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Memory effect and BMS symmetries for extreme black holes
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We study horizon shells and soldering freedom for extreme black holes and how supertranslation-like
Bondi-Metzner-Sachs (BMS) symmetries appear as soldering transformations. Further, for a null shell
placed infinitesimally close to the horizon of an extreme Reissner—Nordstrom (RN) black hole, we show
superrotation-like symmetries also arise as soldering freedom. Next, considering the interaction of
impulsive gravitational waves supported at the horizon shell with test particles, we study how the
“memory” (or the imprints) of BMS-like symmetries gets encoded in the geodesics (test particles) crossing
the shell. Our study shows, timelike test particles get displaced from their initial plane when they cross the
horizon shell. For a null geodesic congruence crossing the horizon shell, the optical tensors corresponding
to the congruence suffer jumps. In both cases, the changes are induced by BMS parameters that constitute
the gravity wave and matter degrees of freedom of the shell.
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I. INTRODUCTION

Gravitational memory effect has been an active area of
research, and it has attracted researchers across the dis-
ciplines from classical gravity and gravitational wave
astronomy [1-6] to researchers in the area of quantum
gravity [7-12]. The feature that characterizes memory
effect is a permanent displacement of test particles after
the passage of a burst of gravitational waves. Memory
effect may prove to be a very promising field where many
predictions of classical general relativity (GR) can be
tested in the coming advanced detectors like the advanced
LIGO or LISA [13,14]. On the other hand, its connection
with soft theorems and asymptotic symmetries of space-
times has given an intriguing chance to dig into the
quantum structure of gravity in the low energy or infrared
limit [7-9,15].

Extreme black holes are important to the GR and String
theory community, primarily because of its relevance in the
calculation of black hole entropy [16]. Extreme black holes
allow conformal symmetry when we zoom in to its near
horizon geometry, and this played a crucial role, not only in
the study of quantum black holes, but also in finding new
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kinds of hairs in extreme black holes [17]. As it has been
studied that almost 70% of astrophysical black holes are
near extremal and many super-massive black holes are also
near extremal [18-22], more attention needs to be paid in
exploring the properties of these black holes.

In earlier studies [23,24], in the context of stitching two
spacetimes across a null hypersurface, it has been shown
that BMS-like [25] asymptotic symmetries can be recov-
ered at the event horizon of black holes when one demands
the induced metric on the horizon remains invariant under
arbitrary coordinate transformations owing to satisfy the
junction conditions. As gluing two geometries across a null
hypersurface (like the event horizon of a black hole)
generally produces thin shells containing some matter,
these shells at the event horizon are termed as “horizon
shells” [26,27]. These horizon shells become a history
of an impulsive gravitational wave supported at the
horizon. Similar kinds of studies in the context of plane-
gravitational waves can be found in [11,12,28]. Impulsive
gravity waves are generated during violent astrophysical
phenomena such as supernovae explosions, the merger of
heavy black holes, etc. Therefore, it would be interesting to
study the measurable effects of such signals on test
detectors. In this paper, we explore the horizon shell in
extreme black holes and the “memory” encoded in the
geodesics crossing the shell. We find the BMS-like
asymptotic symmetries are recovered at the horizon of
the Extreme Reissner—Nordstrom (ERN) black hole. We
also find the shell-intrinsic quantities in different situations.
Although astrophysical black holes are extremal in their
rotation parameters, due to lack of spherical symmetry,
horizon shells in rotating spacetimes are difficult to
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analyze. For this, as a first step towards attempting an
analysis of “memory effect” in the context of horizon shells
in 4-dimensional rotating spacetime, we have considered an
extreme RN black hole. This study can provide us some
insights about more generic considerations.

The recent extended version of BMS symmetry also
contains superrotation symmetries, which are defined as
arbitrary conformal transformations on the celestial
sphere [29]. In a shell placed close to the horizon of
an ERN black hole, it is shown how superrotation-type
symmetries in the form of conformal transformations can
be recovered near the horizon of ERN. We also briefly
discuss the soldering symmetries of an extreme rotating
Bafiados-Teitelboim-Zanelli (BTZ) black hole.

Next, we study the interaction of impulsive gravitational
waves (IGW) with test geodesics crossing the horizon shell
[30]. For a nonrotating and neutral black hole, it has been
shown in [31], how BMS-like symmetries are encoded in
the deviation vectors for timelike geodesics crossing the
horizon shells. Therefore, these geodesics, or test particles,
carry imprints of BMS-like symmetries upon crossing the
horizon shells and this is regarded as a memory effect.
Here, we repeat the analysis for the case of extreme black
holes and show the memory is parametrized by BMS
supertranslation parameters. For null geodesics, we see the
effect of crossing a horizon shell supporting IGW is to
trigger a discontinuity in the B-tensor, whose different
irreducible parts are the optical tensors (e.g., expansion,
shear, etc.) [31]. This jump in B-tensor components
induced by the interaction of test geodesics with the shell
is termed as “B-memory” [28]. For a horizon shell in an
ERN black hole, we find that the effect of the passing of
timelike geodesics across the horizon shell is to deflect the
test particles off the initial surface, where they were placed
before the interaction of IGW. The displacements are
determined by the shell’s intrinsic quantities that are
parametrized by BMS transformation parameters. For null
geodesics, we find jumps in the expansion and shear
corresponding to the geodesic vector crossing the horizon
shell transversely. Here again, the jumps are expressed in
terms of BMS-like parameters.

