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We demonstrate that Einstein’s general relativity theory arises as a special case in the framework of the
Poincaré gauge theory of gravity under the assumption of a suitable nonminimal coupling of matter to the

Riemann-Cartan geometry of spacetime.
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I. INTRODUCTION

The Poincaré gauge (theory of) gravity (PG) arises
as a natural extension of Finstein’s general relativity
theory (GR) by following gauge-theoretic principles;
see [1-7].

The Standard Model of fundamental particle physics is
based on gauge theories for internal symmetries [described
by the unitary groups U(1), SU(2), SU(3)]. It clearly
demonstrates that, apart from GR, the gauge idea underlies
all physical theories of fundamental interactions. The
geometrization of gravitational physics, by using the
covariance and the equivalence principles, is similar to
the geometrization of the three “physical interactions”
(electromagnetic, weak, and strong) by using the Yang-
Mills type of approach. There is a difference, though, in
that the Standard Model deals with fundamental symmetry
groups acting in internal spaces, whereas gravity has to do
with the symmetry of the external spacetime.

Fairly early there were attempts to understand gravity as
a gauge theory. Utiyama [8] paved the way in this direction
by using the Lorentz group SO(1, 3) as a gauge group for
gravity. It turned out to be unsuccessful, though, since the
current which couples to the Lorentz group is the angular
momentum current. However, as we know from Newton’s
theory of gravity, it is the mass density or—according to
special relativity—the energy-momentum current that grav-
ity has as its source. The group of local spacetime trans-
lations (related to diffeomorphisms) plays the central role in
GR. This manifests itself in the well-known fact [7] that the
gravitational field couples to the corresponding transla-
tional Noether current, namely the energy-momentum
current (a.k.a. energy-momentum tensor).
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Accordingly, when constructing the gauge theory of
gravity, it is necessary to investigate the conservation of
the material energy-momentum current [9] and the related
invariance under rigid and, subsequently, under local
translations. The localization of the translational invariance
then creates the gravitational field. As a result, since the
1970s, a translational gauge theory (TG) was set up in the
form of a teleparallelism theory [10—-13]. The paper of Cho
[14] (see also [15]) may be taken as a concise description of a
translational gauge theory of gravity. Its structure is revisited
from a modern geometrical point of view in the more recent
papers [16,17] (see also [18,19]). For the technical details of
the formalism of TG, one may refer to [20].

As is well known, fundamental particle physics is based
on the Poincaré group, which is a semidirect product of the
translation group with the Lorentz group. The fundamental
particles are classified by mass and spin which arise in the
representation theory of the Poincaré group. In accordance
with the semidirect product structure of the Poincaré group,
the Noether theorem gives rise to the two currents: the
energy-momentum tensor (translational current) and the
spin angular-momentum tensor (intrinsic rotational cur-
rent); for a comprehensive review, see [1-6].

The resulting Poincaré gauge theory provides, in this
gauge-theoretic framework, a natural extension of GR,
with the energy-momentum and spin currents as the sources
of the gravitational field [21-24]. The spacetime is then
characterized by a Riemann-Cartan geometry with non-
vanishing forsion and nonvanishing curvature.

In this paper we demonstrate that GR can be consistently
interpreted as a special case of PG under two crucial
assumptions: (i) The PG Lagrangian has a certain special
form, and (ii) the matter couples nonminimally to the
gravitational field of PG. This result is nontrivial for the
following reason: TG, which is equivalent to GR, is, as
such, applicable to spinless matter only. Here we clarify
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how to avoid this difficulty, and we include matter with spin
angular momentum in a consistent way.

II. POINCARE GAUGE GRAVITY: FORMAL
STRUCTURE

Following the general Yang-Mills-Utiyama-Sciama-
Kibble gauge-theoretic scheme, the 10-parameter Poincaré
group T, x SO(1,3) gives rise to the 10-plet of the
gauge potentials which are consistently identified with the
components e;* of the orthonormal coframe 9% = ¢, %dx’
(4 potentials corresponding to the translation subgroup 7)
and the components I';% = —I"/## of the Lorentz connection
' =TI*dx’ [6 potentials for the Lorentz subgroup
SO(1,3)]. The corresponding covariant curls, the field
strengths of translations and Lorentz rotations, (Al) and
(A2), are the two-forms of the trorsion and the curvature,
respectively. See the Appendix A for the mathematical
definitions.

