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Quasi parton distributions (quasi-PDFs) are currently under intense investigation. Quasi-PDFs are
defined through spatial correlation functions and are thus accessible in lattice QCD. They gradually
approach their corresponding standard (light-cone) PDFs as the hadron momentum increases. Recently, we
investigated the concept of quasi-distributions in the case of generalized parton distributions (GPDs) by
calculating the twist-2 vector GPDs in the scalar diquark spectator model. In the present work, we extend
this study to the remaining six leading-twist GPDs. For large hadron momenta, all quasi-GPDs analytically
reduce to the corresponding standard GPDs. We also study the numerical mismatch between quasi-GPDs
and standard GPDs for finite hadron momenta. Furthermore, we present results for quasi-PDFs, and
explore higher-twist effects associated with the parton momentum and the longitudinal momentum transfer
to the target. We study the dependence of our results on the model parameters as well as the type of diquark.
Finally, we discuss the lowest moments of quasidistributions, and elaborate on the relation between quasi-
GPDs and the total angular momentum of quarks. The moment analysis suggests a preferred definition of

several quasidistributions.
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I. INTRODUCTION

Parton distribution functions (PDFs) are important
objects encoding information about the quark and gluon
structure of hadrons [1]. They can be extracted from data
for a large class of hard scattering processes, where the
key underlying tool is factorization theorems in quantum
chromodynamics (QCD) that separate the perturbatively
calculable short distance part of a cross section from the
long-distance part described by PDFs and other potential
non-perturbative quantities [2]. On the other hand, first-
principles calculations of PDFs using lattice QCD
have remained challenging due to their explicit time-
dependence. As a result, in the past almost all related
studies in lattice QCD focused on moments of PDFs which
are defined through time-independent local operators,
while the full dependence of PDFs on the parton momen-
tum fraction x remained elusive.

The recently proposed quasiparton distributions (quasi-
PDFs) offer a way to directly access the x-dependence of
the PDFs in lattice QCD [3,4]. Quasi-PDFs are defined
through spatial equal-time operators that can be computed
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on four-dimensional Euclidean lattices. They reduce to
their corresponding standard (light-cone) PDFs if the

hadron momentum P3 = |P| — oo, prior to renormaliza-
tion. However, for lattice calculations one first renormal-
izes, and P3? is finite. This leads to two sources of
discrepancies between quasi-PDFs and standard PDFs:
higher-twist corrections that are suppressed by powers of
#, and a different ultraviolet (UV) behavior for these two
types of PDFs. The UV disparities can be cured order by
order in perturbative QCD through a so-called matching
procedure—see for instance Refs. [5—7]. Other approaches
for computing the x-dependence of PDFs and related
quantities have also been suggested [8—19]. Some of them
are closely related to the concept of quasi-PDFs.

By now there has been important progress in under-
standing the renormalization of quasi-PDFs [20-32].
A variety of other aspects of quasi-PDFs and, generally,
Euclidean correlators have also been extensively studied
[33-60]. In particular, the first lattice QCD results for
quasi-PDFs and related quantities can be considered mile-
stones in this field [15,24,25,28,61-82]. Additionally,
the convergence of quasi-PDFs to the corresponding
standard PDFs has been explored in several models
[83-90]. The progress in this field was recently reviewed
in Refs. [91-93].

As already pointed out in Ref. [3], the concept of
quasidistributions is not limited to forward PDFs. For
example, generalized parton distributions (GPDs) [94-98]
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could also be addressed in this approach. A number of
compelling motivations to study GPDs exist, where we refer
to review articles for more details [99—-105]. On the other
hand, extracting GPDs from experiment is difficult. In this
situation, reliable information from lattice QCD on GPDs
using quasi distributions would be very helpful. So far, only
a very limited number of papers have considered quasi-
GPDs. In Refs. [106-108] the perturbative matching for
quasi-GPDs of quarks was studied. Recently, we explored
quasi-GPDs in the scalar diquark-spectator model (SDM) of
the nucleon, where the focus was on the twist-2 vector GPDs
H and E [90]. Here we extend this study by considering the
remaining six leading-twist quark GPDs in the same model.
We also present some new model-independent results on
moments of quasidistributions.

Specifically, in this work we address the following
points. In Sec. II we provide definitions of all leading-
twist quasi-GPDs for quarks. For each standard GPD we
consider two corresponding quasi-GPDs. Some important
kinematical relations are listed as well in that section. In
Sec. III we present, in particular, the analytical results for
the standard GPDs and the quasi-GPDs in the SDM. For
P? — o, all expressions for the quasi-GPDs reduce to the
ones of the respective standard GPDs, where the necessary
steps for this check are presented through one example.
This outcome further supports quasi-GPDs as a viable tool
for studying standard GPDs. As a byproduct, we also
consider quasi-PDFs in the SDM, and elaborate for PDFs
on the specific point x = 0 at which standard PDFs (in the
SDM) are discontinuous. It is interesting that, in the limit
P3 — oo, quasi-PDFs exactly reproduce the standard PDFs
even at x = 0. The numerical results are discussed in
Sec. IV. For PDFs we find considerable discrepancies
between the quasidistributions and the standard distribu-
tions around x = 0 and x = 1, and we locate the source of
this feature. For GPDs one observes the same issue around
x =1, as well as in and close to the Efremov-Radyushkin-
Brodsky-Lepage (ERBL) region, if that region is very
narrow. On the other hand, quasi-GPDs and standard GPDs
are very similar for a considerable part of a large ERBL
region. We also study two sources of higher-twist effects—
those related with the average longitudinal momentum
fractions of the quark, and those associated with the
skewness variable of GPDs. In general, we have tried to
extract robust numerical results of the SDM. To this end we
have explored the dependence of the results on variations of
the model parameters. In Sec. V, we corroborate the
robustness of the SDM results by studying the impact
on the unpolarized GPD H of modeling the diquark as an
axial-vector diquark instead of a scalar diquark. Model-
independent results on the first and second moments of
quasidistributions can be found in Sec. VI. They include a
discussion of the relation between quasi-GPDs and the total
angular momentum of quarks. Considering moments of
quasidistributions from lattice QCD might offer a way to

study systematic uncertainties. The moment analysis also
suggests a preferred definition of several quasidistributions.
We summarize our work in Sec. VIL

II. DEFINITION OF GPDs

We start by recalling the definition of twist-2 standard
GPDs of quarks for a spin-} hadron, which are specified
through the Fourier transform of off-forward matrix elements
of bilocal quark operators (see for instance Ref. [100]),1

1 [de
F[F](x,A;/l,/l’)—5/%e’k'z<p’,/1’|z/‘/<—§>l“

Va4 <
m(‘ii)v(i)Ip,ﬂ>lz+=o.a=m- M

In Eq. (1), I" denotes a generic gamma matrix, and the
Wilson line

7 Z
W(‘E’E)

=7’eXp<—i9s /idy‘ﬁ(oﬂyi(l)) (2)

+=07,=0,

ensures the color gauge invariance of the operator, where P
indicates path-ordering and g, the strong coupling constant.
The incoming (outgoing) hadron state in (1) is characterized
by the 4-momentum p(p’) and the helicity A(1'). Frequently
used kinematical variables in the context of such off-forward
matrix elements are

1
P=3(p+p),  A=p-p 1= A%
pt—pt A+
& =——. (3)

TP+ pt 2Pt

For the skewness variable one typically considers & > 0,
because £ is non-negative for every known physical process
that allows access to the GPDs. Therefore we also limit
our discussion to £ > 0. We work in a symmetric frame of
reference where P | = 0. Also, we take P3 > 0 and large.

The variable ¢ is related to £ and A | through

= (482M> + A%), (4)

“oe

where M is the nucleon mass. Equation (1) represents a
leading-twist matrix element if I" contains one plus-index.
The corresponding (eight) quark GPDs are then defined via
(see for instance Refs. [100,109])

'For a generic four-vector v we denote the Minkowski

components by (vo, vl 02, 1)3) and the light-cone components

by (v, v, 7,), with v = ﬁ(vo +03), 07 = %(1}0 — %) and
v, = (v',v?).
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where u(p,4) (a(p’,%)) is the helicity spinor for the
incoming (outgoing) hadron and o = £(y*y* —y*y*).
We adopt the convention of €°'>3 = 1. The quarks are
unpolarized in the case of the vector GPDs H and E,
longitudinally polarized for A and E, and transversely
polarized for Hy, Ey, Hy and E;. In Eq. (7), because of
the relation ic"*ys = —%eﬂ”aﬁaaﬂ, one may also work with
the matrix io/* (instead of i6/*y5) to define chiral-odd quark
GPDs. A generic GPD depends upon the average longi-
tudinal momentum fraction x = 1’%, as well as £ and ¢. By
means of Eq. (4) one can consider standard GPDs as
function of x, £ and A 1. We in fact use these variables
for the numerical evaluations of the GPDs later on. We recall
in passing that the support region for the standard GPDs is
given by the range —1 < x < 1.

