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In this paper, we study the four-dimensional Einstein-Maxwell-dilaton theories in the Newman-Penrose
(NP) formalism. We adapt the equations of motion into the NP formalism, and obtain the solution space that
is asymptotic to the flat space-time. We then investigate the gravitational and electromagnetic memory
effects. We find that the dilaton does not contribute to the displacement nor the kick memory effects, but it
does contribute to the time-delayed memory effect.
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I. INTRODUCTION

In the 1960s, to understand the gravitational radiation in
full Einstein theory, Bondi and his collaborators established
an elegant framework for axisymmetric isolated systems
and demonstrated that gravitational waves exist in the full
Einstein theory rather than an artifact of linearization [1]. In
this framework, they chose a suitable coordinates system
and expanded the metric fields in inverse powers of the
radial coordinate r. Imposing the proper boundary con-
ditions, the equations of motion can be solved order by
order in 1=r expansions. In this framework, the gravita-
tional radiation is characterized by the news functions and
the mass of the system decreases whenever the news
function exists. Shortly, this framework was extended to
asymptotically flat space-times by Sachs [2]. Meanwhile,
Newman and Penrose [3] developed a new approach to
understand gravitational radiation by means of a tetrad or
spinor formalism. They derived a compact set of first order
differential equations involving linear combinations of the
equations for the Riemann tensor, expressed in the Ricci
rotation coefficients or the spinor affine connection. These
equations are equivalent to the empty space Einstein
equations. From these equations, one can investigate the
asymptotic behavior of the fields systematically, under the
condition that the space-time should approach to flatness at
infinity. The asymptotic flatness condition is imposed on
the Riemann tensor rather than the metric.
This formalism is motivated by the strong belief that the

essential element of a space-time is its light-cone structure
and it is the most effective way for grasping the inherent
symmetries of the space-times such as the black-hole
solutions of general relativities. In this formalism, the
geometrical property of the space-times is more transparent
and it is the most satisfactory way to study the fermion-
coupled theories. The asymptotically flat solutions of the
empty Newman-Penrose equations were later derived by

Newman and Unti [4], and the news functions and the mass-
loss formula were successfully recovered. When matter
fields are coupled, one expects that the matter equations of
motion are also adaptable into the Newman-Penrose (NP)
formalism. This was indeed done for Einstein-Maxwell
gravity [5,6]. However other theories are less studied in NP
formalism.
In this paper, we study the four-dimensional Einstein-

Maxwell-dilaton (EMD) theories in Newman-Penrose for-
malism. Including the Kaluza-Klein theory which arises
from five-dimensional Einstein gravity reduced on a circle,
the four-dimensional EMD theories are a class of theories
that can be embedded into various supergravities which
originate from string theories or M-theory. In these theories,
thematter sector includes theMaxwell fieldA and a dilatonic
scalar φ, both of which are massless and minimally coupled
to gravity. The dilaton is nonminimally coupled to the
Maxwell kinetic term in the form of an exponential function
eaφ where a is the dilaton coupling constant. In [7], the
authors used Newman-Penrose formalism to analyze the
perturbations of the Kerr-Newman dilatonic black hole
background. However, EMD theories have not been fully
studied in NP formalism elsewhere. In this paper, we adapt
the equations of motion of EMD theories into NP formalism
and obtain the solution space that approaches the flatness
asymptotically. We then examine the mass-loss formula and
the charge conservation. As a direct application, we also
study the memory effects.
First reported byZel’dovich and Polnarev [8] in linearized

gravity and further studied by Christodoulou in full Einstein
gravity [9], gravitational memory effects are a large group of
observational effects for gravitational radiation which is
characterized by the change of the asymptotic shearΔσ0 [10]
(see also [11–17] for relevant developments). The memory
effects also exist in Maxwell theory named electromagnetic
memory effects [18,19]. We should notice that the memory
effects can be classified by the observational effects.
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In recent years, there have been renewed interests in
memory effects. Strominger and Zhiboedov [20] discovered
an intriguing triangular relation of three ingredients: the
Bondi-Metzner-Sachs supertranslation symmetry, the lead-
ing soft graviton theorem, and a displacement gravitational
memory effect. This memory effect is a displacement of
two parallel inertial detectors caused by the radiative energy
flux and it turns out to be mathematically equivalent to
Weinberg’s soft graviton theorem[21] by the Fourier or the
inverse Fourier transformations.
Pasterski, Strominger, and Zhiboedov [22] later discov-

ered a spin memory effect which was characterized by the
relative time delay between the different orbiting light rays
caused by the radiative angular momentum. This spin
memory effect was shown to be mathematically equivalent
to the subleading soft graviton theorem [23]. In [24], the
authors found another spin memory effect represented by
the proper time delay of a free-falling massive particle
constrained on a timelike r ¼ r0 hypersurface near the null
infinity. In [25], the authors considered the motion of a
charged observer and investigated both the gravitational
and electromagnetic memory effects in a unified manner in
the Einstein-Maxwell theory. It is thus of great interest to
study the memory effect in EMD theories to uncover the
possible observational effects due to the nonminimal
coupling between the scalar and the electromagnetic field.
The fully understood memory effects in EMD theories may
also help one to understand the memory effects in string
theories [26] and M-theory.
The paper is organized as follows. In Sec. II, we will give

a brief introduction of NP formalism and derive the NP
equations of the four-dimensional Einstein-Maxwell-
dilaton theories. The asymptotically-flat solution space
of these theories will be derived in Sec. III. We also
examine the charge conservation and the mass-loss for-
mula. In Sec. IV, we will obtain the memory effects based
on the investigation of [25] in EMD theories. We conclude
the paper in Sec. V.

II. EINSTEIN-MAXWELL-DILATON THEORY
IN THE NP FORMALISM

The Newman-Penrose formalism is a special tetrad
formalism with two real null basis vectors e1 ¼ l, e2 ¼ n,
and two complex null basis vectors e3 ¼ m, e4 ¼ m̄. These
basis vectors have the orthogonality relations

l ·m ¼ l · m̄ ¼ n ·m ¼ n · m̄ ¼ 0; ð2:1Þ

and are normalized as

l · n ¼ 1; m · m̄ ¼ −1: ð2:2Þ

The metric is obtained from the basis vectors as

gμν ¼ ηabðeaμÞðebνÞ ¼ nμlν þ lμnν −mμm̄ν −mνm̄μ; ð2:3Þ

where eaμ represents the basis vector l, n, m, m̄; μ is the
coordinate index, while a is the tetrad index, and ηab is the
metric component under the tetrad form. The connection
coefficients, called spin coefficients in the NP formalism
with special Greek symbols (we will follow the convention
of [27]), are presented as follows:

κ ¼ Γ311 ¼ lνmμ∇νlμ; π ¼ −Γ421 − lνm̄μ∇νnμ;

ϵ ¼ 1

2
ðΓ211 − Γ431Þ ¼

1

2
ðlνnμ∇νlμ − lνm̄μ∇νmμÞ: ð2:4Þ

τ ¼ Γ312 ¼ nνmμ∇νlμ; ν ¼ −Γ422 ¼ −nνm̄μ∇νnμ;

γ ¼ 1

2
ðΓ212 − Γ432Þ ¼

1

2
ðnνnμ∇νlμ − nνm̄μ∇νmμÞ: ð2:5Þ

σ¼Γ313 ¼mνmμ∇νlμ; μ¼−Γ423 ¼−mνm̄μ∇νnμ;

β¼ 1

2
ðΓ213−Γ433Þ¼

1

2
ðmνnμ∇νlμ−mνm̄μ∇νmμÞ: ð2:6Þ

ρ¼Γ314 ¼ m̄νmμ∇νlμ; λ¼−Γ424 ¼−m̄νm̄μ∇νnμ;

