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Dissociation of heavy quarkonia in a weak magnetic field
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We examined the effects of the weak magnetic field on the properties of heavy quarkonia immersed in a
thermal medium of quarks and gluons and studied how the magnetic field affects the quasifree dissociation
of quarkonia in the aforementioned medium. For that purpose, we have revisited the general structure of
gluon self-energy tensor in the presence of a weak magnetic field in thermal medium and obtained the
relevant structure functions using the imaginary-time formalism. The structure functions give rise to the real
and imaginary parts of the resummed gluon propagator, which further give the real and imaginary parts of
the dielectric permittivity. The real and imaginary parts of the dielectric permittivity will be used to evaluate
the real and imaginary parts of the complex heavy quark potential. We have observed that the real part
of the potential is found to be more screened, whereas the magnitude of the imaginary part of the potential
gets increased on increasing the value of both temperature and magnetic field. In addition to this, we have
observed that the real part gets slightly more screened while the imaginary part gets increased in the
presence of a weak magnetic field as compared to their counterparts in the absence of a magnetic field (pure
thermal). The increase in the screening of the real part of the potential leads to the decrease of binding
energies of J/W¥ and T, whereas the increase in the magnitude of the imaginary part leads to the increase of
thermal width with the temperature and magnetic field both. Also the binding energy and thermal width in
the presence of a weak magnetic field become smaller and larger, respectively, as compared to that in the
pure thermal case. With the observations of binding energy and thermal width in hand, we have finally
obtained the dissociation temperatures for J/¥ and Y, which become slightly lower in the presence of a
weak magnetic field. For example, with eB = Om2 the J/y and Y are dissociated at 1.807 . and 3.50T .,
respectively, whereas with eB = 0.5m2 they dissociated at slightly lower values 1.74T, and 3.43T,,
respectively. This observation leads to the slightly early dissociation of quarkonia because of the presence

of a weak magnetic field.

DOI: 10.1103/PhysRevD.102.036020

I. INTRODUCTION

Lattice QCD predicted that at sufficiently high temper-
atures and/or densities the quarks and gluons confined
inside hadrons get deconfined into a medium of quarks and
gluons coined as quark-gluon plasma. In the past few
decades a large number of experiments has been involved
in identifying this new state of matter in ultrarelativistic
heavy-ion collisions (URHICs) at RHIC and LHC.
However, for the noncentral events in URHICs, a strong
magnetic field is generated at the very early stages of the
collisions due to very high relative velocities of the
spectator quarks with respect to the fireball. Depending
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on the centralities of the collisions, the strength of the
magnetic fields may vary from m2 (~10'® G) at RHIC to
10 m2 at LHC [1,2]. Motivated by this, in the recent past
many theoretical works have started emerging to explore
the effects of this strong magnetic field on the various QCD
phenomena [3-6]. Earlier the nascent strong magnetic field
was thought to decay very fast with time, resulting in the
magnetic field of weaker strength. However, it was later
found that the realistic estimates of electrical conductivity
of the medium may elongate the lifetime of the magnetic
field [7-9]. It thus becomes imperative to investigate the
effects of both strong and weak magnetic fields on the
signature of the novel matter produced in URHICs.

The heavy quarkonium is one of the probes to study the
properties of nuclear matter under extreme conditions of
temperature and magnetic field, because the heavy quark
pairs are formed in URHICs on a very short timescale
~1/2mg (where m, is the mass of the charm or bottom
quark), which is similar to the timescale at which the
magnetic field is generated. Therefore the study of the
effects of the magnetic field on the properties of heavy
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quarkonia is worthy of investigation. We have recently
studied the properties of quarkonia in a strong magnetic
field. However, as we know the quarkonia, the physical
resonances of QQ states, are formed in the plasma frame at
atime, tr (=y7r), which is the order of 1 — 2fm depending
on the resonances and their momenta. By the time elapsed,
the magnetic field may become weak, so in our present
study, we aim to understand theoretically the properties
of heavy quarkonia and their dissociation in the presence
of a weak magnetic field [T* > |q,B|, T> > m7}, where |q/|
(my) is the absolute electric charge (mass) of the fth quark
flavor]. As we know that, in order to study the dissociation
of quarkonia, the perturbative computation of the heavy
quarkonium potential is needed.

Our understanding of heavy quarkonium has taken a
major step forward in computing effective field theories
(EFT) from the underlying theory—QCD, such as non-
relativistic QCD (NRQCD)[10] and potential NRQCD
[11], which are synthesized successively by separating
the intrinsic scales of heavy quark bound states (e.g., mass,
velocity, binding energy) as well as the thermal medium-
related scales (e.g., T, ¢T, ng) in the weak-coupling
system, in overall comparison with Agcp. However, in
the relativistic collisions that are created at URHICs, the
separation of scales in an EFT is not always apparent,
meaning it is often difficult to construct a potential model.
An alternative approach is a first-principle lattice QCD
simulation in which one studies spectral functions derived
from Euclidean meson correlation [12]. The construction of
spectral functions, however, is problematic because the
temporal range at large temperatures decreases. For this
reason studies of quarkonia using finite temperature poten-
tial models are useful as a complement to lattice studies.
The perturbative computations of the potential at high
temperatures show that the potential of QQ is complex
[13], where the real part is screened due to the existence of
deconfined color charges [14] and the imaginary part [15]
assigns the thermal width to the resonance. Therefore the
physics of quarkonium dissociation in a medium has been
refined in the last two decades, where the resonances were
initially thought to be dissociated when the screening is
strong enough, i.e., the real part of the potential is too weak
to keep the QQ pair together. Nowadays, the dissociation is
thought to be primarily because of the widening of the
resonance width arising either from the inelastic parton
scattering mechanism mediated by the spacelike gluons,
known as Landau damping [13] or from the gluo-dissoci-
ation process during which the color singlet state undergoes
into a color octet state by a hard thermal gluon [16]. The
latter processes take precedence when the medium temper-
ature is lower than the binding energy of the particular
resonance. This dissociates the quarkonium even at lower
temperatures where the probability of color screening is
negligible. Recently one of us estimated the imaginary part
of the potential perturbatively, where the inclusion of a

confining string term makes the (magnitude) imaginary
component smaller [17,18], compared to the medium
modification of the perturbative term alone [19]. Gauge-
gravity duality also indicates that in a strong coupling
limit the potential also develops an imaginary component
beyond a critical separation of the QQ pair [20,21].
Moreover, lattice studies have also shown that the potential
may have a sizable imaginary part [22]. There are, however,
other processes that may cause the depopulation of the
resonance states either through the transition from ground
state to the excited states during the nonadiabatic evolution
of quarkonia [23] or through the swelling or shrinking of
states due to the Brownian motion of QQ states in the
parton plasma [24]. Very recently the change in the
properties of heavy quarkonia immersed in a weakly
coupled thermal QCD medium has been described by hard
thermal loop (HTL) permittivity [25]. They used the
generalized Gauss law in conjunction with linear response
theory to obtain the real and imaginary parts of the heavy
quark potential, where a logarithmic divergence in the
imaginary part is found due to string contribution at large r.
They have circumvented by regularizing the weak infrared
diverging (1/p) term in the resummed gluon propagator by
choosing the regulation scale in terms of Debye mass.
There is another recent work [26], where a nonperturbative
term induced by the dimension-two gluon condensate
besides the usual HTL resummed contribution is included
in the resummed gluon propagator to obtain the string
contribution in the potential, in addition to the Karsch-
Mehr-Satz potential [27].

