
 

Resonant contributions to three-body BðsÞ → ½Dð�Þ;D̄ð�Þ�K +K − decays
in the perturbative QCD approach
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In this work, we study the S, P, and D wave resonance contributions to three-body decays BðsÞ →
½Dð�Þ; D̄ð�Þ�KþK− by employing the perturbative QCD (PQCD) approach, where the kaon-kaon invariant
mass spectra are dominated by the f0ð980Þ, f0ð1370Þ, ϕð1020Þ, ϕð1680Þ, f2ð1270Þ, f02ð1525Þ, f2ð1750Þ,
and f2ð1950Þ resonances. The KK S-wave component f0ð980Þ is modeled with the Flatté formalism, while
other resonances are described by the relativistic Breit-Wigner line shape. The corresponding decay
channels are studied by constructing the kaon-kaon distribution amplitude ΦKK , which captures important
final state interactions between the kaon pair in the resonant region. We found that the PQCD predictions
for the branching ratios for most considered decays agree with currently available data within errors. The
associated polarization fractions of those vector-vector and vector-tensor decay modes are also predicted,
which are expected to be tested in the near future experiments. The invariant mass spectra for the
corresponding resonances in the BðsÞ → ½Dð�Þ; D̄ð�Þ�KþK− decays are well established, which can be
confronted with the precise data from the LHCb and Belle II experiments.

DOI: 10.1103/PhysRevD.102.056017

I. INTRODUCTION

Studies of nonleptonic B meson decays are crucial for
testing the standard model (SM), understanding the quan-
tum chromodynamics (QCD), and searching for the pos-
sible new physics beyond the SM. Testing the SM requires
first to measure its free parameters precisely and to
understand how to improve the precision of theoretical
calculations. Most of the free parameters of the SM are
related to flavor, such as the Cabibbo-Kobayashi-Maskawa

(CKM) angles α, β, and γ. The precise measurement of the
angle γ of the CKM unitarity triangle is a hot topic both in
flavor physics theories and experiments. An analysis of
the decays BðsÞ → D̄ð�Þ0ϕ opens possibilities to offer
competitive experimental precision on the angle γ [1–3].
Although the charmed decays BðsÞ → Dð�Þ0ϕ are CKM

suppressed compared with the BðsÞ → D̄ð�Þ0ϕ decays, they
are important in the CKM angle γ extraction method.
Therefore, a much deeper understanding of the related
phenomena is required.
On the experimental side, more and more detailed

analysis on the three-body B meson hadronic decays have
been performed by the BABAR [4–8], Belle [9–11], and
LHCb [12–19] collaborations based on the large data
sample. The decay B0

s → D̄0ϕ was first observed by the
LHCb Collaboration [14]. Meanwhile, a significant signal
Bþ → Dþ

s KþK− is observed for the first time by the LHCb
Collaboration [17] and a limit of BðBþ → Dþ

s ϕÞ < 4.9 ×
10−7ð4.2 × 10−7Þ is set on the branching fraction at 95%
(90%) confidence level (CL). In addition, the LHCb
Collaboration [18] reported their first measurement
BðB0

s → D̄�0ϕÞ ¼ ð3.7� 0.6Þ × 10−5 and gave an upper
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limit BðB0 → D̄0ϕÞ < 2.3 × 10−6 at 95% CL, where the ϕ
meson is reconstructed through its decay to a KþK− pair.
On the theoretical side, the two-body charmed decays

BðsÞ → ½Dð�Þ; D̄ð�Þ�½S; P; V; T� (here S, P, V, and T denote
the scalar, pseudoscalar, vector, and tensor mesons) have
been investigated within the framework of the PQCD
factorization approach [20–26]. The channels induced by
the b → c transitions are CKM favored, while those
induced by the b → u transitions are CKM suppressed.
Thus, the b → u decays will have smaller branching ratios.
The interference between the b → c and b → u transitions
gives the measurement of the CKM angle γ. As is well
known, the charmed decays of BðsÞ are more complicated
because of the hierarchy of the scale involved compared
with the decays of BðsÞ mesons to the light vector mesons.
For example, the B → D transitions involve three scales:
the Bmeson massmB, theDmeson massmD, and the mass
difference from the heavy meson and the heavy quark
Λ̄ ¼ mB −mb ∼mD −mc, which are strikingly different
from each other. Although, the factorization has been
proved in soft-collinear effective theory [27], it needs more
inputs than the PQCD approach. It can be found that the
momentum square of the hard gluon connecting the
spectator quark is only a factor of ð1 −m2

D=m
2
BÞ to that

of the B → light transitions for B → D transitions, which
ensures that PQCD can also work well in B → D tran-
sitions. There are also many other traditional methods and
approaches to estimate the B → D transitions, such as the
heavy quark effective theory [28,29], light cone sum rules
[30–32], and lattice QCD [33–35].
As addressed before, the B → DKK decay is expected to

proceed through a ϕ → KK intermediate state. Moreover,
this process can also be dominated by a series of other
resonances in S, P, andD waves. In this work, we will study
the S, P, and D wave resonance contributions to three-body
decays B → DKK by employing the PQCD approach,
where the kaon-kaon invariant mass spectra are dominated
by the f0ð980Þ, f0ð1370Þ, ϕð1020Þ, ϕð1680Þ, f2ð1270Þ,
f02ð1525Þ, f2ð1750Þ, and f2ð1950Þ resonances. However,
the theory of three-body nonleptonic decays is still in an
early stage of development. Three-body B meson decay
modes do receive the entangled resonant and nonresonant
contributions, as well as the possible final-state interactions
[36–38], whereas the relative strength of these contributions
varies significantly in different regions of the Dalitz plots
[39,40]. In this respect, three-body decays are considerably
more challenging than two-body decays, but provide a
number of theoretical and phenomenological advantages.
On the one hand, the number of different three-body final
states is about ten times larger than the number of two-body
decays. On the other hand, each final state has a nontrivial
kinematic multiplicity (a two-dimensional phase space) as
opposed to two-body decays where the kinematics is fixed
by the masses. This leads to a much richer phenomenology,
but there is no proof of factorization for the three-body B
decays at present. We can only restrict ourselves to specific
kinematical configurations on the basis of the Dalitz

plot analysis. The Dalitz plot contains different regions
with “specifical” kinematics [41,42]. The central region
corresponds to the case where all three final particles fly
apart with similar large energy and none of them moves
collinearly to any other. This situation contains two hard
gluons and is power and αs suppressed with respect to the
amplitude at the edge. The corners correspond to the case in
which one final particle is approximately at rest (i.e., soft),
and the other two are fast and back-to-back. The central part
of the edges corresponds to the case in which two particles
move collinearly and the other particle recoils back: this is
called the quasi-two-body decay. This situation exists
particularly in the low ππ or Kπ or KK invariant mass
region of the Dalitz plot. Thereby, it is reasonable to assume
the validity of factorization for the quasi-two-body B meson
decay. Naturally the dynamics associated with the pair of
final state mesons can be factorized into a two-meson
distribution amplitude (DA) Φh1h2 [43–49].
In recent years, based on the PQCD approach, more and

more detailed analysis on the three-body Bmeson hadronic
decays have been performed in the low energy resonances
on ππ, KK, Kπ, and πη channels [50–68]. Other theoretical
approaches for describing the three-body hadronic decays
of B mesons based on the symmetry principles and
factorization theorems have been developed. The QCD-
improved factorization [69–72] has been widely adopted in
the study of the three-body charmless hadronic B meson
decays [42,73–84]. The U-spin and flavor SUð3Þ sym-
metries were used in Refs. [85–90]. Unlike the collinear
factorization in the QCD factorization approach and soft-
collinear effective theory, the kT factorization is utilized in
the PQCD approach. In this approach, the transverse
momentum of valence quarks in the mesons is kept to
avoid the endpoint singularity [91,92]. The Sudakov factors
from the kT resummation have been included to suppress
the long-distance contributions from the large-b region
with b being a variable conjugate to kT . Therefore, one can
calculate the color-suppressed channels as well as the color-
allowed channels in charmed B decays within the PQCD
approach. The conventional noncalculable annihilation-
type decays are also calculable in the PQCD approach,
which is proved to be the dominant strong phase in B
decays for the direct CP asymmetry.
As aforementioned for the cases of the quasi-two-body

decays, the two mesons (h1h2) move collinearly fast, and
the bachelor meson h3 is also energetic and recoils against
the meson pair in the B meson rest frame in the quasi-two-
body B → ðh1h2Þh3 decays. The interaction between the
meson pair and the bachelor meson is regarded as to be
power suppressed. The typical PQCD factorization formula
for the B → ðh1h2Þh3 decay amplitude can be described as
the form of [50]

A ¼ ΦB ⊗ H ⊗ Φh1h2 ⊗ Φh3 ; ð1Þ

where H is the hard kernel, and ΦB and Φh3 are the
universal wave functions of the B meson and the bachelor
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meson, respectively. The hard kernel H describes the
dynamics of the strong and electroweak interactions
in three-body hadronic decays in a similar way as the
one for the corresponding two-body decays. The wave
functions ΦB and Φh3 absorb the nonperturbative dyna-
mics in the process. The Φh1h2 is the two-hadron (KK pair
in this work) DA, which involves the resonant and
nonresonant interactions between the two moving collinear
mesons.
The paper is organized as follows. In Sec. II, we give a

brief introduction for the theoretical framework and the
total decay amplitudes with the wilson coefficients and

CKM matrix elements, and the amplitudes of four-quark
operators needed in the calculation will be given in Sec. III.
Section IV contains the numerical values and some dis-
cussions. A brief summary is given in Sec. V. The
Appendix collects the explicit PQCD factorization formu-
las for all the decay amplitudes.

II. FRAMEWORK

A. The effective Hamiltonian and kinematics

For B → Dð�ÞðR →ÞKK decays, the weak effective
Hamiltonian can be specified as follows [93]:

Heff ¼
8<
:

GFffiffi
2

p V�
cbVuq½C1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞ�; for BðsÞ → D̄ð�ÞðR →ÞKK decays;

GFffiffi
2

p V�
ubVcq½C1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞ�; for BðsÞ → Dð�ÞðR →ÞKK decays;

ð2Þ

where VcbðqÞ and VubðqÞ are the CKM matrix elements and
R denotes the various partial wave resonances f0ð980Þ,
f0ð1370Þ, ϕð1020Þ, ϕð1680Þ, f2ð1270Þ, f02ð1525Þ,
f2ð1750Þ, and f2ð1950Þ, respectively.1 The explicit ex-
pressions of the local four-quark tree operators O1;2ðμÞ and
the corresponding Wilson coefficients C1;2ðμÞ can be found
in Ref. [93]. The q in Eq. (2) represents the quark d or s.
Noted that only tree diagrams contribute to these pro-
cesses, which shows that there is no direct CP asymmetry
in these decays. The typical Feynman diagrams for the
decays BðsÞ → D̄ð�ÞðR →ÞKK and BðsÞ → Dð�ÞðR →ÞKK
are shown in Figs. 1 and 2, respectively.
We will work in the B meson rest frame and employ

the light-cone coordinates for momentum variables. In the
light-cone coordinates, we let the kaon pair and the final-
state Dð�Þ move along the directions n ¼ ð1; 0; 0TÞ and
v ¼ ð0; 1; 0TÞ, respectively. The B meson momentum pB,
the total momentum of the kaon pair, p ¼ p1 þ p2, the
final-stateDð�Þ momentum p3, and the quark momentum ki
in each meson are defined in the following form:

pB ¼ mBffiffiffi
2

p ð1; 1; 0TÞ; kB ¼
�
0; xB

mBffiffiffi
2

p ;kBT

�
;

p ¼ mBffiffiffi
2

p ð1 − r2D; η; 0TÞ; k ¼
�
zð1 − r2DÞ

mBffiffiffi
2

p ; 0;kT

�
;

p3 ¼
mBffiffiffi
2

p ðr2D; 1 − η; 0TÞ; k3 ¼
�
0; x3ð1 − ηÞmBffiffiffi

2
p ;k3T

�
;

ð3Þ

where mB is the mass of the B meson, η ¼ ω2

m2
Bð1−r2DÞ

with

rD ¼ mDð�Þ=mB, mDð�Þ is the mass of the bachelor meson,

and the invariant mass squaredω2 ¼ ðp1 þ p2Þ2 ¼ p2. The
momentum fractions xB, z, and x3 run from zero to unity,
respectively. In the heavy quark limit, the mass difference Λ̄
between b-quark (c-quark) and BðDÞ meson is negligible.
As usual we also define the momentum p1 and p2 of

kaon pair as

p1 ¼ ðζpþ; ð1 − ζÞηpþ;p1TÞ;
p2 ¼ ðð1 − ζÞpþ; ζηpþ;p2TÞ; ð4Þ

with ζ ¼ pþ
1 =P

þ characterizing the distribution of the
longitudinal momentum of the kaon and p2

1T ¼ p2
2T ¼

ζð1 − ζÞω2.

B. Wave functions of B meson and the Dð�Þ mesons

The light-cone matrix element of the B meson can be
decomposed as [94]Z

d4zeik1·zh0jqβðzÞb̄αð0ÞjBðpBÞi

¼ iffiffiffiffiffiffiffiffi
2Nc

p
�
ð=pB þmBÞγ5

�
ϕBðk1Þ −

=n − =vffiffiffi
2

p ϕ̄Bðk1Þ
��

βα

;

ð5Þ

where q represents u or d or s quark. According to the
above equation, there are two different wave functions ϕB

and ϕ̄B in the Bmeson distribution amplitudes, which obey
the following normalization conditions:

Z
d4k1

ð2πÞ4 ϕBðk1Þ ¼
fB
2

ffiffiffi
6

p ;
Z

d4k1

ð2πÞ4 ϕ̄Bðk1Þ ¼ 0: ð6Þ

In general, one should consider these two Lorentz
structures in the calculations of B decays as shown in

1In the following, we also use the abbreviation f0, ϕ, and f2 to
denote the S, P, and D-wave resonances for simplicity.
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Ref. [95]. However, we neglect the contribution of ϕ̄B
because of the numerical suppression in this work.
Then, the wave function of the B meson can be written
as [94,96–101]

ΦB ¼ iffiffiffiffiffiffiffiffi
2Nc

p ð=pB þmBÞγ5ϕBðk1Þ; ð7Þ

with the widely used B-meson DA in the PQCD approach
[96,98]

ϕBðx; bÞ ¼ NBx2ð1 − xÞ2 exp
�
−
M2

Bx
2

2ω2
B

−
1

2
ðωBbÞ2

�
; ð8Þ

where the normalization factorNB depends on the values of
ωB and fB and defined through the normalization relationR
1
0 dxϕBðx; b ¼ 0Þ ¼ fB=ð2

ffiffiffi
6

p Þ. ωB is a free parameter
and ωB ¼ 0.40� 0.04 GeV and ωBs

¼ 0.50� 0.05 GeV

[96,100,101] are used in the numerical calculations. Very
recently, a new method was proposed to calculate the B
meson light-cone DA from lattice QCD, which can be used
as an updated input for the Bmeson DA in the future [102].
For the Dð�Þ meson, in the heavy quark limit, the two-

parton light-cone DA can be written as [20–25]

hDðp3ÞjqαðzÞc̄βð0Þj0i ¼
iffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dxeixp3·z

× ½γ5ð=p3 þmDÞϕDðx; bÞ�αβ; ð9Þ

hD�ðp3ÞjqαðzÞc̄βð0Þj0i ¼ −
1ffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dxeixp3·z

× ½=ϵLð=p3 þmD� ÞϕL
D� ðx; bÞ

þ =ϵTð=p3 þmD� ÞϕT
D� ðx; bÞ�αβ;

ð10Þ

(a1) (b1) (c1) (d1)

(e2) (f2) (g2) (h2)

FIG. 2. Typical leading-order Feynman diagrams for the quasi-two-body decays B → Dð�ÞðR →ÞKK, with q ¼ ðu; d; sÞ, and the
symbol • denotes the weak vertex with the diagrams (a1)–(d1) for the B → R → KK transition, as well as the diagrams (e2)–(h2) for
annihilation contributions.

(a1) (b1) (c1) (d1)

(e1) (f1) (g1) (h1)

FIG. 1. Typical leading-order Feynman diagrams for the quasi-two-body decays B → D̄ð�ÞðR →ÞKK, with q ¼ ðu; d; sÞ, and the
symbol • denotes the weak vertex with the diagrams (a1)–(d1) for the B → R → KK transition, as well as the diagrams (e1)–(h1) for
annihilation contributions.
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where

ϕDðx; bÞ ¼ ϕLðTÞ
D� ðx; bÞ ¼ 1

2
ffiffiffiffiffiffiffiffi
2Nc

p fDð�Þ6xð1 − xÞ

× ½1þ CDð1 − 2xÞ� exp
�
−ω2b2

2

�
; ð11Þ

with CD ¼ 0.5� 0.1;ω ¼ 0.1 GeV and fDþ ¼
211.9 MeV [103] for D meson. In the above models, x
is the momentum fraction of the light quark in theDmeson.
We determine the decay constant of the vector mesonD� by
using the relation fD� ¼

ffiffiffiffiffiffiffi
mD
mD�

q
fD based on the heavy quark

effective theory [104].