Let us consider a generalization of the Einstein-Cartan
model [22] with a Lagrangian that contains all possible
linear curvature invariants and all possible quadratic
invariants of the torsion, as constructed from its irreducible
parts (B1)—(B3):

1 _
V = % {(naﬁ + Cl()lga AN Sﬁ) A\ Raﬁ — 2),0?]

Y () + a,wm}. (1)

For completeness, we included a term carrying the cos-
mological constant 1. As compared to the Einstein-Cartan
model, the new Lagrangian contains 6 additional (dimen-
sionless) coupling constants: ao; a;, a,, ay and a,, a, = as.
The two latter constants are equal because the two last
terms in (1) are the same,

TOANAT, =T AT, = @17 A OT (2)
whereas 7¢ A 1T, = (V7% A (DT One can prove these
relations directly from the definitions (B1)—(B3).

For the Lagrangian (1) we find the variational derivatives

%

E,=—=-DH, +E,_, 3
a 59¢ a =+ a ( )
1%
Caﬁ = W = —DHaﬁ + Ea/}- (4)
Here we denoted, as usual,
8‘/ 1 *((1 = (I
Ha:_aTa:EZ |:al (( )Ta)+a1( )Tai|’ (5)

I=1

ov 1 _
H,; = TORT T ke (Map + @84 N Ig), (6)
ov 1 _
a = 9% = % (’70([17 AN Rﬂ}/ + 2aOR(xﬁ A\ 19ﬁ — 2/101’]0[)
1
+§[(€aJTﬂ) NHyg—TP A e,]Hg), (7)
ov 1
E(Z/ = araﬁ - E(Ha A 8/3 - H/} 74N 19(1)‘ (8)

The corresponding field equations of PG are derived from
the variation of the total Lagrangian V + L with respect
to the Poincaré gauge potentials 9% and I'*:
1
E”aﬂy A RV + ZlORaﬂ AN — /10’701 - Dha + qg) = Kga,
9)
naﬁ}' AN T}’ + ElO(Ta AN 19[; - Tﬁ AN 1905)
+ha /\lgﬁ—hﬁ A\ 190{ :KC@(Zﬁ‘ (10)

Here we denoted the linear and the quadratic functions of
the torsion as

he=xcH, =) [a;*("T,) +a,'T,].  (11)

NE

I=1

(1) ,_

qo’ == [(ea]TP) N by — TP A e,]hy). (12)

N =

It is straightforward to prove the simple properties of these
objects which follow directly from their definitions:

9% A g =0, (13)
9 A hy=—ar*T +ay*T, (14)
e®|h, = a3T + a,T. (15)

An important technical remark is in order: The two-form
(11) and the three-form (12) satisty the geometrical identity

ha NTy—hy ATy +qd) A95—qy A9, =0.  (16)

To verify this, we notice that A, is a linear combination
of the irreducible parts of the torsion and its dual, and we
use the identities (C14)—(C16). The relation (16) is always
valid irrespectively of whether the field equations are
fulfilled or not.

The matter sources on the right-hand sides of the
gravitational field equations (9) and (10) are the three-
forms of the canonical energy-momentum current and the
spin current of matter, respectively:
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oL
~a = W ’ (17)
oL
= — 18
ap 6Faﬂ ( )

Up to this point, we have presented a general formalism,
and now we will specify the structure of the PG field
Lagrangian (1).

III. MODEL LAGRANGIAN AND FIELD
EQUATIONS

The geometric identities (C6) and (C13) between the
contortion one-form K* and the torsion two-form T¢
underlie the subsequent discussion.

Let us consider the Poincaré gauge model belonging to
the class (1) and characterized by the following coupling
constants:

ay = —1,

a, = —C_lo,

ay, = —Zlo,

a, =2, as :_%, } (19)
as = —da.
Here we will show that the Poincaré gauge model (19)
is actually FEinstein’s GR theory, provided the matter
Lagrangian L = L(y*, dy*, 8% T'%, T%) is nonminimally
coupled to the matter fields w* by means of the Poincaré
gauge potentials 9%, I'*? and the torsion T¢.

