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HQET vertex diagram: £ expansion
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Differential equations for the one-loop vertex diagram in heavy quark effective theory (HQET) with
arbitrary self-energy insertions and arbitrary residual energies are reduced to the & form and used to obtain
the & expansion in terms of Goncharov polylogarithms.
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We consider the one-loop vertex diagram (Fig. 1) with
arbitrary degrees of all three denominators:

1 dik
Ly ma (801, 02) = 27 / D\'Dy DY’

Dy = =2(k+ py) - vy, Dy = =2(k+ p3) - v2,
D3 = _kz’ (1)
where w;, = py, - v1,, coshd = v; - v,. It has obvious
properties
Inl,nz,n3 ('9;(01’(02) = Inl,nz,n3<_19;w1vw2)’ (2)
Inl,nz.n3 (19;601,602) = Inz,nl,n3 (19;602’(01)’ (3)
InIVO,ng ('9;(‘017 (1)2> = Inl,n3 (_Zwl)d—n1—2n3’ (4)

where

I o F(nl + 21’12 - d)F(d/Z - n2) (5)
e [(n,)0(ny)
is the one-loop self-energy diagram in heavy quark effec-
tive theory (HQET).
Results exact in € are known for w; = w, [1]

Inl JMy,N3 (19’ @, w) = In1+n2,n3 (_2w>d—n1 ~re=2ns

d
F ny,ny,5—n3 |1 —coshd 6
X e —
352 ni+ny ni+ny+1 2 ( )

2 2

and 9 = 0 [2]
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In] My N3 (0’ w1, 0)2)

_ d—ny—n, =2,
_In|+n2,n3(_2w2) T

ni,ny+n, +2ny—d
><2F1< b ? ’ ‘1—)}) (7)
n1+n2

(the symmetry (3) follows from a hypergeometric identity).
Here and below we use d = 4 — 2¢,
_ 9 _9
x=e’, y= o (8)
We consider the one-loop vertex (Fig. 1) with any
numbers of self-energy insertions into each of three lines,
provided that all lines in these insertions are massless. If the
full number of loops in all self-energy insertions into the
line i is ll" then nyp, = m]’z —+ 2[]’28, ni3 = my —+ l38, where
all m; are integers. All integrals with a given set /; can be
reduced [1], using integration by parts (IBP), to three
master integrals with m; = (0,1, 1), (1,0, 1), and (1, 1, 1).
We choose the column of the basis integrals (f1, f2, f3)7,
where

12115,1+2lzs,1+13s(19§ Wy, ;)

= 11+2(11+12)g,1+135(—2w1)_16(—2w2)1_18f1 (x, Y)v
11+2lls,2zze,1+l3s(19§ Wy, ;)

= 11+2(11+12)e,1+13e(—2w1)l_ls(_za’z)_lsfz(xy y),
11+2118,1+2128,1+138(’9;wlvwZ)

= Doty 4 b)e 15 (—201) 7 (=2w,) T f3(x. ). )

where [ =1, + 1, + 1, is the total number of loops,
lo = I3 + 1. They have symmetry properties

FOhy) = flxy), (10)

S O =
- O O
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FIG. 1. The one-loop HQET vertex diagram.

The initial condition is f(1,1) = (1,1, )T, If [; = 0, f; is
trivial (4);if [, = 0, f, is trivial; if [; = [, = 0, there is only
one nontrivial master integral fs. If [} =1L, fo(x,y) =
f1(x,y~1) (10), and there are only two unknown functions

S1 and f3.
We shall use the method of differential equations [3].

