PHYSICAL REVIEW D 102, 036023 (2020)

Charm fragmentation functions in the Nambu—Jona-Lasinio model

Dong-Jing Yang " and Hsiang-nan Li

4

Institute of Physics, Academia Sinica, Taipei 11529, Taiwan, Republic of China

® (Received 22 July 2020; accepted 10 August 2020; published 27 August 2020)

We derive the fragmentation function (FF), which describes the probability for a charm quark to emit a D
meson with a certain momentum fraction, in the Nambu—Jona-Lasinio model. The corresponding
elementary FF is calculated with the quark-meson coupling determined in the Nambu—Jona-Lasinio
model involving charm quarks. The FF in the infinite momentum frame is constructed through the jet
process governed by the elementary FF, and then evolved to the charm scale, at which it is defined. To
prepare the FF suitable for an analysis of D meson production at CLEO, we further match the above FF to
that in the finite momentum frame at one loop in QCD. It is shown that the charm quark FF, including the
finite momentum effects, leads to theoretical results in agreement with the CLEO data.
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I. INTRODUCTION

Parton fragmentation functions (FFs) contain important
information on strong dynamics of hadron production in
high energy scattering processes. The FF DZ (), describing
the probability for a parton ¢ to emit a hadron 2 with a
certain fraction z of the parent parton momentum, is a
crucial input to the factorization theorem for hadron
production. For example, one needs unpolarized FFs for
an analysis of electron-positron single inclusive annihila-
tion into hadrons (SIA), semi-inclusive deeply inelastic
scattering (SIDIS), and hadron hadroproduction [1-11].
SIA may be the cleanest process in theory for extracting
FFs, since knowledge of parton distribution functions is not
required for a computation of its cross section [12].
Experimental data from SIDIS multiplicities and hadron-
hadron collisions provide a way to determine the flavor
decomposition into quark and antiquark FFs [13]. Light
parton FFs for light mesons at a low energy scale have been
calculated in effective models recently, such as the Nambu—
Jona-Lasinio (NJL) model [14,15] and the nonlocal chiral
quark model [16]. Data for pion and kaon productions in
SIA at the Z boson mass scale have been available from
TASSO [17-19], TPC [20], HRS [21], TOPAZ [22], SLD
[23], ALEPH [24], OPAL [25], and DELPHI [26,27].
Global fits of FFs for light hadrons have been performed
by several groups: FFs were extracted from fits to measured
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cross sections of electron-positron annihilation in [28], and
of electron-positron annihilation, SIDIS, and proton-proton
collision in [29-31].

As to heavy quark FFs for heavy hadron production,
Bjorken made the first theoretical attempt using a naive
quark-parton model [32]. Suzuki proposed a simple model
[33,34] similar to leading-order perturbative QCD (pQCD)
formalism [35], in which the fragmenting process is
factorized into the convolution of a parton-level splitting
kernel with a nonperturbative heavy hadron distribution
amplitude. This approach was extended to the next-to-
leading order (NLO) in [36], whose results agree with the
data from CLEO [37] and Belle [38,39], and with two
phenomenological models [40,41] at the charm mass scale.
The heavy quark FFs have been also studied in other
approaches, such as the heavy quark effective theory [42],
the potential model [43], and perturbative QCD with the
input of a nonrelativistic radial wave function for a heavy
quarkonium [44].

In this paper we will apply our previous derivation of
light quark and gluon FFs in the NJL model [14,15] to
charm quark FFs for D mesons. The gluon FFs for pions
and kaons from [15] were combined with the light quark
FFs [14] in the analysis of the e + e~ — h+ X cross
section, which greatly improved the consistency between
theoretical results and experimental data for pion and kaon
productions. The NJL model has been extended to include
heavy quarks [45], which describes the interplay between
chiral symmetry and heavy quark dynamics. To construct
the charm FFs in the NJL model, we start with the
evaluation of the elementary FFs at a low model scale,
which is a building block for the hadronization process.
The relevant quark-meson couplings are fixed by the inputs
of the charm quark and D meson masses in the NJL model.
The jet algorithm is then implemented to simulate the

Published by the American Physical Society


https://orcid.org/0000-0003-2039-998X
https://orcid.org/0000-0003-4080-4022
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.036023&domain=pdf&date_stamp=2020-08-27
https://doi.org/10.1103/PhysRevD.102.036023
https://doi.org/10.1103/PhysRevD.102.036023
https://doi.org/10.1103/PhysRevD.102.036023
https://doi.org/10.1103/PhysRevD.102.036023
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

DONG-JING YANG and HSIANG-NAN LI

PHYS. REV. D 102, 036023 (2020)

whole hadronization process, from which the charm FFs
are extracted at the model scale.

