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Under the assumption of separable interactions, we illustrate how the few-body quantization condition
may be formulated in terms of phase shifts, in general, which may be useful for describing and modeling
few-body resonances in finite volume.
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I. INTRODUCTION

Few-hadron dynamics plays an important role in hadron
and nuclear physics. There have been many good examples
of physics processes that can only be understood through
few-body interactions, such as the u- and d-quark mass
difference in η → 3π [1–7], Efimov states [8,9], and halo
nuclei [10,11]. The understanding of few-body interactions
is also crucial in recent experimental efforts in the study of
exotic hadrons since most exotic hadron states are expected
to appear as few-hadron resonances. On the theory side,
lattice quantum chromodynamics (LQCD) provides an
ab initio method for the study of exotic hadron states.
However, LQCD computation is usually performed in
Euclidean space with certain periodic boundary conditions;
normally, only discrete energy spectra are measured in
numerical simulations. Hence, mapping out few-hadron
dynamics from the discrete energy spectrum is a key step
for the study of exotic hadron states in LQCD. In the
two-body sector, the Lüscher formula [12] and its variants
[13–22] provide an elegant form of mapping out two-body
phase shifts from discrete energy levels.
In the past few years, much progress has been made

using different approaches [23–54], going beyond the
three-body threshold. Although few-body quantization
conditions are formulated differently among these groups,
it has been very clear [52] that in few-body sectors, the few-
body amplitudes are not directly extracted from lattice
results. Particle interactions or their associated subprocess
amplitudes are in fact essential ingredients in quantization
conditions. The infinite volume few-body amplitudes that
are generated by particle interactions through coupled

integral equations must be computed in a separate step
once these dynamical ingredients are determined. In order
to make predictions or fit lattice results, dynamical ingre-
dients of quantization conditions, such as interaction
potentials or off-shell subprocess amplitudes, must be
modeled one way or another. In addition, the number of
partial waves involved in some physical processes may be
large, which may add some extra complications on top of
the uncertainty in modeling itself. Therefore, to have
reliable and controllable predictions, the modeling of
dynamical ingredients must be constrained or guided by
experimental data or effective theory. Nevertheless, there
are two physical regions in which predictions and calcu-
lations may be fairly reliable: (1) near threshold, which is
the region where the physical reaction can be described
rather precisely by nonrelativistic potential theory or
relativistic effective perturbation theory; and (2) near res-
onances region, where resonance properties may be less
affected by modeling and other partial waves.
In the present work, we focus on the near-resonance

region and aim to provide an approximate means for
the modeling of few-body resonances in finite volume.
Based on the separable interaction potential assumption,
we illustrate how the few-body quantization condition
may be formulated in terms of subprocess phase shifts.
Hence, the resonances may be modeled and inserted
into the quantization condition through phase shifts.
Both two-body and three-body subprocess amplitudes
appear to be Lüscher formulalike, and solutions are given
by algebra equations. The aim of this work is to illustrate a
simple way to parametrize dynamics of few-body reso-
nances in finite volume. Under the separable short-range
potential approximation, the few-body formalism is greatly
simplified, with the trade-off that the approximation may
only be valid for the description of sharp resonance
dynamics. As a simple illustration, the formalism is only
presented in nonrelativistic kinematics; the extension to
relativistic kinematics may be possible by replacing non-
relativistic few-body propagators with relativistic ones;
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see [49,51]. The relativistic extension of the formalism will
be presented in future publications.
The paper is organized as follows. With a separable

interactions approximation, the technical details of formu-
lating quantization conditions in terms of phase shifts are
presented in Sec. II. A summary is given in Sec. III.

II. QUANTIZATION CONDITION UNDER THE
SEPARABLE INTERACTIONS ASSUMPTION

The few-body quantization condition in finite volume
can be formulated from homogeneous Faddeev-type equa-
tions; see [50–53]. As a simple example, we consider three
nonrelativistic identical bosons of mass m interacting with
both a pairwise interaction and a three-body force in what
follows. Because of exchange symmetry, only two inde-
pendent Faddeev amplitudes are required: T ð2bÞ and T ð3bÞ,
which are associated with the pairwise two-body interac-
tion Vð2bÞ and the three-body interaction Vð3bÞ by

T ð2b;3bÞðk1;k2Þ ¼ −hk1k2jmVð2b;3bÞjΨi; ð1Þ

where Ψ stands for the three-body total wave function. The
ðk1;k2Þ ∈ 2πn

L , n ∈ Z3 refer to particle-1 and -2 momenta,
respectively, and the third particle momentum is con-
strained by total momentum conservation,

k3 ¼ −k1 − k2:

In what follows, we also use the symbols ðk13;kð13Þ2Þ to
describe two independent relative momenta of three par-
ticles, where

k13 ¼
k1 − k3

2
¼ k1 þ

k2

2
;

kð13Þ2 ¼
ffiffiffi
1

3

r �
k1 þ k3

2
− k2

�
¼ −

ffiffiffi
4

3

r
k2: ð2Þ

The stationary states of three-body dynamics in finite
volume are described by homogeneous Faddeev-type
equations (see [50–53]),

T ð2bÞðk1;k2Þ ¼ −
1

L3

X
p1

τð2bÞðk13;p1 þ k2

2
Þ

mE − p2
1
þk2

2
þðp1þk2Þ2
2

× ½2T ð2bÞðk2;p1Þ þ T ð3bÞðp1;k2Þ� ð3Þ

and

T ð3bÞðk1;k2Þ¼−
1

L6

X
p1;p2

τð3bÞðK;PÞ
mE− p2

1
þp2

2
þðp1þp2Þ2
2

3T ð2bÞðp1;p2Þ;

ð4Þ

where

ðp1;p2Þ ∈
2πn
L

; n ∈ Z3:

The symbol ðK;PÞ stand for 6-dimensional vectors; they
are related to relative momenta ðk13;kð13Þ2Þ by

K ¼ fk13;kð13Þ2g ¼
�
k1 þ

k2

2
;−

ffiffiffi
4

3

r
k2

�
;

P ¼ fp13;pð13Þ2g ¼
�
p1 þ

p2

2
;−

ffiffiffi
4

3

r
p2

�
: ð5Þ

The length of 6D vectors is given by

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
13 þ k2

ð13Þ2
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

X3
i¼1

k2
i

vuut ;

P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
13 þ p2

ð13Þ2
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

X3
i¼1

p2
i

vuut : ð6Þ

The symbols τð2bÞ and τð3bÞ, which are associated with two-
body interaction Vð2bÞ and three-body interaction Vð3bÞ,
respectively, are used to describe off-shell subprocess
transition amplitudes between initial and final momenta
states. For example, τð2bÞ in the (13) isobar channel, with
particle 2 carrying a momentum k2, satisfies two-body
inhomogeneous Lippmann-Schwinger equations,

τð2bÞðk13;k0
13Þ ¼ −mṼð2bÞðjk13 − k0

13jÞ

þ 1

L3

X
p1

mṼð2bÞðjk13 − p1 −
k2

2
jÞ

mE − p2
1
þk2

2
þðp1þk2Þ2
2

× τð2bÞ
�
p1 þ

k2

2
;k0

13

�
; ð7Þ

and similarly τð3bÞ satisfies a three-body equation,

τð3bÞðK;K0Þ ¼ −mṼð3bÞðjK −K0jÞ

þ 1

L6

X
p1;p2

mṼð3bÞðjK − PjÞ
mE − p2

1
þp2

2
þðp1þp2Þ2
2

τð3bÞðP;K0Þ:

ð8Þ

Here, τð2bÞ and τð3bÞ are the dynamical input of finite
volume Faddeev equations in Eqs. (3) and (4), and must be
solved first.
The quantization condition without the cubic irreducible

representation projection is given by
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0 ¼ det

�
L6δk1;p1

δk2;p2
þ L3δk2;p1

2τð2bÞðk13;p2 þ k2

2
Þ

mE − 3k2
2

4
− ðp2 þ k2

2
Þ2

−
3

L3

X
p

τð2bÞðk13;pþ k2

2
Þτð3bÞðfpþ k2

2
;−

ffiffi
4
3

q
k2g;PÞ

½mE − 3k2
2

4
− ðpþ k2

2
Þ2�ðmE − P2Þ

;

ð9Þ

where τð2bÞ and τð3bÞ, in principle, are given by the solutions
of Eqs. (7) and (8), respectively. In Sec. II A, we show that
with a separable interaction approximation, Eqs. (7) and (8)
may be converted into algebraic equations. Hence, the
solutions of τð2bÞ and τð3bÞ are Lüscher formulalike and can
be formulated in terms of conventional two-body phase
shifts in 3D and unconventional but mathematically con-
venient three-body phase shifts in 6D. We remark that the
momentum sum in the quantization condition must be
regulated in the numerical evaluation of discrete energy
levels, which are either associated with ultraviolet diver-
gence or normalization of the determinant condition. In our
current work, since the technical regularization is not our
focus, the specific procedure of regularization has been left
out, and we refer interested readers to Refs. [28,29].