Quasi-GPDs, on the other hand, are defined through an
equal-time spatial correlation function [3],

H(X Alﬂ/ P’%) Z/dzz zkz<p l/| ( ;)F
T

Z Z
XWQ( 2’ 2> <§>|p’i>|z°—o,z1—6y

(8)

where the Wilson line is given by,

Z Z
Wol-2.2
Q< 2 2> ZOZO.EL:(SL

= Pexp (—igs /73 dy*A3(0, 6L,y3)>. 9)

-z
2

For a given standard GPD, we consider two distinct
definitions of its corresponding quasi-GPD. The counter-
parts of Egs. (5), (6) and (7) are

. OﬂA
FI*)(x, 8.2 P?) =—oﬁ<pcx'>{ oo (x. &1 P¥) + 5 Equoy (x.&. PB)} u(p.2). (10)
Ay
[rs] /. p3 Y] 3 5
FIrosl(x, Ay A, P?) = 2P0 (p,l){y}gHQ (xftP)—i—zM (xétP)]u(p,ﬂ), (11)
i l 0’51] 3Az —A3
F[mors](x, A A P3) = ey u(p', ﬂ)[103’HTQ (x, &1 P3)+72M 7/J_ETQ (x.& 1. P)
P3Al P3 i
+ e J_HTQ (x.&,1:P%) — A;L E7q)(x, ¢, Z§P3)} u(p, ). (12)

One can define H3) and Eq3) through Eq. (10) using the
replacement 0 — 3 (see also Ref. [90]), while I:IQ(()) and
Eqo) are defined through Eq. (11) with 0 <> 3. The chiral-
odd quasi-GPDs Hr q3), E7q(3), HTQ , and ETQ (3) are
defined through Eq. (12) with 0 — 3, w1th the exception
that €%/ should be left as is. The factor 5 on the right-hand

I

side (rhs) of (11) (which appears counterintuitive due to the
y}7s projection) is necessary to be consistent with the
definition of the corresponding helicity quasi-PDF, such
that the definitions of all (sixteen) quasi-GPDs are con-
sistent with the corresponding forward limits. It has been
argued that the gamma matrices used in (10), (11) and (12)
provide optimal behavior of the associated operators under
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renormalization [23,44]. By taking the forward limit of
Egs. (10)—(12) one recovers the so far most frequently used
definitions of the quasi-PDFs f o), 91,0(3) and i g()- |
Sec. VI below we will return to thls pomt

We now briefly discuss the behavior of GPDs under the
replacement £ — —¢. Hermiticity implies that all standard
GPDs but E; are even functions of & while E; is an
odd function of & [100,109]. We find the exact same
(model-independent) behavior for the corresponding
quasi-GPDs. Exploiting the symmetry of quasi-GPDs
under £ - —¢ may provide more statistics for lattice
calculations.

Apart from the dependence on ¢ and ¢, quasi-GPDs are
functions of x = f,—: The latter variable is of course different
from the average plus-momentum 1’3—1 that appears for
standard GPDs, and it is not possible to relate these two
momentum fractions in a model-independent manner.
In Sec. IVB we study the impact of their difference in
the cut-graph approach in the diquark spectator model.
Note that the support region for the quasi-GPDs is given by

|

—o0 < x < 00. For the calculations we also need the
relation P° = 6P3 where

—t/4
o= |1+—m—. 13

Ty "
Below we frequently make use of the variable 6. Moreover,
P - A =0, from which one obtains A? = —2£P3.

III. ANALYTICAL RESULTS IN SCALAR
DIQUARK MODEL

In this section we present the analytical results in the
SDM. Details about this model can be found in Ref. [90]
and references therein.

A. Results for standard GPDs

We begin with the results for the standard GPDs. To the
lowest nontrivial order in the SDM, the correlator in (1)
takes the form

i - a(p X £ r(¢-—% VA
FIN(x, A4, 0) = =2 4/dk—d2kl wp M)A m T =g ¥ mgJulp.d), (14)
2(2r7) Dgpp
where g denotes the strength of the nucleon-quark-diquark N
vertex, and Ng=2(1 —x)M |:mq + (x +2¢ lA L>M]v (18)
I
Dgpp = k+§ —my + ie k—z —my + ie NH:_k2L+(mq+XM)2_(1_x)ZZ
X [(P = k)? — m? + ie]. (15) i A
+ E[AM(m, + xM) + (1 = x)1] === (19)
In order to obtain the standard GPDs we have used Gordon Al
identities and evaluated the k™ -integral by contour integra-
tion. The result for the GPD H can be cast in the form ENp =2M {(1 — x)&(my + M) +2[(1 — E)m
0 —1<x<-¢, k. -A
2 180
gz(x+§ 1+§ )(1-8) [ 2f + (x = &)M] ] (20)
H(x6.1)= SRl —sxst Al
g (l-x )1§2fd2k x>
1 r>r; =5 - k A t
2(2 D, D; Ny —ki %—&-(mlﬂ—xM)z—(l—x)zZ
(16) Al
ki -A
and corresponding expressions hold for the other GPDs. + &AM (my + xM) + (1 — x)1] ng =, (21)
The following is a compilation of the numerators of all the 1
leading-twist standard GPDs in the SDM: 23 o Ay
- NET:2M[4M = L_(&z();. L)
- t ki -A
NH:ki+(mq+xM)2+(1—x)21—(1—x)§z lgzi, o
1 kJ_ . AJ_) :|
+(1=-x-2— m,+M)]|, 22
(1) ( g et 2
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KA -2(k, -4,)

Ng, = —M> {4(1 — &)

(A1)
ki -A
(1-x) (l—x 42 l)] (23)
J_
KiA% —2(k, -A))?
NET:4M[2§M = 42(; L)
(A1)
ki -A
— (my +xM) ng i]. (24)
1

The denominators in (16) are given by

- 1 -
Dy = (1+&PkL + 5 (1-xPAL

—(1-x)(1 +§)%L-&L+<1—x><1+é)m2
+(x+OA+Emi— (1 —x)(x+EM

D;:s)csz: = &(1 - 52)121 +i(1 - xz)égi
+x(1=2)ky - A +E(1 = &2)m?
— 5(}(2 — 52)M2
DI = (1 - P+ (1 - x2&2

- f)l_éi : &L + (1 =x)(1=¢&)m;
—&mi — (1 =x)(x =M. (25)

In the above equations we have used the quark mass m,,
and the diquark mass m;. The standard GPDs in the SDM
can also be extracted from the results for the generalized
transverse momentum dependent parton distributions
listed in Ref. [110]. We reckoned full consistency
between the results. The standard GPDs vanish for
—1<x<-¢ due to the absence of antiquarks to
O(¢%) in the SDM. We emphasize that the positions of
the k~-poles in (15) depend on x. This leads to different
analytical expressions for the standard GPDs in the
ERBL and Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
|

(DGLAP) regions. The GPDs remain continuous at the
boundaries x = ££ between these regions (see also
Ref. [90]), though their derivatives are discontinuous.
Note also that spectator models typically lead to discon-
tinuous higher-twist GPDs [111,112].

The GPD E exhibits a singularity as £ — 0 which is why
we show £E in Eq. (20) and later on for the numerics. For
the chiral-odd GPDs, one has integrals of the type
[dPk K K ... = A8 + BA! A/ Such integrals give rise
to terms like ]&Azlz# as can be seen in Egs. (21)—-(24).

1

Our model results must satisfy the symmetry behavior
under the replacement £ — —¢ discussed in Sec. II above.
In order to verify that the results pass this test, it is

necessary to replace the integration variable k | with —k 1.
One then finds that the numerators in Eqgs. (17)-(24) are
indeed even under & — —¢& except the one for E7, which is
odd under this transformation. The analysis of the denom-
inators requires more care. In order to locate the position of
the poles in the complex k™ -plane, and hence to arrive at the
above expressions of the standard GPDs, we have consid-
ered £ > 0. Keeping this in mind, one can verify that
& — —& switches the position of the poles of the quark
propagators only such that the denominators in the ERBL
and DGLAP regions are even in £. We also note that
our analytical results for the quasi-GPDs below show the
exact same behavior under £ — —¢ as the respective
standard GPDs.

In the SDM to O(¢?), all the leading-twist standard
GPDs are UV-finite, except H and H. (We consider the fact
that the chiral-odd GPD H; is UV-finite to be an artifact
of the SDM. In the quark-target model in perturbative
QCD this function shows the well-known UV-divergence
[107,109].) For the numerics we impose a cutoff on the
transverse quark momenta on all the standard GPDs as well
as the (UV-finite) quasi-GPDs.

B. Results for quasi-GPDs
The quasi-GPD correlator in Eq. (8) in the SDM reads

g - a(p, ¥ 4 r _4 A
F (e, a0, PY) = —0 / a0k, WPty m UK =5+ my)ulp. ) (26)
2(271') DGPD
We again have used Gordon identities to obtain the quasi-GPDs. Before carrying out the k°-integral one has
Hoo)z) (x.&, 1, P3) = ig”P* / Ao LR, N (27)
Q(0/3)\ A5 65 %5 (271_)4 1 DGPD )

and corresponding expressions for the other quasi-GPDs. For completeness we first quote the numerators for the
unpolarized quasi-GPDs, H(/3) and Eg(g,3), from our previous work [90]:
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2 r 1k A A
Ny = 8(K0)? = =2 | x(P3)2 = myM — x— — =66t~ [ k0 4 8 | x2(P?)? + k7 + m2 (1—2x)——5§tkl L
P3 4 2 l AJ_
(28)
2 t - t tk A
Nugy = —(K0)? + = |x((P?)? + M?) = - | KO = x2(P3)2 + kT + m,(m, +2xM) +—— (1 - )5 L L (29)
5P 4 4 5 A2
kl Al K0
Mka AJ_
NE(3) :2(1—X>M<ﬁko q+27 AJ_ ) (31)

We now turn to the new results by first considering the case of longitudinal quark polarization, that is, the quasi-GPDs
Hg/3) and Eq3). They read

k N
Nio = —(K)° + 24 {X5P3 — 25 = (1 52)P3] -k - 7~ (P +2x(1 = 3)(PP)?