The above-mentioned studies are attributed for a thermal
medium in the absence of a magnetic field. However, as
mentioned earlier that a magnetic field is also generated in
the heavy ion collisions, thus the influence of a homo-
geneous and constant external magnetic field on the heavy
meson spectroscopy has been investigated quantum
mechanically subjected to a three-dimensional harmonic
potential and Cornell potential plus spin-spin interaction
term [28,29]. Further, the effect of a constant uniform
magnetic field on the static quarkonium potential at zero
and finite temperature [30] and on the screening masses
[31] have been investigated. The momentum diffusion
coefficients of heavy quarks in a strong magnetic field
along the directions parallel and perpendicular to the
magnetic field at the leading order in QCD coupling
constant has been studied [32]. Recently we have explored
the effects of a strong magnetic field on the properties of the
heavy quarkonium in finite temperature by computing the
real part of the QQ potential [33] in the framework of
perturbative thermal QCD and studied the dissociation of
heavy quarkonia due to the color screening. Successively,
we made an attempt to study the dissociation of heavy
quarkonia due to Landau damping in the presence of a
strong magnetic field by calculating the real and imaginary
parts of the heavy quark potential in the presence of a
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strong magnetic field [34]. The complex heavy quark
potential in the presence of a strong magnetic field has
also been obtained in [35]. Very recently we have also
investigated the strong magnetic field-induced anisotropic
interaction in heavy quark bound states [36]. The effects of
a strong magnetic field on the wakes in the induced charge
density and in the potential due to the passage of highly
energetic partons through a thermal QCD medium has also
been investigated [37]. Recently, the dispersion spectra of a
gluon in a hot QCD medium in the presence of a strong as
well as a weak magnetic field limit is studied [38]. The
effect of the strong magnetic field on the collisional energy
loss of heavy quark moving in a magnetized thermal
partonic medium has been studied [39]. Also the aniso-
tropic momentum diffusion and the drag coefficients of
heavy quarks have been computed in a strongly magnetized
quark-gluon plasma beyond the static limit within the
framework of Langevin dynamics [40].

In the present study, we aim to obtain the complex heavy
quark antiquark potential in an environment of temperature
and weak magnetic field. For that purpose, we first start
with the evaluation of gluon self-energy in the similar
environment using the imaginary-time formalism. As the
quark loop is only affected with the magnetic field, thus the
quark loop in the said environment is now dictated by both
the scales, namely the magnetic field as well as the
temperature, whereas for the gluon loop, the temperature
is the only available scale in the medium as the gluon loop
is not affected with the magnetic field. Furthermore, we
have revisited the general structure of the gluon self-energy
tensor in the presence of a weak magnetic field in the
thermal medium and obtained the relevant structure func-
tions. Hence the real and imaginary parts of the resummed
gluon propagator have been obtained, which give the real
and imaginary parts of the dielectric permittivity. The real
and imaginary parts of the dielectric permittivity will in
turn give the real and imaginary parts of the complex heavy
quark potential. The real part of the potential is used in the
Schrodinger equation to obtain the binding energy of heavy
quarkonia, whereas the imaginary part is used to calculate
the thermal width. Finally, we have obtained the dissoci-
ation temperatures of heavy quarkonia and studied how the
dissociation temperatures get affected in the presence of the
magnetic field.

Thus, our work proceeds as follows. In Sec. II, we will
calculate the gluon self-energy in a weak magnetic field
wherein we will discuss the general structure of gluon self-
energy and resummed gluon propagator at finite temper-
ature in the presence of a weak magnetic field and will
calculate the relevant form factors in Secs. II. A and II. B,
respectively. Thus, the real and imaginary parts of the
resummed gluon propagator will give the real and imagi-
nary parts of the dielectric permittivity in Sec. III. A, which
gives the real and imaginary parts of complex heavy quark
potential in Sec. III. B. We will use the real and imaginary

parts of the potential to obtain the binding energy and
thermal width in Secs. IV. A and IV. B, respectively, which
will then give the dissociation temperatures of heavy
quarkonia in Sec. IV C. Finally, we will conclude our
findings in Sec. V.

II. GLUON SELF-ENERGY IN A WEAK
MAGNETIC FIELD

In this section we will evaluate the gluon self-energy in a
weak magnetic field. As we know that for the evaluation of
gluon self-energy, we need to evaluate both the quark loop
and gluon loop contributions in the presence of a weak
magnetic field. Because of a weak magnetic field, only the
quark loop will be affected, whereas the gluon loop remains
as such. Now, we will first start with the quark-loop
contribution to gluon self-energy

iHW(Q) = —/Jl—KTr[igt Y iS(K)igt,y*iS(P)]
ab (27[)4 b a

-y [ K s
f

where P = (K — Q) and Tr(t,1,) = %b. The S(k) is the
quark propagator in a weak magnetic field which can be
written up to the order of O(q;B)?* as [41]

m +m
iS(K)= i(I};—t mf?) - qu“(yIZ( g}im})zf)
K2 (Ki+mg)+K, (m>=K?
~i(qpp Kl (K‘Z)_n%f TR )
7

where m, and g, are the mass and charge of the fth flavor
quark. According to the following choice of metric tensors:

g"“” = diag(1,0,0 — 1),
¢\ = diag(0,-1,-1,0),

the four-momentum suitable in a magnetic field directed
along the z axis, n* = (0,0,0,—1), is given by

Kt = (ko,0,0.k,), (3)
K’ = (0, ky, ky, 0), (4)
K} =k - K. (5)
Ki = ki + k. (6)

Equation (2) can be recast in the following form:

iS(K) = So(K) + $1(K) + S>(K). (7)
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where Sy(K) is the contribution of the order O[(¢/B)"],
S1(K) is the contribution of the order O[(g;B)'], and S,(K)
is the contribution of the order O[(q,B)?]. Using Eq. (7),
the Eq. (1) can be written as

lgz/a'4

Xy”{So( )+ S81(P)+$2(P)}].