It is pointed out that the above charm FFs are constructed
in the infinite momentum frame, namely, through many
meson emissions in the jet algorithm, while the data to be
compared with were collected at finite momenta, for which
only the first few emissions by a parent charm quark
actually dominate. We correct this mismatch by deriving a
matching equation, which takes into account the finite
momentum effects in one loop QCD and in parton
kinematics. We first evolve the FFs from a chosen model
scale to the charm scale, at which they are usually defined,
and then obtain the FFs in the finite momentum frame via
the matching equation. It will be demonstrated that our
results for the D meson production in e"e™ annihilation
based on the charm FFs with the finite momentum effects
accommodate well the CLEO data [37].

The rest of the paper is organized as follows. In Sec. II
we extract the charm FFs from the jet algorithm in the NJL
model. The matching equation, which relates the charm
FFs for D mesons in the infinite and finite momentum
frames, is derived in Sec. III. In Sec. IV we obtain the
charm FFs including the finite momentum effects, and
compute the differential cross section for D meson pro-
duction. Section V contains the conclusion.

II. CHARM FRAGMENTATION FUNCTIONS

We review the evaluation of the elementary FF a7 (z) in
the NJL model, which describes the probability of a single
emission of the pseudoscalar meson m by the parent quark
g with the light-cone momentum fraction z. Its explicit
expression, according to Fig. 1, is written as [14]

cy d*k
030 = =L o [ (s By, (Krsk =y M)

2 (27)*

x 8(kt = pt/2)2x8((k — p)* — M3)

Pl + 1z —1)M; — M,)?

_C oz [dpy
- 2 gqu2

where k (p) is the parent quark (meson) momentum, S,
denotes the quark propagator, M| and M, are the con-
stituent masses of the quarks before and after the emission,
respectively, and m,, is the meson mass. The flavor factor
Cy depends on the composition of the meson, which takes,
for example, the value 1 for 7+ and 1/2 for z°. The dipole
regulator in [46] has been employed to avoid a divergence
in the above integral. The quark-meson coupling g,,,¢o is
determined via the quark-bubble graph [14,46],

L o)
gﬁmQ op? pz:rrﬁn’
. d*k
(p) = ZNcl/Wtr[7551(k)7551(k—P)]v (2)

with the number of colors N,.

We extend the above formalism to include charm quarks.
For the parameters associated with the light quarks, we
adopt M, = M, = 0.4 GeV and M, = 0.59 GeV for the
constituent quark masses, m, = 0.14 GeV and myg =
0.495 GeV for the meson masses, and 9rq0 = 4.24 and
9kqo = 4.52 for the couplings fixed in [15]. For the
couplings between charm quarks and D mesons, we obtain
Ipen = 9pea = 1.22 and gp., = 1.41 from Eq. (2) with the
proper-time regularization [14], taking the charm quark
mass M, = 1.3 GeV and the D (D) meson mass mp =
1.86 (mp_= 1.96) GeV as the inputs. We do not consider

(27)3 [Pt + z2(z = 1)M? + zM5 + (1 — 2)m2))?

; (1)

|
the charm fragmentation into #, mesons, because the
corresponding coupling g, .. = 0.045 from the 7. meson
mass m, = 2.98 GeV is negligible. The z dependencies of
the various light quark elementary FFs and of the elemen-
tary FFs for D mesons are displayed in Figs. 2 and 3,
respectively. As the initial parton is a charm quark, it must
split into a D meson and a light quark first. The above
elementary FFs have been normalized according to the
probability condition Y, [J d'(z)dz = 1 for each parent
quark ¢, where the summation runs over all possible
mesons m, including D mesons. The behavior of the light
quark elementary FFs in Fig. 2 is very close to what was
obtained in [15], implying that the probability for light

—
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FIG. 1. Quark elementary FF for a pseudoscalar meson, where

the solid and dashed lines represent the quark and the pseudo-
scalar meson, respectively.
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FIG. 2. z dependencies of the u quark (left) and s quark (right) elementary FFs in the NJL model.
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quarks to emit D mesons is much lower than to emit pions
and kaons, as indicated in the right plot of Fig. 3. It is seen
that the elementary FFs for the ¢ - D° and ¢ — D*
splittings are identical because the masses and the cou-
plings associated with the u and d quarks have been set to
the same values. The probability of the ¢ — D splitting is
similar to that of ¢ — D°, DT due to the close quark-meson
couplings and charmed meson masses. Figure 3 shows that

a D meson tends to carry a large fraction z of a parent
parton momentum.

