai

��
H−1

Λ
reff

�
: ð48Þ

This means that s corresponds approximately to the ratio of
the size of the horizon at the start of inflation, scaled to the
current time, to the effective horizon today.

VI. RESULTS

Although it is not always obvious exactly how a state for
the massless minimally coupled scalar field was chosen, it
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seems likely that many previous calculations of the power
spectrum [15–20,23,25] for a radiation-dominated preinfla-
tionary phase made use of either the sudden approximation
or something very similar to it. Therefore, it is useful to
begin with the power spectrum we obtain for the sudden
approximation. Substituting (35) into (46), one finds

Pϕ ¼ H2
Λ

4π2
þ H2

Λ
8π2κ4ðχ∞ − χsÞ4

f1þ ½2κ2ðχ∞ − χsÞ2 − 1�

× cos½2κðχ∞ − χsÞ�− 2κðχ∞ − χsÞ sin½2κðχ∞ − χsÞ�g:
ð49Þ

This spectrum oscillates and has a peak value about a factor
of 1.13 times the Bunch-Davies constant value, indepen-
dent of the time of the sudden transition χs. The resulting
spectrum is shown in Fig. 2 for the choice χs ¼ 0. The large
oscillations and enhanced values compared with the power
spectrum for the Bunch-Davies state are qualitatively
identical with most previous results in the literature.
For the adiabatic vacuum states we considered, starting

values for c1 and c2 were calculated at the matching time
χm as discussed above, and then Eqs. (32) were solved
numerically to find their asymptotic values. These asymp-
totic values were then substituted into (46) to obtain the
power spectrum. Our results for the matching time when
α ¼ 0.1 are shown in Fig. 3. Note that if inflation occurs at
the GUT scale, then, since α ¼ 1 is the onset of inflation in
our model, the energy at the matching time is 10 times
larger than the energy at the onset of inflation. However, the
energy at the matching time is still 100 times smaller than
the Planck scale, so this is a conservative estimate of when
the semiclassical approximation first became valid. For
comparison purposes, Fig. 4 shows our results for a
matching time corresponding to the onset of inflation when
α ¼ 1. This is too late to be a natural time for the matching

but provides an important illustration of how much the
adiabatic vacuum states depend on the matching time.
As can be seen from the inset in Fig. 3, where the

matching is done at α ¼ 0.1, all three adiabatic orders
shown (zeroth, second, and fourth) have a small amount of
oscillatory behavior, with the amplitudes of the oscillations
decreasing as the adiabatic order increases. Note that in no
case is there a noticeable enhancement of the power
spectrum above the standard Bunch-Davies state. In con-
trast, using a matching time when α ¼ 1, Fig. 4 shows that
the oscillations in the power spectra are significantly
enhanced in comparison with the earlier matching time
for a given adiabatic order.
The one case we are aware of where the power spectrum

was computed using adiabatic states for the specific
cosmological model we used was in Ref. [21]. There,
the power spectrum was computed for zeroth-order adia-
batic states with various matching times. For relatively late
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FIG. 2. Power spectrum from a sudden approximation with the
transition occurring at χs ¼ 0. Enhancements in the power
spectrum are seen compared to the Bunch-Davies value, repre-
sented by the dotted line.
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FIG. 3. Comparison of the power spectra for adiabatic vacuum
states of order zero, two, and four, when the matching is done at
αm ¼ 0.1 (χm ¼ −0.827). Note that all orders show oscillatory
behavior, but this behavior is much smaller at higher orders. Note
also that the power spectrum never noticeably exceeds 1, the
Bunch-Davies value.
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FIG. 4. Comparison of the power spectra for adiabatic vacuum
states of order zero, two, and four, when the matching is done at
αm ¼ 1 (χm ¼ 0).
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matching times, our computations of the power spectrum
for zeroth-order adiabatic vacuum states agree qualitatively
with theirs. However, we do find numerical differences
when the matching is done at late times that we cannot
explain. We also find a qualitative difference when the
matching is done at early times in that we always see
oscillations in the power spectrum, whereas their results
show monotonic behavior.
In Ref. [22], the power spectrum was computed numeri-

cally for a radiation-dominated preinflationary phase in the
context of slow-roll inflation. The authors assumed a
zeroth-order adiabatic state. It is unclear what matching
time they used, but if it was near the onset of inflation, then
our results agree qualitatively with theirs.
Once the power spectrum has been computed, the