α¼ 1

2
ðΓ214−Γ434Þ¼

1

2
ðm̄νnμ∇νlμ− m̄νm̄μ∇νmμÞ: ð2:7Þ

We use five complex scalars to represent ten independent
components of the Weyl tensors

Ψ0 ¼ −C1313; Ψ1 ¼ −C1213; Ψ2 ¼ −C1342;

Ψ3 ¼ −C1242; Ψ4 ¼ −C2424: ð2:8Þ

Ricci tensors are defined by four real and three complex
scalars as follows:

Φ00 ¼ −
1

2
R11; Φ22 ¼ −

1

2
R22;

Φ02 ¼ −
1

2
R33; Φ20 ¼ −

1

2
R44;

Φ11 ¼ −
1

4
ðR12 þ R34Þ; Φ01 ¼ −

1

2
R13;

Φ12 ¼ −
1

2
R23; Λ ¼ 1

24
R ¼ 1

12
ðR12 − R34Þ;

Φ10 ¼ −
1

2
R14; Φ21 ¼ −

1

2
R24; ð2:9Þ

where Λ is the cosmological constant. Considered as direc-
tional derivatives, the basis vectors are represented by
special symbols:

D ¼ lμ∂μ; Δ ¼ nμ∂μ; δ ¼ mμ∂μ: ð2:10Þ

The equations that describe NP formalism include three
classes:
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(i) The commutation relations of the basis vectors and
the structure constants

½ea; eb� ¼ ðΓcba − ΓcabÞec ¼ Cc
abec; ð2:11Þ

where ea is the basis vector, and Cc
ab is the structure

constant. The general tensorial formalism does not
consider these relations since the coordinate basis is
commutative. An example is as follows:

½Δ; D� ¼ ½n; l� ¼ ½e2; e1� ¼ ðΓc12 − Γc21Þec
¼ −Γ121Δþ Γ212D − ðΓ312 − Γ321Þδ
− ðΓ412 − Γ421Þδ: ð2:12Þ

Giving the spin coefficients their symbols, we get

ΔD −DΔ ¼ ðγ þ γÞDþ ðϵþ ϵÞΔ
− ðτ þ πÞδ − ðτ þ πÞδ: ð2:13Þ

(ii) The Ricci identities, similar to using the coordinate
basis to calculate the Riemann curvature tensor in
the general tensorial formalism, i.e.,

−Ψ0 ¼ C1313 ¼ R1313 ¼ Γ133;1 − Γ131;3

þ Γ133ðΓ121 þ Γ431 − Γ413 þ Γ431 þ Γ134Þ
− Γ131ðΓ433 þ Γ123 − Γ213 þ Γ231 þ Γ132Þ:

ð2:14Þ
Substituting for the directional derivatives and the
spin coefficients their designated symbols, we obtain

Dσ − δκ ¼ σð3ϵ − ϵþ ρþ ρÞ
þ κðπ − τ − 3β − αÞ þ Ψ0: ð2:15Þ

(iii) The Bianchi identities. It is similar to the Bianchi
identities in the tensorial form, i.e.,

R1313j4 þ R1334j1 þ R1341j3 ¼ 0; ð2:16Þ

where “j” represents the covariant derivative in
tetrad form. It can be rewritten in the following form:

− δΨ0 þDΨ1 þ ð4α − πÞΨ0 − 2ð2ρþþϵÞΨ1

þ 3κΨ2 þ ½Ricci� ¼ 0: ð2:17Þ

Here

½Ricci� ¼ −DΦ01 þ δΦ00 þ 2ðϵþ ρÞΦ01

þ 2σΦ10 − 2κΦ11 − κΦ02

þ ðπ − 2α − 2βÞΦ00: ð2:18Þ

As for Maxwell theory, in NP formalism the antisym-
metric Maxwell-tensor Fμν is replaced by the three complex
scalars

ϕ0 ¼ F13 ¼ Fμνlμmν;

ϕ1 ¼
1

2
ðF12 þ F43Þ ¼

1

2
Fμνðlμnν þmμmνÞ;

ϕ2 ¼ F42 ¼ Fμνmμnν: ð2:19Þ

Correspondingly, the Maxwell equations in tetrad form

F½abjc� ¼ 0; ηnmFanjm ¼ 0 ð2:20Þ

can be replaced by those equations

ϕ1j1 − ϕ0j4 ¼ 0; ϕ2j1 − ϕ1j4 ¼ 0;

ϕ1j3 − ϕ0j2 ¼ 0; ϕ2j3 − ϕ1j2 ¼ 0: ð2:21Þ

Expanding these equations in the terms of the ordinary
derivatives and spinor coefficients, then expressing them in
the symbols above, we can get the Maxwell equations in
NP formalism. Similar disposition can be used to deal with
the Klein-Gordon equation for scalar field, where we define
Ω1 ¼ Dφ, Ω2 ¼ Δφ, Ω ¼ δφ, Ω̄ ¼ δφ.
The freedom of the rotation of the basis vectors, see e.g.,

in [3], will allow us to set

π ¼ κ ¼ ϵ ¼ 0; ρ ¼ ρ̄; τ ¼ ᾱþ β: ð2:22Þ

From those conditions, one can find that l is tangent to a
null geodesic with an affine parameter. Also, the congru-
ence of the null geodesic is hypersurface orthogonal, that is,
l is proportional to the gradient of a scalar field. So it is
convenient to choose the scalar field as coordinate u ¼ x1,
and the affine parameter as r ¼ x2. Thus, the basis vectors
and the co-tetrad must have the form

nμ∂μ ¼
∂
∂uþ U

∂
∂rþ XA ∂

∂xA ; lμ∂μ ¼
∂
∂r ;

mμ∂μ ¼ ω
∂
∂rþ LA ∂

∂xA ;
nμdxμ ¼ ½−U − XAðωLA þ ωL̄AÞ�duþ dr

þ ðωL̄A þ ωLAÞdxA;
lμdxμ ¼ du; mμdxμ ¼ −XALAduþ LAdxA: ð2:23Þ

where LALA ¼ 0, LAL̄A ¼ −1. We will use the standard
stereographic coordinates z ¼ eiϕ cot θ

2
and z̄ ¼ e−iϕ cot θ

2
in

this work.
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The Lagrangians of four-dimensional Einstein-Maxwell-
dilaton theories are1

L ¼ ffiffiffiffiffiffi
−g

p �
R −

1

4
eaφF2 þ 1

2
ð∂φÞ2

�
; F ¼ dA: ð2:24Þ

This class of theories is generalized from the Einstein-
Maxwell theory to include a real dilatonic scalar. When
the dilaton coupling constant a takes the following
specific values a ¼ 0; 1ffiffi

3
p ; 1;

ffiffiffi
3

p
, the EMD theories can

be embedded into the N ¼ 2 STU supergravity [29].
Einstein-Maxwell theory, which is the bosonic sector of
N ¼ 2 supergravity, can be reduced from the a ¼ 0 case,
while the a ¼ ffiffiffi

3
p

case can be Kaluza-Klein theory. Now
we suppose that a is an arbitrary real constant.
The dilaton, Maxwell, and Einstein equations can be

derived from the Lagrangian (2.24)

∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νφÞ þ

a
4

ffiffiffiffiffiffi
−g

p
eaφF2 ¼ 0: ð2:25Þ

∂νð
ffiffiffiffiffiffi
−g

p
eaφFμνÞ ¼ 0: ð2:26Þ

Rμν ¼
1

2
eaφFμρFν

ρ −
1

8
gμνeaφF2 −

1

2
∂μφ∂νφ: ð2:27Þ

According to these equations of motion in the tensorial
form, we can easily recast them into the NP formalism. We
divide these equations into three groups [4]:

(I) Radial equations.—This group of equations can be
integrated to find the radial dependence of all the
variables, up to a proper order of magnitude. Each
integration gives an arbitrary function of three
nonradial coordinates (integration constant).