Let us briefly summarize how the draft has been
organized. In Sec. II, we briefly review the formulation
based on which we would calculate the shell-intrinsic
properties. In Sec. III, we study the horizon shell in
ERN spacetime and calculate the intrinsic properties of
the shell. The connection of the ERN shell with conformal
symmetries is elucidated via studying shells close to the
near horizon of an ERN metric. The horizon shells of
extreme BTZ black holes are also discussed, and the details
are displayed in Appendix A. Section IV contains the
description of memory effect for timelike detectors crossing
an ERN horizon shell. In Sec. V, we introduce a B-tensor at
the horizon and off the horizon shell, and B-memory effects
for null detectors are discussed. Finally, we conclude with a
discussion on the results of this study and indicate some
future extensions of this work.

II. HORIZON SHELLS, IGW, AND BMS-LIKE
SOLDERING FREEDOM

The standard formalism of IGW relies on the patching
of two spacetimes. When two spacetimes are being glued
across a null surface, the Riemann tensor expression
produces a singular term proportional to the Dirac delta
function. As a result, to satisfy the Einstein field equation,
the stress-energy tensor should also contain a singular
piece associated with the matter present on the hyper-
surface. This is referred to as a thin shell, or a surface
layer, on the hypersurface. When the null hypersurface
across which two spacetimes are glued becomes the event
horizon of a black hole, the thin shell is termed as a
horizon shell.

Let us briefly discuss how IGWs arise in the context of
gluing two manifolds M, and M_ across a common null
hypersurface ~. We shall use lower case latin letters to
denote hypersurface coordinates and greek letters for
spacetime indices. In other words, for 4-D case, a spacetime
index runs as y = 0, 1, 2, 3 and a hypersurface index runs
as a = 1, 2, 3. Latin upper case letters are used to specify
the (codimension one surface) spatial coordinates on the
hypersurfaces. Let us setup the coordinates for M_. as x/_
with metrics g;; (x’,) and a common coordinate system x*
across the null hypersurface X. We denote y“ as coordinates

on the hypersurface with tangent vectors ef, = g—;‘” If we

consider Kruskal type coordinates, y* can be written as

y¢ = (V,y*), and we can write ¢, = %. The hypersurface

is defined as ®(x) = 0. Define the normal vector n* to the
hypersurface as n* = ¢g"*0,®(x). We also define an aux-
iliary vector (nonunique) N¥, which is transverse to the
hypersurface X, with normalization conditions N - N = ¢,
n-N=—1ande, - N = 0 to study the extrinsic properties
of the shell. For convenience, ¢ is taken to be 0 and —1 for
N* null and timelike, respectively. In terms of a common
coordinate system, we have

] = [ea] = [N*] = 0.
Here, ‘[]’ denotes the difference of quantities between
+ and — sides. We must also mention here that a

pseudoinverse (nonunique) of the degenerate metric g,
can be introduced [26] and be denoted by ¢?*. For studying
extrinsic properties of the null hypersurface, one can use a
basis by pairing the four vectors (N¥, e4). In terms of these
basis vectors, one can write the inverse metric (or the
completeness relation) as follows:

g = giehel — n“ehNY — nteN*, (2.1)

with the condition

PN, —n?(N-N) =0 [27). (2.2)
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The metric’ takes the following form in this common
coordinate system [26,32]

G = G H(®) + g, H(—P), (2.3)

where H(®) is a Heaviside step function. And the junction
condition is

[9ab) = 91 — 92, = 0. (2.4)

Using the junction condition, we have

Rﬂvpa = R-HlvpoH(q)) + R_ﬂvp5H<_(D) + Qﬂwgﬁ((b),
2.5)

where any nonzero component of the last term, given by
O!,e = —([I*,5]n, — [I*,,]n,), implicates the existence
of an IGW on the null hypersurface. The full stress-energy
tensor is given by

T, =T, H(®)+ T, H(-P) +S,06(P), (2.6)
where the stress-energy tensor S*¥ can be written as,
S = puntn® + JA(n* el + nvel) + potBeley.  (2.7)

The S, projected on X is S,, = e4ebS,,, where 68 is a
nondegenerate metric for the spatial slice of the surface of
the null shell; A and B denote the spatial indices. It is easy
to deduce the singular part of the Einstein equation from
(2.5) and (2.6) in terms of Q-tensor and §,,,. Consequently,
all measurable quantities on the shell are expressed in terms
of the components of the stress-energy tensor. The intrinsic
quantities of the shell are surface energy density, surface
current, and pressure denoted as y, J4, and p, respectively,
and have the following form [26,27,32,33]:

1 1
ﬂ:—aﬁAB[’CAB]; JA:gdAB[KVB]? p= [Kyvl.

(2.8)

1
87

The properties of the shell are stored in [0,9,,] = 7,7
which says that the jump in the partial derivative of the
metric is proportional to y,,. Furthermore, extrinsic curva-
ture is related to the first derivative of y,;, on the shell in the
following way:

Yab = NH [augab] - 2[}Cab]’ (29)

together with

Kup = €€y V,N,. (2.10)

1
Note that N, e, = N,.

Note that y,, is related to transverse traceless components
of 7., by the following relation:

. 1 1
Yab =7Vab _igfsdycdgab +27(ng) + <NaNb _EN'Ngab) yT’

(2.11)

by, =7rmn®, and we also define

where y' =y, ,nn
v ="y

Now let us touch upon how BMS-like transformations
occur when we glue two spacetimes across Z. The details of
the same can be seen in [23,24,31]. BMS symmetries arise
as the freedom of allowing general coordinate transforma-
tions (diffeomorphisms) that preserve the induced metric
on the event horizon, when we patch two spacetimes across
it. These possible transformations thus can be calculated
by solving the Killing equation on the hypersurface [23].
So we require

L29ay =0, (2.12)
expanding this equation
ancguh + (aazc)gcb + (ahzc)gca =0, (213)

and working with g,y = 0%

ZY 0y gap + Z0cgap + 04Z gpc + OpZ gac = 0.
(2.14)

