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Cosmic history can be traced considering further curvature contributions inside the gravitational action.
Assuming that standard general relativity can be extended by other curvature invariants, we discuss the
possibility that an action containing higher-order curvature terms can fit, in principle, the whole universe
evolution. In particular, a theory like FðR;GÞ, with R the Ricci scalar and G the Gauss-Bonnet topological
term, contains all the curvature invariants that, depending on the energy regime, can address inflation, and
matter dominated and dark energy regimes. In this paper, we investigate this possibility considering how
FðR;GÞmodels can lead gravity from ultraviolet to infrared scales. Specifically, we will take into account a
cosmographic approach for this purpose.

DOI: 10.1103/PhysRevD.102.063508

I. INTRODUCTION

According to our current perspective, the Universe seems
dominated by two ingredients we find frustratingly difficult
to understand at fundamental level. One of these is the dark
matter which drives the formation of self-gravitating
systems. Despite extensive searches for new candidates
beyond the Standard Model of particle physics that could
account for the discrepancy between luminous and non-
luminous matter, no final evidence emerged so far [1].
Furthermore, the recent issue of the accelerated expansion

of the Hubble flow gave rise to the possibility of another
elusive component of cosmic pie, the so-called dark energy.
Also in this case, no fundamental particle, capable of
addressing the cosmological dynamics, has been detected
so far (for a comprehensive review see, for instance,
Refs. [2,3]). On the one hand, we need a mechanism able
to cluster structures and, on the other hand, we need a
mechanism able to speed up the cosmic fluid. Despite the
existence of macroscopic evidences, no fundamental ingre-
dient emerged until now to account for the 95% of cosmic
matter-energy content (for a comprehensive review we refer
to [4]).
This state of art triggered the development of alternative

theories of gravity formulated with the aim to replace,

correct, or extend general relativity (GR) in view of account-
ing for the discrepancies in apparent mass and cosmic
acceleration. Nevertheless GR explains a broad range of
phenomena and itworks verywell to describe theUniverse as
a whole, provided dark matter and dark energy exist as
separate entities. According to this fact, any alternative
theory has to reproduce GR results trying to account for
additional effects as those detected at infrared scales [5–9].
Furthermore, the lack of a self-consistent quantum gravity
drives the search for effective theories [10] as alternatives at
ultraviolet scales. These approaches led to a semiclassical
picture where geometry is described by a space-time con-
tinuum and matter-energy side is given by some scalar fields
or geometric corrections [11,12]. However, the picture is
consistent if we are quite far from the Planck scales and
matter energy can be averaged to give classical counterparts.
One of the common features of these effective models

includes invariant terms and scalar fields in the gravita-
tional action [13]. In particular, curvature invariants, con-
structed by Ricci, Riemann, and Weyl tensors, emerge as
soon as renormalization and regularization of quantum
fields on curved spaces are considered [11,12]. As it is well
known, these terms have a cosmological impact and can
trigger inflation at early epochs [14] and dark energy at late
epochs [15].
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The basic idea is that gravity agrees with GR at
certain scales and epochs but may have quite different
behaviors at very short (ultraviolet) and very large (infra-
red) scales. In principle, considering corrections related
only with scalar curvature, one can expect effective actions
like [16]

FðRÞ ¼ ::þ α2
R2

þ α1
R

þ α0 þ
R
β1

þ R2

β2
þ R3

β3
þ � � � ; ð1Þ

where negative powers work at infrared while positive
powers work at ultraviolet scales [17]. Here α0 has
the role of a cosmological constant, and αi and βi are
dimensional couplings. However, this is a phenomenologi-
cal approach giving just a coarse-grained picture. In a
more refined theory, other curvature invariants should be
considered.
According to the previous considerations, issues such as

the trace anomaly or the renormalization at one-loop
level require higher-order curvature invariants which are
mostly related to the recovery of effective gravitational
actions in curved space-time [11,12]. Specifically, these
corrections to the Hilbert-Einstein action are second-order
curvature invariants giving rise to fourth-order field equa-
tions in metric derivatives. Considering a generic theory
containing curvature invariants means to take into account
Lagrangians like FðR;Rμν; RμνδγÞ and then improving the
number of degrees of freedom related to the gravitational
field. However, as discussed in detail in [18–20], surface
terms coming from combinations of curvature invariants
can reduce the complexity of these theories.
A specific role is played by the Gauss-Bonnet topologi-

cal term G which is a second-order combination of
curvature invariants defined as

G≡ R2 − 4RαβRαβ þ RαβρσRαβρσ; ð2Þ

where R is the curvature scalar, Rαβ is the Ricci tensor,
and Rαβρσ is the Riemann tensor. In differential geometry,
it is

Z
M

Gdnx ¼ χðMÞ; ð3Þ

where χðMÞ is the Euler characteristic of a manifoldM in
n dimensions. For n ¼ 4, χðMÞ ¼ 0 so it can be consid-
ered a surface term not affecting dynamics. Furthermore, G
emerges in the trace anomaly as soon as one wants to
regularize and renormalize gravity at one-loop level (see
[12,13] for details). However, for any nonlinear function of
G, this property does not hold and then contributions to the
gravitational action are nontrivial [21].
According to these considerations, a generic function

FðR;GÞ can contain the whole information related to

fourth-order dynamics. In other words, a two-scalar field
theory with combinations of R and G well represents
gravity with second-order curvature invariants.
This class of models is capable of describing several

phenomena at different scales, such as the current accel-
eration of the Universe at late epochs and double inflation
at early epochs [22,23]. Strong field phenomena, like
extreme neutron star configurations, can be also framed
in the context of Gauss-Bonnet gravity [24]. Moreover, this
kind of theories can satisfy the Solar System tests in the
weak field limit [25].
In general, Gauss-Bonnet gravity can be relevant in

cosmology as shown in [21,26–46].
In this perspective, some important issues can be the

following: being such a theory well motivated at UVand IR
scales, is it possible to select Gauss-Bonnet gravity models
capable of tracing the Universe history at any epoch? In
some sense, is it possible to connect inflation and dark
energy epochs, passing through matter epoch, without
choosing ad hoc models [47,48]?
These questions may find an answer using the cosmo-

graphic approach [49,50] that can be extended also to
higher redshift regimes [51–53] and, in principle, is able to
constrain the value of the Hubble constant and the other
cosmographic parameters. Once these parameters are
determined, they can be used to fix reliable constraints
on theoretical models. This method is especially suited to
the study of higher-order gravity theories [54,55] like the
one we shall study in the next sections.
Obviously, considering higher-order theories with more

than one field, such as FðR;GÞ, involves some mathemati-
cal difficulties in handling field equations and therefore
also in finding analytical expressions for the cosmographic
parameters. The choice of the function FðR;GÞ is crucial in
this type of approach. Therefore, assuming very general
hypotheses like analyticity and derivability, one is able to
obtain useful relations among cosmographic parameters
and the nth derivatives FðnÞðR;GÞ ¼ dnF=dðRnGnÞ for any
choice of the function FðR;GÞ.
The paper is organized as follows. In Sec. II, we

sketch FðR;GÞ gravity deriving its field equations.
Section III is devoted to Gauss-Bonnet cosmology. In
particular, we derive the Friedman equations that will be
used in the following analysis. In Sec. IV, we discuss how
G-terms are particularly useful in early epochs and,
together with R2 corrections, give rise to inflation.
The cosmographic approach is developed in Sec. V
giving all the technical details of the cosmographic
series. Observational data and the methodology adopted
for the analysis are described in Sec. VI. In Sec. VII, the
FðR;GÞ cosmography is derived together with the obser-
vational constraints on the models. Discussion and con-
clusions are drawn in Sec. VIII. In the Appendix,
calculations adopted for the cosmographic analysis are
reported.
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II. GAUSS-BONNET GRAVITY

Let us start by writing a general action for Gauss-Bonnet
gravity1 [22,25,56]

A ¼ 1

2κ

Z
d4x

ffiffiffiffiffiffi
−g

p
FðR;GÞ þAM; ð4Þ

where κ ¼ 8πG, AM is the standard matter action, and
FðR;GÞ is a function of the Ricci scalar and the Gauss-
Bonnet topological invariant. Variation of the action (4)
with respect to the metric provides the following gravita-
tional field equations:

Rμν −
1

2
gμνR ¼ κTðmatÞ

μν þ TðGBÞ
μν ; ð5Þ

where TðGBÞ
μν is defined as

TðGBÞ
μν ¼ ∇μ∇νFR − gμν□FR þ 2R∇μ∇νFG

− 2gμνR□FG − 4Rμ
λ∇λ∇νFG − 4Rν

λ∇λ∇μFG

þ 4Rμν□FG þ 4gμνRαβ∇α∇βFG

þ 4Rμαβν∇α∇βFG −
1

2
gμνðRFR þ GFG − FÞ

þ ð1 − FRÞ
�
Rμν −

1

2
gμνR

�
; ð6Þ

involving all extra terms with respect to GR. As shown in
[57], TðGBÞ can be recast as a perfect fluid of geometric
origin.
The trace equation is

− 2F þ FRRþ 3∇2FR þ 2FGGþ 2R∇2FG

− 4Rρσ∇ρ∇σFG ¼ 2κ2T; ð7Þ

and derivatives are denoted as

FR ≡ ∂FðR;GÞ
∂R ; FG ≡ ∂FðR;GÞ

∂G : ð8Þ

GR is recovered as soon as FðR;GÞ → R. If G is not taken
into account, we recover immediately FðRÞ gravity. In this
sense, Gauss-Bonnet cosmology is a straightforward two-
field extension of FðRÞ gravity.

