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The Unruh effect is the phenomenon that accelerated observers detect particles even when inertial
observers experience the vacuum state. In particular, uniformly accelerated observers are predicted to
measure thermal radiation that is proportional to the acceleration. Here we consider the Unruh effect for a
detector that follows a quantum superposition of different accelerated trajectories in Minkowski spacetime.
More precisely, we analyze the excitations of a pointlike multilevel particle detector coupled to a massless
real scalar field and moving in the superposition of accelerated trajectories. We find that the state of the
detector excitations is, in general, not a mere (convex) mixture of the thermal spectrum characteristics of the
Unruh effect for each trajectory with well-defined acceleration separately. Rather, for certain trajectories
and excitation levels, and upon the measurement of the trajectory state, the state of the detector excitations
features in addition off-diagonal terms. The off-diagonal terms of these “superpositions of thermal states”
are related to the distinguishability of the different possible states in which the field is left after its
interaction with detector’s internal degrees of the freedom.
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I. INTRODUCTION

The Unruh effect is one of the cornerstone results of
quantum field theory in noninertial frames or curved
spacetime (QFT-CS), and the paradigmatic example of
the frame-dependent notion of the particle content of a
field. In simple words, this effect consists of the perception
of a thermal bath of particles of a quantum field by
observers following constant acceleration trajectories in
Minkowski spacetime, when the field is in the Minkowski
vacuum state (the vacuum state for inertial observers). The
temperature of the bath is the Unruh temperature
Ty := ah/(2rkgc), proportional to the acceleration of
the trajectory a, with A, kg, and ¢ being the Planck
constant, the Boltzmann constant, and the speed of light,
respectively. First proposed by Unruh in [1] as an effect
closely related to the celebrated black hole radiation
proposed by Hawking [2], the phenomenon has been
widely studied in the literature from different perspectives.
See, for example, Ref. [3] for an introductory approach,
Ref. [4] for a mathematically rigorous derivation, and
Ref. [5] for an extensive review on the Unruh effect and
its applications.

“luis.cortes.barbado @univie.ac.at
esteban.castro.ruiz@ulb.ac.be

“luca.apadula@univie.ac.at

Scaslav.brukner @univie.ac.at

2470-0010/2020/102(4)/045002(16)

045002-1

Out of the different aspects of the Unruh effect, arguably
one of the most important is the fact that it provides a clear
example on how the description of a quantum field changes
in terms of particle content when the reference frame used
to describe it changes. This nontrivial change in the
description of the field is peculiar to QFT-CS. Notice that
in this theory the background geometry and the reference
frames in which the field is described are classical. In
contrast, in nonrelativistic quantum mechanics (QM) a
change to a noninertial classical reference frame at most
introduces an effective gravitational potential in the dynam-
ics under observation.

However, in QM one can introduce the notion of a
quantum reference frame (QRF) and changes between
QRFs as a generalization which allows one to consider
quantum mechanical systems as reference frames. In a
recent work [6] it has been shown that changes between
QRFs in nonrelativistic QM give rise to the frame depend-
ence of the notions of quantum superposition and entan-
glement, and a generalization of the covariance principle. It
seems natural then to attempt to extend the construction of
QRFs to QFT-CS, and see whether further novel effects
arise of the construction. Developing a fully consistent
construction of a notion of QRFs for QFT-CS seems,
however, a highly nontrivial task. On the road to it, we can
nonetheless approach more concrete problems that have
their own interest and can help to shed some light on
the topic.

© 2020 American Physical Society
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In this work, we develop a description of the Unruh
effect for observers which do not have a well-defined
acceleration, but rather follow a superposition of trajecto-
ries with different accelerations in Minkowski spacetime.
With this development we provide a first description of the
Unruh effect in a particular family of QRFs, namely those
which correspond to the superposition of accelerated
trajectories which share the same Rindler wedge. We tackle
this problem through the approach to the Unruh effect
which makes use of particle detectors (see e.g., [1,3,7]). As
our cornerstone result, we will find that the excitation
of a particle detector interacting with the field and under-
going a superposition of accelerations is not always just an
incoherent mixture of the thermal excitations that it
would experience along each of the superposed trajectories
individually. Rather, in addition to the mixture of Planckian
distributions for the different trajectories, coherent super-
positions of excited states of the detector appear under
certain conditions. In that sense, we can speak about the
“superposition of thermal states.” These coherences appear
because, under the superposition of accelerations, the
internal and external degrees of freedom of the detector
can get entangled through the interaction with the field, this
entanglement remaining even after tracing out the field.
Therefore, after measuring the external degrees of freedom
in a certain basis, the state of the internal degrees of
freedom can present coherences between different energy
levels. This is in contrast to the usual role played by the
Unruh effect as a source of decoherence for accelerated
systems (see e.g., [8—10]) [11].

The most common particle detector model for the study
of the Unruh effect is the Unruh-DeWitt detector [7], which
corresponds to a pointlike detector with two internal energy
levels, weakly coupled to a real scalar field through a
monopole interaction. As it will become clear in the article,
this simplest model would not allow for the coherences that
we mention before, and it is therefore not enough for our
purposes. In this work we will consider a model of detector
identical to the Unruh-DeWitt detector except for two
major modifications: Our model contains three or more
(eventually infinite) internal energy levels, and its trajectory
is not a classically well-defined one, but rather can be a
quantum superposition of different well-defined trajecto-
ries. The introduction of more than two internal energy
levels already gives rise to the coherences we wish to
describe. In particular, this model includes the use of a
harmonic oscillator for the internal degree of freedom of the
detector considered in [17-20].