The integral equation based on a multiplicative ansatz for
a FF is given by [47,48]

Dy(z) = dy(z) + ZQj / 1 %&qQ(y)Dg <5>

y
‘?g()’) = agl(l _y)|in:qQ'

Charm quark (left) and light quark (right) elementary FFs for D mesons.

The above equation, iterating the elementary FFs to all
orders, determines the probability for the quark g to emit
the meson m with the momentum fraction z through the jet
process at the model scale. The first term ‘721 on the right-
hand side of Eq. (3) corresponds to the first emission of the
meson m = gQ, and the second term, containing a con-
volution, collects the contribution from the rest of the
meson emissions described by D, with the probability c?g.
The extracted light quark FFs for light mesons are exhibited
in Fig. 4, which differ only slightly from those in [15], since
it is difficult for light quarks to emit D mesons as stated
before. The charm FFs for light mesons and D mesons, and
the light quark FFs for D mesons are presented in Fig. 5.
The upper left (right) plot in Fig. 5, which is very similar to
the left (right) plot in Fig. 3, indicates that D mesons are
mainly produced at the first emission of the jet process.
This explains why a D meson detected in low energy
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FIG. 4.

u quark (left) and s quark (right) FFs for light mesons at the model scale.
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FIG. 5.
the model scale.

experiments always carries a large momentum fraction. The
upper right plot of Fig. 5 confirms the small probability for
light quarks to emit D mesons. The lower plot in Fig. 5
shows that light mesons carry only a small portion of a
parent charm quark momentum.

As to the gluon FFs, we follow the approach in [15],
where a gluon is treated as a quark and antiquark pair in the
NJL model. The gluon elementary FFs dj'(z) are then
inferred from the quark and antiquark elementary FFs for
emitting the mesons m under the requirement that the
quark-antiquark pair remains in the flavor singlet state after
meson emissions. We do not regard a gluon as a pair of
heavy charm quarks in this work, so the gluon FFs for D
mesons are completely generated by QCD evolution. It is
then expected that the gluon FFs D2 (z) for all flavors of D
mesons are much smaller than for light mesons, especially
for pions.

III. THE QCD MATCHING EQUATION

After extracting the charm quark FFs at the model scale
in the previous section, we take the following steps to
prepare the FFs suitable for studies of D meson production
in intermediate energy processes. First, we evolve the
charm FFs at the model scale to the charm scale M2, at
which they are usually defined. The code QcDNUM [49] for
the NLO QCD evolution of FFs will be employed for this
task. It will be observed in the next section that the
evolution effect enhances the small z behavior of the charm
FFs, and they become nonvanishing even at z as low as
0.05. The FFs from the jet process are actually constructed
in the infinite momentum frame, where a parent charm
quark carries a momentum much larger than M, so that

Charm FFs for D mesons (upper left), light quark FFs for D mesons (upper right), and charm FFs for light mesons (lower) at

many meson emissions are allowed. In reality, a charm
quark produced at experiments like CLEO possesses a
finite momentum, about 5 GeV at most. Hence, it is
unlikely to find a D meson of the mass about 2 GeV with
the momentum fraction z below 0.2. It hints that one needs
to obtain the charm FFs defined in the finite momentum
frame for practical applications.