III. GAUSS-BONNET COSMOLOGY

Starting from the above theory, it is possible to derive the
related cosmology. We consider a spatially flat Friedman-
Robertson-Walker (FRW) metric like

ds2 ¼ −dt2 þ a2ðtÞðdx2 þ dy2 þ dz2Þ; ð9Þ

where aðtÞ is the scale factor of the Universe. In this
background, the cosmological equations [for details see
Eqs. (A3) and (A4)], without standard matter, can be
written in a simplified way as [23,56]

_H ¼ Ψ½H _FR − F̈R þ 4H3 _FG − 4H2F̈G�; ð10Þ

H2 ¼ Ψ
3
½FRR − FðR;GÞ − 6H _FR þ GFG�; ð11Þ

where we have defined

Ψ≡ 1

2FR þ 8H _FG
: ð12Þ

Furthermore, two Lagrange multipliers, defining R and G as
functions of a and its derivative _a and ä, have to be
considered to complete the dynamical system. See (A5)
reported in the Appendix.
This system of equations will be the starting point to

develop our considerations at the early epoch. As said above,
our aim is to track back the cosmic history investigating the
curvature regimes related toFðR;GÞ gravity. Aswe shall see,
combining information coming from the behavior ofG andR
functions can, in principle, give a self-consistent picture of
cosmic evolution at any epoch.

IV. EARLY EPOCH COSMOLOGY

A first consideration is related to the fact that, as pointed
out by Starobinsky [14], adding higher-order curvature
invariants in the effective action gives rise to inflationary
episodes that naturally emerge without introducing ad hoc
inflaton fields. In other words, improving geometry by
curvature invariants gives the possibility to obtain accel-
erated expansions.
In the present case, the Ricci and Gauss-Bonnet invar-

iants play the role of scalar fields, whose dynamics is
determined by a Klein-Gordon-like equation coming from
the trace equation (7). In fact, such an equation can be
recast as [22]

3½□FR þ VR� þ R½□FG þWG� ¼ 0; ð13Þ

according to (8) and the definition

VR¼
∂V
∂R¼1

3
½RFR−2FðR;GÞ�; WG¼

∂W
∂G ¼2

G
R
FG: ð14Þ

Here □ is the d’Alembert operator in curved space-time.
Clearly, as demonstrated in [22], the dominance of one of the
two terms in square brackets determines the evolution
related toR or G. Consequently, we expect a double inflation
in which both geometric fields play a role at different scales.
In other words, we can have an R-dominated inflation and a
further G-dominated inflation working at different scales.1We are using physical units.
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However, before starting our discussion, the possible
presence of ghosts is an issue to be considered in the
framework of Gauss-Bonnet gravity. It is well known that,
in general, higher-order theories of gravity are not ghost-
free so that viable ranges of parameters have to be selected
in order to obtain self-consistent models. This is particu-
larly relevant in cosmology to obtain reliable cosmic
histories to be matched with data. Specifically, higher-
derivative gravity contains ghosts due to the Ostrogradsky
instability [58,59].
These ghost terms may occur at fundamental and

cosmological level for FðR;GÞ gravity and can be para-
metrized by superluminal modes k4 where k is the wave
number of the specific mode. The reason why one gets k4 is
due to the fact that R evolves as l−2 and G as l−4.
To obtain viable models, procedures to eliminate ghosts

have been developed. In [60], a method based on the
introduction of an auxiliary scalar field χ ¼ χðGÞ into
the FðR;GÞ action is proposed. Such a field quantifies
the propagation of scalar modes. Then, in order to make the
scalar mode not a ghost, a canonical kinetic term of χ can be
introduced in the FðR;GÞ action. See also [61]. According
to this procedure, it is possible to obtain second-order field
equations (and then eliminate higher than second-order
derivatives) and impose suitable initial conditions deter-
mining a regular and unique evolution without ghost fields.
In particular, the new dynamical degree of freedom can be
eliminated adopting a “mimetic gravity” procedure by
introducing a Lagrange multiplier [62–65]. Such a multi-
plier gives a natural mass constraint by which the kinetic
term becomes a constant. This constraint determines the
range of parameters where the model is ghost-free. Clearly,
being the Gauss-Bonnet terms of fourth order, the mass
parameter has to be μ4. See [60] for details.
With the above considerations in mind, we can take into

account the simplest natural extension of the Starobinsky
model [14] adding a nontrivial Gauss-Bonnet contribution,
that is [22],

FðR;GÞ ¼ Rþ αR2 þ βG2; ð15Þ

where α and β are coupling constants with dimensions l2

and l4, respectively. This choice means that the Gauss-
Bonnet invariant gives a further scale where curvature can
play a relevant role. In a scenario where the Universe is
homogeneous and isotropic, it is G2 ∼ R4 and this allows us
to rewrite the above function as

FðRÞ ≃ Rþ αR2 þ βR4; ð16Þ

which is an improved FðRÞ model with respect to the
quadratic Starobinsky one. Obviously, considering anisot-
ropies and inhomogeneities, G2 ≠ R4 due to the fact that we
cannot neglect the extra diagonal components of the Ricci
and Riemann tensors.

In general, an inflationary behavior is achieved if the
following conditions on the Hubble parameter and its
derivatives are satisfied:

����
_H
H2

���� ≪ 1;

���� Ḧ

H _H

���� ≪ 1: ð17Þ

From the energy condition, given by Eq. (11), we have

12αHḦ þH2 þ 36αH2 _H þ 288βH4 _H2

þ 192βH5Ḧ þ 576βH6 _H − 96βH8 − 6α _H2 ¼ 0; ð18Þ

and from (10), we obtain

576βH2 _H3 þ 768βH3 _H ḦþβH4ð1728 _H2 þ 96H
…Þ

þ 288βH5Ḧ − 384βH6 _H2

þ 18αHḦ þ 24α _H2 þ 6αH
… þ _H ¼ 0: ð19Þ

Imposing that H is slowly varying, which means _H ≪ H2

and Ḧ ≪ H _H, Eq. (18) takes the form

H2 þ 6αð2HḦ þ 6H2 _H − _H2Þ
þ 96βH4ð3 _H2 þ 2HḦ þ 6H2 _H −H4Þ ¼ 0: ð20Þ

To study the evolution of the model, we need to find
approximate solutions of Eq. (20) in different regimes. Let
us suppose that

6α ≫ 96βH4: ð21Þ
Then Eq. (20) becomes

H2 þ 6αð2HḦ þ 6H2 _H − _H2Þ ≅ 0 ð22Þ
obtaining thewell-known Starobinsky scalaronmass [14,66]

m2
R ¼ 1

6α
ð23Þ

and the scale factor

aðtÞ ∼ exp
�

tffiffiffiffiffiffi
6α

p
�
: ð24Þ

Considering now the regime

96βH4 ≫ 6α; ð25Þ

we have

H2 þ 96βH4ð3 _H2 þ 2HḦ þ 6H2 _H −H4Þ ≅ 0: ð26Þ

From the above relation, we get an additional mass term due
to the presence of higher-order correction [22]
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m2
G ¼ 1

2
ffiffiffiffiffiffiffiffi
12β3

p ; ð27Þ

with the scale factor

aðtÞ ∼ exp

�
tffiffiffiffiffiffiffiffi
96β6

p
�
: ð28Þ

This result shows that we have two inflationary regimes.
In general, the two epochs are determined by the two terms
in Eq. (13) and potentials (14) that are valid for any
FðR;GÞ model.
We can conclude that considering the entire budget of

curvature in the effective action, two effective masses,
leading dynamics, are naturally introduced. These corre-
spond to two different regimes ruling large scale and very
large-scale structures. A part the above toy model, any
FðR;Rμν; RμναβÞ can be recast as FðR;GÞ thanks to the
constraint (2). This means that FðR;GÞ models are good
candidates to figure out the cosmic evolution at early
epochs.
However, we discussed only a toy model that could

become paradigmatic for tracing any cosmic history con-
sidering the evolution of curvature contributions. Clearly
the more the model is independent from the fine-tuning of
parameters, the more its naturalness is recovered. In the
present model, the coupling constants α and β in Eq. (15)
should be Oð1Þ in natural units where MPlanck ¼ 1. In this
regard, one of the main drawbacks of the Starobinsky
model is that it requires the unnatural hierarchy α ≫ β to
give rise to a satisfactory inflationary behavior. In our case,
we have a similar fine-tuning issue so that both α and β
have to be adjusted as reported above. The problem can be
partially alleviated considering that the double-inflationary
regime allows us to clearly distinguish between the
R2-driven phase with respect to the R4 ∼ G2-driven phase.
In other words, when the energy scales are very different,
the required fine-tuning is less severe.

V. THE COSMOGRAPHIC APPROACH

The above considerations can be extended towards late
cosmic epochs adopting cosmography, which is a model
independent approach to constrain cosmological evolution
by observational data. It relies on the hypothesis of large-
scale homogeneity and isotropy, and combines kinematic
parameters via the Taylor expansion of the scale factor.
The starting point is the definition of the cosmographic
parameters [50]:

HðtÞ ¼ 1

a
da
dt

; ð29Þ

qðtÞ ¼ −
1

a
d2a
dt2

�
1

a
da
dt

�
−2
; ð30Þ

jðtÞ ¼ 1

a
d3a
dt3

�
1

a
da
dt

�
−3
; ð31Þ

sðtÞ ¼ 1

a
d4a
dt4

�
1

a
da
dt

�
−4
; ð32Þ

lðtÞ ¼ 1

a
d5a
dt5

�
1

a
da
dt

�
−5
; ð33Þ

where, as above, HðtÞ is the Hubble parameter, qðtÞ is the
deceleration parameter which accounts for the decelerating
or accelerating expansion of the Universe, and jðtÞ and sðtÞ
are the jerk and snap parameters, respectively. The latter
may serve as a geometrical diagnostic of dark energy
models [67,68]. Finally, lðtÞ is the lerk parameter also
related to higher-order corrections of the cosmic expansion.
It is then useful to relate the Hubble parameter derivative
with respect to the cosmic time to the other cosmographic
parameters, that is,

_H ¼ −H2ð1þ qÞ; ð34Þ

Ḧ ¼ H3ðjþ 3qþ 2Þ; ð35Þ

H
… ¼ H4½s − 4j − 3qðqþ 4Þ − 6�; ð36Þ

Hð4Þ ¼H5½l− 5sþ 10ðqþ 2Þjþ 30ðqþ 2Þqþ 24�; ð37Þ

Using these definitions, it is straightforward to rewrite
the Hubble parameter in terms of the cosmographic ones
by expanding it in Taylor series and evaluating cosmo-
graphic parameters at the present epoch, that is, at redshift
z ≃ 0 [69–71]:

HðzÞ ¼H0þ
dH
dz

����
z¼0

zþ 1

2!

d2H
dz2

����
z¼0

z2þ 1

3!

d3H
dz3

����
z¼0

z3þ� � �

¼H0

�
1þð1þq0Þzþ

1

2
ð−q20þ j0Þz2

þ 1

6
ð3q20þ 3q30− 4q0j0− 3j0− s0Þz3

þ 1

24
ð−12q20− 24q30− 15q40þ 32q0j0þ 25q20j0

þ 7q0s0þ 12j0− 4j20þ 8s0þ l0Þz4
�
þ� � � : ð38Þ

Starting from the Hubble parameter, it is possible to
express the luminosity distance as a redshift polynomial in
terms of cosmographic quantities as [51,70–74]

dLðzÞ ¼ cH−1
0 ðzþDL;1z2 þDL;2z3 þDL;3z4 þDL;4z5Þ;

ð39Þ
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where the DL;i quantities are defined as follows:

DL;1 ¼
1

2
ð1 − q0Þ; ð40Þ

DL;2 ¼ −
1

6
ð1 − q0 − 3q20 þ j0Þ; ð41Þ

DL;3 ¼
1

24
ð2 − 2q0 − 15q20 − 15q30 þ 5j0 þ 10q0j0 þ s0Þ;

ð42Þ

DL;4 ¼
1

120
ð−6þ 6q0 þ 81q20 þ 165q30 þ 105q40

þ 10j20 − 27j0 − 110q0j0 − 105q20j0 − 15q0s0

− 11s0 − l0Þ; ð43Þ

whereas, the angular diameter distance can be recast as

dAðzÞ ¼ cH−1
0 ðzþDA;1z2 þDA;2z3 þDA;3z4 þDA;4z5Þ;

ð44Þ

defining

DA;1 ¼ −
1

2
ð3þ q0Þ; ð45Þ

DA;2 ¼
1

6
ð11þ 7q0 þ 3q20 − j0Þ; ð46Þ

DA;3 ¼ −
1

24
ð50þ 46q0 þ 39q20 þ 15q30 − 13j0

− 10q0j0 − s0Þ; ð47Þ

DA;4 ¼
1

120
ð274þ 326q0 þ 411q20 þ 315q30

þ 105q40 − 210q0j0 − 105q20j0 − 15q0s0

þ −137j0 þ 10j2 − 21s0 − l0Þ: ð48Þ

Cosmological observables may be used to obtain con-
straints on the cosmographic parameters by comparing the
theoretical predictions with data [75].

A. The y-redshift cosmography

Although cosmography has been successfully used to
constrain the evolution of the late Universe, it is worth
noticing that, at high redshift, i.e., z > 1, the Taylor
expansion does not converge. Therefore cosmography, as
introduced above, can be consistently applied only to low
redshift datasets. Nevertheless, in the last decade, a lot of
high redshift observations with unprecedented accuracy
have been acquired. To be able to use such datasets, one has
to solve the convergence problem. The latter may be

overcome reparametrizing the Taylor expansion using
the expansion in y redshift [51], that is

y ¼ z
1þ z

ð49Þ

or y ¼ 1 − aðtÞ. By definition, the new parameter spans the
range [0, 1], which corresponds to a redshift range ½0;∞�,
allowing us to perform high redshift cosmography.
In the y-redshift parametrization, the Hubble function

can be rewritten as

HðyÞ¼H0

�
1þðq0þ1Þyþ1

2
ðj0−q02þ2q0þ2Þy2

−
1

6
ð4j0q0−3j0−3q03þ3q02−6q0þ s0−6Þy3

þ 1

24
ð−4j02þ25j0q02−16j0q0þ12j0þ l0−15q04

þ12q03−12q02þ7q0s0þ24q0−4s0þ24Þy4
�
:

ð50Þ

While luminosity distance can be recast as

dLðyÞ ¼ cH−1
0 ðyþDy

L;1y
2 þDy

L;2y
3 þDy

L;3y
4 þDy

L;4y
5Þ;
ð51Þ

with

Dy
L;1 ¼

1

2
ð3− q0Þ

Dy
L;2 ¼

1

6
ð11− 5q0 þ 3q20 − j0Þ

Dy
L;3 ¼

1

24
ð50− 26q0 þ 21q20 − 15q30 − 7j0 þ 10q0j0 þ s0Þ

Dy
L;4 ¼

1

120
ð274− 154q0 þ 141q20 − 135q30 þ 105q40

þ 10j20 − 47j0 þ 90q0j0 − 105q20j0 − 15q0s0

þ 9s0 − l0Þ: ð52Þ

Finally, the angular diameter distance is rewritten as

dAðzÞ ¼ cH−1
0 ðzþDy

A;1z
2 þDy

A;2z
3 þDy

A;3z
4 þDy

A;4z
5Þ;
ð53Þ

where we have defined

Dy
A;1 ¼ −

1

2
ð1þ q0Þ; ð54Þ

Dy
A;2 ¼

1

6
ð−j0 þ q0ð3q0 − 2Þ − 10Þ; ð55Þ
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Dy
A;3 ¼

1

24
½j0ð10q0 − 7Þ þ q0ð3q0ð7 − 5q0Þ þ 10Þ

þ s0 − 58�; ð56Þ

Dy
A;4 ¼

1

120
½10j02 þ j0ð35ð4 − 3q0Þq0 − 22Þ − l0

þ q0ð3q0ð35ðq0 − 2Þq0 þ 22Þ − 15s0 þ 196Þ
þ 14s0 − 316�: ð57Þ

In the following sections, we will use the y-redshift
cosmography to obtain constraints on cosmographic
parameters, and on generic analytic FðR;GÞ models.

VI. OBSERVATIONAL DATA
AND METHODOLOGY

In order to constrain the cosmographic parameters, we
use measurements of luminosity distances coming from
supernovae type Ia (SNeIa) and gamma ray bursts (GRBs),
of HðzÞ, and of baryonic acoustic oscillation (BAO). This
will allow us to set up a large sample of data and then
consistently constrain the model.

A. Luminosity distance

We employ a catalogue of 557 SNeIa in the redshift
range z ¼ ½0; 1.4� (UnionII catalogue [76]), and a list of 109
GRBs given in [77] (the catalogue was compiled using the
Amati relation [78–80]), of which 50 GRBs at z < 1.4 and
59 GRBs distributed in the range of redshift [0.1, 8.1]. The
observable is the distance modulus μobs, and its theoretical
counterpart is given by

μthðzÞ ¼ 5 log10 d̂LðzÞ þ μ0; ð58Þ

where d̂LðzÞ≡ dLðzÞ=ðcH−1
0 Þ and μ0 ¼ 42.38 − 5 log10 h,

with h≡H0=100. It worth noticing that the above equation
holds for both cosmographic parametrizations discussed
above. Finally, χ2 can be computed as

−2 logLkðpÞ ¼ χ2kðpÞ

¼
XNobj

i¼1

�
μthðzi;pÞ − μobsðziÞ

σμðziÞ
�

2

; ð59Þ

where k ¼ ½SN;GRB�, Nobj ¼ ½557; 109� for SNeIa and
GRBs, respectively. Here, σμðzÞ is the error on μobsðzÞ.
Nevertheless, as is well known, the parameter μ0 encodes
H0 and it must be marginalized over. Therefore, the χ2

function can be defined as [81–84]

χ̃2ðpÞ ¼ Ã −
B̃2

C̃
; ð60Þ

where

Ã ¼
XNobj

i¼1

�
μthðzi;p; μ0 ¼ 0Þ − μobsðziÞ

σμðziÞ
�

2

; ð61Þ

B̃ ¼
XNobj

i¼1

μthðzi;p; μ0 ¼ 0Þ − μobsðziÞ
σ2μðziÞ

; ð62Þ

C̃ ¼
XNobj

i¼1

1

σ2μðziÞ
: ð63Þ

B. Expansion rate

An additional dataset is composed by 30 uncorrelated
measurements of the expansion rate, HðzÞ, [85–92]. Thus,
following the prescription in [93], the corresponding χ2 can
be defined as

−2 logLHðpÞ ¼ χ2HðpÞ

¼
X30
i¼1

�
Hðzi;pÞ −Hobs;ðziÞ

σHðziÞ
�

2

; ð64Þ

where σHðzÞ is the error on HobsðzÞ.

C. Baryonic acoustic oscillations

Finally, another additional dataset we are going to use is
given by the data from the 6dFGS [94], the SDSS DR7
[95], and the BOSS DR11 [96–98], which are also reported
in Table I of [93]. As usual, we define the BAOs observable
as Ξ̂≡ rd=DVðzÞ, where rd is the sound horizon at the
drag epoch and DV the spherically averaged distance
measure [99]

DVðzÞ≡
�
ð1þ zÞ2d2AðzÞ

cz
HðzÞ

�
1=3

: ð65Þ

For the sake of simplicity, since we are adopting a model
independent approach, we will set rd ¼ 144.57 Mpc [100].
Finally, the χ2 can be straightforwardly computed as

−2 logLBAOðpÞ ¼ χ2BAOðpÞ ¼
X6
i¼1

�
Ξ̂ðp; ziÞ − ΞobsðziÞ

σΞðziÞ
�

2

;

ð66Þ

where σΞðzÞ is the error on ΞðzÞ.

D. The Monte Carlo Markov chain

The theoretical counterparts are predicted using
Eqs. (50), (51), and (53), and fit to the aforementioned
datasets in order to compute the log-likelihood, −2 logL ¼
χ2ðpÞ where p ¼ ½H0; q0; j0; s0; l0� are the parameters of
the model.
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We explore the parameter space with a Monte Carlo
Markov chain (MCMC) employing a Metropolis-Hastings
[101,102] sampling algorithm. The step size is adapted to
guarantee an acceptance rate between 20% and 50%
[103,104], and the convergence is ensured by the
Gelman-Rubin criteria [105]. Finally, the different chains
are merged to constrain the model parameters. Our priors
are listed in Table I.

