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We evaluate the finite temperature scalar sunset diagram with imaginary square masses, that appears in
the Gribov-Zwanziger approach to Yang-Mills (YM) theory beyond one-loop order. Since YM theory
at finite temperature is governed by center-symmetry and the Polyakov loop, we also include the possibility
of a constant temporal background gauge field in the form of color-dependent imaginary chemical
potentials.
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I. INTRODUCTION

In recent years, much valuable progress has been made
toward the understanding of non-Abelian gauge theories at
finite temperature using background field gauge (BFG)
methods [1,2] in the Landau-DeWitt gauge, in combination
with several functional methods [3–14]. On the one hand,
BFG methods provide an efficient way to describe the
confinement/deconfinement order parameter (the Polyakov
loop or any of its proxies [3]) because the related center
symmetry is explicit at the quantum level and is easily
maintained in approximation schemes [15–17]. On the
other hand, functional methods provide a method of choice
when investigating infrared, nonperturbative properties of
non-Abelian theories [18].
However, most functional approaches take as a starting

point the usual Faddeev-Popov version of the gauge fixing
which is known to be a valid description of non-Abelian
gauge theories at high energies but which is also expected
to be modified in the infrared due to the influence of Gribov
copies [19]. It is then an interesting question whether a
complete gauge-fixing procedure in the infrared (IR)
regime could capture some genuine nonperturbative effects,
beyond those that are captured by the infinite hierarchies of
equations considered in functional methods. Even more, it
has been suggested that a resolution of the IR gauge-fixing
may open the way to a new perturbative perspective on

certain aspects of the infrared dynamics of non-Abelian
gauge fields [20,21].
Several models have been put forward in order to

implement the BFG formalism in the Landau-deWitt
gauge while restricting the number of Gribov copies. In
Refs. [16,22–25], the formalism was used within the Curci
Ferrari (CF) model [26] to compute the background
potential and Polyakov loop up to two-loop order, both
in pure Yang-Mills theories and in heavy-quark QCD. It
was argued that this model could be part of a complete
gauge-fixing in the Landau gauge, since a CF gluon mass
term may arise after the Gribov copies have been accounted
for via an averaging procedure [27], see also Ref. [28] for a
related discussion in a different gauge. One salient feature
of the results obtained within the CF model is that, not only
various aspects of the phase structure are already accounted
for at leading one-loop order, but the two-loop corrections
turn out to be small and tend to improve the results,
supporting the existence of a “perturbative way” lurking
behind the gauge-fixing problem.
A more explicit way to account for Gribov copies is the

Gribov-Zwanziger (GZ) method [29–31]. At the cost of
introducing some new fields, the functional integral is
restricted to a region that contains less Gribov copies, the
so-called Gribov region. In Ref. [32], a GZ type action for
the Landau-DeWitt gauge was proposed, but it was later
established in Ref. [33] that this model is not invariant
under background gauge transformations and an alternative
proposal was made where both background gauge invari-
ance and Becchi-Rouet-Stora-Tyutin (BRST) symmetry are
manifest. It is however not clear how to extend this
proposal at finite temperature while maintaining the back-
ground gauge invariance. Here, we will follow the frame-
work of Ref. [34], where BRST symmetry is sacrificed (just
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as in the CF model) to establish a background gauge
invariant GZ type model that is easy to implement at finite
temperature.
In Ref. [34], the one-loop background potential and the

Polyakov loop up to first order were determined within this
model and in Ref. [35] these calculations were extended to
the case of QCD with heavy quarks, leading to the best
agreement to date with the available lattice data regarding
the description of the upper boundary line in the so-called
Columbia plot. A natural question is whether these prom-
ising results at leading order resist the inclusion of higher
order corrections, which would support similar results
within the CF approach.
The present work is a modest contribution towards this

goal: we address the calculation of the scalar sunset diagram
and the mass derivatives thereof that appear in the two-loop
background potential in the model at finite temperature. This
potential puts forward new challenges because imaginary
square masses appear with the introduction of the auxiliary
fields needed to localize the GZ action. Indeed, the tree-level
gluon propagator in the GZ model reads

G0ðQÞ ¼ Q2

Q4 þ γ4
¼ Re

1

Q2 þ iγ2
;

with γ the Gribov parameter. Though the existence of
imaginary masses in the GZ model is a well-known fact,
to our knowledge there is no literature on the proper handling
of imaginary masses in higher-order loop calculations at
finite temperature. The full calculation of the two-loop
potential in the GZ model as well as the Polyakov loop
will be treated in a different work [36]. For related work at
zero temperature, see [37–39].
A convenient tool to make sense of the finite temperature

contributions to the potential is thermal splitting which is
commonly used in calculations that involve Matsubara
sums [40,41]. By decomposing sum-integrals according to
the number of thermal factors, UV divergences become
much easier to handle. Moreover, we can separate a
vacuum piece, which will equal the zero-temperature
contribution. The vacuum two-loop sunset amplitude for
real masses was calculated in [42] and the finite temper-
ature contributions have been known for a long time [43],
with a recent generalization in the presence of the Polyakov
loop [16,23,44]. Part of this work will therefore be an
extension of these results to the case of imaginary square
masses. We do not aim at a full generalization, however,
instead limiting ourselves to the cases that appear in the
two-loop calculation in the GZ model [36].
This work is organized as follows. In Sec. II, we look at

the scalar tadpole sum-integral as a pedagogical introduc-
tion to the techniques that will be used to deal with the
sunset sum-integral. In particular, we introduce the spectral
representation and give a first trivial example of thermal
splitting. In Sec. III, we look at the scalar sunset

sum-integral. In Sec. IV, we investigate the relevant mass
derivatives of the sunset sum-integrals and their respective
thermal splittings that are also needed for the evaluation of
the GZ potential at two-loop order. More technical details
are gathered in the Appendixes.

II. THE SCALAR TADPOLE AS A SIMPLE
EXAMPLE

In what follows, we denote Euclidean momenta by
capital letters Q;K; L;…. Each of these comprises a
bosonic Matsubara frequency ωn ≡ 2πTn, with n ∈ Z,
and a spatial momentum q, with q≡ jqj. Integration over
Euclidean momenta is encoded in sum-integrals, which
we keep denoting, however, as standard integrals for
simplicity:

Z
Q
fðQÞ≡ T

X
n∈Z

Z
q
fðωn;qÞ: ð1Þ

We work in dimensional regularization, meaning that the
integral over spatial momenta corresponds toZ

q
≡μ2ϵ

Z
dd−1q
ð2πÞd−1 ; ð2Þ

with d ¼ 4 − 2ϵ.
In the context of Yang-Mills theory at finite temperature,

it is crucial to take into account the order parameter for the
confinement/deconfinement transition also known as the
Polyakov loop l, or, equivalently, the corresponding
constant, temporal and diagonal gluonic background Ā0

such that l ∝ tr expfigβĀ0g, with β≡ 1=T the inverse
temperature. In this situation, the Matsubara frequencies
are shifted by a color-dependent imaginary chemical
potential, ωn → ωκ

n ≡ ωn þ r̂jκj, where the r̂j denote the
components of Ā0 along the diagonal part ftjg of the suðNÞ
algebra, Ā0 ¼ r̂jtj, while the κj denote the weights of the
adjoint representation, that arise as one diagonalizes the
adjoint action of all the tj: ½tj; tκ� ¼ κjtκ. For the present
paper, we do not need to know more about the precise way
the Polyakov loop appears in explicit calculations. In what
follows, we denote by Qκ ¼ ðωκ

n;qÞ the shifted Euclidean
momentum and we also introduce the notation r̂ · κ ≡ r̂jκj.
In this first section, as a pedagogical example, we treat

the scalar tadpole sum-integral

Jκα ≡
Z
Q
GαðQκÞ; ð3Þ

with

GαðQκÞ≡ 1

Q2
κ þ α

; ð4Þ

assuming that the square mass α is purely imaginary.
The procedure that follows might seem unnecessarily
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complicated for the evaluation of such a simple sum-
integral. However, it introduces the basic ingredients that
make the corresponding evaluation of the scalar sunset
sum-integral in the next section much simpler.

A. Spectral representation

The first step is to evaluate the Matsubara sum in Eq. (3).
To this purpose, we decompose the propagator as

GαðQκÞ ¼
1

2εq;α

�
1

εq;α − iωκ
n
−

1

−εq;α − iωκ
n

�
; ð5Þ

with εq;α ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ α

p
. It proves useful to rewrite the

previous identity in the form of a “spectral representation”

GαðQκÞ≡ G̃αðiωκ
n;qÞ ¼

Z
q0

ραðq0;qÞ
q0 − iωκ

n
; ð6Þ

where
R
q0
≡ R

dq0=ð2πÞ and

ραðq0;qÞ≡ 2π

2εq;α
½δðq0 − εq;αÞ − δðq0 þ εq;αÞ�

≡ 2πsignðq0Þδðq20 − ε2q;αÞ: ð7Þ

We mention that, in the presence of imaginary square
masses, the notations

R
q0

and δðq0 ∓ εq;αÞ are understood
as mere bookkeeping devices allowing one to select the two
complex energies �εq;α. Similarly, signðq0Þ selects the
corresponding sign in front of �εq;α, and should therefore
be understood as the sign of the real part of q0.