Considering the metric g4 to be independent of V, then Z"
remains unconstrained and can be of the form
ZV = F(V,0,¢). Further, if we set L;n% = 0, one gets a
restriction on Z":

oz =0= Z" =T(x"). (2.15)
It generates a supertranslation-like transformation, which
can be written as

V= V4 T(Y). (2.16)

A. Superrotation

Recently, an extended version of BMS symmetries has
been obtained that contains a new kind of symmetry called
“superrotation” at the asymptotic null infinities as well as
near the horizon of black hole spacetimes [23,24,29,34].
These are local conformal transformations of the celestial
sphere at null infinities [8,35]. In [24], it was also shown,
if one relaxes the condition that g,z is independent of V,
one can recover superrotation-like symmetries. This can be

*We have adopted a Kruskal type coordinate system here.
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seen from Eq. (2.14). If one allows conformal transforma-
tions to the spatial metric g45 and compensates that by a
corresponding shift in V' direction, we can still satisfy
Eq. (2.14) or the junction condition. If a null hypersurface
has a topology R x S, then one can allow conformal
transformations on the (unit) sphere. This reduces the part
that contains purely spatial derivatives of Eq. (2.14) to
Q(x*)g,p.> This means one needs to find a solution of the
following equation:

ZV0ygap + Q(x*)gap = 0. (2.17)
In [24], it has been shown that a solution can always be
found if g45 can be expressed as a product of smooth
functions of V and x*. Examples of such cases are null
cones of constant curvature spaces and a null surface close
to the horizon of a black hole [24]. The local conformal
transformations, which are being employed on g,, are thus
equivalent to superrotations. We shall discuss superrota-
tions for extreme black holes in Sec. III B.

III. INTRINSIC PROPERTIES OF AN EXTREME
RN BLACK HOLE

In this section, we follow the recipe indicated in [24,31].
‘We have a seed ERN metric, which is identified as manifold
M _, and consider a metric for M, manifold on which we
do a supertranslation type coordinate transformation. The
ERN metric in Eddington—Finkelstein (EF) coordinates for
M_ manifold is given by

M\?2
ds? = — (1 -~ —> dv? + 2dvdr + r*(d6* + sin’60)d¢?,
r
(3.1)

: _ _ d
Wlth’l]—[-f-r*—t-f—fm.

We perform the supertranslation type transformation on
the v, coordinate and keep other coordinates unaltered:

vy, =v+T0,¢); ro=r, 0,=0, ¢, =¢. (3.2)

Under these transformations, the metric takes the follow-
ing form:

ds? = — <1 - %)2(@ +Ty(0,$)d6 + T4(0, p)dgp)>?

+ 2(dv + Ty(0. ¢)d0 + T 4 (0, p)dp)dr + r*dQ3,
(3.3)

where the horizon 1is situated at r=M and
To(0.¢) = 0T (0.9), T4(0,¢) = 0,T(6.¢p). We choose

3Using the relation £, g, = Q(x*)gyp for spatial components
of Z.

the transversal (or the auxiliary null normal) vector
N, = —1. We use (2.10) to compute the extrinsic curvature
Koo, Kypp and Ky on the horizon. Finally, using (2.9), we
get expressions for y,y,
(i) va0 = 2VoTy(0, )
(i) 749 =2V4T4(0, )
(i) 7oy = vp9 = 2VoT (0, ).
Collectively, one can write y,5 = 2V, T5. Note that y,p is
symmetric in A, B. Notation ‘V’ denotes the covariant
derivative of T'(x*) with respect to the unit 2-sphere metric.
Now using (2.11), one can also compute the transverse
traceless part of y,;:
() 700 = VoTo(0,¢) = 55 Vs Ty (0. ¢)
(i) 7ap = 790 = 2VoT 4(0, @)

A. Shell-intrinsic properties

With the help of extrinsic curvature expressions, we
directly compute the surface energy density of the shell as

1

— AT, ).
8M*rn (0.4)

H=- (3.4)

The surface current J4 and pressure of the shell is given by

p=0. (3.5)
Interestingly, the current turns out to be zero in EF
coordinates unlike the Schwarzschild or nonextreme case
[23]. It is easy to see from (3.4) that the energy density is
conserved along the null direction of the shell, i.e.,
0,u = 0. However, there is no nonzero charge correspond-
ing to this supertranslation-like BMS translation as it
vanishes when evaluated on the spherical surface.

Now, let us try to see if we can get a shell without matter
supporting only gravitational waves. For this, one needs to
see if there is any regular solution of the equation obtained
by setting u equal to zero:

APT(9,¢) = 0. (3.6)
This is a Laplace’s equation on a sphere. We know this
Laplacian has spherical harmonics Y}"(0, ¢) as eigenfunc-
tions with —/(/ + 1) as eigenvalues. However, here we have
only / = 0 as a feasible solution, which corresponds to a
constant only. Therefore, the allowed shift in the » direction
is of the form
v v+, (3.7)
where ¢ is a constant. Direct substitution of this into the
components of 7,, yields zero. So, there can’t be a shell
supporting pure gravitational waves. A similar situation
was also obtained for the Schwarzschild case [23]. Next,
we would like to see if conformal symmetries can be
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recovered as soldering freedom in ERN spacetime. To see
this, one must remember that shells in constant curvature
spacetimes can produce conformal isometries as soldering
freedom when Penrose’s cut-and-paste approach is
employed [27,30]. The basic technique is to glue two
metrics across a null surface after performing a conformal
transformation to the spatial part of the metric and a
subsequent shift in the null direction on one side before
attaching the other side [30,36]. In the following subsec-
tion, we wish to find conformal symmetries in the ERN
horizon shell from a similar kind of construction.

