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We study Fayet-Iliopoulos (FI) terms of six-dimensional supersymmetric Abelian gauge theory

compactified on a T%/Z, orbifold. Such orbifold compactifications can lead to localized Fl-terms and
instability of bulk zero modes. We study 1-loop correction to FI-terms in more general geometry than
the previous works. We find induced Fl-terms depend on the complex structure of the compact space.
We also find the complex structure of the torus can be stabilized at a specific value corresponding to a
self-consistent supersymmetric minimum of the potential by such 1-loop corrections, which is applicable to

the modulus stabilization.
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I. INTRODUCTION

Effective theory of the superstring includes various
dimensional objects, i.e., branes. Branes are important
components for particle phenomenology. Branes can break
the supersymmetry (SUSY) and realize the chiral spectrum
[1-4]. They can be a source of generations of matter fields,
and flavor structure [5,6]. Antibranes can induce the
positive cosmological constant [7]. Such a brane mode
behaves as a localized mode in effective theory. Therefore it
is important to investigate interactions between bulk fields
and localized operators [8,9].

The Fayet-Iliopoulos term (FI-term) in supersymmetric
Abelian gauge theory was introduced as a source of
spontaneous SUSY breaking at first [10]. Later it was
shown that Fl-term is not only a source of the SUSY
breaking, but has vast implications for theoretical particle
physics. The Fl-term is prohibited by local SUSY unless
the gauge group is related to U(1) [11-13] or associated
with nonlinear terms [14]. Especially in higher dimen-
sional supersymmetric theory, it is related to anomaly
[15], and introduces instability of bulk superfields
[16,17]. (See also [18].)

Even in the higher dimensional theory, the bulk FI-term
is prohibited by local SUSY, but the Fl-term localized at
special points, i.e., orbifold fixed points can appear [19].

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2020/102(4)/045005(15)

045005-1

Such a Fl-term is called localized FI-term. The localized
FI-term is induced by quantum corrections in orbifold
compactification even if the Fl-term is set to zero at the
tree level [20]. This is formally calculated by infinite sum
of all KK-modes of fields which have charges of the
corresponding U(1). In the trivial background without the
localized FI-term, mode expansion of bulk fields is given
by plane waves. Their infinite sum converges to the Dirac
delta function. Hence the localized Fl-term is induced.
Since it is localized, the FI-term induces a local potential
for bulk fields. To cancel the FI-term, the vacuum expect-
ation values (VEVs) of auxiliary fields must also be
localized. It affects the wave function profiles of the bulk
fields. For the model of five-dimensional Abelian gauge
theory compactified on S'/Z,, the localized FI-term
induces localization of bulk zero modes at the fixed
points, and rejects wave functions of all the massive
modes from the fixed points [16,17]. Similar results are
obtained also for six-dimensional SUSY theory compac-
tified on 7?/Z, orbifold [21]. Thus it is a quite general
consequence for higher dimensional SUSY theory com-
pactified on orbifolds.

If the value of the localized FI-term is not zero, VEVs of
the auxiliary fields are shifted. The massive modes cannot
penetrate to the fixed points in this 1-loop corrected
vacuum. Hence 1-loop corrections to the Fl-terms are only
due to the zero mode. The zero mode is localized at the
fixed points, and reproduces the localized FI-term, but it is
not the same as that of the infinite sum of the plane waves.
Bulk contribution is not canceled by brane mode contri-
butions in general, and the FI-term receives further cor-
rections. Thus this background is unstable. In our previous
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work we investigated this instability for the S'/Z, com-
pactification model [22]. In the present paper we investigate
instability for 72/Z, compactification. Toroidal compacti-
fication is a more realistic compactification for phenom-
enology; it has a concrete stringy origin [1]. It also can
realize the chiral spectrum of the Standard Model (SM).
(See, e.g., Refs. [23,24].) The localized FI-term on toroidal
orbifold may affect the flavor structure of the SM [25]. As
well as S'/Z, compactification, loop correction of the
Fl-term can lead to the instability of 1-loop corrected
vacuum. We find that the instability is related to the
complex structure of the torus. There are some applications
for moduli stabilization and extra dimensional models.

This paper is organized as follows. In Sec. II, we
examine the localized FI-term and zero mode of bulk
scalar field in six-dimensional SUSY gauge theory com-
pactified on 7?/Z, orbifold, whose geometry is described
by an arbitrary value of the complex structure modulus
7(e€ C). The localized FI-term is induced by quantum
corrections, and it leads to nonzero VEVs of auxiliary
fields. It affects equations of motion for bulk fields and
their wave function profiles. In Sec. III, we focus on an
untilted torus, i.e., a torus whose complex structure is pure
imaginary, and recalculate the 1-loop corrections to the
Fl-term in the SUSY vacuum which has nonzero VEV of
the auxiliary field. We see that 1-loop corrections can
cause the instability of the SUSY vacuum. In Sec. 1V, we
extend the consequences in Sec. III to the torus that has an
arbitrary value of z. We find these quantum corrections
depend on 7. We show the complex structure modulus must
take a specific value for the cancellation between loop
corrections from bulk and brane modes. In other words,
modulus stabilization of the complex structure is realized.
Section V is devoted to our conclusion. In Appendix A, we
study the validity of our evaluation of the FI terms. We also
confirm the localization of the wave function of bulk zero
mode by use of an explicit regularization of the Dirac delta
function. In Appendix B, we show the modular trans-
formation of elliptic theta functions.

II. LOCALIZED FI-TERMS ON T2/Z, MODEL

In this section, we evaluate the localized FI-term induced
by quantum corrections in the 72 /Z, orbifold. We take the
following strategy. First we consider a 1-loop FI-term
induced by tree level wave functions. Then we investigate
mode expansion of the bulk fields in the 1-loop corrected
background including a singular configuration of the gauge
field. Finally we recalculate the quantum correction of the
FI-term induced by the 1-loop corrected wave functions,
and search a consistent configuration.