*(Q t[y*{So(K) + 81 (K) + S, (K)}

(8)

After simplifying, the above gluon self-energy given by
Eq. (8) can be expressed as follows:

e, (0) = -3 / LK sy (K so(P). (10)
. r 0 0 s
2 (27)*
I Zl / K STy S (K)r sy ()}, (11)
f
s, Te[y* Sy (K)y*So(P)].  (12)

lg
;7

The term T,

(0.0) 18 of the order O[(qB)"], where IT} ;) and

(Q) :H’(IS,O)(Q) +H’(4f,1)(Q) +2H;(tzv,0)(Q> +0l(¢,B)’]. IT(; ) both are of the order O[(¢;B)*]. The term that is of
9) the order O[(g;B)'] vanishes. Substituting the values of S,
Si, and S, in Egs. (10)—(12) by comparing Eq. (2) with
where Eq. (7), we get
|
_ 192 d4K Trly* (K + mg)y* (P + my)]
(0'0 / (K? — m%)(P? — m?2)
f f
B ‘K [PPKY + KMPY — ¢(K - P — m3)]
2129 [ o @ )
w igz(qu)z/ d*K Trly’yira (K + mp)r'rira (P + my)]
(@) = zf: > (27) (K> —m2)? (P —ml)?
S i )2/ 'K [P|KY + K[ Py + (9" — o) (m} — K - Py)] (14)
a 2n)’ (&= PP = ’
e, Z qu / d*K Trly {KL (K +my) + Ko (mF = KD} (P + my)]
a 20y & = w2 (P =)
d*K MH
Zf: o) | o [y )
where o, (A?) = % (18)
bin(A)

M# = K3 [PAKY + K P = g (K - P = m?)]

+ ( Kﬁ)[P”K” + K P —¢*(K, - P)]. (16)

Here the strong coupling g runs with the magnetic field and
temperature both, which is recently obtained in [42]

’ ay(A?)

g
a. (A%, eB) = 2 =
ol ) Ar 1+ byay(A?) In(255)

. (17)

with

where Aissetat2zT, b, = 11N12 2N/ and Agrs = 0.176 GeV.

Before evaluating further, we W111 first discuss the structure
of gluon self-energy in a thermal medium in the presence of a
weak magnetic field in the next subsection.

A. Structure of gluon self-energy and resummed
gluon propagator for thermal medium in the
presence of a weak magnetic field

In this subsection, we will briefly discuss the general
structure of a gluon self-energy tensor and a resummed
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gluon propagator for a thermal medium in the presence of a
weak magnetic field. The general structure of gluon self-
energy in a thermal medium defined by the heat bath in a
local rest frame, u* = (1,0,0,0), and in the presence
of a magnetic field directed along the z direction, n, =
(0,0,0,—1) is recently obtained as follows [38]:

(Q) = b(Q)B"(Q) + c(Q)R™(Q) + d(Q)M"(Q)

+a(Q)N™(Q). (19)
where

B(Q) = . (20)

M v
R*(Q) = ¢t ==+, (21)

1
M (Q) =" (22)
(@) = LT (23)

u n

the four vectors ## and 7* used in the construction of the
above tensors are defined as follows:

ﬁﬂ — <g;w _ Q;g”) uw (24)
_ (g/w _ Q;?”) ", (25)

where 3 = ¢** — uw*u* and Q! = Q" — (Q.u)u*. Using
the properties of projection tensors, the form factors that
appear in (19) can be obtained as

b(Q) = BMU(Q)HW(Q)’ (26)
() = RO, (0). 27)
d(Q) = M#(Q)1L,(0) (23)
a(Q) = 3 N*(O)11,,(0). (29)

Now we can obtain the resummed gluon propagator in a
thermal medium in the presence of a weak magnetic field.
The general form of the resummed gluon propagator in
Landau gauge can be written as [38]

2 _ d)BH Uy
D0 -G g
(@b
(Q*-b)(Q*—d)—a?
+ anN*” (30)
(Q*-b)(Q*—d)—a*’

The point to be noted here is that we required only the “00”
component of the resummed gluon propagator for deriving
the heavy quark potential. Hence the “00” component of
the propagator can be obtained as

(Q* - d)i’
(Q*=b)(Q*—d)—a*’

where R = M% = N% = 0. Now we will obtain the form
factors that appear in the above propagator (31). We will
first start with the form factor a, which can be obtained
using Eq. (29) with Eq. (9) as

a(Q) = ap(Q) + a»(Q), (32)

where a is of the order of O(¢;B)" and a, is of the order of
O(q¢B)*. Animportant point to be noted here is that the zero
magnetic field contribution of form factor a vanishes, that is
ag = 0, whereas a, gives the contribution of order O(q,B)>.
However, the contribution of form factor ¢ in the denom-
inator of the propagator (31) appears as a?, which becomes
of the order of O(g;B)*. Since in the current theoretical
calculation we are considering contributions up to O(q,B )2,
so we can neglect the contribution that appears from the form
factor a. Thus, the “00” component of the resummed gluon
propagator up to O(q,B)?* can be written as

D®(Q) =

(31)

i
D®(Q) = (D) (33)

so we end up with only one form factor b, which we will
evaluate in the next subsection.

B. Real and imaginary parts of the form factor 5(Q)

In this subsection, we will calculate the real and
imaginary parts of the form factor b. Using Eq. (26), the
form factor b can be evaluated as follows:

b(Q)=B,,(Q)1I"(Q).
b(Q) =131 (Q),
| Uy (Q'M)MUQ”_(Q-M)M”QD (Q'u>2QvQ/4

Ijl2 ﬁz Q2 uz QZ ]7[2 Q4
x 1" (Q),
=21 (Q), (34)
u
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where we have used transversality condition Q,IT*(Q) =
0, I1"(Q) = 0, to arrive at Eq. (34). Thus using Eq. (9), the
form factor b can be written up to O[(¢;B)?] as

b(Q) = bo(Q) + b2(0Q). (35)

where the form factors by and b, are defined as follows:

bo(Q) = 00)(Q): (36)

u,

ba(Q) =AM (0) + 214 Q). (37)

M

1. Form factor by(Q) (order of O[(q;B)"])

Here we will solve the form factor b,. Using Eq. (36), the
form factor can be written as

bo(Q) = Mlju (00)(Q)

2k2 K2+ m?]