B. Superrotation near the horizon
of ERN spacetime

As outlined in Sec. II A, superrotation-like soldering
freedom can be obtained if one finds a metric that contains
a V dependent spatial part (g45) [24] at some U. Let us now
examine this for a horizon shell in ERN spacetime. We
introduce a null coordinate U with the help of retarded null
coordinate u = ¢ — r, and write (3.1) as [37]

where,
M\ 2
0= (1-4)’
r M
r, = r—M—|—2M<ln u- 1‘ _Z(TM)>;
u==2r.(M-U0), (3.9)
and
du
2dU :m‘ (3.10)

Using r, = (v —u)/2 for small U, one finds r(U, v) as

v
r(U,v) =M - U—f—WUZ + O(U?).

(3.11)

The metric (3.8) is analytic at the event horizon where
U = 0. Now, let us consider a null surface just outside the
horizon. For small U # 0, the spatial section of the metric
should now become a function of ». Therefore, as discussed
in Sec. I A, we can recover superrotation-like symmetries
on the shell situated close to the horizon. To understand this
clearly, we reparametrize the metric of the unit sphere in

terms of complex coordinates z, Z and write dQ3 = (lzizz‘gz.

Now, we perform the following transformations in the
(say) + side of the shell placed at U = e (with ¢ small)

i- 2+ f(2; z-zZ+f();
v— (1 —Q(z,7)) —AZ—;Q(z,Z)) + 2—14252(@2)) + O(e),

(3.12)

where f(z) and f(Z) are holomorphic and antiholomorphic
functions. These transformations will induce an infinitesi-
mal conformal transformation on the unit 2-sphere satisfy-
ing the Eq. (2.17). The conformal factor Q(z,Z) is
expressed in terms of z, Z, f(z), and f(z). As long as
€ # 0, the transformation is valid and if one sets ¢ = 0, then
one must also set Q(z,Z) equal to zero indicating at the
horizon these transformations do not exist. Therefore, the
shell placed near the horizon of an ERN black hole gives
rise to superrotation-like soldering transformations [24].
The intrinsic properties of this shell can be obtained by a
similar manner as described earlier.

IV. MEMORY EFFECT:
EXTREME RN BLACK HOLES

In this section, we shall study the memory effect for ERN
black holes on timelike geodesics. To study memory effect,
one needs to calculate geometric quantities and their
derivatives at the horizon. We also need to extend compo-
nents of geodesic tangents and deviation vectors in a near
vicinity of the horizon shell orthogonally. A natural choice
for this should be a Kruskal-like coordinate system that is
regular at the event horizon. In [38], a maximal analytic
extension of an ERN black hole was constructed by over-
lapping two sets of double null coordinates. The construction
is useful for examining global features of the spacetime, but
due to the presence of trigonometric functions, it provides
less analytical control at the event horizon (for example, the
metric is not C' at the event horizon). In Kruskal type
coordinates, one uses an exponential mapping from usual
advanced or retarded null coordinates, which provides a
better analytical control. However, for extreme cases, since
the horizon is degenerate (surface gravity k = 0) the Kruskal
coordinates [e.g., u = —LIn(—U)] are constant for any value
of advanced or retarded coordinates. This can be remedied
using a slightly modified version of Kruskal coordinates as
presented in [39].

Therefore, we shall adopt a Kruskal extension that
unambiguously places the shell at U = 0 and is also better
suited for memory effect analysis.

Recall u =t —r,; v = t + r, and the tortoise coordinate
is given by

M 1

r, —r—|—2M<ln(r—M)—7(r_M)

) -+ constant.

(4.1)

Although r, can be made continuous at the event horizon
(r = M) by taking the Q? — M? limit from the r, of
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nonextreme case (here Q is the charge parameter of the RN
black hole) [39], but the Kruskal transformations become
divergent exactly at r = M as they are related by

1 1
=——In(-U); =—In(V),
u Kn( ) v Kn( )

and « = 0 at the horizon. Therefore, the following trans-
formations for the metric (3.1) are to be made [39]

u=—y(=U)  v=y(V) (4.2)
where we consider y(V) to be of the form*
M
V)=4M(InV - — ). 4.3
w(v) =m (v - 17) (43)
Near the horizon
1
r. ~§1//(r—M). (4.4)
Under this assumption, the metric is given by,
(r—M)
ds* = —Tl//(—U)’y/(V)’dUdV +7r2dQ3,  (4.5)

where prime denotes the derivative of function y(—U) with
respect to U and the derivative of function y(V) with
respect to V. The transformations are not well defined if the
metric is degenerate on the horizon. However, we construct
the asymptotic form of the metric as one can have, in the
asymptotic limit, t~r, and u~=2r, ~—-y(r—M).
Therefore, the inverse transformation is

U=y~ ()~ —p (= M) = ~(r= M), (46)
together with
2
w(=U) ~ r4—MM + (rz_MM)z- (4.7)

Note that yw(V) is regular as it is finite and nonzero
everywhere. Thus, we have a set of Kruskal coordinates
that are well defined on the horizon. The metric is written
as [39]

2M?

ds®> = —==——y/(V)'dUdV + r*(U)d<Q3.

2 (4.8)

We would consider this metric and study the off-shell
extension of the transformations and memory effect.

“In general for any & w(&) =4M(Iné — 2M§)~

The construction follows the one considered in [31]. We
must mention here, for an extreme-Kerr metric, similar
kinds of (U, V) coordinates can be obtained as the structure
of r, is almost identical to (4.1). However, for obtaining the
shell’s intrinsic properties and to study memory effect, one
needs to find the extension of the soldering freedom off the
shell. For a full 4-dimensional rotating metric, this is not an
easy task.