L

+2xM(m, + M) + m? + 45¢ ki =[(1=8%)(P*)? + M(m, + M)), (32)

s

kO ot
Npgy = 6(k%)* + 2? [(1—=x—=68)(P?)? +M(m, +M)| + 5{—1& -2 xX2(P*)? 4+ m?

- -

+45ki = (1= x)(1 = 8)(P?)? + M(m, + M)), (33)
1
EN o) = 4KOM? %h&'ﬁ +2ME(1 — x)(m, + M) — 45M k{ L ME —m,(1- &), (34)
1 1
ENps) = —2K° %M(mq + M) + 26EM(m, + M) — 4M kL&'fL IM(& - x) —m,(1-&)]. (35)

Note that the quasi-GPDs EQ(O /3) have a pole at £ = 0, just like their light-cone counterpart. We next list the numerators of
the quasi-GPDs that appear for transverse quark polarization:

0 [A2 -5
Ny, 0) = 5(k%)? — k3 [ﬂ - 2m,M + (2x — 2&*(1 — 52))(P3)2] + 5[k2 w_i_ﬂ_i_ mé}
P2 A2 4
T e N T (36
L
K -A PRV 22
Ny, 3y = —(R0)2 = 200 {25(1 _yprRBe x6P3] . 2(“&2“) +(1- 2x)% +m2 + 2xm M
1 1
31272 > 2 kJ_ AJ_ A% ) PR
— (P)7]" + (1 = 2x)¢3(1 = 6%)] - 46¢ M = E(1= )P (37)
N0 =0Ng,3), (38)

054021-6



EXPLORING TWIST-2 GPDS THROUGH QUASIDISTRIBUTIONS ... PHYS. REV. D 102, 054021 (2020)

ki -A)? &0 kA,
Ni oz = —4M2(1 = & ~2(ki- A, 266 L (1 —x)|M?
Hr(3) (1 ) ( ) ~ 5P %) (I-x)
kA
+2SERL (1) + P2 - (1 =0 (39)
1
A2 —2(k, -A))? k° k, -A
N, () = 85M> It (55; 1) —26M(m, + M) {ﬁ ] 4EM(m, + M) LA = (40)
1 1
KAY —2(k, -A))? ki -A
N, 3 = 8M> =2 @g; 1) +2(1 = x)M(m, + M) — 45EM (m,, + M) lﬁz = (41)
1 1
KLAT —2(ky -A,) ki Ay
Ng, o) = 88°EM?> ——— ; —4M(m, + xM) —=—= (42)
(AL) AL
A% —2(k, - A, )? K Nk -A
NET(3>—8§M2 S *g L 5u) _4M< +_3M> = (43)
0 (A1) P Al

The quasi-GPDs A 7.Q(0) and H 7.Q(3) corresponding to two different Dirac structures are related through Eq. (38). This is the
only quasi-GPD whose two different projections have such a simple relation. We repeat that all quasi-GPDs have support in
the range —co < x < co. However, for large P3 they are all power-suppressed outside the region —& < x < 1. We also
observe that the numerators of the quasi-GPDs Er o) and ET’Q«)) are the only ones that do not depend on &°.

The denominator Dgpp can be written as

Depp = (K = k) (K = k) (kK = kg ) (K® = k) (K® = k5, ) (k" — k). (44)

where the poles from the quark propagators, with 4-momenta (k — %) and (k + %) and from the spectator propagator are
given by

i
k(])i = —§P3:|: \/(x+5§)2<P3)2+ <kl—7l> +m2—l8, (45)
0 3 2(p3)\2 7 &J_ 2 2 .
B, =P [ (e— e (P + (o + 55 ) i e (46)
K, = 6P /(1= x2(PY) + I+ mi? — e (47)

It is important to realize that, while the position of the poles depends on x, they never switch half planes. Specifically, k{_,
kg_ and kg_ always lie in the upper half plane, while the other three poles lie in the lower half plane. After performing the k°-
integral, one therefore has the same functional form for the quasi-GPDs for any x, which implies that all quasi-GPDs are
continuous as a function of x—in this context, see also Ref. [90].

C. Recovering standard GPDs from quasi-GPDs

We have checked that for P> — oo the analytical results of all quasi-GPDs reduce to the ones of the respective standard
GPDs. Here we provide the most important steps involved in this test. We start with the poles of the propagators, which can
be expanded as

. {x1>3+(+@1m[1<l Ki-Bo = (e + 1)+ mid + xeM? — ie] + O k) x> )
o _

¢
(6 4+26)P* = i 0 =K, - By =4 (e + 1) + i + 2602 = ie] + O(h) x< ¢,
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. —(x—|—2§)P3_W[kL lzl.&l—ﬁ(x§+1)+m§+x§MZ—i£}—I—(’)(ﬁ) x> =, @)
ki_ = L 49
XP? st [ = K A = (5 1) + m2 + xEM2 — ie| + O ¥ < =€,

. xP3—|—( 55 [kl—l—kl Al—i— (x§—1)+m§—x§M2—ie}+(’)(ﬁ) x> €, 50)
K, = 50
~(x=20P* + g {kLM@ AL +1 (x§—1)+m%1—x§Mz_ig}+o((;“> x<E
. —(x—2§)P3—W[/a+lzl-&L+ﬁ(x§—1)+m(21—x§M2—i8}—I—O((P%)z) x>¢, 51
ky_ = ~ L 51
xP3—2(§+x)P3[kf_—f—kJ_-Al—l-ﬁ(xéj—1)+m§—x§M2—ie}—|—(9<(P%)2) x < ¢,

0 xP3+2(x_—11)P3[/:2L+;’1(1—x)—(l—x)Merm?—is} +(’)(ﬁ) x>1, 52)

34+ = -
~(x=2)P + gk [ki (1 =x)+ (1 = x)M? 4 m? - ig} + o(ﬁ) X<,
. —(x—2)P3—|—2(x_]l)P3 {—l_a +;’1(1—x)—(1—x)M2—m§+ie} +(’)(ﬁ) x> 1
ky_ = (53)
72 .
%P st [R = (=) + (1= M2 =+ ie] + O(545) <l

It is evident from these equations that the analytical expressions of the expansions of the poles depend on x, but the poles
always lie in the same half plane, as already discussed above.

In the following we focus on the quasi-GPD H (). We first note that the dominant contribution is from those residues for
which the leading order term is xP?. Specifically, for the other residues the numerator of H, Q(0) has aleading contribution of
order (P3)3, while the leading contribution of the denominator is of order (P3)°, resulting in an overall suppression like
1/(P3)?. For x < —¢ we close the integration contour in the lower half plane. Then none of the poles have xP? as leading
term, which then leads to a power-suppressed contribution. A corresponding discussion applies for x > 1 if one closes the
integration contour in the upper half plane.

For the DGLAP region (x > £), we close the integration contour in the upper half plane. Then the dominant contribution
comes from the residue at the pole k3_. Therefore in that region

2 p3 0
. §g°P / ) N0y (k3-)
lim Hgg) = — lim d°k . (54)
s 0T T pg (20)? (kS = K9 ) (RS = K ) (R = K8 ) (R — K8 ) (K- — A3,)

We first determine the leading term of the numerator in (54) which is given by

KO r S8Etk, - A ! ki -A
NH(())(kg_):a(kg_)Z—sz {(P3) —mgM = x == LALL]MS[ 2P 41+ m? + (1 =2x) - & LALL :
(55)
Then using
M? -t K451 —x) = (1-x0)M? + m?\2
S0 2 = (1 4 2(p32( 1 = L4 s
= (143 < 21 0P
1 t X - t
— 2PV 22t = B+ (1=x)=(1=x)M? 2 56
x*( )+2x( 4> (l_x)<i+4( x) = (1-x) +mx)+ (56)

where ... indicates suppressed terms, and
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t

k9 1 =
Z%sz—i—W(kl—l— (1—x)—(1—x)M2+m§>+..., (57)

N

provides

1 t x - t
NH(O)(kg—) = xz(P3)2 +§x2 <M2 —Z> —m (ki +Z(1 —x) - (1 —X)M2 + m?)

t t kA
- 22(P)? + (/?i +(1=x) = (1-x)m +m%) +2X<qu+xZ> Ao

1

(1-x)

1 t > A
+x2(P3)2+—x2<M2——>+ki+m3,+(1—2x)——§t e
2 4 A%
=Ny +.... (58)

On the other hand, the denominator in (54) simplifies as

(K = R (R — K- — K. ) (- — L) (R = K,) = —8(PY( = &)1~ ) (R — K ) (8 — K2.) +
2pP3

= —m010’2‘25 ... (59)

Using Egs. (58) and (59) in Eq. (54), one readily confirms

lim He) = g-0(-¢&) / d*k N (60)

PPooo 2(2n)? + D, D¥* -

The overall logic to analytically recover H in the ERBL region (—¢£ < x < &) remains the same as discussed above. In this
case it is convenient to close the integration contour in the lower half plane, so that the dominant contribution comes from
the residue at k(l) o only. With a very similar analysis we have shown that all the quasi-GPDs reduce to the corresponding
standard GPDs in the large-P3 limit.