The explicit consideration of the trajectory of the
detector as a quantum degree of freedom, which can
present an in principle arbitrary delocalization, is the real
novelty of our approach, and what introduces a first step
toward the description of the Unruh effect in a QRF. There
are some previous works which consider coherent super-
positions of trajectories of the detector, which, however,

use different constructions and/or for different purposes. In
[21], the authors consider a pair of Rindler observers in
Minkowski background in a state of quantum superposition
of having two different values of proper acceleration, their
purpose being to realize indefinite causal order—a situation
in which causal relations between events are subjected to
quantum superposition. In [9] a modeling of a particle
detector using wave packets of two massive quantum fields
with slightly different rest mass is considered, the locali-
zation of the wave packets being then a quantum degree of
freedom; but only highly localized wave packets are
considered, the purpose of introducing the external degree
of freedom being to give account for the recoils on the
detector produced by the emission of particles. In [18] the
authors describe an experiment involving the superposition
of an Unruh-DeWitt detector along an inertial and an
accelerated trajectory. The purpose would be to detect the
difference in the Berry phase produced by the Unruh effect
in the interference pattern of the two trajectories. However,
this would be the only aim of the superposition of
trajectories, which is otherwise not explicitly considered
as a quantum degree of freedom. More recently, in [22] the
authors consider explicitly a first quantization of the
trajectory of the detector in a way similar to the one
considered in this article, but staying in the nonrelativistic
regime and thus not giving account for the Unruh effect.
Finally, in a very recent article [23] the authors consider an
Unruh-DeWitt detector in a superposition of trajectories
with a construction of such superposition analogous to the
one considered here. However, their computations are
focused on the excitation rate of the detector for different
superpositions of trajectories and different switching func-
tions, finding the usual (fully decohered) Unruh effect just
as a particular side result. We shall also point out that the
spatial quantum superposition of trajectories considered
here is completely different to the use of finite-size
detectors, as for example in [1,24-27], which may consists
of finite-size boxes or spatially smeared interactions with
the field.

In describing the Unruh effect under the superposition of
accelerations, we also discuss the state in which the field is
left after the detector got excited. This discussion arises
naturally when addressing the physical reason for the
coherences that we find in the detector. These coherences
have their origin in the overlap between the states in which
the field is left when the detector gets excited along two
trajectories with different well-defined acceleration and to
different well-defined internal levels. These states of the
field are not always fully distinguishable, and therefore no
full decoherence is introduced after tracing out the field in
order to describe the state of the detector. In analyzing the
overlap between those different states of the field, we will
be able to further characterize them. A characterization of
these states in the Minkowski reference frame can be found
in [28]. Under the circumstances that we consider for the
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interaction (large interaction time with weak interaction,
and superpositions of spatially localized trajectories), the
states in which the field is left are those in which a Rindler
particle from the thermal bath has been absorbed by the
detector [29,30], this absorption being almost fully delo-
calized in time, and therefore the absorbed particle having
negligible dispersion in frequency, while being partially
localized in space around the trajectory of the detector,
which in the Rindler reference frame is a static trajectory.
We find that a critical condition for the states in which the
field is left, corresponding to different trajectories and
different excitation levels of the detector, not to be fully
distinguishable is that the energy of the absorbed particle is
the same as measured by any Rindler (accelerated) observer
in the given Rindler wedge. This is in complete agreement
with the fact that Minkowski vacuum state is indeed a
thermal bath as perceived by any accelerated observer, the
local temperature perceived by different observers being
different simply because of the nontrivial Tolman factor
[31] of the metric in the Rindler wedge.

The article is organized as follows. In Sec. II we set up
the problem, introducing the field, the detector model,
the trajectories, and the interaction. In Sec. III we give the
results obtained for the state of the detector after the
interaction, both for the full internal and external degrees
of freedom and for the internal degrees of freedom after
measuring the external ones. We discuss physically the
interpretation of the different results. In Sec. IV we give an
example of a detector following a superposition of trajec-
tories, in which we can visualize the structure of coherences
present for the internal degrees of freedom. Finally, in
Sec. V we discuss possible extensions of the construction
considered in this article. In Appendix A we provide the
detailed calculations yielding the results in Sec. IIL. In
Appendix B we provide some further analytic expressions
for the factor that determines the intensity of the coherences
appearing in the state of the detector. In Appendix C we
briefly consider the case in which the degrees of freedom of
the detector (both the internal and the external) have a
continuous spectrum.

II. STATEMENT OF THE PROBLEM

Throughout the article we will consider natural units
h=c=kg = 1. Let us consider a real scalar massless
quantum field ¢(7.X,Y.Z) in Minkowski spacetime.
Coupled to it, we consider a pointlike detector with several
internal excitation levels {|0)p, |®)p, |@2)p, ...}, with
energies 0 < w; < w, < --- (there can be a finite or an
infinite number of levels). The detector has also an external
degree of freedom corresponding to the trajectory that it
follows. We will consider trajectories with constant accel-
eration in the Rindler wedge Z > |T| (therefore, accelerated
in the Z-direction toward increasing Z). This wedge is
covered by the Rindler coordinates (7, x, y, z), with z > 0,
related to the Minkowski coordinates (7, X,Y,Z) by

T = z sinh(at), X =ux,

Y =y, Z = z cosh(at), (1)
where a > 0 is an arbitrary parameter with a dimension of
acceleration. The metric in these coordinates reads

ds? = —(az)?dr* + dx* + dy* + dz>. (2)

The Hilbert space of the external degree of freedom of
the detector (its trajectory) is spanned by the states
{|1),|2)1, ...}. For the states in this basis, the trajectory
of constant acceleration is well-defined and given by

(?(1)72(1)75)(7)’2(1))|n>T - (T/(azn)7xn’ynﬂzn) |n>T* (3)

where 7 is the proper time of the detector and x,,, y,,, and z,,
are constants. This corresponds to a semiclassical trajectory
of constant acceleration a,, := 1/z,. We consider that all
trajectories are fully distinguishable, so that (n|m)r = &,
For convenience, we organize them by increasing gz,
(decreasing acceleration), 0 < z; <z, <--- (again, the
different trajectories considered may be finite or infinite).
We notice here that the time in which the unitary evolution
of the system takes place is the detector’s proper time z,
which stays as a parameter. The operator 7(z) corresponds
to the Rindler coordinate time at which the detector is at
some given 7 along a given trajectory, which will take
different values for the different trajectories. In Fig. 1 we
plot an example of a superposition of these trajectories.