Using

0
sinh&%lnl,nz’n3

=n 1727 = 2(w; cosh§ — @,)1" —cosh 9|1, ,, .
=ny[2717 = 2(w;y cosh § — )27 —cosh 9|1, ,, ..
0

0w, 1"1’”2,"3 = 2n11+1"17"2»"3’
8 +
8—0)21n1,n2,m = 2”22 Inl.nz.n3 (11)

and the IBP reduction, we can derive the differential
equations

8)clewva 8yf:A/ny’ (12)

where the matrices M, , (depending on x, y, and €) satisfy
oM, —0M,—[M,. M) =0 (13)
because 0,0, f = 0,0, f. The symmetries (10) lead to

M (x7y) + M (x,y) =0,
Mx(x’ y_l) = Sy[Mx]llelzsy’

My(x,y_l) +yZSy[My]l]<_)ley =0. (14)

My (x7'y) = M,(x.y):

The differential equations (12) can be reduced to the
canonical form [4] by a linear transformation f = TF (the
matrix 7 depends on x, y, €),

dF =edMF,  M(x.y)=> M;logp;(x.y). (15)

where p;(x,y) are polynomials in x and y, and M; are
constant matrices. We use the Mathematica package Libra
[5] which implements the algorithm of [6], and obtain

14+x>—2xy
1o e
— 1+x?>—2xy~!
T O 1 12 I—XZ ’
_2(L+h)e &
00 € 1-x2
£ +x°—2x
1 O 11 1 2 2 y
1+2(1+1p)e X
-1 __ Le 14+x2—2xy~!
=101 14+2(0+1)e X ’ (16)

e 1=x
142(L+h)e x

o
o

The symmetry properties of the canonical master integrals
are

1 0 0
F(x71y) = S.F(x,y), S;=10 1 0],
0 0 -1
Flr.y™) = S, 1F (5 )] oy (17)

The initial conditions for the differential equations (15) are
F(1,1)=T7(1,1)f(1,1) = (1,1,0). (18)
The matrix M(x,y) is

M = M, logx + M,[log(1 + x) + log(1 — x)] + M3 logy

+ Mylog(x —y) + Mslog(1 — xy), (19)
L =l Llhi=hL+1)
Mi=|~-L L hL(=L+hL+l) |,
11 L4h—1
00 O l 0 0
My=|00 0|, My=|-20, =, +5,—1, 0|,
0 0 2{ 0 0 l
—1 1 Ul “1 1 -l
Mi=| b =L L], Ms=| L, -1, L
1 -1 =i -1 1 -1

[only derivatives of M matter, and hence we may freely
substitute log(y — x) — log(x — y), etc.]. This matrix has
symmetry properties

M(x~",y) = SM(x.y)S..
M(x,y™) =S, [M(x.9)];, 1,5, (20)

(again, up to inessential additive constants).

If [, = 0 then F,(x,y) = y*. The first equation decou-
ples, and this trivial function satisfies this equation. The
two nontrivial master integrals F,; are determined by
coupled equations. The case [, =0 is similar. If [, =1, =0
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then F,,(x,y) = y*¥; the only nontrivial master integral
F5 is determined by the third equation.

First we consider the single-scale case y = 1. The
differential equations for x < 1 are

R LR R e !
-1, 0

My+M,+Ms=2| 1, -1, 0 . (21)
0 0 =l —1I

For x > 1 we have F(x,1) = S,F(x~!,1); these functions
satisfy the equations |

Fi(x,1) =14+l =L+ 1) Hy(x)e?

dF(x,l)i M1+2M2+M4+M5
dx ' x!
My M+ M, + Ms
F(x,1
+x_1—|—l x =1 (1)

because —S, (M| +2M,+M,+Ms)S, =M, S;M,S,=M,,
Se(My+ My + Ms)S, =M, + M, + Ms (this follows
from (20)).