C. Two-kaon DAs

Below, we briefly introduce the S, P, and D-wave two-
kaon DAs and the corresponding timelike form factors used
in our framework. It will be shown that resonant contri-
butions through two-body channels can be included by
parametrizing the two-kaon DAs. The S-wave two-kaon
DAs are described in the following form [61]:

ΦI¼0
S ¼ 1ffiffiffiffiffiffiffiffi

2Nc
p ½=pϕ0

Sðz; ζ;ω2Þ þ ωϕs
Sðz; ζ;ω2Þ

þ ωð=n=v − 1Þϕt
Sðz; ζ;ω2Þ�: ð12Þ

In what follows the subscripts S, P, and D are always
associated with the corresponding partial waves.
The above various twists DAs have similar forms as the

corresponding twists for a scalar meson by replacing the
scalar decay constant with the scalar form factor [105]. For
the scalar resonances f0ð980Þ and f0ð1370Þ, the asymp-
totic forms of the individual DAs in Eq. (12) have been
parametrized as [43–46]

ϕ0
Sðz; ζ;ω2Þ ¼ 9FSðω2Þffiffiffiffiffiffiffiffi

2Nc
p aSzð1 − zÞð1 − 2zÞ; ð13Þ

ϕs
Sðz; ζ;ω2Þ ¼ FSðω2Þ

2
ffiffiffiffiffiffiffiffi
2Nc

p ; ð14Þ

ϕt
Sðz; ζ;ω2Þ ¼ FSðω2Þ

2
ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2zÞ; ð15Þ

with the timelike scalar form factor FSðω2Þ and the
Gegenbauer coefficient aS.
The P-wave two-pion DAs related to both longitudinal

and transverse polarizations have been studied in Ref. [106].
Naively, the P-wave two-kaon ones can be obtained by
replacing the pion vector form factors with the correspond-
ing kaon ones. The explicit expressions of the P-wave kaon-
kaon DAs associated with longitudinal (L) and transverse (T)
polarization are described as follows:

ΦL
P ¼ 1ffiffiffiffiffiffiffiffi

2Nc
p

�
=pϕ0

Pðz; ζ;ω2Þ þ ωϕs
Pðz; ζ;ω2Þ þ =p1=p2 − =p2=p1

ωð2ζ − 1Þ ϕt
Pðz; ζ;ω2Þ

�
; ð16Þ

ΦT
P ¼ 1ffiffiffiffiffiffiffiffi

2Nc
p

�
γ5=ϵT=pϕT

Pðz; ζ;ω2Þ þ ωγ5=ϵTϕa
Pðz; ζ;ω2Þ þ iω

ϵμνρσγμϵTνpρn−σ
p · n−

ϕv
Pðz; ζ;ω2Þ

�
: ð17Þ

The two-kaon DAs for various twists are expanded in terms of the Gegenbauer polynomials:

ϕ0
Pðz; ζ;ω2Þ ¼ 3Fk

Pðω2Þffiffiffiffiffiffiffiffi
2Nc

p zð1 − zÞ
�
1þ a02P

3

2
ð5ð1 − 2zÞ2 − 1Þ

�
P1ð2ζ − 1Þ; ð18Þ

ϕs
Pðz; ζ;ω2Þ ¼ 3F⊥

P ðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2zÞ½1þ as2Pð10z2 − 10zþ 1Þ�P1ð2ζ − 1Þ; ð19Þ

ϕt
Pðz; ζ;ω2Þ ¼ 3F⊥

P ðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2zÞ2
�
1þ at2P

3

2
ð5ð1 − 2zÞ2 − 1Þ

�
P1ð2ζ − 1Þ; ð20Þ

ϕT
Pðz; ζ;ω2Þ ¼ 3F⊥

P ðω2Þffiffiffiffiffiffiffiffi
2Nc

p zð1 − zÞ
�
1þ aT2P

3

2
ð5ð1 − 2zÞ2 − 1Þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζð1 − ζÞ

p
; ð21Þ

ϕa
Pðz; ζ;ω2Þ ¼ 3Fk

Pðω2Þ
4

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2zÞ½1þ aa2Pð10z2 − 10zþ 1Þ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζð1 − ζÞ

p
; ð22Þ

ϕv
Pðz; ζ;ω2Þ ¼ 3Fk

Pðω2Þ
8

ffiffiffiffiffiffiffiffi
2Nc

p f½1þ ð1 − 2zÞ2� þ av2P½3ð2z − 1Þ2 − 1�g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ζð1 − ζÞ

p
; ð23Þ
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with the two P-wave form factors Fk
Pðω2Þ and F⊥

P ðω2Þ and the Gegenbauer coefficients ai2P.
We introduce the D-wave two-kaon DAs associated with longitudinal and transverse polarizations as follows [61]:

ΦL
D ¼

ffiffiffi
2

3

r
1ffiffiffiffiffiffiffiffi
2Nc

p
�
=pϕ0

Dðz; ζ;ω2Þ þ ωϕs
Dðz; ζ;ω2Þ þ =p1=p2 − =p2=p1

ωð2ζ − 1Þ ϕt
Dðz; ζ;ω2Þ

�
; ð24Þ

ΦT
D ¼

ffiffiffi
1

2

r
1ffiffiffiffiffiffiffiffi
2Nc

p
�
γ5=ϵT=pϕT

Dðz; ζ;ω2Þ þ ωγ5=ϵTϕa
Dðz; ζ;ω2Þ þ iω

ϵμνρσγμϵTνpρn−σ
p · n−

ϕv
Dðz; ζ;ω2Þ

�
: ð25Þ

The D-wave DAs are given as

ϕ0
Dðz; ζ;ω2Þ ¼ 6Fk

Dðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p zð1 − zÞ½3a0Dð2z − 1Þ�P2ð2ζ − 1Þ; ð26Þ

ϕs
Dðz; ζ;ω2Þ ¼ −

9F⊥
Dðω2Þ

4
ffiffiffiffiffiffiffiffi
2Nc

p ½a0Dð1 − 6zþ 6z2Þ�P2ð2ζ − 1Þ; ð27Þ

ϕt
Dðz; ζ;ω2Þ ¼ 9F⊥

Dðω2Þ
4

ffiffiffiffiffiffiffiffi
2Nc

p ½a0Dð1 − 6zþ 6z2Þð2z − 1Þ�P2ð2ζ − 1Þ; ð28Þ

ϕT
Dðz; ζ;ω2Þ ¼ 6F⊥

Dðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p zð1 − zÞ½3aTDð2z − 1Þ�T ðζÞ; ð29Þ

ϕa
Dðz; ζ;ω2Þ ¼ 3Fk

Dðω2Þ
2

ffiffiffiffiffiffiffiffi
2Nc

p aTDð2z − 1Þ3T ðζÞ; ð30Þ

ϕv
Dðz; ζ;ω2Þ ¼ −

3Fk
Dðω2Þ

2
ffiffiffiffiffiffiffiffi
2Nc

p aTDð1 − 6zþ 6z2ÞT ðζÞ; ð31Þ

with the ζ-dependent factor P2ð2ζ − 1Þ ¼ 1–6ζð1 − ζÞ and
T ðζÞ ¼ ð2ζ − 1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ζð1 − ζÞp
. Fk;⊥

D ðω2Þ are the D-wave
timelike form factors and the Gegenbauer moments a0;TD
have been determined in our previous work [61].
The strong interactions between the resonance and the

final-state meson pair, including elastic rescattering of the
final-state meson pair, can be factorized into the timelike
form factor FS;P;Dðω2Þ, which is guaranteed by the Watson
theorem [107]. For a narrow resonance, we usually use the
relativistic Breit-Wigner (BW) line shape to parametrize the
timelike form factor Fðω2Þ. The explicit expression is [108]

Fðω2Þ ¼
X
i

cim2
i

m2
i − ω2 − imiΓiðω2Þ ; ð32Þ

where the corresponding weight coefficients ci are deter-
mined based on the normalization condition Fð0Þ ¼ 1. The
mi and Γi are the pole mass and width of the corresponding
resonances shown in Table I, respectively. The mass-
dependent width ΓiðωÞ is defined as

Γiðω2Þ ¼ Γi

�
mi

ω

��jp⃗1j
jp⃗0j

�ð2LRþ1Þ
: ð33Þ

The jp⃗1j is the momentum vector of the resonance decay
product measured in the resonance rest frame, while jp⃗0j is
the value of jp⃗1j at ω ¼ mi. The explicit expression of
kinematic variables jp⃗1j is

jp⃗1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðω2; m2

h1
; m2

h2
Þ

q
2ω

; ð34Þ

TABLE I. Parameters used to describe intermediate states in our
framework.

Resonance
Mass
[MeV]

Width
[MeV] JPC Model Source

f0ð980Þ 990 … 0þþ Flatté PDG [103]
f0ð1370Þ 1475 113 0þþ RBW LHCb [109]
ϕð1020Þ 1019 4.25 1−− RBW PDG [103]
ϕð1680Þ 1689 211 1−− RBW Belle [110]
f2ð1270Þ 1276 187 2þþ RBW PDG [103]
f02ð1525Þ 1525 73 2þþ RBW PDG [103]
f2ð1750Þ 1737 151 2þþ RBW Belle [111]
f2ð1950Þ 1980 297 2þþ RBW Belle [111]
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with the Källén function λða; b; cÞ ¼ a2 þ b2 þ c2 −
2ðabþ acþ bcÞ. LR is the orbital angular momentum
in the dikaon system and LR ¼ 0; 1; 2;… corresponds to
the S; P;D;… partial-wave resonances. Due to the limited
studies on the form factor F⊥ðω2Þ, we use the two decay

constants fðTÞi of the intermediate particle to estimate the
form factor ratio rT ¼ F⊥ðω2Þ=Fkðω2Þ ≈ ðfTi =fiÞ.
The BW formula does not work well for f0ð980Þ,

because its pole mass is close to the KK̄ threshold. The
resulting line shape above and below the threshold of the
intermediate particle is called Flatté parametrization [112].
If the coupling of a resonance to the channel opening
nearby is very strong, the Flatté parametrization shows a
scaling invariance and does not allow for an extraction of
individual partial decay widths. If the scalar resonance lies
under theKK̄ threshold, the position of the peak in the mass
spectrum does not coincide with the pole mass of the
resonance. To solve the problem, the finite width to the
propagator of scalar resonance has been taken into con-
sideration by Achasov [113–115], which is the one-loop
contribution to the self-energy of the scalar resonance from
the two-particle intermediate states. More details can be
found in Refs. [113–118]. In addition, the exponential
factor FKK ¼ e−αq

2
K with α ¼ ð2.0� 0.25Þ GeV−2 is intro-

duced above the KK̄ threshold and serves to reduce the ρKK
factor as the invariant mass increases, where qK is the koan
momentum in the kaon-kaon rest frame [119]. This para-
metrization decreases the f0ð980Þ width above KK̄ thresh-
old slightly. In this work, the invariant mass of the dikaon is
above theKþK− threshold; we have tested the impact of the
self-energy correction and found it is small. Thus, we
employ the modified Flatté model suggested by Bugg [119]
following the LHCb Collaboration [120,121],

Fðω2Þ ¼
m2

f0ð980Þ
m2

f0ð980Þ − ω2 − imf0ð980Þðgππρππ þ gKKρKKF2
KKÞ

:

ð35Þ

The coupling constants gππ ¼ 0.167 GeV and gKK ¼
3.47gππ [120,121] describe the f0ð980Þ decay into the
final states πþπ− and KþK−, respectively. The phase space
factors ρππ and ρKK read as [112,120,122]

ρππ ¼
2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π�

ω2

s
þ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π0

ω2

s
;

ρKK ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K�

ω2

s
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K0

ω2

s
: ð36Þ

D. The differential branching ratio

The double differential branching ratio can be obtained
as [103]

d2B
dζdω

¼ τBωjp⃗1jjp⃗3j
32π3m3

B
jAj2: ð37Þ

The three-momenta of the kaon and D meson in the KK
center-of-mass frame are given by

jp⃗1j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðω2; m2

K;m
2
KÞ

p
2ω

; jp⃗3j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðm2

B;m
2
D;ω

2Þ
p

2ω
:

ð38Þ
The complete amplitude A through intermediate resonan-
ces for the concerned decay channels can be written as the
summation of AS, AP, and AD:

A ¼ AS þAP þAD; ð39Þ

where AS, AP, and AD denote the corresponding three S,
P, and D wave decay amplitudes.
Due to the angular momentum conservation require-

ment, the vector mesons ϕ; D̄�; D� and tensor meson fð0Þ2 in
the quasi-two-body decays BðsÞ → ðD̄�; D�Þ½f0 →�KK and

BðsÞ → ðD̄;DÞ½ϕ; fð0Þ2 →�KK should be completely polar-

ized in the longitudinal direction. For BðsÞ → ðD̄�; D�Þ ×
½ϕ; fð0Þ2 →�KK decays, both the longitudinal polarization
and the transverse polarization contribute. The amplitudes
can be decomposed as follows:

APðDÞ ¼ AL þANϵT · ϵ3T þ iATϵαβρσnαþnβ−ϵ
ρ
Tϵ

σ
3T; ð40Þ

where AL is the longitudinally polarized decay amplitude,
and AN and AT are the transversely polarized contributions.

Therefore, the total decay amplitude for BðsÞ → ðD̄�; D�Þ ×
½ϕ; fð0Þ2 →�KK decays can be expressed as

jAPðDÞj2 ¼ jA0j2 þ jAkj2 þ jA⊥j2; ð41Þ

where A0, Ak, and A⊥ are defined as

A0 ¼ AL; Ak ¼
ffiffiffi
2

p
AN; A⊥ ¼

ffiffiffi
2

p
AT: ð42Þ

The polarization fractions fλ with λ ¼ 0, k, and ⊥ are
described as

fλ ¼
jAλj2

jA0j2 þ jAkj2 þ jA⊥j2
; ð43Þ

with the normalization relation f0 þ fk þ f⊥ ¼ 1.