A. Off-horizon shell extension of soldering
transformations

To determine the stress tensor supported on the horizon
shell, we extend the soldering transformations off the
horizon shell by making an expansion to linear order in U
to one side of the shell [23]. We shall call this an “off-
shell” extension of soldering transformations. Of course,
the soldering procedure should be consistent with the
junction conditions so that the metric remains continuous
across the horizon shell. We also find the generators for
off-shell soldering transformations and determine the
exact off-shell coordinate transformations to the linear
order of U. More detailed description can be found
in [23].

We extend the soldering transformations off the horizon
shell in the M, side for the extreme RN black hole. As
U= —(r—M) and r = M on the horizon, U = 0 on the
horizon shell. The off-shell soldering transformations to the
linear order in U are given by

U, =UC(V,x"); V,=F(V,x) + UA(V,x");

x4 =x + UBA(V, x%), (4.9)

where x* denote (0, ¢). We first need to determine the
functions A(V,x%), C(V,x*), and B(V,x%). For this, we

take the transformed metric and compare g, components
with the nontransformed metric. We determine

avl//(V)
C = 4.10
Syy(F) (4.10)

M Fy
= onBABB 4.11
o (4.11)
1

BA = dyp(V) ver ABF, (4.12)

where 645 is a unit 2-sphere metric. Now, we specialize our
calculations for the BMS case, i.e., for V. — V + T(0, ¢).
We can explicitly write the metric components linear
in U:

044041-6
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Uggledx“dxh
— MU { (— ”’1(‘;2)” + M%SZ)T/), l//(T)”> av?
(3l ) v
+ "’;4—‘/2) (TAB + T4 aﬂ;?, B f(?ﬁ) Aol
2p (V)

- T, cot0dOd¢ + B sin 6 cos 6’d¢2] ,

(4.13)

where y(T)' denotes the derivative of function y(7) with
respect to T, and y/(V)' is the derivative of function y (V)
with respect to V. For M_ manifold, the metric is

Ugilb)_dx“dxb = —2MUoc ,pdx*dxB. (4.14)
Recall the normalization conditions n*n, =0 and
n*N, = —1. The auxiliary normal is chosen to be

N* =(1,0,0,0). Now, we can extract all components of
Yap using (2.9). The components of y,;, are given by

v =2y + M) @S

Yva = 2%7} (4.16)

roo = 2w (V) (T% i TI%IIIE(T? - l//](‘;)’ w%’)’) 17
ro0 = 200) (T + 13 A0 w2

+T9sinecose+M;i?—‘2/)9/) (4.18)

T,T
Yop = Yo = 2y(V)' (W(T; w(T)" +Tyy—T, cot@).

(4.19)

Next, we directly compute the transverse traceless
components 7,;:

Yop = Vo = Yoy (4.20)
. 1 Y
Yoo = ) (790 - ﬁ) (4-21)
. 1 .
Yop = E (]/(/)4, — Yoo SlIl2 9) (422)

Other components can also be calculated in the same way.
We can estimate surface energy density in the following
manner:

1 1
T () B e
Therefore,
y(V) 1 1
= — ADT(, p) —2M —
=g \B TOD) 2 e Ly
13\ y(1)"

2y ¥ . 4.24
+ (i ) i) 424)

The surface current and surface pressure have the following
forms:
1 T "
J A = ) O'A B TB —W( ) 7
8zM w(T)

). @)

(4.25)

P TR

where 62 is the inverse of the unit 2-sphere metric. Here,
unlike the EF shell, we get nonvanishing current and
pressure.

B. Memory effect for timelike geodesics

Let us now consider two timelike geodesics crossing the
horizon shell supporting the IGW. We determine the change
in the deviation vector between two nearby geodesics passing
the horizon shell. We work in a local coordinate system in
which the metric is continuous, but its first derivative is
discontinuous across the null surface. The effect of the IGW
on geodesics has been also studied in different setups [40—43].
Here, we follow the setup depicted in [27,31,33].

Let us consider 7* to be a unit timelike vector field with

GuTHT" = —1. (4.27)

The integral curve of T* passes through the null shell

situated at . Consider the deviation vector between two

nearby timelike geodesics is X* with g, 7#X* = 0. The
geodesic equation for X* is

Xr = —R”pm;Tf’X”Tﬁ. (4.28)

We assume the jump in the derivatives of 7% and X* are

proportional to the normal n*,

for some P* and W# defined on X. Integration of the second

condition in (4.29) expresses X* off the shell to linear order
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in U. Further, we set up a triad {E,} by parallel trans-
porting {e,}s (defined in Sec. II) on X, along the timelike
geodesics generated by T#. Next, X can be decomposed as

Xt = X,T"

@+m%

(4.30)
where X, X{j are some functions (evaluated at X), and the
vector fields evaluated at X are denoted by a subscript (0).
With the help of (4.27), (4.29), (4.30) and introducing a set
of basis vectors {Ej;} for three vector fields {E,}, one can
express X* for small U > 0 as in [27,33]

N 1 -
Xa = (gab + 5 U}/ab>X?0) + UV(O)a’ (431)
where Vi) = % |y—o and g,, given by
Gab = Gap + (T (o)) (T 0)€})- (4.32)

Next, we decompose y,;, in (4.31) into transverse and
traceless parts in order to see the effects of impulsive wave
and stress energy of the shell, separately,

Yab = ?ab + J_/ab? (433)
where
771117 = 16x (gacSCdeNb + gchCdeNu
1 d 1 d
- Egcdsc N,Ny, — EgabSC NNy |. (4-34)

From here, choosing e}, = n* and NV = T’(‘O) [33], we
obtain

(4.35)

Yve = 167gpcSVE; 7ap = =878V gup.

