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Differential equations for the one-loop vertex diagram in heavy quark effective theory (HQET) with
arbitrary self-energy insertions and arbitrary residual energies are reduced to the ε form and used to obtain
the ε expansion in terms of Goncharov polylogarithms.
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We consider the one-loop vertex diagram (Fig. 1) with
arbitrary degrees of all three denominators:

In1;n2;n3ðϑ;ω1;ω2Þ ¼
1

iπd=2

Z
ddk

Dn1
1 Dn2

2 Dn3
3

;

D1 ¼ −2ðkþ p1Þ · v1; D2 ¼ −2ðkþ p2Þ · v2;
D3 ¼ −k2; ð1Þ
where ω1;2 ¼ p1;2 · v1;2, coshϑ ¼ v1 · v2. It has obvious
properties

In1;n2;n3ðϑ;ω1;ω2Þ ¼ In1;n2;n3ð−ϑ;ω1;ω2Þ; ð2Þ

In1;n2;n3ðϑ;ω1;ω2Þ ¼ In2;n1;n3ðϑ;ω2;ω1Þ; ð3Þ

In1;0;n3ðϑ;ω1;ω2Þ ¼ In1;n3ð−2ω1Þd−n1−2n3 ; ð4Þ

where

In1;n2 ¼
Γðn1 þ 2n2 − dÞΓðd=2 − n2Þ

Γðn1ÞΓðn2Þ
ð5Þ

is the one-loop self-energy diagram in heavy quark effec-
tive theory (HQET).
Results exact in ε are known for ω1 ¼ ω2 [1]

In1;n2;n3ðϑ;ω;ωÞ¼ In1þn2;n3ð−2ωÞd−n1−n2−2n3

× 3F2

� n1;n2;d2−n3
n1þn2

2
; n1þn2þ1

2

����1−coshϑ
2

�
ð6Þ

and ϑ ¼ 0 [2]

In1;n2;n3ð0;ω1;ω2Þ
¼ In1þn2;n3ð−2ω2Þd−n1−n2−2n3

× 2F1

�
n1; n1 þ n2 þ 2n3 − d

n1 þ n2

����1 − y

�
ð7Þ

(the symmetry (3) follows from a hypergeometric identity).
Here and below we use d ¼ 4 − 2ε,

x ¼ eϑ; y ¼ ω1

ω2

: ð8Þ

We consider the one-loop vertex (Fig. 1) with any
numbers of self-energy insertions into each of three lines,
provided that all lines in these insertions are massless. If the
full number of loops in all self-energy insertions into the
line i is li, then n1;2 ¼ m1;2 þ 2l1;2ε, n3 ¼ m3 þ l3ε, where
all mi are integers. All integrals with a given set li can be
reduced [1], using integration by parts (IBP), to three
master integrals with mi ¼ ð0; 1; 1Þ, (1, 0, 1), and (1, 1, 1).
We choose the column of the basis integrals ðf1; f2; f3ÞT ,
where

I2l1ε;1þ2l2ε;1þl3εðϑ;ω1;ω2Þ
¼ I1þ2ðl1þl2Þε;1þl3εð−2ω1Þ−lεð−2ω2Þ1−lεf1ðx; yÞ;

I1þ2l1ε;2l2ε;1þl3εðϑ;ω1;ω2Þ
¼ I1þ2ðl1þl2Þε;1þl3εð−2ω1Þ1−lεð−2ω2Þ−lεf2ðx; yÞ;

I1þ2l1ε;1þ2l2ε;1þl3εðϑ;ω1;ω2Þ
¼ I2þ2ðl1þl2Þε;1þl3εð−2ω1Þ−lεð−2ω2Þ−lεf3ðx; yÞ; ð9Þ

where l ¼ l1 þ l2 þ l0 is the total number of loops,
l0 ¼ l3 þ 1. They have symmetry properties

fðx−1; yÞ ¼ fðx; yÞ; ð10Þ

fðx; y−1Þ ¼ Sy½fðx; yÞ�l1↔l2 ; Sy ¼

0
B@

0 1 0

1 0 0

0 0 1

1
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The initial condition is fð1; 1Þ ¼ ð1; 1; 1ÞT . If l1 ¼ 0, f1 is
trivial (4); if l2 ¼ 0, f2 is trivial; if l1 ¼ l2 ¼ 0, there is only
one nontrivial master integral f3. If l1 ¼ l2, f2ðx; yÞ ¼
f1ðx; y−1Þ (10), and there are only two unknown functions
f1 and f3.
We shall use the method of differential equations [3].

Using

sinhϑ
∂
∂ϑ In1;n2;n3

¼ n1½1þ2− − 2ðω1 coshϑ − ω2Þ1þ − coshϑ�In1;n2;n3
¼ n2½2þ1− − 2ðω2 coshϑ − ω1Þ2þ − coshϑ�In1;n2;n3 ;

∂
∂ω1

In1;n2;n3 ¼ 2n11þIn1;n2;n3 ;

∂
∂ω2

In1;n2;n3 ¼ 2n22þIn1;n2;n3 ð11Þ

and the IBP reduction, we can derive the differential
equations

∂xf ¼ Mxf; ∂yf ¼ Myf; ð12Þ

where the matrices Mx;y (depending on x, y, and ε) satisfy

∂xMy − ∂yMx − ½Mx;My� ¼ 0 ð13Þ

because ∂x∂yf ¼ ∂y∂xf. The symmetries (10) lead to

Mxðx−1; yÞ þ x2Mxðx; yÞ ¼ 0; Myðx−1; yÞ ¼ Myðx; yÞ;
Mxðx; y−1Þ ¼ Sy½Mx�l1↔l2Sy;