Before describing the multiplets that are contained in
T?/Z, models, we describe the torus 72 and orbifold action
of Z,. We define the orthogonal coordinates of T2 as xs, X,
and we denote the two-dimensional metric by g;;:

w=(10) Gimse @

The coordinates (xs,xq) satisfy the following periodic
boundary conditions:

{ (x5, x6) ~ (x5 + 27R, X¢).
(x5,x6) ~ (x5 + 27RRe 7, x5 + 27RIm 7).

where we introduced a complex structure z, which takes an
arbitrary value in the upper half plane H. We define the Z,
orbifold action as
Zy:(xs,x6) = (—x5,—Xg). (2.2)
and there are four fixed points: (0,0), (zR,0), (zRRer,
aRImz), and (zR(1+ Ret),7RImz). Hereafter these
fixed points are denoted by z;, z5, z3, and zy4, respectively.
We introduce nonorthogonal coordinates (x5, x;) which
are along the lattice vectors of the torus. In these non-

orthogonal coordinates, the two periodic boundary con-
ditions can be represented as

/ / ~ / /

{ (x/s,x/é) (x/5 +/2ﬂR,x6), (2.3)
(x5, xg) ~ (x5, x5 + 27R).
We also define complex coordinates (z, Z) as Rz =x} +7xg
and RZ = x§ + 7x;. From now on, we use the notation of
indices as M, N € {0,1,2,3,5,6}, u,v € {0,1,2,3}, and
i,j,m,n € {5,6}. We also use the indices with prime,
M',N',i',j to represent the nonorthogonal coordinates
(x’s,x’6). We summarize the relations of the coordinates
and the metrics in Table 1.

We consider six-dimensional SUSY Abelian gauge
theory defined below the cutoff scale A. Such a theory
is described by four-dimensional A/ = 2 supermultiplets:
Abelian vector multiplet and hypermultiplets. In addition
to the N/ = 2 multiplets, we can introduce brane modes at
the fixed points. The brane modes preserve ' = 1 SUSY
and we assume that they consist of only chiral multiplets;
there are no extra gauge fields at the fixed points. We
introduce brane mode ®; = (¢, ;) at each fixed point z;.
The multiplets are summarized as follows:

TABLE I. Coordinates and metrics on the torus.
Nonorthogonal Complex
Coordinates Xy = x5 —Retyg Rz = x§ + 7x,
Xp = - xg RZ = x§ + 7Tx
Boundary x5 ~ x5+ 27R z~z+ 2%
Conditions xg ~ xg + 27R 7~z 4271
Metric N _( 1 Rer) _;(0 2)
91 = \Rer |z|? Imn =&\ 2 0
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@
N = 2 Abelian vector multiplet

bulk mode: ¢ = {gauge field A);, gaugino Q, auxiliary field 5}
hypermultiplet = {real scalars A;, hyperino ¢}

(ii) brane mode: chiral multiplet = {complex scalar ¢p;, Weyl fermiony;}.
We should pay attention to the auxiliary fields in N' = 2 Abelian vector multiplet. It is decomposed into an A = 1 vector
multiplet and a single chiral multiplet. The auxiliary field D of the AV = 1 vector multiplet is given by a linear combination

of a part of the auxiliary field D and the field strength F'sq. We choose D = —D; + F'5¢ in this paper. The Z, orbifold action
is defined to preserve this four-dimensional A" = 1 structure, e.g., the parity assignment to Dj is even and those to other two
auxiliary fields D and D, are odd. We also introduce two complex scalar fields ¢, and ¢_, which are linear combinations
of the real scalars of the hypermultiplet. ¢, is parity even and ¢_ is parity odd.'

The bosonic Lagrangian is written as follows:

1 - = ; -
L= _ZFMNFMN +iQrY9,Q + EDZ +) (Dupi D"y F gplqp.Ds) + -
+

+ Z 8(xs — xL)3(xs — x1)[D,pi D' 1 + 9y a1p1(—D3 + Fsg) + -+, (2.4)

where

Dy = Oyds T igqp Ay.

The quantities g and g, are charges of the hypermultiplet and the brane modes respectively. g is the gauge coupling constant.
Four-dimensional effective potential is represented as follows:

Vg = /dxsdx6 [2g2|¢£q¢_|2 + Z(Dsfﬁi- +iDg¢)"(Dsp+ + iDeghs)
T

1 .
5 (Fss =& = g(dlas —dlab-) = gy _djaidd® (xs = x4, x = xt))*
1
1
—5(Ds =& g(dlad, — #lap-) =g #iaibid® (xs — xf. x5 — x{))?
1
1 1
=5 Dy +gdlag- + 99 ag’)’ =3 Dy + igdlad- — ighlad)?|, (2.5)

where we include the contributions of Fl-term Ly = &(—D3 + Fsg).
From (2.5), the SUSY conditions are written by

Dy = Fsg =&+ g(dlqb, — dlad-) +g) bl (xs — xb. x5 — x}), (2.6)
1

Piagp- =0, Ds¢p. + iDgp.. = 0. (2.7)
We study the situation where the U(1) is unbroken, i.e., (¢p.) = (¢;) = 0. The SUSY solution is as follows:
(Fse) = &(x5,%6). (2.8)

We also obtain the equation of motion (EOM) for the scalar fields ¢ in terms of the compact directions:

"For precise calculation, see [21].
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(zero mode): (Ds + iDg)p. =0, (2.9)

(massive mode): (=Ds + iDg)(Ds + iDg)p = Ap-..
(2.10)

The SUSY solution and the zero mode equation in
the nonorthogonal coordinates are represented simply as
follows:

(SUSY condition): (Fs¢) = [Imz|&(xf, x5),  (2.11)

(zero mode EOM): (¢Ds — Dg )¢y (x5, x5) = 0. (2.12)
By evaluating (2.11) and (2.12), we will confirm that, if the
localized FI-term has a nonzero value, the zero mode of the
bulk field is localized at the fixed points z = z;, that is
similar to [21].