angular power spectrum can be calculated using (47).
Figure 5 shows the resulting spectrum for a fourth-order
adiabatic state and a matching time of α ¼ 0.1. It can be
shown that in the limit s → ∞ the resulting angular power
spectrum is flat and, thus, independent of l, but if s is not
too large, there is a suppression of the angular power
spectrum for small l. Note that for matching at an early
time such as α ¼ 0.1, any suppression of the l ¼ 2
component is accompanied by a comparable but smaller
suppression of l ¼ 3 and other small l values. Figure 6
compares the results for the zeroth- and fourth-order
adiabatic states with matching at α ¼ 0.1 with the sudden
approximation for the case s ¼ 0.3.

A. Adiabatic states in de Sitter space

To understand why the oscillations for a given matching
time are smaller for larger adiabatic orders, it is useful to
switch to pure de Sitter space where analytic solutions to
the mode equation are known and the power spectrum for
any state can be computed analytically. For simplicity, we
will also revert to unscaled variables, so that

adS ¼ −
1

Hη
; ð50aÞ

vk ¼
e−ikηffiffiffiffiffi
2k

p
�
1 −

i
kη

�
; ð50bÞ

ψk ¼
1ffiffiffiffiffiffiffi
2W

p e−i
R

Wdη; ð50cÞ

W2 ¼ k2 −
a00dS
adS

−
�
W00

2W
−
3W02

4W2

�
: ð50dÞ

We can find c1 and c2 directly from Eq. (31), which become

c1 ¼ −iðψkv�k
0 − ψ 0

kv
�
kÞ; ð51aÞ

c2 ¼ iðψkv0k − ψ 0
kvkÞ: ð51bÞ

Recall that primes denote derivatives with respect to η. The
power spectrum is given by Eq. (46), but c1 and c2 are now
independent of time:

Pϕ ¼ H2

4π2
jc1ðkÞ − c2ðkÞj2: ð52Þ

The power spectra for an adiabatic matching time ηm for
zeroth-, second-, and fourth-order adiabatic states are

Pð0Þ
ϕ ¼ H2

4π2
þ H2

8π2k4η4m
½1þ ð2k2η2m − 1Þ cosð2kηmÞ

− 2kη sinð2kηmÞ�; ð53aÞ
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FIG. 5. Contributions to the angular power spectrum from
modes with κ ≥

ffiffiffi
2

p
αm for a fourth-order adiabatic vacuum state

with the adiabatic matching done at αm ¼ 0.1. From top to
bottom, the curves are for s ¼ 0.50, 0.30, 0.20, 0.10, and 0.05.
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FIG. 6. Angular power spectrum for the sudden approximation
and for the contributions from modes with κ ≥

ffiffiffi
2

p
αm to the

power spectrum for zeroth- and fourth-order adiabatic vacuum
states. For the sudden approximation the matching is done at
αs ¼ 1, while for the adiabatic vacuum states the matching was
done at αm ¼ 0.1. In each case, s ¼ 0.3.
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Pð2Þ
ϕ ¼ H2

4π2
þ H2

8π2k4η4mðk2η2m − 1Þ3 ½k
2η2m þ 1

− ð2k6η6m − 2k4η4m − k2η2m þ 1Þ cosð2kηmÞ
− 2kηm sinð2kηmÞ�; ð53bÞ

Pð4Þ
ϕ ¼ H2

4π2
þ H2

8π2k6η6mðk4η4m − k2η2m þ 1Þ3 ½k
6η6m þ 6k4η4m

− 3k2η2m þ 1þ ð2k12η12m þ 2k10η10m − 8k8η8m

þ 17k6η6m − 14k4η4m þ 5k2η2m − 1Þ cosð2kηmÞ
þ ð2k11η11m − 8k9η9m þ 14k7η7m − 20k5η5m

þ 8k3η3m − 2kηmÞ sinð2kηmÞ�: ð53cÞ

For a universe with a preinflationary radiation-dominated
era, de Sitter space is approached in the late time limit.
Therefore, the terms in Eq. (53) that provide the leading-
order behavior in our model are those with the largest
power of kηm. We find that the oscillatory terms always
dominate the nonoscillatory terms. Furthermore, the lead-
ing-order oscillatory terms have smaller and smaller con-
tributions at higher order, with zeroth order being ðkηmÞ−2,
second order ðkηmÞ−4, fourth order ðkηmÞ−6, and so on. That
is, oscillatory terms will contribute the most at zeroth order
and then contribute less and less as the order is increased.