III. CALCULATION OF DECAY AMPLITUDES
IN PQCD APPROACH

In this section, we intend to calculate the relevant decay
amplitudes. For the considered BðsÞ → D̄ð�ÞðR →ÞKK
decays, the analytic formulas for the corresponding decay
amplitudes are of the following form:
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(i) S-wave:

AðB0
s → D̄0ðf0 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

cbVus½a2FLL
ef0

þ C2MLL
ef0

�; ð44Þ

AðB0
s → D̄�0ðf0 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

cbVus½a2FLL
ef0

þ C2MLL
ef0

�: ð45Þ

(ii) P-wave:

AðB0
s → D̄0ðϕ →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

cbVus½a2FLL
eϕ þ C2MLL

eϕ �; ð46Þ

AiðB0
s → D̄�0ðϕ →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

cbVus½a2FLL
eϕ;i þ C2MLL

eϕ;i�: ð47Þ

(iii) D-wave:

AðB0 → D̄0ðfq2 →ÞKþK−Þ ¼ GFffiffiffi
2

p V�
cbVud½a2ðFLL

ef2
þ FLL

af2
Þ þ C2ðMLL

ef2
þMLL

af2
Þ�; ð48Þ

AðB0
s → D̄0ðfq2 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

cbVus½a2FLL
af2

þ C2MLL
af2

�; ð49Þ

AðB0
s → D̄0ðfs2 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

cbVus½a2FLL
ef2

þ C2MLL
ef2

�; ð50Þ

AiðB0 → D̄�0ðfq2 →ÞKþK−Þ ¼ GFffiffiffi
2

p V�
cbVud½a2ðFLL

ef2;i
þ FLL

af2;i
Þ þ C2ðMLL;i

ef2;i
þMLL;i

af2;i
Þ�; ð51Þ

AiðB0
s → D̄�0ðfq2 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

cbVus½a2FLLi
af2;i

þ C2MLL
af2;i

�; ð52Þ

AiðB0
s → D̄�0ðfs2 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

cbVus½a2FLL
ef2;i

þ C2MLL
ef2;i

�: ð53Þ

While for BðsÞ → Dð�ÞðR →ÞKK channels, the total decay amplitudes are written as
(i) S-wave:

AðB0
s → D0ðf0 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

ubVcs½a2FLL
ef0

þ C2MLL
ef0

�; ð54Þ

AðB0
s → D�0ðf0 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

ubVcs½a2FLL
ef0

þ C2MLL
ef0

�: ð55Þ

(ii) P-wave:

AðB0
s → D0ðϕ →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

ubVcs½a2FLL
eϕ þ C2MLL

eϕ �; ð56Þ

AiðB0
s → D�0ðϕ →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

ubVcs½a2FLL
eϕ;i þ C2MLL

eϕ;i�: ð57Þ
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(iii) D-wave:

AðBþ → Dþðfq2 →ÞKþK−Þ ¼ GFffiffiffi
2

p V�
ubVcd½a1ðFLL

ef2
þ FLL

aDÞ þ C1ðMLL
ef2

þMLL
aDÞ�; ð58Þ

AðB0 → D0ðfq2 →ÞKþK−Þ ¼ GFffiffiffi
2

p V�
ubVcd½a2ðFLL

ef2
þ FLL

aDÞ þ C2ðMLL
ef2

þMLL
aDÞ�; ð59Þ

AðB0
s → D0ðfq2 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

ubVcs½a2FLL
aD þ C2MLL

aD�; ð60Þ

AðB0
s → D0ðfs2 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

ubVcs½a2FLL
ef2

þ C2MLL
ef2

�; ð61Þ

AiðBþ → D�þðfq2 →ÞKþK−Þ ¼ GFffiffiffi
2

p V�
ubVcd½a1ðFLL

ef2;i
þ FLL

aD�;iÞ þ C1ðMLL
ef2;i

þMLL
aD�;iÞ�; ð62Þ

AiðB0 → D�0ðfq2 →ÞKþK−Þ ¼ GFffiffiffi
2

p V�
ubVcd½a2ðFLL

ef2;i
þ FLL

aD�;iÞ þ C2ðMLL
ef2;i

þMLL
aD�;iÞ�; ð63Þ

AiðB0
s → D�0ðfq2 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

ubVcs½a2FLL
aD�;i þ C2MLL

aD�;i�; ð64Þ

AiðB0
s → D�0ðfs2 →ÞKþK−Þ ¼ GFffiffiffi

2
p V�

ubVcs½a2FLL
ef2;i

þ C2MLL
ef2;i

�; ð65Þ

in which the combinations ai of the Wilson coefficients are defined as

a1 ¼ C2 þ
C1

3
; a2 ¼ C1 þ

C2

3
: ð66Þ

For BðsÞ → ðD̄�; D�Þ½ϕ; fð0Þ2 →�KK decays, the superscripts i ¼ L, N, T, represent longitudinal, parallel, and transverse
polarization contributions respectively. FLL

eðaÞ and MLL
eðaÞ describe the contributions from the factorizable emission

(annihilation) and nonfactorizable emission (annihilation) diagrams as show in Figs. 1 and 2. The explicit expressions
of the amplitudes FLL

eðaÞ and MLL
eðaÞ will be given in the Appendix.

IV. NUMERICAL RESULTS

In this section, let us first list the parameters used in our numerical calculations, such as the masses (in units of GeV)
[103]:

mB ¼ 5.280; mBs
¼ 5.367; mb ¼ 4.8; mc ¼ 1.275; mK� ¼ 0.494;

mD� ¼ 1.870; mD0=D̄0 ¼ 1.864; mD�� ¼ 2.010; mD�0=D̄�0 ¼ 2.007: ð67Þ

The values of the Wolfenstein parameters are adopted as given in Ref. [103]: A ¼ 0.836� 0.015, λ ¼ 0.22453� 0.00044,
ρ̄ ¼ 0.122þ0.018

−0.017 , η̄ ¼ 0.355þ0.012
−0.011 .

The decay constants (in units of GeV) and the B meson lifetimes (in units of ps) are chosen as [56,123,124]

fB ¼ 0.19� 0.02; fBs
¼ 0.23� 0.02; fϕð1020Þ ¼ 0.215; fTϕð1020Þ ¼ 0.186;

ff2ð1270Þ ¼ 0.102; fTf2ð1270Þ ¼ 0.117; ff0
2
ð1525Þ ¼ 0.126; fTf0

2
ð1525Þ ¼ 0.065;

τB0 ¼ 1.519; τB� ¼ 1.638; τBs
¼ 1.512: ð68Þ

The form factor ratio rT , the coefficients ci, and the Gegenbauer moments aS;P;D have adopted the same values as those
determined in Ref. [61],
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rTðϕð1020ÞÞ ¼ 0.865; rTðϕð1680ÞÞ ¼ 0.6; rTðf2ð1270ÞÞ ¼ 1.15;

rTðf02ð1525ÞÞ ¼ 0.52; rTðf2ð1750ÞÞ ¼ 0.3; rTðf2ð1950ÞÞ ¼ 1.5;

cf0ð1370Þ ¼ 0.12ei
π
2; cϕð1680Þ ¼ 0.6; cf0

2
ð1525Þ ¼ 1.2;

cf2ð1270Þ ¼ 0.1eiπ; cf2ð1750Þ ¼ 0.4eiπ; cf2ð1950Þ ¼ 0.3;

aS ¼ 0.80� 0.16; a0D ¼ 0.40� 0.08; aTD ¼ 0.90� 0.18;

a02P ¼ −0.50� 0.10; as2P ¼ −0.70� 0.14; at2P ¼ −0.30� 0.06;

aT2P ¼ −0.50� 0.10; aa2P ¼ 0.40� 0.08; av2P ¼ −0.60� 0.12: ð69Þ

By using the Eqs. (37)–(43), the decay amplitudes in
Sec. III and the Appendix and all the input quantities,
the resultant branching ratios B and the polarization
fractions fλ together with the available experimental
measurements for the considered quasi-two-body decays

BðsÞ → ½Dð�Þ; D̄ð�Þ�ðR →ÞKK are summarized in Tables II–
VI. In our numerical calculations for the branching ratios
and polarization fractions, the first theoretical uncertainty
results from the parameters of the wave functions of the
initial and final states, such as the shape parameter

TABLE II. PQCD results for the branching ratios of the S, P, and D wave resonance channels in the B0
ðsÞ →

D̄KþK− decay together with experimental data [103]. The theoretical errors are attributed to the variation of the
shape parameters ωBðsÞ ðCD̄Þ in the wave function of the BðsÞðD̄Þmeson and the decay constant fBðsÞ , the Gegenbauer
moments of two-kaon DAs, and the hard scale t and the QCD scale ΛQCD, respectively.

Decay modes Quasi-two-body Data [103]

B0
s → D̄0ðf0ð980Þ →ÞKþK− Bð10−6Þ 1.36þ0.61þ0.67þ0.79

−0.46−0.54−0.64 < 1.55
B0
s → D̄0ðf0ð1370Þ →ÞKþK− Bð10−7Þ 5.66þ2.68þ2.70þ3.18

−1.95−2.21−2.56 …

B0
s → D̄0ðϕð1020Þ →ÞKþK− Bð10−5Þ 1.21þ0.51þ0.23þ0.90

−0.41−0.30−0.54 1.50� 0.25
B0
s → D̄0ðϕð1680Þ →ÞKþK− Bð10−6Þ 1.35þ0.67þ0.24þ1.10

−0.48−0.23−0.72 …

B0
s → D̄0ðf2ð1270Þ →ÞKþK− Bð10−7Þ 1.87þ0.49þ0.79þ0.35

−0.47−0.69−0.62 …

B0
s → D̄0ðf02ð1525Þ →ÞKþK− Bð10−6Þ 3.56þ1.42þ1.57þ1.94

−1.12−1.28−1.62 …

B0
s → D̄0ðf2ð1750Þ →ÞKþK− Bð10−7Þ 2.76þ1.17þ1.22þ1.46

−0.90−0.99−1.18 …

B0
s → D̄0ðf2ð1950Þ →ÞKþK− Bð10−8Þ 7.02þ2.36þ3.10þ3.66

−2.01−2.52−3.91 …

B0 → D̄0ðf2ð1270Þ →ÞKþK− Bð10−6Þ 3.54þ1.60þ1.55þ1.20
−1.45−1.28−1.15 …

B0 → D̄0ðf02ð1525Þ →ÞKþK− Bð10−8Þ 5.86þ5.57þ3.97þ2.68
−1.53−1.49−1.90 …

TABLE III. PQCD results for the branching ratios of the S, P, and D wave resonance channels in the B0
ðsÞ →

D̄�KþK− decay together with experimental data [103]. The theoretical errors are attributed to the variation of the
shape parameters ωBðsÞ ðCD̄� Þ in the wave function of the BðsÞðD̄�Þ meson and the decay constant fBðsÞ , the
Gegenbauer moments of two-kaon DAs, and the hard scale t and the QCD scale ΛQCD, respectively.

Decay modes Quasi-two-body Data [103]

B0
s → D̄�0ðf0ð980Þ →ÞKþK− Bð10−6Þ 1.14þ0.52þ0.56þ0.66

−0.37−0.44−0.50 …

B0
s → D̄�0ðf0ð1370Þ →ÞKþK− Bð10−7Þ 4.66þ2.29þ2.23þ2.78

−1.55−1.82−2.09 …

B0
s → D̄�0ðϕð1020Þ →ÞKþK− Bð10−5Þ 1.76þ0.64þ0.22þ0.92

−0.51−0.18−0.70 1.85� 0.30
B0
s → D̄�0ðϕð1680Þ →ÞKþK− Bð10−6Þ 2.11þ0.90þ0.27þ0.98

−0.66−0.19−0.66 …

B0
s → D̄�0ðf2ð1270Þ →ÞKþK− Bð10−7Þ 2.45þ0.67þ0.95þ0.25

−0.56−0.78−0.31 …

B0
s → D̄�0ðf02ð1525Þ →ÞKþK− Bð10−6Þ 6.99þ2.91þ2.24þ1.77

−2.19−1.81−1.35 …

B0
s → D̄�0ðf2ð1750Þ →ÞKþK− Bð10−7Þ 6.25þ2.54þ2.04þ1.21

−1.98−1.66−0.99 …

B0
s → D̄�0ðf2ð1950Þ →ÞKþK− Bð10−7Þ 3.55þ1.22þ1.26þ1.10

−1.05−1.03−0.74 …

B0 → D̄�0ðf2ð1270Þ →ÞKþK− Bð10−5Þ 3.67þ1.21þ1.42þ0.66
−1.01−1.15−0.58 …

B0 → D̄�0ðf02ð1525Þ →ÞKþK− Bð10−7Þ 5.76þ1.81þ2.17þ0.84
−1.57−1.77−0.59 …
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ωB ¼ 0.40� 0.04 GeV or ωBs
¼ 0.50� 0.05 GeV and

CD ¼ 0.5� 0.1, and the decay constant fBðsÞ in a BðsÞ
meson wave function. The second one is due to the
Gegenbauer moments in DAs of a KK pair with different
intermediate resonances, which are supposed to be varied
with a 20% range for the error estimation. With the
improvements of the experiments and the deeper theoretical
developments, these kinds of uncertainties will be reduced.
The last one is caused by the variation of the hard scale t
from 0.75t to 1.25t (without changing 1=bi) and the QCD
scale ΛQCD ¼ 0.25� 0.05 GeV, which characterizes the
effect of the next-to-leading-order QCD contributions. The
possible errors due to the uncertainties of mc and CKM
matrix elements are very small and can be neglected safely.
Compared with BðsÞ → Dð�ÞR → Dð�ÞKK decays, the

BðsÞ → D̄ð�ÞR → D̄ð�ÞKK ones are enhanced by the
CKM matrix elements jVcb=Vubj2, especially for those
without a strange quark in the four-quark operators. So for
most of the BðsÞ → D̄ð�ÞR → D̄ð�ÞKK decays, the branching
ratios are at the order from 10−7 to 10−5; while for the
BðsÞ → Dð�ÞR → Dð�ÞKK decays, the branching ratios are
at the order from 10−9 to 10−7. The two-body branching
fraction BðB → Dð�ÞRÞ can be extracted from the corre-
sponding quasi-two-body decay modes in Tables II–V
under the narrow width approximation relation

BðB → Dð�ÞR → Dð�ÞKþK−Þ
¼ BðB → Dð�ÞRÞ · BðR → KþK−Þ: ð70Þ

By using the measured branching fractions Bðϕð1020Þ →
KþK−Þ ¼ 49.2%, Bðf2ð1270Þ → KþK−Þ ¼ 2.3% and

Bðf02ð1525Þ→ KþK−Þ ¼ 44.4% [103] as an input, we
can extract the branching ratios of two-body decays B →
Dð�Þϕð1020Þ, B → Dð�Þf2ð1270Þ, and B → Dð�Þf02ð1525Þ,
which agree with those from the two-body analyses based
on the PQCD approach [23–25] within errors. The tiny
differences between our predictions of the two-body
decays and previous results of Refs. [23–25] are mainly
due to the parametric origins and the power corrections
related to the ratio r2D ¼ m2

D=m
2
B. As we know, a significant

impact of nonfactorizable contribution is expected for a
color suppressed decay mode. Taking the decay channel
B0
s → D̄�0ðϕð1020Þ →ÞKþK− as an example, one can see

that the inclusion of the power correction r2D can suppress
the branching ratio efficiently, especially for the contribu-
tions of nonfactorizable emission diagrams as shown in
Table VII.
Now, we come to discuss the contributions of P-wave

resonances. It is obvious that the PQCD predictions of
the BðB0

s → D̄ð�Þ0ϕð1020Þ → D̄ð�Þ0KþK−Þ are consistent
well with the experimental data within errors. Taking the
B0
s → D̄0KþK− decay as an example, we can calculate

the total P-wave resonance contributions BðB0
s →

D̄0KþK−ÞP-wave¼1.32×10−5, which is nearly equal to
the sum of resonance contributions from ϕð1020Þ and
ϕð1680Þ. The main reason is that the interference between
the two P-wave resonant states ϕð1020Þ and ϕð1680Þ is
really small due to the rather narrow width of the former
ðΓϕð1020Þ ¼ 4.25 MeVÞ. Since the contribution from high
mass resonance is one order of magnitude smaller, the P-
wave resonance contribution is dominant by ϕð1020Þ.
From the numerical results given in Tables II and III, we

TABLE V. PQCD results for the branching ratios of the S, P,
and D wave resonance channels in the BðsÞ → D�KþK− decay.
The theoretical errors are attributed to the variation of the shape
parameters ωBðsÞ ðCD� Þ in the wave function of the BðsÞðD�Þ
meson and the decay constant fBðsÞ , the Gegenbauer moments of
two-kaon DAs, and the hard scale t and the QCD scale ΛQCD,
respectively.

Decay modes Quasi-two-body

B0
s → D�0ðf0ð980Þ →ÞKþK− Bð10−8Þ 9.67þ4.23þ3.21þ2.23

−3.40−2.81−3.17
B0
s → D�0ðf0ð1370Þ →ÞKþK− Bð10−8Þ 3.06þ1.13þ1.13þ0.46

−1.00−0.97−0.81
B0
s → D�0ðϕð1020Þ →ÞKþK− Bð10−7Þ 6.39þ1.73þ0.93þ0.07

−2.90−2.64−3.46
B0
s → D�0ðϕð1680Þ →ÞKþK− Bð10−8Þ 4.69þ2.83þ2.01þ1.18

−1.66−1.82−1.54
B0
s → D�0ðf2ð1270Þ →ÞKþK− Bð10−8Þ 3.12þ0.67þ1.18þ0.62

−0.64−0.96−0.89
B0
s → D�0ðf02ð1525Þ →ÞKþK− Bð10−7Þ 4.01þ1.61þ1.64þ0.79

−1.43−1.34−1.13
B0
s → D�0ðf2ð1750Þ →ÞKþK− Bð10−8Þ 2.22þ1.11þ0.93þ0.65

−0.80−0.77−0.66
B0
s → D�0ðf2ð1950Þ →ÞKþK− Bð10−8Þ 4.87þ1.93þ1.81þ0.61

−1.49−1.49−1.09
Bþ → D�þðf2ð1270Þ →ÞKþK− Bð10−7Þ 1.72þ0.47þ0.62þ0.18

−0.42−0.51−0.20
Bþ → D�þðf02ð1525Þ →ÞKþK− Bð10−9Þ 1.06þ0.24þ0.36þ0.10

−0.24−0.30−0.13
B0 → D�0ðf2ð1270Þ →ÞKþK− Bð10−8Þ 1.10þ0.36þ0.38þ0.17

−0.30−0.32−0.30
B0 → D�0ðf02ð1525Þ →ÞKþK− Bð10−11Þ 7.96þ2.41þ3.21þ1.12

−2.11−2.61−2.61

TABLE IV. PQCD results for the branching ratios of the S, P,
and D wave resonance channels in the BðsÞ → DKþK− decay.
The theoretical errors are attributed to the variation of the shape
parameters ωBðsÞ ðCDÞ in the wave function of BðsÞðDÞ meson and
the decay constant fBðsÞ , the Gegenbauer moments of two-kaon
DAs, and the hard scale t and the QCD scale ΛQCD, respectively.