A. KK-modes and 1-loop FI-term when é=0

We calculate the FI-term induced by 1-loop corrections
of the scalar fields ¢.. As the first step, we use the mode
expansions in the SUSY vacuum with £ = 0. In the SUSY
vacuum with & = 0, the EOMs (2.9) and (2.10) become

_ R?
004+ (z,2) = Z/W’ﬂz(z, 2),

(2.13)
where we represent them in the complex coordinates (z,Z).
The general solutions of EOMs are given by
$(z,2) = Aese7, (2.14)
where A is a complex constant, and ¢, ¢’ are also complex
constants satisfying
R2

cc' = ——.

7 (2.15)

By imposing the boundary conditions ¢ (z+27) = ¢ (z)
and ¢, (z + 277) = ¢, (z) the complex constants ¢, ¢’ are
quantized:

(n€z),

2r(c — ') = 2xin (2.16)

2n(ct— 'T) =27t (¢ € Z). (2.17)
Thus the solutions that satisfy the boundary conditions are

represented as follows:

¢i.mf(z’ Z) = Amﬂeﬁ(n(rz—fz)Jrf(z—Z))’ (218)
1
ﬂ:—m{(HRCT—f)2+(nImT)2}. (219)

In the coordinates (x%,x;), these can be a more simple
form as

b+

Ds

FIG. 1. The loop diagram that generates the FI-term.

¢i,m‘(x/5’ xl6) = Anfei(%xg+%xé’) . (220)

Since (n,£) and (—n,—¢) correspond to the same
eigenvalue,
D e (X X)) = Ap@ ®STREG) 4 B, o7 1SR (2.21)

where n runs from O to +oo and £ runs from —oo to +oo.
Under the action of Z,, the wave functions behave as

b (x5, —x5) = P (x5, x5), (2.22)
P (x5, —xg) = —p_ (x5, xp). (2.23)
We obtain mode expansions of the bulk scalars:
/ / n / 4 /
P (X5, %) = Ajcos | pxs + x5 ). (2.24)
/ / : n / 4 !
¢—,nf(x5’x6) = A, sin EXS + E)% , (2.25)

where the normalization factor A, is 1/zR+v/Im7 for 1 # 0
up to phases, which are not relevant to the following
discussions. Zero modes are constant solutions. They are
given by

¢)+700 = A() (AO = 1/271'R V Im T), (226)

45_’00 - 0, (227)
up to a phase, which is not relevant to the following
discussions. 1-loop diagrams contributing to the Fl-term
are written as Fig. 1 in the case of §'/ 22.2 We can evaluate
the divergent part of the Fl-term that is induced by 1-loop
diagrams of bulk scalars:

*The loop diagram around which the scalars ¢, run induces
only the linear term of D;. The same contribution to the linear
term of F's/¢ arises from the fermion’s loop the same as the 9, Z in
the S'/Z, model unless the SUSY is broken.
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G55 5) = 0(0) (1554 4 1o #7010, ) S 5 Ul = -0
bulk (X5, Xg) = q 5 T 59 'Yy +.nll T [ P=nl
167 4 167 ! n=0 |=—c0
A? 1InA? 1
— - 79,8, ) —— E S(xL — xXD)s(xl — x'1), 2.28
gtr(q) <167‘[2 4 167‘[29 i ]) 4|Im1| ., (xS xS) ('x6 X ) ( )
|
where the second derivative g’/ 0,0, = - 90 is originated 05 (Ag) — 0 (As) = [Imz|&(x, xg),  (2.34)

from the log divergent term + ; AIn A% by use of the EOM.
In the second row, we use the Fourier expansion of the
Dirac delta function:

I 2 2ny
5(y)_7r_R+7r—RZCOS (T) (-mR<y<=zR). (2.29)

n>0
Note that the factor 1/|Imz| is multiplied, which comes
from /detg;y = [Imz| when we normalize the wave
function. Considering the contributions from the brane
modes, we obtain the 1-loop induced FI-term:

&(x5, x6)
= fbulk + fbrane
1 <1 s
~ |Imr] Z (& +&"9"7 01 0;)5(x5 — x'5)8(xg — X').
I=1,..4
(2.30)
AT (1 gInA21
=g——=| -t t , " _ J “t ‘
& 91622 <4 r(q) + r(q,)> £ g 3 r(q)
(2.31)

The Fl-term is localized at the fixed points of the orbifold.
Thus we obtain a localized FI-term.

B. Zero mode when & # 0

On the untilted torus, i.e., Ret = 0, the zero mode of
scalar field is localized at the fixed points by the localized
FI-term [21]. Here, we show that the FI-term localizes the
zero mode of scalar field similarly at the fixed points in the
general T?/Z, orbifold with arbitrary 7.

From (2.11) and (2.12), the SUSY conditions and
the EOM of the zero mode for the bulk scalar are
represented by

(Fye) = [Tmz[&(x5, x5),

(Ds — Ds’)ff)i,o(xls’ xg) = 0.

(2.32)
(2.33)

We concentrate on the parity even mode.” We write them
explicitly by the derivatives 05, J¢ and gauge fields Ay, Ag:

*Obviously the parity odd modes have no zero mode.

{(z05 = 9¢) + igq(z(As) = (Ag)) Yy o (x5, x5) = 0.
(2.35)

Here, we consider the following gauge fixing conditions:*

{AS, = (Im7)~' (Re 105 — D)W, 2.36)

Aé/ = (Im T)_l (|T|285/ —Re 186/)W.
In this gauge, the SUSY condition and EOM become

o= (1eP03 = 2Re ey + 08 (W) = Im el ),

(2.37)

{(z05 = 9g) — gq(105 — D) (W)}, (x5, x6) = 0.
(2.38)

In the complex coordinates Rz = x5+ 7x; and RZ =
x5 + 7xg, the derivatives 0, 0, are given by

(%)== (%) ew

Equations (2.37) and (2.38) are written as follows:

DO(W) = Ifg, (2.40)
{0~ 9a(O(W))}b 0(z.2) =0, (2.41)

where the 1-loop Fl-terms (2.30) and (2.31) are represented
in the complex coordinate as

o =g 3 (4+8m0)s0e-a). @4
R 4=, R
A (1 . g1

& = 9762 <th(CI)+tr(611)>v 4 :ZWZU(Q)’

(2.43)

4Considering Rer = 0 and the differences of scale between xg
and xj, we see that this gauge (2.36) intrinsically corresponds to
the gauge in [21].
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where the factors come from the coordinate transformation.
From (2.40) and (2.42), we can split the SUSY solution into
two parts:

(W) = (W) /2 4+ (W"), (2.44)
0wy = > &6P(z-2z),
(W) % Z &6 (z - z;) (2.45)

The equation for (W’) is the Poisson equation with the
source &; at the fixed points. The solution is obtained as

1 =2
:ﬂzl:(g, [m 9, <—2ﬂ T>

Here 9, (z|7) is the elliptic theta function, and our convention
is given by

2

{Im(z—z/)}?