1

Using the spectral representation (6) in Eq. (3), we find

Jκα ¼
Z
q0;q

ραðq0;qÞT κðq0Þ; ð8Þ

with

T κðq0Þ≡ T
X
n∈Z

1

q0 − iωκ
n
; ð9Þ

a simple Matsubara sum. We stress that, even though q0
takes complex values, it does not interfere with the
Matsubara frequencies because its real part never vanishes.
Using standard techniques for the evaluation of Matsubara
sums, we then arrive at2

T κðq0Þ ¼ nq0−ir̂·κ; ð10Þ
with nx ≡ 1=ðex=T − 1Þ the Bose-Einstein distribution
function.

B. Thermal splitting

One problem with the expression above is that it involves
thermal factors with energies whose real parts can be as
negative as possible. In particular, this does not facilitate
the extraction of UV divergences. To remedy this situation,
we write

nq0−ir̂·κ ¼ −θð−q0Þ þ signðq0Þnjq0j−isignðq0Þr̂·κ; ð11Þ

where signðq0Þ is to be understood as the sign of the real part
of q0, see above, θðq0Þ is equal to 1 if the real part of q0 is
positive and zero otherwise, and jq0j ¼ q0signðq0Þ.
Plugging Eq. (11) into Eq. (10) and then back into
Eq. (8), we arrive at the “thermal splitting” of the tadpole
sum-integral: Jκα ¼ Jαð0nÞ þ Jκαð1nÞ. Here, Jαð0nÞ denotes
the pure vacuum contribution (no thermal factor), depending
neither on the temperature nor on the background, while

Jκαð1nÞ ¼
Z
q0;q

σκαðq0;qÞ; ð12Þ

where σκαðq0;qÞ≡ ραðq0;qÞsignðq0Þnjq0j−isignðq0Þr̂·κ.
In the contribution with one thermal factor, one can

perform the frequency integral. Moreover, because this
contribution is UV finite, one can take the limit d → 4 and
evaluate the angular integral analytically. One obtains

Jκαð1nÞ ¼
X
σα

Z
q

nεq;α−iσαr̂·κ
2εq;α

¼ 1

2π2
X
σα

Z
∞

0

dqq2
nεq;α−iσαr̂·κ
2εq;α

;

ð13Þ

where σα ∈ f−1;þ1g. On the other hand, the vacuum
contribution is conveniently computed by rewriting it as a
standard d-dimensional Euclidean integral

Jαð0nÞ ¼
Z

T¼0

Q
GαðQÞ: ð14Þ

Seen as a function of a complex α, this integral is analytic,
with a branch cut for α ∈ Re−. Therefore, its value for α
imaginary can be obtained by analytic continuation of the
known expression for α ∈ Reþ. We simply find

Jαð0nÞ ¼ −
α

16π2

�
1

ϵ
þ ln

μ̄2

α
þ 1þOðϵÞ

�
; ð15Þ

where μ̄2 ≡ 4πμ2e−γ and γ is the Euler constant.

1The spectral representation can be given a rigorous meaning
by defining the Dirac and sign distributions along the appropriate
contour. We will not need these technicalities here though.

2The simple Matsubara sum considered here is not absolutely
convergent. This means that, when applying the standard tech-
nique based on contour integration, one needs a priori to take into
account a contribution from the contour at infinity. Fortunately,
this contribution cancels upon integrating over q0 in Eq. (8), in
line with the fact that the original Matsubara sum is absolutely
convergent.
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III. THERMAL SPLITTING OF THE SCALAR
SUNSET

Using similar techniques, we now would like to evaluate
the (0-leg) sunset sum-integral

Sκλταβγ ≡
Z
Q;K

GαðQκÞGβðKλÞGγðLτÞ; ð16Þ

where momentum and color conservation imply respectively
Qþ K þ L ¼ 0 and κ þ λþ τ ¼ 0, see Fig. 1.3 We con-
sider the case where the square masses α, β, and γ are purely
imaginary. In fact, we restrict to those cases that are relevant
for the GZ framework, where the square masses are either 0
or �im2. More precisely, it can be shown that the relevant
scalar sunset sum-integrals that appear in the GZ framework
are Sκλτααα, Sκλτααð−αÞ, S

κλτ
α00, with α ¼ �im2, together of course

with the corresponding permutations of masses [36].

Using the spectral representation (6) in Eq. (16), we find

Sκλταβγ ¼
Z
q0;q

ραðq0;qÞ
Z
k0;k

ρβðk0;kÞ

×
Z
l0

ργðl0; lÞSκλτðq0; k0; l0Þ; ð17Þ

with

Sκλτðq0; k0; l0Þ

≡ T2
X
n;m

1

ðq0 − iωκ
nÞðk0 − iωλ

mÞðl0 þ iωλ
m þ iωκ

nÞ
; ð18Þ

a double Matsubara sum. Standard techniques for the
evaluation of Matsubara sums together with color con-
servation κ þ λþ τ ¼ 0, lead then to

Sκλτðq0; k0; l0Þ ¼
ðnk0−ir̂·λ − nl0þir̂·τÞðnq0−ir̂·κ − n−l0−k0−ir̂·κÞ

l0 þ k0 þ q0

¼ nk0−ir̂·λnl0−ir̂·τ þ ð−n−q0þir̂·κÞnk0−ir̂·λ þ ð−n−q0þir̂·κÞð−n−l0þir̂·τÞ
l0 þ k0 þ q0

; ð19Þ

where, in going from the first to the second line, we have
used the well-known identity nxny ¼ ð1þ nx þ nyÞnxþy.
Finally, by making use of Eq. (11), we arrive at the thermal
splitting of the scalar sunset sum-integral: Sκλταβγ ¼
Sαβγð0nÞ þ Sκλταβγð1nÞ þ Sκλταβγð2nÞ. As in the previous exam-
ple, Sαβγð0nÞ denotes the pure vacuum contribution (no
thermal factor), depending neither on the temperature nor
on the background, while

Sκλταβγð1nÞ ¼
X
cyclic

Z
q0;q

σκαðq0;qÞ
Z
k0;k

ρβðk0;kÞ

×
Z
l0

ργðl0; lÞ
θðl0Þ − θð−k0Þ
l0 þ k0 þ q0

; ð20Þ

and

Sκλταβγð2nÞ ¼
X
cyclic

Z
q0;q

σκαðq0;qÞ
Z
k0;k

σλβðk0;kÞ

×
Z
l0

ργðl0; lÞ
1

l0 þ k0 þ q0
; ð21Þ

where
P

cyclic stands for the cyclic permutations of the pairs
ðα; κÞ, ðβ; λÞ, and ðγ; τÞ and σκαðq0;qÞ was defined in the
previous section.
We note that the thermal splitting considered here

assumes that the denominator l0 þ k0 þ q0 never vanishes.

We show in Appendix A that this is indeed so in those cases
that are relevant for the GZ framework. More generic cases
may require a regularization of the denominator but we
shall not consider them here.

A. Contribution with two thermal factors

The contribution with two thermal factors is easily
handled. We can first perform the l0 integral by using
the spectral representation (6) backwards. This leads to

FIG. 1. The two-loop sunrise graph for imaginary square
masses α, β, γ. The momenta and color charges are conserved
at the vertices.

3These two identities can be conveniently combined into Qκ þ
Kλ þ Lτ ¼ 0 [16].
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Sκλταβγð2nÞ¼
X
cyclic

Z
q0;q

σκαðq0;qÞ
Z
k0;k

σλβðk0;kÞG̃γðk0þq0;lÞ;

ð22Þ

where G̃ðz0; zÞ is defined in Eq. (6) and obeys
G̃ð−z0; zÞ ¼ G̃ðz0; zÞ. Next, we perform the q0 and k0
integrals and obtain

Sκλταβγð2nÞ ¼
X
cyclic

X
σα;σβ

Z
q

nεq;α−iσα r̂·κ
2εq;α

×
Z
k

nεk;β−iσβ r̂·λ
2εk;β

G̃γðσαεq;α þ σβεk;β; lÞ; ð23Þ

where σα, σβ, and σγ take values in f−1;þ1g. Finally,
because this contribution is UV finite, we can set d ¼ 4 and
perform the angular integrals. We find eventually