Decay modes Quasi-two-body

B0
s → D0ðf0ð980Þ →ÞKþK− Bð10−7Þ 1.30þ0.62þ0.58þ0.31

−0.46−0.46−0.45
B0
s → D0ðf0ð1370Þ →ÞKþK− Bð10−8Þ 3.91þ1.54þ1.89þ0.48

−1.26−1.46−1.10
B0
s → D0ðϕð1020Þ →ÞKþK− Bð10−7Þ 9.65þ3.64þ4.05þ2.03

−3.69−4.23−3.88
B0
s → D0ðϕð1680Þ →ÞKþK− Bð10−8Þ 7.42þ4.32þ4.27þ2.49

−2.79−3.18−2.61
B0
s → D0ðf2ð1270Þ →ÞKþK− Bð10−8Þ 7.23þ1.90þ3.19þ1.09

−1.58−2.60−1.37
B0
s → D0ðf02ð1525Þ →ÞKþK− Bð10−7Þ 4.39þ2.04þ1.94þ1.17

−1.53−1.58−1.54
B0
s → D0ðf2ð1750Þ →ÞKþK− Bð10−8Þ 2.29þ2.12þ1.74þ1.47

−0.39−0.50−0.49
B0
s → D0ðf2ð1950Þ →ÞKþK− Bð10−8Þ 4.07þ1.63þ1.79þ0.60

−1.28−1.47−1.20
Bþ → Dþðf2ð1270Þ →ÞKþK− Bð10−7Þ 1.76þ0.44þ0.78þ0.10

−0.40−0.63−0.22
Bþ → Dþðf02ð1525Þ →ÞKþK− Bð10−9Þ 1.05þ0.25þ0.46þ0.02

−0.24−0.38−0.15
B0 → D0ðf2ð1270Þ →ÞKþK− Bð10−8Þ 1.66þ0.56þ0.73þ0.16

−0.45−0.60−0.28
B0 → D0ðf02ð1525Þ →ÞKþK− Bð10−10Þ 1.52þ0.48þ0.67þ0.16

−0.37−0.54−0.29
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obtain the relative ratio RðϕÞ between the branching ratio of
the B0

s meson into D̄�0 and D̄0 plus the resonance ϕ,

RPQCDðϕÞ ¼ BðB0
s → D̄�0ðϕ →ÞKþK−Þ

BðB0
s → D̄0ðϕ →ÞKþK−Þ ¼ 1.45þ1.28

−1.06 ;

ð71Þ
which is in agreement with the corresponding ratio of ϕ
reported by the LHCb measurement [18],

RexpðϕÞ ¼ BðB0
s → D̄�0ðϕ →ÞKþK−Þ

BðB0
s → D̄0ðϕ →ÞKþK−Þ

¼ 1.23� 0.20� 0.08; ð72Þ
where the first uncertainty is statistical and the second is
systematic.

Utilizing the PQCD prediction in Table II and BðB0
s →

D̄0K̄�0ÞÞ ¼ ð2.33þ1.18
−0.69Þ × 10−4 taken from our previous

work in Ref. [59] together with the two known branching
ratios Bðϕ → KþK−Þ ¼ ð49.2� 0.5Þ% and BðK�→KπÞ∼
100% [103], we expect that

RPQCD
ϕ=K̄�0 ¼ BðB0

s → D̄0ϕÞ
BðB0

s → D̄0K̄�0Þ ¼ 0.11þ0.09
−0.07 ; ð73Þ

which is a bit larger than the data measured by LHCb [14],

Rexp
ϕ=K̄�0 ¼ BðB0

s → D̄0ϕÞ
BðB0

s → D̄0K̄�0Þ
¼ 0.069� 0.013ðstatÞ � 0.007ðsystÞ: ð74Þ

TABLE VII. Branching fractions with (and without) the r2D-dependent terms in the B0
s → D̄�0ðϕð1020Þ →ÞKþK−

decays. FE and NFE represent the contributions from factorizable emission and nonfactorizable emission diagrams,
respectively.

FE B (in 10−7) NFE B (in 10−5) Total (in 10−5)

Modes BRL BRN BRT BRL BRN BRT Br

B0
s → D̄�0ðϕð1020Þ →ÞKþK− 0.26 1.32 0.04 1.35 0.66 0.24 2.26

B0
s → D̄�0ðϕð1020Þ →ÞKþK−ðr2DÞ 0.27 1.04 0.16 0.95 0.53 0.18 1.76

TABLE VI. PQCD results for the polarization fractions of the BðsÞ → ðD̄�; D�Þ½ϕ; fð0Þ2 →�KþK− decays together
with experimental data [103]. The theoretical errors are attributed to the variation of the shape parameters ωBðsÞ ðCD� Þ
in the wave function of the BðsÞðD�Þ meson and the decay constant fBðsÞ , the Gegenbauer moments of two-kaon
DAs, and the hard scale t and the QCD scale ΛQCD, respectively.

Decay modes f0ð%Þ fkð%Þ f⊥ð%Þ
B0
s → D̄�0ðϕð1020Þ →ÞKþK− 54.7þ1.4þ5.2þ12.7

−2.2−5.4−17.0 34.4þ1.6þ3.7þ13.6
−1.4−4.0−10.0 10.9þ0.6þ3.1þ3.5

−0.0−2.2−2.8
Data [103] 73� 15� 4 � � � � � �
B0
s → D̄�0ðϕð1680Þ →ÞKþK− 45.9þ1.7þ5.9þ14.1

−1.8−5.3−15.2 39.1þ1.6þ3.9þ13.0
−1.3−4.3−10.9 14.9þ0.3þ2.7þ2.8

−0.2−2.6−3.1
B0
s → D̄�0ðf2ð1270Þ →ÞKþK− 12.9þ1.9þ7.6þ0.9

−1.6−5.5−1.4 34.2þ0.6þ2.1þ1.5
−0.8−3.1−2.8 52.9þ1.2þ3.3þ2.0

−1.9−4.6−1.0
B0
s → D̄�0ðf02ð1525Þ →ÞKþK− 38.8þ1.9þ14.1þ11.8

−1.7−12.9−12.2 29.1þ0.8þ6.1þ6.6
−0.9−6.7−5.9 32.1þ0.9þ6.7þ5.7

−1.2−7.5−5.9
B0
s → D̄�0ðf2ð1750Þ →ÞKþK− 34.7þ1.5þ13.6þ10.7

−1.6−12.2−11.1 31.6þ0.8þ5.8þ5.8
−0.8−6.7−5.4 33.8þ0.7þ6.2þ5.2

−0.9−7.2−5.6
B0
s → D̄�0ðf2ð1950Þ →ÞKþK− 23.5þ2.7þ11.4þ14.0

−3.8−9.2−10.3 35.8þ1.5þ4.3þ5.5
−1.2−5.4−7.1 40.7þ2.3þ5.0þ4.8

−1.5−6.0−7.0
B0 → D̄�0ðf2ð1270Þ →ÞKþK− 13.4þ1.8þ7.6þ9.2

−1.7−5.7−7.5 37.8þ1.0þ2.5þ3.2
−1.0−3.3−3.9 48.8þ0.7þ3.3þ4.3

−0.8−4.3−5.3
B0 → D̄�0ðf02ð1525Þ →ÞKþK− 16.1þ2.2þ8.9þ8.4

−2.5−6.7−7.1 32.2þ1.1þ2.6þ3.1
−0.9−3.4−3.2 51.7þ1.4þ4.2þ4.1

−1.4−5.5−5.1

B0
s → D�0ðϕð1020Þ →ÞKþK− 79.6þ1.6þ5.2þ1.9

−2.8−12.6−6.2 13.5þ2.3þ8.1þ2.1
−3.1−3.6−3.2 6.9þ1.5þ4.9þ4.2

−0.0−2.2−0.0
B0
s → D�0ðϕð1680Þ →ÞKþK− 75.6þ1.8þ9.5þ1.9

−1.2−14.5−11.2 8.9þ0.6þ5.3þ8.2
−0.4−3.5−0.4 15.5þ0.8þ9.2þ3.0

−1.4−6.0−1.8
B0
s → D�0ðf2ð1270Þ →ÞKþK− 84.2þ0.2þ6.7þ1.8

−0.3−8.8−2.8 9.1þ0.2þ5.1þ1.4
−0.0−3.8−1.1 6.7þ0.1þ3.7þ1.5

−0.2−2.8−0.9
B0
s → D�0ðf02ð1525Þ →ÞKþK− 92.6þ0.7þ3.4þ2.5

−0.3−4.7−1.7 3.9þ0.2þ2.6þ0.8
−0.3−1.7−1.1 3.5þ0.3þ2.1þ0.7

−0.5−1.7−1.4
B0
s → D�0ðf2ð1750Þ →ÞKþK− 95.5þ0.8þ2.1þ1.5

−0.3−2.9−2.2 2.2þ0.3þ1.3þ2.3
−1.1−1.1−3.6 2.3þ0.3þ1.6þ0.9

−0.2−1.0−0.3
B0
s → D�0ðf2ð1950Þ →ÞKþK− 83.2þ0.6þ7.1þ3.6

−0.5−9.0−1.8 9.1þ0.6þ5.1þ0.9
−0.3−3.8−1.6 7.6þ0.1þ4.1þ0.8

−0.2−3.1−1.8
Bþ → D�þðf2ð1270Þ →ÞKþK− 79.3þ0.1þ8.3þ1.1

−0.1−10.7−0.6 11.9þ0.1þ6.2þ1.1
−0.1−4.8−1.0 8.8þ0.1þ4.6þ0.1

−0.0−3.5−0.7
Bþ → D�þðf02ð1525Þ →ÞKþK− 72.9þ2.3þ10.3þ1.0

−1.4−12.4−1.7 16.1þ1.0þ7.5þ1.5
−1.2−6.1−0.0 11.0þ0.4þ5.0þ1.4

−1.2−4.2−2.4
B0 → D�0ðf2ð1270Þ →ÞKþK− 75.4þ1.0þ9.5þ4.0

−0.7−11.8−1.2 14.2þ0.4þ6.8þ0.8
−0.2−5.5−2.0 10.4þ0.3þ5.0þ0.3

−0.8−4.0−2.0
B0 → D�0ðf02ð1525Þ →ÞKþK− 90.8þ0.7þ4.2þ3.6

−0.9−5.6−2.7 3.0þ0.5þ1.8þ1.5
−0.0−1.3−1.7 6.2þ0.6þ3.8þ1.2

−0.5−2.8−2.3
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Recalling that the theoretical errors are relatively large, one
still can count them as being consistent within one standard
deviation.
In contrast to the vector resonances, the identification of

the scalar mesons is a long-standing puzzle. Scalar reso-
nances are difficult to resolve because some of them have
large decay widths, which cause a strong overlap between
resonances and background. The prominent appearance of
the f0ð980Þ implies a dominant (s̄s) component in the
semileptonic Ds decays and decays of BðsÞ mesons. By
assuming the f0ð980Þ as a pure s̄s state, the authors studied
the Bs → J=ψf0ð980Þ by using the light-cone QCD sum
rule and factorization assumption in Ref. [125] and using
generalized factorization and SU(3) flavor symmetry in
Ref. [126]. In Ref. [127], the authors calculated the B̄s →
f0ð980Þ form factor from the light-cone sum rules with B-
meson DAs, and investigated the S-wave B̄s → KK form
factors to study the width effect, where the f0ð980Þ is
dominated by the s̄s configuration. Ratios of decay rates of
B and/or Bs mesons into J=ψ plus f0ð980Þ or f0ð500Þwere
proposed to allow for an extraction of the flavor mixing
angle and to probe the tetraquark nature of those mesons
within a certain model [128,129]. The phenomenological
fits of the LHCb Collaboration neither allow for a con-
tribution of the f0ð980Þ in the B → J=ψππ [121] nor an
f0ð500Þ in Bs → J=ψππ decays [120] by using the isobar
model. The authors conclude that their data is incompatible
with a model where f0ð980Þ is formed from two quarks and
two antiquarks (tetraquarks) at the eight standard deviation
level. In addition, they extract an upper limit for the mixing
angle of 17° at 90% confidence level between the f0ð980Þ
and the f0ð500Þ that would correspond to a substantial (s̄s)
content in f0ð980Þ [121]. However, a substantial f0ð980Þ
contribution is also found in the B-decays in a dispersive
analysis of the same data that allows for a model-inde-
pendent inclusion of the hadronic final state interactions in
Ref. [130], which puts into question the conclusions of
Ref. [121]. At this stage, the quark structure of scalar
particles are still quite controversial. As a first approxima-
tion, the S-wave timelike form factor FSðm2

KKÞ used to
parametrize the S-wave two-kaon distribution amplitude
has been determined in Ref. [61]. Therefore, we take into
account f0ð980Þ and f0ð1370Þ in the s̄s density operator.
For the S-wave resonances f0ð980Þ and f0ð1370Þ, first

we define the ratio between the f0ð980Þ → KþK− and
f0ð980Þ → πþπ−,

RK=π ¼
BðB0

s → D̄0f0ð980Þð→ KþK−ÞÞ
BðB0

s → D̄0f0ð980Þð→ πþπ−ÞÞ

≈
Bðf0ð980Þ → KþK−Þ
Bðf0ð980Þ → πþπ−Þ : ð75Þ

On the experimental side, BABARmeasured the ratio of the
partial decay width of f0ð980Þ → KþK− to f0ð980Þ →
πþπ− of Rexp

K=π ¼ 0.69� 0.32 using B → KKþK− and

B → Kπþπ− decays [131]. Meanwhile, BES performed a
partial wave analysis of χc0 → f0ð980Þf0ð980Þ →
πþπ−πþπ− and χc0 → f0ð980Þf0ð980Þ → πþπ−KþK− in
ψð2SÞ → γχc0 decay and extracted the ratio as Rexp

K=π ¼
0.25þ0.17

−0.11 [132,133]. Their average yielded Rexp
K=π ¼

0.35þ0.15
−0.14 [16]. Recently, the LHCb Collaboration [15]

reported a measurement, BðB0
s→D̄0f0ð980Þ→D̄0πþπ−Þ¼

ð1.7�1.1Þ×10−6; one can roughly infer the wide range of
BexpðB0

s → D̄0f0ð980Þ → D̄0KþK−Þ ¼ ð0.2 − 1.0Þ × 10−6

combining with the ratio Rexp
K=π. Our PQCD prediction

BðB0
s → D̄0f0ð980Þ → D̄0KþK−Þ ¼ ð1.36þ1.20

−0.96Þ × 10−6

lies above the range within errors, which also agrees with
the upper limit 1.55 × 10−6 given by PDG [103] as shown
in Table II. However, BES also measured RK=π ¼ 0.625�
0.21 by studying the decays J=ψ → ϕf0ð980Þ → ϕπþπ−
and J=ψ → ϕf0ð980Þ → ϕKþK− in Ref. [134]. It seems
that we hardly can reach a reliable and universal RK=π . It
should be stressed that there are large uncertainties in both
experimental measurements and the theoretical calcula-
tions, so the discrepancy between the data and the theo-
retical results could be clarified with the high precision
experimental data and the high precision of theoretical
calculations. Since the situation of the knowledge about the
f0ð1370Þ decaying into KK or ππ is rather unclear, no
evidence of the f0ð1370Þ resonance in the B → DKK
decay has been reported so far. Our predictions on the KK
channel involving the scalar resonances f0ð980Þ and
f0ð1370Þ in Tables II–V will be investigated at the ongoing
LHCb and Belle-II experiments in the future.
The branching ratios of the considered D-wave reso-

nances are also presented in Tables II–V. Belle [10]
provided a Dalitz plot analysis of B̄0 → D0πþπ− decays
and obtained the branching ratio of BðB̄0→D0f2Þ¼
ð1.20�0.18ðstatÞ�0.21ðsystÞÞ×10−4. Afterwards, LHCb
[16] analyzed the resonant substructures of B0 → D̄0πþπ−

decays and reported the branching ratio of BðB0 →
D̄0f2Þ ¼ ð1.68� 0.11ðstatÞ � 0.21ðsystÞÞ × 10−4ðIsobarÞ.
Their weighted average yielded BðB0 → D̄0f2Þ ¼ ð1.56�
0.21Þ × 10−4 [103]. For a more direct comparison, we can
extract out the branching fraction for the two-body decay
BðB0 → D̄0f2Þ ¼ ð1.54þ1.08