A. Separable interactions and algebraic
solutions of τð2bÞ and τð3bÞ

Under the assumption of separable short-range potentials
for both Vð2bÞ and Vð3bÞ, the partial wave expansion of
potentials have the forms

Ṽð2bÞðjk13 − k0
13jÞ

¼
X
LM

YLMðk̂13Þgð2bÞL ðk13ÞVð2bÞ
L gð2bÞL ðk013ÞY�

LMðk̂0
13Þ ð10Þ

and

Ṽð3bÞðjK −KjÞ
¼

X
½J�

Y ½J�ðK̂Þgð3bÞ½J� ðKÞVð3bÞ
J gð3bÞ½J� ðK0ÞY�

½J�ðK̂0Þ; ð11Þ

where YLMðk̂13Þ is a 3D spherical harmonic function with
quantum numbers jLMi representing orbital angular
momentum configurations between particles 1 and 3, while
particle 2 acts as a spectator and is not involved in the
interaction. Here, Y ½J�ðK̂Þ stands for the 6D hyperspherical
harmonic basis function (see Refs. [55,56] and also
Appendix), and the quantum numbers [J] represent a
specific angular momentum configuration of three particles
with a total angular momentum J. Note that Y ½J�ðK̂Þmay be
constructed through two 3D spherical harmonic functions.
For example, consider a configuration with angular
momentum state jL13M13i between particles 1 and 3,
coupled with particle 2 in relative angular momentum state

jLð13Þ2Mð13Þ2i into total angular momentum state

j½J�i ¼ jJML13Lð13Þ2i; thus, Y ½J�ðK̂Þ is given by

Y ½J�ðK̂Þ ¼
X

M13;Mð13Þ2

hL13M13; Lð13Þ2Mð13Þ2jJMi

× YL13M13
ðk̂13ÞYLð13Þ2Mð13Þ2ðk̂ð13Þ2ÞPJL13Lð13Þ2ðϕÞ;

ð12Þ

where

ϕ ¼ tan−1
k13
kð13Þ2

:

The function PJL13Lð13Þ2ðϕÞ is related to the Jacobi poly-
nomial by (see also [55,56])

PJL13Lð13Þ2ðϕÞ ¼ NJL13Lð13Þ2ðsinϕÞL13ðcosϕÞLð13Þ2

× P
ðL13þ1

2
;Lð13Þ2þ1

2
Þ

J−L13−Lð13Þ2
2

ðcos 2ϕÞ; ð13Þ

and the normalization factor NJL13Lð13Þ2 is determined by the
orthonormal relationZ π

2

0

dϕ sin2 ϕ cos2 ϕPJL13Lð13Þ2ðϕÞPJ0L13Lð13Þ2ðϕÞ ¼ δJ;J0 :

ð14Þ

The form factors gð2bÞL and gð3bÞ½J� and potential strengths

Vð2bÞ
L and Vð3bÞ

J may be considered as model parameters.

Usually, the form factors, such as gð2bÞL , must show the
correct threshold behavior,

gð2bÞL ðk → 0Þ ∼ kL: ð15Þ

The potential strengths Vð2bÞ
L and Vð3bÞ

J may be used to
model two-body and three-body resonances; for example,

the two-particle resonance of mass mð2bÞ
R in the (13) isobar

pair channel with particle 2 carrying momentum k2 may be
given by

Vð2bÞ
L ∝

1

ðE − 3
4

k2
2

mÞ −mð2bÞ
R

: ð16Þ

A three-particle resonance of mass mð3bÞ
R thus may be

modeled similarly by

Vð3bÞ
L ∝

1

E −mð3bÞ
R

: ð17Þ

Separable interactions suggest that τð2bÞ in Eq. (7) and
τð3bÞ in Eq. (8) may be given by Lüscher formulalike
algebra equations (see detailed discussion in Appendix),
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2
2

q
16π2

τð2bÞðk13;k0
13Þ

¼
X

LM;L0M0

YLMðk̂13Þgð2bÞL ðk13Þgð2bÞL0 ðk013ÞY�
L0M0 ðk̂013Þ

gð2bÞL ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2
2

q
Þgð2bÞL0 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2
2

q
Þ

× iL−L
0

"
I · cot δð2bÞ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE −

3

4
k2
2

r �

−Mð2b;k2Þ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mE −
3

4
k2
2

r �#−1

LM;L0M0
; ð18Þ

and

ðmEÞ2
128π5

τð3bÞðK;K0Þ

¼
X
½J�;½J0�

Y ½J�ðK̂Þgð3bÞ½J� ðKÞgð3bÞ½J0� ðK0ÞY�
½J0�ðK̂0Þ

gð3bÞ½J� ð ffiffiffiffiffiffiffi
mE

p Þgð3bÞ½J0� ð
ffiffiffiffiffiffiffi
mE

p Þ
× iJ−J

0 ½I · cot δð3bÞð
ffiffiffiffiffiffiffi
mE

p
Þ −Mð3bÞð

ffiffiffiffiffiffiffi
mE

p
Þ�−1½J�;½J0�: ð19Þ

Generalized Lüscher zeta functions, Mð2b;k2Þ in 3D and
Mð3bÞ in 6D, are given, respectively, by