where 7yp is symmetric in lower indices. It is to be
noted, choosing the transverse vector N¥ = ’(‘0> means
N -N = -1, which is consistent with the conditions
depicted in Egs. (2.1) and (2.2). Now, we impose a
condition on the test particles that initially reside on the
2-dimensional surface. Thus, we set Xy = V(_o)v =0,
where X(g), are components of the deviation vector
before the passage of the IGW at the horizon, and
Vioa= ‘gf—g |y—o- Finally, using (4.35), in this special frame

the deviation vectors become

|
XV = E U}/VBX(BO) = Sﬂ'UgBCsVCXfO) (436)
U B _
XA = XA(O) +7yABX(()) + UV(O)A (437)

2

The term involving y,p represents the distortion effect
of the wave on the test particle. Note that if the surface
current is nonzero, i.e., SV¢ # 0 [see (2.7)], then X, # 0.
This means the test particle will no longer reside on the
2-dimensional surface. It gets displaced off the surface. We
also observe that in the case under study, we have a nonzero
current or nonzero SV¢. Hence, the effect of the passage of
the impulsive wave is to deflect the particles off the 2-d
surface. The spatial components can also be obtained from
(4.37). The expression for the X, component of the
deviation vector is

U
Xo = Xo) + = (reoX’y) + 70sX[g)) + UV (4.38)

2
The X, component can also be recovered in the same way.
One can now replace the requisite components of 7,5 from
(4.20)—-(4.22) and 7,45 from (4.35) into (4.38) to explicitly
see the effect of the IGW and matter part on the deviation
vector.
Suppose the surface current is zero, i.e., J4 = 0, then
(4.36) implies Xy, = 0. Replacing the second expression of
(4.35) into (4.37) yields

1
X, = (1-4zUS") <5AB + 3 UJA’AB>X](%)- (4.39)

From (4.25), it is apparent that the anisotropic stress or
surface current of the shell becomes zero for a constant 7" or
constant shifts of V. In this case, from (4.17), (4.18), (4.21),
and (4.22) it can be seen that the pure gravitational wave
components are identically zero. So for a shell without
surface current, we do not have any effect of gravity wave
on the test particles as opposed to the case studied for a
Schwarzschild black hole in [31]. Therefore, it is impos-
sible to have a relative displacement of the test particles
confined purely in the 2-d plane for the IGW supported at
an ERN horizon shell. The particles will always be
displaced from their initial plane. Clearly, the deviations
between two timelike geodesics are determined in terms of
the supertranslation parameter 7'(0, ¢) contained in y,5 or
the stress tensor intrinsic to the shell. We can integrate the
expressions of the components of deviation vectors and
obtain the shift with respect to the parameter of the
geodesics. This gives us “displacement memory effect.”
For physical shells having ¥V > 0, we can also see there is
a diminishing effect for the transverse components of the
deviation vectors carrying the BMS-like memories.

V. B-TENSOR AND NULL GEODESICS

In this section, we shall study the effect of the IGW on
null geodesics passing orthogonally through the horizon
shell. We would estimate a jump in optical parameters, such
as shear expansion. Throughout this study, we assume a
continuous coordinate system is installed covering both
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sides of the null hypersurface or horizon, and the compo-
nents of the geodesic tangent vector crossing the horizon
are continuous in this coordinate system. Let us consider a
null congruence whose tangent vector is denoted by AV, and
it is orthogonally crossing the hypersurface X supporting
the IGW.” The normalization condition with the normal to
the horizon will be, as usual, n- N =—1,n-n=0 and
N - e =0. The effect of the null geodesic crossing the
surface containing the IGW from (say) “—" side to the “+”
side is to apply a coordinate transformation from past
coordinates to a continuous coordinate system (x*) at X.
This coordinate transformation then serves as the initial
condition to develop it to the future or “+4” side of the shell.
This construction is similar as described in Sec. II, only for
assigning the past and future of the shell unambiguously,
the off-shell coordinate transformations are done in the
“—" side. This has practically no affect on the geometric
constructions outlined in previous sections.

The major object of interest in our study is the failure
tensor, or the B-tensor, with respect to the vector N
projected onto the hypersurface X:

5
B, = B(,;e;’{eg = ejegva./\/oﬂ. (5.1)
The expansion ® and shear X are expressed in terms of the
B-tensor in the familiar way

(C]
Zpp = B(AB) - EJAB»

©=o" BBAB;

where 62 is the inverse of the metric induced at the

spatial section of the hypersurface or the shell. Next, we

determine the off-shell B-tensor by pulling back the

B-tensor at the shell to an infinitesimal distance away
from the shell using [28,31]

X = xfy + UNG(x*). (5.2)

Here, the coordinates on the hypersurface are designated as

xy and related to the continuous coordinates x* via the

above relation. The vector N, provides the initial condition
for obtaining the coordinates x* off the shell:

M N
_ Oxgy Ox

_Wa?BMN(xMO)' (53)

BAB (x)

We expect a nonvanishing change in optical parameters,
which depicts a kind of memory effect on the geodesics.
Since the B-tensor and quantities derived from it encode
the effect of the stress tensor and the IGW supported at
the shell, this covariant version of memory is regarded as
B-memory.

>The chosen congruence obeys hypersurface orthogonality [28].