(II) Nonradial equations.—This group of equations give
the relations among these integration constants so
that most of the functions can be expressed in terms
of two basic functions σ0ðu; z; z̄Þ and Pðu; z; z̄Þ.

(III) The u-derivative equations.—This group of equa-
tions characterizes the propagation of the compo-
nents of Weyl tensor, the dilatonic scalar field and

the Maxwell fields off the hypersurface in the u
direction (time direction), from null surface to null
surface.

A. Radial equations

Dρ ¼ ρ2 þ σσ þ 1

2
eaφϕ0ϕ0 þ

1

4
ðΩ1Þ2; ð2:28Þ

Dσ ¼ 2ρσ þΨ0; ð2:29Þ

Dτ ¼ τρþ τσ þ Ψ1 þ
1

2
eaφϕ0ϕ1 þ

1

4
Ω1Ω; ð2:30Þ

Dα ¼ ραþ βσ þ 1

2
eaφϕ1ϕ0 þ

1

4
Ω1Ω̄; ð2:31Þ

Dβ ¼ ασ þ ρβ þ Ψ1; ð2:32Þ

Dγ ¼ ταþ τβ þ Ψ2 þ
1

2
eaφϕ1ϕ1 þ

1

6
Ω1Ω2

þ 1

12
ΩΩ̄; ð2:33Þ

Dλ ¼ ρλþ σμþ 1

2
eaφϕ2ϕ0 þ

1

4
ðΩ̄Þ2; ð2:34Þ

Dμ ¼ ρμþ σλþΨ2 þ
1

12
ðΩΩ̄ − Ω1Ω2Þ; ð2:35Þ

Dν ¼ τμþ τλþΨ3 þ
1

2
eaφϕ2ϕ1 þ

1

4
Ω2Ω̄; ð2:36Þ

DU ¼ τωþ τω − ðγ þ γÞ; ð2:37Þ

DXA ¼ τLA þ τL̄A; ð2:38Þ

Dω ¼ ρωþ σω − τ; ð2:39Þ

DLA ¼ ρLA þ σL̄A; ð2:40Þ

DΨ1 − δΨ0 ¼ 4ρΨ1 − 4αΨ0 þ
1

2
eaφ

��
aϕ1 −

a
2
eaφϕ1 −

a
2
eaφϕ1

�
ϕ0Ω1

−
�
aϕ0 −

a
2
eaφϕ0 −

a
2
eaφϕ0

�
ϕ0Ωþ ϕ1Dϕ0 − ϕ0δϕ0 − 2σϕ1ϕ0 þ 2βϕ0ϕ0

�

−
1

2
Ω1δΩ1 þ

1

4
ΩDΩ1 þ

1

4
Ω1DΩ −

1

2
ρΩ1Ω −

1

2
σΩ1Ω̄þ 1

2
ðαþ βÞðΩ1Þ2; ð2:41Þ

1Note that we use the signature ðþ;−;−;−Þ. Hence the third term in the Lagrangian is 1
2
ð∂φÞ2 rather than most used convention

− 1
2
ð∂φÞ2, see e.g., [28].
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DΨ2 − δΨ1 ¼ 3ρΨ2 − 2αΨ1 − λΨ0

þ 1

2
eaφ

��
aϕ1 −

1

2
aeaφϕ1 þ

1

2
aeaφϕ1

�
ϕ0Ω̄ −

�
aϕ0 −

1

2
aeaφϕ0

�
ϕ0Ω2

−
1

2
aeaφϕ2ϕ0Ω1 þ ϕ1δϕ0 − ϕ0Δϕ0 − 2αϕ0ϕ1 þ 2ρϕ1ϕ1 þ 2γϕ0ϕ0 − 2τϕ1ϕ0

�

þ 1

4
ΩδΩ1 þ

1

4
Ω1δΩ −

1

2
Ω1ΔΩ1 −

1

2
ðαþ τÞΩ1Ω

þ 1

4
ρðΩ1Ω2 þΩΩ̄Þ þ 1

4
σðΩÞ2 − 1

4
ðμ − 2γ − 2γÞðΩ1Þ2 −

1

2
τΩ1Ω̄

þ 1

12
ðΩ2DΩ1 þ Ω1DΩ2 − Ω̄DΩ −ΩDΩ̄Þ; ð2:42Þ

DΨ3 − δΨ2 ¼ 2ρΨ3 − 2λΨ1 þ
1

2
eaφ

��
aϕ1 −

1

2
aeaφϕ1 −

1

2
aeaφϕ1

�
ϕ2Ω1

−
�
aϕ0 −

1

2
aeaφϕ0 −

1

2
aeaφϕ0

�
ϕ2Ωþ ϕ1Dϕ2 − ϕ0δϕ2 þ 2μϕ1ϕ0 − 2βϕ2ϕ0

�

þ 1

4
ðΩ̄DΩ2 þ Ω2DΩ̄Þ − 1

2
Ω̄δΩ̄ −

1

2
ρΩ2Ω̄þ 1

2
μΩ1Ω̄

þ 1

2
ðα − βÞðΩ̄Þ2 − 1

12
ðΩ2δΩ1 þ Ω1δΩ2 − Ω̄ δΩ −Ωδ Ω̄Þ; ð2:43Þ

DΨ4 − δΨ3 ¼ ρΨ4 þ 2αΨ3 − 3λΨ2 þ
1

2
eaφ

��
1

2
aeaφϕ0 − aϕ0

�
ϕ2Ω2

−
1

2
aeaφϕ2ϕ2Ω1 −

�
1

2
aeaφϕ1 −

1

2
aeaφϕ1 − aϕ1

�
ϕ2Ω̄

− ϕ0Δϕ2 þ ϕ1δϕ2 þ 2αϕ1ϕ2 þ 2νϕ1ϕ0 − 2γϕ0ϕ2 − 2λϕ1ϕ1

�

þ 1

2
Ω̄ΔΩ̄ −

1

4
Ω̄ δΩ2 −

1

4
Ω2δ Ω̄−

1

2
ðα − τÞΩ2Ω̄

−
1

2
νΩ1Ω̄ −

1

4
σðΩ2Þ2 þ

1

4
λðΩ1Ω2 þ ΩΩ̄Þ þ 1

4
ðμþ 2γ − 2γÞðΩ̄Þ2; ð2:44Þ

Dϕ1 − δϕ0 ¼ 2ρϕ1 − 2αϕ0 −
1

2
aeaφðϕ1 þ ϕ1ÞΩ1 þ

1

2
aeaφϕ0Ω̄þ 1

2
aeaφϕ0Ω; ð2:45Þ

Dϕ2 − δϕ1 ¼ ρϕ2 − λϕ0 þ
1

2
aeaφϕ0Ω2 −

1

2
aeaφϕ2Ω1 þ

1

2
aeaφðϕ1 − ϕ1ÞΩ̄: ð2:46Þ

B. Nonradial equations

Δλ ¼ δν − ðμþ μÞλ − ð3γ − γÞλþ 2αν −Ψ4; ð2:47Þ

Δρ ¼ δτ − ρμ − σλ − 2ατ þ ðγ þ γÞρ −Ψ2 þ
1

12
Ω1Ω2 −

1

12
ΩΩ̄; ð2:48Þ

Δα ¼ δγ þ ρν − ðτ þ βÞλþ ðγ − γ − μÞα − Ψ3; ð2:49Þ

Δμ ¼ δν − μ2 − λλ − ðγ þ γÞμþ 2βν −
1

2
eaφϕ2ϕ2 −

1

4
ðΩ2Þ2; ð2:50Þ
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Δβ ¼ δγ − μτ þ σνþ βðγ − γ − μÞ − αλ −
1