To take into account the finite momentum effects, we
derive a matching equation at one loop accuracy, which
relates the charm FF D" in the finite momentum frame to
D™ in the infinite momentum frame,

A

At leading order, a parton of the momentum p*/z turns
into a parton of the momentum of p* through a tree
diagram. The corresponding matching kernel is written as
K©(z) =6(1/z—1) from the momentum conservation.
The calculation of the one loop matching kernel K (z)
involves the quark diagrams in Fig. 6, where the ladder
diagram contains a real gluon exchanged between the

D™(z K(z/§)D™(8). (4)

(00000

FIG. 6. One loop ladder diagram (left) and self-energy diagram
(right) for the matching equation.
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charm quarks before and after the final state cut. We  in the FF definition, which give the same results in both
compute these diagrams in the two frames following [50],  frames, do not contribute to the matching kernel.
and then take their difference to get K(!)(z). The other The loop integral for the ladder diagram in the infinite
diagrams with gluons attaching to the Wilson lines involved =~ momentum frame is written as

|

2 4 T Voo U +
e R S N

where C = 4/3 is a color factor, p (I) is the momentum of the outgoing charm quark (real gluon), z is the fraction relative
to the incoming charm quark momentum, and the charm quark mass M? serves as an infrared regulator. A straightforward
evaluation yields

(6)

. a, . 1—z 2u?
D (z)=-"C In ,
lddder( ) o F z (1 _ Z)ZM%
with the ultraviolet cutoff u for the integration over the transverse momentum /7. The ladder diagram contributes in the finite
momentum frame

(T d*l Te{(P+ ]+ M)y (P + M)y (P + 1+ Mo)r'] (1 +
leadder(z) - _4CF/ (271,)3 [(p + 1)2 —M%]z X 5(12)5<l - <Z_ 1)17 >9

a 2(1=2z) 11—z 2u?
=_=C 1 , 7
o F{ -z ' 2 n{(1—z)2M§ ™

where all the charm mass terms have been kept. The difference between Eqs. (6) and (7) defines the matching kernel from
the ladder diagram

. 1-2

Kiaaaer(2/8) = %CFI_—ZZ//;
_ %o (12228 e _ € \s(_
_]TCF(I—Z/£>++7[CF<2 2z—|—ln1_z>5<z 1> (8)

It is observed in the first line that the collinear divergences regularized by M2 have been canceled between the results in the
two frames. The subscript + in the second line denotes a plus function and € is a soft regulator.
The self-energy diagram is calculated in the infinite momentum frame as

] i d4l Tr v 5 + + N
Dt (Z) = __QZCF/ (27[>4 (pz _ %}%)([(ﬂp++l)l7;2ﬂ_yﬁ4]g]lz 5<p_ -p ) (9)

self 4 z

a, 1 u? 1
=-—°0C dt(l —t)In—6(—-—-1), 10
o0 FA ( ) nt2;‘[2 <Z > ( )

c

and in the finite momentum frame as

nf () _ 1o d'l Te[(p+ M)y (P + ]+ M)y, (P +M)rt] (ph
D =3 [ i G e s
_ % ! 2M(1 +1) I 1
__ﬂCFA dt[l_t_ Am? }mIZM%—Amzté(E_l)’ ()

where Am? = p? — M? will approach zero eventually. We expand the logarithmic term in Eq. (11) in the limit Am? — 0

2 2 2
H H Am
In =In cee
M2 — Am?t M? * tM? +

(12)
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The first term with the ultraviolet cutoff y, representing the
mass correction of the charm quark, can be absorbed into
the redefinition of the charm mass. The second term,
removing the denominator Am? in Eq. (11), produces a
soft divergence. The difference of Eqgs. (10) and (11)
defines the self-energy contribution to the matching kernel

ay 3
Kiil)f(z/f) = ?CF(I - 1n€)5(2— 1). (13)
Combining Egs. (8) and (13), we get the one loop
matching kernel

R (ET
+

+B-22—(1 —z)]a@— 1)} (14)

<

where the scale of the coupling a, in K(!) is set to M. It is
found that the soft regulator ¢ has disappeared in the sum of
the ladder and self-energy diagrams, and the matching
kernel is infrared finite as it should be.

IV. DIFFERENTIAL CROSS SECTION

In addition to the matching between the QCD contri-
butions to the charm FFs in the infinite and finite momen-
tum frames, the transformation between the momentum
fractions in the two frames need to be implemented.
Consider the tree diagram, in which the momentum p
(k) of the outgoing (incoming) charm quark is assumed to
be along the z axis of the finite momentum frame. The
momentum fraction is defined as

=P V) Met p (15)
kK Mk

k
for p* > 0, where k° has been fixed in the plus z direction.
The momentum fraction in the infinite momentum frame is
then given, with the charm mass being neglected, by
&= p?/k*. Tt is easy to find from Eq. (15)