(2.46)

" 27Imz

&ab(zvf) — Z eﬂi(nJra/2)2'r+27zi(nJra/Z)(Z+b/2)7 (247)
9, (zlr) = =911(z,7), 9,(z]7) = 910(2, 7),
193(Z|T) = 1900<Z, T), 194(Z|T) = 1901(Z, T). (248)

With this gauge background, the solution of the EOM (2.41)
can be formally represented by

f(z)e9q<w>.

$i0(z.2) = (2.49)

The holomorphic function f(z) must be constant because it
is a periodic holomorphic function. The zero mode of ¢, is
represented as follows:

77—z 99&1/27
¢ 0(2.2) < L )
xexpd = T fim(z — )2
872 Imt

(2.50)

Since this wave function includes the Dirac delta function in
the argument of exponential, it is not well defined. The Dirac
delta function implies that this wave function has serious
divergences at the fixed points, while the fixed points are the
zero points for the theta function. Integral of the wave
function on any small region including a fixed point seems to
be divergent. Whereas wave functions must be canonically
normalized. This divergence must be canceled by the
normalization factor f. As a result, normalized wave

function would be a localized mode at the fixed points such
as the Dirac delta function. Such a localized mode appears in
an explicit regularization scheme for the case of S'/Z,
compactification [16,22]. It is also true for toroidal orbifolds.
We can show it by use of an explicit regularization of the
delta function.’

C. 1-loop FI-term when & # 0

Calculation of the I-loop Fl-term is affected by the
zero mode localization. It implies the instability of the
supersymmetric vacuum for the S'/Z, model [22]. Such a
vacuum instability may happen in the present 7%/Z,
model. Thus we should reevaluate the 1-loop FI-term again
with the background given by (2.44), (2.45) and (2.46), and
we should examine how stable configurations for the brane
mode are.

In our evaluation, we make the following two
assumptions:

Assumption 1: The massive mode profiles of the bulk scalar
are excluded at the fixed points.

Corrections to the FI-term can be evaluated
by the square values of wave functions

near the fixed points only.

Assumption 2:

The first assumption means that the induced FI-term can be
evaluated by the zero mode of the bulk scalar field only. It is
true for the S'/Z, model [22].6 The second assumption
means that the ratio of the 1-loop Fl-term at each fixed
point z = - is equal to the ratio of |¢ o(z; + €,Z; + €)[?
of (2.50).

From (2.50), the zero mode near the fixed point 7 = z; is
written as below:

diolzr+€2,+€)
~ fex p{ 299" 50 <>}

XH <Z1+€—ZJ

J£

xexp{—

where we introduce 55,2)(2), which is a regularization of
delta function; 5,()2) (z) is finite and 5/(,2) (z) = 63(z) as

99¢1/2n

€
9, (—
> 99&;/2m

{Im(z; + € - ZJ>}2}7

998
87 Imt

(2.51)

5See: Appendlx A.

The massive mode of the bulk scalar field is evaluated in [21].
The evaluation was performed except the small regions that
contain the fixed points, and the analysis near the fixed points are
difficult.

Since the zero mode wave function is localized at the
fixed points, this description is not exactly true. We provide a
more rigorous treatment and justify the second assumption in
Appendix A.
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TABLE 1. {Im(z; — z,)}>.

{Im(z; —z)}* J=1 J=2 J=3 J=4
I=1 2?(Im7)?>  #*(Im7)?
1=2 0 0 2*(Im7)*>  #*(Im7)?
1=3 7*(Imz)?  7%*(Imz)? 0
I=4 7X(Im7)?  7*(Im7)? 0 0

p— +0. We introduce &mins Which denotes the minimum
of &. 8,(e/2x|7) is approximated by 7(7)3e near the origin
[21], where 5(z) is the Dedekind eta function. We find
9,(e/2x|zr) — 0 in the limit of ¢ — 0. We redefine the

normalization factor by
2 /!
f EfeXP{ 928 62%)} 91(23 )
/4

R2
/" is a finite constant. The zero mode near the fixed point is
represented as

_[]qujn/Zﬂ

(2.52)

¢+,0(Z[ +e€,7Z+ E‘)

, €
=7l (5
" exp{_ 995

87°Imz
If & is not equal to &.;,, because of the suppression of
|9, (¢/2x|7)|, the wave function must vanish near the
fixed point z = z;. Thus the part |9, (e/2x)[94(é—5nin)/27
determines the point where the zero mode is localized.
|

941 —€min)

=

J#I

99¢1/2%

9, (z, +2€ﬂ— 2y

)

{Im(z; + ¢ — Zj)}z}.

{1 x st
S QUL

{19GRE x 19, (=1570)e

{105 F < (91l

where the first, second, third, and fourth rows correspond to
T,, T,, T, and T, respectively. The elliptic theta function
9, satisfies the following relations:

(v +1r) =

=9 (v|7), (2.57)

—m(2b+r

9 (v+17) =

81 (v]r), (2.58)

and the elliptic theta functions 9; (i = 2, 3, 4) are related to
9, as

¥For a concrete example, see Appendix A.