Before we continue with our calculations, let us have a

look at the explicit form of our Lagrangian. Substituting
(19) into (1), we find

1
V=— |:’7(1ﬂ VAN Raﬂ — 2/101’]
KC

—T%A* <—<'>Ta +2071, + % <3>T(,>

+ag(9, NIs ARP +T* A T,)|. (20)

—d(8,AT%)

In the first line, we have the Einstein-Cartan Lagrangian
including the cosmological term, in the second line we find
the so-called viable set of torsion-square pieces of tele-
parallel gravity, and in the third line, which is parity odd,
we have an exact form, that is, we have a boundary term.
Here 9, A T is proportional to the translational Chern-
Simons three-form of PG (see [2]); its derivative yields the
Nieh-Yan identity [25,26] [see the underbraced expression
in (20)].

Let us now return to (20) and calculate the field
equations explicitly. We begin by evaluating the torsion
functions (11) and (12). Specifically for the model (20),
we find

he=hY —ayT,.  q,=q), (21)
OB 22
a _5 A ’7(1/41/7 ( )
1 ,
a0 =K A + S KA KT A (23)

With the superscript (), we denote all objects which refer
to the parity-even sector of the model (20)—the first two
lines in (20).

The proof of (22) is straightforward: One should
combine the definition (11) with the identity (C6). To

verify (23), we start with the definition of ¢\’ [see (11)],
0 1 0 0
g =3 [(eaJT/’) AR —TP A ey q, (24)

and evaluate the two terms on the right-hand side. Using
(22), we have

1
0 v v
Tﬁ A eaJ h;}) = _ETﬁ A {(eaJ K# )”ﬁ/w + K* ”aﬁ;w}'
(25)
For the first term we use another identity (C13), and we find

T/} A nﬁﬂlz(eaJ Kﬂy) = _19//1 N KP? A nD/)(T(e(lJ K’w)

= (eaJ T - Kay) N KP? A 771//)(;’ (26)
since (e, |K")d, = —e,|T" + K,*. Consequently,
1 5 0 0
_ETﬂ A nﬂuv(eaJK” ) = (eaJTﬁ) A hl(ﬂ) - K,/ A h/(3 )7
(27)

and substituting this into (25) and comparing it with (24),
we derive

1 1
g = S K A )+ 2 K A Mg TP (28)

We note that 7,4, TP =D, = Ko Ajg+ K, Angp,+
K, A1y,5. Hence

1 1 0 |1
KA Napu TV = QKG/} A h}i) T3 KA KT A Mgy

(29)

After substituting this into (28), the proof of (23) is

1O 0)

completed. Incidentally, 4,  and g,  satisfy the identity
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9.1 q =95 A g =T, AR ~Ty ABS,  (30)
which is the special case of the general identity (16).

We are now in a position to analyze the left-hand sides of
the field equations of PG. At first, we observe that

doRas A 9 — Dhy = —Dh", (31)

making use of (21) and the Bianchi identity R, 5 A 9°+
DT, =0. Next, we have Dhy’ = DhY + K/ A K.
Thus, with the help of (22) and (23), we obtain

0 0 l - v 1%
—DhY 4 g0 = i(DKﬂ + K AKT) A (32)

As a result, the two field equations (9) and (10) of PG are
recast into

1 -
znaﬂ}/ A RPr — /107701 = Ksm (33)

0 = kc@, . (34)

The left-hand side of (33) reduces to the Riemannian
Einstein two-form by combining the decomposition (A6)
with (32). The left-hand side of (34) vanishes in view
of (22) and the identity (C13).

After clarifying the left-hand sides of the PG field
equations, in the next section we turn to the analyses of
the right-hand sides.

IV. COUPLING OF GRAVITY TO MATTER

To finalize the discussion of model (20), we need to analyze
the coupling of matter to gravity. At first sight, the second field
equation of PG (34) looks contradictory, because it apparently
tells us that the spin current of matter is zero. However, this is
only true if we assume that matter couples to gravity in
accordance with the minimal coupling principle. In the latter
case, the material Lagrangian is a function of matter fields y*
and their covariant derivatives Dy,

This apparent inconsistency can be avoided if we
make the crucial assumption that the coupling of matter
to gravity is nomminimal and the matter Lagrangian L =
L(y/A, Dy, 9, T*) depends on the translational gauge field
strength, the torsion, too. Moreover, such a nonminimal
coupling is very special in the sense that the torsion enters
the matter Lagrangian only in the combination

1
O 1= Dyt =S KD A (pap) 5" (35)

Here (paﬂ)A  are the generators of the Lorentz algebra which
determine the transformation of the matter field under the
local Lorentz rotation of the coframe,

69 = ()0 oyt =~ o) gyl (36)
with the infinitesimal parameters e = —&”*. The Lagrange-
Noether machinery for the nonminimal coupling case is well
developed [2,23,24]. It yields for the material sources of the
Poincaré gauge field—the canonical energy-momentum and
spin currents—a well-known result:

OL
Eza = (eaJDWA) A 8D1//A + (eaJl//A) A 81//A - eaJL
OL OL
— P i
D+ (ea T Ao, (37)
OL
S , = A B
c af (paﬂ) BY A 8(D1//A)
OL OL
_SaAw‘F&ﬁ/\a—Ta. (38)

The second lines in these two expressions account for the
nonminimal coupling.