2
eaφϕ1ϕ2 −

1

4
Ω2Ω; ð2:51Þ

Δσ ¼ δτ − σμ − ρλ − 2βτ þ ð3γ − γÞσ −
1

2
eaφϕ0ϕ2 −

1

4
ðΩÞ2; ð2:52Þ

Δω ¼ δU þ ν − λωþðγ − γ − μÞω; ð2:53Þ

ΔLA ¼ δXA − λL̄A þ ðγ − γ − μÞLA; ð2:54Þ

δρ − δσ ¼ ρτ − σð3α − βÞ −Ψ1 þ
1

2
eaφϕ0ϕ1 þ

1

4
Ω1Ω; ð2:55Þ

δα − δβ ¼ μρ − λσ þ ααþ ββ − 2αβ −Ψ2 þ
1

2
eaφϕ1ϕ1 þ

1

12
Ω1Ω2 þ

1

6
ΩΩ̄; ð2:56Þ

δλ − δμ ¼ μτ þ λðα − 3βÞ −Ψ3 þ
1

2
eaφϕ2ϕ1 þ

1

4
Ω2Ω̄; ð2:57Þ

δω − δ̄ω ¼ μ − μ − ðα − βÞωþ ðα − βÞω; ð2:58Þ

δL̄A − δ̄LA ¼ ðα − βÞL̄A − ðα − βÞLA: ð2:59Þ

C. The u-derivative equations

ΔΨ0 − δΨ1 ¼ ð4γ − μÞΨ0 − ð4τ þ 2βÞΨ1 þ 3σΨ2

−
1

2
eaφ

��
aϕ2 −

1

2
aeaφϕ2

�
ϕ0Ω1 þ

1

2
aeaφϕ0ϕ0Ω2

þ
�
1

2
aeaφϕ1 −

1

2
aeaφϕ1 − aϕ1

�
ϕ0Ωþ ϕ2Dϕ0 − ϕ1δϕ0 þ 2βϕ0ϕ1 − 2σϕ1ϕ1

�

−
1

2
ΩDΩþ 1

4
ΩδΩ1 þ

1

4
Ω1δΩ −

1

2
βΩ1Ω −

1

4
λðΩ1Þ2

þ 1

4
σðΩ1Ω2 þ ΩΩ̄Þ þ 1

4
ρðΩÞ2: ð2:60Þ

ΔΨ1 − δΨ2 ¼ νΨ0 þ ð2γ − 2μÞΨ1 − 3τΨ2 þ 2σΨ3

þ 1

2
eaφ

��
aϕ1 −

1

2
aeaφϕ1 −

1

2
aeaφϕ1

�
ϕ0Ω2 þ

�
1

2
aeaφϕ2 þ

1

2
aeaφϕ2

�
ϕ0Ω

− aϕ0ϕ2Ω̄þ ϕ1Δϕ0 − ϕ2δϕ0 − 2γϕ0ϕ1 − 2ρϕ1ϕ2 þ 2αϕ0ϕ2 þ 2τϕ1ϕ1

�

þ 1

4
ΩΔΩ1 þ

1

4
Ω1ΔΩ −

1

2
ΩδΩþ 1

2
ðμ − γÞΩ1Ω −

1

2
ρΩ2Ω −

1

4
νðΩ1Þ2

þ 1

4
τðΩ1Ω2 þΩΩ̄Þ þ 1

4
ðτ − 2β þ 2αÞðΩÞ2 − 1

12
ðΩ2δΩ1 þΩ1δΩ2

− ΩδΩ̄ − Ω̄δΩÞ: ð2:61Þ
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ΔΨ2 − δΨ3 ¼ 2νΨ1 − 3μΨ2 þ ð2β − 2τÞΨ3 þ σΨ4

−
1

2
eaφ

��
aϕ2 −

1

2
aeaφϕ2

�
ϕ2Ω1 þ

1

2
aeaφϕ0ϕ2Ω2

þ
�
1

2
aeaφϕ1 −

1

2
aeaφϕ1 − aϕ1

�
ϕ2Ωþ ϕ2Dϕ2 − ϕ1δϕ2 − 2βϕ1ϕ2 þ 2μϕ1ϕ1

�

−
1

2
Ω2DΩ2 þ

1

4
Ω̄δΩ2 þ

1

4
Ω2δΩ̄þ 1

2
βΩ2Ω̄

−
1

4
μðΩ1Ω2 þΩΩ̄Þ − 1

4
λðΩ̄Þ2 þ 1

4
ρðΩ2Þ2 þ

1

12
ðΩ2ΔΩ1 þ Ω1ΔΩ2

− Ω̄ΔΩ −ΩΔΩ̄Þ: ð2:62Þ

ΔΨ3 − δΨ4 ¼ 3νΨ2 − ð2γ þ 4μÞΨ3 þ ð4β − τÞΨ4

þ 1

2
eaφ

��
aϕ1 −

1

2
aeaφϕ1 −

1

2
aeaφϕ1

�
ϕ2Ω2 −

�
aϕ2 −

1

2
aeaφϕ2

�
ϕ2Ω̄

þ 1

2
aϕ2ϕ2eaφΩþ ϕ1Δϕ2 − ϕ2δϕ2 þ 2γϕ1ϕ2 − 2νϕ1ϕ1 þ 2λϕ1ϕ2 − 2αϕ2ϕ2

�

þ 1

4
Ω̄ΔΩ2 þ

1

4
Ω2ΔΩ̄ −

1

2
Ω2δΩ2 þ

1

2
ðμþ γÞΩ2Ω̄

−
1

4
νðΩ1Ω2 þ ΩΩ̄Þ − 1

4
νðΩ̄Þ2 þ 1

2
λΩ2Ω −

1

4
ðαþ βÞðΩ2Þ2: ð2:63Þ

Δϕ0 − δϕ1 ¼ ð2γ − μÞϕ0 − 2τϕ1 þ σϕ2 −
1

2
aeaφϕ0Ω2 þ

1

2
aeaφϕ2Ω1 þ

1

2
aeaφϕ1Ω −

1

2
aeaφϕ1Ω: ð2:64Þ

Δϕ1 − δϕ2 ¼ νϕ0 − 2μϕ1 − ðα − βÞϕ2 −
1

2
aeaφϕ1Ω2 −

1

2
aeaφϕ1Ω2 þ

1

2
aeaφϕ2Ω̄þ 1

2
aeaφϕ2Ω: ð2:65Þ

ΔΩ1 þDΩ2 ¼ δΩþ δΩ̄þ ðγ þ γ − μ − μÞΩ1 þ 2ρΩ2 − 2α Ω̄−2αΩþ aeaφðϕ2
1 þ ϕ2

1 − ϕ0ϕ2 − ϕ0ϕ2Þ: ð2:66Þ

III. THE SOLUTION SPACE

The main condition of approaching flatness at infinity is Ψ0 ¼ Ψ0
0

r5
þOðr−6Þ. Newman and Unti[4] listed the falloff

conditions of the rest quantities by solving the empty space Newman-Penrose equations,

ρ ¼ −r−1 þOðr−3Þ; σ ¼ Oðr−2Þ; α ¼ Oðr−1Þ; β ¼ Oðr−1Þ;
τ ¼ Oðr−3Þ; λ ¼ Oðr−1Þ; μ ¼ Oðr−1Þ; γ ¼ Oð1Þ;
ν ¼ Oð1Þ; U ¼ OðrÞ; Xz ¼ Oðr−3Þ; ω ¼ Oðr−1Þ;