k
16π2

Mð2b;k2Þ
LM;L0M0 ðkÞ ¼ δLM;L0M0

ik
16π2

þ δLM;L0M0

Z
p2dp
ð2πÞ3

�
gð2bÞL ðpÞ
gð2bÞL ðkÞ

�2
1

k2 − p2

−
1

L3

X
p¼2πn

L þk2
2
;n∈Z3

gð2bÞL ðpÞgð2bÞL0 ðpÞ
gð2bÞL ðkÞgð2bÞL0 ðkÞ

Y�
LMðp̂ÞYL0M0 ðp̂Þ

k2 − p2

ð20Þ

and

ðmEÞ2
128π5

Mð3bÞ
½J�;½J0�ð

ffiffiffiffiffiffiffi
mE

p
Þ ¼ δ½J�;½J0�

iðmEÞ2
128π5

þ δ½J�;½J0�

Z
P5dP
ð2πÞ6

�
gð3bÞJ ðPÞ

gð3bÞJ ð ffiffiffiffiffiffiffi
mE

p Þ

�2
1

mE − P2

−
1

L6

X
p1;p2

gð3bÞJ ðPÞgð3bÞJ0 ðPÞ
gð3bÞJ ð ffiffiffiffiffiffiffi

mE
p Þgð3bÞJ0 ð ffiffiffiffiffiffiffi

mE
p Þ

Y�
½J�ðP̂ÞY ½J0�ðP̂Þ
mE − P2

:

ð21Þ

The two-body phase shift δð2bÞL is defined in a conventional
way, which may be modeled and constrained by exper-
imental data. The unconventional three-body phase shift

δð3bÞJ may be interpreted as scattering of one particle off a
short-range potential in 6D. It may only serve as a
mathematically convenient tool for modeling of the
three-body resonance of total spin J.

B. Quantization condition with separable
interactions approximation

Algebraic solutions of τð2bÞ in Eq. (18) and τð3bÞ in
Eq. (19) suggest that the partial expansion of T ð2bÞðk1;k2Þ
may have the form

T ð2bÞðk1;k2Þ ¼
X
LM

YLMðk̂13Þgð2bÞL ðk13ÞT ð2bÞ
LM ðk2Þ: ð22Þ

The separable form T ð2bÞðk1;k2Þ thus allows one to further
reduce Faddeev equations, Eqs. (3) and (4), to

T ð2bÞ
LM ðk2Þ ¼ −

1

L3

X
p2

X
L0M0

2τð2bÞLM ðp2 þ k2

2
Þgð2bÞL0 ðjk2 þ p2

2
jÞYL0M0 ðk2 þ p2

2
Þ

mE − 3
4
k2
2 − ðp2 þ k2

2
Þ2 T ð2bÞ

L0M0 ðp2Þ

þ 1

L3

X
p2

X
L0M0

�
3

L6

X
k1;p1

τð2bÞLM ðk13Þ
mE −K2

τð3bÞðK;PÞgð2bÞL0 ðp13ÞYL0M0 ðp̂13Þ
mE − P2

�
T ð2bÞ

L0M0 ðp2Þ; ð23Þ

where τð2bÞLM ðk0
13Þ is defined by the relation

τð2bÞðk13;k0
13Þ ¼

X
LM

YLMðk̂13Þgð2bÞL ðk13Þτð2bÞLM ðk0
13Þ: ð24Þ

Therefore, a partially expanded quantization condition is given by

det

�
δLM;L0M0L3δk2;p2

þ 2τð2bÞLM ðp2 þ k2

2
Þgð2bÞL0 ðjk2 þ p2

2
jÞYL0M0 ðk2 þ p2

2
Þ

mE − 3
4
k2
2 − ðp2 þ k2

2
Þ2

−
1

L6

X
k1;p1

3τð2bÞLM ðk13Þτð3bÞðK;PÞgð2bÞL0 ðp13ÞYL0M0 ðp̂13Þ
ðmE −K2ÞðmE − P2Þ

�
¼ 0: ð25Þ
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As a specific example, let us consider a simple case with
only S-wave contributions in both two-body and three-
body channels, that is to say, J ¼ L13 ¼ Lð13Þ2 ¼ 0. Thus,

τð2bÞ and τð3bÞ are given, respectively, by phase shifts δð2bÞL13¼0

and δð3bÞJ¼0 only,

τð2bÞðk13;k0
13Þ ¼ τð2b;k2Þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE −

3

4
k2
2

r �
¼ 4πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mE − 3
4
k2
2

q
×

1

cot δð2bÞ0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2
2

q �
−Mð2b;k2Þ

00;00

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2
2

q �
ð26Þ

and

τð3bÞðK;K0Þ ¼ τð3bÞð
ffiffiffiffiffiffiffi
mE

p
Þ

¼ 128π2

ðmEÞ2
1

cot δð3bÞ0 ð ffiffiffiffiffiffiffi
mE

p Þ −Mð3bÞ
½0�;½0�ð

ffiffiffiffiffiffiffi
mE

p Þ
:

ð27Þ
The quantization condition in this case is given by a simple
form,

det

�
L3δk2;p2

þ
2τð2b;k2Þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2
2

q �
mE − 3

4
k2
2 − ðp2 þ k2

2
Þ2

þ 1

L6

X
k1;p1

3τð2b;k2Þ
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mE − 3
4
k2
2

q 

τð3bÞð ffiffiffiffiffiffiffi

mE
p Þ

ðmE −K2ÞðmE − P2Þ
�
¼ 0:

ð28Þ
The two-body and three-body resonances hence can be

inserted through modeling of δð2bÞL13¼0 and δð3bÞJ¼0.

III. SUMMARY

In summary, with the separable interaction approxima-
tion, we show that the subprocess transition amplitudes are
Lüscher formulalike, and the quantization condition may be
formulated in terms of both two-body and three-body phase
shifts that may be useful for describing resonances in few-
body interactions. Two-body phase shifts may be modeled
and constrained by experimental data, and three-body
phase shifts may serve as a convenient tool for inserting
three-body resonances with a specific spin into the quan-
tization condition.
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APPENDIX: LÜSCHER FORMULA
IN D-DIMENSIONAL SPACE

1. Scattering in D-dimensional space

Let us start with an N-body Schrödinger equation in the
center-of-mass frame,

�
mEþ

XN−1

j¼1

∇2
ξj

�
ψðξ;KÞ ¼ mVðξÞψðξ;KÞ: ðA1Þ

The relative coordinates of the N-particle are given by

ξj ¼
ffiffiffiffiffiffiffiffiffiffiffi
2j

jþ 1

s �
1

j

Xj

i¼1

xi − xjþ1

�
;

qj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j
2ðjþ 1Þ

s �
1

j

Xj

i¼1

ki − kjþ1

�
; j ¼ 1;…; N − 1;

ðA2Þ

where xi and ki stand for the coordinate and momentum of
the ith particle, respectively. Here, the D ¼ 3ðN − 1Þ
dimensional vectors ðξ;KÞ are defined by the relative
coordinates and momenta of the particles,

ξ ¼ fξ1; ξ2;…; ξN−1g; ξ ¼ jξj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiXN−1

j¼1

ξ2j

vuut ;

K ¼ fq1;q2;…;qN−1g ; K ¼ jKj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiXN−1

j¼1

q2
j

vuut : ðA3Þ

Note that the D-dimensional Laplace operator has a
separable form between the radial and orbital terms [55,56],

∇2
D ¼

XN−1

j¼1

∇2
ξj
¼ 1

ξD−1
∂
∂ξ ξ

D−1 ∂
∂ξþ

L̂2ðΩDÞ
ξ2

; ðA4Þ

where L̂2ðΩDÞ is the grand orbital operator. The eigenstates
of the orbital equation

L̂2ðΩDÞY ½L�ðΩDÞ ¼ LðLþD − 2ÞY ½L�ðΩDÞ ðA5Þ

are given by the hyperspherical harmonic Y ½L�ðΩDÞ [55,56],
where [L] is a set of D − 1 quantum numbers, including
total orbital angular momentum L. The hyperspherical
harmonic Y ½L�ðΩDÞ basis defines a complete set of ortho-
normal angular functions in D-dimensional space,
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Z
dΩDY�

½L�ðΩDÞY ½L0�ðΩDÞ ¼ δ½L�;½L0�: ðA6Þ

The scattering in D-dimensional space can also be
described by the Lippmann-Schwinger equations

ψðξ;KÞ¼eiK·ξþ
Z

dξ0GDðξ−ξ0;EÞmVðξ0Þψðξ0;KÞ;

GDðξ−ξ0;EÞ¼
Z

dQ
ð2πÞD

eiQ·ðξ−ξ0Þ

mE−Q2
; ðA7Þ

where the Green’s function satisfies the equation

½mEþ∇2
D�GDðξ − ξ0;EÞ ¼ δðξ − ξ0Þ: ðA8Þ

The analytic expression of the Green’s function and its
partial wave expansion in terms of the hyperspherical
harmonic basis are given, respectively, by

GDðξ;EÞ ¼ −
i
4

ðmEÞD2−1
ð2πÞD2−1

Hð1Þ
D
2
−1ð

ffiffiffiffiffiffiffi
mE

p
ξÞ

ð ffiffiffiffiffiffiffi
mE

p
ξÞD2−1 ðA9Þ

and

GDðξ − ξ0;EÞ ¼ξ>ξ0 − iðmEÞD−2
2

×
X
½L�

Y ½L�ðΩξÞHð1Þ
L ð

ffiffiffiffiffiffiffi
mE

p
ξÞJ Lð

ffiffiffiffiffiffiffi
mE

p
ξ0ÞY�

½L�ðΩξ0 Þ;