D. Results for quasi-PDFs

Starting from the expressions of the standard GPDs and taking A = 0 (which implies £ = ¢t = 0), one obtains the
following expressions for the standard PDFs:

K+ (my +xM)?
f1(x) = H(x,0,0) /0[2 kL+xm%+(l—x)mé—x(l—x)Mz]z’ (61
9 = Ar.0.0) = L0=0) [ or KL+ (m, + M)’
gix) = H(x.0.0) = 2(2m)? / b [kj_ +xm? + (1 —x)m —x(1 —x)Mz] (62)
N 7 (1 —x) - (m, + xM)?
i (x) = Hr(x.0.0) = 2(2x)? / LT K7 +xm? + (1 —x)mg — x(1 —x)M*}? . (63)

Only three GPDs survive in this limit—E, E, E; and H; vanish because A appears in their prefactor in the parametrizations
in (5), (6) and (7), while E drops out since i’ y'u vanishes in the forward limit. The GPD H reduces to the unpolarized PDF
f1, whereas H reduces to the helicity PDF g,, and Hy to the transversity PDF h,. Our results for the forward PDFs agree
with the ones published in Ref. [109]. In general, like for standard GPDs, the region of support for PDFsis —1 < x < 1. In
the SDM to O(g?), they also vanish for —1 < x < 0. Below we give a separate discussion for the point x = 0, where the
forward PDFs in the SDM are discontinuous.
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For the quasi-PDFs one has

- 23
ig"P Nyiy3)

up) =9 / KOk | 64
Fr00/3)( ) (27) Dopp (64)

and corresponding expressions for the other quasi-PDFs.
The numerators are given by

g 2K s

Nyi) = 80(k%)? = 25 (x(P*)? = m M)

+ 50(]_5_ + x2<P3)2 + mg), (65)
Nyi) = —(k%)* 4+ k°(2x6,P%) + 2 — x2(P3)?

+ my(my +2xM), (66)
Nyi) = = (k%)* + k°(2x50P?) — K — x2(P3)?

+ my(m, + 2xM), (67)

2k°

Nois) = 80(kK)? = 5 (x(P*)* = m M)

+ 50(—’1 +x2(P3)% + mg,), (68)
N0y = 00(k”)" = P3 —5 (x(P?)* = m M)

+ 8o (x*(P?)? + mg), (69)

Ny = —(k°)? 4 k°(2x6)P%) — x*(P3)?

+ my(m, + 2xM), (70)
and the denominator reads
Dyppp = [K2 — m2 + ie]*[(P — k)* — m} + ie].  (71)

The results for the quasi-PDFs follow directly from the
ones for the quasi-GPDs. In Egs. (65)—(70) we have used
6o = 6(t = 0). Like for quasi-GPDs, the support range of
quasi-PDFs is —co < x < oo0. The process of analytically
recovering standard PDFs from the corresponding quasi-
PDFs has been discussed in Ref. [90]. Results for the quasi-
PDFs associated with the gamma matrices y°/y%ys/ic/>ys
were already presented in [83], but in the so-called cut-
graph approximation. In Ref. [90], we have discussed the
differences of that approach compared to a full calculation
that includes all contributions. Note that we have calculated
all the forward distributions independently using a trace
technique, and have found complete agreement with the
results obtained from the quasi-GPDs.

E. The point x =0 for standard PDFs
and quasi-PDFs

In the SDM all three standard PDFs are discontinuous at
x =0. (We have argued in Ref. [90] that for f; this

discontinuity may not be an artifact of the model.)
Specifically, in the case of f| one has

. 7 O
figf1(~e) =0. Ll:%fﬂ@—m/“’””m'

(72)

Also, for x = 0 the contour integration that can be used for
any other value of x does not work. Two questions arise at
this point. Can one still assign an unambiguous value to the
standard PDFs for x = 0? And, if so, does the correspond-
ing quasi-PDF reproduce that value for P® — c0? One
readily verifies that using the well-known identity

1
dk™ o=
/ k™ = kore T i€

1
=PV [ dk——
/ Kk~ — k-

pole

ind(k~ -k

pole) (73)

allows one to compute the standard PDFs for x = 0. In the
case of f| one finds

Sile= )_4<§n>3/ 'zl<*i+mé>
:Ell—%(fl( e) + f1(e)). (74)

Corresponding equations hold for ¢g; and h;. We next
investigate if the quasi-PDFs fq/3) analytically reprodu-
ces the result in Eq. (74). It turns out that this is indeed true,
that is,

Jim fiq/3)(x = 0) = fi(x=0). (75)

The very same conclusion applies to ¢, and h;. It is
interesting that the quasi-PDFs reproduce exactly all the
features of the corresponding standard PDFs around the
point where the latter are discontinuous.

Before closing this section, we take up the impact of

including a form factor (rather than a k | cutoff) on the
discontinuity (continuity) feature exhibited by the standard
PDFs (quasi-PDFs). As an example, we study the impact of
the form factor Z (k) = k* — m, / (k* — A?)? on the PDF f,
as was done in Ref. [113]. By performing the contour
integration and then setting x = 0, we find

70 =52 (14258). )

Note that reversing the order of operations—setting x = 0
and then performing the contour integration—provides half
of this result. Regardless, the discontinuity at x = 0 persists
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but decreases as A gets larger. Since the continuity property
of the quasi-PDFs is unaffected by the inclusion of such a
multiplicative form factor in our analytical expressions,
discrepancies between standard and quasi-PDFs will still be
prominent in the small x region. Furthermore, in Ref. [83],
a cut-graph model with the same form factor was used to
study the up and down quark distributions in the proton
considering contributions from both scalar and axial-vector
diquarks. Substantial discrepancies were observed between
the quasi and standard distributions at large x values. Since
for not too small x values, calculation of quasi-PDFs
with or without on-shell diquarks does not lead to huge
qualitative differences (see Fig. 5 in Ref. [90]), we
emphasize that considerable differences will persist at large
x in our case as well (where the calculation is performed
with the spectator off-shell). We therefore expect similar
conclusions for the GPDs as well, although one cannot
simply resort to doing calculations for standard and quasi-
GPDs with spectator on-shell (since one needs to pick up a
quark pole to get the ERBL region). To this end, we
emphasize that there is no clear prescription for using form
factors to regulate the UV divergences as the model no
longer follows from a Lagrange density.

IV. NUMERICAL RESULTS IN SCALAR
DIQUARK MODEL

For the numerical analysis we proceed along the lines
of our previous work [90]. For completeness we first repeat
the numerical values of the parameters. We use g = 1 for
the strength of the nucleon-quark-diquark coupling. None
of the general conclusions depend on the precise value
of g. Our “standard values” for the mass parameters are
M =0.939 GeV, m;=0.7GeV and m, = 0.35 GeV.
Elaborating on our choice of parameters, we mention that
our starting point comes from the Ref. [113] where the
value m, = 0.3 GeV was chosen and the value mg =
0.822 GeV was found from the phenomenological fits of
Refs. [114,115]. We have therefore chosen values similar to
these, but have adjusted so that the convergence of the quasi
distributions to the standard distributions is maximal. From

d1,Q(0)
0.025F ms=0.7 GeV mqy=0.35 GeV
0.020f o1
—— P3=1GeV
0.015f — P3-2GeV
—_— p3_
0.010 P°=3 GeV

P3=4 GeV
0.005f

e 05 1.0 5

—-0.005

Fig. 4 in [90], one can see that the relative difference
between the quasi and standard f; is quite sensitive to
adjustments in mg. Thus it was important to reduce the
value of m, to my= 0.7 GeV to achieve the best con-
vergence. One can also see that the convergence is barely
affected by changes in m,,, so we increase the value of m, to
m,= 0.35 GeV to satisty m, +m, > M. In short, after
exploring the sensitivity of our results to variations in m
and m,, we maintain that such a choice of the parameters,
as discussed at length in Ref. [90], is “optimal” with regard
to the question of convergence of the quasidistributions
to their light-cone counterparts. For most of our plots, the

cutoff for the |l; 1| integration is A =1 GeV, and the

transverse momentum transfer is |& 1| = 0. We also shall
show some plots and comment extensively on the depend-

ence of the various distributions on A and |A | |. We begin
with discussing the PDFs.

A. Results for quasi-PDFs

Results for the quasi-PDFs g q(/3) and hjqqy3) are
shown in Fig. 1 and Fig. 2, respectively. Comparing these
results with the corresponding plots for fqq/3) in
Ref. [90], one qualitatively observes the same features.
First, for P> =2 GeV and above, there is not much
difference between g; o) and g; q(3)- The same holds in
the case of the quasitransversities. Second, considerable
differences appear between quasi-PDFs and standard PDFs
as x »> 0 and x — 1. As discussed in detail in [90], the
discrepancy at small x can be expected since the standard
PDFs are discontinuous at x = (0. The quasi-PDFs are
continuous, but for large P? must approach the correspond-
ing standard PDF, which automatically results in large
deviations in the region around x = 0. To better illustrate
the discrepancy at large x we consider the relative differ-
ence, which in the case of f; we define as [90]

F1(x) = f1o0/3)(x: P?)