−0.97Þ × 10−4 through the narrow-
width approximation relation in Eq. (70), which agrees
with the above experimental results within uncertainties.
Furthermore, we have explicitly written the relative ratio of
BðB0

s → D̄0f2ð1270Þð→ KþK−ÞÞ compared to BðB0
s →

D̄0f2ð1270Þð→ πþπ−ÞÞ in the narrow width limit,

Rðf2Þ ¼
BðB0

s → D̄0f2ð1270Þð→ KþK−ÞÞ
BðB0

s → D̄0f2ð1270Þð→ πþπ−ÞÞ

≈
Bðf2ð1270Þ → KþK−Þ
Bðf2ð1270Þ → πþπ−Þ : ð76Þ
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Thereby, using the experimental data Bðf2ð1270Þ →
KþK−Þ ¼ 1

2
ð4.6Þ%, Bðf2ð1270Þ → πþπ−Þ ¼ 2

3
ð84.2Þ%

from PDG [103] and the measurements BðB0
s →

D̄0f2ð1270Þ→ D̄0πþπ−Þ ¼ ð6.8� 2.4Þ× 10−5 from Belle
[10] and BðB0

s → D̄0f2ð1270Þ → D̄0πþπ−Þ ¼ ð9.5�
1.3Þ × 10−5ðIsobarÞ from LHCb [16], the experimental
value of the B0

s → D̄0f2ð1270Þð→ KþK−Þ decay is esti-
mated to be

BðB0
s → D̄0ðf2ð1270Þ→ÞKþK−Þ ¼

�
2.7× 10−6; Belle;

3.8× 10−6; LHCb;

which is one order of magnitude larger than our prediction
BðB0

s → D̄0f2ð1270Þ → D̄0KþK−Þ ¼ 1.87 × 10−7 in its
central value. Since the property of the tensor resonance
is not well understood and the theoretical uncertainties are
relatively large, this issue needs to be further clarified in the
future.
From the numerical results given in Table II, we can

evaluate the relative branching ratios between two tensor
modes,

Rf2=f02
¼ BðB0

s → D̄0f2ð1270ÞÞ
BðB0

s → D̄0f02ð1525ÞÞ
¼ 0.05þ0.10

−0.03 ; ð77Þ

which can be tested by the forthcoming LHCb and Belle-II
experiments.
In Fig. 3, we show the ω dependence of the differential

decay rate dBðB0
s → D̄0KþK−Þ=dω after the inclusion of

the possible contributions from the resonant states f0ð980Þ
(the black solid curve), f0ð1370Þ (the red solid curve),
ϕð1020Þ (the orange dotted curve), ϕð1680Þ (the blue solid
curve), f2ð1270Þ (the cyan solid curve), f02ð1525Þ (the
magenta solid curve), f2ð1750Þ (the violet solid curve), and

f2ð1950Þ (the navy solid curve). To see clearly all the peaks
of the various resonances, we draw them both in Fig. 3(a)
with a linear scale and Fig. 3(b) with a logarithmic one. For
the considered decay mode B0

s → D̄0KþK−, the dynamical
limit on the value of invariant mass ω is ðmKþ þmK−Þ ≤
ω ≤ ðmB −mDÞ. It is clear that an appreciable peak arises
from the ϕð1020Þ resonance, followed by f02ð1525Þ.
Another three resonance peaks of f0ð980Þ, f0ð1370Þ,
and ϕð1680Þ have relatively smaller strength than the
f02ð1525Þ one, while their broader widths compensate
the integrated strength over the whole phase space.
Therefore, the branching ratios of the four components
are of a comparable size as predicted in our work. The
contribution of the tensor f2ð1270Þ is really small in the
B0
s → D̄0KþK− decay mode, since it decays predominantly

into ππ. Apart from the above obvious signal peak, there
are two visible structures at about 1750 and 1950 MeV in
Fig. 3(b). Obviously, the differential branching ratios of
these decays exhibit peaks at the pole mass of the resonant
states. Thus, the main portion of the branching ratio lies in
the region around the resonance as expected. For B0

s →
D̄0ϕ → D̄0KþK− decay, the central values of the branching
ratio B are 5.82 × 10−6 and 8.29 × 10−6 when the integra-
tion over ω is limited in the range of ω ¼ ½mϕ −
0.5Γϕ; mϕ þ 0.5Γϕ� or ω ¼ ½mϕ − Γϕ; mϕ þ Γϕ� respec-
tively, which amount to 48.1% and 68.5% of the total
branching ratio B ¼ 1.21 × 10−5 as listed in Table II.
The B → ðD̄�; D�Þ½ϕ; fð0Þ2 →�KþK− decays are vector-

vector (vector-tensor) modes and can proceed through
different polarization amplitudes. We display the polariza-
tion fractions associated with the available data in Table VI,
which have the same origin of theoretical uncertainties as
the branching ratios. It is easy to see that the fraction of the
longitudinal polarization can be generally reduced to about
∼50%, while the parallel and perpendicular ones are

(a) (b)

FIG. 3. (a) The mðKþK−Þ dependence of the differential decay rates dB=dω for the contributions from the resonances f0ð980Þ,
f0ð1370Þ, ϕð1020Þ, ϕð1680Þ, f2ð1270Þ, f02ð1525Þ, f2ð1750Þ, and f2ð1950Þ to B0

s → D̄0KþK− decay with a linear scale. (b) The same
curves are shown with a logarithmic scale.
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roughly equal. The results are quite different from the
expectation in the factorization assumption that the longi-
tudinal polarization should dominate based on the quark
helicity analysis [135,136]. For B0

s→D̄�0ðϕð1020Þ→Þ
KþK− decay, although the central value of f0 ≈ 55% is
a little smaller than the measured one fexp0 ¼ 73%, they are
consistent with each other due to the still large theoretical
and experimental uncertainties.
It is worthwhile to stress that the polarization fractions of

the color-suppressed decays B → D̄�ðf2 →ÞKK and B →
D�ðf2 →ÞKK are quite different from each other. For B →
D̄�ðf2 →ÞKK (b̄ → c̄ transition) decays, the percentage of
the transverse polarizations (fk þ f⊥) can be as large as
80%, while for B → D�ðf2 →ÞKK (b̄ → ū transition)
decays, the percentage of the transverse polarizations are
only at the range of 10% ∼ 20%. This situation can be
understood as the following reasons [25]: The D̄� meson in
B → D̄�ðf2 →ÞKK decays is longitudinal polarized since
the c̄ quark and the u quark in the D̄� meson produced
through the (V − A) current are right-handed and left-
handed, respectively. Because the c̄ quack is massive,
the helicity of the c̄ quark can flip easily from right handed
to left handed. Thus, the D̄� meson can be transversely
polarized with the polarization λ ¼ −1. The recoiled tensor
meson can also be transversely polarized with the polari-
zation λ ¼ −1 due to the contribution of orbital angular
momentum. Then the transverse polarized contribution in
B → D̄�ðf2 →ÞKK decays can be sizable. While for theD�
meson, the ū quark in theD� meson is right handed and the
c quark can flip from left handed to right handed, which
makes the D� meson transversely polarized with the
polarization λ ¼ þ1. In order to have the same polarization
with the D� meson, the recoiled transversely polarized
tensor meson needs contributions from both orbital angular
momentum and spin, so the situation is symmetric. But the
wave function of the tensor meson is asymmetric.
Therefore, the transversely polarized contribution in B →
D�ðf2 →ÞKK is suppressed on account of Bose statistics.
More precise measurements of such decay channels are
expected to help us to test and improve our theoretical
calculations.

V. CONCLUSION

In this work, we have performed a systematic analysis of
various partial wave resonant contributions to three-body
BðsÞ → ½Dð�Þ; D̄ð�Þ�KK decays in the PQCD approach. For
B0
s → ½Dð�Þ; D̄ð�Þ�KþK− decay modes, the dominant con-

tributions are expected to be from P-wave resonance
ϕð1020Þ and D-wave resonance f02ð1525Þ. Besides the
two prominent components mentioned above, some sig-
nificant resonant structures also exhibit in the KþK−

invariant mass spectrum, like f0ð980Þ, f0ð1370Þ, and
ϕð1680Þ. Such resonances have relatively smaller strength
than the f02ð1525Þ resonance, but their broader widths
compensate the integrated strength over the entire phase
space. Since ππ is the dominant decay mode of f2ð1270Þ,
the contribution of the tensor f2ð1270Þ is indeed small. The
whole pattern of BðsÞ → ½Dð�Þ; D̄ð�Þ�KK decays will be
confronted with the experimental data in the future.
Each partial wave contribution can be parametrized

into the corresponding timelike form factor, which con-
tains the final state interactions between the kaons in the
resonant regions. The Flatté model for the f0ð980Þ
resonance and the Breit-Wigner formulas for other
resonances have been adopted to parametrize the timelike
form factors FS;P;Dðω2Þ involved in the dikaon DAs.
Using the determined parameters of the two-kaon DAs in
our previous work, we have predicted the branching
ratios of BðsÞ → ½Dð�Þ; D̄ð�Þ�ðR →ÞKK decay channels. It
has been shown that our predictions of the branching
ratios for most of the considered decays are in good
agreement with the existing data within the errors. The
branching ratios of the two-body BðsÞ → ½Dð�Þ; D̄ð�Þ�R can
be extracted from the corresponding quasi-two-body
modes by employing the narrow width approximation.
Moreover, we calculated the polarization fractions of the
vector-vector and vector-tensor decay modes in detail.
For most of the considered channels, the transverse
polarization has been found to be of similar size as
the longitudinal one, which is quite different from the
general expectation in the factorization assumption. More
precise data from the LHCb Collaboration and the future
Belle II Collaboration will test our predictions.
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APPENDIX: DECAY AMPLITUDES

For BðsÞ → D̄ð�ÞðR →ÞKK decays (R denotes the various
partial wave resonances), the expressions of the individual
amplitudes FLL

eðaÞ and MLL
eðaÞ can be straightforwardly

obtained by evaluating the Feyman diagrams in Fig. 1.
Performing the standard PQCD calculations, one gets the
following expressions of the relevant amplitudes:
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(i) BðsÞ → D̄ðf0 →ÞKK

FLL
ef0

¼ 8πCFm4
BfDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η − ηr2D
p Z

1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð−2ηðzþ 1Þ þ 2zþ 1Þ þ ðη − 1Þðzþ 1ÞÞ

þ ηð1 − r2DÞððϕtðzÞ þ ϕsðzÞÞð1þ 2zðr2D − 1ÞÞðη − 1Þ þ r2DðϕtðzÞ − ϕsðzÞÞÞ
i

· EeðtaÞhaðxB; z; b; bBÞStðzÞ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ϕ0ðzÞðr2Dðη2 − xBÞ − ðη − 1ÞηÞ þ 2ϕsðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
· ðηþ r2Dð−2ηþ xB þ 1Þ − 1Þ

i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA1Þ

FLL
af0

¼ 8πCFm4
BfBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η − ηr2D
p Z

1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð2η − 2ðη − 1Þz − 1Þ þ ðη − 1Þðz − 1ÞÞ − 2η

× rDðr2D − 1Þ2zðϕtðzÞ − ϕsðzÞÞ þ 4ηrDðr2D − 1ÞϕsðzÞ
i
EaðteÞ

× heðz; x3; b; b3ÞStðzÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ϕ0ðzÞðηðη − ηr2D − 1Þ þ ðη − 1Þ2

× ðr2D − 1Þx3Þ þ 2rDϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðη − r2D − ηx3 þ x3 þ 1Þ

i
× EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA2Þ

MLL
ef0

¼ 32πCFm4
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6ðη − ηr2DÞ
p Z

1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞð−ηþ r2D þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðð1 − r2DÞððx3 þ xB − 1Þ − ðx3 þ zÞηÞ

þ ηð1 − 2r2DÞÞ þ ηð−r2D þ 1ÞðϕtðzÞððη − 1Þzð1 − r2DÞ − r2Dðð1 − ηÞx3
þ xBÞÞ þ ϕsðzÞðr2Dðx3 þ 2þ zÞ − zÞðη − 1Þ

i
EnðtcÞhcðxB; z; x3; bB; b3Þ

−
h
ϕ0ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ð−ηþ ð2η − 1Þr2D þ 1Þððr2D − 1Þzþ ðη − 1Þx3 þ xBÞ

þ ηð−r2D þ 1ÞððϕtðzÞ − ϕsðzÞÞr2Dððη − 1Þx3 þ xBÞ þ ðη − 1Þzðr2D − 1Þ
× ðϕtðzÞ þ ϕsðzÞÞÞ

i
EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA3Þ
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MLL
af0

¼ 32πCFm4
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6ðη − ηr2DÞ
p Z

1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dðηð−ηðx3 þ z − 2Þ þ x3 þ xBÞ − 1Þ þ ðη − 1Þðηðx3

þ z − 1Þ − x3 − xBÞÞ þ ηrDð1 − r2DÞððϕtðzÞ − ϕsðzÞÞðð1 − ηÞðx3 − 1Þ þ xBÞ
þ ðϕtðzÞ þ ϕsðzÞÞz − 4ϕsðzÞÞ

i
EnðtgÞhgðxB; z; x3; b; bBÞ

−
h
ϕ0ðzÞð−ηþ r2D − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dðηðx3 þ z − 2Þ − x3 þ xB − zþ 1Þ

þ ðη − 1Þð1 − zÞÞ þ ηrDð1 − r2DÞððϕtðzÞ − ϕsðzÞÞðr2D − 1Þðz − 1Þ þ ðϕtðzÞ
þ ϕsðzÞÞðη − 1Þx3 þ xB − ηÞ

i
EnðthÞhhðxB; z; x3; b; bBÞ

o
: ðA4Þ

(ii) BðsÞ → D̄�ðf0 →ÞKK

FLL
ef0

¼ −
8πCFm4

BfD�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðη − ηr2DÞð1 − ηÞ

p Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð1 − 2ðη − 1ÞzÞ þ ðη − 1Þðzþ 1ÞÞ

þ ηð−r2D þ 1ÞððϕsðzÞ þ ϕtðzÞÞð1þ 2zðr2D − 1ÞÞðη − 1Þ þ r2Dð−ϕtðzÞ þ ϕsðzÞÞÞ
i

· EeðtaÞhaðxB; z; b; bBÞStðzÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ϕ0ðzÞð−ðr2Dððη − 2Þηþ xBÞ − ðη − 1ÞηÞÞ

þ 2ϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ð−ηþ r2DðxB − 1Þ þ 1Þ

i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA5Þ

MLL
ef0

¼ 32πCFm4
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6ðη − ηr2DÞð1 − ηÞ
p Z

1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞðηþ r2D − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððηð1 − x3 − zÞ þ r2Dηðx3 þ z − 2Þ

þ ð1 − r2DÞðx3 þ xB − 1ÞÞ þ ηð−r2D þ 1ÞðϕsðzÞððη − 1Þzð1 − r2DÞ − r2Dðð1
− ηÞx3 þ xBÞÞ þ ϕtðzÞðr2Dðx3 þ 2þ zÞ − zÞðη − 1Þ

i
· EnðtcÞhcðxB; z; x3; bB; b3Þ

−
h
ϕ0ðzÞðηþ r2D − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððr2D − 1Þzþ ðη − 1Þx3 þ xBÞ

þ ηð−r2D þ 1ÞððϕtðzÞ − ϕsðzÞÞr2Dððη − 1Þx3 þ xBÞ þ ðϕtðzÞ
þ ϕsðzÞÞzð1 − ηÞðr2D − 1Þ

i
· EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA6Þ

FLL
af0

¼ −
8πCFm4

BfBffiffiffiffiffiffiffiffiffiffiffi
1 − η

p
Z

1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ϕ0ðzÞr2Dð−2ðη − 1Þz − 1Þ þ ðη − 1Þðz − 1Þ
i
· EaðteÞheðz; x3; b; b3ÞStðzÞ

þ
h
ðr2D − 1Þϕ0ðzÞ

h
ðη − 1Þ2x3 − ηðηþ r2D − 1Þ

i
− 2ðη − 1ÞrDϕsðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððr2D þ ðη − 1Þð1 − x3ÞÞ

i
· EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA7Þ
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MLL
af0

¼ 32πCFm4
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6ðη − ηr2DÞð1 − ηÞ
p Z

1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dððη − 2Þðx3ð1 − ηÞ þ xB − ηðz − 2Þ þ 1Þ