X

X

For instance, if &;- is the only minimum and &,/ > &,
the wave function is localized only at zj. Thus it is
represented as

6(z—zp), (2.53)

hio0=
where the square root of the delta function denotes that the
wave function is localized at the fixed point z;- and
canonically normalized. If several &£; are the minimum
simultaneously, the zero mode is localized at the several
fixed points z; where & = & in-
The ratio of the zero mode of bulk scalar fields at the
fixed points can be practically evaluated by

H 21— 2y 998, /27
Tl 2w
99&; 2
- I — . 2.54
X eXP{ SﬂZImT{ m(z; —zy)} } ( )

In the complex coordinates (z,Z), the fixed points are
2y =10, 7 nr,n(1 +17)}. (2.55)

The explicit forms of {Im(z; —z;)}* are summarized in

Table II. We define T, as
iy — 2y
T, = 9
=T (*5%)

J#I
which is the elliptic theta function part of r;. From (2.55),
we find

99&;/2n
, (2.56)

191 (=510)|% x |9y (=15F|x)[% }oar2n
19 (55 )| x |8, (=5le)|= }yoar2e
1 X |9 (=3lo)fse Yo |
191Glo)5 x 1 yoare
1
191 ET :82(0"[), (259)
9, G T> = ie="/49,(0]7), (2.60)

1+7 T
19]( ) T>—192(§

Therefore, by using 8;(0|z) (i =2, 3, 4), T, is simply
rewritten as

T> = e ™/49;(0lr).  (2.61)
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X [84(0]7)[% x €~

e (g3 +&) }94/277

(& +&4) 19q/27
e s
} (2.62)

) }gq/2ﬂ

) }gq/2ﬂ

The ratio of the absolute value of the wave functions at the fixed points is evaluated as

ry =

Since the zero mode is localized at the fixed points, the
normalized wave function of the zero mode is given by

|¢+0|_\/Z§l gmln Z_ZI)‘
Zél émm

r; are transformed each other by the modular symmetry.
The modular symmetry is generated by two elements, S
and 7, and these generators transform the modulus 7 as

(2.64)

T:7—>t+1. (2.65)

S: 7> ——,
T

The elliptic theta functions are transformed each other
by § and 7, and transformation behavior is shown in
Appendix B. The § transforms zero mode values at z; and
24, and zp and z3, ie., ¢yo(z1,21) <= Py 0(z4,74) and
¢ 0(220.22) <= ¢, 0(23,.Z3). On the other hand, the T
transforms zero mode values at z; and z,, and z3 and zy,
ie, ¢i0(z1,71) <= di0(22,22) and ¢y (z3,23) <=
h10(24.24). When & =& =¢& =&, the above zero
mode profile is invariant under the modular symmetry.

ITI. STABILITY OF SUSY VACUA ON
UNTILTED TORUS

In the previous section, we have finished the preparations
to calculate the localized FI-term in the new SUSY back-
ground, where the VEV of Fsg has nonzero value. In
stable configuration, the bulk mode contribution cancels
the brane mode contributions. Thus we examine configu-
rations where the cancellation occurs. Under the second
assumption, the 1-loop FI-term that is induced by the bulk
mode can be evaluated by r2. In the configurations where
the cancellation cannot occur, the 1-loop Fl-term changes
the supersymmetric vacuum further, which leads to the
instability of the SUSY vacuum.

|95(0[z) %
X [85(0]z)[%
|95(0]7
|95(0]z) [

194(0)
194(0fc
194(0]
194(0)

)| }yq/2fr

|§4 }!151/275
(2.63)

X X X X

) )
) )
)|§2 )|§1 }gq/2ﬂ
) )

)| }gq/Zﬂ

In this section, we investigate the stability of the SUSY
vacuum in the untilted torus, i.e., Rez = 0. In the untilted
torus, except for the differences from the scale of x¢ and xj,
the zero mode profile ¢,  and gauge field W coincide with
the results in [21].

A. Completely symmetric configuration

First we consider the completely symmetric configura-
tion of the brane charges, i.e., q; = ¢, = g3 = q4. We
assume the sum of U(1) charges is set to zero, which means
that the bulk charge is four times as big as that of the
localized charge: ¢ = —4¢,. Furthermore, we assume the
tree level Lagrangian has no Fl-term and (F5¢) = 0. From
(2.30) and (2.31), we obtain the 1-loop induced FI-term:

5 = ébulk + ébrane

R2 Z <€1+£/’R288) W(z—2z), (3.1)

.....

gq1n A?

s=6=2¢& 16 1622

=& =0, &=

(3.2)

Solving the D-flat condition (2.32) in the gauge (2.36), we
obtain the corrected SUSY background solution:

(3.3)

In this new SUSY background, we recompute the zero
mode of ¢, . The zero mode can be evaluated from (2.63):

¢+OZZ) \/_\/

where the square root of the delta function denotes that the
wave function is localized at the fixed points and canoni-
cally normalized as mentioned before.

Nz—z). (34)
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Substituting (3.4) into the KK expansion of the bulk
fields in (2.28), we obtain the 1-loop FI-term again. From
the assumption 1 in Sec. II C, the massive modes do not
contribute to the 1-loop Fl-term. We can evaluate the
contribution of the bulk fields:

o g N 12
bulk = 99 1677,'2 4R2 o

The contribution of the brane fields is unchanged. It is
written as

A2 2
ébrane = g@ﬁ[ Z QI5(2)(Z - ZI)' (36)

=1,...4

As aresult, we obtain the quantum correction to the FI-term
in the new SUSY background,

§(Z7 Z) = Souik 1 Corane = 0. (37)

The quantum correction vanishes. The bulk zero mode
shields the brane charges completely. Thus the SUSY
vacuum does not shift further, i.e., it is a stable vacuum.

B. Partially symmetric configuration

Next, we consider a partially symmetric configuration
where the U(1) charges of the brane fields are given by
q1 =0 and ¢, = g3 = q4. We assume the sum of U(1)
charges is set to zero, which means that the bulk charge is
three times as big as that of the localized charge: ¢ = —3¢5>.

|

Furthermore, we assume the tree level Lagrangian has
vanishing Fl-term and (Fsy¢) = 0. The 1-loop induced
Fl-term is calculated as

é: = ébulk + gbrane

2 4
-5 <€1+§”F88)5<2>(z—z,), (3.8)
=14

.....