ðA10Þ
where

J LðzÞ ¼
ffiffiffi
π

2

r
JLþD−2

2
ðzÞ

z
D
2
−1

; N LðzÞ ¼
ffiffiffi
π

2

r
NLþD−2

2
ðzÞ

z
D
2
−1

;

ðA11Þ
and

Hð1Þ
L ðzÞ ¼ J LðzÞ þ iN LðzÞ: ðA12Þ

Assuming that the potential VðξÞ is spherical and short-
ranged, and also using partial wave expansion of the plane
wave in D-dimensional space,

eiK·ξ ¼
ffiffiffi
2

π

r
ð2πÞD2

X
½L�

iLY ½L�ðΩξÞY�
½L�ðΩKÞJ Lð

ffiffiffiffiffiffiffi
mE

p
ξÞ;

ðA13Þ
the asymptotic form of the wave function is obtained,

ψðξ;KÞ !Largeξ
ffiffiffi
2

π

r
ð2πÞD2

X
½L�

iLY ½L�ðΩξÞY�
½L�ðΩKÞ

× ½J Lð
ffiffiffiffiffiffiffi
mE

p
ξÞ þ ifðDÞ

L ð
ffiffiffiffiffiffiffi
mE

p
ÞHð1Þ

L ð
ffiffiffiffiffiffiffi
mE

p
ξÞ�; ðA14Þ

where fðDÞ
L is defined byffiffiffi

2

π

r
ð2πÞD2
ðmEÞD−2

2

iLfðDÞ
L ð

ffiffiffiffiffiffiffi
mE

p
ÞY�

½L�ðΩKÞ

¼ −
Z

dξ0Y�
½L�ðΩξ0 ÞJ Lð

ffiffiffiffiffiffiffi
mE

p
ξ0ÞmVðξ0Þψðξ0;KÞ: ðA15Þ

Thus, fðDÞ
L may be interpreted as the partial wave scattering

amplitude in D-dimensional space, and it can be para-

metrized in terms of theD-dimensional phase shift δðDÞ
L ðkEÞ

[55,56] by

fðDÞ
L ð

ffiffiffiffiffiffiffi
mE

p
Þ ¼ 1

cot δðDÞ
L ð ffiffiffiffiffiffiffi

mE
p Þ − i

: ðA16Þ

2. Lippmann-Schwinger equation in momentum space
and separable potential approximation

The off-shell transition amplitude between initial and
final momentum states jKi and jK0i may be introduced by

tðDÞðK;K0Þ ¼ −
Z

dξe−iK
0·ξmVðξÞψðξ;KÞ: ðA17Þ

Thus, Eq. (A7) can be converted into a momentum-space
Lippmann-Schwinger equation,

tðDÞðK;K0Þ ¼ −mṼðjK −K0jÞ

þ
Z

dQ
ð2πÞD

mṼðjK −QjÞ
mE −Q2

tðDÞðQ;K0Þ:

ðA18Þ
The partial wave expansion of the above equation yields

tðDÞ
L ðK;K0Þ ¼ −mṼLðK;K0Þ

þ
Z

QD−1dQ
ð2πÞD

mṼLðK;QÞ
mE −Q2

tðDÞ
L ðQ;K0Þ;

ðA19Þ
where the expansion relations of the potential and ampli-
tude are given by

ṼðjK −K0jÞ ¼
X
½L�

Y ½L�ðK̂ÞṼLðK;K0ÞY�
½L�ðK̂0Þ ðA20Þ

and

tðDÞðK;K0Þ ¼
X
½L�

Y ½L�ðK̂ÞtLðK;K0ÞY�
½L�ðK̂0Þ: ðA21Þ

Under the assumption of a separable potential,

ṼLðK;K0Þ ¼ gðDÞ
L ðKÞVLg

ðDÞ
L ðK0Þ; ðA22Þ
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where gðDÞ
L and VL stand for the form factor and interaction

strength of the potential; thus, a closed algebra form of the

off-shell partial wave amplitude, tðDÞ
L ðK;K0Þ, may be

obtained (see [57]),

tðDL ðK;K0Þ ¼ −
gðDÞ
L ðKÞgðDÞ

L ðK0Þ
1

mVL
−
R QD−1dQ

ð2πÞD
ðgðDÞ

L ðQÞÞ2
mE−Q2

: ðA23Þ

Compared with the on-shell scattering amplitude

fðDÞ
L ð ffiffiffiffiffiffiffi

mE
p Þ in Eq. (A15), we find

tðDL ðK;K0Þ ¼ gðDÞ
L ðKÞgðDÞ

L ðK0Þ
ðgðDÞ

L ð ffiffiffiffiffiffiffi
mE

p ÞÞ2

×
2

π

ð2πÞD
ðmEÞD−2

2

1

cot δðDÞ
L ð ffiffiffiffiffiffiffi

mE
p Þ − i

; ðA24Þ

and also the useful relation

1

mVL
¼

Z
QD−1dQ
ð2πÞD

ðgðDÞ
L ðQÞÞ2

mE −Q2

þ ðgðDÞ
L ð

ffiffiffiffiffiffiffi
mE

p
ÞÞ2 π

2

ðmEÞD−2
2

ð2πÞD ½i − cot δðDÞ
L ð

ffiffiffiffiffiffiffi
mE

p
Þ�:

ðA25Þ

Therefore, the off-shell partial wave amplitude tðDÞ
L ðK;K0Þ

may be modeled in terms of the on-shell physical quantity:

phase shifts δðDÞ
L ð ffiffiffiffiffiffiffi

mE
p Þ.

We remark that the separable potential approximation is
in fact based on the assumption of a hyperspherical short-
range interaction. The hyperspherical partial wave expan-
sion of the momentum-space potential is given by

ṼðjK −K0jÞ ¼
Z

dξe−iðK−K0Þ·ξVðξÞ

∝
X
½L�

Y ½L�ðK̂Þ
Z

ξD−1dξJ LðKξÞVðξÞ

× J LðK0ξÞY�
½L�ðK̂0Þ: ðA26Þ

For a short-range potential, asymptotically one obtains

Z
ξD−1dξJ LðKξÞVðξÞJ LðK0ξÞ ∼ KLVLK0L; ðA27Þ

which thus yields the expression in Eq. (A22). The
separable potential approximation may be useful for
modeling sharp few-body resonances that are predomi-
nantly generated by quark and gluon dynamics. Hence,
the hadron-hadron interactions may be well approximated
by a short-range energy-dependent interaction, and the

Breit-Wigner formula is a good example of such an
approximation.

3. Lüscher formula in D-dimensional space and
separable potential approximation

The scattering solution in finite volume may be
described by an inhomogeneous Lippmann-Schwinger
equation,

τðDÞðK;K0Þ ¼ −mṼðjK −K0jÞ

þ 1

LD

X
p1;…;pN−1

mṼðjK −QjÞ
mE −Q2

τðDÞðQ;K0Þ;

ðA28Þ
where pi ∈ 2πn

L ;n ∈ Z3, andQ2 ¼ 1
2

P
N
i¼1 p

2
i . Considering

the partial wave expansion again,

τðDÞðK;K0Þ ¼
X
½L�;½L0�

Y ½L�ðK̂ÞτðDÞ
½L�;½L0�ðK;K0ÞY�

½L0�ðK̂0Þ;

ðA29Þ
one finds

τðDÞ
½L�;½L0�ðK;K0Þ
¼ −δ½L�;½L0�mṼLðK;K0Þ

þ
X
½l�

1

LD

X
p1;…;pN−1

mṼLðK;QÞY�
½L�ðQ̂ÞY ½l�ðQ̂Þ

mE −Q2

× τðDÞ
½l�;½L0�ðQ;K0Þ: ðA30Þ

Again, the separable potential given in Eq. (A22) suggests

that τðDÞ
½L�;½L0� may have the separable form

τðDÞ
½L�;½L0�ðK;K0Þ ¼ gLðKÞC½L�;½L0�ðEÞgL0 ðK0Þ; ðA31Þ

where C½L�;½L0�ðEÞ satisfies a matrix equation,

C½L�;½L0�ðEÞ ¼ −δ½L�;½L0�mVL þ
X
½l�

1

LD

X
p1;…;pN−1

× gðDÞ
L ðQÞgðDÞ

l ðQÞ
Y�
½L�ðQ̂ÞY ½l�ðQ̂Þ
mE −Q2

C½l�;½L0�ðEÞ:

ðA32Þ
Hence, a closed algebra form of the off-shell solution of

finite volume amplitude, τðDÞ
½L�;½L0�, is obtained as

τðDÞ
½L�;½L0�ðK;K0Þ ¼ gLðKÞgL0 ðK0Þ

gLð
ffiffiffiffiffiffiffi
mE

p ÞgL0 ð ffiffiffiffiffiffiffi
mE

p Þ ½Dð
ffiffiffiffiffiffiffi
mE

p
Þ�−1½L�;½L0�;

ðA33Þ
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where

D½L�;½L0�ð
ffiffiffiffiffiffiffi
mE

p
Þ

¼ −
δ½L�;½L0�

gLð
ffiffiffiffiffiffiffi
mE

p ÞmVLgL0 ð ffiffiffiffiffiffiffi
mE

p Þ

þ 1

LD

X
p1;…;pN−1

gLðQÞgL0 ðQÞ
gLð

ffiffiffiffiffiffiffi
mE

p ÞgL0 ð ffiffiffiffiffiffiffi
mE

p Þ
Y�
½L�ðQ̂ÞY ½L0�ðQ̂Þ
mE −Q2

:

ðA34Þ
Using the relation given in Eq. (A25), D½L�;½L0� is linked to a
generalized Lüscher formula in D-dimensional space,

2

π

ð2πÞD
ðmEÞD−2

2

iL−L
0
D½L�;½L0�ð

ffiffiffiffiffiffiffi
mE

p
Þ

¼ δ½L�;½L0� cot δ
ðDÞ
L ð

ffiffiffiffiffiffiffi
mE

p
Þ −M½L�;½L0�ð

ffiffiffiffiffiffiffi
mE

p
Þ; ðA35Þ

whereM½L�;½L0� is a generalized Lüscher zeta function in D-
dimensional space,

π

2

ðmEÞD−2
2

ð2πÞD M½L�;½L0�ð
ffiffiffiffiffiffiffi
mE

p
Þ ¼ iδ½L�;½L0�

π

2

ðmEÞD−2
2

ð2πÞD

−
1

LD

X
p1;…;pN−1

iL−L
0
gLðQÞgL0 ðQÞ

gLð
ffiffiffiffiffiffiffi
mE

p ÞgL0 ð ffiffiffiffiffiffiffi
mE

p Þ
Y�
½L�ðQ̂ÞY ½L0�ðQ̂Þ
mE −Q2

þ δ½L�;½L0�

Z
QD−1dQ
ð2πÞD

�
gðDÞ
L ðQÞ

gðDÞ
L ð ffiffiffiffiffiffiffi

mE
p Þ

�2
1

mE −Q2
:

ðA36Þ

Therefore, the inverse of τðDÞ
½L�;½L0� is explicitly related to the

Lüscher formula by

2

π

ð2πÞD
ðmEÞD−2

2

�
gLð

ffiffiffiffiffiffiffi
mE

p ÞgL0 ð ffiffiffiffiffiffiffi
mE

p Þ
gLðKÞgL0 ðK0Þ τðDÞðK;K0Þ

�−1
½L�;½L0�

¼ iL
0−L½δ½L�;½L0� cot δ

ðDÞ
L ð

ffiffiffiffiffiffiffi
mE

p
Þ −M½L�;½L0�ð

ffiffiffiffiffiffiffi
mE

p
Þ�:

ðA37Þ

The generalized Lüscher zeta function can also be
derived by considering the hyperspherical harmonic basis
function expansion of the Green’s function. In infinite
volume, the hyperspherical harmonic basis expansion of
the Green’s function is given by

Z
dQ

ð2πÞD
eiQ·ðξ−ξ0Þ

mE −Q2
¼ξ>ξ0 − iðmEÞD−2

2

×
X
½L�

Y ½L�ðΩξÞHð1Þ
L ð

ffiffiffiffiffiffiffi
mE

p
ξÞJ Lð

ffiffiffiffiffiffiffi
mE

p
ξ0ÞY�

½L�ðΩξ0 Þ:

ðA38Þ

Similarly to the expansion of an infinite volume Green’s
function, the expansion of a finite volume Green’s function
may be written as

1

LD

X
p1;…;pN−1

eiQ·ðξ−ξ0Þ

mE −Q2
¼ξ>ξ0ðmEÞD−2

2

X
½L�;½L0�

Y ½L�ðΩξÞ

× ½δ½L�;½L0�N Lð
ffiffiffiffiffiffiffi
mE

p
ξÞ −M½L�;½L0�ð

ffiffiffiffiffiffiffi
mE

p
ÞJ Lð

ffiffiffiffiffiffiffi
mE

p
ξÞ�

× J L0 ð
ffiffiffiffiffiffiffi
mE

p
ξ0ÞY�

½L0�ðΩξ0 Þ: ðA39Þ

Combining Eqs. (A38) and (A39), we obtain

1

LD

X
p1;…;pN−1

eiQ·ðξ−ξ0Þ

mE −Q2
−
Z

dQ
ð2πÞD

eiQ·ðξ−ξ0Þ

mE −Q2

¼ξ>ξ0ðmEÞD−2
2

X
½L�;½L0�

Y ½L�ðΩξÞJ Lð
ffiffiffiffiffiffiffi
mE

p
ξÞ

× ½iδ½L�;½L0� −M½L�;½L0�ð
ffiffiffiffiffiffiffi
mE

p
Þ�J L0 ð

ffiffiffiffiffiffiffi
mE

p
ξ0ÞY�

½L0�ðΩξ0 Þ:
ðA40Þ

Next, using the plane wave expansion formula given in

Eq. (A13) and also replacing gðDÞ
L ðkÞ by kL, we thus find,

again, Eq. (A36), which may also suggest that the form

factor gðDÞ
L may be chosen as gðDÞ

L ðkÞ ∼ kL.
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