þ ðη − 1Þðηðx3 þ z − 1Þ − x3 − xBÞÞ þ ð1 − ηÞηrDð1 − r2DÞððϕtðzÞ − ϕsðzÞÞ
× ðð1 − x3Þðη − 1Þ þ xBÞ − zððϕtðzÞ þ ϕsðzÞÞ · EnðtgÞhgðxB; z; x3; b; bBÞ
þ
h
ϕ0ðzÞð−ηþ r2D − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dððη − 1Þðx3 − zÞxB − 1Þ

þ ðη − 1Þðz − 1ÞÞ þ ðη − 1ÞηrDð1 − r2DÞððϕtðzÞ − ϕsðzÞÞðr2D − 1Þðz − 1Þ
þ ððϕtðzÞ þ ϕsðzÞÞðηþ ð1 − ηÞx3 − xBÞÞÞ

i
· EnðthÞhhðxB; z; x3; b; bBÞ

o
; ðA8Þ

with the ratio rD ¼ mDð�Þ=mBðsÞ and the color factor CF ¼ 4=3. fDð�Þ (fB) is the decay constant of the

Dð�ÞðBðsÞÞ meson.
(iii) BðsÞ → D̄ðϕ →ÞKK

FLL
ef2

¼ 8πCFm4
BfDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η − ηr2D
p Z

1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð−2ηðzþ 1Þ þ 2zþ 1Þ þ ðη − 1Þðzþ 1ÞÞ

þ ηð−r2D þ 1ÞððϕtðzÞ þ ϕsðzÞÞð1þ 2zðr2D − 1ÞÞðη − 1Þ þ r2DðϕtðzÞ
− ϕsðzÞÞÞ

i
· EeðtaÞhaðxB; z; b; bBÞStðzÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ϕ0ðzÞðr2Dðη2 − xBÞ

− ðη − 1ÞηÞ þ 2ϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðηþ r2Dð−2ηþ xB þ 1Þ − 1Þ

i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA9Þ

MLL
ef2

¼ 32πCFm4
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6ðη − ηr2DÞ
p Z

1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞð−ηþ r2D þ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðð1 − r2DÞððx3 þ xB − 1Þ − ðx3 þ zÞηÞ

þ ηð1 − 2r2DÞÞ þ ηð−r2D þ 1ÞðϕtðzÞððη − 1Þzð1 − r2DÞ − r2Dðð1 − ηÞx3
þ xBÞÞ þ ϕsðzÞðr2Dðx3 þ 2þ zÞ − zÞðη − 1Þ

i
· EnðtcÞhcðxB; z; x3; bB; b3Þ

−
h
ϕ0ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ð−ηþ ð2η − 1Þr2D þ 1Þððr2D − 1Þzþ ðη − 1Þx3 þ xBÞ

þ ηð−r2D þ 1ÞððϕtðzÞ − ϕsðzÞÞr2Dððη − 1Þx3 þ xBÞ þ ðη − 1Þzðr2D − 1ÞðϕtðzÞ þ ϕsðzÞÞÞ
i

· EnðtdÞhdðxB; z; x3; bB; b3Þ
o
; ðA10Þ

FLL
af2

¼ 8πCFm4
BfBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η − ηr2D
p Z

1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð2η − 2ðη − 1Þz − 1Þ þ ðη − 1Þðz − 1ÞÞ − 2ηrDðr2D

− 1Þ2zðϕtðzÞ − ϕsðzÞÞ þ 4ηrDðr2D − 1ÞϕsðzÞ
i
· EaðteÞheðz; x3; b; b3ÞStðzÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ϕ0ðzÞðηðη − ηr2D − 1Þ þ ðη − 1Þ2ðr2D − 1Þx3Þ þ 2rDϕsðzÞ

× ðη − r2D − ηx3 þ x3 þ 1Þ
i
· EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA11Þ
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MLL
af2

¼ 32πCFm4
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6ðη − ηr2DÞ
p Z

1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dðηð−ηðx3 þ z − 2Þ þ x3 þ xBÞ − 1Þ þ ðη − 1Þðηðx3

þ z − 1Þ − x3 − xBÞÞ þ ηrDððϕtðzÞ − ϕsðzÞÞðð1 − ηÞðx3 − 1Þ þ xBÞ
þ ðϕtðzÞ þ ϕsðzÞÞz − 4ϕsðzÞÞ

i
EnðtgÞhgðxB; z; x3; b; bBÞ

−
h
ϕ0ðzÞð−ηþ r2D − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dðηðx3 þ z − 2Þ − x3 þ xB − zþ 1Þ

þ ðη − 1Þð1 − zÞÞ þ ηrDð1 − r2DÞððϕtðzÞ − ϕsðzÞÞðr2D − 1Þðz − 1Þ þ ðϕtðzÞ
þ ϕsðzÞÞðη − 1Þx3 þ xB − ηÞ

i
· EnðthÞhhðxB; z; x3; b; bBÞ

o
: ðA12Þ

(iv) BðsÞ → D̄�ðϕ →ÞKK
The formulas for the longitudinal component amplitudes AL are as follows:

FLL
aϕ;L ¼ −

8πCFm4
BfBffiffiffiffiffiffiffiffiffiffiffi

1 − η
p

Z
1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ϕ0ðzÞr2Dð−2ðη − 1Þz − 1Þ þ ðη − 1Þðz − 1Þ
i
· EaðteÞheðz; x3; b; b3ÞStðzÞ

þ
h
ðr2D − 1Þϕ0ðzÞððη − 1Þ2x3 − ηðηþ r2D − 1ÞÞ

− 2ðη − 1ÞrDϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððr2D þ ðη − 1Þð1 − x3ÞÞ

i
· EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA13Þ

FLL
eϕ;L ¼ −

8πCFm4
Bf

�
Dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðη − ηr2DÞð1 − ηÞ
p Z

1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð1 − 2ðη − 1ÞzÞ þ ðη − 1Þðzþ 1ÞÞ

þ ηð−r2D þ 1ÞððϕsðzÞ þ ϕtðzÞÞð1þ 2zðr2D − 1ÞÞðη − 1Þ þ r2Dð−ϕtðzÞ þ ϕsðzÞÞÞ
i

· EeðtaÞhaðxB; z; b; bBÞStðzÞ
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ϕ0ðzÞð−ðr2Dððη − 2Þηþ xBÞ − ðη − 1ÞηÞÞ

þ 2ϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ð−ηþ r2DðxB − 1Þ þ 1Þ

i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA14Þ

MLL
eϕ;L ¼ 32πCFm4

Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðη − ηr2DÞð1 − ηÞ

p Z
1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞðηþ r2D − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððηð1 − x3 − zÞ þ r2Dηðx3 þ z − 2Þ

þ ð1 − r2DÞðx3 þ xB − 1ÞÞ þ ηð−r2D þ 1ÞðϕsðzÞððη − 1Þzð1 − r2DÞ − r2Dðð1
− ηÞx3 þ xBÞÞ þ ϕtðzÞðr2Dðx3 þ 2þ zÞ − zÞðη − 1Þ

i
· EnðtcÞhcðxB; z; x3; bB; b3Þ

−
h
ϕ0ðzÞðηþ r2D − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððr2D − 1Þzþ ðη − 1Þx3 þ xBÞ

þ ηð−r2D þ 1ÞððϕtðzÞ − ϕsðzÞÞr2Dððη − 1Þx3 þ xBÞ þ ðϕtðzÞ
þ ϕsðzÞÞzð1 − ηÞðr2D − 1Þ

i
· EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA15Þ
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MLL
aϕ;L ¼ 32πCFm4

Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðη − ηr2DÞð1 − ηÞ

p Z
1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
r2Dððη − 2Þðx3ð1 − ηÞ þ xB − ηðz − 2Þ þ 1Þ

þ ðη − 1Þðηðx3 þ z − 1Þ − x3 − xBÞÞ þ ð1 − ηÞηrD
h
ðϕtðzÞ − ϕsðzÞÞ

h
ð1

− x3Þðη − 1Þ þ xB
i
− zðϕtðzÞ − ϕsðzÞÞ

iii
· EnðtgÞhgðxB; z; x3; b; bBÞ

þ
h
ϕ0ðzÞð−ηþ r2D − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dððη − 1Þðx3 − zÞxB − 1Þ

þ ðη − 1Þðz − 1ÞÞ þ ðη − 1ÞηrDð1 − r2DÞððϕtðzÞ − ϕsðzÞÞðr2D − 1Þðz − 1Þ
þ ððϕtðzÞ þ ϕsðzÞÞðηþ ð1 − ηÞx3 − xBÞÞÞ

i
· EnðthÞhhðxB; z; x3; b; bBÞ

o
: ðA16Þ

The transverse polarization amplitudes AN;T are of the following form:

FLL
eϕ;N ¼ −8πCFm4

BfD�rD

Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η − ηr2D

q
ðr2Dð−zÞ þ zþ 2ÞϕaðzÞ þ ϕTðzÞðηþ ðr2D − 1Þð2ηz − 1ÞÞ

þ ðr2D − 1Þz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕvðzÞ

i
· EeðtaÞhaðxB; z; b; bBÞStðzÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ϕaðzÞð−ηþ r2D þ xB − 1Þ þ ϕvðzÞðηþ r2D − xB − 1Þ

i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA17Þ

FLL
eϕ;T ¼ −8πCFm4

BfD�rD

Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

ð−r2D þ 1Þz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕaðzÞ þ ϕTðzÞðηþ ð2ηzþ 1Þðr2D − 1ÞÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð−zÞ þ zþ 2ÞϕvðzÞ

i
· EeðtaÞhaðxB; z; b; bBÞStðzÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ðϕaðzÞ þ ϕvðzÞÞð1 − r2DÞ þ ðϕvðzÞ − ϕaðzÞÞðη − xBÞ

i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA18Þ

MLL
eϕ;N ¼ 16

ffiffiffi
2

3

r
πCFm4

BrD

Z
1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕTðzÞðηþ r2Dηðx3 þ z − 2Þ þ ð1 − r2DÞðx3 þ xB − 1Þ þ ηð1 − x3 − zÞÞ
i

· EnðtcÞhcðxB; z; x3; bB; b3Þ
−
h
ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕaðzÞððr2D − 1Þzþ ðη − 1Þx3 þ xBÞ þ ðr2D − 1ÞϕTðzÞððη

− 1Þx3 þ xB − ηzÞÞ
i
· EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA19Þ
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MLL
eϕ;T ¼ 16

ffiffiffi
2

3

r
πCFm4

BrD

Z
1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

−ϕTðzÞððx3 þ xB − 1Þð1 − r2DÞ þ ηððr2D − 1Þðx3 − zÞ þ 1ÞÞ
i

· EnðtcÞhcðxB; z; x3; bB; b3Þ
−
h
−ððr2D − 1ÞϕTðzÞðηðx3 þ zÞ − x3 þ xBÞ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕvðzÞððr2D − 1Þ

× zþ ðη − 1Þx3 þ xBÞÞ
i
· EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA20Þ

FLL
aϕ;N ¼ 8πCFm4

BfBrD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q Z
1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ðr2D − 1ÞzðϕaðzÞ − ϕvðzÞÞ þ 2ϕaðzÞ
i
· EaðteÞheðz; x3; b; b3ÞStðzÞ

þ
h
ϕaðzÞðr2D þ ηðx3 − 1Þ − x3 − 1Þ − ϕvðzÞðr2D þ ð1 − ηÞðx3 − 1ÞÞ

i
· EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA21Þ

FLL
aϕ;T ¼ 8πCFm4

BfBrD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q Z
1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ðr2D − 1ÞzðϕaðzÞ − ϕvðzÞÞ − 2ϕvðzÞ
i
· EaðteÞheðz; x3; b; b3ÞStðzÞ

þ
h
ϕaðzÞðr2D þ ð1 − ηÞðx3 − 1Þ þ ϕvðzÞðη − r2D − ηx3 þ x3 þ 1ÞÞ

i
· EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA22Þ

MLL
aϕ;N ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

2rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕaðzÞ þ ϕTðzÞð−r2Dðð1 − ηÞðx3 þ zηÞ þ xB þ ðηÞ2 − 1Þ

− ðη − 1ÞηzÞ þ 2rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕvðzÞðr2Dðz − 1Þ

þ ηðx3 − 1Þ − x3 − xB − zþ 1Þ
i
· EnðtgÞhgðxB; z; x3; b; bBÞ

þ
h
ðr2D − 1ÞϕTðzÞðr2Dðηðx3 − 1Þ − x3 þ xBÞ þ ηð1 − ηÞðz − 1Þ

þ 2rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕvðzÞððr2D − 1Þðz − 1Þ þ ηðx3 − 1Þ − x3 þ xBÞÞ

i
· EnðthÞhhðxB; z; x3; b; bBÞ

o
; ðA23Þ

MLL
aϕ;T ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕTðzÞð−ðr2DðxB þ ðη − 1Þððηðz − 1Þ þ 1 − x3ÞÞ − ðη − 1ÞηzÞÞ

− 2rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕvðzÞðηþ r2Dðz − 1Þ − ηx3 þ x3 þ xB − zþ 3Þ

i
· EnðtgÞhgðxB; z; x3; b; bBÞ

þ
h
ðr2D − 1ÞϕTðzÞðr2Dðηðx3 − 1Þ − x3 þ xBÞ þ ðη − 1Þηðz − 1ÞÞ

þ 2rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕvðzÞðηþ r2Dðz − 1Þ − ηx3 þ x3 − xB − zþ 1Þ

i
· EnðthÞhhðxB; z; x3; b; bBÞ

o
: ðA24Þ
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For the decays involving Dð�Þ mesons, similarly, the corresponding decay amplitudes can be obtained by evaluating the
Feyman diagrams in Fig. 2.

(i) BðsÞ → Dðf0 →ÞKK

FLL
ef0

¼ 8πCFm4
BfD

Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ
nh

ϕ0ðzÞðr2Dð−2ηðzþ 1Þ þ 2zþ 1Þ þ ðη − 1Þðzþ 1ÞÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððϕtðzÞ þ ϕsðzÞÞðη − 1Þð1þ 2zðr2D − 1ÞÞ þ r2DðϕtðzÞ

− ϕsðzÞÞÞ
i
· EeðtaÞhaðxB; z; b; bBÞStðzÞ þ

h
ϕ0ðzÞðr2Dðη2 − xBÞ

− ðη − 1ÞηÞ þ 2ϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðηþ r2Dð−2ηþ xB þ 1Þ − 1Þ

i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
;

ðA25Þ

MLL
ef0

¼ 32πCFm4
Bffiffiffi

6
p

Z
1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞðð1 − ηÞx3ðηðr2D − 1Þ þ 1Þ − ηðr2D − 1Þðzð−ηþ r2D þ 1Þ

þ xBÞ − xBÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dððη − 1Þx3 þ xBÞðϕsðzÞ þ ϕtðzÞÞ

− ðη − 1Þzðr2D − 1ÞðϕsðzÞ − ϕtðzÞÞÞ
i
· EnðtcÞhcðxB; z; x3; bB; b3Þ

þ
h
ϕ0ðzÞð−ηþ ð2η − 1Þr2D þ 1Þðηþ r2Dðz − 1Þ − ηx3 þ x3 þ xB − z − 1Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2DðϕtðzÞ þ ϕsðzÞÞðð−ηx3 þ x3 þ xBÞ − 2ϕsðzÞðη − 1ÞÞ

þ ðr2D − 1Þðη − 1ÞzðϕtðzÞ − ϕsðzÞÞ
i
· EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA26Þ

FLL
aD ¼ −8πCFm4

BfB

Z
1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ
nh

ϕ0ðzÞðηðη − ηr2D − 1Þ þ ðη − 1Þ2ðr2D − 1Þx3Þ

þ 2rDϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ð−ηþ r2D þ ðη − 1Þx3 − 1Þ

i
· EaðteÞheðz; x3; b; b3ÞStðzÞ

−
h
ðη − 1Þϕ0ðzÞðr2Dðη − 2zþ 1Þ þ zÞ þ 2rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððϕtðzÞ þ ϕsðzÞÞðη − 1Þ þ zðϕtðzÞ

− ϕsðzÞÞÞ
i
· EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA27Þ

MLL
aD ¼ 32πCFm4

Bffiffiffi
6

p
Z

1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞðr2Dðð1 − η2Þx3 þ ðη − 1ÞxB þ ðη2 þ η − 2Þz − 1Þ

− ðη − 1Þððηþ 1ÞðxB þ zÞ − ηÞÞ − rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððϕtðzÞ þ ϕsðzÞÞðη