We identify the first line of (38) with the canonical spin
current three-form defined under the assumption of the
minimal coupling

oL

aTWA = _C@ﬁ(l' (39)

m
C@aﬁ = (paﬂ)ABl//B A
This three-form can be equivalently represented by the
“spin energy potential” two-form Yo according to
m m m
@a/i =9 A Hp — 19/} A Ha- (40)
Resolved with respect to Lo, we find

m m

1 m
o = —€" @5 +Z19a neller &g, (41)
Now we insert (38) into the second field equation (34)

and resolve the latter to find

OL m
ar. Clly. (42)

Equation (35) yields

oot

OL OL 1
5= =3 K% pu) s (43)

oDyt~ 0dhT oy

Making use of these relations, together with (42), allows us
to recast the energy-momentum current of matter (37) into

m ~
To=F, - CDEm (44)

where
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T A L
~a — (e(qu) ) A w - eaJL

OL  0®8 oL
A It T
+ (e(le ) A <8WA + al//A a®B> . (45)

The final piece, which completes the puzzle, comes up
when one recognizes, with the help of (A3), that ®* =
Dl//A is, in fact, the Riemannian covariant derivative.
Then we identify (45) with the usual canonical energy-
momentum current [27] computed under the assumption
of minimal coupling. In components, I, = Iy, and
Sop = ©44'n,. Thus, we have

zaﬂ = saﬂ + %Dv (gﬂya + @May + @abﬂ> . (46)

We immediately recognize in this expression the so-called
metric energy-momentum current symmetrized by means
of the Belinfante-Rosenfeld procedure.

Thus, we have verified, indeed, that the Poincaré gauge
field equations (33) and (34) reproduce Einstein’s GR for
the Lagrangian (20).

V. OUR MODEL’S PARTICLE CONTENT

The conclusions above can be strengthened by the study
of the dynamical particle content of the PG model (20).
As a background, we assume a forsionless spacetime of
constant curvature A, that is,

Dy =ad* +T,2 A ¥ =0, (47)
R =dl + TP AT =09 A O (48)

Let us split the PG gauge potentials into background and
perturbations:

9% =97+ 7, (49)

Fa/i _ I%:/)’ + ]/aﬂ ) (50)
The particle spectrum of a general quadratic PG model
on the Minkowski background was considered in [28].
Inserting (49) and (50) into the definitions of the torsion
and the curvature, we find the expansions

T =Dy + 1, AV + 1% A P (51)
RY =29 N& + Dy +y,f Ay, (52)

The expansions of the y-basis can be straightforwardly
obtained by making use of (49). Up to the second order in
perturbations, we find

R o1, R
=2 A+ 520" AL A s (53)
NI BN Y B
Na = o + 17 N lap + 55" N7 Ny (54)
. R 1 o
NMap = Nap +Zy A Mapy + E)fﬂ v Nopuv (55)
Napy = ﬁa/}y +)((Sﬁaﬂy6' (56)

Substituting (51)—(56) into (1) and taking into account (20),
we obtain the quadratic Lagrangian which determines the
dynamics of the gravitational perturbations,

34, 1

V= E’/] +% {d[(ﬁa/i - ﬁa/}y /\)(7) A 7aﬁ

+a0(1§a A 1§ﬂ_'§a /\)(ﬁ) A }/aﬂ]

1 .
+ ENW A Al A Dy = 227" A yP A ﬁaﬁ}. (57)

The cosmological constant fixes the value of the constant
curvature of the background:

p
A=

3 (58)

The one-form N, = —N,, is constructed in terms of the
covariant derivatives of the translational perturbations.
Namely, by definition,

N A 9 = Dy~ (59)
so that explicitly
1., 4 A A
Naﬂ = 5 (eaJD)(ﬂ - eﬂJD)(a - lweaJ eﬁJD)(y)' (60)

As we see, the rotational (Lorentz) perturbation y,, is
nondynamical: It contributes only to the total derivative
in (57), and hence the corresponding field equation is
trivial. This is perfectly consistent with our previous
analysis which demonstrated the vanishing of the left-hand
side of the second field equation (34).