The solution of the differential equations (21) with the
initial conditions (18) as a series in € can be obtained using
Libra. The coefficients are uniform-weight combinations of
harmonic polylogarithms [7] (we use HPL [8,9] to reduce
them to a minimal set):

7[2
2 {(zl bty [—%Ho,o,_, () + 2o Ho () Ho 1 (x) + (21— zo>—Ho<x>}

6

—2(B =B+ (I, +3L)ly)Hop,1 (x) +4laloHo(x)Ho 1 (x) + (I, — ) IH (x)H (x)

1
6

+- QB =B)+ (L + L)l =) H(x) + (2(1F = 3) + (51, +3L) 1o+ 315)¢3 }83

+21 { (I =)l [210(4H0,0,1,—1 (x) +4Ho -1 (x)+ 2H 10,1 (x) = 3H( 0,1 (x)

—4H, (x)H—1(x)+2Ho(x)H, (x)Ho 1 (x)) = (11 + 1) (2Hy 1 0.1 (x) +4H, (x)Hg o1 (x) — H§(x) H7 (x))

1

2

= 20+ )= o) (2Ho00a(x) =3 HRCOH () ) + 21— 1) S Ho(w)Hy(4) + 2021+ )EsHy (9

+ (I =L+ 1) {41(2)H0 (x)Ho 1 —1(x) = 2[5H} _ | (x) = 4(l; + 1) pHo 1 (x)Ho 1 (x) + (1) + 1 — 1y lgHE (x) Ho 1 (x)

2

+ (21— lo)lo%Ho,—l (x)] + (L +1)[8L106Ho(x)Ho 1.1 (x) + (1 = 5+ (1, = 5L) 1o H , (x)]

+ 8L, 5H(x)(Ho1 -1 (x)+Ho 11 (x)) =2L(11 + 1, — ) loHo(x) (2Hg 0.1 (x) — Ho (x)H 1 (x))

+ 2([1 - 3[2 + lo)l(z)Ho(X)H()’Q,_l (X) +ﬁ

”2

+(21-1y) B

—2(2h1+ lllo+l(2))log3Ho(x)}f4 +0(&),

Fy(x, 1) =[F(x, 1]}, o,
F3(x,1) =[F3(x,1)];, 1, = 2Ho(x)e

”2
{81210110,1 () + (I =B) + (L + L)l = [§)Hi(x) + (6(1F = 13) + (I, =211) o —515)}

1
(4R =B)+2(R+B)lo = (L + L)l + ) Hi (x)

30

”2
A0 ) B )= Ho0 1 3) = 0o 5) = HoCOH (1) + (1 = R0 + (21 0) |
{00+ 12 10 (0) =28, (9 () + Ho(OH )
200412 401 (3) 10 (0) = oy (9o, (4) = Hy 1) o 1)+ Holo) H ) 2)

= (112 = 1) (2Ho, 0.1 (x) = HY(x)H () + (20 = 1) 5 Hy ()
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+415(2H 1 —1 (x) =2H_; (x)Ho _; (x) + Ho(x)H2 | (x))

”2
(0t 2= )[4, (9~ 2 HR -1 (0) = (21 10) )|
+%(2(1% +B) = (I, + L)+ BYH (x) +2(21 - lo)lo%zH_l(x) —22(L + 1)?+3(l + 1)1 +215)C3}e3
{8001 (<2810 0014 2, () o (09~ HE) Ho. (0) 5 o) )

—2(l; +1,)? [(ll +1,—1y)(2H¢ 1 0.1 (x) +4H (x)Hpg(x) — H(z)’1 (x) —H}(x)H3(x))

+415(2Ho,1,1,-1 (%) +2Ho 1 —1,1 (x) +2Ho 11,1 (x) =2H_ (x)H,1 1 (x) =2H  (x)Hg,1 —1 (x) = 2H (x)H -1 1 (x)

”2

+2H, (x))H -y (x)Ho 1 (%) + Hi (x)Ho 1 (x) = Ho(x)H 1 (x) H1(x)) = (21 = 1o) H?(X)]