FIG. 1. A multilevel Unruh-DeWitt detector moves in a super-
position of constant-acceleration trajectories. Each trajectory in
the superposition is depicted by a hyperbola. The different colors
mean that each hyperbola corresponds to a branch of the
superposition. The detector interacts with a quantum field, getting
excited in a way that depends on its state of motion. Upon
measurement in a “superposition of trajectories” (see main text),
the state of the detector can exhibit coherences between the
different accelerations (corresponding to different temperatures)
of the superposition.
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We will work in the interaction picture. The detector is
coupled to the field with the following interaction term in
the action:

= / " dey (2)(D)d(3(0)). (4)

(e8]

where 0 < ¢ < 1 is a weak coupling constant; y(z) > 0 isa
switching function that controls the intensity of the cou-
pling in time; %(7) is the “trajectory operator,” where the
action is given in (3); and /7(z) is the monopole moment of
the detector. We will work in first order perturbation theory
in the coupling constant .

We consider the switching function to be given by the
square root of a Gaussian function with width 7', which is
the approximate time duration of the interaction:

x(7) = e /1), (5)

When considering switching functions in the interaction,
the switching on and off process can itself excite the
detector, this effect getting scrambled with the excitations
due to the Unruh effect in a way which does not always
allow for a clear separation [32—34]. In order to avoid this
situation, we need to consider smooth switching functions
with an interaction time much larger than the inverse of the
minimum frequency ; that we wish to explore. As we will
be able to check in the results, any effect due to the finite-
time interaction then becomes negligible as compared to
those due to the Unruh effect. On the other hand, too large
interaction times can yield an excitation probability that
goes beyond first order in e, breaking the validity of the
results of the perturbative approach. As one can check
following the computations in Appendix A, a compromise
value for the interaction time 7', which avoids the con-
tribution of switching transients while keeping the con-
sistency with first order perturbation, is the following:

1 1 1
Tev—>—>—. (6)
EWq wq w;

Too high accelerations may also yield an excitation
probability beyond first order in e. Because of that,
consistency with first order perturbation also requires the
following limitation for the highest acceleration a; = 1/z;
(see the end of Appendix A):

1 1
a, S, /u, u=—1log (ﬂ_'— 1) ~0.02. (7)

2w

This limitation implies that w; > @y 2 ua; > pa,, and
therefore that the arbitrarily low frequency regime cannot
in principle be explored. However, notice that the symbol
~ must be understood as a limitation in order of magnitude
as compared to ¢; that is, we could have w;/(ua,) <1 as

far as the quotient remains significantly greater than &
[w;/(ua,) > e]. Therefore, for arbitrarily weak coupling,
one could expand the lower limit of the frequency range as
desired.

The monopole moment evolving with the free
Hamiltonian of the detector is given by
in(e) = S e ) 0] + He. (8)

with {; being the coupling amplitudes from the ground state
to the different excited states (we only consider coupling
with the ground state since we only work in first order
perturbation theory around this state). We impose that
|¢:| <1 to keep the interaction term of order e.

We consider the initial state of the system (detector and
field) to be

¥z = —oo)) = |o>D|o>F(ZAn|n>T), ©)

where |0) is the Minkowski vacuum state of the field and
A, are the normalized amplitudes of the different accel-
erated trajectories of the detector. After the interaction has
taken place, the state to first order in ¢ is

[¥(r = o)) ~ (14 i8))|¥(r = —)). (10)

III. RESULTS

A. State of the detector after the interaction

We need to compute the second term in (10), which will
contain excited states of internal energy levels of the
detector that will be different for each component of the
acceleration. In most approaches to the computation of the
excitation of the detector (see e.g., [3,23,35]) the tracing out
of the field degrees of freedom is taken in the first place,
yielding expressions for the excitation probabilities or rates
in terms of two-point correlation functions of the field. In
contrast, for the present work it is more convenient to
compute the different states of the field explicitly, before
taking the trace. In a generic way, we can write

Wz = o)) |0>D|0>F<2An|n>T>
+iSZCiAn|wi>D|wiv”>F|”>Ta (11)

where

|;, n)g = (iel;A,) ™ol (n]|¥(r = )
= (1) Hwilp (n]5110)p|0)p|n) (12)
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is the (not normalized) state in which the field is left for the trajectory |n) and the excited state |;)p, of the detector. In (12)
we have used the fact that the trajectory operator contained in the action is diagonal in the basis of well-defined trajectories
[see (3)]. If we now trace out the field in the final state in (11), we obtain generically the final state of the detector:

por = Tre(|¥(r > 00))(¥(r —> o)

+e Y LA A

i,j,n,m

The quantities that remain to be calculated are the scalar products (w;, a,|®;, a,,)

m<wi’ n|wj’ m)F\(o/Mw

0|D<ZA Anlm)(n )

ilplm) (nlz. (13)

r- These quantities are computed in

detail in Appendix A, under approximations consistent with the first order perturbation theory, including the large time
approximation in (6). The state of the detector after the interaction is finally given by

po110) 0l (S Ainlm) k) +5

n.m

nm 2
TT
nm (1

n#m ;;é/

where

w.
qjm = a)jZm :a_j; (15)

m

the label “cond” in the sum means that only the terms for
which the condition

qin = qjm (16)
holds to order & are considered; and

<wi7n|wj7m>F

\/<0)i7 n|w;, n>F<wjv m|a’j» m)p

Nifm = (17)

is the scalar product between the normalized states of the
field left for the trajectory |n)r and the excited state |@;)p,
and for the trajectory [m)y and the excited state |@;)p. As
shown in Appendix A, when (16) is satisfied, this normal-
ized scalar product is given by a function of ¢,,,(xg;,) in
(15) and the relative quantities between the trajectories

A&, = log <Z"’> :
Zn

1/z2,+1/22
2 b

21l .—
s Xy 1=

¥ — 1
Axmn = Axmn

Axiyy = X — X (%> Y)» - (18)

as

 ;
|:Z|Am| |m m|TZ‘C/|2 zﬂqjmj_

cond
2 A m) nhe DG e

@;)(@j]p

oo (14)

P2 (A, AK,,))

. T igim—1/2 mn» mn
Ailm = (/= sechA&,,, — , (19
V2 : [u(AE,,. AX,,)> = 1]1/4 (19)

with

AX 2
U(AE,,, AR,y = cosh A&, + 2’”" sechA,,, (20)

and P(x) being the associated Legendre function of the
first kind [36]. We plot the value of Af{m as a function of
(A, AX,,,) for different values of g, in Fig. 2. In
Appendix B we provide simpler formulas and graphs for
the cases A&, = 0 and Ax,,, =0.