_2129 / e

7)

(38)

Now we will solve the form factor b, using the imaginary-
time formalism, the detailed calculation for which has been
shown in Appendix A. Thus, the real and imaginary parts of
the form factor b, in the static limit are given as follows:

N
Reby(qy =0 :ngsz’ (39)
fmhg) _OTHx gy
90 qo=0 6 2q

Now we will evaluate the gluonic contribution. The
temporal component of gluon self-energy due to the
gluon-loop contribution can be calculated as [43,44]

—1>, (41)

which gives the real and imaginary parts of form factor b,
due to the gluonic contribution in the static limit

% (go, q) = 27> <@1n7q° raxie
3\29g qo—q+ice

N..
Re by(qp = 0) = ¢*T? (7> (42)
Imb. N
mblnd] (M) T
90 7=0 3)2

Now we add the quark and gluon-loop contributions
together to obtain the real and imaginary parts of form
factor b in the static limit as follows:

N, N
Retu(an=0) = (S + ). @

[reet]  or(3E) 5 @

90

Thus we can see that the form factor b is independent of
the magnetic field as it is O[(¢;B)°] and depends only on
the temperature of the medium. This form factor b,
coincides with the HTL form factor II; in the absence
of the magnetic field [43,44].

2. Form factor b,(Q) (order of O[(q;B)?))

Here we will discuss the form factor b,, which is of
the order of O[(¢;B)?]. Using Eq. (37), the form factor is
given by

u

b>(Q) =;—§‘”[H7f,l><Q> +201%  (Q)]
B qu d*K (2kG — K +m3)
‘; U <zn>4{<K2—m§»> (P2 ml)
(8K2K2)
KR »H | )

We have calculated the real and imaginary parts of the form
factor b, in Appendix B, which gives the real and
imaginary parts of the form factor b, in the static limit
as follows:

- mel
Reb(g9=0)= 212 raarBP Y (1) PRy (L),
=1
(47)
{Imbz(%, 6])]
90 qO—O
1 - mel
[ l+112 7]‘
[ ()
Z ‘IfBzi 1) 2K myl
~ 96xT? T
7*(qB)* (8T — Tmmy)
48
+Z 7687 m;-T ’ (48)

where K, and K, are the modified Bessel functions of the
second kind.

After obtaining the real and imaginary parts of the form
factor by and b,, we can write the real and imaginary parts
of form factor b using Eq. (35) as follows:
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N. N - myl
—_0) — 272 e NS 2 1+12 f
Reb(qp = 0) = T<3+6>+212”2T2 1=1 lK(T)’ (49)
Imb(go. q) 2ro(Ne Npyzm 1 g*(q;B)? ; myl
=T =+ L) 4 — +112K
{ 90 0=0 g 376 2q+q zf: 167T? Z T
g (qu)2 = I+172 mfl g (QfB>2 (8T—7”mf)
- K, : , 50
zf: 967> lz:;( D T +Zf: 7687 m2T (50)

where Eq. (49) is the real part of the form factor in the static
limit which gives the Debye screening mass in the presence
of a weak magnetic field as follows:

376
B (-

+le 272 2 HllQKo(T)- (51)

Thus, it is observed that the Debye screening mass of the
thermal medium in the presence of a weak magnetic field is
affected by both the temperature and the magnetic field.
Now in order to see how the Debye mass is changed in the
presence of a weak magnetic field we have mentioned the
leading order result of the Debye mass for the thermal
medium in the absence of magnetic (termed as “Pure
Thermal™) [45]

. N
M3, (Pure Thermal) = ¢?T? (% + ?f) . (52)

In the left panel of Fig. 1, we have quantitatively studied the
variation of the Debye mass with the varying strength of
a weak magnetic field for a fixed value of temperature.

T=2T
C

0.7261

0.726
0.7259
A (.7258

m (GeV)

0.7257

0.7256

0.7255
0.5

[N}

eB (mnz)

FIG. 1.

We have observed that the debye mass is found to increase
with the varying strength of the magnetic field. On the other
hand, in the right panel of Fig. 1, we have studied the
variation with the temperature for a fixed value of the
magnetic field and observed that the Debye mass is also
found to increase with increasing temperature, but the
increase of the Debye mass with temperature is fast as
compared to the slow increase with a magnetic field. In
addition to this, we have also made a comparison of the
Debye mass in the presence of the magnetic field with the
one in the absence of the magnetic field and observed that
the Debye mass in the presence of a weak magnetic field is
found to be slightly higher as compared to the one in a pure
thermal case.

III. MEDIUM MODIFIED HEAVY
QUARK POTENTIAL

In this section we will discuss the medium modification
to the potential between a heavy quark Q and its antiquark
0 in the presence of a weak magnetic field at finite
temperature. Since the mass of the heavy quark (mg) is
very large, so the requirements mg > T > Agcp and
mg > V'eB are satisfied for the description of the inter-
actions between a pair of heavy quark and antiquark at

0.9
| 0.73—1— iy
08 | A —
. Joz2sZ |
% 0.7 2 2.01 —
o | _
£ 06 -
- -- eB:O.Smn2 1
05 — Pure Thermal [
0.4 1 | 1 | 1
1 1.5 2 2.5
T/Tc

Variation of Debye mass with magnetic field (left panel) and with temperature (right panel).
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finite temperature in a weak magnetic field in terms of
quantum mechanical potential, which leads to the validity
of taking the static heavy quark potential. Thus we can
obtain the medium modification to the vacuum potential in
the presence of the magnetic field by correcting both
its short and long-distance parts with a dielectric function

e(q) as

v [P gy V@)
V(r,T,B)—/(zﬂ)S/z( Doy

where the r-independent term has subtracted to renormalize
the heavy quark free energy, which is the perturbative free
energy of quarkonium at infinite separation. The Fourier
transform, V(g) of the perturbative part of the Cornell

potential [V (r) = —

Vi) =425, (54)

and the dielectric permittivity, e(g), embodies the effects of
a confined medium in the presence of the magnetic field is
to be calculated next. The important point to be noted here
is that we have taken the Fourier transform of the
perturbative part of the vacuum potential only, the reason
for this is that we cannot use the same screening scale for
both Coulomb and string terms because of the nonpertur-
bative nature of the string term. To include the non-
perturbative part of the potential, we will use the method
of dimension-two gluon condensate.