The last line of the linearized Lagrangian (57) deter-
mines the dynamics of the translational perturbation one-
form y”. The latter has a nontrivial skew-symmetric part
which is conveniently described in terms of the two-form

(61)
Indeed, decomposing y* = )(/,"9/’) ,we find y = % X [af] LN

The symmetric part of the translational perturbation is
then defined as
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P ="+ e, (62)

so that ¢ A 9, = 0, and in components ¢* = ;((”/’)zﬁﬁ.
As a result, the one-form (60) is recast into

Naﬂ = éaJD¢ﬂ - éﬂJDAqoa + DA(éaJéﬂJ;{)a (63)
and we find

1 5 SH | DV A A *(.Q =
ENMD/\na/w: (e”JD(p ) /\na/w_D (1911/\)()' (64)

This yields

1 . . A . .
NV N g, A Dy = (& ]Dg*") A fig N Dy

—D*(8, A g) A Dy~ (65)
The last term can be transformed into a total derivative

—D*(8. A J) A Dy7) A 2
=—d{y* AD*(9, NJ)} + 427 A 7. (66)

by noticing that DD *(9, Aj) Ay*=—R, A *(9/3 AZ) A
=22 AF) A (1@[; AY) =44y A 7. Here we used (48)
and the definition (61).

With the help of (61), we recast the last term in the
Lagrangian (57) into

_2/1)((1 A Zﬁ A ﬁa[)’ = _2/140(1 A (P/} A ﬁa/i - 4]“)_( A *)_(3
(67)

and observe that the last terms in (66) and (67) cancel
each other.

Next, we analyze the first term on the right-hand side
of (65). Substituting the decomposition of the translational
perturbation y* = ¢* — ¢% |y into the latter, we find

D9, A7)}
(68)

_(éﬂjl’j{pﬂ) A ﬁa/w A DA(éaJ)_() = _d{(pa A

Collecting all the intermediate derivations, we use
(65)—(68) to bring the Lagrangian (57) into the final form

V = yron 4y, (69)

1 o . A ~
VO ==—{(&"]Dg") Ao A D™ =249 A ¢ Ao}

(70)

The first term on the right-hand side of (69) is a non-
dynamical one,

1
yron = — {647 + dU™" }, 71
S {64 + AU} ()

Ut = (ﬁa/} - ﬁa/)’y A )(y) A },aﬂ

+ a9y A8y =84 A ) A y?

— (" +¢") AD*(9x A ). (72)
Consequently, the rotational (Lorentz) perturbation y* and
the skew-symmetric part 7 of the translational perturbation
both contribute merely to the total divergence term (71) in
the Lagrangian, and hence they are both nondynamical.
The symmetric translational perturbation ¢” represents the

only dynamical degree of freedom. According to (70), it
satisfies the linearized version of Einstein’s field equation:

D(&"|Dg*) A figy = 201 A ¢ = 0. (T73)
It is convenient to introduce a two-form
Fe = Do + (&3] Dg?) A §°. (74)

This object can be called a Fierz field (see [29,30]). One
can straightforwardly verify that

(@] Dg*) Al = " Fas (75)
so that the field equation (73) is recast into
D*F, = 2hiigy A ¢# =0, (76)

whereas the linearized Lagrangian (70) can be compactly
rewritten as

1 A
Vi = S {*F o A Do = 2" A @ Aiigg}. (77)
KC

Note that the covariant derivatives of (73) and (76) vanish
identically. Indeed, from (76) we have

YN T Fou==2("|Dg") Ay, (78)
and hence

DD *fa = —I}éaﬁ A *f/,v = —ﬂéa VAN 1§ﬁ A *f/}
= 2/1§a A (é\”JDAgoy) A ﬁ/w
= 2D@" A iy, (79)

which exactly cancels the derivative of the second term
in (73) and (76), namely D(—22ijz5 A ).

On the other hand, by multiplying (73) and (76) with the
coframe 9% A, one obtains a nontrivial equation for the
trace ¢ = é,|p* of the translational perturbation:
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D(¢*|Dg*) A iy, + 324, A " = 0. (80)

Here we used (78) and 9% A Hap = 3.