Once our MCMC reaches the convergence, we join
together all likelihoods related to different datasets, LðpÞ ¼
ΠiLi where i indicates the given dataset, to obtain the 2D
joint contours represented in Fig. 1, and the best fit
parameters summarized in Table I. On the one side, our
purpose is not just related to find the best fit cosmographic
parameters; thus, we only show the joint contours at 68%
and 95% of confidence levels, and then report the corre-
sponding best fit parameters, without analyzing the con-
straining power of each dataset. On the other side, having
the posterior distribution of the cosmographic parameters, it
will allow us to predict, adopting a Monte Carlo sampling
of those distributions, the corresponding values of the
theoretical parameters of the FðR;GÞ gravity models, once
we relate them to the cosmographic ones. Hence, in the
next sections we will introduce the FðR;GÞ cosmography.

VII. FðR;GÞ COSMOGRAPHY

Assuming again a flat FRW metric, we will compute
the equations to describe the cosmological evolution in
terms of cosmographic parameters. Here, to make the text

TABLE I. Parameter space explored by the MCMC algorithm.
The first column lists the parameters, the second column lists the
prior used in our MCMC pipeline, and, finally, the third column
lists the best fit values.

Parameter Priors Best Fit

H0 [50, 100] 69.84þ0.83
−0.82

q0 ½−1; 1� −0.16þ0.04
−0.05

j0 ½−20; 20� −13.25þ0.83
−0.62

s0 ½−200; 200� −138.47þ13.52
−10.21

l0 ½−200; 200� 36.41þ18.64
−16.80

FIG. 1. Two dimensional joint contours of the cosmographic parameters obtained using SNeIaþ BAOþ HðzÞ þ GRB.
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readable, we summarize the whole procedure and report
only the final equations needed to translate the constraints
from the cosmographic to the theoretical parameters of
FðR;GÞ models. For details in calculations, we refer the
reader to the Appendix.
Starting from Eqs. (A1) and (A2), we assume that

FðR;GÞ is expandable in the Taylor series, that is,

FðR;GÞ ≈ FðR0;G0Þ þ FGðR0;G0ÞGþ 1

2
FGGðR0;G0ÞG2

þ R

�
FRðR0;G0Þ þ FRGðR0;G0ÞG

þ 1

2
FRGGðR0;G0ÞG2

�

þ R2

�
FRRðR0;G0Þ

2
þ 1

2
FRRGðR0;G0ÞG

þ 1

4
FRRGGðR0;G0ÞG2

�
: ð67Þ

Supposing that the models may be well approximated
by the second-order Taylor expansion in ðR − R0Þ and
ðG − G0Þ, one can evaluate the main equations describing
the cosmological evolution, that is, (A3) and (A4) at the
present day, using the definition of the Ricci and Gauss-
Bonnet scalars in term of the cosmographic parameters. To
this end, we need to consider the time derivative of (A4)
and time derivatives of R and G. The result is the system of
equations in (A6)–(A16). Then, we have to solve the
system of equations with respect to the present day values
of FðR;GÞ and its derivatives up to the second order of the
expansion. A reasonable approximation is to neglect all
terms beyond R3 in the Taylor expansion, which means we
set the following conditions:

FGGðR0;G0Þ ¼ FRGðR0;G0Þ ¼ FRGGðR0;G0Þ ¼ 0; ð68Þ

and

FRRGðR0;G0Þ ¼ FRRGGðR0;G0Þ ¼ 0: ð69Þ
Finally, since we want to recover GR at lower order, we

set the prior:

FRðR0;G0Þ ¼ 1: ð70Þ
In such a way, one obtains

FðR0;G0Þ
H2

0

¼ P1ðq0; j0; s0; l0Þ þ P2ðq0; j0; s0; l0;ΩMÞ
Rðq0; j0; s0; l0Þ

;

ð71Þ
FRRðR0;G0Þ
ð6H2

0Þ−1
¼ P3ðq0; j0; s0; l0Þ þ P4ðq0; j0; s0; l0;ΩMÞ

Rðq0; j0; s0; l0Þ
;

ð72Þ

FRGGðR0;G0Þ
ð48H4

0Þ−1
¼ P5ðq0; j0; s0; l0Þ þ P6ðq0; j0; s0; l0;ΩMÞ

Rðq0; j0; s0; l0Þ
;

ð73Þ

where we have defined the auxiliary functions:
P1ðq0; j0; s0; l0Þ, P2ðq0; j0; s0; l0;ΩmÞ, P3ðq0; j0; s0; l0Þ,
P4ðq0;j0;s0;l0;ΩmÞ, P5ðq0;j0;s0;l0Þ, P6ðq0;j0;s0;l0;ΩmÞ,
and Rðq0; j0; s0; l0Þ, which are reported in the Appendix;
see Eqs. (A28)–(A34).
Assumptions in Eqs. (68)–(70) are made in order to

(i) analyze the FðR;GÞ model without any terms contrib-
uting as a cosmological constant; thus, we force the zero
order of the Taylor expansion to be zero and (ii) have only
the Ricci scalar as first term of the Taylor expansion to
recover the GR. In such a way we are focusing on the
contributions given by higher-order terms in R and G to the
cosmological evolution and, also, we are avoiding to
consider extra equations in our systems which would lead
to the introduction of extra cosmographic parameters that
would decrease the constraining power of the dataset.
Equations (71)–(73) allow us to use constraints on the

cosmographic parameters, given in Table I, to bound the
derivatives of the Taylor expansion of the FðR;GÞ model.
Thus, we carried out 1000 Monte Carlo simulations
randomly choosing the values of the cosmographic param-
eters from their posterior distribution, and deriving the 2D
contours and their best values. Final results are summarized
in Table II, and in Fig. 2.
Results deserve some comments. As it is possible to see

from the bounded values, higher-order Gauss-Bonnet terms
do not affect the late-time cosmological evolution. It is fully
driven by the R2-term of the Taylor expansion. In other
words, the FðR;GÞ theory reduces to FðRÞ models when
late time evolution is considered.
This output is rather expected because the Gauss-Bonnet

invariant, scaling as quadratic gravity, works very well in
high curvature regimes as those of primordial epochs. As
shown above, a term like G2 scales as R4 and then it is
effective at very high energies naturally producing infla-
tionary behaviors. Clearly, it must be negligible at late time.
Furthermore, bounds on the second derivative with

respect to the Ricci scalar are consistent with constraints
obtained in FðRÞ gravity as shown, for example, in
[54,106]. This may be considered as a self-consistent test
for the procedure. In a different perspective, it seems that

TABLE II. Best fit parameters of the FðR;GÞ model corre-
sponding to the one dimensional posterior distribution in Fig. 2.

Parameter Best Fit

F00ð103Þ 31.73þ0.58
−0.57

FRRð10−6Þ −0.95þ0.05
−0.08

FRGð10−11Þ 1.97þ0.17
−0.12
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cosmological evolution is efficiently described by two
fields at early epoch while one field is sufficient to describe
late epochs. In other words, the Klein-Gordon dynamics,
given by (13), turns on or turns off the scalar fields (related
to R and G) according to the scale.

VIII. DISCUSSION AND CONCLUSIONS

One of themain goals ofmodern cosmology is to construct
self-consistent models capable of tracking cosmic history
from early to late epochs. According to this program,
inflation, dark energy, and dark matter issues have to be
considered in order to describe evolution at any era.
As, up to now, the dark side is so elusive because no final

matter candidates have been detected at the fundamental
level, improving the geometric sector seems a reliable
approach. Adding further curvature and torsion invariants is
a paradigm supported by effective gravitational theories
formulated in curved space-time: these terms emerge in the
action as soon as one faces the problem to regularize
and renormalize the theory. Specifically, terms containing

R2, RμνRμν, and RμναβRμναβ, eventually constrained by the
Gauss-Bonnet invariant G, have to be considered in any
approach aimed at obtaining a theory of gravity renormal-
ized at one-loop level [12].
In this perspective, any cosmological model that wants to

take advantage from these extended theories with respect to
GR has to consider such invariants.
Models like FðR;GÞ, in principle, take into account

second-order curvature invariants that give rise to fourth-
order field equations by varying with respect to the metric.
Considering G as a constraint for the other terms means that
such an action is capable of representing all the effective
degrees of freedom related to second-order curvature
invariants and, furthermore, one is dealing with an effective
theory with two-scalar fields.
In this paper, we discussed FðR;GÞ models at early and

late time epochs, which means at ultraviolet and infrared
regimes.
The main result at early epochs is that a double inflation,

depending on G and R, can be naturally achieved. This
feature is very important to produce large and very large

FIG. 2. Two dimensional joint contours of the FðR;GÞ model’s parameters corresponding to a Monte Carlo sampling of the posterior
distribution in Fig. 1.
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structures and to give a gateway mechanism to regularize
the inflation (see for example [107]).
A cosmographic approach has been adopted at late epochs

for redshift z → 0. Without choosing specific FðR;GÞ
models, we investigated if GR extensions, due to R and G,
affect dynamics at recent time.Among the priors, we imposed
that GR has to be recovered and cosmographic parameters, in
the observed ranges, are restored. In the approximation, we
excluded adding further cosmographic parameters due to the
order of approximation. The result is that FðRÞ corrections
have to be included while G and its functions are negligible at
late time. The interpretation of this fact is quite straightfor-
ward: the dark energy regime can be restored just considering
an effective field [i.e., the field related toFðRÞ] and two-scalar
fields are not necessary at late epochs.
This result is coherent with the following fact. It is well

known that terms like G2 can give rise to phantom solutions
in the limit t → ∞. In this case, the de Sitter phase is
asymptotically unstable as reported in literature (see
[26–46] and references therein). In the present study,
however, this problem is overcome because terms like
G2 dominate at t → 0, leading the first inflationary phase
while they decay at late epochs: here R-terms are domi-
nating and then the de Sitter solution results are stable and
phantom-free. From an observational viewpoint, this state-
ment is supported by the above contour plots based on the
reported datasets: cosmographic results exclude the con-
tributions of G-terms into late time dynamics and, as a
consequence, phantom instability is also excluded from the
ranges of parameters. In other words, the best fit values in
Table I for the cosmographic parameters and in Table II for
FðR;GÞ parameters exclude phantom behaviors.
Clearly, what we discussed here is a coarse-grained

approach that deserves further investigation and more
refined studies. This will be the topic of a next paper.
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APPENDIX: DETAILED CALCULATIONS
FOR FðR;GÞ COSMOGRAPHY