Ryiop3)(x: P?) = (77)

fi(x)
d1,Q(3)
0.025 ms=0.7 GeV mq=0.35 GeV
0.020f g
—— P3=1GeV
0.015} — P3_2GeV
PR 3_
0.010} P®=3 GeV
—— P3=4GeV
0.005f
. X
—05 / 05 1.0 15
-0.005}

FIG. 1. Quasi-PDF g, g as a function of x for different values of P3. Left panel: results for 91,Q(0)- Right panel: results for g; o3). The

standard PDF g; is shown for comparison.
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h1.a(0)
ms=0.7 GeV mq=0.35 GeV

0.03f

hy

—— P3=1GeV
— P3=2GeV
—— P3=3GeV
P3=4 GeV

0.02f

-05 [ 05 1.0 15

h1.a()
ms=0.7 GeV mq=0.35 GeV

0.03f

h4

—— P3=1GeV
—— P%=2GeV
—— P3=3GeV
P3=4 GeV

0.02f

0.01

oe— [ 05 1.0 15"

FIG. 2. Quasi-PDF £, ( as a function of x for different values of P3. Left panel: results for hi q(0)- Right panel: results for /1 ¢(3). The

standard PDF A, is shown for comparison.

In Fig. 3, this quantity is shown for the transversity
distributions. Like for f;, at P> =2 GeV one can hardly
go above x = 0.8 for the relative difference to stay below
50%. This statement holds true for the helicity distributions
as well. We shed some more light on the large-x discrep-
ancy in Sec. IV B.

We forgo showing plots for the dependence of the PDFs
(and the GPDs) on the mass parameters m, and m,. Our
findings in this context can be summarized as follows. The
impact of changing m, is typically larger. Specifically,
discrepancies get somewhat larger when increasing my,
especially in the large-x region. This feature is partly
related to the increasing (with my) difference between
the momentum fractions that enter the standard PDFs
and the quasi-PDFs. We refer to Sec. IV B for further
discussion of this point. Within the range [0.01, 0.35] GeV
which we have explored, we find only a mild dependence
on m,. Analytically, this is caused by the fact that m, is
small compared to the other scales in the problem such as
M, mg, P3, cutoff for k| . Transversity is the only exception
with regard to the m, dependence especially in the small-x
region. This can be understood from the analytical result in
Eq. (63). For small x, the quark mass term in the numerator
dominates resulting in a larger sensitivity to m, of this
distribution compared to f and g;. The latter distributions

Rh1(0)
1

ms=0.7 GeV mqy=0.35 GeV

-2  ——— P3=1GeV
— P3=2GeV
-3 —— P3=3GeV
—— P%=4GeV

4L

have a k] in the numerator—in addition to the (my + xM)?
term—which gives rise to the (standard) logarithmic UV-
divergence and, in particular, a very mild dependence
on my,. As already discussed above, the absence of the
UV divergence for the transversity is an artifact of the
model, and therefore so is the stronger dependence of /; on
m, at small x. For the GPDs we find a very similar overall
pattern upon variation of m, and m,. In the ERBL region
there can be some deviations from this pattern. But the
effects are not very significant, and we therefore refrain
from further elaborating on them.

In Fig. 4, we show the relative difference for f; for
two values (1 GeV and 4 GeV) of the cutoff A for the
k | -integration. For x < 0.5 the relative difference increases
with an increase of A. But at least for f o3) this effect is
mild, given that the two values of A are very different. We
find very similar results for the transversity distribution. On
the other hand, for ¢; the impact (on the relative difference)
of changing A is larger. This applies in particular in the
region around the point at which g; changes sign—see
Fig. 1. It is obvious from the definition in Eq. (77) that in
such a case the relative difference is not a very good
measure. A very similar situation occurs for GPDs if they
switch sign. Overall, our choice A =1 GeV typically
minimizes the difference between the quasidistributions

Rh1)
1

_E—\ X

0.2 0.4 E 1.0

ms=0.7 GeV my=0.35 GeV

-2 ——— P%=1GeV
— P3=2GeV
-3f —— P%=3GeV
—— P%=4GeV

FIG. 3. Relative difference between quasi-PDFs and /4, as a function of x for different values of P3. Left panel: results for Ry (0)-
Right panel: results for Ry (3). The maximum values of x for the curves are chosen such that [R),;| < 4.
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R (0)
1

0.2 0.4 0.6

P®=2GeV ms=0.7 GeV mqy=0.35GeV

_o}

A=1GeV
A=4 GeV

—4L

R (3)
1

o\'§—=

0.2 0.4

0.

P?=2GeV ms=0.7 GeV mqy=0.35GeV

A=1GeV
N=4 GeV

FIG. 4. Relative difference between quasi-PDFs and f as a function of x for different values of the cut-off A for the k|, -integration.

Left panel: results for Ry (). Right panel: results for Ry 3.

and the standard distributions. Also, the fact that some of
the standard distributions have a logarithmic divergence
does not necessarily lead to a much poorer convergence as
A increases, unless one considers cutoff values much larger
than 4 GeV. Thus our model can give a faithful description
of these distributions with 1 GeV < A < 4 GeV.

B. A particular higher-twist contribution
in the cut-diagram approximation

We repeat that the two momentum fractions 1’;—1 and 1’2—? are
different and that they cannot be related in a model-
independent way. In this section we denote the latter by
X, and study the impact of the difference between x and X in
the (model-dependent) cut-graph approach in the SDM. In
Ref. [90] we found for f, that numerically, for P*> > 2 GeV
and the range 0 < x < 1, the difference between the cut-
graph approximation and the full calculation in the SDM is
rather small, except in the small-x region. For more
discussion of this approach we refer to [83,90]. In the
cut-graph model one puts the diquark spectator on-shell,
that is, (P — k)?> = m? [see Eq. (15)]. One can then derive
the relation

o X KL+ m? = (1—x)M
% =5 (1+8) +2(L1 = x)(1+80)(P?)?
1 I;2+m% :
:x+4(P3)2< Ll_x —(l—x)M2> +O<(P3)4>.

(78)

Obviously, the difference between ¥ and x is of order
O(1/(P*)?) and therefore power-suppressed. A numerical
comparison of the two variables can be found in Fig. 5.
Their difference gets larger as m, increases, as can also be
expected based on Eq. (78). Most importantly, due to the
1/(1 — x) factor, one finds ¥ — oo as x — 1, which implies
very large differences between the two momentum frac-
tions at large x—see also Ref. [83]. One can therefore
speculate that the considerable discrepancies between the

quasidistributions and the corresponding standard distri-
butions at large x are mostly caused by the (huge)
discrepancy between X and x. In Fig. 6 we explore this
point for f. The quasi-PDF f} o indeed provides, at
large x, a better agreement with the standard PDF, while
this is not true for f q(3), unless one goes to extremely large
x. In the case of g; and h; (not shown) we find that the
“recipe” of distinguishing between ¥ and x works better
for g; q(3) and hy q(), respectively. The fact that, overall,
this “recipe” does not lead to a much better agreement
between quasi-PDFs and standard PDFs (at large x) can
be traced back to other higher-twist contributions in the
cut-graph approach that also diverge for x — 1.

C. Results for quasi-GPDs

Details about the numerics for the quasi-GPDs H, and
Eq can be found in Ref. [90]. Here we therefore mostly
focus on the remaining six quasi-GPDs, which are shown in
Figs. 7-12 for £ = 0.1. For the skewness variable we have
explored the range 0.01 < £ < 0.4 and below briefly com-
ment on the £-dependence. Like in the case of quasi-PDFs,
for P> > 2 GeV there is no clear indication as to which
of the two definitions (for each quasi-GPD) one should
prefer. The convergence problem at large x persists for the

k,=0.5GeV P%=2GeV

ms=0.7 GeV

ms=1.5 GeV

X=x

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 5. Momentum fraction X as a function of x as given in
Eq. (78) in cut-graph approach, for different values of m.
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f1,.a0
0.05f

P®=2GeV ms=0.7 GeV mqy=0.35GeV

0.2 0.4 0.6 0.8 1.0

FIG. 6.

f1.Q@)
0.05f

P®=2GeV ms=0.7 GeV mqy=0.35GeV

0.04

0.03

0.02

0.01

0.2 0.4 0.6 0.8 1.0

Impact of difference between x and X as given in Eq. (78) in cut-graph approach for f;. Only the contribution from the

spectator pole is included. Left panel: results for £ o). Right panel: results for f1 o). Note that the curves for X # x go to 0 for x — 1,

like the standard distributions do.

Ha (o)
5 0.045} ;
i : : ms=0.7 GeV
——— P3=1 GeV o
Ge o.0dof mq=0.35 GeV
——— P32 GeV Vo
0015} ! =0.1
—— P3=3 GeV - ¢
1 1
——— P324 GeV 0.010f ;
cf
0.0d5 |
: 1
. ' *
= = ' 0.5 1.0 15
-0.045} !