Lz ¼ Oðr−2Þ; Lz̄ ¼ Oðr−1Þ;
Ψ1 ¼ Oðr−4Þ; Ψ2 ¼ Oðr−3Þ; Ψ3 ¼ Oðr−2Þ; Ψ4 ¼ Oðr−1Þ: ð3:1Þ

The falloff of the matter fields cannot violate the asymptotic conditions above, so we choose

ϕ0 ¼
ϕ0
0

r3
þOðr−4Þ; ð3:2Þ

φ ¼ φ1

r
þ φ2

r2
þOðr−3Þ; ð3:3Þ

and
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ϕ1 ¼
ϕ0
1

r2
þOðr−3Þ; ϕ0

2 ¼
ϕ0
2

r
þOðr−2Þ: ð3:4Þ

Using the conditions above, we work out the asymptoti-
cally flat solution space of Newman-Penrose equations in
Einstein-Maxwell-dilaton theories. The solutions of the
radial equations are as follows. One should notice that here

the boundary topology is an arbitrary 2 surface but not S2.
Here the “ð” operator is defined as

ðηs ¼ PP̄−s∂ z̄ðP̄sηsÞ ¼ P∂ z̄η
s þ 2sα0ηs;

ðηs ¼ P̄Ps∂zðP−sηsÞ ¼ P̄∂zη
s − 2sα0ηs; ð3:5Þ

where s is the spin weight of the field η. The spin weights of
relevant fields are listed in Table I.

Ψ0 ¼
Ψ0

0ðu; z; z̄Þ
r5

þΨ1
0ðu; z; z̄Þ
r6

þOðr−7Þ;

ϕ0 ¼
ϕ0
0ðu; z; z̄Þ
r3

þ ϕ1
0ðu; z; z̄Þ
r4

þOðr−5Þ;

φ ¼ φ1

r
þ φ2

r2
þOðr−3Þ;

ρ ¼ −
1

r
þ −φ2

1 − 4σ0σ0

4r3
−
φ1φ2

2r4
þ 1

48r5
ð−8ϕ0

0ϕ
0
0 − φ4

1 − 16φ2
2 − 24φ1φ3

þ 8σ0Ψ0
0 þ 8σ0Ψ0

0 − 16σ0σ0φ2
1 − 48ðσσÞ2Þ þOðr−6Þ;

σ ¼ σ0ðu; z; zÞ
r2

þ −2Ψ0
0 þ σ0φ2

1 þ 4σ0σ0σ0

4r4
þ 1

3r5
ð−Ψ1

0 þ σ0φ1φ2Þ þOðr−6Þ;

Lz ¼ −
σ0P̄ðu; z; z̄Þ

r2
þ 1

24r4
ð4P̄Ψ0

0 − 5P̄σ0φ2
1 − 24P̄σ0ðσ0Þ2Þ þ 1

12r5
ðP̄Ψ1

0 − 3P̄φ1φ2σ
0Þ þOðr−6Þ;

Lz̄ ¼ Pðu; z; z̄Þ
r

þ 1

8r3
ðPφ2

1 þ 8Pσ0σ0Þ þ 1

6r4
Pφ1φ2 þ

1

384r5
ð16Pϕ0

0ϕ
0
0

þ 5Pφ4
1 þ 32Pφ2

2 þ 48Pφ1φ3 − 64Pσ0Ψ0
0 − 32Pσ0Ψ0

0 þ 112Pσ0σ0φ2
1

þ 384Pðσ0Þ2ðσ0Þ2Þ þOðr−6Þ;

Lz ¼ −
r
P̄
þ φ2

1

8P̄r
þ φ1φ2

6P̄r2
þ 1

384P̄r3
ð16ϕ0

0ϕ
0
0 − φ4

1 þ 32φ2
2 þ 48φ1φ3 þ 32σ0Ψ0

0Þ þOðr−4Þ;

Lz̄ ¼ −
σ0

P
þ 1

24Pr2
ð4Ψ0

0 þ σ0φ2
1Þ þ

1

12Pr3
ðΨ1

0 þ σ0φ1φ2Þ þOðr−4Þ;

α ¼ α0

r
þ σ0α0

r2
þ 1

8r3
ðα0φ2

1 þ 8α0σ0σ0 þ φ1ðφ1Þ

þ 1

24r4
ð24α0σ0ðσ0Þ2 − 4α0Ψ0

0 þ 4σ0Ψ0
1 − 4ϕ0

1ϕ
0
0 − 2ω0φ2

1 þ 4α0φ1φ2

þ 5α0σ0ðφ1Þ2 − 2σ0φ1ðφ1 þ 4φ2ðφ1 þ 2φ1ðφ2Þ þOðr−5Þ;

β ¼ −
α0

r
−
α0σ0

r2
þ 1

8r3
ð−α0φ2

1 − 4Ψ0
1 − 8σ0σ0α0Þ

þ 1

24r4
ð8ðΨ0

0 þ 4α0Ψ0
0 − 24α0ðσ0Þ2σ0 − 12ϕ0

0ϕ
0
1 þ 2ω0φ2

1 − 4α0φ1φ2

− 5α0σ0φ2
1 þ 4φ2ðφ1 − 2φ1ðφ2 þ σ0φ1ðφ1Þ þOðr−5Þ;

TABLE I. Spin weights.

ð ∂u γ0 ν0 μ0 σ0 λ0 Ψ0
4 Ψ0

3 Ψ0
2 Ψ0

1 Ψ0
0 ϕ0

2 ϕ0
1 ϕ0

0

s 1 0 0 −1 0 2 −2 −2 −1 0 1 2 −1 0 1
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τ ¼ 1

8r3
ð−4Ψ0

1 þ φ1ðφ1Þ þ
1

24r4
ð8ðΨ0

0 þ 4σ0Ψ0
1 − 16ϕ0

0ϕ
0
1 − σ0φ1ðφ1 þ 8φ2ðφ1Þ þOðr−5Þ;

ω ¼ ω0

r
þ 1

8r2
ð−4Ψ0

1 − 8ω0σ0 þ φ1ðφ1Þ þ
1

24r3
ð4ðΨ0

0 þ 24σ0σ0ω0 þ 8σ0Ψ0
1 − 8ϕ0

0ϕ
0
1

þ 3ω0φ2
1 − 2σ0φ1ðφ1 þ 4φ2ðφ1Þ þOðr−4Þ;

Ψ1 ¼
Ψ0

1ðu; z; z̄Þ
r4

þ 1

4r5
ð6ϕ0

0ϕ
0
1 − 4ðΨ0

0 − ω0φ2
1 − 2φ2ðφ1 þ φ1ðφ2 − σ0φ1ðφ1Þ þOðr−6Þ;

Xz ¼ 1

24r3
ð4P̄Ψ0

1 − P̄φ1ðφ1Þ þ
1

24r4
ð−2P̄ ðΨ0

0 − 4P̄σ0Ψ0
1 þ 4P̄ϕ0

0ϕ
0
1 þ P̄σ0φ1ðφ1 − 2P̄φ2ðφ1Þ þOðr−5Þ;

γ ¼ γ0 þ 1

12r2
ðγ0φ2

1 þ γ0φ2
1 − 6Ψ0

2 þ φ1∂uφ1Þ þ
1

24r3
ð8ðΨ0

1 þ 4α0Ψ0
1

− 4α0Ψ0
1 − 12ϕ0

1ϕ
0
1 − 2μ0φ2

1 þ 2U0φ2
1 þ 4φ2∂uφ1 − 2φ1∂uφ2 − 2ðφ1ðφ1

− 2φ1ððφ1 − α0φ1ðφ1 þ α0φ1ðφ1Þ þOðr−4Þ;