B. Discussion

As can be seen in Figs. 3 and 6, for adiabatic matching at a
relatively early time, there is a suppression of the power
spectrum at small wave numbers κ compared to the spectrum
of the Bunch-Davies state. In contrast, for a sudden approxi-
mation, we find an enhancement at certain values of κ, as seen
in Figs. 2 and 6. The latter behavior agrees qualitatively with
the results in Refs. [16,19,23,25], where it appears that some
type of sudden approximationwas used. The sudden approxi-
mation was also used and an enhancement of the power
spectrum for certain values of the momentum parameter was
also observed in Refs. [15,17,18,20]. However, our results
disagree in detail with theirs. The qualitative differences
between the power spectrum for the sudden approximation
and for states with adiabatic matching at an early time imply
that it is necessary to not use a sudden approximation but
instead to work in a spacetime where there is a smooth
transition to the inflationary era and compute the power
spectrum using solutions to the exact mode equation in that
spacetime, which in most cases will be obtained numerically.
This point was made in Ref. [21], where, as discussed above,
the power spectrum was computed for zeroth-order adiabatic
vacuum states at various matching times for the same model
that we consider here.
For large values of κ, the power spectrum approaches the

constant value it has for the Bunch-Davies state. That, in
turn, gives an approximately flat spectrum at large l, as
shown in Fig. 5. A more realistic model would include not

just a simple inflation era, but rather an evolving scalar field
in an appropriate potential, which would presumably result
in a tilted spectrum. This spectrum would then have to be
processed through all of the subsequent stages of cosmol-
ogy to reproduce the CMB that we observe. We think it is
likely that our findings of the suppression of small l with
no enhancement at any l would persist in a more realistic
model of this type.
The suppression of the spectrum at small l could provide

one explanation of the anomalously small value of the
quadrupole moment of the CMB [34]. In Ref. [21], where
the same model that we are using was investigated, this
suppression at small values of l was observed. By
examining Fig. 5, we see that any significant suppression
of the l ¼ 2 modes comes at the expense of also sup-
pressing l ¼ 3, which is not observed. It should also be
noted that values which lead to significant suppression of
l ¼ 2 have relatively small s values, such as s ≈ 0.3. Recall
that s corresponds roughly to the ratio of the size of the
horizon at the start of inflation, scaled to the current time, to
the effective horizon today [see (48)]. This means that for
s≲ 1 we cannot explain the homogeneity and flatness of
the current Universe exclusively in terms of inflation; there
must be some mechanism which makes the Universe
uniform on scales slightly larger than the horizon size at
the start of inflation. However, because of the existence of
an inflationary phase, the flatness of the Universe today
does not require the ultrafine-tuning that would typically be
needed without inflation. It would only take a very modest
fine-tuning at the start of inflation to result in an approx-
imately flat Universe today.
It is worth noting that the trans-Planckian censorship

conjecture (TCC) [35], which states that trans-Planckian
modes should never cross the horizon in an expanding
universe and become classical, provides a restriction on the
duration of the inflationary phase [36]. In Ref. [37], it was
argued that it is possible to modify the TCC in ways that
allow trans-Planckian modes to cross the horizon.
However, with these modifications, the TCC still provides
a restriction on the duration of inflation.

VII. SUMMARY AND CONCLUSIONS

In Sec. II, it was argued that if there was a preinflationary
era in which the semiclassical approximation in gravity was
valid and if the Universe, or our part of it, was approx-
imately homogeneous and isotropic during that time, then it
is very likely the Universe expanded like a radiation-
dominated universe during that era. The argument is based
on several assumptions, and a proof that is given in the
Appendix. The assumptions are that (i) the dominant
quantum fields should behave like free fields during that
epoch; (ii) higher derivative terms necessary for the
renormalization of the stress-energy tensor should be small,
since the semiclassical approximation is assumed to be
valid; and (iii) massive spin-1