In the FRW background in Eq. (9) with a perfect fluid
equation of state for ordinary matter, the field equations for
FðR;GÞ gravity are given by

�
äa − _a2

a2

�
FR ¼ −

κ

2
ðpðmÞ þ ρðmÞ þ 1

2

��
_a
a

�
_FR − F̈R

þ 4

�
_a
a

�
3
_FG − 8

�
_a
a

��
äa − _a2

a2

�
_FG

− 4

�
_a
a

�
2

F̈G

�
; ðA1Þ

FR

�
_a
a

�
2

¼ κ

3
ρðmÞ þ 1

6

�
RFR − FðR;GÞ − 6

�
_a
a

�
_FR

þ GFG − 24

�
_a
a

�
3
_FG

�
; ðA2Þ

where ρðmÞ and pðmÞ are the energy density and pressure of
ordinary matter, respectively, and the overdot denotes a
derivative with respect to the time coordinate, t.
Assuming that ρðmÞ ¼ 3H2

0Ωma−3ðtÞ and pðmÞ ¼ 0, and
expanding the time derivatives, the above equations (A1)
and (A2) become

FRH2 ¼ 1

6
ð−6Hð4H2ð _GFGG þ _RFRGÞ þ _GFRG þ _RFRRÞ

þ GFG þ RFR − FÞ þH0
2κΩm

a3
; ðA3Þ

2FR
_H¼−G̈FRGþHð _GðFRG−8 _HFGGÞþ _RðFRR−8 _HFRGÞÞ

þ4H3ð _GFGGþ _RFRGÞ
− _Gð _GFRGGþ2 _RFRRGÞ−4H2ðG̈FGGþ2 _G _RFRGG

þ _G2FGGGþR̈FRGþ _R2FRRGÞ

−R̈FRR− _R2FRRR−
3H2

0κΩm

a3
: ðA4Þ

For the sake of simplicity, we have used the following
abbreviations: F≡ FðR;GÞ, Fx ≡ FxðR;GÞ where x can be
the Ricci or the Gauss-Bonnet scalar, as well as any
combination of them indicating derivatives with respect
to these variables and, finally, we have also defined
a≡ aðtÞ, H ≡HðtÞ, R≡ RðtÞ, and GðtÞ≡ G. To complete
the dynamical system, we have to consider constraints
coming from the definitions of R and G, that is,

R ¼ 6

�
ä
a
þ
�
_a
a

�
2
�
; and G ¼ 24

�
ä _a2

a3

�
: ðA5Þ

These last equations are Lagrange multipliers that constrain
dynamics. See [56] for details. In order to get a close
system of equations useful for cosmographic analysis, let
us differentiate Eq. (A4) with respect to t. We obtain
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2F2
RḦ ¼ 4H3½ðFGGGFR − FGGFRGÞ _G2 − _RðF2

RG − 2FRFRGG þ FGGFRRÞ _Gþ G̈FGGFR

þ FRGðR̈FR − _R2FRRÞ þ _R2FRFRRG� þ 4H2½ðFGGGFRG − FGGGGFRÞ _G3

þ _Rð2FRGFRGG − 3FRFRGGG þ FGGGFRRÞ _G2 þ ð2FRGGFRR
_R2 þ FRGFRRG

_R2 − 3FRFRRGG
_R2

þ R̈F2
RG þ 3 _HFGGFR þ G̈ðFGGFRG − 3FGGGFRÞ − 3R̈FRFRGGÞ _G −Gð3ÞFGGFR

þ 3 _H _RFRFRG − Rð3ÞFRFRG − 3 _R G̈FRFRGG þ _R G̈FGGFRR þ _R R̈FRGFRR − 3 _R R̈FRFRRG

þ _R3FRRFRRG − _R3FRFRRRG� þ ½ðFRGFRGG − FRFRGGGÞ _G3 þ _R _G2ðFRGGFRR þ 2FRGFRRG

− 3FRFRRGGÞ þ ð−8FGGFR
_H2 þ FRFRG

_H þ G̈ðF2
RG − 3FRFRGGÞ þ R̈FRGFRR − 3R̈FRFRRG

þ 2 _R2FRRFRRG þ _R2FRGFRRR − 3 _R2FRFRRRGÞ _Gþ _R R̈F2
RR − 8 _H2 _RFRFRG − Gð3ÞFRFRG

þ _H _RFRFRR − Rð3ÞFRFRR þ _R G̈FRGFRR − 3 _R G̈FRFRRG − 3 _R R̈FRFRRR þ _R3FRRFRRR

− _R3FRFRRRR� þH

�
½ _Gð8 _HFGG − FRGÞ þ _Rð8 _HFRG − FRRÞ�ð _GFRG þ _RFRRÞ

þ FR

�
ðFRGG

_G2 þ ð2 _RFRRG − 8ḦFGGÞ _Gþ ðG̈ − 8 _R ḦÞFRG þ R̈FRR

− 16 _HðFGGG
_G2 þ 2 _RFRGG

_Gþ G̈FGG þ R̈FRG þ _R2FRRGÞ þ _R2FRRRÞ þ
9H2

0κΩm

a3

�	

þ 3H2
0κΩm

a3
ð _GFRG þ _RFRRÞ: ðA6Þ

In addition to the previous equations, we may define the Ricci and Gauss-Bonnet scalars and their derivatives with
respect to the cosmic time t as a function of the Hubble parameter H and its derivatives. Thus, we have

R ¼ 6ð2H2 þ _HÞ; ðA7Þ

_R ¼ 6ðḦ þ 4H _HÞ; ðA8Þ

R̈ ¼ 6ðHð3Þ þ 4HḦ þ 4 _H2Þ; ðA9Þ

Rð3Þ ¼ 6ðHð4Þ þ 4HHð3Þ þ 12 _H ḦÞ; ðA10Þ

and

G ¼ 24H2ðH2 þ _HÞ; ðA11Þ

_G ¼ 48H _Hð _H þH2Þ þ 24H2ðḦ þ 2H _HÞ; ðA12Þ

G̈ ¼ 48 _H2ð _H þH2Þ þ 48Hð _H þH2ÞḦ þ 96H _HðḦ þ 2H _HÞ þ 24H2ðHð3Þ þ 2HḦ þ 2 _H2Þ; ðA13Þ

Gð3Þ ¼ 48Hð3ÞHð _H þH2Þ þ 144HḦðḦ þ 2H _HÞ þ 144 _Hð _H þH2ÞḦ þ 144 _H2ðḦ þ 2H _HÞ
þ 144H _HðHð3Þ þ 2HḦ þ 2 _H2Þ þ 24H2ðHð4Þ þ 2HHð3Þ þ 6 _H ḦÞ; ðA14Þ

Let us now suppose that the FðR;GÞ Lagrangian may be well approximated by its second-order Taylor expansion in
ðR − R0Þ and ðG − G0Þ. We set

FðR;GÞ ≈ FðR0;G0Þ þ FGðR0;G0ÞGþ 1

2
FGGðR0;G0ÞG2 þ R

�
FRðR0;G0Þ þ FRGðR0;G0ÞGþ 1

2
FRGGðR0;G0ÞG2

�

þ R2

�
FRRðR0;G0Þ

2
þ 1

2
FRRGðR0;G0ÞGþ 1

4
FRRGGðR0;G0ÞG2

�
:
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We can make further assumptions to reduce the complexity of the problem. We want our model to be an extension of GR
then we retain corrections related to the Gauss-Bonnet invariant up to R3. The reason for this choice is to simplify the
problem in view of obtaining analytic solutions, and to avoid the introduction of new cosmographic parameters beyond the
parameter l, which would be needed if higher-order corrections to GR are taken into account. All those assumptions can be
translated in the following bounds:

FGGðR0;G0Þ ¼ FRGðR0;G0Þ ¼ FRGGðR0;G0Þ ¼ FRRGðR0;G0Þ ¼ FRRGGðR0;G0Þ ¼ 0; ðA15Þ

FRðR0;G0Þ ¼ 1: ðA16Þ

Inserting Eqs. (A7)–(A16) in Eqs. (A3)–(A6), one gets

ð12DÞ−1
�
H0

2kΩm

a3
− ð2F00 þ 12HðFRG

_Gþ FRR
_RÞ þ 12H2ðFRGGþ FRRRþ 1Þ

− Rð2FRGGþ FRRRÞ þ 48FRGH3 _RÞ
�
¼ 0; ðA17Þ

_H − ð2DÞ−1
�
Hð _RðFRR − 8FRGH0Þ þ FRG

_GÞ − FRGG̈ − 4FRGH2R̈þ 4FRGH3 _R − FRRR̈ −
3H0

2kΩm

a3

�
¼ 0; ðA18Þ

Ḧ − ð2D2Þ−1
�
½FRG

2 _G G̈þFRGðDðH0ð _G − 8H0 _RÞ −Gð3ÞÞ þ FRRG̈ _R

þ FRR
_G R̈Þ þ FRRðH0 _R − Rð3ÞÞDþ FRR

2 _R R̈� þ 4FRGH2ðR̈ðFRG
_G

þ FRR
_RÞ þ 3H0 _RD − Rð3ÞDÞ þ 4FRGH3ðR̈D − _RðFRG

_Gþ FRR
_RÞÞ

þHðDððR̈ðFRR − 16FRGH0Þ þ FRGG̈ − 8FRGH00 _RÞ þ 9H0
2kΩmÞ

þ ðFRG
_Gþ FRR

_RÞð− _RðFRR − 8FRGH0Þ − FRG
_GÞÞ þ 3H0

2kΩm

a3
ðFRG

_Gþ FRR
_RÞ
	

¼ 0; ðA19Þ

where we have defined

D ¼ FRGGþ FRRRþ 1: ðA20Þ

The next step is to evaluate Eqs. (34)–(37) at redshift zero, and to use them in the previous equations (also evaluated at
redshift zero) in order to find a relation between the derivatives of the FðR;GÞ model and the cosmographic parameters.
Thus, Eqs. (A17)–(A20), evaluated at z ¼ 0, are