Myðx; y−1Þ þ y2Sy½My�l1↔l2
Sy ¼ 0: ð14Þ

The differential equations (12) can be reduced to the
canonical form [4] by a linear transformation f ¼ TF (the
matrix T depends on x, y, ε),

dF ¼ εdMF; Mðx; yÞ ¼
X
i

Mi logpiðx; yÞ; ð15Þ

where piðx; yÞ are polynomials in x and y, and Mi are
constant matrices. We use the Mathematica package Libra
[5] which implements the algorithm of [6], and obtain

T ¼

0
BB@

1 0 l1
1þx2−2xy

1−x2

0 1 l2
1þx2−2xy−1

1−x2

0 0 − 1þ2ðl1þl2Þε
ε

x
1−x2

1
CCA;

T−1 ¼

0
BB@

1 0 l1ε
1þ2ðl1þl2Þε

1þx2−2xy
x

0 1 l2ε
1þ2ðl1þl2Þε

1þx2−2xy−1
x

0 0 − ε
1þ2ðl1þl2Þε

1−x2
x

1
CCA: ð16Þ

The symmetry properties of the canonical master integrals
are

Fðx−1; yÞ ¼ SxFðx; yÞ; Sx ¼

0
B@

1 0 0

0 1 0

0 0 −1

1
CA;

Fðx; y−1Þ ¼ Sy½Fðx; yÞ�l1↔l2 : ð17Þ

The initial conditions for the differential equations (15) are

Fð1; 1Þ ¼ T−1ð1; 1Þfð1; 1Þ ¼ ð1; 1; 0ÞT: ð18Þ

The matrix Mðx; yÞ is

M ¼ M1 log xþM2½logð1þ xÞ þ logð1 − xÞ� þM3 log y

þM4 logðx − yÞ þM5 logð1 − xyÞ; ð19Þ

M1 ¼

0
B@

l1 −l1 l1ðl1− l2þ l0Þ
−l2 l2 l2ð−l1þ l2þ l0Þ
1 1 l1þ l2 − l0

1
CA;

M2 ¼

0
B@
0 0 0

0 0 0

0 0 2l0

1
CA; M3 ¼

0
B@

l 0 0

−2l2 −l1þ l2 − l0 0

0 0 l

1
CA;

M4 ¼

0
B@
−l1 l1 l1l

l2 −l2 −l2l
1 −1 −l

1
CA; M5 ¼

0
B@
−l1 l1 −l1l
l2 −l2 l2l

−1 1 −l

1
CA

[only derivatives of M matter, and hence we may freely
substitute logðy − xÞ → logðx − yÞ, etc.]. This matrix has
symmetry properties

Mðx−1;yÞ¼ SxMðx;yÞSx;
Mðx;y−1Þ¼ Sy½Mðx;yÞ�l1↔l2Sy ð20Þ

(again, up to inessential additive constants).
If l1 ¼ 0 then F1ðx; yÞ ¼ ylε. The first equation decou-

ples, and this trivial function satisfies this equation. The
two nontrivial master integrals F2;3 are determined by
coupled equations. The case l2¼0 is similar. If l1 ¼ l2 ¼ 0

FIG. 1. The one-loop HQET vertex diagram.
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then F1;2ðx; yÞ ¼ y�lε; the only nontrivial master integral
F3 is determined by the third equation.
First we consider the single-scale case y ¼ 1. The

differential equations for x < 1 are

dFðx; 1Þ
dx

¼ ε

�
M1

x
þ M2

xþ 1
þM2 þM4 þM5

x − 1

�
Fðx; 1Þ;

M2 þM4 þM5 ¼ 2

0
B@

−l1 l1 0

l2 −l2 0

0 0 −l1 − l2

1
CA: ð21Þ

For x > 1 we have Fðx; 1Þ ¼ SxFðx−1; 1Þ; these functions
satisfy the equations

dFðx;1Þ
dx−1

¼ ε

�
−
M1 þ 2M2 þM4 þM5

x−1

þ M2

x−1 þ 1
þM2 þM4 þM5

x−1 − 1

�
Fðx;1Þ

because −SxðM1þ2M2þM4þM5ÞSx¼M1, SxM2Sx¼M2,
SxðM2 þM4 þM5ÞSx ¼ M2 þM4 þM5 (this follows
from (20)).
The solution of the differential equations (21) with the

initial conditions (18) as a series in ε can be obtained using
Libra. The coefficients are uniform-weight combinations of
harmonic polylogarithms [7] (we use HPL [8,9] to reduce
them to a minimal set):

F1ðx;1Þ¼ 1þ l1ðl1− l2þ l0ÞH2
0ðxÞε2

þ2l1

�
ðl1− l2þ l0Þ

�
−4l0H0;0;−1ðxÞþ2l0H0ðxÞH0;−1ðxÞþð2l− l0Þ

π2

6
H0ðxÞ

�

−2ðl21− l22þðl1þ3l2Þl0ÞH0;0;1ðxÞþ4l2l0H0ðxÞH0;1ðxÞþðl1− l2ÞlH2
0ðxÞH1ðxÞ

þ1

6
ð2ðl21− l22Þþðl1þ l2Þl0− l20ÞH3

0ðxÞþð2ðl21− l22Þþð5l1þ3l2Þl0þ3l20Þζ3
�
ε3

þ2l1

�
ðl1− l2Þl

�
2l0ð4H0;0;1;−1ðxÞþ4H0;0;−1;1ðxÞþ2H0;1;0;−1ðxÞ−3H0;0;0;−1ðxÞ

−4H1ðxÞH0;0;−1ðxÞþ2H0ðxÞH1ðxÞH0;−1ðxÞÞ− ðl1þ l2Þð2H0;1;0;1ðxÞþ4H1ðxÞH0;0;1ðxÞ−H2
0ðxÞH2