A. The complex permittivity for a hot QCD medium
in a weak magnetic field

The complex dielectric permittivity, e(g), is defined by
the static limit of the “00” component of the resummed
gluon propagator from the linear response theory

1
— = —1lim¢2D"(q,, g). 55
)~ aimg"D™(q0: q) (55)

Now we will evaluate the “00” component of the resummed
gluon propagator. The real-part of the resummed gluon
propagator in the static limit can be evaluated by using
Egs. (33) and (49),

-1

ReDY(gy =0) = —5——.
€ (CIO ) 612+M%)

(56)

The imaginary part of resummed gluon propagator can be
written in terms of the real and imaginary parts of the form
factor by using the following formula [46]

2T Im b(go. q)
Im DY (g, q) = — ,
"% 40 (0% —Reb(g0.9))* + (Imb(qo. 9))?
(57)
which can be recast into the following form:
[Imh(qo,q)]
Im D®(g,, q) = 2T 2o ,
(0 = Reb(4o.9))* + (qo[™ 522
(58)

and in the static limit the above equation reduces to the
simplified form

[Im b(q0,9)

9o qo=0 (59)

Im D% (g, m,

=0)=2T

where we have substituted Re b(g, = 0) = M%. Using
Eq. (50) and the above Eq. (59), the imaginary part of
the “00” component of the resummed gluon propagator can
be written as follows:

xTM?
(T,B) ’ ( 60)

ImD®(qy =0.q9) = —5——>5—
q(q* + M3)?

where we have defined the quantity M%T. B) a8 follows
— gZT2 ( )
7*(q;B)* & myl
qsB) 1)1 my
[;8 P30 en (T

9*(4sB)* & 1)H12 myl
I’K,
487°T? Zz:: T
2
me

oy
f

9*(q/B)?
* Z 3842 (61)
Now we will obtain the real and imaginary parts of
dielectric permittivity, but before evaluating them we will
discuss the procedure to handle the nonperturbative part of
the heavy quark potential. The handling of the nonpertur-
bative part of the potential has recently been discussed in
[26]. The procedure is to include a nonperturbative term in
the real and imaginary parts of the “00” component of the
resummed gluon propagator along with the usual HTL
propagator that we have obtained earlier. The real and
imaginary parts of the nonperturbative (NP) term by using
the dimension-two gluon condensate are given as follows:
e

Re DRp(q0 = 0.9) = ==~ 353
NP (q° + Mp)?

(62)
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2nTM (ZT‘ B) m%;

armgy

Im DY (q0 = 0, q) =

where mZ is a dimensional constant, which can be related

to the string tension through the relation 6 = amZ2 /2. Thus,
the real and imaginary parts of the “00” component of the
resummed gluon propagator that consists of both the HTL
and the NP contributions can be written as follows:

1 m2
Re D" (g, =0,q) = — - G, (64
aTM?, 0 2aTM?%, oo,
ImDY(gy=0,q) = p) ( ’2) 2 2 = >2 3 (65)
q(q”>+Mp) q(q”+Mp)

Now substituting Egs. (64) and (65) in Eq. (55) gives the
real and imaginary parts of the dielectric permittivity,
respectively,

L _ @, 4 (66)
Ree(q) ¢ +Mp (¢ +Mp)
1 QJTTM%T’B) _ 2qﬂTM%T’B)m2G ()
Ime(q) (¢ +Mp)? (¢ +Mp)

We are now going to derive the real and imaginary parts of
the complex potential from the real and imaginary parts of
dielectric permittivities, respectively, in the next subsection.
The important point to be noted here is that the non-
perturbative terms in the real and imaginary parts of the
dielectric permittivity will lead to the string contribution in
the real and imaginary parts of the potential.

B. Real and imaginary parts of the potential

Here we will calculate the real and imaginary parts of the
heavy quark potential in the presence of a weak magnetic
field. The real part of the dielectric permittivity in Eq. (66)

T=2T
C

o
I

o
=
T

I
o
I

ReV(r,T,B) (GeV)
5 .
w
T

-0.4—
i 1.11 1.17]
1

r(fm)

is substituted into the definition of potential in Eq. (53) to
obtain the real part of QQ potential in the presence of a
weak magnetic field (with 7 = rMp)

4 e’
RCV(I',T,B) = —gas <T+MD>
4 o
3

1= -7
o (1=e).

+ (68)

where the temperature and magnetic field dependence in
the potential enters through the Debye mass. While plotting
the real part of the potential we have excluded the nonlocal
terms which are, however, required to reduce the potential
in the medium V(r;T,B) to the vacuum potential in
(T,B) — 0 limit. In Fig. 2, we have plotted the real part
of the potential as a function of interquark distance (). In
the left panel of Fig. 2, we have plotted the real part of the
potential for different strengths of a weak magnetic field
such as eB = 0.5m2 and 2m> for a fixed value of temper-
ature 7' = 2T .. We observed that on increasing the value of
the magnetic field the real part becomes more screened.
Whereas in the right panel of Fig. 2, the real part is plotted
for different strengths of temperature such as 7 = 1.5T,
and 7 = 2T, and found to be more screened on increasing
the value of temperature. Thus, the real part of the potential
is found to be more screened on increasing the value of both
temperature and magnetic field. This observation of the real
part of the potential can be understood in terms of the
observation of the Debye mass that is found to be increased
both with temperature and with magnetic field as shown
earlier in Fig. 1.

We have made a comparison in Fig. 3 to see how the
magnetic field will affect the real part of the potential, for
that we have plotted the real part of the potential in the
presence of the magnetic field with the one for a pure
thermal case. As we have seen in the right panel of Fig. 1
that the Debye mass in the presence of the magnetic field is
slightly higher as compared to the Debye mass in a pure

ReV(,T,B) (GeV)

r(fm)

FIG. 2. Real part of the potential for different strengths of a magnetic field (left panel) and for different strengths of temperature (right

panel).
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FIG. 3. Real part of the potential in the absence and presence of

a weak magnetic field.

thermal medium, that leads to the slightly more screening
of the real part of the potential in the presence of a weak
magnetic field as compared to the same in the pure
thermal case.

We will now evaluate the imaginary part of the potential
in the presence of a weak magnetic field. The imaginary
part of the potential is obtained by substituting the
imaginary part of dielectric permittivity from Eq. (67) into
the definition of the potential Eq. (53),

40 TM( .
ImV¢(r;T,B) = ~3 ¢2(r) (69)
4(;TM%T.B> R
ImVs(r;T,B) = —T%(V)’ (70)
D

where the functions ¢, (7) and ¢3(7) are given in [26]

T=2TC
T T I T I T I T T
0 —
% -0.25 -
S}
=)
= -05 —
=)
> i
é — eB:O.SmT[2 \
-0.75 5 \ —
-- eB=2m1t !