2
and spin-1 fields can be
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modeled using massive conformally coupled spin-0 fields.
The proof shows that, to leading order in the limit that the
scale factor vanishes, the energy density of a massive
conformally coupled scalar field is of the same form as that
of classical radiation for a very large class of physically
acceptable homogeneous and isotropic vacuum states
provided that ða2Þ0 is finite at the initial singularity andR
η
η0
j½a2ðxÞ�00jdx is also finite.
It was further shown that there is a state for a scalar field

with arbitrary curvature coupling that goes like ψ ¼
ð2kÞ−1=2e−ikη when the scale factor is small, so long as
in the limit that the scale factor vanishes the effective mass
term in the mode equation also vanishes. This would seem
to be a natural initial vacuum state, because the mode
equation approaches that of the conformally invariant scalar
field in this limit. It was also shown that this state is an
infinite-order adiabatic vacuum state if the scale factor
vanishes in the limit η → −∞, such as happens in pure de
Sitter space, where the vacuum state is the Bunch-Davies
state. However, if the scale factor vanishes at a finite value
η0 of the conformal time and one or more of the derivatives
of the effective mass term is nonzero at η0, then this state is
only a finite-order adiabatic vacuum state. In particular, if
the Universe expanded like a radiation-dominated universe
near η ¼ η0, then for an arbitrarily coupled massive scalar
field the state is at most a first-order adiabatic vacuum state.
For a massless nonconformally coupled scalar field, the
state can be of adiabatic order two or higher in the
radiation-dominated case, depending on the detailed behav-
ior of the scale factor near η0. For the specific model
considered here, it is at most a third-order adiabatic vacuum
state. For the conformally coupled massive scalar field, a
zeroth-order adiabatic state is enough to give a finite stress-
energy tensor in a homogeneous and isotropic spacetime
but only for exact homogeneity and isotropy. For non-
conformally coupled scalar fields, both massive and mass-
less, a fourth-order adiabatic state is required for the
renormalized stress-energy tensor to be finite. It is impor-
tant to point out that this does not prevent the solution from
being used for small and intermediate values of the
momentum parameter k, but it does prevent it from being
used for arbitrarily large values of k.
In Sec. V, we studied the effects of a radiation-

dominated preinflationary phase on the power spectrum
that is computed using the massless minimally coupled
scalar field. To do so, we used a simple model in which the
classical Einstein equations are solved when classical
radiation and a positive cosmological constant are present.
The mode equation was solved for this model for several
different states for the quantum field, and the solutions were
used to compute the power spectra for these states.
We found that a sudden approximation in which the

metric is exactly that of a radiation-dominated universe up
to a transition time and is exactly that of de Sitter space
afterward gives relatively large oscillations in the power

spectrum when it is plotted as a function of the momentum
parameter k. For an early matching time, well before the
onset of inflation, a zeroth-order adiabatic state such as the
one mentioned above gives oscillations with a smaller
amplitude, while higher-order adiabatic states at the same
matching time give successively smaller amplitude oscil-
lations. Previous investigations [15–20,23,25] in which
there is a radiation-dominated preinflationary phase have
found similar results. Those investigations appear to have
made use of either a sudden approximation or zeroth-order
adiabatic states. In some cases, there are disagreements
with our results that are discussed in Sec. VI B. All of these
calculations, including ours for the better-behaved second-
and fourth-order adiabatic states, predict that if inflation did
not go on for too long, then there are potentially observable
differences in the power spectrum from that of the Bunch-
Davies state in de Sitter space. These differences, if
observed, would have the potential to give us information
about the initial state of the matter fields in the Universe if
there was a preinflationary radiation-dominated era.
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APPENDIX: PROOF THAT THE UNIVERSE IS
RADIATION DOMINATED AT EARLY TIMES

Here we formally prove that in the presence of con-
formally coupled scalar fields, whether massless or not, to
leading order the energy density will scale as ρ ∝ a−4 at
early times for almost any scale factor aðηÞ that vanishes at
conformal time η0 (which may be finite or −∞) and for a
large class of physically acceptable homogeneous and
isotropic vacuum states. As can be seen from (14), this
will happen if the integral

IðηÞ ¼
Z

∞

0

dkk2ωkðηÞjβkðηÞj2 ðA1Þ

has the property limη→η0 IðηÞ ¼ Iðη0Þ with 0 < Iðη0Þ < ∞.
We begin with the following set of conditions that must be
satisfied for the proof to hold:

Z
∞

0

dkk3jβkðηÞj2 < ∞; ðA2aÞ
Z

λ

0

dkkjβkðη0Þj2 < ∞; ðA2bÞ

lim
η→η0

½a2ðηÞ�0 < ∞; ðA2cÞ
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Z
η

η0

dxj½a2ðxÞ�00j < ∞: ðA2dÞ

We expect that the condition (A2a) will be satisfied by any
homogeneous and isotropic vacuum state for which the
energy density is finite for times η > η0. Condition (A2b) is
satisfied so long as there is at most a weak infrared
divergence in βk. Condition (A2c) means the initial
expansion is not too extreme, and (A2d) will be automati-
cally satisfied for any universe for which (A2c) applies if
½a2ðηÞ�00 is always positive or always negative.
To prove that IðηÞ → Iðη0Þ, we will show that, for any

ϵ > 0, there is a finite time η̄ such that, for η < η̄,
jIðηÞ − Iðη0Þj < ϵ. This can be done by dividing the
integral into parts using an infrared cutoff λ and then
writing IðηÞ as

IðηÞ ¼ Iðη0Þ þ ΔI1ðηÞ þ ΔI2ðηÞ þ ΔI3ðηÞ; ðA3Þ

where

ΔI1ðηÞ ¼
Z

λ

0

dkk2½ωkðηÞjβkðηÞj2 − kjβkðη0Þj2�; ðA4aÞ

ΔI2ðηÞ ¼
Z

∞

λ
dkk2ωkðηÞ½jβkðηÞj2 − jβkðη0Þj2�; ðA4bÞ

ΔI3ðηÞ ¼
Z

∞

λ
dkk2½ωkðηÞ − k�jβkðη0Þj2: ðA4cÞ

To place bounds on these quantities, we begin by finding
inequalities that αk, βk, and their first derivatives satisfy.
The inequalities can be obtained using the differential
equations satisfied by αk and βk. By combining (10a)
and (10b) and substituting the results in (6) with ξ ¼ 1

6
,

one finds

α0k ¼
ω0
k

2ωk
βke2iθk ; ðA5aÞ

β0k ¼
ω0
k

2ωk
αke−2iθk : ðA5bÞ

Using these equations, it is straightforward to show that

ðjαkj2 þ jβkj2Þ0
jαkj2 þ jβkj2

¼ ω0
k

ωk

2Reðαkβ�ke−2iθkÞ
jαkj2 þ jβkj2

≤
ω0
k

ωk

2jαkjjβkj
jαkj2 þ jβkj2

<
ω0
k

ωk
; ðA6Þ

where the last inequality can be obtained from
ðjαkj − jβkjÞ2 > 0.

Integrating the inequality (A6) from η0 to η yields

jαkðηÞj2 þ jβkðηÞj2 ≤
ωkðηÞ
k

½jαkðη0Þj2 þ jβkðη0Þj2�: ðA7Þ

Multiplying both sides by 1
2
ωkðηÞ and using (12) gives

ωkðηÞ
�
1

2
þ jβkðηÞj2

�
≤ k

�
1þm2a2ðηÞ

k2

��
1

2
þ jβkðη0Þj2

�
:

ðA8Þ

Thus, it is also true that

ωkðηÞjβkðηÞj2 < k

�
1þm2a2ðηÞ

k2

��
1

2
þ jβkðη0Þj2

�
: ðA9Þ

Integrating this over k up to any finite limit λ gives

Z
λ

0

dkk2ωkðηÞjβkðηÞj2 <
Z

λ

0

dkk½k2 þm2a2ðηÞ�

×

�
1

2
þ jβkðη0Þj2

�
: ðA10Þ

Note that, because of the assumption (A2b), the integral on
the right is finite and is a strictly increasing function of η.
Choosing an arbitrary conformal time η1, restricting to
times η < η1, and choosing λ to be small enough allows an
arbitrarily small upper bound to be placed on the integral.
Choosing that bound to be 1