Sκλταβγð2nÞ ¼
1

64π4
X
cyclic

X
σα;σβ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εq;α

×
Z

∞

0

dkk
nεk;β−iσβ r̂·λ

εk;β
lnðαβ; γÞ; ð24Þ

with

ðαβ; γÞ≡ −ðσαεq;α þ σβεk;βÞ2 þ ε2qþk;γ

−ðσαεq;α þ σβεk;βÞ2 þ ε2q−k;γ

¼ γ − α − β − 2σασβεq;αεk;β þ 2qk

γ − α − β − 2σασβεq;αεk;β − 2qk
: ð25Þ

B. Contribution with one thermal factor

Integration over the frequencies leads this time to

Sκλταβγð1nÞ ¼
X
cyclic

X
σα

Z
q

nεq;α−iσαr̂·κ
2εq;α

Ĩβγðεq;α;qÞ; ð26Þ

with

Ĩβγðεq;α;qÞ ¼
Z
k

�
1

2εl;γ
G̃βðσαεq;α þ εl;γ;kÞ

þ 1

2εk;β
G̃βðσαεq;α − εk;β; lÞ

�

¼
Z
k

1

4εk;βεl;γ

�
1

εk;β þ εl;γ þ σαεq;α

þ 1

εk;β þ εl;γ − σαεq;α

�

¼
Z
k

1

2εk;βεl;γ

εk;β þ εl;γ
ðεk;β þ εl;γÞ2 − ε2q;α

; ð27Þ

where we note that the dependence on σα has dropped in the
last line, which explains a posteriori why we did not
include it in our notation for Ĩβγðεq;α;qÞ. We show in
Appendix B that this quantity does not depend on q either.
It follows that Sκλταβγð1nÞ ¼

P
cyclic J

κ
αð1nÞIαβγð0nÞ, with

Iαβγð0nÞ≡ lim
q→0

Ĩβγðεq;α;qÞ ¼
Z
k

1

2εk;βεk;γ

εk;β þ εk;γ
ðεk;β þ εk;γÞ2 − α

:

ð28Þ
The case I0βγð0nÞ can be evaluated immediately as

I0βγð0nÞ¼
Z
k

1

2εk;βεk;γ

1

εk;βþεk;γ

¼
Z
k

1

2εk;βεk;γ

εk;β−εk;γ
β−γ

¼−
Jβð0nÞ−Jγð0nÞ

β−γ
: ð29Þ

As for the general case Iαβγð0nÞ, we show in Appendix B
that it can be obtained from the analytic continuation of the
vacuum Euclidean integral

Iβγð0nÞðQ2 ≥ 0Þ≡
Z

T¼0

K
GβðKÞGγðLÞ: ð30Þ

We find

Iαβγð0nÞ ¼
1

16π2

�
1

ϵ
− ln

μ̄2

α
þ 2

þ Rðα−; β; γÞ − α − β þ γ

2α
ln
Rðα−; β; γÞ − α − β þ γ

2μ̄2

−
Rðα−; β; γÞ þ α − β þ γ

2α
ln
Rðα−; β; γÞ þ α − β þ γ

2μ̄2

−
Rðα−; β; γÞ þ αþ β − γ

2α
ln
Rðα−; β; γÞ þ αþ β − γ

2μ̄2

þRðα−; β; γÞ − αþ β − γ

2α
ln
Rðα−; β; γÞ − αþ β − γ

2μ̄2

�
; ð31Þ
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with α− ≡ α − 0þ and

R2ðα; β; γÞ≡ α2 þ β2 þ γ2 − 2αβ − 2βγ − 2γα: ð32Þ

More details on the continuation are given in Appendix B.

C. Vacuum contribution (no thermal factor)

The vacuum contribution can be written as a standard d-
dimensional Euclidean integral

Sαβγð0nÞ≡
Z

T¼0

Q;K
GαðQÞGβðKÞGγðLÞ: ð33Þ

This integral is known analytically for positive square
masses α, β, and γ [42]. One strategy to obtain the
corresponding integral for imaginary square masses is to
perform an analytic continuation of the result of [42] with
respect to the masses. This is an efficient strategy in the
case where the nonvanishing masses are all equal.
Let us take for instance Sα00ð0nÞ. Seen as function of a

complex α, it is analytic with a branch cut for α ∈ Re−.
Because the expression for α ∈ Reþ,

Sα00ð0nÞ ¼ ð4πμ2Þ2ϵΓð1þ ϵÞ2
�
−

α

128π4

�

×

�
1

4ϵ2
−

1

2ϵ

�
ln α −

3

2

�

þ 1

2

�
ln2ðαÞ − 3 lnðαÞ þ π2

6
þ 7

2

��
; ð34Þ

has branch cuts only for α ∈ Re−, it can be immediately
used to represent Sα00ð0nÞ in the case where α is purely
imaginary. Using a similar argument, we obtain

Sαααð0nÞ ¼ ð4πμ2Þ2ϵΓð1þ ϵÞ2
�
−

α

128π4

�

×

�
3

4ϵ2
−

1

2ϵ

�
3 ln α −

9

2

�

þ
�
3

2
ln2ðαÞ − 9

2
lnðαÞ − i

ffiffiffi
3

p
Li2

�
1

2
−
i

ffiffiffi
3

p

2

�

þ iπ2

12
ffiffiffi
3

p þ 21

4

��
: ð35Þ

The evaluation of Sααð−αÞð0nÞ is trickier because it
involves the analytic continuation of a function of two
complex variables. Although this can be done in principle,
we here chose a more direct evaluation by adapting the
technique in Ref. [42] to the case of imaginary square
masses. This technique is based on the derivation of a
differential equation satisfied by Sαβγð0nÞ. Although the
derivation of the differential equation is not affected by the
presence of imaginary square masses, we reproduce it here

for completeness and because we shall use it for other
purposes later.
Let us write the scalar sunset vacuum integral symboli-

cally as

fGαGβGγg≡
Z

T¼0

Q;K
GαðQÞGβðKÞGγðLÞ; ð36Þ

with L ¼ −Q − K. Expanding the identities

0¼
�
−

∂
∂Qμ

ðKμGαGβGγÞ
�
¼
�
−

∂
∂Qμ

ðQμGαGβGγÞ
�
;

ð37Þ

we find

0 ¼ f2Q · KG2
αGβGγg − f2L · KGαGβG2

γg; ð38Þ

0 ¼ −dfGαGβGγg þ f2Q2G2
αGβGγg − f2Q · LGαGβG2

γg:
ð39Þ

Then, writing Q2 ¼ Q2 þ α − α, as well as

2Q · K ¼ L2 þ γ −Q2 − α − K2 − β þ ðαþ β − γÞ; ð40Þ

2L · K ¼ Q2 þ α − K2 − β − L2 − γ þ ðβ þ γ − αÞ; ð41Þ

2Q · L ¼ K2 þ β − L2 − γ −Q2 − αþ ðγ þ α − βÞ; ð42Þ

we arrive at

0 ¼ fG2
αGβg − fG2

αGγg þ ðαþ β − γÞfG2
αGβGγg

−fGβG2
γg þ fGαG2

γg − ðβ þ γ − αÞfGαGβG2
γg; ð43Þ

0 ¼ ð3 − dÞfGαGβGγg − 2αfG2
αGβGγg

− fGαG2
γg þ fGβG2

γg − ðγ þ α − βÞfGαGβG2
γg: ð44Þ

Using the first relation in order to replace fG2
αGβGγg in the

second, we find

0 ¼ ð3 − dÞðαþ β − γÞfGαGβGγg þ R2ðα; β; γÞfGαGβG2
γg

þ ðα − β þ γÞðfGαG2
γg − fGβG2

γgÞ
þ 2αðfG2

αGβg − fG2
αGγgÞ: ð45Þ

Finally, using that fG2
αGβg ¼ fG2

αgfGβg, this rewrites

R2ðα; β; γÞSαβγ2ð0nÞ ¼ ðd − 3Þðαþ β − γÞSαβγð0nÞ
þ ðd − 2ÞJαð0nÞJβð0nÞ
− ðα − β − γÞJαð0nÞJγ2ð0nÞ
− ðβ − α − γÞJβð0nÞJγ2ð0nÞ; ð46Þ
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where we have introduced the notations Jα2ð0nÞ≡ fG2
αg

and Sαβγ2ð0nÞ≡ fGαGβGγ2g. In the case where γ ≠ 0, we
can use

Jγ2ð0nÞ ¼ −
∂
∂γ Jγð0nÞ ¼ ð1 − d=2Þ Jγð0nÞ

γ
; ð47Þ

Sαβγ2ð0nÞ ¼ −
∂
∂γ Sαβγð0nÞ; ð48Þ

to arrive at the differential equation

R2ðα;β;γÞ ∂∂γSαβγð0nÞ¼ð3−dÞðαþβ−γÞSαβγð0nÞ

þð2−dÞJαð0nÞJβð0nÞ

þð2−dÞ
�
α−β−γ

2γ
Jαð0nÞJγð0nÞ

þβ−α−γ

2γ
Jβð0nÞJγð0nÞ

�
: ð49Þ

In Appendix C, we use this equation to obtain Sααγð0nÞ in
some appropriate range of values for γ. We follow the
approach of Ref. [42] by carefully adapting it to the case of
imaginary square masses. We find in particular

Sααð−αÞð0nÞ ¼ ð4πμ2Þ2ϵΓð1þ ϵÞ2
�
−

α

128π4

�

×

�
1

4ϵ2
þ 1

2ϵ

�
3

2
− 2 ln αþ lnð−αÞ

�

þ
ffiffiffi
5

p

2

�
π2

5
− iπ ln

3 −
ffiffiffi
5

p

2

�

þ 7

4
− 3 ln αþ 3

2
lnð−αÞ

−
1

2
ln α lnð−αÞ þ 5

4
ln2α −

1

4
ln2ð−αÞ

�
: ð50Þ

Wemention that the vacuum integrals Sþþþð0nÞ, Sþ00ð0nÞ,
and Sþþ−ð0nÞ have also been used in [37,39] but the
individual results are not quoted, only their final combi-
nation in the vacuum GZ horizon condition at two-loop
order. For similar integrals involving both real and imagi-
nary square masses, see [38].