A. B-memory effect for null geodesics

We consider an extreme RN black hole in Kruskal
coordinates given by (4.8). The tangent vector in past side
to the null congruence is N_ = 1dy. Components of
congruence A, on the hypersurface in continuous coor-
dinates are obtained using (5.2) and calculating the inverse
Jacobian of coordinate transformation (see Appendix B)

A
Ng = (aia) Nﬁ—'lZ

(5.4)

We first find the tangent vector at the hypersurface

Fyy(F) w(F) 2 Fsﬁ
= F
No A( w(VY 6U+2M2FV ey L

~—

Foy(F) . Fyy(F)
- Op — . 5.5
M2 7" M2sin?0 7)) | (55)
From U-component of A,, we determine
V !/
=W (5.6)
w(F)'Fy
Using Eq. (5.2) and the N, expression, we get
w(V) w(V) (V)
Bas =220  py Py - by pyry - YY) Fy,
Fy Fy v
F,F
+ T ()~ TN (57)
v

We will consider now the expressions of ® and X,p
evaluated with respect to Ny and NV _ to find the jumps
in these optical tensors. If we specialize our case for BMS
supertranslation, the nonvanishing change in expansion and
shear on the shell (at U = 0) are

1
(0] =5 (W (VY ADT(0.4) +y(V)'a* Ty Ty)  (58)
_ w(V) _ Tyy
[Zg) = 5 Top + 0 + Tycotd
y)' (-, T}
LA MAR B o S .
T U T sine (5.9)
! .
[Zypp] = vy <—T{,,/, + Ty sin 0 — M)
2 2
V "
+ —l"(z V(12 125in0) (5.10)
[Sap] = —w(V)' Ty + ToT gy (V)" +w (V)T cot,
(5.11)
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where 648 is inverse of the unit 2-sphere metric. Here, we
have nonvanishing jumps for expansion and shear com-
prising BMS parameter 7(6, ¢) and its derivatives. The
jump in the expansion and shear are determined by the shell
stress-energy tensor and a combination of the IGW and
stress tensor, respectively. Here, the term B-memory is used
to recognize the fact that the interaction of the shell with
test detectors gives rise changes in optical tensors, and
these changes are expressed via BMS soldering parameters.
This is similar to the BMS memory effect that one obtains
in the far region of asymptotically flat spacetimes.

B. B-memory effect in off-shell extension of null
congruence

Now, we compute the off-shell extended B-tensor for
the soldering transformation of a supertranslation type.
To find the Jacobians of the transformation used in (5.3),
we write [28,31]

_8763/1_ —1\M
_W_(W )a s

P

where W = (8} — U %Y%) and compute the inverse of the

a A
W matrix as
Uy (V) T Uy (V)
1 I+ yz(/ﬁ snffe - uz(/ﬂ Ty
(5.12)
where
Uy (V) Ty Uy (V)
det(W) = <1 + M2 Sin26 1 + M2 ng
B Uzu/(V)’zT Toy 2c0s0T,
M+ T \sin29 9 )

Here, we also used the fact N (x*) = Ny (x4(x#)).° The full
expression of (5.3) is quite huge to be written here as it will
be the multiplication of two W~! matrices. However, we
display the shortest component of the B-tensor up to linear
order in U here:

Boo=(w"(V)T5—y'(V)Tg9—M)
2U
+W(—00t(9)ll/(v)2T(/)T9(/) =y (V)y" (V)T 4ToTy,
+My' (V)T oo +y'(V)*Tg,

+w' (V)T —y' (V)y" (V)T goT5) + O(U?).  (5.13)

®This follows from the hypersurface orthogonality of the
congruence.

If one sets U = 0, the off-shell B-tensor reduces to on-shell
B-tensor, which we have already computed in the previous
subsection. It is clear from (5.13) that the off-shell B-tensor
also suffers a jump (U dependent) across the null shell
and the jump is parametrized by BMS parameters. Thus,
B-memory effect is again visible in the off-shell extension
of the soldering transformation. An alternative approach to
see the change in B-tensor for the null geodesics crossing
the shell could be to consider the Lie derivative of B-tensor
with respect to the vector field \. This would also give
rise to a B-memory effect for null geodesics.

VI. DISCUSSION

The motivation of this work is to find the memory effect
of the IGW supported at a horizon shell of extreme black
holes for timelike and null geodesics (or test detectors)
crossing the null shell. Although the memory correspond-
ing to BMS type symmetries discussed here is quite distinct
from the memory being studied in the far region or
asymptotic infinities of black holes, this study may serve
as a model for determining the effect of impulsive gravity
waves (together with some thin layer of null matter like
neutrino fluid) generated during violent astrophysical
phenomena on test particles. The appearance of BMS-like
symmetries at the horizon, or at any null surface situated at
a finite distance of a spacetime, provides an intriguing
possibility to investigate direct evidence of those sym-
metries. Our attempt here is to provide a theoretical model
that can capture such symmetries. It would be interesting
to see how our considerations can be related to recent
studies of BMS symmetries on null hypersurfaces and local
horizons [44,45].

Although the mathematical frameworks used in this
paper are already applied to study BMS-memory effect
for nonextreme black holes in [31], several new features
have also been obtained in this study for extreme black
holes. The nature of horizon shells containing BMS
memories for ERN black holes has a nonvanishing
surface current as opposed to the case of nonextreme
(Schwarzschild) black holes [31]. In fact, one cannot have
a physical shell carrying BMS-like charges with a vanish-
ing surface current in the ERN case. This feature changes
the way test (timelike) particles get deflected from their
initial position after passage of the IGW. There are also
other novel features of this study, which we summarize
below in more detail.

(1) We have shown how BMS supertranslation-like
symmetry arises as soldering freedom for a horizon
shell in ERN black holes. We started with estimating
the intrinsic properties of the null shell for ERN
black holes. We also study the BMS type soldering
freedom for the extreme BTZ case. The detailed
study for BTZ black holes is shown in Appendix A.
We observe, for both cases, there is no possibility of
a shell where the IGW and the matter supported on
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the shell get decoupled. Therefore, these horizon
shells do not support pure IGWs without matter.
This is same as in the case of nonextreme
black holes.

(2) We also discussed how conformal symmetries may
arise as soldering freedom when we place a null shell
infinitesimally close to the event horizon of an ERN
black hole. We have related this with the Penrose’s
cut-paste construction. For an ERN black hole,
introducing a double null coordinate system, we
have demonstrated the appearance of superrotation-
like symmetry near (but not on the) horizon.