1ðxÞÞ

− ð2ðl1þ l2Þ− l0Þ
�
2H0;0;0;1ðxÞ−

1

3
H3

0ðxÞH1ðxÞ
�
þð2l− l0Þ

π2

3
H0ðxÞH1ðxÞþ2ð2lþ l0Þζ3H1ðxÞ

�

þðl1− l2þ l0Þ
�
4l20H0ðxÞH0;−1;−1ðxÞ−2l20H

2
0;−1ðxÞ−4ðl1þ l2Þl0H0;1ðxÞH0;−1ðxÞþðl1þ l2− l0Þl0H2

0ðxÞH0;−1ðxÞ

þð2l− l0Þl0
π2

3
H0;−1ðxÞ

�
þðl1þ l2Þ½8l2l0H0ðxÞH0;1;1ðxÞþðl21− l22þðl1−5l2Þl0ÞH2

0;1ðxÞ�

þ8l2l20H0ðxÞðH0;1;−1ðxÞþH0;−1;1ðxÞÞ−2l2ðl1þ l2− l0Þl0H0ðxÞð2H0;0;1ðxÞ−H0ðxÞH0;1ðxÞÞ

þ2ðl1−3l2þ l0Þl20H0ðxÞH0;0;−1ðxÞþ
1

24
ð4ðl31− l32Þþ2ðl21þ l22Þl0− ðl1þ l2Þl20þ l30ÞH4

0ðxÞ

þð2l− l0Þ
π2

12

�
8l2l0H0;1ðxÞþð2ðl21− l22Þþðl1þ l2Þl0− l20ÞH2

0ðxÞþð6ðl21− l22Þþðl1−21l2Þl0−5l20Þ
π2

30

�

−2ð2l2lþ l1l0þ l20Þl0ζ3H0ðxÞ
�
ε4þOðε5Þ;

F2ðx;1Þ¼ ½F1ðx;1Þ�l1↔l2 ;

F3ðx;1Þ¼ ½F3ðx;1Þ�l1↔l2 ¼ 2H0ðxÞε

þ
�
−4ðl1þ l2ÞðH0;1ðxÞ−H0ðxÞH1ðxÞÞ−4l0ðH0;−1ðxÞ−H0ðxÞH−1ðxÞÞþðl1þ l2− l0ÞH2

0ðxÞþð2l− l0Þ
π2

3

�
ε2

þ
�
4ðl1þ l2Þ2ð2H0;1;1ðxÞ−2H1ðxÞH0;1ðxÞþH0ðxÞH2

1ðxÞÞ

þ2ðl1þ l2Þ
�
4l0ðH0;1;−1ðxÞþH0;−1;1ðxÞ−H−1ðxÞH0;1ðxÞ−H1ðxÞH0;−1ðxÞþH0ðxÞH1ðxÞH−1ðxÞÞ

− ðl1þ l2− l0Þð2H0;0;1ðxÞ−H2
0ðxÞH1ðxÞÞþð2l− l0Þ

π2

3
H1ðxÞ

�
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þ4l20ð2H0;−1;−1ðxÞ−2H−1ðxÞH0;−1ðxÞþH0ðxÞH2
−1ðxÞÞ

− ðl1þ l2− l0Þ
�
4l0H0;0;−1ðxÞ−2l0H2

0ðxÞH−1ðxÞ− ð2l− l0Þ
π2

3
H0ðxÞ

�

þ1

3
ð2ðl21þ l22Þ− ðl1þ l2Þl0þ l20ÞH3

0ðxÞþ2ð2l− l0Þl0
π2

3
H−1ðxÞ−2ð2ðl1þ l2Þ2þ3ðl1þ l2Þl0þ2l20Þζ3

�
ε3

þ
�
8ðl1þ l2Þ3

�
−2H0;1;1;1ðxÞþ2H1ðxÞH0;1;1ðxÞ−H2

1ðxÞH0;1ðxÞþ
1

3
H0ðxÞH3

1ðxÞ
�

−2ðl1þ l2Þ2
�
ðl1þ l2− l0Þð2H0;1;0;1ðxÞþ4H1ðxÞH0;0;1ðxÞ−H2

0;1ðxÞ−H2
0ðxÞH2

1ðxÞÞ

þ4l0ð2H0;1;1;−1ðxÞþ2H0;1;−1;1ðxÞþ2H0;−1;1;1ðxÞ−2H−1ðxÞH0;1;1ðxÞ−2H1ðxÞH0;1;−1ðxÞ−2H1ðxÞH0;−1;1ðxÞ