λ ¼ λ0

r
−
σ0μ0

r2
þ 1

24r3
ð24σ0σ0λ0 þ 12σ0Ψ0

2 − 6ϕ0
2ϕ

0
0 þ 3λ0φ2

1 þ ðγ0 þ γ0Þσ0φ2
1 − 3ððφ1Þ2 þ σ0φ1∂uφ1Þ þOðr−5Þ;

μ ¼ μ0

r
þ 1

12r2
ð−12Ψ0

2 − 12σ0λ0 þ U0φ2
1 − φ1∂uφ1Þ þ

1

8r3
ð8σ0σ0μ0 þ 4ðΨ0

1 − 4ϕ0
1ϕ

0
1

− 4ðγ0 þ γ0Þφ1φ2 þ 2U0φ2
1 − ðφ1ðφ1 − φ1ððφ1 − 2φ1∂uφ2Þ þOðr−4Þ;

U ¼ −rðγ0 þ γ0Þ þ U0 þ 1

6r
ðγ0φ2

1 þ γ0φ2
1 − 3Ψ0

2 − 3Ψ0
2 þ φ1∂uφ1Þ

þ 1

24r2
ð−12ϕ0

1ϕ
0
1 þ 4ðΨ0

1 þ 4ðΨ0
1 − 2μ0φ2

1 þ 2φ2
1U

0 þ 4φ2∂uφ1 − 2φ1∂uφ2

− 2ðφ1ðφ1 − φ1ððφ1 − φ1ððφ1Þ þOðr−3Þ;

Ψ2 ¼
Ψ0

2ðu; z; z̄Þ
r3

þ 1

12r4
ð12ϕ0

1ϕ
0
1 þ 3μ0φ2

1 þ 8ðγ0 þ γ0Þφ1φ2 − 12ðΨ0
1 − 5φ2

1U
0

− 2φ2∂uφ1 þ 5φ1∂uφ2 þ 2ðφ1ðφ1 þ 3φ1ððφ1Þ þOðr−5Þ;

ν ¼ ν0 −
Ψ0

3

r
þ 1

24r2
ð−12ϕ0

2ϕ
0
1 þ 12ðΨ0

2 þ ðγ0φ2
1 þ ðγ0φ2

1 − 4γ0φ1ðφ1

− 4γ0φ1ðφ1 − 5ðφ1∂uφ1 þ φ1ð∂uφ1Þ þOðr−3Þ;

Ψ3 ¼
Ψ0

3

r2
þ 1

12r3
ð6ϕ0

2ϕ
0
1 − 12ðΨ0

2 − ððγ0 þ ðγ0Þφ2
1 þ ðγ0 þ γ0Þφ1ðφ1 þ 2ðφ1∂uφ1 − φ1ð∂uφ1Þ þOðr−4Þ;

ϕ2 ¼
ϕ0
2ðu; z; z̄Þ

r
þ 1

2r2
ð−aϕ0

2φ1 − 2ðϕ0
1Þ þ

1

8r3
ð4λ0ϕ0

0 þ 8ω0ϕ0
1 þ 4σ0σ0ϕ0

2

þ 4σ0ðϕ0
1 þ 4ð2ϕ0

0 − 2aðγ0 þ γ0Þϕ0
0φ1 þ ϕ0

2φ
2
1 − a2ϕ0

2φ
2
1 − 4aϕ0

2φ2

þ 2aðϕ0
1φ1 þ 4aðϕ0

1φ1 þ 4aϕ0
1ðφ1 − 2aϕ0

0∂uφ1Þ þOðr−4Þ;

ϕ1 ¼
ϕ0
1ðu; z; z̄Þ
r2

þ 1

2r3
ð−2ðϕ0

0 − aϕ0
1φ1 − aϕ0

1φ1Þ þOðr−4Þ;

Ψ4 ¼
Ψ0

4

r
−
ðΨ0

3

r2
þOðr−3Þ: ð3:6Þ
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The solutions of nonradial equations are as follows:

Ψ0
4 ¼ ðν0 − ∂uλ

0 − 4γ0λ0;

U0 ¼ μ0; γ0 ¼ −
1

2
∂u ln P̄; ω0 ¼ ðσ0;

ν0 ¼ ððγ0 þ γ0Þ; α0 ¼ 1

2
P̄∂z lnP;

λ0 ¼ ∂uσ
0 þ σ0ð3γ0 − γ0Þ;

Ψ0
3 ¼ ðμ0 − ðλ0;

μ0 ¼ −
1

2
PP̄∂z∂ z̄ lnPP̄;

Ψ0
2 −Ψ0

2 ¼ ð2σ0 − ð2σ0 þ σ0λ0 − σ0λ0: ð3:7Þ

And we obtain the solutions of the u-derivative equations
which determine the propagation of the fields off the null
hypersurface

∂uΨ0
0 ¼

3

2
ϕ0
0ϕ

0
2 −

1

4
λ0φ2

1 − ðγ0 þ 5γ0ÞΨ0
0 þ ðΨ0

1

−
1

4
ðγ0 þ γ0Þσ0φ2

1 þ 3σ0Ψ0
2

−
1

4
σ0φ1∂uφ1 −

1

4
φ1ð2φ1 þ

1

2
ððφ1Þ2: ð3:8Þ

∂uΨ0
1 ¼ ϕ0

1ϕ
0
2 −

1

4
ν0φ2

1 − 2ðγ0 þ 2γ0ÞΨ0
1 þ 2σ0Ψ0

3

þ 1

12
ððγ0 þ ðγ0Þφ2

1 −
1

3
γ0φ1ðφ1

þ 1

6
γ0φ1ðφ1 þ ðΨ0

2 −
1

4
φ1∂uðφ1

þ 1

3
ðφ1∂uφ1 þ

1

12
φ1ð∂uφ1: ð3:9Þ

∂uΨ0
2 ¼

1

2
ϕ0
2ϕ

0
2 − 3ðγ0 þ γ0ÞΨ0

2 þ σ0Ψ0
4 þ ðΨ0

3

−
1

12
ð∂uγ

0 þ ∂uγ
0Þφ2

1 þ
1

12
ðγ0 þ γ0Þφ1∂uφ1

þ 1

6
ð∂uφ1Þ2 −

1

12
φ1∂2

uφ1: ð3:10Þ

∂uΨ0
3 ¼ ðΨ0

4 − 2ð2γ0 þ γ0ÞΨ0
3: ð3:11Þ

∂uϕ
0
0 ¼ −ðγ0 þ 3γ0Þϕ0

0 þ σ0ϕ0
2 þ ðϕ0

1 −
1

2
aϕ0

2φ1: ð3:12Þ

∂uϕ
0
1 ¼ ðϕ0

2 − 2ðγ0 þ γ0Þϕ0
1: ð3:13Þ

∂uφ2 ¼ −2ðγ0 þ γ0Þφ2 − ððφ1: ð3:14Þ

From the solutions above, we find that there is no
constraint at the order Oð1rÞ of ϕ2 and φ, and at the order

Oð 1r2Þ of σ. So σ0, ϕ0
2, and φ1 are related to the news

functions in the system which indicate gravitational,
electromagnetic, and scalar radiations. σ0 has a special
geometric meaning that it represents the asymptotic shear
of l (see [3,24]), the change of which at early time ui and
late time uf is equivalent to the time integration of the
asymptotic shear of n, i.e., λ0 when we set the boundary
topology to be S2 × R, i.e., P ¼ P̄ ¼ Ps ¼ 1þzz̄ffiffi

2
p (see

[10,24]). The memory effects [10,24], which will be
discussed in the following section, are controlled by the
time integration of the asymptotic shear of n, i.e., λ0, thus
the change of the asymptotic shear at early time and late
time Δσ0 is a very important quantity that characterizes
gravitational memory effects.
According to Eq. (3.12), we can find that this time

evolution equation involves the coupling constant a which
represents the nonminimal coupling of the electromagnetic
field and the scalar field. ϕ0