Fa )
3 0.045}
A : : mg=0.7 GeV
——— P3=1 GeV o
Ge o.oz!o : my=0.35 GeV
——— P32 GeV -
0015} ! =0.1
—— P3=3 GeV ' ¢
1
——— P34 GeV /
1
—a *
-15 -1.0 -05 v 05 10 e
-0.005} |

FIG. 7. Quasi-GPDs ﬁQ<0) and I:IQ(3> as a function of x for & = 0.1 and different values of P3. The standard GPD H is shown for
comparison. The limits of the ERBL region are indicated by vertical dashed lines.

—— P3%=1GeV !

mg=0.7 GeV

! mq=0.35 GeV
| £=0.1
1

— ¢E 0.015 ms=0.7 GeV
— P%=1Gev . mg=0.35 GeV
—_ p3_ \
P"=2 Gev l £=0.1
—— P3=3Gev 001
1
1

— P3=4GeV

0.5 1.0 15

FIG. 8. Quasi-GPDs SEQ@) and fEQ@) as a function of x for £ = 0.1 and different values of P3. The standard GPD EE is shown for
comparison. The limits of the ERBL region are indicated by vertical dashed lines.

quasi-GPDs H, and Eg [90] and the other six quasi-GPDs.
We emphasize that this outcome is a robust feature of our
model calculation. In lattice calculations, the matching
procedure could potentially improve the situation at large x,
as was observed for the quasi-PDFs [70,71]. It has been
shown that, at one-loop order, a nontrivial matching exists
only for the quasi-GPDs H,, H o and Hy o—the ones that
survive in the forward limit [106—-108]. It remains to be
seen whether in lattice studies it is more difficult to obtain

good results at large x for the quasi-GPDs that do not
require a nontrivial matching. We also note that, in general,
there is a tendency of the discrepancies at large x to increase
when & gets larger. The significance of this feature depends
on the GPD under consideration, and it is most pronounced
for the quasi-GPDs EQ and ET.Q. This aspect is illustrated
via Fig. 13 which clearly shows an increase in the relative
difference at large x for larger values of & for the GPD E for
instance, compared to the GPD H.
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FIG.9. Quasi-GPDs Hr g and Hr q3) as a function of x for & = 0.1 and different values of P3. The standard GPD H is shown for
comparison. The limits of the ERBL region are indicated by vertical dashed lines.
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FIG. 10.  Quasi-GPDs Er (o) and E7 q3) as a function of x for £ = 0.1 and different values of P3. The standard GPD E; is shown for
comparison. The limits of the ERBL region are indicated by vertical dashed lines.

We make a brief passing comment regarding the origin
of sign changes in the x < 0 region depending upon the
use of ¥ vs y> operator in the quasi-GPD matrix element.
The reason for this are the terms proportional to xM. If a
quasidistribution contains such a term, as I:IQ(O), Hro3),
and hjq3) do [see Egs. (32), (37), and (70)], then the
distribution will change sign in the region x < 0 (see for
instance Figs. 2 or 7 or 9). As this is the first model
calculation of quasi-GPDs, it is difficult to speculate
whether this behavior is model-independent. The purely

I:lT,Q 0)

Vb

-15 1.0 1.5
Hr me=0.7 GeV
—— P3=1GeV
mq=0.35 GeV
—— P%=2GeV
=0.1
— P%=3 GeV ¢
—— P%=4GeV

mathematical origin of this behavior in our model gives no
deeper insight.

The plots in the Figs. 14—19 show the quasi-GPDs in the
ERBL region for £ = 0.01 and £ = 0.4, while correspond-
ing plots for Hg and E can be found in our previous work
[90]. Generally, for small ¢ one finds significant deviations
between the quasi-GPDs and the corresponding standard
GPDs. This situation is the GPD counterpart of the problem
for quasi-PDFs around x = 0. For small ¢, the standard
GPDs rapidly approach zero at x = —¢ in a very narrow

mg=0.7 GeV

— P3=1 GeV
mqy=0.35 GeV
— P3=2GeV
=0.1
—— P3=3GeV ¢
— P3=4 GeV

FIG. 11. Quasi-GPDs Hr g and Hr o) as a function of x for & = 0.1 and different values of P?. The standard GPD H is shown for
comparison. The limits of the ERBL region are indicated by vertical dashed lines.
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FIG. 12.  Quasi-GPDs E7 () and E7 o3, as a function of x for £ = 0.1 and different values of P*. The standard GPD E is shown for
comparison. The limits of the ERBL region are indicated by vertical dashed lines.
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FIG. 13.  Left panel: relative difference between quasi-GPD Hgq () and H as a function of ¢ for different values of P3. Right panel:
relative difference between quasi-GPD ¢Eq;) and ¢E as a function of ¢ for different values of P3. The relative difference with
P3 =1 GeV is much larger than what we observe here for P> > 2 GeV (see for instance Fig. 3).

x-range, whereas the quasi-GPDs are much smoother in
that range. Once & is increased, we observe a (much) better
agreement between quasi-GPDs and the standard GPDs for
a large fraction of the ERBL region. To be more quanti-
tative, we look at I:IQ(3) as an example, with £ = 0.01 at the
point x = 0.01. From Fig. 14 we can see that the agreement
is extremely poor for P? = 4 GeV. For decent agreement
(relative difference less than 20%), one must go to pP3
values as high as 18 GeV, which is well beyond the present

F'Q (3)

: | —h
/ 1
' —— P3=1GeV |
, Mg=0.7 GeV 0.004 | 5 '
' — P%=2GeV!
. Mg=0.35GeV P3_3 GeV |
 €=0.01 I '
! 0.002 P3=4 GeV '
1

X

-0. 10

10\9-005\ 0.005 0.
:
.
~0.002 \
1

—-----C

reach of lattice QCD. On the other hand, if we instead
choose £ = 0.4 and focus on the point x = 0.4, one finds
decent agreement (as defined above) with P> values as
low as 1 GeV which are currently accessible in lattice
QCD. This outcome suggests that lattice calculations could
provide very valuable information in the ERBL region,
provided that the skewness is not too small.

We have also studied the dependence of our results on the

transverse momentum transfer to the hadron |A | | or ¢, where

Fa)
} o.010} .
H mg=0.7 GeV
—— P?=1GeV 0008 my=0.35GeV
— P3=2GeV £-0.4
—— P3=3Gev  0.006|

P3=4 GeV

X

=2

4 -0.2 0.2 04

FIG. 14. Quasi-GPD FIQ(3> as a function of x in the ERBL region for different values of P3. Left panel: results for & = 0.01.
Right panel: results for £ = 0.4. The standard GPD H is shown for comparison.
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FIG. 15. Quasi-GPD fEQ<3) as a function of x in tl}e ERBL region for different values of P3. Left panel: results for & = 0.01.
Right panel: results for £ = 0.4. The standard GPD &E is shown for comparison.
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FIG. 16. Quasi-GPD Hy g as a function of x in the ERBL region for different values of P3. Left panel: results for & = 0.01.
Right panel: results for £ = 0.4. The standard GPD H7 is shown for comparison.
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FIG. 17.  Quasi-GPD E7 g as a function of x in the ERBL region for different values of P3. Left panel: results for & = 0.01.
Right panel: results for & = 0.4. The standard GPD E; is shown for comparison.

Fig. 20 and Fig. 21 show results for Hq) and Eq(),
respectively. Apparently, at least at large x, the discrepancies

get somewhat larger as |A | | is increased. However, we also
found that the relative difference as defined in Eq. (77) is

hardly affected at all when |A | | gets larger. This statement
holds true for all the other quasi-GPDs. In fact none of the

general conclusions discussed above are affected if |& 1] is
varied, where we have mostly explored the range 0 GeV <
|A,|<2GeV or 0(GeV)*<|1| <4 (GeV)2

D. Exploring different skewness variables

So far we have used the same skewness variable & for
both the standard GPDs and the quasi-GPDs. However, in
the case of quasi-GPDs one could in principle consider
different variables to describe the longitudinal momentum
transfer to the hadron. Actually, in the matching calcu-
lations for quasi-GPDs the quantity & = —% was used
[106-108]. The two variables are related via & = &€&,
with 6 from Eq. (13). We emphasize that this relation is
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FIG. 18. Quasi-GPD A 7.Q(0) as a function of x in the ERBL region for different values of P3. Left panel: results for & = 0.01.
Right panel: results for £ = 0.4. The standard GPD Hy is shown for comparison.
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FIG. 19. Quasi-GPD ET,Q(O) as a function of x in the ERBL region for different values of P3. Left panel: results for £ = 0.01.
Right panel: results for £ = 0.4. The standard GPD E7 is shown for comparison.

model-independent, which is in contrast to the situation for
the parton momentum fractions 1’% and f,—i for which no
model-independent relation exists. Another possible skew-
—ZA—POO = (—4;, though admittedly &, is
somewhat less natural than &; due to the dependence of
quasi-GPDs on ;‘,—33. In any case, the difference between the

three variables is a higher-twist effect that vanishes for

ness variable is &, =

A, =0GeV &=0.1

y o
— P3=1 GeV : mg=0.7 GeV
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——— P3=3GeV ,
——— P34 GeV (;

1
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FIG. 20. Quasi-GPD H ) as a function of x for different values of P? and two values of A, = |& |- Left panel: results for

A =0 GeV. Right panel: results for A| =2 GeV.