D. Summary

In summary, the scalar sunset sum-integral can be split as

Sκλταβγ ¼ Sαβγð0nÞ þ Sκλταβγð1nÞ þ Sκλταβγð2nÞ; ð51Þ

with Sαβγð0nÞ given in Eqs. (34), (35), or (50) depending on
the considered case, while Sκλταβγð1nÞ reads

Sκλταβγð1nÞ ¼ Jκαð1nÞIαβγð0nÞ þ Jλβð1nÞIβγαð0nÞ
þ Jτγð1nÞIγαβð0nÞ; ð52Þ

with Iαβγð0nÞ given in Eq. (31), and Sκλταβγð2nÞ is given
in Eq. (24).

IV. MASS DERIVATIVES

The various sunset diagrams that appear in the GZ
framework lead also to mass derivatives of the scalar
sunset, in the limit where the corresponding mass is taken
to zero. In fact, what appear are the limits [36]

ΔSκλτ
02βγ

≡ lim
α→0

�
Sκλτ
α2βγ

þ Jκ
α2

Jλβ − Jτγ
β − γ

�
; ð53Þ

ΔSκλτ
0202γ

≡ lim
α→0

lim
β→0

�
Sκλτ
α2β2γ

−
Jκ
α2
Jλ
β2

γ
−
Jτγ−Jκ0
γ2

Jλ
β2
−
Jτγ−Jλ0
γ2

Jκ
α2

�
;

ð54Þ

where, as already introduced above, the squaring of the
mass indices corresponds to the doubling of the associated
propagators, or more generally to taking minus the deriva-
tive with respect to the associated square mass. The relevant
cases for the GZ framework are ΔSκλτ

02γð−γÞ, ΔS
κλτ
020γ

, ΔSκλτ
0202γ

,

with γ ¼ �im2, together with the corresponding permuta-
tions of the masses [36]. We also mention that ΔS02;αβ is
nothing but the function T̄ defined in [45], for zero external
momentum but generalized to the case of finite
temperature.
It is easily seen that, even though Sκλτ

α2βγ
, Sκλτ

α2β2γ
, Jκ

α2
, and

Jλ
β2

are singular in the limits α → 0 or β → 0, the combi-

nations of sum-integrals in Eqs. (53) and (54) admit regular
limits. To verify this, let us first note that the potential
singularities originate either from the vacuum pieces which
do not depend on the color weights (κ, λ, τ), or from the
thermal pieces in the case where the weights are equal to
zero. Therefore, one can safely ignore the weights in order
to check the regularity of the above limits. For instance, in
the limit α → 0, the sum-integral Sα2βγ is dominated by the
Q → 0 region and behaves consequently as

Sα2βγ ∼
Z
Q

1

ðQ2 þ αÞ2 ×
Z
K

1

ðK2 þ βÞðK2 þ γÞ
¼ −Jα2

Jβ − Jγ
β − γ

: ð55Þ

The divergent behavior in the right-hand side is precisely
what is subtracted in Eq. (53) to ensure that the limit is
regular.4 To understand the singular structure of Sα2β2γ , we
first write it identically as

4Because the divergence is at most ∼α−1=2 at finite temper-
ature, there are no subleading divergent terms.
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Sα2β2γ ¼
1

γ

Z
Q;K

1

ðQ2 þ αÞ2
1

ðK2 þ βÞ2

−
1

γ

Z
Q;K

1

ðQ2 þ αÞ2
1

ðK2 þ βÞ2
K2 þQ2 þ 2K ·Q
ðK þQÞ2 þ γ

:

ð56Þ

The term with K ·Q in the second line leads to regular
contributions in the limit α → 0 and β → 0, while the term
with K2 (respectively,Q2) leads to singular contributions as
α → 0 (respectively, β → 0), controlled by the Q → 0
(respectively, K → 0) region of the integral. We find

Sα2β2γ ¼
1

γ

Z
Q

1

ðQ2þαÞ2
Z
K

1

ðK2þβÞ2

−
1

γ

Z
Q

1

ðQ2þαÞ2
Z
K

1

K2ðK2þγÞ
−
1

γ

Z
Q

1

Q2ðQ2þαÞ
Z
K

1

ðK2þβÞ2þ regular

¼Jα2Jβ2

γ
þJγ−J0

γ2
Jα2 þ

Jγ−J0
γ2

Jβ2 þ regular: ð57Þ

These are precisely the terms that are subtracted in Eq. (54)
to obtain a regular limit.
The regular limits ΔSκλτ

02βγ
and ΔSκλτ

0202γ
admit thermal

splittings that one derives from the corresponding splitting
(51) of the scalar sunset, and which we now discuss.

A. Thermal splitting

From Eqs. (51) and (53), we find the thermal splitting

ΔSκλτ
02βγ

¼ ΔS02βγð0nÞ þ ΔSκλτ
02βγ

ð1nÞ þ ΔSκλτ
02βγ

ð2nÞ; ð58Þ

with

ΔS02βγð0nÞ ¼ lim
α→0

�
Sα2βγð0nÞ þ Jα2ð0nÞ

Jβð0nÞ − Jγð0nÞ
β − γ

�
;

ð59Þ

ΔSκλτ
02βγ

ð1nÞ ¼ lim
α→0

�
Sκλτ
α2βγ

ð1nÞ þ Jα2ð0nÞ
Jλβð1nÞ − Jτγð1nÞ

β − γ

þ Jκ
α2
ð1nÞ Jβð0nÞ − Jγð0nÞ

β − γ

�
; ð60Þ

ΔSκλτ
02βγ

ð2nÞ ¼ lim
α→0

�
Sκλτ
α2βγ

ð2nÞ þ Jκ
α2
ð1nÞ J

λ
βð1nÞ − Jτγð1nÞ

β − γ

�
:

ð61Þ

Similarly, from Eqs. (51) and (54), we find the thermal
splitting

ΔSκλτ
0202γ

¼ΔS0202γð0nÞþΔSκλτ
0202γ

ð1nÞþΔSκλτ
0202γ

ð2nÞ; ð62Þ

with

ΔS0202γð0nÞ ¼ lim
α→0

lim
β→0

�
Sα2β2γð0nÞ −

Jα2ð0nÞJβ2ð0nÞ
γ

−
Jα2ð0nÞ þ Jβ2ð0nÞ

γ2
Jγð0nÞ

�
; ð63Þ

ΔSκλτ
0202γ

ð1nÞ ¼ lim
α→0

lim
β→0

�
Sκλτ
α2β2γ

ð1nÞ −
Jα2ð0nÞJλβ2ð1nÞ

γ

−
Jκ
α2
ð1nÞJβ2ð0nÞ

γ
−
Jγð0nÞ
γ2

Jλ
β2
ð1nÞ

−
Jτγð1nÞ − Jκ0ð1nÞ

γ2
Jβ2ð0nÞ −

Jγð0nÞ
γ2

Jκ
α2
ð1nÞ

−
Jτγð1nÞ − Jλ0ð1nÞ

γ2
Jα2ð0nÞ

�
; ð64Þ

ΔSκλτ
0202γ

ð2nÞ ¼ lim
α→0

lim
β→0

�
Sκλτ
α2β2γ

ð2nÞ −
Jκ
α2
ð1nÞJλ

β2
ð1nÞ

γ

−
Jτγð1nÞ − Jκ0ð1nÞ

γ2
Jλ
β2
ð1nÞ

−
Jτγð1nÞ − Jλ0ð1nÞ

γ2
Jκ
α2
ð1nÞ

�
; ð65Þ

where we have used that J0ð0nÞ ¼ 0. In what follows, we
shall also make extensive use of the property J02ð0nÞ ¼ 0,
valid in dimensional regularization [46,47]. This property
might be more difficult to grasp than the previous one
because Jα2ð0nÞ diverges in the limit α → 0. However this
just means that the function Jα2ð0nÞ, although defined for
α ¼ 0, is not continuous at α ¼ 0. Then, we shall always
make sure that when the property J02ð0nÞ ¼ 0 is used, it
corresponds to Jα2ð0nÞ being evaluated for α ¼ 0 and not to
a limit being taken. We mention finally that the results to be
presented below can be obtained without ever using
J02ð0nÞ ¼ 0 although the calculations are lengthier.