þ2H1ðxÞH−1ðxÞH0;1ðxÞþH2
1ðxÞH0;−1ðxÞ−H0ðxÞH−1ðxÞH2

1ðxÞÞ− ð2l− l0Þ
π2

3
H2

1ðxÞ
�

−8l30

�
2H0;−1;−1;−1ðxÞ−2H−1ðxÞH0;−1;−1ðxÞþH2

−1ðxÞH0;−1ðxÞ−
1

3
H0ðxÞH3

−1ðxÞ
�

þ2ðl1þ l2− l0Þ
�
ðl1þ l2Þ

�
2l0ð2H0;0;1;−1ðxÞþ2H0;0;−1;1ðxÞ−2H−1ðxÞH0;0;1ðxÞ−2H1ðxÞH0;0;−1ðxÞ

þH2
0ðxÞH1ðxÞH−1ðxÞÞþð2l− l0Þ

π2

3
H0ðxÞH1ðxÞ

�
þ l20ð4H0;0;−1;−1ðxÞ−4H−1ðxÞH0;0;−1ðxÞþH2

0ðxÞH2
−1ðxÞÞ

þð2l− l0Þl0
π2

3
H0ðxÞH−1ðxÞ

�

−2ðl1þ l2Þ
�
4l20ð2H0;1;−1;−1ðxÞþ2H0;−1;1;−1ðxÞþ2H0;−1;−1;1ðxÞ−2H−1ðxÞH0;1;−1ðxÞ−2H−1ðxÞH0;−1;1ðxÞ

−2H1ðxÞH0;−1;−1ðxÞþH2
−1ðxÞH0;1ðxÞþ2H1ðxÞH−1ðxÞH0;−1ðxÞ−H0ðxÞH1ðxÞH2

−1ðxÞÞ

−2ð2l− l0Þl0
π2

3
H1ðxÞH−1ðxÞ

�

−4ð2ðl1þ l2Þðl21þ l22Þ− ðl21þ l22−10l1l2Þl0þðl1þ l2Þl20ÞH0;0;0;1ðxÞ
−4ð5ðl21þ l22Þ−6l1l2þ2ðl1þ l2Þl0þ l20Þl0H0;0;0;−1ðxÞ
þ8l1l2l0H0ðxÞð4H0;0;1ðxÞ−H0ðxÞH0;1ðxÞÞþ2ððl1− l2Þ2þðl1þ l2Þl0Þl0H0ðxÞð4H0;0;−1ðxÞ−H0ðxÞH0;−1ðxÞÞ

þ1

3
ð2ðl21þ l22Þ− ðl1þ l2Þl0þ l20ÞH2

0ðxÞ
�
2ðl1þ l2ÞH0ðxÞH1ðxÞþ2l0H0ðxÞH−1ðxÞþð2l− l0Þ

π2

2

�

þ 1

12
ð4ðl31þ l32Þ−2ðl21þ l22Þl0þðl1þ l2Þl20− l30ÞH4

0ðxÞ

þð2l− l0Þ
π2

3

�
2l20H

2
−1ðxÞþð22ðl21þ l22Þþ28l1l2þ13ðl1þ l2Þl0þ9l20Þ

π2

60

�

−4ð2ðl1þ l2Þ2þ3ðl1þ l2Þl0þ2l20Þζ3½ðl1þ l2ÞH1ðxÞþ l0H−1ðxÞ�

−4ð4l1l2ðl1þ l2Þ−2ðl21þ l22þ l1l2Þl0−2ðl1þ l2Þl20− l30Þζ3H0ðxÞ
�
ε4þOðε5Þ: ð22Þ

This expansion can be straightforwardly extended to any order in ε. We have also expanded the exact hypergeometric
representations of F1;3ðx; 1Þ which follow from (6) up to ε3 using HypExp [10,11]. The results can be expressed via
ordinary polylogarithms up to Li3, and agree with (22). They also agree with the expansions up to ε3 obtained in [1] [also
using (6) and HypExp]. When l1 ¼ l2 ¼ 0, the only non-trivial master integral F3 is expressed in Eq. (6) via the 2F1

function whose ε expansion is known to all orders [12]. The expansion in euclidean case is given there (there is a typo in the
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journal version corrected in the version 4 in arXiv); the
Minkowski case is given by the formula (41) in [13]. Our
result (22) at l1 ¼ l2 ¼ 0 agrees with the formula (B.10) in
[13] (it contains 3 further expansion terms).
Any finite number of terms in the expansion of Fðx; 1Þ in

x̄ ¼ 1 − x can be straightforwardly obtained from (6):

F1ðx; 1Þ ¼ 1þ ε2l1x̄2

ð1þ ðl1 þ l2ÞεÞð1þ 2ðl1 þ l2ÞεÞ
× fðl1 − l2 þ l0 þ 2l2l0εÞð1þ x̄Þ þOðx̄2Þg;

F2ðx; 1Þ ¼ ½F1ðx; 1Þ�l1↔l2 ;

F3ðx; 1Þ ¼ −
εx̄

1þ 2ðl1 þ l2Þε
½2þ x̄þOðx̄2Þ� ð23Þ

(we have obtained them up to x̄20). The coefficients are
exact functions of ε. This expansion satisfies the differential
equation (21) with the initial condition (18). Expanding
each coefficient of (23) in ε, and each coefficient of (22) in
x̄, we obtain two identical double expansions up to ε4 and
x̄20; this is a strong check of our result (22).
Next we consider the straight-line case x ¼ 1. From

the form of the matrix T−1 (16) at x ¼ 1 we see that
F3ð1; yÞ ¼ 0. The differential equations for y < 1 are

dFð1; yÞ
dy

¼ ε

�
M3

y
þM4 þM5

y − 1

�
Fð1; yÞ;