Two important remarks about (14) are in order. First,
even if the perturbative terms appear with a factor of &2, this
does not mean that the terms are always of order &2, since
one has to take into account the factor 7" and its relative
order of magnitude given by (6), which also involves . At
the end of Appendix A it is proven that the perturbative
terms remain of order & or smaller. Second, although the
total time of interaction 7T still appears in (14), it is just a
multiplicative factor, and its appearance does not mean that
the finite time considered introduces spurious contribu-
tions. The physically relevant large-time limit has already
been taken by using (6), and no contributions due to the
transients remain in the expressions. Indeed, one can make
T arbitrarily large by taking e arbitrarily small (more
interaction time with weaker coupling), and all the results
obtained remain formally identical, while all approxima-
tions taken still hold, in fact more accurately.
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FIG. 2. Scalar product Ay, as a function of (A£,,,. AX,,,) for jm =0, qjuy =1, ¢}, = 2, and g, = 10.

B. Physical interpretation

Let us comment on the different terms appearing in (14).
First of all, we highlight that the parameter @ with which we
constructed the Rindler coordinates (1) does not appear in
any of the terms, as it should happen since it was just an
auxiliary parameter with no physical meaning in the
construction. The first term in (14) is the contribution to
zeroth order in & and corresponds to the case in which the
detector does not interact with the field. The terms with the
factor 2T correspond to the contribution of the interaction
with the field. There are both diagonal and off-diagonal
terms. The diagonal terms for each trajectory m follow a
Planckian probability distribution with the Unruh temper-
ature a,,/(2x), simply filtered by the coupling amplitudes
g; for each frequency. These are the contributions of the

Unruh effect for each trajectory separately, combined in an
incoherent way. Therefore, our construction reproduces the
canonical Unruh effect for quantum detectors as a particular
case: A detector following a well-defined classical trajec-
tory with constant acceleration a,, would get excited as if
immersed in a thermal bath with temperature a,,/(27).
The novel result consists of the off-diagonal terms in the
second line of (14), corresponding to coherences between
different trajectories. These terms only appear between
trajectories and excited states for which the condition (16)
holds. Physically, this condition entails that the quotients
qjm and g;, of the frequencies w; and w; being excited
along each trajectory |m)y and |n)y, with the Tolman factor
[31] along the corresponding trajectory [1/(az,,) and
1/(az,); see the metric (1)], are (approximately) the same
in both trajectories compared. Taking into account the role
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of the Tolman factor, this condition means that the two
excited states of the detector must be degenerate in energy
as described by any Rindler observer. We will comment in
short why the coherences appear only when such a
condition is fulfilled. When (16) is satisfied, the corre-
sponding off-diagonal term is the product of the square root
of the Planckian spectra for the two corresponding trajec-
tories and excited frequencies [38], weighted with the
scalar product A}, given in (19).

As we already advanced, the origin of the coherences
found can be traced back to the properties of the state of the
field left any time the detector gets excited |@;, n)p, as the
presence of the scalar product between states of the field

Ajln in the off-diagonal terms clearly shows. The pertur-
bations left on the field corresponding to transitions to
different energy levels of the detector and through different
trajectories are not always distinguishable, but rather may
overlap. When this is the case, the scalar product A is
nonzero and the off-diagonal terms appear. This happens
because, when the compared field states are not fully
distinguishable, no full entanglement is created between
the excited states of the detector and the field due to the
interaction. Therefore, tracing out the field does not
introduce full decoherence in the state of the detector.
Let us discuss now in more detail the nondistinguish-
ability of the states of the field, depending on the trajecto-
ries and excited states of the detector to which the
compared states of the field correspond. The nondistin-
guishability is clearly encoded in the condition (16) and the
properties of the scalar product Aj,. Before discussing the

functional dependence of A}, in (19), let us bring out in the
first place the geometric significance of the two quantities it
depends on (beyond the already described quotient ¢;,,,),
namely A&, and AX,,,. A&,/ a is the difference between
the so-called Lass coordinate & . +=log(az)/a of the two
trajectories [39], which is proportional to the radar distance
[40] between two accelerated observers with the same
coordinates (x, y). Also, from the metric (1) we can see that
AX,,, 2, 18 the radar distance in any direction perpendicular
to the acceleration for two trajectories for which z,, = z,,,.
Therefore, the quantities A¢,,, and AX,,, provide a notion
of (normalized) distance in the respective directions (par-
allel and perpendicular to the acceleration) in the Rindler
reference frame.

Let us now describe the functional dependence of the
scalar product Az, in (19) (plotted in Fig. 2). It reaches its
maximum value of 1 only for A¢,, = AX,,, = 0, that is,
only if the compared trajectories coincide, which because
of condition (16) means that the excited states of the
detector also coincide. In this case, the term would simply
not be an off-diagonal term, but rather a diagonal one. The
functional dependence is even both in A&, and in AXx,,,,
and it decays to zero for large values of |A&,,,| or |AX,,,],

with oscillations around Ai{m = 0 that become relatively
more significant for higher g ;,,. The size of the region in the

arguments (A¢,,,, AX,,) for which the function takes
non-negligible values scales approximately as ~1/g,,
except for low values of g;,,, for which it approaches a
finite maximum size. Taking into account the geometric
meaning of the arguments described before, the results
obtained indicate that the coherence between trajectories
decays for distant trajectories in the Rindler reference
frame, the decay being sharper for higher frequencies.
Given the above discussion on the off-diagonal terms, we
are in a condition to give a clear physical picture for the
appearance of the coherences that we find. In the Rindler
reference frame, the excitation of the detector happens
because it absorbs a particle of the thermal bath that it
perceives [29,30]. We can interpret better the presence of
both the condition (16) and the scalar product Ay, for the
off-diagonal terms in light of this picture of the interaction.
On the one hand, the absorption of the particle is almost
fully delocalized in time along all the interaction period,
and therefore the absorbed particle in the Rindler frame has
very little dispersion in frequency. This explains the
necessity of the fine-tuning of the frequencies required
in (16): If the condition is not satisfied, the particles
absorbed along the different trajectories would have fully
distinguishable energies as described by any Rindler
observer, the states of the field left would be fully
distinguishable, and no off-diagonal terms would be left
after tracing out the field. On the other hand, we can