P? - . For finite P3, however, the differences can be
substantial as illustrated in Fig. 22, and they are largest for
large £. Note that as £ — 1 one has |f| — oo, and therefore
also  — oco. Here we want to explore the impact of the

difference between &, &5, and &, on the quasi-GPDs.
In order to calculate quasi-GPDs using &,,3 one can then
no longer use Eq. (4), but rather needs

Ha(0)
0.0fof 1
9y oF | A,=2GeV &=0.1
——— P3=1 GeV 0.008 ! ms=0.7 GeV
—— P®=2GeV e
0.006 ! ,=0.35 GeV
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FIG. 21.  Quasi-GPD Eq as a function of x for different values of P? and two values of A} = |& 1 |. Left panel: results for

A;} =0 GeV. Right panel: results for A} =2 GeV.

(0. &, PY) = —E% {(1 B) (P - 2BM? — (1~ BY(PYY - Bam? + ﬁ)(zoﬂ, (79)
0

X2

X2
(6B =21 B+ - B - M (-8R )+ 20+ B) (00 + ) 7+ (w24 5E)

to compute the Mandelstam variable 7. For P3 — oo,
both (79) and (80) reduce to Eq. (4), while non-negligible
numerical differences exist when P3 is finite. From Fig. 22
one finds that the allowed range for &; is smaller than [0, 1].
As a consequence, t would become imaginary if in Eq. (79)
one plugs in a value for &, that is too large.

In Fig. 23 and Fig. 24 we show the following compar-
isons. The standard GPDs in these figures, which enter the
relative difference R in Eq. (77), are all evaluated for
¢ = 0.4, while the quasi GPDs are calculated using the
three different skewness variables &, ;to and 2‘3 and choosing
for them in each case again the value 0.4. One observes
considerable differences between the three cases, especially

¢
U
4 \
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- - 1
1$:549 '
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2r z :
&=¢ |
N :
.
1
: . . . ¢
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FIG. 22.  Comparison of the skewness variables £, &; and &, for
P>=2GeVand A, =|A | =0 GeV.

22

4

|

once P is relatively low. Interestingly, in the case of H. Q(0)
the relative difference is smaller for most of the DGLAP
region (in particular, in the range where the GPDs have
their maximum) if one uses 53 instead of £ We find this
pattern for most of the quasi-GPDs, while in the ERBL
region no general pattern exists. The only outliers in that
regard are Eqq), EQ(O /3) and E7 q(0), Where Eq ) is shown
in Fig. 23 as a representative case. We also observe that
using the variable &, typically gives poorer convergence for
the quasi-GPDs. This feature is again most pronounced in
the range where the GPDs are largest. Our conclusions also
hold for even larger values of &, where the numerical
discrepancy between the three skewness variables increases
further—see Fig. 22.

We take a moment to briefly discuss the nature of two
distinct higher-twist effects that we encounter in our model
study. The higher-twist effect associated with the longi-
tudinal momentum transfer to the target (relating &, /3 10 &)
is kinematical. Such an effect, expressed through the
parameter o, is model-independent and simply describes
the relationship between the variables P’ and P3. The
impact of this effect, however, on the individual GPDs
is model-dependent. On the other hand, the higher-twist
effect associated with the longitudinal parton momenta
(relating X to x) is a dynamical one which stems from
modeling of the spectator as an onshell diquark. We note
that these effects are entirely separate from the higher-twist
effects associated with QCD higher-twist operators.
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Relative difference between H ) and H as a function of x. The quasi-GPD is evaluated for three different definitions of the

skewness variable. (See text for more details.) Left panel: results for P> = 1 GeV. Right panel: results for P? = 2 GeV.
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FIG. 24. Relative difference between Eq() and E as a function of x. The quasi-GPD is evaluated for three different definitions of the
skewness variable. (See text for more details.) Left panel: results for P> = 1 GeV. Right panel: results for P? = 2 GeV.

V. AXTIAL-VECTOR DIQUARK RESULTS

It is well known that both a scalar diquark and an axial-
vector diquark are needed to describe the phenomenology
of up quarks and down quarks in the nucleon—see, for
instance, Refs. [116-118]. In this section, we therefore
explore contributions from the axial-vector diquark. We
repeat that we do not aim at a fine-tuned quantitative
description of the standard GPDs, which would be beyond
the scope of the present work, but rather just focus on how
well the quasi-GPDs compare with their corresponding
standard GPDs.

In order to study the impact of the axial-vector diquark,
we examine in detail the effects on the GPD H. For the
scalar diquark, the vertex factor is given by ig,y*, where g,
is the scalar coupling constant, and the propagator is given

i . .
by (g In contrast, for the axial-vector diquark the

vertex factor is given by % y*vs, where g, is the axial vector

id"”
(P—k)z—mlz,Jris’l

coupling constant, and the propagator by

where d* and m, are, respectively, the polarization tensor
and mass of the axial-vector diquark. There are several
possible choices for the polarization tensor (see Ref. [113]),
but we choose the definition

prpr
dﬂl/:_g/w+ m2 s (81)

which was analyzed in Ref. [119]. The other choices for the
polarization tensor are explored in Refs. [113,120-122].
We now replace the scalar diquark vertex and propagator in
the light-cone correlation function with the axial vector
diquark vertex and propagator. Note that with this replace-
ment the light-cone correlation function no longer follows
from a Lagrange density, and thus this direct replacement is
also a part of our model for the axial vector diquark. The
result is

Fa[r] ()C7 A) = 4(2ﬂ)4

. : f £
0 [ g g, B AW L M gt )

y , (82)
Dipp
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where Dgpp, is the same as Dgpp Wwith the replacement m; — m,,. For the figures below we always choose g, = g, = 1 and
A, =0 GeV. We also use m, = 1 GeV as our standard value, as when quarks couple to a higher spin-state, the resulting

state tends to have a larger mass [113].
For the standard GPD H, one again uses I' = ™. The result for the axial-vector diquark is given by Eq. (16) in our paper
[90] with the replacement Ny — N, where

Mt - M? t
NG =245+ (kL+m +X°M?) +24x —x— + 2+ x) — |m,M
m2  4m? m? 4m;,
M? t ]t t 1.k A,
+(1+x)[2(1+x)+(1—3x)m—3+(l+x)4m]4 (1+x) [ §+4m§}:t 2 (83)
The quasi—-GPD correlator for the axial-vector diquark is given by
- /,l/ " i{‘i‘ 1—* + 4_ v ,l
Foll(x, A; P?) = —190_ / a0k, d, "I T CH S = m)rysulp.4), (84)
4(2x)* DGpp

and the results for the axial-vector diquark are given by Eq. (27) but with the replacement Ny /3y — N?{(o /3) where
2 e 5 M?> ot L0y
5o = 245zt gz ) )

2 M? t M? t M? t t 5 kK -A
o |=x(2+5 P4 (44— )mM+ (24— ) (x> L 2L (k0
*aw{"(*mzﬂmz)( ”( mzﬂmz)’"‘f *( mz+4mz)< R

M2t N\, ot m,M Mt t 5 _k A
24+ 4\ (k ° 2 2(p3)2 U REPITEY I el 18 85
+< +mg+4m3>(l+4+mq+x( )?) + L ( m3+4 )( xy+o8t 2 ) (85)
ova — (o M* ot o2 12503 | (2 M?* ¢ 5 M> ¢ 1+x ¢ 20
ey = =\ 24 T e ) o e )T \C T Y ) s
M
ma 4 4 a ll:|mq

M? t\, - t M?
+<2+—2+ m2>(ki+—+m§—x2(P*))+2[4x xm—+(2—|—x)
( (36)

[
In Figs. 25 and 26 we show the results obtained for the =~ same regardless of the type of diquark. Figure 26 shows
quasi-GPD H. Comparison with Figs. 6 and 9 in Ref. [90] that while convergence in the ERBL region is poor at
shows that the qualitative features of the GPD H remain the  extremely small values of &, it is reasonable at larger values.

Ho(o) Ha 3)
0. Ogo 0.0250 [
H ' ma=1.0 GeV H ' \ ma=1.0 GeV
——— P3=1GeV ' P3=1 GeV
0.015 mq=0.35 GeV mq=0.35 GeV
— P3=2GeV v
é=041

——— P%=3GeV )

15 -1.0 —05 R 05 1.0 15 15 ; : ) ) 15

FIG.25. Quasi-GPD Hg as a function of x for = 0.1 and different values of P3. Left panel: results for Hg(()). Right panel: results for
H6<3). The standard GPD H? is shown for comparison.
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FIG. 26. Quasi-GPD Hy,,

¢ = 0.4. The standard GPD H“ is shown for comparison.

Based on this, we conclude that with the polarization tensor
chosen as in Eq. (81), there are non-negligible contributions
to the GPDs and PDFs from the axial vector diquark.
However, these contributions have the exact same quali-
tative features as those of the scalar diquark contributions,
and thus our conclusions based on the scalar diquark
contributions alone are robust. Our general findings there-
fore also apply for faithful GPDs for up and down quarks in
a spectator model.

VI. MOMENTS OF QUASIDISTRIBUTIONS

Recently, moments of quasi-PDFs have attracted some
attention [41,52,53,55]. Specifically, in Refs. [41,52]
concerns have been raised over divergences of moments
of quasi-PDFs, while Ref. [53] argues that the two
lowest moments are well defined. While the whole
point of exploring quasi-PDFs is to go beyond the
calculation of moments, it can still be instructive to
look at them.