M4 þM5 ¼ 2

0
B@

−l1 l1 0

l2 −l2 0

0 0 −l

1
CA ð24Þ

(they are, of course, consistent with F3 ¼ 0). For y > 1 we
have Fð1; yÞ ¼ Sy½Fð1; y−1Þ�l1↔l2 ; these functions satisfy
the equations

dFð1; yÞ
dy−1

¼ ε

�
−
M3 þM4 þM5

y−1
þM4 þM5

y−1 − 1

�
Fð1; yÞ

because −Sy½M3 þM4 þM5�l1↔l2Sy ¼ M3, Sy½M4 þ
M5�l1↔l2Sy ¼ M4 þM5 [this follows from (20)].
Solving the differential equations (24) with the initial

conditions (18) we obtain

y−lεF1ð1; yÞ ¼ 1 − 4l1l

�
H0;1ðyÞ −H0ðyÞH1ðyÞ −

π2

6

�
ε2

þ 4l1l

�
ðl1 þ l2Þ

�
2H0;1;1ðyÞ − 2H1ðyÞH0;1ðyÞ þH0ðyÞH2

1ðyÞ þ
π2

3
H1ðyÞ

�

− ðl1 þ l0Þð2H0;0;1ðyÞ − 2H0ðyÞH0;1ðyÞ þH2
0ðyÞH1ðyÞÞ − 2ðl2 − l0Þζ3

�
ε3

− 4l1l

�
2ðl1 þ l2Þ2

�
2H0;1;1;1ðyÞ − 2H1ðyÞH0;1;1ðyÞ þH2

1ðyÞH0;1ðyÞ −
1

3
H0ðyÞH3

1ðyÞ −
π2

6
H2

1ðyÞ
�

þ 2ðl1 þ l0Þ2
�
2H0;0;0;1ðyÞ − 2H0ðyÞH0;0;1ðyÞ þH2

0ðyÞH0;1ðyÞ −
1

3
H3

0ðyÞH1ðyÞ
�

þ 2ðl1l − l2l0Þ
�
H0;1;0;1ðyÞ þ 2H0ðyÞH0;1;1ðyÞ þ 2H1ðyÞH0;0;1ðyÞ

�

− ðl1l − 3l2l0ÞH2
0;1ðyÞ − 4l1lH0ðyÞH1ðyÞH0;1ðyÞ þ ðl1 þ l2Þðl1 þ l0ÞH2

0ðyÞH2
1ðyÞ

− 2l2l0
π2

3
ðH0;1ðyÞ −H0ðyÞH1ðyÞÞ þ 4ðl2ðl1 þ l2Þ − ðl1 − l2Þl0Þζ3H1ðyÞ

− ð7l1lþ 4ðl22 − l2l0 þ l20ÞÞ
π4

90

�
ε4 þOðε5Þ;
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ylεF2ð1; yÞ ¼ 1þ 2l2l

�
2H0;1ðyÞ − 2H0ðyÞH1ðyÞ −H2

0ðyÞ −
π2

3

�
ε2

− 4l2l

�
ðl1 þ l2Þ

�
2H0;1;1ðyÞ − 2H1ðyÞH0;1ðyÞ þH0ðyÞH2

1ðyÞ þ
π2

3
ðH0ðyÞ þH1ðyÞÞ

�

− 2ðl1 − l0ÞH0;0;1ðyÞ − 2ðl2 þ l0ÞðH0ðyÞH0;1ðyÞ þ ζ3Þ þ ðl2 þ lÞH2
0ðyÞ

�
H1ðyÞ þ

1

3
H0ðyÞ

��
ε3

þ 4l2l

�
2ðl1 þ l2Þ2

�
2H0;1;1;1ðyÞ − 2H1ðyÞH0;1;1ðyÞ þH2

1ðyÞH0;1ðyÞ −
1

3
H0ðyÞH3

1ðyÞ −
π2

6
H2

1ðyÞ
�

þ 2ðl1l − l2l0ÞðH0;1;0;1ðyÞ þ 2H1ðyÞH0;0;1ðyÞÞ þ 4ðl1 þ l0Þ2H0;0;0;1ðyÞ
− 4ðl2ðl1 þ l2Þ − ðl1 − l2Þl0ÞðH0ðyÞH0;1;1ðyÞ − ζ3ðH0ðyÞ þH1ðyÞÞÞ þ 4ðl1l2 − ll0ÞH0ðyÞH0;0;1ðyÞ
− ðl1ðl1 þ l2 þ 3l0Þ − l2l0ÞH2

0;1ðyÞ þ 2ððl2 þ l0Þ2 þ l1l0ÞH2
0ðyÞH0;1ðyÞ

þ 4l2lH0ðyÞH1ðyÞH0;1ðyÞ − ðl1 þ l2Þðl2 þ lÞH2
0ðyÞH2

1ðyÞ

−
1

6
ððl1 þ l0Þ2 þ 3l2lÞH3

0ðyÞð4H1ðyÞ þH0ðyÞÞ

þ π2

3
ð2l1l0H0;1ðyÞ − ððl1 þ l2Þ2 þ l1l0ÞH0ðyÞð2H1ðyÞ þH0ðyÞÞÞ

− ð7l1ðl1 þ l2Þ þ 4l22 þ ð12l1 þ l2Þl0 þ 4l20Þ
π4

90

�
ε4 þOðε5Þ: ð25Þ

This expansion can be straightforwardly extended
to any order in ε. We have also expanded the exact
hypergeometric representations of F1;2ð1; yÞ which follow
from (7) up to ε3 using HypExp [10,11]. The results can be
expressed via ordinary polylogarithms up to Li3, and agree
with (25).
Any finite number of terms in the expansion of