) AN N NI BRI EE |
0 02 04 06 08 1 1.2
r(fm)

FIG. 4.
(right panel).

$a(7) = (71)

2/'00 2zdz i [I—Sinf?}
o (Z2+1) zr

©  zdz sin z7
7 =2 1- ,
¢3(}’) A (Z2 n 1)3 [ 7 :|

and in the small 7 limit (7 < 1), the above functions
become

(72)

1,
Dy (F) ~ — § #2(31In#—4+3yg), (73)
7 P M 151 2 1 4
P53 (7) = EJF%( 5In#—23 + 15yg). (74)

It is worth mentioning that we considered the imaginary
part of the potential within the small distance limit
(7 = rMp < 1), so that it can be viewed as a perturbation.
This could be relevant for the bound states of very heavy

.o 2
quarks, where Bohr radii, rp (=g{jﬂQ

smaller than the Debye length, M%) As we know, the former

(rp) is related to the scales of nonrelativistic heavy quark
bound states in vacuum (7" = 0) and the scales associated
with the thermal medium. In fact, the above condition
(rg < MLD) is translated to the hierarchy for the validity of
potential approach (m¢y > T or gT).

Similar to the real part of the potential we have plotted
the imaginary part of the potential as a function of
interquark distance (r) in Fig. 4. We have calculated the
imaginary part of the potential for different strengths of a
weak magnetic field such as eB = 0.5m2 and 2m2 in the
left panel of Fig. 4. We found that on increasing the value of
magnetic field the magnitude of the imaginary part gets
increased. On the other hand, in the right panel of Fig. 4,
the imaginary part is calculated for different strengths of
temperature such as 7 = 1.57. and T = 2T _; here also the
imaginary part is found to increase with the temperature.

> -
5]
&) -
2 ]
=
z )
= oa — T=15T,|
04 \ -
' -~ T=2T \
- c \ -
osbo Lo v 11 1)

1
0 02 04 06 08 1 12
r(fm)

Imaginary part of the potential for different strengths of magnetic field (left panel) and for different strengths of temperature
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FIG. 5. Imaginary part of the potential in the absence and the

presence of a weak magnetic field.

Hence the magnitude of the imaginary part of the
potential gets increased with the value of temperature
and magnetic field both. This observation also attributed
to the fact that the Debye mass is found to be increased
with temperature and magnetic field both. Here also we
have calculated the imaginary part of the potential in the
presence of the magnetic field with the one for a pure
thermal case in Fig. 5, where we observed that the
imaginary part of the potential in the presence of a
magnetic field is increased slightly as compared to the
one in a pure thermal case.

IV. PROPERTIES OF QUARKONIA

In this section we first explore the effects of a weak
magnetic field on the properties of heavy quarkonia. The
obtained real and imaginary parts of the heavy quark
potential will be used to evaluate the binding energy and
thermal width of the heavy quarkonia, respectively.

T | T T I T

0.6 0.05——— _

_o0s 0085 P ]

i 0.08 =

S 04l 2.1 2,15
2_ n
= 03
© =
H o,
@ 02f
0.1

0

A. Binding energy

In this subsection, we have obtained the binding energy
of J/y and Y. In order to calculate the binding energy, the
real part of the potential Eq. (68) is put into the radial part of
the Schrédinger equation, which is then solved numerically
to obtain the energy eigenvalues that in turn gives the
binding energies of quarkonia. To see how the presence of a
weak magnetic field affects the binding of quarkonia, we
have plotted the binding energies of J/y as a function of
T/T. for different strengths of the magnetic field in the left
panel of Fig. 6. We observed that the binding energy is
found to decrease with the temperature and magnetic field
both, we can attribute this finding in terms of the increasing
of screening with the temperature and magnetic field that
we have observed in the real part of the potential. The point
to be noted here is that the difference between the values of
binding energies plotted for the magnetic field eB = 0.5m2
and eB = 2m?2 is pronounced at a higher temperature, this
is in accordance with the validity of our work in the weak
field limit (72 > |q/B]).

In the right panel of Fig. 6, we have also compared the
binding energy of J/y in the presence of a weak magnetic
field with the pure thermal case. We found that the binding
energy in the presence of the magnetic field is smaller as
compared to the one in a pure thermal case, this is because
the real part of the potential in the presence of the magnetic
field becomes more screened as compared to the pure
thermal case. The similar observation has also been
observed for T, except that the value of binding energy
for YT is higher as compared to the value for J/W. The
variation of binding energy for Y is studied in the left and
right panels of Fig. 7.

B. Thermal width

We will now use the imaginary part of the potential
obtained in the presence of a weak magnetic field to
estimate the broadening of the resonance states in a
thermal medium. So using the first-order time-independent

0.6 ! 0.063I T ! —

©
n

0'03.32 I

— Pure Thermal
- eB=0.5m_’

<
~

2.337

B.E. of J/y (GeV)
o
W
|

I
to
|

0.1

FIG. 6. The binding energy of J/y as a function of temperature.
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FIG. 7. The binding energy of Y as a function of temperature.

perturbation theory, the width (I') has been evaluated by
folding with [®(r)],

I'(T,B) = —2/°°1mV(r;T,B)|cI>(r)|2dr, (75)
0

and the wave function ®(r) is taken to be the Coloumbic
wave function for the ground state

o
=)

e
=)

Cof Iy (GeV)
o
SN

0.6

<
~

<
w

[ of Y (GeV)
o
[\o]

0299 I ——" |
08 0.298 |-\ - 4
= r 0207+ ™ v |+
8 o6l 261 2.62 2.63_
— L
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04
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200
02— Pure Thermal
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b1g
0 1 I 1 I 1 I 1 I
1 15 2 25 3 35
/T,
r
D(r) = e~rla,
ﬂab

(76)

where a, is the Bohr radius of the heavy quarkonium
system. Here we have used the imaginary part of the
potential as a perturbation to obtain the thermal width, and

0.6

- eB:O.Smn2
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FIG. 9. Variation of the thermal widths with the temperature for Y.
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TABLE 1. Dissociation temperatures in the absence and the
presence of a weak magnetic field.

Dissociation temperatures 7'; in T,

State J /)y T
Pure thermal (eB = 0) 1.80 3.50
eB = 0.5m2 1.74 343

for that purpose we have obtained the imaginary part of the
potential in the small distance limit.