We first consider the lowest moments of quasi-GPDs
and recall also the well-known results for the lowest
moments of the corresponding standard GPDs. Including
a flavor index “¢” one finds the model-independent
relations

/_1dxH‘1(x,§,t):/_°odx;Hq (x, &1, P)

:/ dxHyq (x. &, 1; P?)

= Fi(), (87)
/_ideq(x,i,t):/_wdx;Eq (x, &1, P3)

:/ dxE{ ) (x, &, 15 P?)
= F3(0), (88)
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in the ERBL region for different values of P3. Left panel: results for £ = 0.01. Right panel: results for

=G4(1), (89)

= F?,r( ): o1

/_1de‘;()€,§,1‘):/ dx5 T.00 (x:,ft}ﬁ)

:/ dxE7 IS P?)
= 2F;,T(t)’ (92)

/_: dxHi(x, &, 1) —/

:/ dxH IS P?)
= Fg,T( ) (93)

In the above equations, F is the Dirac form factor, F, the
Pauli form factor, G, the axial form factor, Gp the
pseudoscalar form factor, and Fy 7, F,r and F;p are
the form factors of the local tensor current [123]. Note that
time-reversal invariance leads to a vanishing first moment

dx = Hq

5 7.Q(0 (xftP)
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for E; [100]. The results for the moments of the forward
PDFs f1, g; and h; can be extracted from Eq. (87), (89) and
(91), respectively. The lowest moment of standard GPDs
depends on ¢, but does not depend on &. The quasi-GPDs
depend in addition on P3, but it is remarkable that also that
dependence drops out in the lowest moment. (A corre-
sponding discussion for f can be found in Ref. [53].)
However, according to Egs. (87)—(93) one must divide half
of the quasi-GPDs by the (simple) kinematical factor ¢ in
order to arrive at this result. (Our numerical results in the
SDM comply with Egs. (87)—(93).) For P3 <2 GeV
inclusion of this factor leads to a visible difference for
the numerics. Of course 6 describes a higher-twist effect,
and therefore including this factor is in principle a matter of
taste. But the moment analysis suggests that taking into
account o0 like in Egs. (87)—(93) appears natural. (This
suggestion is in line with the definition of quasi-GPDs used
in the very recent matching study in Ref. [108].) In the case
of quasi-PDFs, such a definition implies that /| o(0), 91.Q(3)
and £ (o) are to be divided by &, in comparison to what so
far has been used mostly in the literature.

We now turn our attention to the second moment of
quasi-distributions, but consider the vector operator
Wiyt only. It is well known that the corresponding local
operators are related to the form factors of the energy
momentum tensor (EMT) T#. The EMT, when evaluated
between different hadron states, has five independent
structures [124],

(p' . X|T"™4(0)|p,A)
PHPY AFAY — g A
—a(p' X Al +—— T =
a(p'.A') i (1)+ i
| Plictea,
4M

C4(1) + Mg C9(1)

Phigea,

(A9(1)+ B() +—

D(1) | u(p. ),
(94)

where 7#9(0) = 7(0)y* £ D"y (0) with D* the covariant
derivative, a#b*} = a*b* + a*b* and a¥b¥ = a#b¥ — avbH.

TABLE L. Left column: first moment of H 3 for various values
of P3. Note that f dxH = 0.0105741. Middle column: first moment
of Eq3) for various values of P3. Note that f dxE = 0.0136164.
Right column: Ji’s spin-sum rule for the y* projection. Note that
J dxx(H + E) = 0.00904572. All the numerical values have been
obtained for £ =0.1 and t = —1(GeV)?.

P3 (GCV) / dxHQ(3) f d)CEQ<3) f dXX(HQ(3) + EQ(3))
1 0.0105746  0.0136164 0.00904580
2 0.0105743  0.0136165 0.00904583
3 0.0105744  0.0136164 0.00904580
4 0.0105743  0.0136163 0.00904584

The connection between the quasi-GPDs and the form
factors of the EMT is established through the equation

3
o ras [ ()

Z Z Z
o~ w()w
Q( 2 2> 2 ZOZO,ZL:6L
= (P TR 0)|p. ), (95)

where the index u can be 0 or 3. In close analogy to the
celebrated expression for the second moment of H + E,
namely [1 dxx(H(x,& 1) + E9(x, & 1)) = A9(t) + B9(r)
where A9(0) 4+ B%(0) = J4 is the total angular momentum
for the quark flavor g [95], one then finds for the quasi-
GPDs

© 1
d HY
/_oo xxé(

(6> + )(A"(f)+3"(f))+%(52—1)D"(f), (96)

(xftP3)+E" (x§IP3))

l\)l>—‘

/_ dx x(Hy ) (x. 8.1 PP) + Ey 3 (x. &, 1; P*))
= A4(t) + B4(1). (97)

Note that in Eq. (96) the form factor DY of the antisym-
metric part of the EMT enters. One can conclude that the
second moment of Hqs) + Eqs) is directly related to the
angular momentum of quarks, while for Hqg) + Eq(o) this
relation contains a higher-twist “contamination.” Our
numerics are in accord with these two equations in the
sense that the left-hand side (lhs) of (97) is independent of
P3 and agrees with what we find from the second moment
of H + E, while the lhs of (96) does depend on P? and
converges to AY(t) + Bi(t) for large P*. In Table I, we
show that the first moments of H3) and E3) match with
the first moments of H and E, respectively, and are
independent of P3. We also show that Ji’s spin-sum rule
holds for the y* projection regardless of the value of P3.
The conclusions remain the same if one uses y° as the
projection.

We now briefly take up the case of the second moment
for f1. In that case one has

[ dxxtita) = 4100, (98)

and the corresponding equations for the quasi-PDFs read

0o 1
/_ dxxgof"Q<0)(X; P3) = A%(0), (99)
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/_°° dxxfy g (x: PY) = A9(0) — (8 — 1)C9(0).  (100)

(o]

The second moment of the quasi-PDF f ¢ is independent

of P3 only if the function is divided by &, which agrees with
the situation for the lowest moment. On the other hand, the
second moment of f q(3) does depend on P3. Once again,
our numerical results align with these analytical results. We
also find that the third moments of the quasi-PDFs f o, g1 o
and h,  and their corresponding quasi-GPDs (H y, H Q- and
Hy o) diverge. On the other hand, the third moments of the
quasi-GPDs without forward counterparts do not diverge.
We emphasize again that these moments relations are model-
independent. For the regulated results, the moments are finite
for both the standard and quasidistributions. Of course,
renormalization of the quasidistributions needs to be con-
sidered as well. However, this point is equally relevant for
the moments of the standard GPDs.

The model-independent expressions for the moments of
the quasidistributions are potentially significant as they
may be useful for studying the systematic uncertainties of
results from lattice QCD, especially due to the fact that the
P3-dependence of the moments is either computable or
nonexistent.

VII. SUMMARY

We have presented results for all the quasi-GPDs
corresponding to the eight leading-twist standard GPDs
in the SDM. While the results for the vector quasi-GPDs
Hg and Eg were already included in our previous work
[90], all the other ones are new. For each standard GPD we
have studied two quasi-GPDs. Taking the forward limit,
we have also obtained the quasi-PDFs f o, g1 g and & g as
byproducts. In the limit P? — oo, all quasi-GPDs analyti-
cally reduce to the respective standard GPDs. This outcome
further supports the idea of computing quasi-GPDs in
lattice QCD to get information on standard GPDs. Though
the forward PDFs (in the SDM) are discontinuous at x = 0,
for P3 — co they are exactly reproduced by the corre-
sponding quasi-PDFs. Numerically, in the case of PDFs we
have found significant discrepancies between the quasidis-
tributions and the standard distributions around x = 0 and

x = 1. We have also elaborated on the underlying cause of
these discrepancies. For instance, the disparities near x = 1,
which also exist for quasi-GPDs, are due to higher-twist
effects that grow as x — 1. For GPDs these disparities tend
to increase with an increase of the skewness £. On the other
hand, for large £ we have found quite good agreement
between quasi-GPDs and standard GPDs for a significant
part of the ERBL region. Furthermore, at least in the
DGLAP region we have observed for most quasi-GPDs a
better agreement with the standard GPDs if ¢ is replaced by
& = —%. The difference between & and &; is a higher-
twist effect. Generally, we have tried to identify robust
results in the SDM. We have therefore studied the depend-
ence of the result on the free parameters—the quark mass
m,, the spectator mass my, the cutoff for the integration
upon the transverse quark momentum A, and the momen-
tum transfer to the hadron. We have also studied the
contributions from the axial diquark and found no quali-
tative differences compared to the scalar diquark. We have
also clarified the behavior of quasi-GPDs under the trans-
formation & — —&. Moreover, we have derived model-
independent results for the first and second moments of
quasidistributions. It is remarkable that these moments
either do not depend on P3, or their P3-dependence can be
computed. A particularly interesting case is the second
moment of Hg + Eg, which is related to the total angular
momentum of quarks. The results for the moments suggest
a preferred definition of several quasidistributions.
Moments of quasidistributions might allow one to explore
systematic uncertainties of results in lattice QCD. In
conclusion, we believe it is worthwhile to further study
quasi-GPDs from a conceptual point of view as well as
numerically in lattice QCD and in other models.
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