(3) Next, we performed the off-shell extension of
soldering transformations for ERN black holes.
We used a Kruskal-like double null metric that is
regular at the horizon and obtained the off-shell
extension to the linear order of U. We then computed
shell-intrinsic properties. The Kruskal shell for ERN
has nonvanishing pressure and surface current. This
is in contrast to the Kruskal shell in Schwarzschild
black holes where both of these intrinsic quantities
vanish. Thereafter, we obtained the components of
deviation vectors in terms of BMS-like parameters
that are present in the shell’s stress-energy tensor.
We show the test particles initially at rest get
displaced from their initial plane after they interact
with the shell supporting the IGW and null mater.
This corresponds to the memory effect for timelike
geodesics crossing the null shell. We have also
shown there cannot be a deflection that will keep
the test particles on the initial 2-d surface (codi-
mension 1-surface of the shell) and only induce a
relative displacement between them, as was seen for
a nonextreme black hole [31].

(4) Further, we computed the memory effect for null
geodesics passing orthogonally through the horizon
shell placed in ERN spacetime. We observed there
is a nonvanishing change in optical tensors (the
expansion and shear), which again shows a type of
memory effect (or B-memory) for null geodesics
crossing orthogonally to the null hypersurface. We
also get a finite jump in the expansion and shear for
the congruence at points infinitesimally away from
the shell. Also, due to the nonexistence of a pure
IGW, the jumps in shear cannot be attributed to the
pure gravitational degree of freedom encoded in the
IGW as was found for flat space [28].

The constructions depicted here, in principle, can be
generalized for Kerr and extreme Kerr spacetimes also. A
double null, or Kruskal type coordinate system to study the
memory effect, can be obtained in a very similar manner as
described in Sec. IV, but due to the absence of spherical
symmetry, the analytic calculation becomes much more
challenging. We would like to consider the rotating metrics
in 4-dimensions in the future.

It is known that any spacetime metric can be reduced to a
plane wave metric around a point of a null geodesic. This
was shown by Penrose, and the resulted metric is known as
Penrose limit of a spacetime [46]. As Penrose limit
produces plane wave spacetimes (pp-wave, plane symmet-
ric, homogeneous waves, etc.), it is comparatively much
easier to study geodesic deviation vectors and optical
tensors in those backgrounds. These studies can provide
some useful theoretical setups that may prove useful in the
future detection schemes of memory effect. Using Penrose
limit, the conventional noncovariant memory effect for
many impulsive gravitational wave and shock wave metrics
can be studied [47]. The near horizon limit of ERN black
holes has AdS, x §? geometry. In static coordinates, it
reads [37,48]

2
ds? =~ —22di* + ;—gdﬁ +12dO?, (6.1)

where 2= <1 and ro=M is the horizon of the

black hole. The Penrose limit of this metric produces a
symmetric plane wave spacetime [49]. It will be interesting
to study the memory effect in such symmetric plane wave
spacetimes.

Another useful extension of this work is to study
different flux-balance laws as depicted in [50]. Studying
quantum effects in such IGW spacetimes generated in
extreme black holes could be another interesting study
where semiclassical features of near horizon symmetries
may show up [51].
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APPENDIX A: SOLDERING FREEDOM &
INTRINSIC QUANTITIES IN EXTREME
BTZ BLACK HOLES

In 3-dimensions, a BTZ black hole provides a good
model where we can study the horizon shells for black
holes with rotation. In 4-dimensions, the analysis becomes
quite difficult. We thus study the soldering freedom for
rotating BTZ black holes and try to gain some insight for
the case when a black hole possesses angular momentum.

First, we present the intrinsic quantities for an extreme
BTZ black hole. We solder two rotating extreme BTZ

metrics with the horizon situated at ryp =ry = l\/%.
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2=- %, and A < 0 is the cosmological constant. M is the

mass of the BTZ black holes. For M _ manifold, in the EF
coordinate system, the metric takes the following form:

(P =12)?
ds? === dv’ +2dvdr + P (dp+N?dv)’. (A1)
r
where
N —-T.  s-m (A2)
2r%°
In general,
MP 7\
2 _ MY N
R== {11L [1 (Ml> ] } (A3)

Here, we see when the angular momentum J equals M1, r_.
becomes r,. Now, considering the supertranslation type
transformations as

v, =v+T(p); ro=r  $.=¢, (A4)
we obtain intrinsic quantities of the shell:
__1 oAB
H= 8 [KaB]
= —#’% (Dyoy + 2T 40"y +T300 00, 4 19)  (AS)
Jh = %GAB[’%B} = m (FZL;& + chrZLp) (A6)

1 1

— [k = —=— Ty, = T3,).
87Z'[K“}] 877:( 1}1})

Vv

p=- (A7)
We again recover supertranslation in the shell’s intrinsic
quantities. We also observe there cannot be a shell without
matter supporting a pure IGW. We skip displaying the
long expressions for Christofell symbols, as those are not
required to comprehend the appearance of BMS type
symmetries at the horizon shell. It seems, in 3-dimensions,
one cannot make any shell that can induce something
similar to superrotation-like symmetry. Due to the periodic
identification of angular coordinates, no construction may
produce a feasible solution.

APPENDIX B: INVERSE JACOBIAN

We provide here the inverse Jacobian of the coordinate
transformation used in Eq. (5.4) for the extreme RN case.
The coordinate transformations are given in (4.9). We just
label the “+” coordinates as “—” and compute the
components of N on the hypersurface. The Jacobian
matrix reads

"(F)F
w0 0o
y'(F)(csc?(0)F2+F?)
ox“ '(F)F
MR g
_ cscz(eigz’(F)F,,, 0 0 1
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