− 1Þx3 þ ðϕtðzÞ − ϕsðzÞÞðxB þ zÞ − 2ϕsðzÞÞ
i
· EnðtgÞhgðxB; z; x3; b; bBÞ

−
h
ϕ0ðzÞðηð−ηþ r2D þ 1Þð−ððr2D − 1Þzþ xBÞÞ − ðη − 1Þx3ðη

× ðr2D − 1Þ þ 1ÞÞ − rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððϕtðzÞ þ ϕsðzÞÞððr2D − 1Þzþ xBÞ

þ ðϕsðzÞ − ϕtðzÞÞðη − 1Þx3Þ
i
· EnðthÞhhðxB; z; x3; b; bBÞ

o
: ðA28Þ
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(ii) BðsÞ → D�ðf0 →ÞKK

FLL
ef0

¼ −
8πCFm4

BfD�ffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − ηÞp Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

ϕ0ðzÞðr2Dð1 − 2ðη − 1ÞzÞ þ ðη − 1Þðzþ 1ÞÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
× ððϕtðzÞ þ ϕsðzÞÞðη − 1Þð1þ 2zðr2D − 1ÞÞ þ r2DðϕsðzÞ
− ϕtðzÞÞÞ

i
· EeðtaÞhaðxB; z; b; bBÞStðzÞ −

h
ϕ0ðzÞð−ðr2Dððη − 2Þηþ xBÞ

− ðη − 1ÞηÞÞ þ 2ϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ð−ηþ r2DðxB − 1Þ þ 1Þ

i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA29Þ

MLL
ef0

¼ −
32πCFm4

Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ð1 − ηÞp Z

1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ðr2D − 1Þϕ0ðzÞðηþ r2D − 1Þððη − 1Þx3 þ xB − ηzÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððϕtðzÞ þ ϕsðzÞÞr2Dððη − 1Þx3 þ xBÞ

þ ðϕtðzÞ − ϕsðzÞÞð1 − r2DÞðη − 1ÞzÞ
i
· EnðtcÞhcðxB; z; x3; bB; b3Þ

þ
h
ϕ0ðzÞðηþ r2D − 1Þðηþ r2Dðz − 1Þ − ðη − 1Þx3

þ xB − z − 1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððϕtðzÞ þ ϕsðzÞÞððη − 1Þð1 − r2DÞz

þ ðϕtðzÞ − ϕsðzÞÞr2Dð−ðη − 1Þx3 þ xBÞ
þ 2r2DϕtðzÞðη − 1ÞÞ

i
· EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA30Þ

FLL
aD ¼ 8πCFm4

BfBffiffiffiffiffiffiffiffiffiffiffi
1 − η

p
Z

1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ðr2D − 1Þϕ0ðzÞððη − 1Þ2x3 − ηðηþ r2D − 1ÞÞ þ 2ðη − 1ÞrDϕsðzÞ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðηþ r2D − ηx3 þ x3 − 1Þ

i
· EaðteÞheðz; x3; b; b3ÞStðzÞ

þ ð1 − ηÞ
h
ϕ0ðzÞðz − r2Dðηþ 2z − 1ÞÞ

i
· EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA31Þ

MLL
aD ¼ −

32πCFm4
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6ð1 − ηÞp Z
1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞðr2Dðη2ðx3 þ zÞ − x3 þ ðη − 1ÞxB þ ðη − 2Þzþ 1Þ − ðη2 − 1Þ

× ðxB þ zÞ þ ηðη − 1ÞÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðη − 1Þð−rDÞððϕtðzÞ − ϕsðzÞÞð1

− ηÞx3 − 2ϕtðzÞ þ ðϕtðzÞ þ ϕsðzÞÞðxB þ zÞÞ
i
· EnðtgÞhgðxB; z; x3; b; bBÞ

þ
h
ϕ0ðzÞðηþ r2D − 1Þððη − 1Þðr2D − 1Þx3 − ηððr2D − 1Þzþ xBÞÞ

þ ðη − 1Þð−rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððϕtðzÞ − ϕsðzÞÞððr2D − 1Þzþ xBÞ þ ðϕtðzÞ

þ ϕsðzÞÞððη − 1Þx3ÞÞ
i
· EnðthÞhhðxB; z; x3; b; bBÞ

o
: ðA32Þ
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(iii) BðsÞ → Dðϕ →ÞKK

FLL
eϕ ¼ 8πCFm4

BfDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

p Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð−2ηðzþ 1Þ þ 2zþ 1Þ þ ðη − 1Þðzþ 1ÞÞ

þ ηð−ðr2D − 1ÞÞððϕtðzÞ þ ϕsðzÞÞðη − 1Þð1þ 2zðr2D − 1ÞÞ
þ r2DðϕtðzÞ − ϕsðzÞÞÞ

i
· EeðtaÞhaðxB; z; b; bBÞStðzÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
×
h
ϕ0ðzÞðr2Dðη2 − xBÞ − ðη − 1ÞηÞ þ 2ϕsðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðηþ r2Dð−2η

×þxB þ 1Þ − 1Þ
i
· EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA33Þ

MLL
eϕ ¼ 32πCFm4

Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðη − ηr2DÞ

p Z
1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
n
ðr2D − 1Þ

h
ϕ0ðzÞð−ð−ηþ r2D þ 1ÞÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððη − 1Þx3 þ xB − ηzÞ

þ ηðϕtðzÞ þ ϕsðzÞÞðr2Dððη − 1Þx3 þ xBÞÞ þ ðϕtðzÞ − ϕsðzÞÞ
× ðr2D − 1Þðη − 1Þz

i
· EnðtcÞhcðxB; z; x3; bB; b3Þ

−
h
ðϕ0ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ð−ηþ ð2η − 1Þr2D þ 1Þððη − 1Þð1 − x3Þ þ r2Dðz − 1Þ

þ xB − zÞ þ ηðr2D − 1ÞððϕtðzÞ þ ϕsðzÞÞðη − 1Þzð1 − r2DÞ
− ðϕtðzÞ − ϕsðzÞÞr2Dð−ηx3 þ x3 þ xBÞ þ 2r2DϕsðzÞðη − 1ÞÞ

i
· EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA34Þ

FLL
aD ¼ −

8πCFm4
BfBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η − ηr2D
p Z

1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðηðη − ηr2D − 1Þ

þ ðη − 1Þ2ðr2D − 1Þx3Þ − 2ηrDðr2D − 1ÞϕsðzÞð−ηþ r2D þ ðη − 1Þx3 − 1Þ
i
· EaðteÞheðz; x3; b; b3ÞStðzÞ

−
h
ðη − 1Þϕ0ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dðη − 2zþ 1Þ þ zÞ

þ 2ηrDðϕtðzÞ þ ϕsðzÞÞðη − 1Þ þ 2ηrDzðϕtðzÞ − ϕsðzÞÞ
i

· EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ
o
; ðA35Þ

MLL
aD ¼ 32πCFm4

Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðη − ηr2DÞ

p Z
1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dðη2ð−x3Þ þ x3 þ ðη − 1ÞxB þ ðη2 þ η − 2Þz − 1Þ

− ðη − 1ÞðηðxB þ z − 1Þ þ xB þ zÞÞ þ ηrDð−ðϕtðzÞ þ ϕsðzÞÞððη − 1Þx3Þ
þ ðϕsðzÞ − ϕtðzÞÞðxB þ zÞ þ 2ϕsðzÞ

i
· EnðtgÞhgðxB; z; x3; b; bBÞ

−
h
ϕ0ðzÞð−ηþ r2D þ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððη − 1Þðr2D − 1Þx3 − ηððr2D − 1Þzþ xBÞÞ

þ ηrðr2D − 1ÞððϕtðzÞ þ ϕsðzÞÞððr2D − 1Þzþ xBÞ þ ðη − 1Þx3 × ðϕsðzÞ − ϕtðzÞÞÞ
i

· EnðthÞhhðxB; z; x3; b; bBÞ
o
: ðA36Þ
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(iv) BðsÞ → D�ðϕ →ÞKK
The formulas for the longitudinal amplitudes AL are as follows:

FLL
ef2;L

¼ −
8πCFm4

BfD�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðη − ηr2DÞð1 − ηÞ

p Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dð1 − 2ðη − 1ÞzÞ þ ðη − 1Þðzþ 1ÞÞ þ ηð−ðr2D − 1ÞÞ

× ððϕtðzÞ þ ϕsðzÞÞðη − 1Þð1þ 2zðr2D − 1Þ þ r2DðϕsðzÞ − ϕtðzÞÞÞ
i

× EeðtaÞhaðxB; z; b; bBÞStðzÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ϕ0ðzÞð−ðr2Dððη − 2Þηþ xBÞ

− ðη − 1ÞηÞÞ þ 2ϕsðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ð−ηþ r2DðxB − 1Þ þ 1Þ

i
× EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA37Þ

FLL
aD;L ¼ 8πCFm4

BfBffiffiffiffiffiffiffiffiffiffiffi
1 − η

p
Z

1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ðr2D − 1Þϕ0ðzÞððη − 1Þ2x3 − ηðηþ r2D − 1ÞÞ þ 2ðη − 1ÞrDϕsðzÞ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðηþ r2D − ηx3 þ x3 − 1Þ

i
EaðteÞheðz; x3; b; b3ÞStðzÞ

þ ð1 − ηÞ
h
ϕ0ðzÞðz − r2Dðηþ 2z − 1ÞÞ

i
EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA38Þ

MLL
ef2;L

¼ −
32πCFm4

Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðη − ηr2DÞð1 − ηÞ

p Z
1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞðηþ r2D − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððη − 1Þx3 þ xB − ηzÞ

− ηððϕtðzÞ þ ϕsðzÞÞðr2Dððη − 1Þx3 þ xBÞÞ þ ðϕsðzÞ − ϕtðzÞÞ
× ðr2D − 1Þðη − 1ÞzÞ

i
EnðtcÞhcðxB; z; x3; bB; b3Þ

þ
h
ϕ0ðzÞðηþ r2D − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðηþ r2Dðz − 1Þ − ηx3 þ x3

þ xB − z − 1Þ þ ηðr2D − 1ÞððϕtðzÞ þ ϕsðzÞÞððη − 1Þr2Dz
− ðη − 1ÞzÞ − ðϕtðzÞ − ϕsðzÞÞr2Dð−ηx3 þ x3 þ xBÞ
− 2r2DϕtðzÞðη − 1ÞÞ

i
EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA39Þ

MLL
aD;L ¼ −

32πCFm4
Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6ðη − ηr2DÞð1 − ηÞ
p Z

1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕ0ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ðr2Dðη2ðx3 þ zÞ − x3 þ ðη − 1ÞxB þ ðη − 2Þzþ 1Þ

− ðη − 1ÞðηðxB þ z − 1Þ þ xB þ zÞÞ þ ðη − 1ÞηrDððϕtðzÞ þ ϕsðzÞÞð1
− ηÞx3 − 2ϕtðzÞ þ ðϕtðzÞ − ϕsðzÞÞðxB þ zÞÞ

i
EnðtgÞhgðxB; z; x3; b; bBÞ

þ
h
ϕ0ðzÞðηþ r2D − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððη − 1Þðr2D − 1Þx3 − ηððr2D − 1Þzþ xBÞÞ

þ ðη − 1Þηð−rDÞðr2D − 1ÞððϕtðzÞ þ ϕsðzÞÞððr2D − 1Þzþ xBÞ þ ðϕtðzÞ
− ϕsðzÞÞððη − 1Þx3ÞÞ

i
EnðthÞhhðxB; z; x3; b; bBÞ

o
: ðA40Þ

RESONANT CONTRIBUTIONS TO THREE-BODY B_(S) … PHYS. REV. D 102, 056017 (2020)

056017-25



The expressions of the transverse component AN;T are given by

FLL
ef2;N

¼ −8πCFm4
BfD�rD

Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

η − ηr2D

q
ðððr2D − 1ÞzÞðϕvðzÞ − ϕaðzÞÞ þ 2ϕaðzÞÞ

þ ϕTðzÞðηþ ðr2D − 1Þð2ηz − 1Þ
i
EeðtaÞhaðxB; z; b; bBÞStðzÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ðϕaðzÞ − ϕvðzÞÞð−ηþ xBÞ þ ðϕaðzÞ þ ϕvðzÞÞ

× ðr2D − 1Þ
i
EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA41Þ

FLL
ef2;T

¼ −8πCFm4
BfD�rD

Z
1

0

dxBdz
Z

1=Λ

0

bdbbBdbBϕBðxB; bBÞ

×
nh

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ððr2D − 1ÞzðϕaðzÞ − ϕvðzÞÞ þ 2ϕvðzÞÞ

þ ϕTðzÞðηþ ð2ηzþ 1Þðr2D − 1ÞÞ
i
EeðtaÞhaðxB; z; b; bBÞStðzÞ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q h
ðϕaðzÞ − ϕvðzÞÞð−ηþ xBÞ − ðϕvðzÞ þ ϕaðzÞÞ

× ðr2D − 1Þ
i
EeðtbÞhaðxB; z; bB; bÞStðjxB − ηjÞ

o
; ðA42Þ

MLL
ef2;N

¼ 16

ffiffiffi
2

3

r
πCFm4

BrD

Z
1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ðr2D − 1Þð−ηx3 þ x3 − xB þ ηzÞ
i
ϕvðzÞEnðtcÞhcðxB; z; x3; bB; b3Þ

−
h
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕaðzÞððη − 1Þð1 − x3Þ þ r2Dðz − 1Þ þ xB − zÞ

− ϕTðzÞðηþ r2Dðηðx3 þ z − 2Þ − x3 − xB þ 1Þ
− ηðx3 þ zÞ þ x3 þ xB − 1Þ

i
EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA43Þ

MLL
ef2;T

¼ 16

ffiffiffi
2

3

r
πCFm4

BrD

Z
1

0

dxBdzdx3

Z
1=Λ

0

b3db3bBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
n
ðr2D − 1Þ

h
ðη − 1Þx3 þ xB þ ηz

i
ϕvðzÞEnðtcÞhcðxB; z; x3; bB; b3Þ

þ
h
ϕTðzÞðηþ r2Dð−x3 − xB þ 1Þ þ ηðr2D − 1Þðx3 − zÞ þ x3 þ xB − 1Þ

− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕvðzÞððη − 1Þð1 − x3Þ þ r2Dðz − 1Þ þ xB − zÞ

i
× EnðtdÞhdðxB; z; x3; bB; b3Þ

o
; ðA44Þ

FLL
aD;N ¼ 8πCFm4

BfBrD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q Z
1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ðϕaðzÞ − ϕvðzÞÞðη − ηx3 þ x3Þ þ ðϕaðzÞ þ ϕvðzÞÞð−r2D þ 1Þ
i

× EaðteÞheðz; x3; b; b3ÞStðzÞ þ
h
ðϕaðzÞ þ ϕvðzÞÞðr2Dðz − 1Þ − zÞ

þ ðϕaðzÞ − ϕvðzÞÞðη − 1Þ
i
EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA45Þ
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FLL
aD;T ¼ 8πCFm4

BfBrD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q Z
1

0

dx3dz
Z

1=Λ

0

bdbb3db3ϕDðx3; b3Þ

×
nh

ðϕaðzÞ − ϕvðzÞÞð−ηþ ηx3 − x3ÞÞ þ ðϕaðzÞ þ ϕvðzÞÞð−r2D þ 1Þ
i

× EaðteÞheðz; x3; b; b3ÞStðzÞ þ
h
ðϕaðzÞ þ ϕvðzÞÞðr2Dðz − 1Þ − zÞ þ ðϕaðzÞ

− ϕvðzÞÞð−ηþ 1Þ
i
EaðtfÞhfðz; x3; b3; bÞStðjηðx3 − 1Þ − x3jÞ

o
; ðA46Þ

MLL
aD;N ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

2rDϕaðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
þ ϕTðzÞðr2Dð−ηðx3 þ zÞ þ x3 þ η2z − 1Þ

− ðη − 1ÞηðxB þ z − 1ÞÞ
i
EnðtgÞhgðxB; z; x3; b; bBÞ

þ
h
ϕTðzÞð−1þ ηÞð−ðr2D − 1Þr2Dx3 − ηððr2D − 1Þzþ xBÞÞ

i
× EnðthÞhhðxB; z; x3; b; bBÞ

o
; ðA47Þ

MLL
aD;T ¼ 16

ffiffiffi
2

3

r
πCFm4

B

Z
1

0

dxBdzdx3

Z
1=Λ

0

bdbbBdbBϕBðxB; bBÞϕDðx3; b3Þ

×
nh

ϕTðzÞðr2Dð−ðη − 1Þðx3 þ ηzÞ − 1Þ þ ðη − 1ÞηðxB þ z − 1ÞÞ

þ 2rD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η − ηr2D

q
ϕvðzÞ

i
EnðtgÞhgðxB; z; x3; b; bBÞ þ

h
ϕTðzÞð−1þ ηÞ

× ðr2Dðx3 þ ηzÞ − ηðz − xBÞÞ
i
EnðthÞhhðxB; z; x3; b; bBÞ

o
: ðA48Þ

For D-wave decay amplitude AD, its factorization formula can be related to AP by making the following replacement:

A0
D ¼

ffiffiffi
2

3

r
A0

Pjϕ0;s;t
P →ϕ0;s;t

D
; Ak;⊥

D ¼
ffiffiffi
1

2

r
Ak;⊥

P jϕT;v;a
P →ϕT;v;a

D
: ðA49Þ

The evolution factors EiðtÞði ¼ e; a; nÞ in the above equations are written in the form

EeðtÞ ¼ αsðtÞ exp
h
−SBðtÞ − SRðtÞ

i
; ðA50Þ

EaðtÞ ¼ αsðtÞ exp
h
−SDðtÞ − SRðtÞ

i
; ðA51Þ

EnðtÞ ¼ αsðtÞ exp
h
−SBðtÞ − SRðtÞ − SDðtÞ

i
; ðA52Þ

where Sudakov exponents SB;D;R are defined as

SB ¼ s

�
xB

mBffiffiffi
2

p ; bB

�
þ 5

3

Z
t

1=bB

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA53Þ

SR ¼ s

�
zð1 − r2DÞ

mBffiffiffi
2

p ; b

�
þ s

�
ð1 − zÞð1 − r2DÞ

mBffiffiffi
2

p ; b

�
þ 2

Z
t

1=b

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA54Þ
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SD ¼ s

�
x3ð1 − ηÞmBffiffiffi

2
p ; b3

�
þ 2

Z
t

1=b3

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA55Þ

with the quark anomalous dimension γq ¼ −αs=π. The explicit expressions of the functions ðsðxBmB=
ffiffiffi
2

p
; bBÞ � � �Þ can be

found in the Appendix of Ref. [23].
The threshold resummation factor StðxÞ is of the form

StðxÞ ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ
h
xð1 − xÞ

i
c
: ðA56Þ

The value of c is 0.3 in numerical calculations.
The hard functions hiði ¼ a − hÞ in the above amplitudes can be derived from the Fourier transform of a hard kernel:

hiðx1; x2ð; x3Þ; b1; b2Þ ¼ h1ðβ; b2Þ × h2ðα; b1; b2Þ; ðA57Þ

h1ðβ; b2Þ ¼
�
K0ð

ffiffiffi
β

p
b2Þ; β > 0

K0ði
ffiffiffiffiffiffi
−β

p
b2Þ; β < 0

ðA58Þ

h2ðα; b1; b2Þ ¼
�
θðb2 − b1ÞI0ð

ffiffiffi
α

p
b1ÞK0ð

ffiffiffi
α

p
b2Þ þ ðb1 ↔ b2Þ; α > 0

θðb2 − b1ÞI0ð
ffiffiffiffiffiffi
−α

p
b1ÞK0ði

ffiffiffiffiffiffi
−α

p
b2Þ þ ðb1 ↔ b2Þ; α < 0

ðA59Þ

where K0ðixÞ ¼ π
2
ð−N0ðxÞ þ iJ0ðxÞÞ. α and β are the factors a1i − h1i and e2i − h2i (i ¼ 1, 2) given in the following

paragraph.
The hard scales ti that appeared in the above equations are chosen as the maximum of the virtuality of the internal

momentum transition in the hard amplitudes. For BðsÞ → D̄ð�ÞðR →ÞKK decays, we have

ta1 ¼ max
n
mB

ffiffiffiffiffiffiffiffiffi
ja11j

p
; mB

ffiffiffiffiffiffiffiffiffi
ja12j

p
; 1=b; 1=bB

o
; tb1 ¼ max

n
mB

ffiffiffiffiffiffiffiffiffi
jb11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jb12j

p
; 1=b; 1=bB

o
;

tc1 ¼ max
n
mB

ffiffiffiffiffiffiffiffiffi
jc11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jc12j

p
; 1=b3; 1=bB

o
; td1 ¼ max

n
mB

ffiffiffiffiffiffiffiffiffi
jd11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jd12j

p
; 1=b3; 1=bB

o
;

te1 ¼ max
n
mB

ffiffiffiffiffiffiffiffiffi
je11j

p
; mB

ffiffiffiffiffiffiffiffiffi
je12j

p
; 1=b; 1=b3

o
; tf1 ¼ max

n
mB

ffiffiffiffiffiffiffiffiffi
jf11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jf12j

p
; 1=b; 1=b3

o
;

tg1 ¼ max
n
mB

ffiffiffiffiffiffiffiffiffi
jg11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jg12j

p
; 1=b; 1=bB

o
; th1 ¼ max

n
mB

ffiffiffiffiffiffiffiffiffi
jh11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jh12j

p
; 1=b; 1=bB

o
; ðA60Þ

with the factors

a11 ¼ ð1 − r2DÞz; a12 ¼ ð1 − r2DÞxBz; b11 ¼ ð1 − r2DÞðxB − ηÞ; b12 ¼ a12;

c11 ¼ a12; c12 ¼ ½ð1 − r2DÞzþ r2D�½xB − ð1 − ηÞð1 − x3Þ�;
d11 ¼ a12; d12 ¼ ð1 − r2DÞz½xB − ð1 − ηÞx3�;
e11 ¼ zð1 − r2DÞ − 1; e12 ¼ ðz − 1Þðr2D − 1Þ½ðη − 1Þx3 − η�;
f11 ¼ ð1 − r2DÞ½ðη − 1Þx3 − η�; f12 ¼ e12;

g11 ¼ e12; g12 ¼ 1 − ½ð1 − zÞr2D þ z�½ð1 − ηÞð1 − x3Þ − xB�;
h11 ¼ e12; h12 ¼ ð1 − zÞð1 − r2DÞ½ðη − 1Þx3 − ηþ xB�: ðA61Þ
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While for BðsÞ → Dð�ÞðR →ÞKK decays, similarly, we have

ta1 ¼ max
n
mB

ffiffiffiffiffiffiffiffiffi
ja11j

p
; mB

ffiffiffiffiffiffiffiffiffi
ja12j

p
; 1=b; 1=b

o
; tb1 ¼ max

n
mB

ffiffiffiffiffiffiffiffiffi
jb11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jb12j

p
; 1=b; 1=bB

o
;

tc1 ¼ max
n
mB

ffiffiffiffiffiffiffiffiffi
jc11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jc12j

p
; 1=b3; 1=bB

o
; td1 ¼ max

n
mB

ffiffiffiffiffiffiffiffiffi
jd11j

p
; mB

ffiffiffiffiffiffiffiffiffi
jd12j

p
; 1=b3; 1=bB

o
;

te2 ¼ max
n
mB

ffiffiffiffiffiffiffiffiffi
je21j

p
; mB

ffiffiffiffiffiffiffiffiffi
je22j

p
; 1=b; 1=b3

o
; tf2 ¼ max

n
mB

ffiffiffiffiffiffiffiffiffi
jf21j

p
; mB

ffiffiffiffiffiffiffiffiffi
jf22j

p
; 1=b; 1=b3

o
;

tg2 ¼ max
n
mB

ffiffiffiffiffiffiffiffiffi
jg21j

p
; mB

ffiffiffiffiffiffiffiffiffi
jg22j

p
; 1=b; 1=bB

o
; th2 ¼ max

n
mB

ffiffiffiffiffiffiffiffiffi
jh21j

p
; mB

ffiffiffiffiffiffiffiffiffi
jh22j

p
; 1=b; 1=bB

o
; ðA62Þ

with the factors

a11 ¼ ð1 − r2DÞz; a12 ¼ ð1 − r2DÞxBz; b11 ¼ ð1 − r2DÞðxB − ηÞ; b12 ¼ a12;

c11 ¼ a12; c12 ¼ ð1 − r2DÞzðxB − ð1 − ηÞx3Þ;
d11 ¼ a12; d12 ¼ ððz − 1Þr2D − zÞ½ð1 − ηÞð1 − x3Þ − xB�;
e21 ¼ ð1 − r2DÞ½ðx3 − 1Þη − x3�; e22 ¼ ð1 − ηÞðr2D − 1Þx3z; f21 ¼ ðη − 1Þ½zþ r2Dð1 − zÞ�;
f22 ¼ e12; g21 ¼ e22; g22 ¼ ½1 − ð1 − ηÞx3�½ð1 − r2DÞzþ xB� þ ð1 − ηÞx3;
h21 ¼ e22; h22 ¼ ð1 − ηÞx3½xB − ð1 − r2DÞz�: ðA63Þ
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[112] S. M. Flatté, On the nature of 0þ mesons, Phys. Lett. B 63,
228 (1976).

[113] N. N. Achasov, V. V. Gubin, and V. I. Shevchenko, Pro-
duction of scalar KK̄ molecules in ϕ radiative decays,
Phys. Rev. D 56, 203 (1997).

[114] N. N. Achasov and A. V. Kiselev, Propagators of light
scalar mesons, Phys. Rev. D 70, 111901(R) (2004).

[115] N. N. Achasov and A. V. Kiselev, Light scalar mesons and
two-kaon correlation functions, Phys. Rev. D 97, 036015
(2018).

[116] N. N. Achasov and G. N. Shestakov, Observation of the
isospin breaking decay ϒð10860Þ → ϒð1SÞf0ð980Þ →
ϒð1SÞηπ0 with the Belle II detector, Phys. Rev. D 96,
091501 (2017).

[117] N. N. Achasov and V. V. Gubin, Search for the scalar a0
and f0 mesons in the reactions eþe− → γπ0π0ðηÞ, Phys.
Rev. D 56, 4084 (1997).

[118] N. N. Achasov and V. V. Gubin, Inadequacy of the narrow
resonance approximation in ϕ → γa0 and ϕ → γf0 decays,
Phys. Lett. B 363, 106 (1995).

[119] D. V. Bugg, Reanalysis of data on a0ð1450Þ and a0ð980Þ,
Phys. Rev. D 78, 074023 (2008).

[120] R. Aaij et al. (LHCb Collaboration), Measurement of
resonant and CP components in B̄0

s → J=ψπþπ− decays,
Phys. Rev. D 89, 092006 (2014).

[121] R. Aaij et al. (LHCb Collaboration), Measurement of the
resonant and CP components in B̄0 → J=ψπþπ− decays,
Phys. Rev. D 90, 012003 (2014).

[122] R. Aaij et al. (LHCb Collaboration), Analysis of the
resonant components in B̄0 → J=ψπþπ−, Phys. Rev. D
87, 052001 (2013).

[123] Z. Rui, Y. Li, and Z. J. Xiao, Branching ratios, CP
asymmetries and polarizations of B → ψð2SÞV decays,
Eur. Phys. J. C 77, 610 (2017).

[124] H. Y. Cheng, Y. Koike, and K. C. Yang, Two-parton light-
cone distribution amplitudes of tensor mesons, Phys. Rev.
D 82, 054019 (2010).

[125] P. Colangelo, F. De Fazio, and W. Wang, Bs → f0ð980Þ
form factors and Bs decays into f0ð980Þ, Phys. Rev. D 81,
074001 (2010).

[126] P. Colangelo, F. De Fazio, andW.Wang, Nonleptonic Bs to
charmonium decays: Analysis in pursuit of determining the
weak phase βs, Phys. Rev. D 83, 094027 (2011).

[127] S. Cheng and J. M. Shen, B̄s → f0ð980Þ form factors and
the width effect from light-cone sum rules, Eur. Phys. J. C
80, 554 (2020).

[128] R. Fleischer, R. Knegjens, and G. Ricciardi, Anatomy of
B0
s;d → J=ψf0ð980Þ, Eur. Phys. J. C 71, 1832 (2011).

[129] S. Stone and L. Zhang, Use of B → J=ψf0 Decays to
Discern the qq̄ or Tetraquark Nature of Scalar Mesons,
Phys. Rev. Lett. 111, 062001 (2013).

[130] J. T. Daub, C. Hanhart, and B. Kubis, A model-
independent analysis of final-state interactions in
B̄0
d=s → J=ψππ, J. High Energy Phys. 02 (2016) 009.

[131] B. Aubert et al. (BABAR Collaboration), Dalitz plot
analysis of the decay B� → K�K�K∓, Phys. Rev. D
74, 032003 (2006).

[132] M. Ablikim et al. (BES Collaboration), Evidence for
f0ð980Þf0ð980Þ production in χc0 decays, Phys. Rev. D
70, 092002 (2004).

[133] M. Ablikim et al. (BES Collaboration), Partial wave
analysis of χc0 → πþπ−KþK−, Phys. Rev. D 72, 092002
(2005).

[134] M. Ablikim et al. (BES Collaboration), Resonances in
J=ψ → ϕπþπ− and ϕKþK−, Phys. Lett. B 607, 243
(2005).

[135] A. Ali, J. G. Körner, G. Kramer, and J. Willrodt, Non-
leptonic weak decays of bottom mesons, Z. Phys. C 1, 269
(1979).

[136] M. Suzuki, Final-state interactions and s-quark helicity
conservation in B → J=ψK�, Phys. Rev. D 64, 117503
(2001).

LI, YAN, RUI, LIU, ZHANG, and XIAO PHYS. REV. D 102, 056017 (2020)

056017-32

https://doi.org/10.1103/PhysRevD.85.094003
https://doi.org/10.1103/PhysRevD.85.094003
https://doi.org/10.1016/S0370-2693(01)00247-7
https://doi.org/10.1016/S0370-2693(01)00247-7
https://doi.org/10.1103/PhysRevD.63.074009
https://doi.org/10.1103/PhysRevD.102.011502
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1016/j.physletb.2014.02.009
https://doi.org/10.1016/j.physletb.2014.02.009
https://doi.org/10.1103/PhysRevD.98.113003
https://doi.org/10.1103/PhysRevD.98.113003
https://doi.org/10.1103/PhysRev.88.1163
https://doi.org/10.1140/epjc/s10052-018-6447-z
https://doi.org/10.1140/epjc/s10052-018-6447-z
https://doi.org/10.1103/PhysRevD.86.052006
https://doi.org/10.1103/PhysRevD.86.052006
https://doi.org/10.1103/PhysRevD.80.031101
https://doi.org/10.1103/PhysRevD.80.031101
https://doi.org/10.1140/epjc/s2003-01468-9
https://doi.org/10.1016/0370-2693(76)90655-9
https://doi.org/10.1016/0370-2693(76)90655-9
https://doi.org/10.1103/PhysRevD.56.203
https://doi.org/10.1103/PhysRevD.70.111901
https://doi.org/10.1103/PhysRevD.97.036015
https://doi.org/10.1103/PhysRevD.97.036015
https://doi.org/10.1103/PhysRevD.96.091501
https://doi.org/10.1103/PhysRevD.96.091501
https://doi.org/10.1103/PhysRevD.56.4084
https://doi.org/10.1103/PhysRevD.56.4084
https://doi.org/10.1016/0370-2693(95)01197-X
https://doi.org/10.1103/PhysRevD.78.074023
https://doi.org/10.1103/PhysRevD.89.092006
https://doi.org/10.1103/PhysRevD.90.012003
https://doi.org/10.1103/PhysRevD.87.052001
https://doi.org/10.1103/PhysRevD.87.052001
https://doi.org/10.1140/epjc/s10052-017-5193-y
https://doi.org/10.1103/PhysRevD.82.054019
https://doi.org/10.1103/PhysRevD.82.054019
https://doi.org/10.1103/PhysRevD.81.074001
https://doi.org/10.1103/PhysRevD.81.074001
https://doi.org/10.1103/PhysRevD.83.094027
https://doi.org/10.1140/epjc/s10052-020-8124-2
https://doi.org/10.1140/epjc/s10052-020-8124-2
https://doi.org/10.1140/epjc/s10052-011-1832-x
https://doi.org/10.1103/PhysRevLett.111.062001
https://doi.org/10.1007/JHEP02(2016)009
https://doi.org/10.1103/PhysRevD.74.032003
https://doi.org/10.1103/PhysRevD.74.032003
https://doi.org/10.1103/PhysRevD.70.092002
https://doi.org/10.1103/PhysRevD.70.092002
https://doi.org/10.1103/PhysRevD.72.092002
https://doi.org/10.1103/PhysRevD.72.092002
https://doi.org/10.1016/j.physletb.2004.12.041
https://doi.org/10.1016/j.physletb.2004.12.041
https://doi.org/10.1007/BF01440227
https://doi.org/10.1007/BF01440227
https://doi.org/10.1103/PhysRevD.64.117503
https://doi.org/10.1103/PhysRevD.64.117503