interpret the dependence of the scalar product Ay, in the
arguments (A¢,,,, AX,,,) as providing a notion of spatial
localization of the particle absorbed, which would be
neither fully localized nor fully delocalized. Since two
trajectories can have some finite non-negligible distance in
the Rindler reference frame and still the effect of an
absorption along each of them on the field may not be
fully distinguishable, we can conclude that the absorbed
particles are delocalized “in the surroundings™ of each
trajectory, these surroundings having the shape as in Fig. 2
in the Rindler reference frame in the transformed distances
A&, and AX,,. We can identify the average size of the
delocalization with a sort of wavelength of the absorbed
particle in the corresponding coordinates. This wavelength
is always finite, although it becomes arbitrarily small for
high frequencies. However, as we already mentioned for
arbitrarily low frequencies it does not become arbitrarily
large, but rather reaches a maximum size, in which the
order of magnitude (in the usual Rindler coordinates) is
determined by the inverse of the accelerations involved.
A remarkable fact of our approach is that the scalar
product between the states of the field A}, is computed
using their representation in the Fock quantization asso-
ciated with the Minkowski modes, in which the excitation
of the detector is accompanied by the emission of a particle
(see Appendix A). However, the results have a much clearer
physical interpretation in the Rindler reference frame. This
further supports that the description of the effect in the two
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reference frames is complementary and yields no contra-
dictions [5,29,30], as far as the different quantities (in
particular the interaction time) and states involved are kept
finite and normalizable, respectively.

C. State of the internal energy levels

We would like to have also a description of the state of
the internal energy levels of the detector alone. If we trace
the state in (14) for the degree of freedom of the trajectory,
we obtain

10){0lp

Rl VWIS il L R T
2 - n - i eZmu,-/a,,_l i iD |-

(21)
|

pb = Trr(ppr)

a).
piese s= Try(|n) (lrppr) = (ZB;A*B A >|0><0|D+—Z{|B ? |Am|2<Z|c,|2 o

n,m

cond

+D_BuAiBAy [Z Li¢ N
nm i#j

This is the main result of our work. We notice
that the diagonal terms corresponding to the thermal
contribution remain as in (21), just with different weights.
Added to this thermal contribution, some off-diagonal
terms appear. Therefore in general the internal state of
the detector is not just a mixture of states with well-defined
energy.

Notice also that, if the state |57) is taken to be orthogonal
to the initial trajectory state, then the coefficient of the
element |0)(0|p vanishes. This means that the detector
could be found in a trajectory orthogonal to the initial given
only if it got excited and the trajectory got entangled with
the internal levels through the field (this entanglement
remaining even after tracing out the field). Notice also that
this entanglement between the trajectory and the internal
levels can happen only if the different trajectories have
different values of z,, (different accelerations), since other-
wise the same excitations appear along all the trajectories.
The fact that the trajectory state can be found to be
orthogonal to the initial one after the interaction exempli-
fies that, within the construction that we consider, the
trajectory is not simply a fixed constraint of the problem.
Rather, the trajectory is truly a quantum degree of freedom
subject to the interaction with the field, which will actually
be modified by this interaction unless the initial state is a
well-defined trajectory (since in the basis of well-defined

The detector has some probability to get excited
given by a weighted mixture of thermal states (filtered
by the coupling amplitudes {; for each frequency) with
different temperatures proportional to the corresponding
accelerations. Since we have assumed all the trajectories to
be fully distinguishable, this is again consistent with the
standard result on the Unruh effect (for well-defined
trajectories) for the particle detector that we have
considered.

We can also consider the state of the internal energy
levels left when measuring the trajectory in some comple-
mentary basis and finding it to be e.g., |7)1 == >_, Bu|n)r-
Such a state is (without normalization)

o)
.

2ﬂq m (22)

(o el .

|
trajectories the interaction term is diagonal acting over the
trajectory degree of freedom).

IV. AN EXPLICIT EXAMPLE

Let us consider the simple case of a detector where
internal energy levels correspond to those of a harmonic
oscillator. We normalize the dimensions by fixing the
frequencies to w; = i. For simplicity, we consider that
the detector does not discriminate frequencies in the
coupling, so we take {; = 1. We prepare the detector in
a superposition of three accelerated trajectories
at x, =y, =0 for all n (they are not perpendicularly
displaced with respect to each other) and z; = 0.5, z, = 1,
and z3=15 (a; =2, a, =1, and a3 =2/3) in the
following way:

¥(r = —o0)) )pl0r(I1)r +2)r +[3)7). (23)

1
=—10
ﬁl

After the interaction, we measure the trajectory in
some basis containing the initial state of the trajectory,
and consider the case in which we find it to be in such a
state; that is, we consider B, = A, = 1/+/3 for all n
in (22).
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Writing down the explicit numerical results obtained is of no particular interest, but rather showing the structure of the
nonvanishing matrix terms in (22) and their order of magnitude is. We provide below a matrix in which elements are minus
the logarithm of the absolute value of the elements in (22) divided by &7, for the first 12 excited states:

3.1 44
44 42
6.0 97
7.0
11

(=logo((pB) jil/ (€2T))) < 112

Notice that the greater the entry the exponentially smaller
the element in (22) in absolute value. The entries corre-
sponding to —log;(0 have been omitted. We can visualize
the structure of seven ‘“alignments” of the nonvanishing
elements, each one with a different slope. Along each of
them the ratio of the frequencies is 3, 2, 3/2, 1 (the
diagonal), 2/3, 1/2, and 1/3, which are the possible ratios
between the values of z, (or a,) along the different
trajectories. These are the elements for which condition
(16) is fulfilled for at least one pair of trajectories (in this
case just one pair, except for the diagonal elements).
Different choices of trajectories or energy levels would
of course yield different structures of the nonvanishing
elements, the only fact in common being the presence of the
diagonal elements. We can also check that the diagonal
elements are always greater than any other in the
same row or column. This is due to two facts: First, in
the diagonal elements all the trajectories contribute; and
second, the contributions are not lowered by the scalar

product A

V. FURTHER DISCUSSION

We have studied the excitation of a particle detector
following a quantum superposition of semiclassical trajec-
tories with well-defined acceleration due to the Unruh
effect. When the trajectories under superposition all belong
to the same Rindler wedge, we have found that the state of
the internal degrees of freedom of the detector after the
interaction with the field, upon measurement of the external
degree of freedom in some complementary basis, can
present coherent superpositions of different energy levels.