~ gqIn A?
161672

g (3.10)

Solving the D-flat condition (2.32) in the gauge (2.36), we
obtain the SUSY background solution corrected by 1-loop

effects as
W)= Y {lna (“%) 2
= I 1
4m, 4=, 2z
! 2 2 11 5(2)
— s ime—z)P | 425 > &z -z).
I:f.p.
(3.11)

The ratio of the zero mode at the fixed points in this new
background can be evaluated from (2.63):

{ [9:2002)[7 x [95(0[2)| ™% x [94(0fz)| ™~/ }oe/2
= —x/3 —k/3 K 9q/2xm
{ [8200[7)[7° x [85(0[7)[* x [94(0lz) |}
{ 18:20002)[77 x [95(0[2)[<  x [94(0fc)[™/ }oe/2s
Note that the wave function of the zero mode vanishes at z; since &; is bigger than &.;, = —«/3. The zero mode is

given by

4gqx 4gqx

) (2 = 23) + [95(0]0) 6D (2 — 24)

boo(e7) = Y2 120080 = 22) +1840lr)
TR [82(012) 59757 4195 Q)[4 + 18, 0f) o0/

(3.12)

Substituting (3.12) into the KK expansion of the bulk fields in (2.28), we obtain the 1-loop Fl-term again. The

contribution of the bulk field is given by

4gqx

A 2 [9,(00)[* 6 (z = 25) + |94(0[2) %82 (z = 25) + [85(0]2) [+ 6% (2 - z4)

49gx 4gqx

Soulk = 99 1622 R2

19(0[2) 973 - [95(02) [995737 4 [8,(0]) oo~/

(3.13)

The contribution of the brane fields is unchanged, and is written as
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TABLE III.  Stable and unstable configurations of brane modes.

Charges of brane modes Stability of the vacuum

91 =492 =43 = q4 Stable
g1 =49 =q3F 44 Unstable
Q=9 Fqp=q4 Stable
{a1 = 92 # 95.q4} and {q3 # q4} Unstable
g #q;,(I#J) Unstable

A2 2
Eorane = QWFIZIZ; 4%5(2)(2 - 21)- (3-14)

As aresult, we obtain the quantum correction to the FlI-term
in the new SUSY background,

é:(Z’ Z) = fbulk =+ fbrane 5& 0. (315)

The quantum correction does not vanish. Therefore, the
SUSY vacuum shifts further by the 1-loop Fl-term, i.e., it is
an unstable vacuum. Unless we introduce a fine-tuned
FI-term at tree level, the vacuum is unstable in the partially
symmetric configuration.

C. Stable and unstable configurations

We have examined the stability of the SUSY vacuum in
the two configurations: completely symmetric one and
partially symmetric one. The former has the supersym-
metric stable vacuum, but the latter does not.

We summarize stability of various configurations in
Table III. In all of these examples, we assume that
the bulk mode has a charge g which cancels the charges
of the brane modes, i.e., ¢+ > ;¢; =0. The first and
second rows correspond to the results in the section III A
and III B, respectively. In the table, “stable” means that
the Fl-term is not induced in the new SUSY vacuum. On
the other hand ‘“unstable” means that the Fl-term is
induced in the new SUSY vacuum. It is always possible
to introduce a localized Fl-term at tree level which makes
the zero mode wave function of the bulk field shield the
brane charges completely. If such a fine-tuned Fl-term is
available, unstable configurations can be stabilized. To
add the tree level Fl-term, we should pay attention for
flux quantization. The localized FI-term corresponds to
localized magnetic flux[26-28]. The Wilson loop around
the fixed points in the SUSY background of (2.32) is
nontrivial,

W, = exp (—iq }é A) = exp (—iq A) g), (3.16)

where C; is a circle around z; and D; is the disc
including z;, and we use EOM of the gauge field (2.8).

Thus & can be interpreted as a localized flux. Since W,
must be +1 [28], tree level Fl-term is not a free
parameter. It is not clear whether we can always put
appropriate £; which make the localization of the zero
mode shield the brane charges completely, satisfying the
quantization condition. It might be interesting to inves-
tigate it.

Vacuum (in)stability will be also related to the anomaly
on the compact space. We observe that the stable configu-
rations are anomaly free since the charge of the bulk zero
modes is canceled by that of the brane modes everywhere.
On the other hands, anomaly is not canceled in the unstable
configurations locally. This may imply inconsistency of the
model. The local anomaly requires additional fields, e.g.,
antisymmetric fields, which cancel the anomaly via Green-
Schwarz mechanism, or other local operators. These addi-
tional terms may change the localized FI-term and vacuum
structure. For instance, the loop diagrams including anti-
symmetric fields would contribute to the localized FI-term,
and shift it. It may be interesting to investigate stability of
the bulk mode including such additional effects. We would
study it elsewhere.

IV. STABILITY OF SUSY VACUA
ON TILTED TORUS

We examine the stability of the SUSY vacuum in the
tilted torus 72 /Z,, i.e., Ret # 0. Basically, the results are
the same as those of the untilted torus. The difference
comes only from the profiles of the zero modes, which
generally depend on the background geometry. Taking into
account general 7, we find a part of unstable vacuum can be
stabilized. Especially, the partially symmetric configuration
leads to different results.

A. Stable configuration and moduli stabilization

We are interested in the partially symmetric configura-
tion, i.e., the charges of three brane modes are the same, and
the charge of the other one is zero. Similar to Sec. III B, we
concentrate on the configuration that the charges of the
brane modes in the fixed points z = z,, z3, z4 are the same
for concreteness. The charge of the bulk mode is three times
as big as that of the localized charge, which is required for

> & =0. (See Fig. 2.)