Fð1; yÞ in ȳ ¼ 1 − y can be straightforwardly obtained
from (7):

F1ð1; yÞ ¼ 1 −
εlȳ

1þ 2ðl1 þ l2Þε
½1 − 2ðl1 − l2ÞεþOðȳÞ�;

F2ð1; yÞ ¼ 1þ εlȳ
1þ 2ðl1 þ l2Þε

½1þ 2ðl1 − l2ÞεþOðȳÞ�

ð26Þ

(we have obtained them up to ȳ20). This expansion satisfies
the differential equations (24) with the initial conditions
(18). Expanding each coefficient of (26) in ε, and each
coefficient of (25) in ȳ, we obtain two identical double
expansions up to ε4 and ȳ20; this is a strong check of our
result (25).
Finally, we discuss the general case. Due to the

symmetry relations (17) it is sufficient to consider

the region x ≤ 1, y ≤ 1. We can solve the differential
equations (15) along one of the two paths in Fig. 2.
The result is a combination of products of Goncharov
polylogarithms [14]

G0;…; 0|fflfflffl{zfflfflffl}
n

ðxÞ ¼ 1

n!
lognx; Ga;…ðxÞ ¼

Z
x

0

dt
t − a

G…ðtÞ

of x̄ ¼ 1 − x and ȳ ¼ 1 − y. Numerical evaluation of
Goncharov polylogarithms is available [15] in GINAC
[16]. We make no efforts to express some of them via
harmonic polylogarithms of x and y because some
Goncharov polylogarithms are bound to remain. Using
Libra we obtain

FIG. 2. Paths from (1,1) to ðx; yÞ.
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y−lεF1ðx; yÞ ¼ 1þ 2l1fl½Gȳ;1ðx̄Þ −Gŷ;1ðx̄Þ − 2G0;1ðȳÞ þ G1ðȳÞðG1ðx̄Þ − Gȳðx̄Þ −Gŷðx̄ÞÞ� þ ðl1 − l2 þ l0ÞG1;1ðx̄Þgε2
− 2l1fl½l0ð2ðGŷ;0;1ðx̄Þ −Gȳ;0;1ðx̄Þ þ Gŷ;2;1ðx̄Þ −Gȳ;2;1ðx̄ÞÞ þGȳ;ŷ;1ðx̄Þ − Gŷ;ȳ;1ðx̄Þ
þ G1ðȳÞðGȳ;ŷðx̄Þ þ Gŷ;ȳðx̄Þ − Gŷ;1ðx̄ÞÞÞ
þ ð2l − l0ÞðGȳ;ȳ;1ðx̄Þ −Gŷ;ŷ;1ðx̄Þ − G1ðȳÞðGȳ;ȳðx̄Þ þ Gŷ;ŷðx̄Þ −Gȳ;1ðx̄ÞÞÞ
þ 2ðl1 þ l2ÞðG0;1ðȳÞðG1ðx̄Þ − Gȳðx̄Þ − Gŷðx̄ÞÞ − 2G0;0;1ðȳÞÞ þ ð2l1 þ l0ÞðG1;ŷ;1ðx̄Þ þ G1ðȳÞG1;ŷðx̄ÞÞ
þ ð2l1 − l0ÞGŷ;1;1ðx̄Þ − ð2l2 − l0ÞðGȳ;1;1ðx̄Þ þ G1;ȳ;1ðx̄Þ −G1ðȳÞðG1;ȳðx̄Þ − G1;1ðx̄ÞÞÞ
þ 2ðl1 þ l0ÞðG1;1ðȳÞðG1ðx̄Þ − Gȳðx̄Þ − Gŷðx̄ÞÞ − 2G0;1;1ðȳÞÞ�
− 2l0ðl1 − l2 þ l0ÞðG1;0;1ðx̄Þ þ G1;2;1ðx̄ÞÞ − ð2ðl21 − l22Þ þ ðl1 þ l2Þl0 − l20ÞG1;1;1ðx̄Þgε3 þOðε4Þ

¼ 1þ 2l1fl½G1ðx̄ÞðGx̄ðȳÞ − Gx̂ðȳÞÞ −Gx̄;1ðȳÞ −Gx̂;1ðȳÞ� þ ðl1 − l2 þ l0ÞG1;1ðx̄Þgε2
− 2l1fl½l0ð2G2;1ðx̄ÞðGx̂ðȳÞ −Gx̄ðȳÞÞ þ G1ðx̄ÞðGx̄;x̂ðȳÞ − Gx̂;x̄ðȳÞÞ þ Gx̄;x̂;1ðȳÞ þGx̂;x̄;1ðȳÞÞ
þ ð2l − l0ÞðG1ðx̄ÞðGx̄;x̄ðȳÞ −Gx̂;x̂ðȳÞÞ −Gx̄;x̄;1ðȳÞ −Gx̂;x̂;1ðȳÞÞ
þ 2ðl1 þ l2ÞG0;1ðx̄ÞðGx̄ðȳÞ −Gx̂ðȳÞÞ þ 2ðl1 − l2ÞG0;1;1ðx̄Þ
þ ð2l1 − l0ÞG1;1ðx̄ÞGx̂ðȳÞ − ð2l2 − l0ÞG1;1ðx̄ÞGx̄ðȳÞ − 2ðl1 þ l0ÞðGx̄;1;1ðȳÞ þ Gx̂;1;1ðȳÞÞ�
− 2ðl1 − l2 þ l0Þ½l0G1;2;1ðx̄Þ − ðl1 þ l2ÞG1;0;1ðx̄Þ� − ð2ðl21 − l22Þ þ ðl1 þ l2Þl0 − l20ÞG1;1;1ðx̄Þgε3 þOðε4Þ;