3
ϵ gives

0 ≤
Z

λ

0

dkk2ωkðηÞjβkðηÞj2 <
1

3
ϵ for η < η1: ðA11Þ

Equation (A11) will be true at all early times, including
η ¼ η0, and it is obviously positive, so comparing with
(A4a) we see that the absolute value of the difference
between the integral in (A11) for η > η0 and the integral
evaluated at η ¼ η0 must also satisfy the same bound, so

jΔI1ðηÞj ¼
				
Z

λ

0

dkk2ωkðηÞjβkðηÞj2 −
Z

λ

0

dkk3jβkðη0Þj2
				

<
1

3
ϵ for η < η1: ðA12Þ

To make progress on ΔI2, first note that, for (A2a) to be
satisfied, jβkðη0Þjmust fall faster than k−2 at large values of
k, and it must not diverge as quickly as k−2 for small values
of k. It follows that k2jβkðη0Þj must have an upper bound
for all values of k, which we call B, so that

jβkðη0Þj <
B
k2

: ðA13Þ

Next, (A5b) can be integrated to yield
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βkðηÞ ¼ βkðη0Þ þ ΔβkðηÞ; ðA14aÞ

ΔβkðηÞ ¼
1

2

Z
η

η0

dx
ω0
kðxÞ

ωkðxÞ
αkðxÞe−2iθkðxÞ: ðA14bÞ

If the condition (A2a) is satisfied and if βkðηÞ is a
continuous function of η for all k > 0, then, for any λ >
0 and all k ≥ λ, there will be an upper bound on the value of
jβkðηÞj for η0 ≤ η < η2, where η2 > η0. This bound may
depend on η2, but it will not depend on k. Using (12),
this means that there exist positive constants βmax and αmax
such that

jβkðηÞj < βmax; ðA15aÞ

jαkðηÞj < αmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β2max

q
: ðA15bÞ

Equations (A14b) and (A15b) can be used to place a
limit on Δβk:

jΔβkðηÞj ≤
1

2

Z
η

η0

dx

				ω
0
kðxÞ

ωkðxÞ
				jαkðxÞj

≤
αmax

2
ln

�
ωkðηÞ
k

�
<

αmax

4

�
ωkðηÞ
k

−
k

ωkðηÞ
�
;

ðA16Þ

where the fact that ωk is an increasing function of η has
been used along with the identity lnðxÞ < 1

2
ðx − x−1Þ when

x > 1. Thus,

jΔβkðηÞj <
αmaxm2a2ðηÞ
4kωkðηÞ

: ðA17Þ

Note that ΔβkðηÞ vanishes in the limit η → η0, so ΔβkðηÞ
can be made arbitrarily small by choosing an early enough
time η2. Thus, for any δ > 0 it is possible to find a time η2
such that

jΔβkðηÞj<
δ

kωkðηÞ
≤

δ

k2
for k> λ;η0 ≤ η< η2: ðA18Þ

To find a bound on ΔI2ðηÞ, it is useful to derive a second
bound on jΔβkðηÞj. It is easy to show that

ΔβkðηÞ ¼
i
4

Z
η

η0

dx
ω0
kðxÞ

ω2
kðxÞ

αkðxÞ
d
dx

e−2iθkðxÞ: ðA19Þ

Then, integrating by parts and using (A5) gives

ΔβkðηÞ ¼
i
4

�
ω0
kðηÞ

ω2
kðηÞ

αkðηÞe−2iθkðηÞ −
ω0
kðη0Þ
k2

αkðη0Þe−2iθkðη0Þ
�

−
i
4

Z
η

η0

dx

��
ω00
kðxÞ

ω2
kðxÞ

−
2ω02

k ðxÞ
ω3
kðxÞ

�
αkðxÞe−2iθkðxÞ

þ ω02
k ðxÞ

2ω3
kðxÞ

βkðxÞ
�
: ðA20Þ

Using (5b), one finds that

ΔβkðηÞ ¼
im2

8

�½a2ðηÞ�0
ω3
kðηÞ

αkðηÞe−2iθkðηÞ

−
½a2ðη0Þ�0

k3
αkðη0Þe−2iθkðη0Þ

�

−
im2

8

Z
η

η0

dx

�½a2ðxÞ�00
ω3
kðxÞ

αkðxÞe−2iθkðxÞ

−
m2

4

½a2ðxÞ�02
ω5
kðxÞ

½6αkðxÞe−2iθkðxÞ − βkðxÞ�
�
: ðA21Þ

There might be some concern that e−2iθkðη0Þ is ill defined in
the case η0 ¼ −∞, but in this case it is always true that
½a2ðη0Þ�0 ¼ 0, so this ambiguity is irrelevant. Note that
condition (A2c) must be satisfied for (A21) to be a well-
defined expression.
We now place a limit on ΔβkðηÞ using (A21), (A15a),