0 is related to the electric dipole
[30]. Our result is consistent with the result in [28]. The
phenomenon that the coupling constant a does not appear
in the time evolution functions of four tetrad components of
Weyl tensor reflects that the scalar field is minimally
coupled to gravity.
From Eqs. (3.10) and (3.13) we can consider the

conservation laws and the loss of mass in EMD theory.
Here we work in the unit 2-sphere case. From Eq. (3.10),
we can find

∂uΨ0
2 ¼

1

2
ϕ0
2ϕ

0
2 − σ0∂2

uσ
0 − ð2∂uσ

0 þ ðΨ0
3

þ 1

6
ð∂uφ1Þ2 −

1

12
φ1∂2

uφ1: ð3:15Þ

Define the mass density

M ¼ 1

2
ðΨ0

2 þ Ψ0
2Þ þ

1

2
ðσ0∂uσ

0 þ σ0∂uσ
0Þ

þ 1

2
ðð2σ0 þ ð2σ0Þ þ 1

12
φ1∂uφ1: ð3:16Þ

We can obtain

∂uM ¼ 1

2
ϕ0
2ϕ

0
2 þ ∂uσ

0∂uσ
0 þ 1

4
ð∂uφ1Þ2: ð3:17Þ

Considering the signature convention in NP formalism, we
get the mass loss theorem in EMD theories: The mass
density at any angle of the system can never increase. It is a
constant if and only if there is no news. Our mass-loss
formula generalizes the one in [28] by removing the
constraint of axisymmetry.
As for the Maxwell part, we work in retarded radial

gauge Ar ¼ 0. The Maxwell tensor is constructed as
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Fμν ¼ ðϕ1 þ ϕ1Þðnμlν − lμnνÞ þ ðϕ1 − ϕ1Þðmμm̄ν − m̄μmνÞ
þ ϕ2ðlμmν −mμlνÞ þ ϕ2ðlμm̄ν − m̄μlνÞ
þ ϕ0ðm̄μnν − nμm̄νÞ þ ϕ0ðmμnν − nμmνÞ: ð3:18Þ

We represent the Newman-Penrose variables of Maxwell
parts in terms of the gauge fields Aμ,

A0
u ¼ −ðϕ0

1 þ ϕ0
1Þ; ∂uA0

z ¼ −
ϕ0
2

P̄
;

A1
z ¼ −

ϕ0
0

P̄
; ð∂zA0

z̄ − ∂ z̄A0
zÞ ¼

ϕ0
1 − ϕ0

1

PP̄
; ð3:19Þ

∂u

�
A0
u

PP̄

�
¼ ∂uð∂zA0

z̄ þ ∂ z̄A0
zÞ; ð3:20Þ

where

Au ¼
A0
uðu; z; z̄Þ

r
þOðr−2Þ;

Az ¼ A0
zðu; z; z̄Þ þ

A1
zðu; z; z̄Þ

r
þOðr−2Þ: ð3:21Þ

From Eq. (3.13), we find

∂uϕ
0
1 ¼ ðϕ0

2 ¼ Ps∂ z̄ϕ
0
2 − ∂ z̄Psϕ

0
2 ¼ P2

s∂ z̄ðϕ0
2=PsÞ: ð3:22Þ

Taking the real part of Eq. (3.22), we get

∂u

�
ϕ0
1 þ ϕ0

1

2

�
¼ P2

s

2
ð∂ z̄ðϕ0

2=PsÞ þ ∂zðϕ0
2=PsÞÞ: ð3:23Þ

Substituting Eq. (3.19) into Eq. (3.23), we find

∂uA0
u ¼ ∂uðP2

s∂ z̄A0
z þ P2

s∂zA0
z̄Þ: ð3:24Þ

Defining the flux,

Φ ¼ A0
u − P2

sð∂ z̄A0
z þ ∂zA0

z̄Þ; ð3:25Þ
we find

∂uΦ ¼ 0: ð3:26Þ

This means that the flux does not change with time.
According to Gauss’s law, we can conclude that the charge
is conserved, which again generalizes the result in [28] to
an asymptotically flat case.

IV. THE MEMORY EFFECTS

According to the solution space in the previous section,we
can derive the memory effects. We will examine the motion
of a charged timelike particle to specify the observational
effects in a unified expression [25]. That is to say,we consider
the contributions of the gravitational radiation, electromag-
netic radiation, and scalar radiation at the same time by
considering the effects of the motion of a charged particle
caused by the radiations in EMD theories. Gravitational
memory effects, characterized by the nonlinear contribution
to the overall change in the shear of outgoing null surfaces at
the future null infinity [10], have a large group of observa-
tional effects of the gravitational radiation. Displacement
memory effects are observational effects about a location
displacement of the observers, i.e., [20] describes a distance
shift of two parallel inertial detectors near the null infinity
caused by the radiative energy flux. Spin memory effects
[22,24] are memory effects characterized by the observa-
tional phenomena that the radiation causes the observers to
rotate, i.e., [22] is about a relative time delay of two beams of
light on clockwise and counterclockwise orbits induced by
the radiative angular momentum flux. The authors of
Ref. [24] discovered a kind of spin memory effect charac-
terized by the time delay of a free-falling massive particle
constrained on a timelike, r ¼ r0 hypersurface. Thememory
effects also exist in Maxwell theory called electromagnetic
memory effects, i.e., [18,19,31,32]. Reference [19] is a
change of the velocity (a“kick”) of a charged particle.
Here we will consider all of these three kinds of memory
effects. The charged particle will be constrained on a time-
like, r ¼ r0 hypersurface. r ¼ r0 is a fixed radial distance
which is very large, which means that the particle is very far
from the gravitational and electromagnetic source. The
induced metric of this hypersurface can be derived by
inserting the solution space in the previous section into
Eqs. (2.3) and (2.23), which in series expansions is given by

ds2 ¼
�
1þ 1

r0

�
Ψ0

2 þ Ψ0
2 −

1

3
φ1∂uφ1

�
þ 1

12r20
ð12ϕ0

1ϕ
0
1 − 4ðΨ0

1 − 4ðΨ0
1 þ 2ðφ1ðφ1

þ 2φ1ððφ1 − 4φ2∂uφ1 þ 2φ1∂uφ2Þ þOðr−30 Þ
�
du2 þ 2

�
−
ðσ0

Ps
þ 1

6Psr0
ð4Ψ0

1 − φ1ðφ1Þ þOðr−20 Þ
�
dudz

þ 2

�
−
ðσ0

Ps
þ 1

6Psr0
ð4Ψ0

1 − φ1ðφ1Þ þOðr−20 Þ
�
dudz̄þ

�
−2

σ0r0
P2
s
þ 1

3P2
sr0

ðΨ0
0 þ σ0φ2

1Þ þOðr−20 Þ
�
dz2

þ
�
−2

σ0r0
P2
s
þ 1

3P2
sr0

ðΨ0
0 þ σ0φ2

1Þ þOðr−20 Þ
�
dz̄2 − 2

�
r20
P2
s
þ −φ2

1 þ 4σ0σ0

4P2
s

þ −φ1φ2

3P2
sr0

þOðr−20 Þ
�
dzdz̄: ð4:1Þ
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One should notice that here we fix the topology of the 2-
surface, i.e., P ¼ P̄ ¼ Ps ¼ 1þzz̄ffiffi

2
p . The induced Maxwell

field on the r ¼ r0 hypersurface is

Fuz ¼ −
ϕ0
2

Ps
þ 1

2Psr0
ðaϕ0

2φ1 − 2σ0ϕ0
2 þ 2ðϕ0

1Þ þOðr−20 Þ;