ylεF2ðx; yÞ ¼ 1þ 2l2fl½2ðG0;1ðȳÞ −G1;1ðȳÞÞ −Gȳ;1ðx̄Þ þ Gŷ;1ðx̄Þ − G1ðȳÞðG1ðx̄Þ −Gŷðx̄Þ −Gȳðx̄ÞÞ�
− ðl1 − l2 − l0ÞG1;1ðx̄Þgε2
− 2l2fl½l0ðG1ðȳÞðGȳ;1ðx̄Þ −Gȳ;ŷðx̄Þ −Gŷ;ȳðx̄ÞÞ þ 2ðGȳ;0;1ðx̄Þ − Gŷ;0;1ðx̄Þ þ Gȳ;2;1ðx̄Þ −Gŷ;2;1ðx̄ÞÞ
− Gȳ;ŷ;1ðx̄Þ þGŷ;ȳ;1ðx̄ÞÞ þ ð2l − l0ÞðG1ðȳÞðGȳ;ȳðx̄Þ þGŷ;ŷðx̄Þ −Gŷ;1ðx̄ÞÞ −Gȳ;ȳ;1ðx̄Þ þ Gŷ;ŷ;1ðx̄ÞÞ
þ ðl1 þ l2Þð4ðG0;0;1ðȳÞ −G1;0;1ðȳÞÞ − 2G0;1ðȳÞðG1ðx̄Þ −Gȳðx̄Þ −Gŷðx̄ÞÞÞ
− ð2l1 − l0ÞðG1ðȳÞðG1;ŷðx̄Þ − G1;1ðx̄ÞÞ þGŷ;1;1ðx̄Þ þG1;ŷ;1ðx̄ÞÞ − ð2l2 þ l0ÞðG1ðȳÞG1;ȳðx̄Þ −G1;ȳ;1ðx̄ÞÞ
þ ð2l2 − l0ÞGȳ;1;1ðx̄Þ þ 2ðl2 þ lÞð2ðG1;1;1ðȳÞ − G0;1;1ðȳÞÞ þG1;1ðȳÞðG1ðx̄Þ − Gȳðx̄Þ −Gŷðx̄ÞÞÞ�
þ 2l0ðl1 − l2 − l0ÞðG1;0;1ðx̄Þ þ G1;2;1ðx̄ÞÞ þ ð2ðl21 − l22Þ − ðl1 þ l2Þl0 þ l20ÞG1;1;1ðx̄Þgε3 þOðε4Þ