It is instructive to rewrite everything in components.
Starting with ¢p* = (p/,)"‘@/j (recall that ¢, = @p,), we have
Dy* = : (ﬁﬂwy“ - DA,/goﬂ“)@” A 8. Then we find for the
Fierz field 7% = 1 F,, %" A § the components

]:/wa = D;t(pua - ﬁu(pua + 510/1(DAA§0/4/1 - D/A”)

_5Z(DA1¢M_DAI/¢)' (81)

Here the trace scalar ¢ = é,]¢p* = @,
Accordingly, the four-form Lagrangian (70) and (77)
reads

n ﬁ v A a Q
de = %{fﬂ aD/t(pu + 22((0(1[%0 b — (/)2)} (82)

= 3o {D,9,,D'¢p** = D,p,,D* ¢

- (ﬁp(puﬂ - qu)) (ﬁa(pﬂﬁ - 15”§0)

+ 21((0(1/}(0”/} - (pz)}? (83)
and the field equation (73) and (76) is recast into
D'F % +2A(p," — 95%) = 0. (84)
Similarly, the trace equation (80) reads explicitly as
D,(D'¢—D,¢")-3p = 0. (85)
Finally, a wuseful observation is in order. After
introducing
1
Uy = Puy — Egpw(pa (86)
we recast the Fierz tensor (81) into
Fu* =D, —Dyu +8:D*u,; — 8:D*u,,. (87

Summarizing, we conclude that the particle spectrum
of the model (20) contains only the spin-2 graviton mode
propagating on the de Sitter background.

VI. DISCUSSION AND CONCLUSION

In this paper we demonstrated that GR can be consis-
tently interpreted as a specific model of Poincaré gauge
gravity under two crucial assumptions: (i) The PG
Lagrangian has a certain special form, namely that given
in Eq. (20). (i1) The matter couples nonminimally to the
gravitational field of PG in accordance with the substitution
specified in Eq. (35).

Similar studies of relations between PG, teleparallel
gravity and GR and the analysis of the relevant physical
sources were done earlier in [31,32]. It should be noted
that one can formally recover GR by using the Lagrange
multipliers method in PG [2,33]. However, this is
achieved by extending the space of PG variables with
auxiliary fields which are alien to the gauge-theoretic
approach. The fundamental novelty of our result is the
demonstration that GR arises as a special model in the
framework of the genuine Poincaré gauge gravity theory
where the only dynamical variables are the coframe 9¢
and the local Lorentz connection I'*” (i.e., the translational
and rotational gauge potentials) with no extra degrees of
freedom added.
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APPENDIX A: RIEMANN-CARTAN GEOMETRY:
TORSION, CURVATURE, AND 7-FORMS

Our basic notation and conventions are as follows:
Greek indices a, f3,... =0, ...,3 denote the anholonomic
components (for example, of a coframe 9%), while the
Latin indices i, j,... =0, ..., 3 label the holonomic com-
ponents (dx’, e.g). The Minkowski metric is
Gop = diag(+1,-1,-1,~1).

The gravitational field is described by the coframe 9% =
e;%dx" and the Lorentz connection I'”” = I";%dx’ one-
forms. The translational and rotational field strengths read

T% = D9 = d9* +Ty* A O, (A1)

RP = dI'’ + T,/ AT™. (A2)

The Riemannian connection one-form fﬂ“ is uniquely
defined by means of the vanishing torsion condition
d9* + 15 A 9 =0. One can decompose the Lorentz
(a.k.a. Riemann-Cartan) connection

% =1% — g¥ (A3)
into the Riemannian and the post-Riemannian parts. The
contortion one-form K% = —K#“ is algebraically related to
the torsion:

T* =K% A 9. (A4)
Explicitly, we have, for the contortion one-form,
1 ¥
Ka/} = 5 (eaJ Tﬁ - e/}J Ta -9 eaJ eﬂJ TJ/) (AS)
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By substituting (A3) into (A2), we can decompose the
curvature two-form into Riemannian and post-Riemannian
parts:

R? = R¥ — DK + K N K. (A6)
Hereafter the Riemannian objects and operators (con-
structed with the help of the Riemannian connection) are
denoted by the tilde.

Denoting the volume four-form by #, we construct the
n-basis in the space of exterior forms the help of the interior
products as 1y, 4, = e(,pj eqln, p=1,....4. They
are related to the coframe 0-basis via the Hodge dual
operator *, for example, 17,5 = *(9, A 9p).