0
T
X5 n(1+1)

2R 1=1234

X6

2nR Imt

2nR Ret

o : fixed point, where the brane modes with the same non-zero charge are localized
(g1 = 0 and bulk mode has charge g = —Z;q;)

FIG. 2. The configuration of brane modes.
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In the SUSY vacuum with (Fy¢) =0, the 1-loop
induced Fl-term is written by
Si=k &H=&=&=-«/3, #0, (41)
2
where k =} gq 2.

The Fl-term corrects the SUSY vacuum as (Fsg) =
[Im7|&(x5, x5). Again we evaluate the 1-loop Fl-term in
the new SUSY vacuum. Since (4.1) satisfies &y = & =
& =&y, the ¢, o(z;,2;) is already given by (3.12). The
ratio of zero mode profiles at fixed points is given by

D1 0(z0) P 0(22) P11 0(23) [ 2 b 0(24) P
= 0:]8,(0]7)[#

4gqx

84(0f7)[ 5

e 95(0[2) 5.

3

The 1-loop FI-term induced by the bulk field in the new
vacuum is induced as this ratio at the fixed points. In order
not to generate the 1-loop Fl-term in the new vacuum, the
bulk contribution must cancel that from the brane modes.
Since the charges of the brane modes are the same at the
three fixed points of z,, z3, z4, we obtain the following
stability condition:

192(0[7)] = [83(0]2)| = [94(0[7)]- (4.2)
These conditions cannot be satisfied if Rez = 0. This is the
reason why we insisted that this configuration is unstable in
the untilted torus in Sec. III C. Whereas, in the tilted torus,
the condition (4.2) can be satisfied.

By use of modular transformation behavior of the elliptic
theta functions as shown in Appendix B, we find that
the complex structure, e.g., 7 = e7/3 satisfies the above
condition (4.2). The point 7 = ¢/3 is on the boundary of
the fundamental domain of the modular group. Thus, in the
torus which has the complex structure 7 = /3, the 1-loop
induced Fl-term in the new SUSY vacuum vanishes.
Accordingly the configuration of three brane modes has
a stable vacuum.

The 1-loop Fl-term generates a D-term potential:

Vp « /dxgdng(g+ )2,

£ contains the divergent term of cutoff A if £ is not zero. The
D-term potential would be dominant. Thus, we consider
that 7 would be stabilized in the value that cancels the
1-loop Fl-term in the new SUSY vacuum.

(4.3)

B. Stabilized complex structure

In the configuration of three brane modes, we insist that
the complex structure is stabilized dynamically at 7 = ¢*/3
by the potential V.

°For other combinations of three fixed points where the three
brane modes are located, the equivalent conditions appear.

Axe T = eiTL’/3
2nR Imt
(=V3nR)
n/3°  2mR x5
FIG. 3. Torus of 7 = ¢'*/3,

We show the stable configuration in Fig. 3. In this
configuration, there are the brane modes in the fixed points
except the origin, and the bulk mode is localized at the fixed
points except the origin, too. Figure 3 shows when the
vacuum is stable, the positional relations of fixed points
where the branes are located are equidistant each other. We
expect that the complex structure is stabilized in such a way
that the fixed points where the branes are located have
symmetric positional relations. Otherwise there are no
stable SUSY vacuums, and SUSY or gauge symmetry
would be broken.

Four-dimensional CP can be embedded into proper
Lorentz transformation in higher dimensional theory, where
extra dimensions are also reflected [29-34]. For example,
in six dimensional theory, four-dimensional CP is com-
bined with the reflection,

77— -z, (4.4)
so as to be embedded into six-dimensional proper Lorentz
transformation. Under the above reflection, the modulus
transforms

T —T. (4.5)
Thus, when Ret = 0, CP is conserved. For other values
of Rez, CP can be broken. Hence, the value 7 = ¢'*/? has
implication in CP violation physics.'’

V. CONCLUSION

We have investigated the quantum corrections to the
localized FI-terms in six-dimensional SUSY Abelian gauge
theory compactified on the 72/Z, orbifold.

In the 51/22 orbifold, the localization of bulk zero
mode causes the instability of the vacuum. Similarly, the
bulk zero mode is localized in the untilted 77/Z, model,
too [21]. We find that the new supersymmetric vacuum
which is changed by 1-loop Fl-term can be unstable in
untilted compactification. The instability is related to the

"If theory has modular symmetry, the transformation (4.5) is
meaningful up to the modular symmetry.(See e.g., [35-37].) That
implies that CP is conserved at the values of 7 at the boundary of
the fundamental domain including 7 = /3.
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configuration of brane modes and their U(1) charges. We
have shown that the 1-loop correction vanishes for the
completely symmetric configurations, but it is not true for
the asymmetric configurations. It is because the zero mode
profile and brane charges cancel each other for the former
case, but it does not happen for the latter case. Therefore, in
the asymmetric configurations the vacuum receives further
corrections and is unstable. If we put a fine-tuned FI-term in
the tree level Lagrangian, we can realize a stable vacuum
even for asymmetric configuration. In such a stable
vacuum, zero mode profile shields the brane charges
completely, and their corrections are canceled each other.
This result is the same as the one derived on the S'/Z,
orbifold [22].

As opposed to the S'/Z, orbifold, the complex structure
exists in the T2 /Z, orbifolds. The 1-loop FI-term depends
on the complex structure, i.e., the complex structure
associates with the instability of the vacuum. Especially,
we can stabilize the complex structure z by using the
cancellation of 1-loop FI-term that is induced in a new
supersymmetric vacuum. We have considered the configu-
ration with three brane modes that are located at each of
three fixed points and have the same charge. We have found
that the complex structure 7 is stabilized at the value of
e™3, which makes the three fixed points equidistant to
each other. We expect that the stabilization mechanism
which is caused by the cancellation of 1-loop Fl-term
occurs in more general orbifolds, and the stabilized com-
plex structures make the positions of fixed points sym-
metric. It contrasts with the traditional moduli stabilization
mechanism by three form flux [3 8—40].11 We have focused
on I-loop corrections and mainly investigated stable
configurations in the present paper. For unstable vacuum,
SUSY or gauge symmetry would be broken, and higher
loop correction might play important role. It is interesting
to consider these effects. We will study it elsewhere.