6.0

9.7 1.0 11
54 9.8 14
6.6 18 13 19
7.9 16
9.8 18 9.2 26 18
(24)
10
13 12 34
26 13
16 14
16
19 18 34 17

I
Although we did not consider the superposition of trajec-
tories which do not share the same Rindler wedge, out of
the discussion on the origin of the coherences found in this
article, we can argue that these coherences will not be
present when the Rindler wedges differ significantly (this
significance being arguably determined by the parameter
€). The reason is that a static trajectory in some Rindler
wedge is not static in any other Rindler wedge, and
therefore its distance (in Rindler coordinates) with respect
to a static trajectory in the second wedge will change in
time. Being the time of interaction needed to properly give
account for the Unruh effect significantly large (in the
perturbative regime), any two static trajectories in two
different Rindler wedges will be most of the time very
separated from one another, as measured from any of the
two wedges. But the origin of the coherences found is the
overlap of the perturbations on the field for trajectories
which remain at some distance for which the scalar product
Ajl, is non-negligible. Therefore this overlap, and hence
the coherences, will not be significant when the trajectories
are most of the time very separated.

We can argue that observers following trajectories with
different acceleration in the same Rindler wedge describe
the spacetime surrounding their trajectory with a different
metric. Therefore, in the spirit of the notion of QRFs, an
observer following a quantum superposition of these
trajectories would perceive a sort of “quantum super-
position of metrics” of the spacetime. Considering the
equivalence principle, we can relate this situation with that
of an observer in a quantum superposition of different
distances from a black hole, and its perception of the
corresponding Hawking radiation, or even with the
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situation of an observer which feels the gravitational
field of a source which is in a quantum superposition of
different masses (and therefore producing a quantum
superposition of metrics; see for example [44]).
Approaching these situations with the construction devel-
oped in this article will be the aim of future works by the
authors.
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APPENDIX A: COMPUTATION OF THE SCALAR
PRODUCTS OF THE STATES OF THE FIELD

In this Appendix we go in detail through the computation
of the scalar products (w;,a,|w;, a,,)r. We do it in two
steps: Computation of the states of the field |@;, n)g in the
Fock quantization associated with Minkowski modes, and
computation of the scalar products themselves in the large
time regime given by (6).

Let us compute the states of the field |w;, n)y defined in
(12) in the first place. The field operator present in
interaction (4) evolves according to its free Hamiltonian.
Since all the trajectories that we consider are constrained to
the right Rindler wedge Z > |T|, we can expand the field in
that region using Rindler modes. This expansion is

d(t,x,y,2) / da)/dzkl vwa(t,x,y,z)

(@R ) oz, (6370 (A1)

where v_- (,x,y, z) are the Rindler modes defined in that

wk,
wedge, given by [5]

sinh(zw/a)

v (6%,y,2) = Kiuya(lkp )T =00,

4r*a
(A2)

with & = (ky, ky), ky = |k, ], ¥* = (x,), and K,,(x) the
modified Bessel function of the second kind; and &z]_(. ,
1
(&aR;JZ )" are the associated annihilation and creation
€L
operators.

Plugging the expansion of the field (A1), the trajectory
(3), and the evolution of the monopole (8) in (12), while for
convenience not replacing yet the explicit expression for
the switching function y(z), we obtain

lw;, n)g = /oo drei"’”)((r)/oo da)/dzlzl
—00 0

x [&ia ”wl?L(T/(“Zn)’ Xps Vs Zn)

(@R )0, (0/(@2,) 503 20) 1O (A3)
Considering the expression of the modes in (A2), we can
already compute the integral in z, obtaining

sinh( a
|(I),,I’l F _/ dw/d2 ﬂw/ iw/a(kizn)

ik Xy _
x [eF % 7o, w/(azn &R

4 e—i;J_‘;‘nL)_((a)i —+ a)/ (aZ,l))(ag;l)+]|o>F’ (A4)

where

1 [ : 2\4
== / dry(r)e = (ﬂ) Te T (AS)

is the Fourier transform of the switching function.

In order to compute now the action of the Rindler
annihilation and creation operators &ia and (a® i, )" on
the Minkowski vacuum state, it is convenient to write them
in terms of annihilation and creation operators associated
with Minkowski modes with well-defined momentum,

212’1]; and (&2’[% )T, through a Bogoliubov transformation,
Zh L KL

ark.
wk |

= /—oo de[(a’“kai)*&ll:ill?L - (ﬂ(‘}ksz)*(&llz?(—ZL))+]’ (A6)

where a,; , and S, are the Bogoliubov coefficients
between the Minkowski modes and the Rindler modes,
given by [5]
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bk k)]

aa)kzkl = ’ (A7)
\/471'\/](% + k3 a sinh(zw/a)
2150k,
ﬁ(uk:kL = - (AS)

\/4n\/k§ + k3 a sinh(zw/a)

with

oot o (B

Replacing (A6), (A7), and (A8) in (A4), we finally get that the state of the field reads

1(1) a k n 7z
lw;, n)g —/ da)/ dk, /d2 Ja(K12n) kL%
T

u

x (el Iy (0 - 0/ (az,)) + PR (0, + o/ (az,)) KL k), (A10)

I
where |k, , k) is a state with one Minkowski particle with  dispersion in momentum. This means that, as described

momentum (/}' 1, k.), with the normalization [45] by inertial observers, the excitation of the detector is
accompanied by the emission of a particle. We can

| kL g o= (AM )T|O> reproduce the state of the field given in [28] by taking

the limit 7 — oo in (A10), but the state obtained is not

<]-<'l’ . =1 K)p = [&k,_l?ﬁ AL kL] normalizable, as one can easily check [47], and therefore

. not useful for the purposes of computing the distinguish-
= 8k, — k)3 (k) — K1) (A11)  ability between different states.
Having already computed the states of the field, it is time
We can see that the state of the field, expanded in the = now to compute their scalar product. Using (A10) we
Fock basis associated with Minkowski modes, corresponds ~ can write
to a one-particle state with a certain characteristic
|

kJ_Axmn) 1w/a(kJ_Zm)Kiw’/a(kJ_Zn)
w;, n|w;, m)p = da)/ da)/ dk, / dk  k
(- . i / o N