Useful relations for the products of the coframes are

A g = Eall, (A7)
SN N Ny =(8a0); — Fay)n, (A8)
O A gy = Sty + ity + g (A9)
9N A Ny = 2(5&:‘5;];7y + 605, + 5[;‘559nﬁ).
(A10)

APPENDIX B: IRREDUCIBLE DECOMPOSITION
OF THE TORSION

The torsion two-form can be decomposed into the three
irreducible pieces, 7% = (V7% + @7% 1 ()T where

1
@7 = 39T, (B1)

3 1 T
()T“:—g*(S“/\T), (B2)
(O7e = 7o — @ _ O, (B3)

Here the one-forms of the trace T and the axial trace T of
the torsion 7% = %TI,G“«S/’ A 9° are defined in terms of the
torsion components as follows:

Ti=e,|T" =T, /9,

) 1
T=*(1"n9,)=5T

oY
/)6/477/) " ’91/'

APPENDIX C: KEY IDENTITIES

There are several useful relations for the irreducible

torsion parts. In particular, consider T+ = %T,,,,”&/’ A 9°

and multiply it by 744, With the help of (A10) we find

1
™ A ’1(1[)’;4 = 5 T/)o’”'gﬂ A7 A 77(1[)’;4

= (Taliﬂ - 3<2)Ta/3ﬂ) A ’7;1' (Cl)

On the other hand, for the dual *T* = %Tpg“r/”" we
immediately verify
Ty A5 — Ty A9y = (Tof —=3T ") Am,.  (C2)

Applying (C1) and (C2) to the irreducible torsion parts, we
obtain the identities

T A g =25 (VT) A 9, (C3)
OTH A N = —4 *((2>T[a) A9, (C4)
OITH A fagy = =*(OT,) A 9p. (C5)

Another identity expresses the contortion in terms of the
duals of the irreducible parts of the torsion:

1 1
— K" A =+, —207, -G ). C6
) ’1(1;41/ ( a a 2 a ( )

To prove this, we substitute K" =1(e#|T" —e"|TH —
e |e”|T;) into the left-hand side of (C6) and find

1
K" A Noyw = (eﬂJ TU) A Moy — 5 (eMJ eyJ T/f)'gﬂ A Moy -
(C7)
In order to evaluate the first term, we start with
(eﬂJ TU) ANy = E”J (TD A ’7;w) = eﬂJ (77;4 A T)
= —n,e'|T =="(9,e'|]T) =-"T, (C8)

where we wused the identity O=e,|(T" An,) =
T Any,+TY Any,. Applying the interior product e,],
we find

(eaJ eMJ Tu)r];w - (eMJ TU) AN Noyy = _eaJ °T. (C9)

Thus the first term on the right-hand side of (C7) reads
(e"]T") A oy = €] *T + (eg )€ | TV ),
= (T AIy) + *(9, N Iye,)e]T)
— (=9, AT+ Ty = e, )( AT,)).
(C10)

The second term on the right-hand side of (C7) is easily
computed with the help of (A9):
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1
- E (eﬂJ eDJ T/J)'gﬁ A Noyw

1
=* (—51% A8yt e’ | Ty + 8, A 19a]e”JT>

= Ty=9, AT). (C11)
Collecting (C10) and (C11), we find
KW Ay = “(2T4 =29, AT —e,|(8* AT,)). (C12)

Substituting the definitions (B1)-(B3), one proves the
identity (C6).

Taking the sum of (C3)—(C5) and making use of (C6), we
obtain another identity:

7 A Napy + 19[& A KA ’Yﬂ]ﬂy =0. (C13)

The relations (C3)—(C6) and (C13) are linear in the torsion
components.
In addition, there exist other identities which are quad-
ratic in the torsion components. They read as follows:
(DT ) ATg+ *(DT,) A8y A eg|TT = 0. (C14)
These identities hold for all irreducible parts, 7 = 1, 2, 3.
Besides that, there are similar (sort of “dual”) relations

(I)T[a A T/)’] + (I)T}, A 19[0, A €/3]JT7 =0, (ClS)
((2>T[a + (3)T[a) A Tﬂ]
+ (AT, + OT,) A9, A ey ] T? =0. (Cl6)

To prove the relations (C14)—(C16), one should directly use
the definitions (B1)—(B3).
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