Fuz̄ ¼ −
ϕ0
2

Ps
þ 1

2Psr0
ðaϕ0

2φ1 − 2σ0ϕ0
2 þ 2ϕ0

1Þ þOðr−20 Þ;

Fzz̄ ¼
ϕ0
1 − ϕ0

1

P2
s

þ ðϕ0
0 − ðϕ0

0

P2
sr0

þOðr−20 Þ: ð4:2Þ

The dilaton field on the hypersurface is

φðu; r0; z; z̄Þ ¼
φ1ðu; z; z̄Þ

r0
þ φ2ðu; z; z̄Þ

r20
þOðr−30 Þ; ð4:3Þ

where

∂uφ2 þ ððφ1 ¼ 0: ð4:4Þ
The equation of motion of a free-falling charged particle on
this hypersurface is

Vνð∇νVμ þ qFν
μÞ ¼ 0: ð4:5Þ

where V is the tangent vector of the particle worldline, ∇ is
the covariant derivative on this three-dimensional hyper-
surface, and q is the charge of the particle.
According to [24], we impose that V has the following

asymptotic expansion:

Vu ¼ 1þ
X∞
a¼1

Vu
a

ra
; Vz ¼

X∞
a¼2

Vz
a

ra
: ð4:6Þ

Then we solve (4.5) order by order. The solution up to
relevant order is

Vu
1 ¼ −

1

2
ðΨ0

2 þΨ0
2Þ þ

1

6
φ1∂uφ1;

Vz
2 ¼ −Psðσ0 þ qP2

sA0
z̄ ;

Vu
2 ¼ q2P2

sA0
zA0

z̄ þ
1

6
ððΨ0

1 þ ðΨ0
1Þ þ

3

8
ðΨ0

2 þ Ψ0
2Þ2

− ðσ0ðσ0 −
1

2
ϕ0
1ϕ

0
1 −

1

4
ðΨ0

2 þ Ψ0
2Þφ1∂uφ1

−
1

12
φ1∂uφ2 þ

1

6
φ2∂uφ1 þ

1

24
ðφ1∂uφ1Þ2

−
1

12
ððφ1ðφ1 þ φ1ððφ1Þ;

Vz
3 ¼ Ps

�
2ðσ0σ0 þ 2

3
Ψ0

1 þ
1

2
ðσ0ðΨ0

2 þΨ0
2Þ
�

− Ps

Z
dv

1

2
ððΨ0

2 þ ðΨ0
2 þ 2qðA0

uÞ;

− 2qP2
sσ

0A0
z þ qP2

sA1
z̄ −

1

6
Pðσ0φ1∂uφ1; ð4:7Þ

where we have set all integration constants of u to zero
since we require that the charged particle is static initially.
At r−20 order, we can see that V has angular components. In
other words, gravitational and electromagnetic radiations
characterized by σ0 and A0

z cause a free-falling charged
particle to rotate over some tiny angle about the “center” of
the spacetime r ¼ 0. The leading memory effect is the
velocity kick of the charged particle

ΔVz ¼ −
1

r20
ðPsðΔσ0 − qP2

sΔA0
z̄Þ þOðr−30 Þ: ð4:8Þ

The leading memory effect consists of two parts, namely
the gravitational part −PsðΔσ0 and electromagnetic part
qP2

sΔA0
z̄ . They are mathematically equivalent to leading

soft graviton theorem [20] and leading soft photon theorem
[32], respectively, by a Fourier transformation. That is why
we call this a unified expression of leading gravitational
memory effect and leading electromagnetic memory effect.
It is the same as the result in Einstein-Maxwell theory [25],
which means that the scalar field has no contribution
to the leading memory effect. Besides this, we can not
see the coupling effect in the leading memory effect. We
should notice that the change of the velocity of the charged
particle (the velocity kick) is considered a distinct effect
from the displacement memory effect. The gravitational
memory is a property of a gravitational wave characterized
by the change of the asymptotic shear Δσ0 [10]. The
velocity kick we discuss in this paper and the relative
displacement of nearby observers (e.g., in [20]) are differ-
ent observational effects of the gravitational wave with
memory.
According to the treatment in electromagnetism [31], the

subleading memory effect is a position displacement of the
charged particle,2

Δz ¼
Z

Vzdu ¼ −
1

r20

Z
duðPsðσ0 − qP2

sA0
z̄Þ þOðr−30 Þ:

ð4:9Þ

The gravitational contribution −
R ðPsðσ0Þdu has a rel-

evance to the subleading soft graviton theorem (see [22] for
specific discussion), and the electromagnetic contributionR ðqP2

sA0
z̄Þdu has a relevance to the subleading soft photon

theorem (see [31] for further discussion). So we call this a
unified expression of the subleading gravitational memory
effect and subleading electromagnetic memory effect. The
result is the same as that in [25]; we do not see the coupling
effect in this subleading memory effect either.

2We have used the fact that du ¼ dχ þOðr−10 Þ, where χ is the
proper time.
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Another subleading observational memory effect is a time delay of the observer [24,33]. It is a kind of spin memory
effect. The time delay of a charged particle will also have contributions from the electromagnetic radiation and the scalar
radiation. Since V is timelike, the infinitesimal change of the proper time can be derived from the covector3

dχ ¼
�
1þ 1

6r0
ð3Ψ0

2 þ 3Ψ0
2 − φ1∂uφ1Þ þ

1

r20

�
−
1

8
ðΨ0

2 þ Ψ0
2Þ2 −

1

6
ððΨ0

1 þ ðΨ0
1Þ þ ðσ0ðσ0

þ 1

2
ϕ0
1ϕ

0
1 − q2P2

sA0
zA0

z̄ þ
1

12
ððφ1ðφ1 þ φ1ððφ1Þ −

1

6
φ2∂uφ1 þ

1

12
φ1∂uφ2

þ 1

12
ðΨ0

2 þ Ψ0
2Þφ1∂uφ1 −

1

72
ðφ1∂uφ1Þ2

��
duþOðr−30 Þ: ð4:10Þ

The electromagnetic contribution ð1
2
ϕ0
1ϕ

0
1 − q2P2

sA0
zA0

z̄Þ
comes one order higher than the gravitational contribution
1
2
ðΨ0

2 þΨ0
2Þ in the 1

r0
expansion, but the scalar contribution

− 1
6
φ1∂uφ1 appears as the same order as the gravitational

contribution, which means that the scalar effect is stronger
than the electromagnetic effect and it is of the same order as
the gravitational effect. The coupling constant a does not
show in Eq. (4.10) which means that we cannot find the
effect of the nonminimal coupling of the scalar field and the
electromagnetic field at this order. We can find a scalar-
gravitational coupled term 1

12
ðΨ0

2 þ Ψ0
2Þφ1∂uφ1 which is

the same order as the electromagnetic contribution. Except
this, we cannot find any other term about the coupling of
the gravitation and matter fields at this order in this spin
memory effect.

V. CONCLUSION

In this work, we studied the EMD theory in NP
formalism. We derived the NP equations of the EMD

theory and obtained the asymptotically flat solution space.
The solution space is an extension of [28] in NP formalism.
It allows us to investigate the memory effects in EMD
theories. We found that the dilaton did not contribute
to the kick memory effect, nor to the displacement memory
effect. However, the dilaton contributes to the time-delay
memory effect, and the dilaton contribution arises in the
same order in the large r expansion as the gravitational
contribution, and it is one order lower than the electro-
magnetic contribution. Furthermore. we also discovered a
scalar-gravitational coupled term in the same order as the
electromagnetic contribution in the time-delay memory
effect. However, we found that there was no observable
effect associated with the nonminimal coupling between
the Maxwell and the dilaton field in all of these three
memory effects.
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