F00 þ 6H0
2ð24FRGH0

4ð2j0 þ q0ðq0 þ 2Þ − 2Þ þ 3FRRH0
2ð2j0 − q0ðq0 þ 2Þ − 3Þ − kΩm þ 1Þ

6K
¼ 0; ðA21Þ

H0
2

2K
½48FRGH0

4ð−j0ð4q0 þ 5Þ − ðq0 þ 6Þq20 þ q0 þ s0 þ 6Þ
þ 6FRRH0

2ð−j0 þ 3q0ðq0 þ 3Þ þ s0 þ 6Þ þ 3kΩm − 2q0 − 2� ¼ 0; ðA22Þ
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H0
3

2K2
½−1152FRG

2H0
8ð5j20þ j0ð2q30 − 11q20 − 5q0 − s0 − 6Þþ q0ð−l0þ 2q40 − 4q20þ 4q0s0 þ 26q0þ 5s0þ 18ÞÞ

− 6FRRH0
2ð24FRGH0

4ð19j20 − j0ð12q30þ 56q20 − 13q0 þ 3s0Þ− 3l0q0þ 2l0 − 38q40 − 29q30þ 10q20s0þ 112q20þ 5q0s0

þ 12q0 − 12s0 − 48Þ− j0ð3kΩm þ 5q0 þ 3Þþ 12kq0Ωm − 3kΩm þ l0 − 32q20 − 55q0 − 2s0 − 24Þ− 24FRGH0
4ð8j20

þ j0ð−3kΩm þ 14q20þ 78q0 þ 40Þþ 2ðq20ð22− 3kΩmÞþ l0þ 17q30 − 2q0ð3s0þ 20Þ− 4ð2s0 þ 9ÞÞÞ
− 36FRR

2H0
4ðj20þ j0ð2q20 − 8q0 − s0 − 15Þ− l0q0 þ l0þ 3ð9q30 þ 14q20þ q0ðs0 − 1Þ− 4ÞÞ− 2j0þ 9kΩm − 6q0 − 4� ¼ 0;

ðA23Þ

where we have defined

K ¼ 24FRGH0
4q0 þ 6FRRH0

2ðq0 − 1Þ − 1: ðA24Þ
The final step is to solve the previous equations with respect to the derivatives of FðR;GÞ to get

FðR0;G0Þ
H2

0

¼ P1ðq0; j0; s0; l0Þ þ P2ðq0; j0; s0; l0;ΩMÞ
Rðq0; j0; s0; l0Þ

; ðA25Þ

FRRðR0;G0Þ
ð6H2

0Þ−1
¼ P3ðq0; j0; s0; l0Þ þ P4ðq0; j0; s0; l0;ΩMÞ

Rðq0; j0; s0; l0Þ
; ðA26Þ

FRGGðR0;G0Þ
ð48H4

0Þ−1
¼ P5ðq0; j0; s0; l0Þ þ P6ðq0; j0; s0; l0;ΩMÞ

Rðq0; j0; s0; l0Þ
; ðA27Þ

where we have defined

P1ðq0; j0; s0; l0Þ ¼ −3ð8j30 − 24j20q
3
0 − 94j20q

2
0 − 64j20q0 − 8j20s0 − 14j20 − 8j0l0ðq0 þ 1Þþ 12j0q50 − 4j0q40 þ 16j0q30

þ 14j0q20s0 þ 134j0q20 − 28j0q0s0þ 96j0q0 − 22j0s0 þ 6j0 þ 2l0q30 − 6l0q20 − 6l0q0þ 2l0 þ 24q60þ 6q50

− 12q40s0 − 72q40 − 34q30s0 − 12q30þ 4q20s0þ 144q20þ 12q0s20þ 98q0s0þ 150q0þ 12s20þ 60s0 þ 48Þ;
ðA28Þ

P2ðq0; j0; s0; l0;ΩMÞ ¼ 3Ωmkð16j30 þ 56j20q0 þ 8j20s0 − 12j20 þ 8j0l0ðq0 þ 1Þ þ 11j0q40 þ 28j0q30 þ 14j0q20s0 þ 63j0q20

þ 48j0q0s0 − 57j0q0 þ 12j0s0 − 24j0 þ 2l0q30 þ 12l0q20 þ 4l0q0 − 3l0 þ 6q50 − 33q40 þ 8q30s0

− 162q30 − 44q20s0 − 276q20 − 12q0s20 − 114q0s0 − 138q0 − 12s20 − 45s0 − 18; Þ ðA29Þ
P3ðq0; j0; s0; l0Þ ¼ 2j20 − 12j0q30 − 56j0q20 − 72j0q0 − 2j0s0 − 30j0 − 2l0q0 − 2l − 24q40 − 30q30 þ 12q20s0 þ 60q20

þ 22q0s0 þ 114q0 þ 12s0 þ 48; ðA30Þ
P4ðq0; j0; s0; l0;ΩmÞ ¼Ωmkð12j20þ 21j0q20þ 81j0q0þ 12j0þ 3l0þ 36q30þ 6q20− 18q0s0− 114q0− 15s0− 54Þ; ðA31Þ

P5ðq0; j0; s0; l0Þ ¼ −24 − 6j0 − 2j20 þ 2l0 − 78q0 − 12j0q0 þ 2l0q0 − 84q20 − 4j0q20 − 30q30 þ 2j0s0 þ 2q0s0; ðA32Þ

P6ðq0; j0; s0; l0;ΩmÞ ¼ Ωmkð15j0qþ 30j0 − 3l0 þ 45q20 þ 72q0 − 3s0 þ 18Þ ðA33Þ

Rðq0; j0; s0; l0Þ ¼ ½4j30 þ j20ð15q20 þ 56q0 − 4s0 þ 30Þ− j0ð4l0ðq0 þ 1Þ þ 16q40 þ 32q30 þ q20ð7s0 þ 69Þ þ 6q0ð7s0 þ 22Þ
þ 24ðs0 þ 3ÞÞ þ q30ð−l0 þ 5s0 þ 159Þ þ q20ð−9l0 þ 46s0 þ 306Þ þ q0ð6ðs20 þ 16s0 þ 40Þ− 8l0Þ− 21q50

þ 6ðs20 þ 8s0 þ 12Þ�: ðA34Þ

These are all the ingredients used to construct our Gauss-Bonnet cosmography. See also [54] for the case of FðRÞ gravity.

DE MARTINO, DE LAURENTIS, and CAPOZZIELLO PHYS. REV. D 102, 063508 (2020)

063508-14



[1] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018).

[2] P. Brax, Rep. Prog. Phys. 81, 016902 (2018).
[3] D. Huterer and D. L. Shafer, Rep. Prog. Phys. 81, 016901

(2018).
[4] R. T. Génova-Santos, The establishment of the standard

cosmological model through observations, in Reviews in
Frontiers of Modern Astrophysics, edited by P. Kabáth, D.
Jones, and M. Skarka (Springer, Cham, 2020).

[5] I. de Martino, M. De Laurentis, and S. Capozziello,
Universe 1, 123 (2015).

[6] S. Capozziello and M. De Laurentis, Ann. Phys.
(Amsterdam) 524, 545 (2012).

[7] I. De Martino, R. Lazkoz, and M. De Laurentis, Phys. Rev.
D 97, 104067 (2018).

[8] M. De Laurentis, I. De Martino, and R. Lazkoz, Phys. Rev.
D 97, 104068 (2018).

[9] M. De Laurentis, I. De Martino, and R. Lazkoz, Eur. Phys.
J. C 78, 916 (2018).

[10] C. J. Hogan, Rev. Mod. Phys. 72, 1149 (2000).
[11] I. L. Buchbinder, S. D. Odintsov, and I. L. Shapiro, Effec-

tive Action in Quantum Gravity (IOP, Bristol, UK, 1992).
[12] N. D. Birrell and P. C. W. Davies, Quantum Fields in

Curved Space (Cambridge University Press, Cambridge,
England, 1982).

[13] S. Capozziello and M. De Laurentis, Phys. Rep. 509, 167
(2011).

[14] A. A. Starobinsky, Phys. Lett. 91B, 99 (1980).
[15] S. Capozziello, Int. J. Mod. Phys. D 11, 483 (2002).
[16] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451

(2010).
[17] S. Capozziello, M. De Laurentis, and O. Luongo, Int. J.

Mod. Phys. D 24, 1541002 (2015).
[18] C. Bogdanos, S. Capozziello, M. De Laurentis, and S.

Nesseris, Astropart. Phys. 34, 236 (2010).
[19] F. Bajardi and S. Capozziello, Eur. Phys. J. C 80, 704

(2020).
[20] S. Capozziello, M. De Laurentis, and K. F. Dialektopoulos,

Eur. Phys. J. C. 76, 629 (2016).
[21] S. Nojiri and S. D. Odintsov, Phys. Lett. B 631, 1 (2005).
[22] M. De Laurentis, M. Paolella, and S. Capozziello, Phys.

Rev. D 91, 083531 (2015).
[23] M. De Laurentis, Mod. Phys. Lett. A 30, 1550069

(2015).
[24] A. V. Astashenok, S. Capozziello, and S. D. Odintsov,

J. Cosmol. Astropart. Phys. 01 (2015) 001.
[25] M. De Laurentis and A. J. Lopez-Revelles, Int. J. Geom.

Methods Mod. Phys. 11, 1450082 (2014).
[26] S. Nojiri and S. D. Odintsov, J. Phys. Conf. Ser. 66,

012005 (2007).
[27] S. Nojiri, S. D. Odintsov, and M. Sami, Phys. Rev. D 74,

046004 (2006).
[28] D. Bazeia, B. C. da Cunha, R. Menezes, and A. Y. Petrov,

Phys. Lett. B 649, 445 (2007).
[29] G. Cognola, E. Elizalde, S. Nojiri, S. Odintsov, and S.