We have obtained the thermal width numerically and
observed that it depends on the temperature as well as the
weak magnetic field. To explore the effects of the weak
magnetic field on the thermal width of heavy quarkonia, we
have plotted the thermal width of J/y and Y as a function
of T/T, for different strengths of the magnetic field in
Figs. 8 and 9, respectively. We observed that the thermal
widths for J/y and T get increased with both the temper-
ature and the magnetic field as depicted in the left panels of
Figs. 8 and 9. We can understand this finding in terms of the
increase of the imaginary part of the potential, the magni-
tude of which gets enhanced both with temperature and
magnetic field. We also made a comparison of thermal
width in the presence of a weak magnetic field with its
counterpart in the absence of a magnetic field in the right
panels of Figs. 8 and 9, where we found that the decay
widths for J/W¥ and T get increased in the presence of the
magnetic field as compared to the pure thermal case.

C. Dissociation of quarkonia

In the previous subsections, we have obtained the binding
energies and thermal widths of heavy quarkonia, J/y and Y.
Now we will study the quasifree dissociation of heavy
quarkonia in a thermal QCD medium and see how the
dissociation temperatures of quarkonia are affected in the
presence of a weak magnetic field. For that purpose we use
the criterion on the width of the resonance (I'): " > 2 BE [47]
(where BE is the binding energy of the heavy quarkonia) to
estimate the dissociation temperature for J/y and Y.

We have obtained the dissociation temperatures of J/¥
and Y in the absence and the presence of a weak magnetic
field in Table I, and observed that the dissociation temper-
atures become slightly lower in the presence of a weak
magnetic field. For example, with eB = Om2 the J/y and
T are dissociated at 1.807, and 3.507,, respectively,
whereas with eB = 0.5m2 the J/y and T are dissociated
at 1.74T . and 3.43T ... This observation leads to the slightly
early dissociation of heavy quarkonia in the presence of the
weak magnetic field.

V. CONCLUSIONS

In the present theoretical study, we have explored the
effects of a weak magnetic field on the dissociation of

quarkonia in a thermal QCD by calculating the complex
heavy quark potential perturbatively in the aforesaid
medium. For that purpose, we first evaluate the gluon
self-energy in a similar environment using the imaginary-
time formalism. Furthermore, we have revisited the general
structure of the gluon self-energy tensor in the presence of a
weak magnetic field in a thermal medium and obtained the
relevant structure functions that in turn gives rise to the real
and imaginary parts of the resummed gluon propagator,
which give the real and imaginary parts of the dielectric
permittivity. To include the medium modification to the
nonperturbative part of the vacuum heavy quark potential,
we have included a nonperturbative term in the resummed
gluon propagator induced by the dimension-two gluon
condensate besides the usual hard thermal loop resummed
contribution. Thus, the real and imaginary parts of the
dielectric permittivity will be used to evaluate the real and
imaginary parts of the complex heavy quark potential. We
have studied the effects of a weak magnetic field on the real
and imaginary parts of the potential. We have found that the
real part of the potential is found to be more screened on
increasing the values of temperature and magnetic field
both. In addition to this, we have observed that the real part
gets slightly more screened in the presence of a weak
magnetic field as compared to its counterpart in the absence
of the magnetic field. On the other hand, the magnitude of
the imaginary part of the potential gets increased with the
value of both temperature and magnetic field, and its
magnitude also gets increased in the presence of a weak
magnetic field as compared to a pure thermal case. The real
part of the potential is used in the Schrédinger equation to
obtain the binding energy of heavy quarkonia, whereas the
imaginary part is used to calculate the thermal width. We
observed that the binding energies of J/¥ and Y are found
to decrease with the temperature and magnetic field both,
and we can attribute these findings in terms of the
increasing of screening of the real part of the potential.
We also observed that the binding energy of J/¥ and Y in
the presence of the magnetic field are smaller as compared
to the one in the pure thermal case. The increase in the
magnitude of the imaginary part of the potential will lead to
the increase of decay width with temperature and magnetic
field both. The thermal widths for J/%¥ and T get increased
in the presence of the magnetic field as compared to a pure
thermal case. With the observations of binding energy and
decay width in hand, we have finally studied the dissoci-
ation of quarkonia in the presence of a weak magnetic field.
The dissociation temperatures for J/¥ and T become
slightly lower in the presence of a weak magnetic field. For
example, with eB = Om2 the J/y and Y are dissociated at
1.807, and 3.507, respectively, whereas with eB = 0.5m2
the J/y and Y are dissociated at 1.74T . and 3.43T . This
observation leads to the slightly early dissociation of
quarkonia because of the presence of a weak mag-
netic field.
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In the following appendixes we have shown the explicit
calculations of form factors by(Q) and b,(Q).

APPENDIX A: CALCULATION OF THE FORM
FACTOR b,(Q)

In this Appendix, we will use the imaginary-time
formalism to calculate the form factor b, which is given by

—R2¢ [ dK 2K - K+ mj
b(@=2 % / 2n) (K? = ni) (P = )
o 2F [ &k [K? + 2k]
=Nz | Gy T; (K> — m3)(P* — m3)

- _Nfzﬁ;f[ll(g) +L(Q)],

(A1)

where we have neglected my in the numerator in the HTL
approximation and f ¢ — iT f 7 kS, and the I; and

I, are given as

Bk ’

1(0) = / 22)° @ (Kz_m;){(Pz—m})’ -
3

1(0) _/ dk TZ pz_m]%)' (A3)

n

Now we substitute ko = iw,, qo = io, E; = \/k* +m7,
and E, =

quency sum, which gives I; as
1(Q) = / Tk 15—
) @ S (@R + B

Pk 1
Z‘/Wz—a“

where the first term is the nonleading term in 7' thus
retaining only the leading term in 7, the I, becomes

3k np

(k—gq)* +m7, and then perform the fre-

—2np(Er)l,  (A4)

(AS)

now taking /,, which becomes

Iz(Q):2

dk 2T
Z Ez) a)n—a)) —|—E§]

d3k nF(El) dnp(E,) 1
—— 0 .
/ (22)° [ E, 9%k ia)—qcosé}

(A6)

Substituting 7; and I, in Eq. (Al), the form factor b,
becomes

2% [ &k dnp(Ey) 90
bo(q0:q) = —N 1- :
old0-4) = =N 7 / 2r)  dk do—qcosf

(A7)

where we have again resubstituted g, = iw. Now we will
evaluate the real and imaginary parts of the form factor b,
The real part of b, in the static limit is given by

d
Reby(qe = 0) = —N; 2/k2dk nr(E

g2 T2

=Ny~ (A8)