(A15b), and the fact that ωk > k > λ:

jΔβkðηÞj<
m2

8k3
αmax

�
½a2ðηÞ�0 þ½a2ðη0Þ�0 þ

Z
η

η0

dxj½a2ðxÞ�00j
�

þ m4

32k3λ2
ð6αmaxþβmaxÞ

Z
η

η0

dx½a2ðxÞ�02: ðA22Þ

Note that the conditions (A2c) and (A2d) ensure that the
first three terms are finite, and, therefore, there exists a
positive constant C1 such that

m2

8
αmax

�
½a2ðηÞ�0 þ ½a2ðη0Þ�0 þ

Z
η

η0

dxj½a2ðxÞ�00j
�

< C1 for η0 ≤ η < η2: ðA23Þ

Since ½a2ðxÞ�0 is finite as η → η0, its square must be
integrable over any finite range. Thus, if η0 is finite, the
last term in (A22) is also finite. If η0 ¼ −∞, first note that it
must be true that

R
η
η0
½a2ðxÞ�0dx ¼ a2ðηÞ is finite, so ½a2ðηÞ�0

must fall off faster than jηj−1 as η → −∞, and, hence,
½a2ðηÞ�02 falls off faster than jηj−2 and is also integrable.
Therefore, in either case, the final term in (A22) is
integrable, and there exists some positive constant C2

such that
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m4

32λ2
ð6αmax þ βmaxÞ

Z
η

η0

dx½a2ðxÞ�02 < C2 for η < η2:

ðA24Þ

Substituting (A23) and (A24) into (A22) and noting that,
for k > λ and η < η2, ωkðηÞ=k < ωλðη2Þ=λ, one finds that

jΔβkðηÞj <
C1 þ C2

k3
for η < η2; k > λ; ðA25Þ

and therefore

jΔβkðηÞj <
D

k2ωkðηÞ
for η < η2; k > λ; ðA26aÞ

D ¼ C1 þ C2

λ
ωλðη2Þ: ðA26bÞ

Combining the two limits (A18) and (A26a) gives

jΔβkðηÞj<
1

ωkðηÞ
min

�
δ

k
;
D
k2

�
for η< η2; k > λ: ðA27Þ

It is possible to put a bound on jΔI2ðηÞj in (A4b) by
choosing δ to be small enough so that δλ < D and using the
bounds in (A13) and (A27) along with the fact that ωk > k.
The result is

jΔI2ðηÞj ¼
				
Z

∞

λ
dkk2ωkðηÞf2Re½βkðη0Þ�ΔβkðηÞ�þ jΔβkðηÞj2g

				<
Z

∞

λ
dkk2

�
2B
k2

min

�
δ

k
;
D
k2

�
þ 1

k
min

�
δ

k
;
D
k2

�
2
�
: ðA28Þ

The last integral can be computed by dividing it into the
integrals

RD=δ
λ dkþ R

∞
D=δ dk with the result that

jΔI2ðηÞj < ð2Bδþ δ2Þ ln
�
D
δλ

�
þ 2Bδþ 1

2
δ2: ðA29Þ

Then, since δ can be made as small as desired by choosing
η2 appropriately, we can use the same bound as in (A12):

jΔI2ðηÞj <
1

3
ϵ for η < η2: ðA30Þ

Finally, we can put a limit on ΔI3, given by (A4c), by
using ω2

k < ðkþ m2a2
2k Þ2 which implies that ωk − k <

m2a2=2k, together with (A13), so that

jΔI3ðηÞj <
Z

∞

λ
dkk2

m2a2ðηÞB2

2k5
¼ m2B2

4λ2
a2ðηÞ: ðA31Þ

We can make this small by simply making aðηÞ small, so
we have

jΔI3ðηÞj <
1

3
ϵ for η < η3: ðA32Þ

If we then define η̄ ¼ minðη1; η2; η3Þ and use (A12), (A30),
and (A32) in (A3), we find

jIðηÞ − Iðη0Þj < ϵ for η < η̄: ðA33Þ

Since this can be achieved for any ϵ > 0, we conclude
that

lim
η→η0

IðηÞ ¼ Iðη0Þ ¼
Z

∞

0

dkk3jβkðη0Þj2: ðA34Þ
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