Magnetic flux also affects the profiles of the wave
function of the bulk fields, and increase the number of
the chiral zero modes [23,41-43]. It is interesting to extend
our analysis to the 72/Z, orbifolds with magnetic fluxes.
Its flavor structure would be different from that of mag-
netized orbifold models without Fl-terms [24,44,45]. In
magnetized orbifold models, zero modes transform each
other under the modular symmetry [46—48]. In addition,
our Fl-term has already nontrivial behavior under the
modular symmetry. Thus, it is interesting to study localized
FI-terms from the viewpoint of modular flavor models [49]
and their modulus stabilization [37,50].

"Toroidal orbifolds have Kihler moduli in general. The
effective potential of our model does not include the Kéhler
moduli, and its stabilization by the bulk instability is not realized.
We need another moduli stabilization mechanism such as non-
perturbative effects for the Kihler moduli [7].
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APPENDIX A: LOCALIZATION
OF THE ZERO MODE

Here we show the zero mode of the bulk scalar in 1-loop
corrected background is localized at the fixed points. Since
the wave function includes the exponential of the delta
function, this function is not well defined. Here we evaluate
it by use of an explicit regularization of the delta function.
We regularize the delta function as follows (see Fig. 4):

2 (1= 5yp) (V7 <o),

5 (x.)
0 <\/x2—|—y2>p).
(A1)
We can check [ dxdy 5 (x,y) = 1 immediately.
/ dxdy 8 (x,y) = / dr / do rsi (r.0)
= /pdr/dﬁriz(l —r/p)
0 p
P 3
= 271'/ dr— (r — r?
) 71',02( //))
3 p
—r—x"— =1. A2

The wave function of the zero mode is given by (2.50).
Substituting the regularization (A1) into the wave function,
we obtain

852 (x,y)

FIG. 4. A regularization of 6?)(x,y).
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lpro(z2)P~ 7

.....

where k = 4%25” and y(z,Z) is given by
— 29q&1/2x
i ap=lo (7))
2z

cep{ = 0 (in(z -2} (a0

We define D; as the disc with radius p around the fixed
points z;. Since y;(z, Z) is finite except for the vicinities of
the fixed points, we can evaluate the norm of the wave
function by the sum of integrals on D;:

/ dzdzlp o = 3 / dzdzlp. o2 +C. (AS)
T? 4Dy

I=1,...,

where C is a finite constant, which is almost independent
of p. (More precisely p dependence is sub-leading.) C is
ignorable in the limit of p to zero. In the vicinity of the fixed
pints, 9,(z — z;) is singular. It is approximated as

=1
3
1< 2r
where 7(z) is the Dedekind eta function. Thus we can
evaluate the wave function around the fixed point z; by

(A6)

r)~nwﬁ@—ax

|¢+,0(Z’ Z)|2 ~ |f|2 (Hh//](Z], Z_[)|2> |}’](’z‘)3(z — Zl)|gqﬂfl/ﬂ'

J#I

3k
cep | Zo(i-f-alo)| @
p
Integral on D; is calculated as
p 2n 3k
NIE/ rdr/ dl|n(z)3r|99/7 exp [—Z(I—r/p)}
0 0 zp
3k 3\ 2+99é/n 3k ,
= 2x|y(z) 29461/ n? (”3Pk> AMQ Ay P 0 m g
21 (mp>\ Hrod/n 9941
~2 39981/ 7 prp? | 22 r(2+224),
sl pore (%) 94
(A8)

where I'(z) is the gamma function, and we have approxi-
mated the integration range by R,. I'(2 + %‘f’) is not zero
since gg&;/n is positive definite. N; diverges in the limit of
p — +0. To normalize the zero mode, we obtain

(=2 > ) (83)

-1/2
- 0.

f= <Z,=1,.__.4N1H#,|WJ(217 Z_I)|2>

Except for D;, we find |¢, o(2)|*> = f2[]lwi(z)] = 0 in
the limit of p — +0. Thus the zero mode wave function is
localized at the fixed points. It behaves as a linear
combination of the delta functions §(z — z;):

bio(z 2P = Y C8P(z—2z). (A9)

The coefficients C; are calculated by the surface integrals
of |¢,0(z,Z)|*> on small disc D:

q:/fwm@mz
D

~ /D/ /P <H|V/J(Z1, z})|2> In(2) (z — 2,946/

T
3k
xewp | 25 1= 2= 2/

Nl Lrrlws(zr, ))?

= (A10)
Zl:l ..... 4NIHJ¢I|WJ(ZI’ZI)|2
Extracting p dependence of N;, we obtain
3k 94¢1
N; « en?p3H+50), (A11)

while p dependence of the denominator of (A10) is
evaluated as

—= min
NIH‘W!(Z[, Z_1)|2 ~ e ﬂpzp_3(2+%)’
I=1,..., 4 J#I

(A12)

where &;, is the minimum of &, ..., &,. If & is bigger than
Emin» C; vanishes in the limit of p to zero. We obtain C;

H_,¢,|'I//(ZI-Z_I)\2 .
e TLalwiGranP)’ (&1 = Emin)

0. (51 > émin)

C[:

This is nothing but (2.54). Thus we can evaluate C; by the
absolute value of the wave function near the fixed point.
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APPENDIX B: MODULAR SYMMETRY OF
ELLIPTIC THETA FUNCTIONS

Here, we summarize modular symmetry of elliptic theta
functions. Under the § transformation, they satisfy the
relations,

91(0] = 1/7) = —iv/=iz9,(0lz)

9,(0] = 1/7) = V=iz8,(0]2),

95(0] = 1/7) = V=iz85(0[),

9,(0] = 1/7) = V=iz8,(0|2). (B1)

Also, under the T transformation, they satisfy the relations,

910z + 1) = e/*9,(0[2),

9,(0]7 + 1) = ™/*9,(0|7),

93(0]z + 1) = 94(0).

8,(0]z + 1) = 85(0|z). (B2)
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