On the other hand, for the evaluation of the imaginary part
of by we will use the following identity:

Imby(q¢. q) = lhm[b(q() +in, q) = b(qo — in, q)], (A9)

along with the following expression:

1 1 1
2i (Clo +YEi+in qo+ ) E;— i'l)
= —7[5(6]0 + ZEJ) .
J

Thus using the above identities Eqs. (A9) and (A10), the
imaginary part of b, becomes

(A10)

292l1. / &k dng(k)

tmbo(qo.a) = Ny 2525 1m | 55— ak

y gcoso gcosf
qo—qcos@+in qy—qcosf—in
ﬂg 610 ) an(k>
k*dk , All
Fon?i? g dk (ALl)
which in the static limit takes the simplified form
Imb TN
90 7=0 6 2q
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APPENDIX B: CALCULATION OF THE FORM FACTOR b,(Q)

Similar to the form factor by, here we will solve the form factor b,, which is given by

b,(0) :Zi2gz(q2fB)2 U &K {(K2(2_k3— i+ m3) ~ (8K2K2) %)H

i ii (2x)* m3)>(P* —m3)> (K> = m2)*(P* —m
24 (qsB)* [ &k K> + I2(1 + cos’0) +m7)  8(k* + k2K2)(1 — cos20)
_Z 2 /(2;:)3 T;{ (Kz_m;)z(Pz_m%)z - (Kz—mj%)“(Pz—m]%) } (B1)

where we have used the spherical polar coordinate system for k = (k sin 0 sin ¢, k sin @ cos ¢, k cos ). In order to solve the
form factor b,, we will use the method as shown in [38], which gives

by(0) = _zf: 2925532 H (6f) +5mf 82?22 }/ Bk T; s
_{8(2;) +m7}62(a;f } / o T; n::S pz_mf)] (B2)

and now we will perform the following frequency sum:

S 1 _ [ =np(E)) — np(Ey)] { 1 _ 1 }
— (0} + E) (0, — w)* + E3] 4E\E, io+E +E, iw—E, —E,

o (B —nF(Ez)]{ 1 1 }

4E,E, io+E —E, iw—E +E,

Thus, after simplification the form factor b, becomes

20438’ * 5, P @’k np(Ey) qo
bz(CIoJ])—; 2 {(az(m%)‘f'gmfaS(m}))/(271)3 E, (qo—qCOsg_l)
o 5, & d’k np(Ey) qo
* (6(m]2c)+6m‘f 82(m%)>/ (2n)* 2E{ \qo—qcos®
2 m2 3 3
oty o) )
m2) 2 Fm2)) ) (2x) E qo — qcos 0

2
(o S 7to) s <0 o= a) o

Thus, the real part of b, in the static limit is obtained as [38]

- ml
Reby(gqp =0) = Z 2T (4/B)? Z MPK, <Tf> (B5)

=1

Now we will evaluate the imaginary part of form factor b,, and for that we write b, as

by(q0.9) = 229 2 [13(610 q) + 14(q0. 4) + I5(90. 9) + 16(q0. q)]. (B6)
f

where we have defined the following functions:
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13(61(»61):(482 O )/ . nF(El)( S )
P(mz) 610 (m3)) ) 2n)* Ey \go—qcosd
5 0? &k np(E) q
, _ 5, FlL] 0
4(90.9) <8(m?)+6mf82(m%)>/(27z)3 2E3 (QO—qcose ’
o? m} » &’k np(E,) gcost
/ _ (o 29 4%93Y7
s(a0-4) <62(m%>+ 2 a3<m,%>>/ oo asa)

o mp &k np(Ey) 4o
I =—|m—5+= ? :
o(d0-) <a<m§~>+ 2 62<m§->>/ ey 28 (’<qo—qcose>

(B7)

(B10)

Now we will evaluate the imaginary parts of all the above four terms one by one using the identities Egs. (A9) and (A10).

First we start with 15(qo, q),

Im 73(q0. q) = X3( ) / &k np(E) gcos® qcos 0
m _
3(490, 9 3Uny)5s '7_>0 (27[)3 E, go—qcosO+in qy—qcosO —i

2

where X3(mg) = ( 32?m2) +am; a? )) Now Eq. (B11) in the static limit becomes
' f

90 drq 1

a0 55 (%) - “()

=1
1 - myl - mel
- R RVER 25 o et 1+ RK mgt ’
327qT? ;( ) ‘T 192;qu2 IZ T

where K, and K, are the modified Bessel functions of the second kind. Now we take 14(qq, q),

{Imk(f]o’f])LoOZ_LX3(mf)/k2dk éEl)

[ &k np(E,) 90 90
Im1 ,q) =X ) —1 — ,
m14(g0. 9) 4(mf)2inl—l>% {/ (27)* 2E; \go—qcosO+in qo—qcosf—in

(525 + 2m% 52) and Eq. (B13) takes the following form in the static limit:

where X4 (m;) =

3(m;) f ( f)
Im17 1 E
|:m 4(q0’LI):| :——X4(I’I’If)/k2dkn1:(,;l)
4o w=0  87q E

_ ! Xy(me) |1+ A
 16nq Ay e Og
1 (8T —Tzamy)

~ 15361¢ mzT

Similarly the imaginary part of I5(qg, ¢) and I¢(qo, q),

1 &k 309 0
Im/5(qy.q) = —Xs(mf)—.lim / . nr(Ey) q cos __ q cos | ’
2in—-0|) (2z)° E; \go—qcos@+in gy—qcosO—in

where Xs(m;) = (62‘(9;2)

2
+ % & ), and Eq. (B16) vanishes in the static limit
2

&> (m?) ’
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Im/

[ m I5(qo, Q)} —0. (BI6)
q0 40=0

1 &k 20 20
ImI4(q9,q) = _X6(mf) —lim / . np( 31) qocos __ qoCos . 7 (B17)
P 2in-0| ) (2m)° 2E{ \go—qcosO+in qy—qcosf—in
2
where Xq(m;) = ( O(zzf) + Tf 7 <2f)) Equation (B17) also vanishes in the static limit

Im/ ,

[m 6(q0 ‘1)] —0. (B13)
q0 q0=0

Finally, we substitute Eqs. (B12), (B14), (B16), and (B18) in Eq. (B6) to evaluate the imaginary part of b,(qy, ¢), which in

the static limit can be written as

[w} - ! [Z

90 q

+Z

1=

7687r m%T '

qu - are myl gz(qu)z . I+172 myl
FKyl| —=— |- —_— -1 FK, | —=
16772 Z o\ ; 967> Z( ) 2\r

=1
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