- 813 <2Ho,_1,_l,_l (x)—2H_;(x)Ho 1 -1 (x)+H?2, (x)Ho _; (x) — %HO (x)H?, (x)>

+2(L+ 5L —=1) {(11 +1) (210(2H0.0’1._1 (x)+2Hg_1.1(x)—2H_1(x)H o, (x) —2H(x)Hg_1(x)
+H}(x)H, (x)H_;(x))+ (21— lo)%zHO(x)Hl (x)> +13(4H 011 (x) —4H_(x)Ho o (x) + H}(x)H?, (x))
+(21- lo)lo%zHo(x)H_l(x)}

=2(l, + 1) {41(2)(21‘10.1,—1,—1 (X) +2Ho _y 1-1 () +2Ho_y 11 (x) =2H_y (x)Ho 1 1 (x) =2H_; (x)Ho _ 1 (%)

—2H(x)Ho_y _1(x)+ H? (x)Ho1(x) +2H (x)H_{ (x)Ho_; (x) — Ho(x)H (x)H?  (x))

”2
—2<2z—zo>zo§H1<x>H_l<x>}

—4Q2(L +L)(B+13)— (B + 153 —-101 1) lg+ (I, + 1) [§)Ho 00,1 (x)
+ 811l 1oHo(x)(4H 01 (x) — Ho(x)Ho 1 (x)) +2((1; = 1)* + (11 + 1) l) lgHo (x) (4H 0 -1 (x) = Ho(x)Hp 1 (x))

+%(2(1%+l%) — (L4 L)l +I5)Hj(x) {2(11 + 1) Ho(x)H  (x) +21Ho(x)H_; (x) + (Zl—lo)%

1
0 (4 +B) =2+ B+ (1 + 1) =~ B ()
T

2 2
+(2l—lo)% 23H? | (x)+ (22(13 +13) + 2811, +13(1, +lz)lo+9lg)@]

—4Q2(1L + )2 +3(L + L)l +203)85[(1 + L) Hy (x) 4 IoH _; (x)]

—4(41112(11 +12) —2(l%+l%+lllz)lo —2(11 +lz)l%—lg)€3H0(X)}€4+O(€5). (22)

This expansion can be straightforwardly extended to any order in €. We have also expanded the exact hypergeometric
representations of F;3(x, 1) which follow from (6) up to & using HypExp [10,11]. The results can be expressed via
ordinary polylogarithms up to Lis, and agree with (22). They also agree with the expansions up to &> obtained in [1] [also
using (6) and HypExp]. When [; = [, = 0, the only non-trivial master integral F5 is expressed in Eq. (6) via the ,F
function whose € expansion is known to all orders [12]. The expansion in euclidean case is given there (there is a typo in the
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journal version corrected in the version 4 in arXiv); the
Minkowski case is given by the formula (41) in [13]. Our
result (22) at [; = [, = 0 agrees with the formula (B.10) in
[13] (it contains 3 further expansion terms).

Any finite number of terms in the expansion of F(x, 1) in
X =1 — x can be straightforwardly obtained from (6):

e21,x%
(L+ (L + L)e)(1+2(1; + L)e)
x {(ly = L, + Iy + 2L Lhe) (1 + %) + O(¥%) },
Fy(x,1) = [Fl(x1 1)}
142l + b)e

Fl(x,l):1+

Ll

Fs(x,1) = 2+x+ O(x?)] (23)

(we have obtained them up to x*°). The coefficients are
exact functions of €. This expansion satisfies the differential
equation (21) with the initial condition (18). Expanding
each coefficient of (23) in ¢, and each coefficient of (22) in
X, we obtain two identical double expansions up to £* and
x%0; this is a strong check of our result (22).