Zerbini, Phys. Rev. D 75, 086002 (2007).
[30] B. Li, J. D. Barrow, and D. F. Mota, Phys. Rev. D 76,

044027 (2007).
[31] D. Bazeia, R. Menezes, and A. Y. Petrov, Eur. Phys. J. C

58, 171 (2008).

[32] N. Goheer, R. Goswami, P. K. S. Dunsby, and K. Ananda,
Phys. Rev. D 79, 121301 (2009).

[33] N. Goheer, R. Goswami, P. K. S. Dunsby, and K. Ananda,
Phys. Lett. B 679, 302 (2009).

[34] M. Mohseni, Phys. Lett. B 682, 89 (2009).
[35] H. M. Sadjadi, Europhys. Lett. 92, 50014 (2010).
[36] M. Alimohammadi and A. Ghalee, Phys. Rev. D 79,

063006 (2009).
[37] C. G. Boehmer and F. S. N. Lobo, Phys. Rev. D 79, 067504

(2009).
[38] K. Uddin, J. E. Lidsey, and R. Tavakol, Gen. Relativ.

Gravit. 41, 2725 (2009).
[39] S. Y. Zhou, E. J. Copeland, and P. M. Saffin, J. Cosmol.

Astropart. Phys. 07 (2009) 009.
[40] M. M. Ivanov and A. V. Toporensky, Gravitation Cosmol.

18, 43 (2012).
[41] S. Nojiri, S. D. Odintsov, A. Toporensky, and P. Tretyakov,

Gen. Relativ. Gravit. 42, 1997 (2010).
[42] A. Kumar Sanyal, C. Rubano, and E. Piedipalumbo, Gen.

Relativ. Gravit. 43, 2807 (2011).
[43] L. N. Granda, Mod. Phys. Lett. A 27, 1250018 (2012).
[44] L. N. Granda, Mod. Phys. Lett. A 28, 1350117 (2013).
[45] M. Benetti, S. Santos da Costa, S. Capozziello, J. S.

Alcaniz, and M. De Laurentis, Int. J. Mod. Phys. D 27,
1850084 (2018).

[46] S. Santos Da Costa, F. V. Roig, J. S. Alcaniz, S.
Capozziello, M. De Laurentis, and M. Benetti, Classical
Quantum Gravity 35, 075013 (2018).

[47] S. Nojiri and S. D. Odintsov, Phys. Rep. 505, 59 (2011).
[48] S. Nojiri, S. D. Odintsov, and V. K. Oikonomou, Phys.

Rep. 692, 1 (2017).
[49] S. Weinberg, Gravitation and Cosmology: Principles and

Applications of the General Theory of Relativity (Wiley,
New York, 1972), pp. 407–463.

[50] M. Visser Gen. Relativ. Gravit. 37, 1541 (2005).
[51] C. Cattoën and M. Visser, Classical Quantum Gravity 24,

5985 (2007).
[52] S. Capozziello, R. D’Agostino, and O. Luongo, Mon. Not.

R. Astron. Soc. 494, 2576 (2020).
[53] M. Benetti and S. Capozziello, J. Cosmol. Astropart. Phys.

12 (2019) 008.
[54] S. Capozziello, V. F. Cardone, and V. Salzano, Phys. Rev.

D 78, 063504 (2008).
[55] S. Capozziello, R. D’Agostino, and O. Luongo, Int. J.

Mod. Phys. D 28, 1930016 (2019).
[56] S. Capozziello, M. De Laurentis, and S. D. Odintsov, Mod.

Phys. Lett. A 29, 1450164 (2014).
[57] S. Capozziello, C. A. Mantica, and L. G. Molinari, Int. J.

Geom. Methods Mod. Phys. 16, 1950133 (2019).
[58] R. P. Woodard, Scholarpedia 10, 32243 (2015).
[59] A. De Felice and T. Suyama, J. Cosmol. Astropart. Phys.

06 (2009) 034.
[60] S. Nojiri, S. D. Odintsov, and V. K. Oikonomou, Phys.

Rev. D 99, 044050 (2019).
[61] S. Nojiri, S. D. Odintsov, and M. Sasaki, Phys. Rev. D 71,

123509 (2005).
[62] A. H. Chamseddine and V. Mukhanov, J. High Energy

Phys. 11 (2013) 135.
[63] S. Nojiri and S. D. Odintsov, Mod. Phys. Lett. A 29,

1450211 (2014).

TRACING THE COSMIC HISTORY BY GAUSS-BONNET … PHYS. REV. D 102, 063508 (2020)

063508-15

https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1088/1361-6633/aa8e64
https://doi.org/10.1088/1361-6633/aa997e
https://doi.org/10.1088/1361-6633/aa997e
https://doi.org/10.3390/universe1020123
https://doi.org/10.1002/andp.201200109
https://doi.org/10.1002/andp.201200109
https://doi.org/10.1103/PhysRevD.97.104067
https://doi.org/10.1103/PhysRevD.97.104067
https://doi.org/10.1103/PhysRevD.97.104068
https://doi.org/10.1103/PhysRevD.97.104068
https://doi.org/10.1140/epjc/s10052-018-6401-0
https://doi.org/10.1140/epjc/s10052-018-6401-0
https://doi.org/10.1103/RevModPhys.72.1149
https://doi.org/10.1016/j.physrep.2011.09.003
https://doi.org/10.1016/j.physrep.2011.09.003
https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1142/S0218271802002025
https://doi.org/10.1103/RevModPhys.82.451
https://doi.org/10.1103/RevModPhys.82.451
https://doi.org/10.1142/S0218271815410023
https://doi.org/10.1142/S0218271815410023
https://doi.org/10.1016/j.astropartphys.2010.08.001
https://doi.org/10.1140/epjc/s10052-020-8258-2
https://doi.org/10.1140/epjc/s10052-020-8258-2
https://doi.org/10.1140/epjc/s10052-016-4491-0
https://doi.org/10.1016/j.physletb.2005.10.010
https://doi.org/10.1103/PhysRevD.91.083531
https://doi.org/10.1103/PhysRevD.91.083531
https://doi.org/10.1142/S0217732315500698
https://doi.org/10.1142/S0217732315500698
https://doi.org/10.1088/1475-7516/2015/01/001
https://doi.org/10.1142/S0219887814500820
https://doi.org/10.1142/S0219887814500820
https://doi.org/10.1088/1742-6596/66/1/012005
https://doi.org/10.1088/1742-6596/66/1/012005
https://doi.org/10.1103/PhysRevD.74.046004
https://doi.org/10.1103/PhysRevD.74.046004
https://doi.org/10.1016/j.physletb.2007.04.040
https://doi.org/10.1103/PhysRevD.75.086002
https://doi.org/10.1103/PhysRevD.76.044027
https://doi.org/10.1103/PhysRevD.76.044027
https://doi.org/10.1140/epjc/s10052-008-0734-z
https://doi.org/10.1140/epjc/s10052-008-0734-z
https://doi.org/10.1103/PhysRevD.79.121301
https://doi.org/10.1016/j.physletb.2009.07.003
https://doi.org/10.1016/j.physletb.2009.10.089
https://doi.org/10.1209/0295-5075/92/50014
https://doi.org/10.1103/PhysRevD.79.063006
https://doi.org/10.1103/PhysRevD.79.063006
https://doi.org/10.1103/PhysRevD.79.067504
https://doi.org/10.1103/PhysRevD.79.067504
https://doi.org/10.1007/s10714-009-0803-0
https://doi.org/10.1007/s10714-009-0803-0
https://doi.org/10.1088/1475-7516/2009/07/009
https://doi.org/10.1088/1475-7516/2009/07/009
https://doi.org/10.1134/S0202289312010100
https://doi.org/10.1134/S0202289312010100
https://doi.org/10.1007/s10714-010-0977-5
https://doi.org/10.1007/s10714-011-1207-5
https://doi.org/10.1007/s10714-011-1207-5
https://doi.org/10.1142/S0217732312500186
https://doi.org/10.1142/S0217732313501174
https://doi.org/10.1142/S0218271818500840
https://doi.org/10.1142/S0218271818500840
https://doi.org/10.1088/1361-6382/aaad80
https://doi.org/10.1088/1361-6382/aaad80
https://doi.org/10.1016/j.physrep.2011.04.001
https://doi.org/10.1016/j.physrep.2017.06.001
https://doi.org/10.1016/j.physrep.2017.06.001
https://doi.org/10.1007/s10714-005-0134-8
https://doi.org/10.1088/0264-9381/24/23/018
https://doi.org/10.1088/0264-9381/24/23/018
https://doi.org/10.1093/mnras/staa871
https://doi.org/10.1093/mnras/staa871
https://doi.org/10.1088/1475-7516/2019/12/008
https://doi.org/10.1088/1475-7516/2019/12/008
https://doi.org/10.1103/PhysRevD.78.063504
https://doi.org/10.1103/PhysRevD.78.063504
https://doi.org/10.1142/S0218271819300167
https://doi.org/10.1142/S0218271819300167
https://doi.org/10.1142/S0217732314501648
https://doi.org/10.1142/S0217732314501648
https://doi.org/10.1142/S0219887819501330
https://doi.org/10.1142/S0219887819501330
https://doi.org/10.4249/scholarpedia.32243
https://doi.org/10.1088/1475-7516/2009/06/034
https://doi.org/10.1088/1475-7516/2009/06/034
https://doi.org/10.1103/PhysRevD.99.044050
https://doi.org/10.1103/PhysRevD.99.044050
https://doi.org/10.1103/PhysRevD.71.123509
https://doi.org/10.1103/PhysRevD.71.123509
https://doi.org/10.1007/JHEP11(2013)135
https://doi.org/10.1007/JHEP11(2013)135
https://doi.org/10.1142/S0217732314502113
https://doi.org/10.1142/S0217732314502113


[64] J. Dutta, W. Khyllep, E. N. Saridakis, N. Tamanini, and S.
Vagnozzi, J. Cosmol. Astropart. Phys. 02 (2018) 041.