¼ 1þ 2l2fl½G1ðx̄ÞðGx̂ðȳÞ − Gx̄ðȳÞÞ − 2G1;1ðȳÞ þ Gx̄;1ðȳÞ þGx̂;1ðȳÞ� − ðl1 − l2 − l0ÞG1;1ðx̄Þgε2
− 2l2f2l2G1ðx̄ÞðGx̄;1ðȳÞ −Gx̂;1ðȳÞÞ þ l½l0ð2G2;1ðx̄ÞðGx̄ðȳÞ −Gx̂ðȳÞÞ þ G1ðx̄ÞðGx̂;x̄ðȳÞ −Gx̄;x̂ðȳÞÞ
− Gx̄;x̂;1ðȳÞ −Gx̂;x̄;1ðȳÞÞ þ ð2l − l0ÞðG1ðx̄ÞðGx̂;x̂ðȳÞ − Gx̄;x̄ðȳÞÞ þ Gx̄;x̄;1ðȳÞ þGx̂;x̂;1ðȳÞÞ
þ 2ðl1 þ l2ÞðG0;1ðx̄ÞðGx̂ðȳÞ −Gx̄ðȳÞÞ þ G1ðx̄ÞðG1;x̄ðȳÞ −G1;x̂ðȳÞÞ −G1;x̄;1ðȳÞ − G1;x̂;1ðȳÞÞ
þ 2ðl1 − l2ÞðG1;1ðx̄ÞG1ðȳÞ −G0;1;1ðx̄ÞÞ − ð2l1 − l0ÞG1;1ðx̄ÞGx̂ðȳÞ þ ð2l2 − l0ÞGx̄ðȳÞG1;1ðx̄Þ
þ 2ðl2 þ lÞð2G1;1;1ðȳÞ −Gx̄;1;1ðȳÞ − Gx̂;1;1ðȳÞÞ�
þ 2ðl1 − l2 − l0Þ½l0G1;2;1ðx̄Þ − ðl1 þ l2ÞG1;0;1ðx̄Þ� þ ð2ðl21 − l22Þ − ðl1 þ l2Þl0 þ l20ÞG1;1;1ðx̄Þgε3 þOðε4Þ;
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F3ðx;yÞ ¼ 2G1ðx̄Þεþ 2fl½G1ðȳÞðGȳðx̄Þ−Gŷðx̄ÞÞ−Gȳ;1ðx̄Þ−Gŷ;1ðx̄Þ�þ 2l0ðG0;1ðx̄ÞþG2;1ðx̄ÞÞþ ðl1þ l2− l0ÞG1;1ðx̄Þgε2
− 2fl½l0ðG1ðȳÞð2ðG0;ŷðx̄Þ−G0;ȳðx̄ÞþG2;ŷðx̄Þ−G2;ȳðx̄ÞÞ−Gȳ;ŷðx̄ÞþGŷ;ȳðx̄ÞÞ
þ 2ðG0;ȳ;1ðx̄ÞþG0;ŷ;1ðx̄ÞþG2;ȳ;1ðx̄ÞþG2;ŷ;1ðx̄ÞþGȳ;0;1ðx̄ÞþGŷ;0;1ðx̄ÞþGȳ;2;1ðx̄ÞþGŷ;2;1ðx̄ÞÞ
−Gȳ;ŷ;1ðx̄Þ−Gŷ;ȳ;1ðx̄ÞÞ
þ ð2l− l0ÞðG1ðȳÞðGȳ;ȳðx̄Þ−Gŷ;ŷðx̄ÞÞ−Gȳ;ȳ;1ðx̄Þ−Gŷ;ŷ;1ðx̄ÞÞ
þ ðl1þ l2Þð2G0;1ðȳÞðGȳðx̄Þ−Gŷðx̄ÞÞ−G1ðȳÞðGȳ;1ðx̄Þ−Gŷ;1ðx̄ÞÞÞþ ðl1− l2Þð2G0;1ðȳÞG1ðx̄Þ−G1ðȳÞG1;1ðx̄ÞÞ
þ ð2l1 − l0ÞðG1ðȳÞG1;ŷðx̄ÞþGŷ;1;1ðx̄ÞþG1;ŷ;1ðx̄ÞÞ− ð2l2− l0ÞðG1ðȳÞG1;ȳðx̄Þ−G1;ȳ;1ðx̄Þ−Gȳ;1;1ðx̄ÞÞ
− ðl1− l2þ l0ÞG1ðx̄ÞG1;1ðȳÞþ 2l2G1;1ðȳÞðGŷðx̄Þ−Gȳðx̄ÞÞ�
− 4l20ðG0;0;1ðx̄ÞþG0;2;1ðx̄ÞþG2;0;1ðx̄ÞþG2;2;1ðx̄ÞÞ− 2l0ðl1þ l2 − l0ÞðG0;1;1ðx̄ÞþG1;0;1ðx̄Þ
þG1;2;1ðx̄ÞþG2;1;1ðx̄ÞÞ− ð2ðl21þ l22Þ− ðl1þ l2Þl0þ l20ÞG1;1;1ðx̄Þgε3þOðε4Þ

¼ 2G1ðx̄Þεþ 2fl½G1ðx̄ÞðG1ðȳÞ−Gx̄ðȳÞ−Gx̂ðȳÞÞþGx̄;1ðȳÞ−Gx̂;1ðȳÞ�
þ ðl1þ l2 − l0ÞG1;1ðx̄Þ− 2ðl1þ l2ÞG0;1ðx̄Þþ 2l0G2;1ðx̄Þgε2
− 2fl2½G1ðx̄ÞðG1;x̄ðȳÞþG1;x̂ðȳÞþGx̄;1ðȳÞþGx̂;1ðȳÞ−G1;1ðȳÞÞ−G1;x̄;1ðȳÞþG1;x̂;1ðȳÞ�
þ l½l0ð2G2;1ðx̄ÞðGx̄ðȳÞþGx̂ðȳÞ−G1ðȳÞÞ−G1ðx̄ÞðGx̄;x̂ðȳÞþGx̂;x̄ðȳÞÞ−Gx̄;x̂;1ðȳÞþGx̂;x̄;1ðȳÞÞ
− ð2l− l0Þ½G1ðx̄ÞðGx̄;x̄ðȳÞþGx̂;x̂ðȳÞÞ−Gx̄;x̄;1ðȳÞþGx̂;x̂;1ðȳÞ�
þ 2ðl1þ l2Þ½G0;1ðx̄ÞðG1ðȳÞ−Gx̂ðȳÞÞ−G0;1ðx̄ÞGx̄ðȳÞ�
þG1;1ðx̄Þ½ð2l1 − l0ÞGx̂ðȳÞþ ð2l2− l0ÞGx̄ðȳÞ− ðl1þ l2− l0ÞG1ðȳÞ�− 2l2ðGx̄;1;1ðȳÞ−Gx̂;1;1ðȳÞÞ�
− 4ðl1þ l2Þ2G0;0;1ðx̄Þ− 2ðl1þ l2 − l0Þ½l0ðG2;1;1ðx̄ÞþG1;2;1ðx̄ÞÞ− ðl1þ l2ÞðG1;0;1ðx̄ÞþG0;1;1ðx̄ÞÞ�
þ 4l0ðl1þ l2ÞðG2;0;1ðx̄ÞþG0;2;1ðx̄ÞÞ− 4l20G2;2;1ðx̄Þ
− ð2ðl21þ l22Þ− ðl1þ l2Þl0þ l20ÞG1;1;1ðx̄Þgε3þOðε4Þ; ð27Þ

where x̂ ¼ 1 − x−1, ŷ ¼ 1 − y−1. All Goncharov polylogarithms up to weight 2 can be expressed via Li2 and logarithms.
This expansion can be straightforwardly extended to any order in ε.
The results (22), (25), (27) are available in the Supplemental Material, Mathematica file [17].
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