Next we consider the straight-line case x = 1. From
the form of the matrix 77! (16) at x =1 we see that
F5(1,y) = 0. The differential equations for y < 1 are

”2
Y (Ly) = 1 - 4zlz(Ho.1<y> ~ Ho(y)Hy(y) - —) 2

6

dF(l.y) _ 8[%+M4 —|—M5}F(1’y)’
dy y y—1
-, I, 0
My+Ms=2| 1, -1, 0 (24)
0 0 -

(they are, of course, consistent with F3 = 0). Fory > 1 we
have F(1,y) = S,[F(1,y™")]; ., these functions satisfy
the equations

dF (1, Ms+My+Ms My+M
(—1y):8 _ M3 —? 54 il 5 F(1,y)
dy y yo -1
because  —S,[M3 + My + Ms|, .S, = M3, S,[M,+

Ms), .1, Sy = My + Ms [this follows from (20)].
Solving the differential equations (24) with the initial
conditions (18) we obtain

1|1+ 1) (20,,0) = 26, 0)Hos0) + Hol)HT0) + 5 Hi )

+2(011 = b1y) (Ho.l,o.l(J’) +2H(y)Ho 11 (y) +2H, (J’)Ho,o,l()’)>

— (L1 =3L10)HG  (y) = 4L IHo(y)H  (y)Ho1 () + (L + L) (1 + L) H(v) H ()

)
- 2121()?(110.1()’) —Ho(y)H (y)) +4(L (L + 1) = (11 = [)lo)53H (y)

”4

— (L1 +4(5 = Ll + zg))%} &+ 0(e),

054022-5
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YRS (1y) = 1+ 2121(2H0_1<y> C2H () H, (y) — HA(Y)

2
_?> &2

71'2

=401 (1 12 (21 0) = 2 0)Hoa 0) + HoVHR) + 75 (Hoo) + Hi )

200 = )2 (3) = 200+ ) Ho(o)Ho )+ 6) + s+ DR0) (H1 )+ o) ) |

]7,'2
401|200+ )2 (2H01100) = 2H 0o 0) + BRI Ho 0) =3 HoO)I0) = 110))

+2(l1 = Llo) (Ho 101 (y) +2H, ()Hoo,1(y)) +4(l + 1o)*Ho00.1(Y)

—4(L(l + L) = (L = b)) (Ho(y)Hoa1(y) = $3(Ho(y) + Hi () + 4(Lily — Lo)Ho(y)Hoo.1(y)
= (Ll + 1 +31y) = blo)Hg y (v) + 2((L + 1o)* + Lilo)Hg (y) Ho1 ()

+4LIH(y)H, (y)Ho1 () = (I + L) (1 + DHG(v)Hi(y)

— £ (1o + 3LDHY0)(AH, (3) + o)

2

5 @hloHo, () = (1 + B) + Ll Ho(3)2Hy (3) + Ho(3)))

— (TL(1 + ) + 4B + (121, + L)1, + 4B) % e+ O(e5). (25)

This expansion can be straightforwardly extended
to any order in e. We have also expanded the exact
hypergeometric representations of F;,(1,y) which follow
from (7) up to &* using HypExp [10,11]. The results can be
expressed via ordinary polylogarithms up to Lis, and agree
with (25).

Any finite number of terms in the expansion of
F(l,y) in y =1—y can be straightforwardly obtained
from (7):

Fi(13) = 1 = g [ =20 = be + 06))
Faly) = 1+ 2 [142(1y ~ L)e + O]

+ 1 + 2([] + 12)8
(26)

(we have obtained them up to $°°). This expansion satisfies
the differential equations (24) with the initial conditions
(18). Expanding each coefficient of (26) in &, and each
coefficient of (25) in y, we obtain two identical double
expansions up to £* and y°°; this is a strong check of our
result (25).

Finally, we discuss the general case. Due to the
symmetry relations (17) it is sufficient to consider

the region x <1, y <1. We can solve the differential
equations (15) along one of the two paths in Fig. 2.
The result is a combination of products of Goncharov
polylogarithms [14]

Go

1 X dt
o) =g o= [ M6

5 oo

n

of x=1-x and y=1-—y. Numerical evaluation of
Goncharov polylogarithms is available [15] in GINAC
[16]. We make no efforts to express some of them via
harmonic polylogarithms of x and y because some
Goncharov polylogarithms are bound to remain. Using
Libra we obtain

FIG. 2. Paths from (1,1) to (x,y).