B. Vacuum contributions (no thermal factor)

ΔS02βγð0nÞ: The vacuum contribution ΔS02βγð0nÞ is in
fact nothing but S02βγð0nÞ. Indeed, even though both
Sα2βγð0nÞ and Jα2ð0nÞ are singular in the limit α → 0, their
particular combination in Eq. (59) is regular. Moreover
since S02βγð0nÞ and J02ð0nÞ are well defined in dimensional
regularization, the limit γ → 0 is then equivalent to the
direct evaluation at γ ¼ 0, and we find ΔS02βγð0nÞ ¼
S02βγð0nÞ owing to the fact that J02ð0nÞ ¼ 0. Now, since
Eq. (46) is valid for γ ¼ 0, and using once more the
property J02ð0nÞ ¼ 0, we arrive at
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S02βγð0nÞ ¼ ðd − 3Þ β þ γ

ðβ − γÞ2 S0βγð0nÞ

þ ðd − 2Þ Jβð0nÞJγð0nÞðβ − γÞ2 ; ð66Þ

which expressesΔSαβ02ð0nÞ in terms of already determined
functions. We notice that, in the case of ΔS02γð−γÞ, the term
proportional to S0γð−γÞð0nÞ vanishes and therefore we do
not need to consider this vacuum sunset integral.
ΔS0202γð0nÞ: We can proceed similarly for ΔS0202γð0nÞ.

First, from the same argument as above, we find

ΔS0202γð0nÞ ¼ S0202γð0nÞ. The difference with the above
is that we do not have an equation fixing directly S0202γð0nÞ.
Acting on Eq. (66) with −∂=∂β, we obtain an equation for
S02β2γð0nÞ with β ≠ 0, but S0202γð0nÞ is not the limit of
S02β2γð0nÞ. The way out is to subtract from S02β2γ its β → 0
divergent part, in such a way that

S0202γð0nÞ ¼ lim
β→0

�
S02β2γð0nÞ −

Jβ2ð0nÞJγð0nÞ
γ2

�
; ð67Þ

owing again to J02ð0nÞ ¼ 0. We find

S02β2γð0nÞ −
Jβ2ð0nÞJγð0nÞ

γ2
¼ ðd − 3Þ β þ 3γ

ðβ − γÞ3 S0βγð0nÞ þ ðd − 3Þ β þ γ

ðβ − γÞ2
�
S0β2γð0nÞ þ

Jβ2ð0nÞJγð0nÞ
γ

�

þ 2ðd − 2Þ Jβð0nÞJγð0nÞðβ − γÞ3 þ
�

d − 2

ðβ − γÞ2 −
1

γ2
−

d − 3

ðβ − γÞ2
β þ γ

γ

�
Jβ2ð0nÞJγð0nÞ: ð68Þ

The dangerous contributions proportional to Jβ2ð0nÞ in the
right-hand side cancel in the limit β → 0 and we find
eventually

S0202γð0nÞ ¼ −3ðd − 3Þ S00γð0nÞ
γ2

þ ðd − 3Þ S002γð0nÞ
γ

;

¼ ðd − 3Þðd − 6Þ S00γð0nÞ
γ2

; ð69Þ

where we have once more made use of Eq. (66). We have
cross-checked this last result using a direct evaluation of
S0202γð0nÞ using standard techniques.
Contributions with one thermal factor ΔSκλτ

02βγ
ð1nÞ: The

contribution with one thermal factor to ΔSκλτ
02βγ

can be

rewritten as

ΔSκλτ
02βγ

ð1nÞ ¼ lim
α→0

�
Jκ
α2
ð1nÞIαβγð0nÞ þ Jκαð1nÞIα2βγð0nÞ þ Jλβð1nÞIβα2γð0nÞ þ Jτγð1nÞIγα2βð0nÞ

þ Jα2ð0nÞ
Jλβð1nÞ − Jτγð1nÞ

β − γ
þ Jκ

α2
ð1nÞ Jβð0nÞ − Jγð0nÞ

β − γ

�

¼ lim
α→0

�
Jκ
α2
ð1nÞ

�
Iαβγð0nÞ þ

Jβð0nÞ − Jγð0nÞ
β − γ

�
þ Jκαð1nÞIα2βγð0nÞ

þ Jλβð1nÞ
�
Iβ
α2γ

ð0nÞ þ Jα2ð0nÞ
β − γ

�
þ Jτγð1nÞ

�
Iγ
α2β

ð0nÞ þ Jα2ð0nÞ
γ − β

��
: ð70Þ

Owing to Eq. (29), it seems that the contribution in the first
round bracket can be neglected in the limit α → 0. This
turns out to be true, although one needs to pay a little bit of
attention, since, at finite temperature and in the case where
κ ¼ 0, Jκ

α2
ð1nÞ diverges in the same limit. Fortunately, the

divergence goes as α−1=2, which is not enough to com-
pensate the vanishing of the round bracket ∼α. We find
eventually that

ΔSκλτ
02βγ

ð1nÞ ¼ Jκ0ð1nÞΔI0
2

βγð0nÞ þ Jλβð1nÞΔIβ02γð0nÞ
þ Jτγð1nÞΔIγ02βð0nÞ; ð71Þ

with

ΔI02βγð0nÞ≡ I0
2

βγð0nÞ; ð72Þ

ΔIβ
02γ

ð0nÞ≡ lim
α→0

�
Iβ
α2γ

ð0nÞ þ Jα2ð0nÞ
β − γ

�
¼ Iβ

02γ
ð0nÞ; ð73Þ

where the contribution within brackets is regular in the limit
α → 0 and we have used J02ð0nÞ ¼ 0 in the last step.
The first quantity can be computed using similar tricks as

for I0βγð0nÞ in the previous section, namely
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ΔI02βγð0nÞ ¼ −
Z
k

1

2εk;βεk;γ

1

ðεk;β þ εk;γÞ3
¼ −

Z
k

1

2εk;βεk;γ

ðεk;β − εk;γÞ3
ðβ − γÞ3

¼ −
Z
k

ðε2k;β þ 3ε2k;γÞ=εk;γ − ðε2k;γ þ 3ε2k;βÞ=εk;β
2ðβ − γÞ3

¼ 1

ðγ − βÞ3
��

β þ 4 − d
d

γ

�
Jγð0nÞ −

�
γ þ 4 − d

d
β

�
Jβð0nÞ

�
; ð74Þ

where we have used that

Z
k

k2

2εk;β
¼

Z
T¼0

K

k2

K2 þ β
¼ −

d − 1

d
βJβð0nÞ; ð75Þ

together with
R
T¼0
K 1 ¼ 0 in dimensional regularization.

As for ΔIβ
02γ

ð0nÞ, we can proceed in many different

ways, either by acting with −∂=∂α on the previously
determined expression for Iβαγð0nÞ, followed by the α →
0 limit after appropriate subtraction of the α → 0 singular
part, or by computing the appropriate subtracted Euclidean
integral

ΔI02γð0nÞðK2Þ≡ lim
α→0

�
Iα2γðK2Þ − Jα2ð0nÞ

K2 þ γ

�
¼ I02γðK2Þ;

ð76Þ

and analytically continuing it from K2 > 0 to K2 ¼ −β
imaginary. Here we proceed with this second strategy but
instead of continuing the explicit expression of the integral,
we continue the corresponding differential equation, with
the advantage that ΔIβ

02γ
ð0nÞ will be expressed in terms of

already computed quantities.
To derive the differential equation, we basically consider

the same equations as in Eqs. (37) but with the propagator

GβðKÞ and the integral
R
T¼0
K missing. It is easily seen that

one can follow the steps below Eqs. (37) by removing the
factors GβðKÞ (those terms that did not have such a factor
need to be discarded) and to replace the explicit occur-
rences of β by −K2. It follows that

R2ðγ;−K2; αÞIα2γð0nÞðK2Þ
¼ ðd − 3Þðγ − K2 − αÞIαγð0nÞðK2Þ
þ ðd − 2ÞJγð0nÞ þ ðK2 þ αþ γÞJα2ð0nÞ: ð77Þ

This identity is valid for α ¼ 0, in which case, we obtain

I02γð0nÞðK2Þ

¼ ðd−3Þðγ−K2ÞI0γð0nÞðK2Þþðd−2ÞJγð0nÞ
ðK2þ γÞ2 : ð78Þ

After continuation, we find eventually

Iβ
02γ

ð0nÞ¼ ðd−3Þðβþ γÞIβ0γð0nÞþðd−2ÞJγð0nÞ
ðβ− γÞ2 : ð79Þ

ΔSκλτ
0202γ

ð1nÞ: Similarly, the contribution with one thermal
factor to ΔSκλτ

0202γ
can be rewritten as

ΔSκλτ
0202γ

ð1nÞ¼ lim
α→0

lim
β→0

�
Jκ
α2
ð1nÞ

�
Iα
β2γ

ð0nÞ−Jβ2ð0nÞ
γ

−
Jγð0nÞ
γ2

�
þJλ

β2
ð1nÞÞ

�
Iβ
α2γ

ð0nÞ−Jα2ð0nÞ
γ

−
Jγð0nÞ
γ2

�

þJκαð1nÞ
�
Iα

2

β2γ
ð0nÞþJβ2ð0nÞ

γ2

�
þJλβð1nÞ

�
Iβ

2

α2γ
ð0nÞþJα2ð0nÞ

γ2

�
þJτγð1nÞ

�
Iγ
α2β2

ð0nÞ−Jα2ð0nÞ
γ2

−
Jβ2ð0nÞ

γ2

��
:

ð80Þ

Using Eq. (29), this rewrites

ΔSκλτ
0202γ

ð1nÞ ¼ ðJκ0ð1nÞ þ Jλ0ð1nÞÞΔI0
2

02γ
ð0nÞ þ Jτγð1nÞΔIγ0202ð0nÞ; ð81Þ

with

ΔI02
02γ

ð0nÞ≡ lim
α→0

lim
β→0

�
Iα

2

β2γ
ð0nÞþJβ2ð0nÞ

γ2

�
¼ I0

2

02γ
ð0nÞ; ð82Þ
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ΔIγ
0202

ð0nÞ≡ lim
α→0

lim
β→0

�
Iγ
α2β2

ð0nÞ − Jα2ð0nÞ
γ2

−
Jβ2ð0nÞ

γ2

�

¼ Iγ
0202

ð0nÞ: ð83Þ

We note that

I0
2

02γ
ð0nÞ ¼ lim

β→0

�
I0

2

β2γ
ð0nÞ þ Jβ2ð0nÞ

γ2

�
; ð84Þ

Iγ
0202

ð0nÞ ¼ lim
β→0

�
Iγ
02β2

ð0nÞ − Jβ2ð0nÞ
γ2

�
: ð85Þ

Using Eqs. (74) and (79) and after subtracting the β → 0
and γ → 0 singular parts, according to Eqs. (84) and (85)
respectively, we find eventually

I0
2

02γ
ð0nÞ ¼ d − 6

d=2

Jγð0nÞ
γ3

; ð86Þ

Iβ
0202

ð0nÞ ¼ðd − 3Þðd − 6Þ I
β
00ð0nÞ
β2

: ð87Þ

C. Contributions with two thermal factors

ΔSκλτ
02βγ

ð2nÞ: The contribution with two thermal factors to
ΔSκλτ

02βγ
can be rewritten as

ΔSκλτ
02βγ

ð2nÞ ¼ −
1

64π4
lim
α→0

�
þ
X
σα;σβ

Z
∞

0

dqq
d
dα

�
nεq;α−iσα r̂·κ

εα;q

�Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

�
lnðαβ; γÞ þ 4qk

β − γ

�

þ
X
σα;σγ

Z
∞

0

dqq
d
dα

�
nεq;α−iσα r̂·κ

εα;q

�Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

�
lnðαγ; βÞ þ 4qk

γ − β

�

þ
X
σα;σβ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

d
dα

lnðαβ; γÞ

þ
X
σα;σγ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

d
dα

lnðαγ; βÞ

þ
X
σβ ;σγ

Z
∞

0

dqq
nεq;β−iσβ r̂·λ

εβ;q

Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

d
dα

lnðβγ; αÞ
�
: ð88Þ

The terms with the α derivative acting on the thermal factor can be treated using an integration by parts after noticing that
dfðεq;αÞ=dα ¼ dfðεq;αÞ=dq2 ¼ ðdfðεq;αÞ=dqÞ=ð2qÞ. The boundary term vanishes both for q → ∞ (due to the thermal
factor). The boundary at q ¼ 0 contributes

1

128π4
lim
α→0

�X
σα;σβ

nεq;α−iσα r̂·κ
εα;q

Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k
lim
q→0

�
lnðαβ; γÞ þ 4qk

β − γ

�

þ
X
σα;σγ

nεq;α−iσα r̂·κ
εα;q

Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k
lim
q→0

�
lnðαγ; βÞ þ 4qk

γ − β

��
¼ 0 ð89Þ

(note that α → 0 is taken only after the limit q → 0). We obtain

ΔSκλτ
02βγ

ð2nÞ ¼ 1

64π4
lim
α→0

�

þ 1

2

X
σα;σβ

Z
∞

0

dq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

� ∂
∂q lnðαβ; γÞ þ

4k
β − γ

�

þ 1

2

X
σα;σγ

Z
∞

0

dq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

� ∂
∂q lnðαγ; βÞ þ

4k
γ − β

�

−
X
σβ ;σγ

Z
∞

0

dqq
nεq;β−iσβ r̂·λ

εβ;q

Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

d
dα

lnðβγ; αÞ
�
; ð90Þ
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where ∂=∂q denotes the partial derivative at εq;α fixed.
Using

∂
∂qlnðαβ;γÞ¼

2ðkþqÞ
γ−α−β−2σασβεq;αεk;βþ2qk

þ 2ðk−qÞ
γ−α−β−2σασβεq;αεk;β−2qk

¼4k
γ−α−β−2σασβεq;αεk;β−2q2

ðγ−α−β−2σασβεq;αεk;βÞ2−4q2k2
; ð91Þ

as well as

d
dα

lnðβγ;αÞ ¼ 1

α − β − γ − 2σβσγεq;βεk;γ þ 2qk

−
1

α − β − γ − 2σβσγεq;βεk;γ − 2qk

¼ −4qk
ðα − β − γ − 2σβσγεq;βεk;γÞ2 − 4q2k2

; ð92Þ

we find eventually

ΔSκλτ
02βγ

ð2nÞ ¼ 1

16π4
X
σα;σβ

Z
∞

0

dqnq−iσα r̂·κ

Z
∞

0

dkk2
nεk;β−iσβ r̂·λ

εβ;k

σασβεk;β þ q βþγ
β−γ

ðβ − γÞ2 þ 4q2β þ 4σασβðβ − γÞqεk;β

þ 1

16π4
X
σα;σγ

Z
∞

0

dqnq−iσα r̂·κ

Z
∞

0

dkk2
nεk;γ−iσγ r̂·τ

εγ;k

σασγεk;γ þ q γþβ
γ−β

ðγ − βÞ2 þ 4q2γ þ 4σασγðγ − βÞqεk;γ

þ 1

16π4
X
σβ ;σγ

Z
∞

0

dqq2
Z

∞

0

dkk2
nεq;β−iσβ r̂·λnεk;γ−iσγ r̂·τ

εβ;qεγ;k

1

ðβ þ γÞ2 þ 4ðβγ þ q2γ þ k2βÞ þ 4σβσγðβ þ γÞγεq;βεk;γ
:

ð93Þ

Note that the first two integrals remain safe when κ ¼ 0 provided we first sum over σα.
ΔSκλτ

0202γ
ð2nÞ: Similarly, the contribution with two thermal factors to ΔSκλτ

0202γ
reads

ΔSκλτ
0202γ

ð2nÞ ¼ 1

64π4
lim
α→0

lim
β→0

�
þ
X
σα;σβ

Z
∞

0

dqq
d
dα

�
nεq;α−iσα r̂·κ

εα;q

�Z
∞

0

dkk
d
dβ

�
nεk;β−iσβ r̂·λ

εβ;k

��
lnðαβ; γÞ − 4qk

γ

�

þ
X
σα;σβ

Z
∞

0

dqq
d
dα

�
nεq;α−iσαr̂·κ

εα;q

�Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

�
d
dβ

lnðαβ; γÞ − 4qk
γ2

�

þ
X
σα;σβ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
d
dβ

�
nεk;β−iσβ r̂·λ

εβ;k

��
d
dα

lnðαβ; γÞ − 4qk
γ2

�

þ
X
σα;σγ

Z
∞

0

dqq
d
dα

�
nεq;α−iσα r̂·κ

εα;q

�Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

�
d
dβ

lnðαγ; βÞ þ 4qk
γ2

�

þ
X
σβ ;σγ

Z
∞

0

dqq
nεq;γ−iσγ r̂·τ

εγ;q

Z
∞

0

dkk
d
dβ

�
nεk;β−iσβ r̂·λ

εβ;k

��
d
dα

lnðγβ; αÞ þ 4qk
γ2

�

þ
X
σα;σβ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

d2

dαdβ
lnðαβ; γÞ

þ
X
σα;σγ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

d2

dαdβ
lnðαγ; βÞ

þ
X
σβ ;σγ

Z
∞

0

dqq
nεq;γ−iσγ r̂·τ

εγ;q

Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

d2

dαdβ
lnðγβ; αÞ

�
: ð94Þ
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Using integration by parts, we find