[65] L. Sebastiani, S. Vagnozzi, and R. Myrzakulov, Adv. High
Energy Phys. 2017, 3156915 (2017).

[66] A. Vilenkin, Phys. Rev. D 32, 2511 (1985).
[67] V. Sahni, T. D. Saini, A. A. Starobinsky, and U. Alam,

J. Exp. Theor. Phys. Lett. 77, 201 (2003).
[68] U. Alam, V. Sahni, T. D. Saini, and A. Starobinsky, Mon.

Not. R. Astron. Soc. 344, 1057 (2003).
[69] T. Chiba and T. Nakamura, Prog. Theor. Phys. 100, 1077

(1998).
[70] S. Capozziello, R. Lazkoz, and V. Salzano, Phys. Rev. D

84, 124061 (2011).
[71] M. Demianski, E. Piedipalumbo, C. Rubano, and P.

Scudellaro, Mon. Not. R. Astron. Soc. 426, 1396 (2012).
[72] M. Demianski, E. Piedipalumbo, D. Sawant, and L. Amati,

Astron. Astrophys. 598, A113 (2017).
[73] E. Piedipalumbo, E. Della Moglie, and R. Cianci, Int. J.

Mod. Phys. D 24, 1550100 (2015).
[74] E. Piedipalumbo, E. Della Moglie, M. De Laurentis, and P.

Scudellaro, Mon. Not. R. Astron. Soc. 441, 3643 (2014).
[75] A. Aviles, C. Gruber, O. Luongo, and H. Quevedo, Phys.

Rev. D 86, 123516 (2012).
[76] R. Amanullah et al., Astron. Astrophys. 486, 375 (2008).
[77] H. Wei, J. Cosmol. Astropart. Phys. 08 (2010) 020.
[78] L. Amati, F. Frontera, and C. Guidorzi, Astron. Astrophys.

508, 173 (2009).
[79] L. Amati, F. Frontera, M. Tavani et al., Astron. Astrophys.

390, 81 (2002).
[80] L. Amati, C. Guidorzi, F. Frontera, M. Della Valle, F.

Finelli, R. Landi, and E. Montanari, Mon. Not. R. Astron.
Soc. 391, 577 (2008).

[81] E. Di Pietro and J. F. Claeskens, Mon. Not. R. Astron. Soc.
341, 1299 (2003).

[82] S. Nesseris and L. Perivolaropoulos, Phys. Rev. D 72,
123519 (2005).

[83] L. Perivolaropoulos, Phys. Rev. D 71, 063503 (2005).
[84] H. Wei, Phys. Lett. B 687, 286 (2010).
[85] R. Jimenez and A. Loeb, Astrophys. J. 573, 37 (2002).
[86] J. Simon, L. Verde, and R. Jimenez, Phys. Rev. D 71,

123001 (2005).
[87] D. Stern, R. Jimenez, L. Verde, S. A. Stanford, and M.

Kamionkowski, Astrophys. J. Suppl. Ser. 188, 280 (2010).

[88] C. Zhang, H. Zhang, S. Yuan, S. Liu, T. J. Zhang, and Y.-C.
Sun, Res. Astron. Astrophys. 14, 1221 (2014).

[89] M. Moresco, Mon. Not. R. Astron. Soc. 450, L16
(2015).

[90] M. Moresco, L. Verde, L. Pozzetti, R. Jimenez, and A.
Cimatti, J. Cosmol. Astropart. Phys. 07 (2012) 053.

[91] M. Moresco, A. Cimatti, R. Jimenez et al., J. Cosmol.
Astropart. Phys. 08 (2012) 006.

[92] M. Moresco, L. Pozzetti, A. Cimatti, R. Jimenez, C.
Maraston, L. Verde, D. Thomas, A. Citro, R. Tojeiro,
and D. Wilkinson, J. Cosmol. Astropart. Phys. 05 (2016)
014.

[93] V. V. Luković, R. D’Agostino, and N. Vittorio, Astron.
Astrophys. 595, A109 (2016).

[94] F. Beutler, C. Blake, M. Colless, D. H. Jones, L. Staveley-
Smith, L. Campbell, Q. Parker, W. Saunders, and F.
Watson, Mon. Not. R. Astron. Soc. 416, 3017 (2011).

[95] A. J. Ross, L. Samushia, C. Howlett, W. J. Percival, A.
Burden, and M. Manera Mon. Not. R. Astron. Soc. 449,
835 (2015).

[96] L. Anderson, E. Aubourg, S. Bailey et al., Mon. Not. R.
Astron. Soc. 441, 24 (2014).

[97] T. Delubac, J. E. Bautista, N. G. Busca et al., Astron.
Astrophys. 574, A59 (2015).

[98] A. Font-Ribera, D. Kirkby, N. Busca et al., J. Cosmol.
Astropart. Phys. 05 (2014) 027.

[99] D. J. Eisenstein, I. Zehavi, D. W. Hogg et al., Astrophys. J.
633, 560 (2005).

[100] Planck Collaboration et al., arXiv:1807.06209.
[101] W. K. Hastings, Biometrika 57, 97 (1970).
[102] N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth,

A. H. Teller, and E. Teller, J. Chem. Phys. 21, 1087
(1953).

[103] A. Gelman, G. O. Roberts, and W. R. Gilks, Bayesian Stat.
5, 599 (1996), https://ci.nii.ac.jp/naid/10010345459/.

[104] G. O. Roberts, A. Gelman, and W. R. Gilks, Ann. Appl.
Probab. 7, 110 (1997).

[105] A. Gelman and D. B. Rubin, Stat. Sci. 7, 457 (1992).
[106] A. Aviles, A. Bravetti, S. Capozziello, and O. Luongo,

Phys. Rev. D 87, 044012 (2013).
[107] L. Amendola, S. Capozziello, M. Litterio, and F.

Occhionero, Phys. Rev. D 45, 417 (1992).

DE MARTINO, DE LAURENTIS, and CAPOZZIELLO PHYS. REV. D 102, 063508 (2020)

063508-16

https://doi.org/10.1088/1475-7516/2018/02/041
https://doi.org/10.1155/2017/3156915
https://doi.org/10.1155/2017/3156915
https://doi.org/10.1103/PhysRevD.32.2511
https://doi.org/10.1134/1.1574831
https://doi.org/10.1046/j.1365-8711.2003.06871.x
https://doi.org/10.1046/j.1365-8711.2003.06871.x
https://doi.org/10.1143/PTP.100.1077
https://doi.org/10.1143/PTP.100.1077
https://doi.org/10.1103/PhysRevD.84.124061
https://doi.org/10.1103/PhysRevD.84.124061
https://doi.org/10.1111/j.1365-2966.2012.21568.x
https://doi.org/10.1051/0004-6361/201628911
https://doi.org/10.1142/S021827181550100X
https://doi.org/10.1142/S021827181550100X
https://doi.org/10.1093/mnras/stu790
https://doi.org/10.1103/PhysRevD.86.123516
https://doi.org/10.1103/PhysRevD.86.123516
https://doi.org/10.1051/0004-6361:20079070
https://doi.org/10.1088/1475-7516/2010/08/020
https://doi.org/10.1051/0004-6361/200912788
https://doi.org/10.1051/0004-6361/200912788
https://doi.org/10.1051/0004-6361:20020722
https://doi.org/10.1051/0004-6361:20020722
https://doi.org/10.1111/j.1365-2966.2008.13943.x
https://doi.org/10.1111/j.1365-2966.2008.13943.x
https://doi.org/10.1046/j.1365-8711.2003.06508.x
https://doi.org/10.1046/j.1365-8711.2003.06508.x
https://doi.org/10.1103/PhysRevD.72.123519
https://doi.org/10.1103/PhysRevD.72.123519
https://doi.org/10.1103/PhysRevD.71.063503
https://doi.org/10.1016/j.physletb.2010.03.015
https://doi.org/10.1086/340549
https://doi.org/10.1103/PhysRevD.71.123001
https://doi.org/10.1103/PhysRevD.71.123001
https://doi.org/10.1088/0067-0049/188/1/280
https://doi.org/10.1088/1674-4527/14/10/002
https://doi.org/10.1093/mnrasl/slv037
https://doi.org/10.1093/mnrasl/slv037
https://doi.org/10.1088/1475-7516/2012/07/053
https://doi.org/10.1088/1475-7516/2012/08/006
https://doi.org/10.1088/1475-7516/2012/08/006
https://doi.org/10.1088/1475-7516/2016/05/014
https://doi.org/10.1088/1475-7516/2016/05/014
https://doi.org/10.1051/0004-6361/201628217
https://doi.org/10.1051/0004-6361/201628217
https://doi.org/10.1111/j.1365-2966.2011.19250.x
https://doi.org/10.1093/mnras/stv154
https://doi.org/10.1093/mnras/stv154
https://doi.org/10.1093/mnras/stu523
https://doi.org/10.1093/mnras/stu523
https://doi.org/10.1051/0004-6361/201423969
https://doi.org/10.1051/0004-6361/201423969
https://doi.org/10.1088/1475-7516/2014/05/027
https://doi.org/10.1088/1475-7516/2014/05/027
https://doi.org/10.1086/466512
https://doi.org/10.1086/466512
https://arXiv.org/abs/1807.06209
https://doi.org/10.1093/biomet/57.1.97
https://doi.org/10.1063/1.1699114
https://doi.org/10.1063/1.1699114
https://ci.nii.ac.jp/naid/10010345459/
https://ci.nii.ac.jp/naid/10010345459/
https://ci.nii.ac.jp/naid/10010345459/
https://ci.nii.ac.jp/naid/10010345459/
https://doi.org/10.1214/aoap/1034625254
https://doi.org/10.1214/aoap/1034625254
https://doi.org/10.1214/ss/1177011136
https://doi.org/10.1103/PhysRevD.87.044012
https://doi.org/10.1103/PhysRevD.45.417