054022-6
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YR (x.y) = 14+ 20{1[Gy5,1 (%) = Gy, (%) = 2Go,1 () + Gi(9)(G1 (%) = G5(%) = G5 (X)] + (I = o + 15) G, (%) }e?
X) -

YEF,(x,y) =

— 20 {1[14(2(Gy0, (%) - G, l(x)+Gy,2,1()_C) G521(%)) + G551 (%) = Gy51 (%)
+ G1(9)(Gy5(%) + Gy5(%) = Gs,1 (%))

+ (21 = 1p)(Gy 5.1 (%) — Gyz.(x ) G1(9)(Gy3(%) + Gy 5(%) = G54 (X))

+2(11 + L)(Go1 (F)(G1(X) = G5(X) = G5(X)) = 2Go 0.1 () + (211 + 1p)(G1 5,1 (%) + G1(7)G 5(%))
+ (20 = 1p)Gy.11(%) = (2L = 1) (G511 (X) + G 51(%) = G1(5)(G15(X) = G141 (X))

+2(L +1)(G11(3)(G1(X) = Gy(¥) = G;(%)) = 2Go 1.1 (3))]

=2(ly = I +16)(Gr 1 (X) + G121 (%)) = (1 = B) + (I + L)l = [§)Gr1.(R) e + O(e)

14+ 20 {1[G1(3)(Gx(3) = Gi(3)) = Gx.1(3) = Gea(9)] + (I = b + 10) G4 (%) }€?

= 211 {[16(2G,1 (X)(Gs ( ) +(9) = Gex(9)) + Grsa(F) + Gixa (7))

() - )+ G1(%)(Gx

+ (21 = 1) (G1(X)(G52(¥) = G32(§)) = Gr 51 () = Gi51 (V)
+2(1) + 1) Go, 1 (X)(Gx() — ( ) +2(l = 1) Go.1(X)
+ (21 = 1))G11(X)G:(¥) — (21 = 19) G141 (X)Gx () = 2(L1 + 10)(Gr1.1(P) + G4 (9))]
=2(L = L+ 1) [10G1 21 (%) = (11 + 1)Groa (X)) = (1 = B) + (L + L)y = [§)Gr1.1(%) e + O(e),
1+ 2L{1[2(Go1(¥) = G1.1(§) = G54 (X) + G54 (X) = G1(9)(G1(¥) — Gy(X) — G3(%))]
— (L =L =1p)Gy, (%)}
= 2{[lo(G (3)(G5.1 (%) = Gy 5(X) — Gy 5(x ))+2(Gy,o.1(5f) Gy (%

= Gy5.1(X) + Gy5.0 (X)) + (2L = 1p)(G1(§)(Gy 5(X) + Gy 5(X) — Gy (%)) —
+ (L + 1) (4(Goo.1(¥) = Groa () — 2G01()(G() G;(x) — G3(x)))
= (2L = 1))(G1()(G13(X) = G141 (X)) + G.11(%) + G13.1(%)) — (2L + 1) (G1(§)G1 5(X) — Gy 5.1(X))
+ (2L = 1h) G511 (%) +2(L + 1)(2(G111(F) = Go1.1()) + G11(F)(G1(X) = G3(X) — G(%)))]
+20o(ly = b = 16)(G1 0.1 (%) + G121 (X)) + (2(5F = B) = (I + L)lo + [5) G111 (3)}e + O(e?)
14+ 2L{1[G1(3)(G:(3) = Gx(3)) = 2G11(3) + G4 (3) + G (9)] = (h = b = 1y) Gy 1 (X) }€
—212{212G1(_>(G 1(9) = Gaa () + U[l6(2G11 (X)(G(F) = G:(¥)) + G1(X)(G32(3) — Gz2(P))
= Gr51() = Gixa(9)) + (21 = 1))(G1(X)(G35(F) — Gzx(¥)) + Grx1(F) + Gi51(5))
+2(4 + lz)(Go 1( )(G:(5) = Gx(5)) + G1(X)(G1x(3) = G1:(9) = G121(F) — Gi51(P))