[e zCand )e" o)8(k:. kL)Z(a) - w/(azm))_(w' - wl/(azn))

+ e floeilot k) g (@, — w/(az,))7(@; + o' [ (az,))
+ezia(w_w/)e_%(w+w’),9(k kl) (w +a)/( )) (a)l —a)/(aZn))
+ eng(,,,+w )e——((u @' )9(k,.ky )5 (0) + a)/( )) (a)l //(azn))], (A]Z)

where J,(x) is the Bessel function of the first kind. We have used (A11) to trivially evaluate three of the integrals in the
momentum, while the angular integral in k, yielded 27/ (k, Ax;;,). The integral in k, can also be evaluated to

QdlkkL) = 27a8(Q). (A13)

v

The result obtained then allows one to evaluate the integral in @', for which only two terms in (A12) give a nonzero
contribution, resulting in
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27%a

P o Jo(k  AXEN K)ok 20) Kinra (K1 20
<w,-,n|wj,m>pz/ dw/ ak &, TR LAY Ko (K12 Kioja (K1 20)
0 0

x [e™ 7 (0; — 0/ (az,))2(@; = w/(az,)) + eg(w; + o/ (az,))i(0; + o/ (az,))].

(Al14)

At this point, we need to compute an approximation for the integral in @, which we take by considering the large time
regime given by (6). In order to do so, we first replace the explicit form of (Q) in (A5), obtaining after some manipulation

T?2e=¢

B V2nia

<wi’n|wj7m>F

where

_ (COjZm - wizn)z 2)

C:= , ®:=a
22, + 22

The two terms obtained are Gaussian functions of width
@/+/2M. The second term is peaked at the negative value
—@. Noticing that, because of (6), V2M > 2/e>1, we
have that | — @| > @/+/2M, and therefore the contribution
of the second term to the integral in positive  is negligible.
Also because M > 1, we can use Laplace’s method to
approximate the integral of the first term with high
accuracy [with a relative error of O(1/M) ~ O(&)].
Before doing so, let us, however, center our attention on
the factor e~C. This factor will be very close to zero unless

|a)jzm - a),-Zn| < L
V 231 + zﬁ

~ \/i .
Notice that, when considering the characteristic range of
frequencies [48] w; ~ 1/z, and w; ~ 1/z,,, this condition
can be written as

(A17)

|wjzm - wiZn| Se (AIS)
Although for high frequencies in the spectrum this con-
dition might be more restrictive than (A17), it is in any case
a sufficient condition, and also necessary within the
characteristic range of frequencies. Therefore, for simplic-
ity we will assume it as the condition for the factor e~ not
to become negligible. We conclude then that the scalar
product that we are computing is significant only if the
relation between quotients

WiZy R W (A19)
holds, with the limit for the validity of the approximation
given by (A18). This is precisely the condition in (16).

_ 0j/7, +0/z,
Vg +1/z 7

/ dklkLJO(kleﬁn) / dw Kiw/a (kJ_Zm)Kiw/a (kJ_Zn)
0 0

% [e—%"e—(w/&l—l)zM + e%e—((u/dﬂrl)zM}7

(A15)

= (CU,'Zm + wjzn)z T2.

Al6
22 + 22 (A16)

Since we assume the approximation (A19) to be accurate
to first order in &, when it holds it is legitimate to use
relation (A19) in the calculations. In such a case, we have
that C~ 0, & ~ aw;z,,, and M = (1 + 2, /22)(w;T)* > 1.
With this, we proceed to approximate the integral in @ of
the first term in (A15) using Laplace’s method, obtaining

Te—zrmjzm o)
m)F R T 5 5 / dk ky
V2 (12, +1/23) Jo
X JO(kJ_Axin)Kiwjzm (kJ_Zm)Kiwjzm (kJ_Zn>'
(A20)

. .
(w;.a,|w;,a

In the following, abusing notation we will consider the
approximate expressions obtained using (6) as exact, so
that the value of the scalar product (w;, n|w;, m) is directly
given by (A20) when (A19) is fulfilled and vanishes in
another case.

The remaining integral in &k, in (A20) has to be
computed separately for the case in which the trajectories
are the same, n = m (and thus @; = w; within the approxi-
mation), and for the case in which they are different. In the
first case, we obtain

i A21
27 ¥ rn — | (A21)

<a)j,m|a)j,m>F =
With this result we have already obtained the diagonal
terms in (14). In order to compute the off-diagonal terms, it
is more convenient to compute directly the scalar product
between the normalized states of the field Ay, in (17).
Using (A20) and (A21), and implementing the variable

transformation k, = k+/1/z% + 1/7% in the integral in
(A20), we obtain
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ij _2
nm —

with the definition of the quantities g, AZ,,, and AX,,,
given in (15) and (18). If we solve the integral in k
[see Eq. (6.578.10) in [49] for the analytic solution], we
get the expression for Anm in (19). Trivially solving for
(w;,n|w;,m)g in (17) and using again (A21) gives the
coefficients of the off-diagonal terms in (14), completing
the proof.

We highlight again the way we have proceeded to
compute the normalized scalar product in (A22). If we
follow the computations, we realize that this quantity is
obtained by first computing the scalar product between
different states for fixed 7, and then taking the large-time
limit of this scalar product in (A20). The result of the limit
computed is the correct description of any physically
realistic scenario, in which the interaction time can be in
principle arbitrarily large but finite. Trying to take first the
large time limit directly in the expression for the state (A10)
leads, as we already mentioned, to non-normalizable states,
where the degree of distinguishability is not defined.

We can at this point justify the need for the limitation (7).
Indeed, we need the perturbative contributions in (14) to
remain O(e) or smaller. Since being a scalar product we
have that |A | <1, the off-diagonal contributions are
always smaller than the diagonal ones, and we just need
to check the order of magnitude of these. They reach their
maximum for the lowest frequency w; and the highest
acceleration a; = 1/z;, in which case using (6) we have
that

1
2ze(e? @/ — 1)

A

1
(1, Ty, 1)g ~ —e Mz (A23)
E

aj

which is condition (7).

Finally, we also notice that, if we rescale all w; — yw,,
all z, - z,/y, and T — T/y, with y > 0, all results still
hold and remain identical. This is consistent with the fact
that a massless field does not introduce any privileged
scale.