Z2( 1+F%+1)2—r3
= =X , 16
‘5 Z( /—1 r% 1) (Z) ( )

with the ratio r, = M _./k*. Note that z is always mapped to
¢ = 0 in the infinite momentum frame for p* < 0. To derive
the above kinematic transformation, we have expressed £ in
terms of the z components of the momenta, such that the
physical support of D™ (£) in Eq. (16) remains as
0 < & < 1. If expressing & in terms of the zeroth compo-
nents of the momenta, a nonvanishing lower bound would
appear for &

Incorporating the kinematic transformation into the QCD
matching at one loop, we arrive at the final expression of
the equation

D™(z) = [(;)% [5(1 —%) +K<‘><¥)]Dmf(€)-
(17)

It is noticed that the matching kernel, and thus the FFs in
the finite momentum frame, depends on the parent charm
momentum k* through the ratio r.. As stated before, k° is
not much higher than the charm mass in intermediate
energy experiments, such as k* = 5 GeV at most at CLEO

[37]. In the region with z < r./(y/1+r2+ 1), we have
X(z) <0, which goes outside the physical support of
D" (£). Equation (17) then implies that the FF Dfin(z)

stays near zero at small zuntil z = r./(1/1 + r2 + 1) ~ 0.2
(z~0.1) for k* ~3 (k% ~5) GeV, and that the kinematic
transformation squeezes the charm FF toward high z,
making its distribution narrower.

We remind that the momentum of a charm quark
produced in experiments is not a constant, but variable.
In principle, one should convolute a hard kernel for charm
quark production at some momentum with the charm FFs
corresponding to the same momentum, as computing a
cross section. However, it is too difficult to implement such
a convolution in a numerical analysis. A more realistic
treatment is to obtain the charm FFs averaged over the
possible range of charm quark momenta for experiments
and adopt them in the convolution. For the CLEO experi-
ment, whose data will be compared with, the reasonable
range may be 1 GeV < k* < 3.5 GeV, because events with
vanishing and maximal D meson momenta are rare. We
select the values of k* with the interval 0.5 GeV in the above
range, get the corresponding charm FFs in the finite
momentum frame, and take their average with equal
weights. It has been checked that other choices of the
average range centering at k° ~2-2.5 GeV yield similar
results.

The model scale QF, for the charm FFs is expected to be
close to Q3 for the light quark FFs, but may not be exactly
equal due to the inclusion of charm quarks into the NJL
model. The latter has been found to be QF = 0.17 GeV?
through the study of the pion production in e*e™ annihi-
lation at the Z boson mass scale [15]. An ideal choice is
Q35 = 0.15 GeV?, from which we evolve the charm and
light quark FFs for D mesons to M2 using the code
QCDNUM [49]. The gluon FFs for D mesons are generated
as a consequence of the QCD evolution. We present in
Fig. 7 the charm FFs in the infinite momentum frame after
the NLO QCD evolution, those converted into the finite
momentum frame via the matching equation (17) for
k* =3 GeV, and those through the aforementioned aver-
age procedure. All the curves associated with the FFs for
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FIG.8. Predicted (1/0y)do/dz, for D° (left) and D* (right) productions with Q3;, = 0.14,0.15, and 0.16 GeV? at the scale M?2. The

CLEO data are also displayed for comparison.

D° and D* productions are almost identical as expected.
The evolution effect is quite strong, because the model
scale Q3, =0.15 GeV? is low: it shifts the dominant
region of the charm FFs from large z~0.9 to small z.
We mention that a negative portion of the charm FFs at very
small z < 0.05, caused by the NLO evolution, has been
truncated in Fig. 7. Once the charm mass is taken into
account, the light-cone component of a charm momentum
does not vanish. Therefore, the combination of the NLO
matching and kinematic transformation in Eq. (17) tends to
increase (decrease) the charm FFs at high (low) z.
Specifically, it squeezes the evolved charm FFs toward
the higher z > 0.2 region for the parent charm momentum
k* = 3 GeV. The procedure of averaging the charm FFs in
the finite momentum frame over the range 1 GeV? < k* <
3.5 GeV? results in strong suppression at small z, and
slight enhancement at high z, such that the final charm
FFs become more symmetric with peaks being located
at z~0.6.