+2(l) = L)(G11(%)G1 () — Goa1 (%)) — (2L = 19)G11(X)G:(F) + (21, — 1n)G(§) G4 (%)

+2(L + 1)(2G11.1(5) = Gz1.1(F) = G1.11(9))]
+2(L =l = 1) [10G12.1 (%) = (I + 1)Groa(R)] + (5 = B) = (I + L)l + [§)G1 1.1 ()} + O(e),
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F(x,

y) =

2G,(%)e +2{I[G(7)(G5(X) = G5(X)) = Gy (%) = Gy,1 (X)] +210(Go 1 (%) + Gy (%)) + (1 + 1, = 1) Gy 1 (%)
= 2{{[lo(G1(¥)(2(Go3(X) = Go3(X) + G23(X) — G2 5(X)) — Gy 3(X) + G5 5(%))

+2(Go5.1(%) + Go3.1 (%) + Ga 5.1 (X) + Ga3.1(X) + G501 (X) + G501 (X) + G201 (X) + G214 (X))

= Gy;5.1(X) = Gy5.1(%))

+ (21=1p)(G1(5)(Gy5(x) — Gy 5(x
+ (I + 1)(2Go 1 (3)(Gy ()_C) Gy (J_C

+ (24 = 1)(G1(¥)G 5(x) +

= (L =L+1)G(X)G (Y )+212G11( )(Gy(X) = G5(X))]
—415(Go .1 (%) + Go2,1 (X) + G (%) + Ga 1 (X)) = 2lo(I + 1 = 1y) (Go.1,1 (%) + Gy 0.1 (X)
+G121(X) +Ga11(%) = (2(5F +5) = (L + 1)lo + 1§)G 111 (%)} + O(e?)

(3)) + (h = 1)(2Go,1(3)G1(X) = G1(7)G1,1 (%))
0)(G1(¥)G15(X) = G151 (%) = G511 (X))

=2G,(X)e +2{l[G|(%)(G/|(F) = G:() = G;(7)) + G+, (¥) — Gz, (7)]

+ (L + L =1y)Gy 1 (X) = 2(1y + 1) Go 1 (%) + 216Gy, (X) }2

=2{P[G(%)(G15(3) + G12(3) + G21(3) + G21(3) = G11(3)) = G121 (F) + G151 (F)]
+1[1(2G2,1 (X)(Gx(¥) + G2(§) = G1(¥)) = G1(%)(G54(¥) + G2.:(¥)) = G121 (F) + Gr51(P))
= (21=1p)[G(%)(Gzx(F) + G32(§)) = Gr51(F) + G20 (D)]

+2(l1 4+ 1)[Go.1 (%) (G1 () = G:(¥)) — Go.1 (X)Gx()]

+ G (X)[(21 = 10)G:(F) + (2L = 19) Gz () = (L + 1 = 1) G1(§)] = 2L5(Gr.1.1(F) — G111 (F))]

— 41y +1)*Go 1 (%) =2(1 + 1 = 1) [10(Ga.1,1 (%) + G121 (%)) = (I + 1) (G101 (%) + G 1.1 (X))]

+4lo(1 +12)(Go0,1 (%) + Go 2.1 (X)) = 415G, (%)

— QU +B) = (L +hL)ly+15)Gi1(B)}e +O(eb), (27)

where ¥ = 1 —x~!, § = 1 — y~!. All Goncharov polylogarithms up to weight 2 can be expressed via Li, and logarithms.
This expansion can be straightforwardly extended to any order in &.
The results (22), (25), (27) are available in the Supplemental Material, Mathematica file [17].
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