ΔSκλτ
0202γ

ð2nÞ ¼ 1

64π4
lim
α→0

lim
β→0

�
þ
X
σα;σβ

Z
∞

0

dqq
d
dα

�
nεq;α−iσα r̂·κ

εα;q

�Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

��
d
dβ

−
1

2

d
dk2

�
lnðαβ; γÞ − 4qk

γ2
þ q
kγ

�

þ
X
σα;σβ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
d
dβ

�
nεk;β−iσβ r̂·λ

εβ;k

���
d
dα

−
1

2

d
dq2

�
lnðαβ; γÞ − 4qk

γ2
þ k
qγ

�

þ
X
σα;σγ

Z
∞

0

dqq
d
dα

�
nεq;α−iσαr̂·κ

εα;q

�Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

�
d
dβ

lnðαγ; βÞ þ 4qk
γ2

�

þ
X
σβ ;σγ

Z
∞

0

dqq
nεq;γ−iσγ r̂·τ

εγ;q

Z
∞

0

dkk
d
dβ

�
nεk;β−iσβ r̂·λ

εβ;k

��
d
dα

lnðγβ; αÞ þ 4qk
γ2

�

þ
X
σα;σβ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

d2

dαdβ
lnðαβ; γÞ

þ
X
σα;σγ

Z
∞

0

dqq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

d2

dαdβ
lnðαγ; βÞ

þ
X
σβ ;σγ

Z
∞

0

dqq
nεq;γ−iσγ r̂·τ

εγ;q

Z
∞

0

dkk
nεk;β−iσβ r̂·λ

εβ;k

d2

dαdβ
lnðγβ; αÞ

�
; ð95Þ

and then

ΔSκλτ
0202γ

ð2nÞ ¼ 1

64π4
lim
α→0

lim
β→0

�

þ 1

4

X
σα;σβ

Z
∞

0

dq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dk
nεk;β−iσβ r̂·λ

εβ;k

� ∂2

∂q∂k lnðαβ; γÞ þ
8

γ2
ðq2 þ k2Þ − 4

γ

�

−
1

2

X
σα;σγ

Z
∞

0

dq
nεq;α−iσα r̂·κ

εα;q

Z
∞

0

dkk
nεk;γ−iσγ r̂·τ

εγ;k

� ∂
∂q

d
dβ

lnðαγ; βÞ þ 4k
γ2

�

−
1

2

X
σβ ;σγ

Z
∞

0

dqq
nεq;γ−iσγ r̂·τ

εγ;q

Z
∞

0

dk
nεk;β−iσβ r̂·λ

εβ;k

� ∂
∂k

d
dα

lnðβγ; αÞ þ 4q
γ2

��
: ð96Þ

We have

∂2

∂q∂k lnðαβ; γÞ ¼
∂
∂k

2ðkþ qÞ
−ðσαεq;α þ σβεk;βÞ2 þ ε2qþk;γ

þ ∂
∂k

2ðk − qÞ
−ðσαεq;α þ σβεk;βÞ2 þ ε2q−k;γ

¼ 2

γ − α − β − 2σασβεq;αεk;β þ 2qk
−

4ðkþ qÞ2
ðγ − α − β − 2σασβεq;αεk;β þ 2qkÞ2

þ 2

γ − α − β − 2σασβεq;αεk;β − 2qk
−

4ðk − qÞ2
ðγ − α − β − 2σασβεq;αεk;β − 2qkÞ2 ; ð97Þ

so, in the limit α → 0 and β → 0,
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∂2

∂q∂k lnðαβ; γÞ þ
8

γ2
ðq2 þ k2Þ − 4

γ
¼ 2

γ − X−
−
2

γ
þ 2

γ − Xþ
−
2

γ

þ 4

γ2
ðq2 þ k2Þ − 4ðkþ qÞ2

ðγ − X−Þ2
þ 4

γ2
ðq2 þ k2Þ − 4ðk − qÞ2

ðγ − XþÞ2

¼ 2X−

γðγ − X−Þ
þ 4ðq2 þ k2Þðγ − X−Þ2 − 4ðkþ qÞ2γ2

γ2ðγ − X−Þ2

þ 2Xþ
γðγ − XþÞ

þ 4ðq2 þ k2Þðγ − XþÞ2 − 4ðk − qÞ2γ2
γ2ðγ − XþÞ2

¼ 2ð2q2 þ 2k2 − γÞX2
− − 2ð4q2 þ 4k2 − γÞγX− − 8qkγ2

γ2ðγ − X−Þ2

þ 2ð2q2 þ 2k2 − γÞX2þ − 2ð4q2 þ 4k2 − γÞγXþ þ 8qkγ2

γ2ðγ − XþÞ2
; ð98Þ

with X� ≡ 2ðσασβ � 1Þqk such that XþX− ¼ 0, Xþ þ X− ¼ 4σασβqk, Xþ − X− ¼ 4qk and X2
� ¼ �4qkX�. Using these

properties, we find

∂2

∂q∂k lnðαβ; γÞ þ
8

γ2
ðq2 þ k2Þ − 4

γ

¼ −8qkð2q2 þ 2k2 − γÞX− − 2ð4q2 þ 4k2 − γÞγX− − 8qkγ2

γ2ðγ2 − ð2γ þ 4qkÞX−Þ

þ 8qkð2q2 þ 2k2 − γÞXþ − 2ð4q2 þ 4k2 − γÞγXþ þ 8qkγ2

γ2ðγ2 − ð2γ − 4qkÞXþÞ

¼ ð2γ2 − 8γðq2 þ k2 − qkÞ − 16qkðq2 þ k2ÞÞX− − 8qkγ2

γ2ðγ2 − ð2γ þ 4qkÞX−Þ

þ ð2γ2 − 8γðq2 þ k2 þ qkÞ þ 16qkðq2 þ k2ÞÞXþ þ 8qkγ2

γ2ðγ2 − ð2γ − 4qkÞXþÞ

¼ γ2ð2γ2 − 8γðq2 þ k2 − qkÞ − 16qkðq2 þ k2ÞÞX− − 8qkγ2ðγ2 − ð2γ − 4qkÞXþÞ
γ4ðγ − 4σασβqkÞ2

þ γ2ð2γ2 − 8γðq2 þ k2 þ qkÞ þ 16qkðq2 þ k2ÞÞXþ þ 8qkγ2ðγ2 − ð2γ þ 4qkÞX−Þ
γ4ðγ − 4σασβqkÞ2

¼ 8σασβ
qk
γ2

γ2 − 4γðq2 þ k2Þ − 16q2k2 þ 4σασβqkðγ þ 2q2 þ 2k2Þ
γ2 þ 16q2k2 − 8σασβqkγ

: ð99Þ

Similarly

d
dβ

∂
∂q lnðαγ; βÞ ¼

d
dβ

2ðkþ qÞ
−ðσαεq;α þ σγεk;γÞ2 þ ε2qþk;β

þ d
dβ

2ðk − qÞ
−ðσαεq;α þ σγεk;γÞ2 þ ε2q−k;β

¼ −
2ðkþ qÞ

ðβ − α − γ − 2σασγεq;αεk;γ þ 2qkÞ2 −
2ðk − qÞ

ðβ − α − γ − 2σασγεq;αεk;γ − 2qkÞ2

¼ −4k
ðβ − α − γ − 2σασγεq;αεk;γÞ2 þ 4q2k2 − 4q2ðβ − α − γ − 2σασγεq;αεk;γÞ

ððβ − α − γ − 2σασγεq;αεk;γÞ2 − 4q2k2Þ2 ; ð100Þ

so, in the limit α → 0 and β → 0,
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d
dβ

∂
∂q lnðαγ; βÞ þ

4k
γ2

¼ 4k
γ2

− 4k
ðγ þ 2σασγqεk;γÞ2 þ 4q2k2 þ 4q2ðγ þ 2σασγqεk;γÞ

ððγ þ 2σασγqεk;γÞ2 − 4q2k2Þ2

¼ 4k
γ2

− 4k
γ2 þ 8q2γ þ 8q2k2 þ 4σασγqεk;γðγ þ 2q2Þ

ðγ2 þ 4q2γ þ 4σασγγqεk;γÞ2

¼ 4k
γ2

− 4k
γ2 þ 8q2γ þ 8q2k2 þ 4σασγqεk;γðγ þ 2q2Þ

γ4 þ 24q2γ3 þ 16q2ðq2 þ k2Þγ2 þ 8σασγγ
2qεk;γðγ þ 4q2Þ

¼ 8qk
8qγ þ 4qð2q2 þ k2Þ þ 2σασγεk;γðγ þ 6q2Þ

γ4 þ 24q2γ3 þ 16q2ðq2 þ k2Þγ2 þ 8σασγγ
2qεk;γðγ þ 4q2Þ : ð101Þ

We deduce eventually that

ΔSκλτ
0202γ

ð2nÞ¼ 2

γ2
X
σα;σβ

σασβ

Z
∞

0

dqnq−iσα r̂·κ

Z
∞

0

dknk−iσβ r̂·λ
γ2−4γðq2þk2Þ−16q2k2þ4σασβqkðγþ2q2þ2k2Þ

γ2þ16q2k2−8σασβqkγ

−4
X
σα;σγ

Z
∞

0

dqnq−iσα r̂·κ

Z
∞

0

dkk2
nεk;γ−iσγ r̂·τ

εγ;k

8qγþ4qð2q2þk2Þþ2σασγεk;γðγþ6q2Þ
γ4þ24q2γ3þ16q2ðq2þk2Þγ2þ8σασγγ

2qεk;γðγþ4q2Þ

−4
X
σβ ;σγ

Z
∞

0

dqq2
nεq;γ−iσγ r̂·τ

εγ;q

Z
∞

0

dknk−iσβ r̂·λ
8kγþ4kð2k2þq2Þþ2σβσγεq;γðγþ6k2Þ

γ4þ24k2γ3þ16k2ðk2þq2Þγ2þ8σβσγγ
2kεq;γðγþ4k2Þ: ð102Þ

D. Summary

In summary, the subtracted simple and double mass
derivatives of the scalar sunset sum-integral can be
split as ΔSκλτ