The differential cross section do/dz, for the D meson
production in e"e~ annihilation has been measured by
CLEO [37], where the momentum fraction z,, is defined by
2, = [P|/|Pmax|> With p and py,, being the spatial momen-
tum of a D meson and the maximal spatial momentum
observed in the measurement, respectively. Obviously, we
still need to change the momentum fraction z, defined in
terms of the light-cone components of D meson momenta,

to the variable z, in order to make comparison with the
data. The former is related to the latter via

vV (p?)? + m} + p* V(@) + b+ 2, (18)
Z - — b
V(Pha)? +mb + Phax V1 +rH+1

where the D meson spatial momentum has been aligned
with the z axis, and the ratio r, denotes rp = mp/ pax
with p%.. = 4.95 GeV. We calculate the differential cross
section by convoluting the hard kernel with the averaged
charm FFs in the finite momentum frame, as well as with
the light quark and gluon FFs for D mesons. For the latter,
we do not employ the averaged FFs, since their contribu-
tions are negligible.

Our results for the normalized differential cross section
(1/6\o)do/dz,, o being the total cross section, are
displayed in Fig. 8 and compared with the CLEO data.
It is observed that the consistency between our results
and the data, both of which have peaks at z= 0.6, is
satisfactory, especially for the D™ meson production. This
consistency supports our choice of the model scale
Q35 = 0.15 GeV2. To test the sensitivity to the model
scale Q3,,, we vary it by 0.01 GeV? and show the results
corresponding to Q3,, = 0.14 and 0.16 GeV? also in Fig. 8.
It is easy to understand that the peak of the differential cross
section moves toward the small z region as 03, decreases,
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because the QCD evolution effect gets stronger. The lower
bound of z, is basically fixed by the kinematic trans-
formation, so that the distribution of the normalized differ-
ential cross section becomes narrower, and the peak
becomes sharper. The zones enclosed by the three theo-
retical curves cover all data points roughly.

V. CONCLUSION

In this paper we have derived the charm quark FFs for D
mesons in the NJL model, which describe the probability
for a D meson to take a fraction z of a parent charm
momentum. The evaluation of the corresponding elemen-
tary FFs and the jet algorithm for producing final state
mesons were performed by including charm quarks into the
NJL model. To confront our results with the data for D
meson production at finite energy, we have first evolved the
FFs from their model scale to the charm scale. The model
scale Q3 for the charm FFs, from which the QCD
evolution starts, is the only uncertain parameter in the
analysis. It has been found that the favored choice 03, =
0.15 GeV? is close to Q3 = 0.17 GeV? for the light quark
FFs determined in our previous work. The evolution effect
is significant enough to shift the dominant region of the
charm FFs to lower z. We then obtained the charm FFs with
the finite momentum effects in one loop QCD and in the
definitions of the D meson momentum fraction through the
matching equation. It was shown that the combined QCD
matching and kinematic transformation squeezed the charm
FFs toward the larger z region.

To acquire more realistic charm FFs to be input into the
convolution with the hard kernel for charm quark produc-
tion, we have further taken the average of the FFs over a
possible range of D meson momenta in the considered
experiment. The resultant distribution is more symmetric

with a peak around z = 0.6. The contributions to the D
meson production from the light quark and gluon FFs,
despite of being negligible, were also included for com-
pleteness. At last, the momentum fraction z defined in
terms of the light-cone components of D meson momenta
has to be transformed into z,, defined in terms of spatial
momenta by experimentalists. It has been demonstrated,
after all the above nontrivial treatments, that the averaged
charm quark FFs lead to results for the D meson production
in e" e~ annihilation in agreement with the CLEO data. We
have examined the sensitivity of our results to the tunable
model scale, and observed that the variation of 03, within
0.14-0.16 GeV? could accommodate the CLEO data well.

We emphasize the potential applications of the matching
equation derived in Sec. III. It may not be accurate to apply
the usual light-cone FFs defined in the infinite momentum
frame to analyses of intermediate energy processes, espe-
cially when collision energy is not much higher than the
mass of a produced heavy quark. Our matching equation
relates the FFs at low momenta to those at high momenta by
taking into account the finite momentum effects in QCD
and in parton kinematics. In this sense partial higher power
corrections to the factorization theorem of intermediate
energy processes have been taken into account. The FFs
after the above matching should be more suitable for
studies of heavy particle production at intermediate energy,
such as that in Belle experiments. We will investigate this
subject in detail elsewhere.
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