APPENDIX B: SCALAR PRODUCT AY,,:
FURTHER EXPRESSIONS

The scalar product A4, in (19) has very simple analytic
expressions for the cases Ax,,, = 0 and A&, = 0. These
expressions are

Sin(Qjm A‘gmn) csch Agnm

A (A%, =0) = ,
(A% ) Gjm y/cosh A¢, .

(B1)

sinh(zq , _ [e2Aém 1] _ fe2A%m 41
Tdin) ooshAE / A& kJo(RAT, ) Ki, (k\/%)[(iq‘ <k\/%), (A22)
TG jm i im

N in(a.. al A%
N (8 = 0) = S8 )) o s, (B2)
q./‘m
with
A
g(AX,,,) := 2 arcsinh ( );m") (B3)

In Figs. 3 and 4 we plot these functions for different values
of Gjy-

5 sl
": [ '
5 o :
=& !
<
< “l [
I Ll
I N \
o2p . L . .
-4 -2 0 2 4
Afmn
FIG. 3. Scalar product A}, (A%,,, = 0) as a function of A&,,,

for g, = 0 (solid line), ¢;,, = 1 (dashed line), g;,, = 2 (dotted
line), and g;,, = 10 (dash-dotted line).

FIG. 4. Scalar product A}, (A&,,, = 0) as a function of AX,,,
for g;,, = 0 (solid line), g, = 1 (dashed line), g, = 2 (dotted
line), and ¢, = 10 (dash-dotted line).
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APPENDIX C: CONTINUOUS DEGREES
OF FREEDOM

We briefly consider the case in which the detector has a
continuous spectrum and is spread in position continuously
in Rindler coordinates [50].

While taking the position to the continuum is relatively
trivial and does not introduce much novelty, considering a
continuous spectrum allows one to strictly take the limit of
the duration of the interaction going to infinity 7 — oo
without obtaining diverging probabilities (since what we
are interested in now is probability densities), and also to
simplify the formal result, avoiding the necessity of
“conditional sums” as in (14). We will use the computations
done for the discrete case when they also hold for the
continuous case, pointing out just the expressions that have
to be changed. We also assume that the meaning of the new
notation for the continuous case can be inferred without
explicit clarifications.

[¥(z = o0)) ~ O>D|0>F/d3zA(£)|}>T+i€Aoo da)/d3fC(w)A(f)lw>Dlw»f)plf%

and the result of tracing out the field in (13) changes to

First, we replace the monopole moment of the detector in
(8) by

:/oo da)/oo da)’é’(a),w/)ei(m_a)/)qwxw/hy (Cl)
0 0

where {(0',w) = {(w,®')* and the internal levels are
normalized to (@'|®w) = 6(@’ — w). In the following cal-
culations we will use the simplification {(w) = {(w,0),
since only this quantity will appear. The initial state of the
system in (9) changes to

por = 10) 0|D</d3*/ ETAR) AR ’|T>+e/d3 [ [T oo [T e a@y dnm

x (@', X' |w, X)|w) (' |p]X) (X'| -

The computation of the scalar products (@', X’

¥(r > —)) = |O>D|0>F/d3)_éA()_5)|)_é>T’ (€2)
with (X'|X) = 53(x —X).
The final state in (11) now reads
(C3)
(C4)

,X)p in Appendix A follows in an identical way until taking the large time

limit. The expression right before taking this limit (A15), obtained after replacing the switching functions, is

T?2e=¢

Vara

(@, X|w, X)p =

11 _ 11
x [e" e~ (@"/o=1'M 4 *Fem

with the quantities C, @, and M given by (A16) with the
corresponding notation replacements.

It is easy to notice that, due to the factor e~, when taking
the limit 7 — oo the scalar product (C5) vanishes unless
'z’ = wz, in which case it diverges. Notice that, since we
are taking the strict limit, unlike in (A19) now the relation
|

/ dk  ky Jo(ky Axt) x Aw do" Kioyr o (k1 2)Kioyrja (k1 2)

(@"/@+1)"M), (Cs)

|

has to hold exactly. Since we have a function that vanishes
everywhere except on a point where it diverges, checking
that its integral remains finite when taking the limit 7 — oo
suffices to prove that in this limit we have a Dirac delta. We
take then the following integral:

-, > T o )
/dw’(a)’,x’|a), X)p :7\/_4 / dk  k, Jo(k Ax*) XA Ao Koy )0 (k1 2)Kigy (k1 2')
a

% {e ’"ﬂ’ [w”/(awz)—l]zszz_'_e%e—

[(u”/(awz)+1]2w2T2}' (C6)

In the limit 7 — oo, the second term does not contribute to the integral in @”, while the first term is given exactly by

Laplace’s method. We obtain
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/dw’(w’,fc”|a}xF \/_

dkﬂufo ki Axt)Ki, (ki 2)Kig(k, 2)

\/cosh A& _ q
=Y 0 A AEAR) (C7)
72 e’ — |

where the different quantities are defined in (15), (18), and (19), with the obvious change of notation. Summarizing, we can

write that
N v/cosh A& _ q
', X|o, =——FN(q. AL, AX) ——6(0 — . C8
(of o ) = 2725 A (g A8 A) gt 000~ w2/2) (c8)

The Dirac delta obtained allows us to compute the integral in @’ in (C4), and we finally obtain, after a trivial change of

variable w = q/z,

por = |0)(0]p < / d’x / d3)?’A()?’)*A(£)|55><55'|T> =

q/x/—

X / Y dge (q/7')C(q/2)A(g, AL, Ax) x
0

We observe again the Planckian spectrum in the diagonal
terms, and this same spectrum weighted by the function A
in the off-diagonal terms. The different factors appearing as
compared to (14) respond to the slightly different con-
struction required in the continuous case. Notice that

/ &3 / d3)?’A(55’)*A(J?)\/71/Z2;1/Z/2

2rg 1 19/2)4a/ Ipl%) (X'l (€9)

[

recovering the results for the discrete case out of (C9) is
not trivial, since unlike in (14) the strict limit 7 — oo has
been taken. In particular, trying to simply use some Dirac
comblike distribution for {(w) clearly yields diverging
results.
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