02βγ
¼ ΔS02βγð0nÞ þ ΔSκλτ

02βγ
ð1nÞ þ ΔSκλτ

02βγ
ð2nÞ

and ΔSκλτ
0202γ

¼ ΔS0202γð0nÞ þ ΔSκλτ
0202γ

ð1nÞ þ ΔSκλτ
0202γ

ð2nÞ,
with the vacuum contributions

ΔS02βγð0nÞ ¼ ðd − 3Þ β þ γ

ðβ − γÞ2 S0βγð0nÞ

þ ðd − 2Þ Jβð0nÞJγð0nÞðβ − γÞ2 ; ð103Þ

ΔS0202γð0nÞ ¼ðd − 3Þðd − 6Þ S00γð0nÞ
γ2

; ð104Þ

the one thermal factor contributions

ΔSκλτ
02βγ

ð1nÞ ¼ Jκ0ð1nÞΔI0
2

βγð0nÞ þ Jλβð1nÞΔIβ02γð0nÞ
þ Jτγð1nÞΔIγ02βð0nÞ; ð105Þ

ΔSκλτ
0202γ

ð1nÞ ¼ ðJκ0ð1nÞ þ Jλ0ð1nÞÞΔI0
2

02γ
ð0nÞ

þ Jτγð1nÞΔIγ0202ð0nÞ; ð106Þ

with

ΔI02βγð0nÞ ¼
1

ðβ − γÞ3
��

γ þ 4 − d
d

β

�
Jβð0nÞ

−
�
β þ 4 − d

d
γ

�
Jγð0nÞ

�
; ð107Þ

ΔIβ
02γ

ð0nÞ ¼ 1

ðβ − γÞ2 ½ðd − 3Þðβ þ γÞIβ0γð0nÞ

þ ðd − 2ÞJγð0nÞ�; ð108Þ

ΔI02
02γ

ð0nÞ ¼ 2
d − 6

d

Jγð0nÞ
γ3

; ð109Þ

ΔIβ
0202

ð0nÞ ¼ðd − 3Þðd − 6Þ I
β
00ð0nÞ
β2

; ð110Þ

and, finally, the two thermal factor contributions given in
Eqs. (93) and (102).

V. CONCLUSIONS

In this work, we have evaluated the scalar sunset
diagrams with imaginary square masses that appear in
the two-loop background potential in the GZ type model
with a background gauge invariance from Ref. [34]. This
also involves some mass derivatives of the scalar sunset in
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the limit where the corresponding mass is taken to zero. In
fact, what appear are not mass derivatives by themselves,
but specific combinations with tadpole integrals and their
mass derivatives that admit regular limits in the zero mass
limit. The evaluated cases include three scalar sunsets and
three mass derivative combinations. In each case the square
masses are either 0 or �im2.
Through thermal splitting we have decomposed the sum-

integrals into contributions with 0, 1, and 2 thermal factors.
For the terms with 0 thermal factors, the vacuum contri-
bution, we obtained the integral by analytic continuation
from the results for real masses from Ref. [42], for the cases
where the nonvanishing masses were equal. In the other
cases, i.e., the cases with square masses of opposite sign,
we have made a direct evaluation adapting the technique of
Ref. [42] to imaginary square masses.
Instead of considering only the scalar sunset sum-

integrals that appear in the GZ framework, one could make
a broader study of all scalar sunset diagrams with purely
imaginary masses. However, when using thermal splitting
this requires some regularization of the denominator for the
contributions with 1 or 2 thermal factors, in order to avoid
singularities. This problem is particular for imaginary
masses: in the case of real masses one simply adds a
regulator to the denominator in the form of an infinitesimal
imaginary number. In some cases, like the cases considered
here, the imaginary masses themselves work as a regulator,
making it impossible for the denominator to vanish, but this
is not true in general. Even when we limit ourselves to cases
where the square masses are either 0 or �im2, there are
examples where the denominator can vanish, e.g., when
one square mass is 0 and the other two square masses are
im2. In principle, it is possible to find a consistent
regularization for each case but one should investigate
how this affects the subsequent steps of the calculation.
Since this lies beyond the scope of the GZ application that
we are pursuing, we leave this question for a future study.
The sunset diagrams that have been calculated in this

work make up a substantial part of the calculation of the
two-loop background potential in the GZ framework. We
are currently evaluating the full two-loop potential [36] in
the presence of a temporal background in order to study the
deconfinement transition in Yang-Mills theory using this
framework, as well as the interplay between the Polyakov
loop and the Gribov parameter. It will be interesting to
compare these results with the one-loop results in the
same model from Ref. [34], as well as with the two-
loop studies in the CF model at finite temperature from
Refs. [16,22–25].
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APPENDIX A: REGULARIZATION

After performing the spectral integrals in Eq. (21), one
finds denominators of the form σαεq;α þ σβεk;β þ σγεl;γ ,
with σα, σβ, and σγ taking values in f−1;þ1g, and
l ¼ jq⃗þ k⃗j. For real masses, one needs to add an imaginary
regulator i0þ to the denominator to avoid divergences. For
imaginary square masses, the discussion is more intricate.
As we now argue, however, in all cases of interest for the
GZ framework, a regulator is not necessary. To see when
the denominators can vanish, we write

0 ¼ σαεq;α þ σβεk;β þ σγεl;γ;

⇔ ðσαεq;α þ σβεk;βÞ2 ¼ ε2l;γ

⇔ 2σασβεq;αεk;β ¼ γ − α − β þ l2 − q2 − k2

⇔ 4ε2q;αε
2
k;β ¼ ðγ − α − β þ l2 − q2 − k2Þ2

⇔

�
0 ¼ R2ðα; β; γÞ þ R2ðq2; k2; l2Þ
0 ¼ q2ðα − β − γÞ þ k2ðβ − γ − αÞ þ l2ðγ − α − βÞ ;

ðA1Þ
where in the last step we have separated the condition into a
real and an imaginary part, owing to the fact that α, β,
and γ are purely imaginary. We recall that l2 ¼ q2 þ k2þ
2kq cos θ, from which it follows that

R2ðq2; k2; l2Þ ¼ q4 þ k4 þ ðq2 þ k2Þ2 þ 4k2q2 cos2 θ

þ 4qkðq2 þ k2Þ cosθ
− 2q2k2 − 2ðq2 þ k2Þðq2 þ k2 þ 2qkcosθÞ

¼ −4q2k2 sin2 θ: ðA2Þ
With this in mind, let us consider the cases of interest. We
consider first the cases5 ðα;β;γÞ¼ðim2;0;0Þ, ðα; β; γÞ ¼
ðim2;−im2; 0Þ, and ðα;β;γÞ¼ðim2;im2;−im2Þ, for which
R2ðα; β; γÞ equals −m4, −4m4 and −5m4 respectively. In
those cases, it is obvious that the first condition in (A1)
cannot be satisfied unless m ¼ 0. Next, we consider
ðα; β; γÞ ¼ ðim2; im2; im2Þ, for which R2ðα; β; γÞ ¼ 3m4.
In this case, the conditions (A1) read

0 ¼ 3m4 − 4q2k2 sin2 θ; ðA3Þ

0 ¼ m2ðq2 þ k2 þ qk cos θÞ: ðA4Þ

Since m > 0, we can solve the second equation as
qk cos θ ¼ −ðq2 þ k2Þ and plug it back into the first
condition to arrive at

0 ¼ 3m4 þ 4ðq4 þ q2k2 þ k4Þ; ðA5Þ

which has again no solution if m > 0.

5The case ðα; β; γÞ ¼ ðim2;−im2; 0Þ is relevant for the dis-
cussion of ΔSκλτ

im2ð−im2Þ02 .
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APPENDIX B: EVALUATION OF Ĩβγðεq;α;qÞ
Let us consider the vacuum Euclidean integral

Iβγð0nÞðQ2 ≥ 0Þ≡
Z

T¼0

K
GβðKÞGγðLÞ; ðB1Þ

with imaginary square masses β and γ. In order to make
contact with Ĩβγðεq;α;qÞ, let us evaluate the frequency
integral in (B1) using the residue theorem. To this purpose,
we write it as

Iβγð0nÞðQ2 ≥ 0Þ≡
Z
k

Z
C

dz
2πi

1

−z2 þ ε2k;β

1

−ðzþ iq4Þ2 þ ε2l;γ
;

ðB2Þ

where the contour C is along the imaginary axis. Closing C
on the right and noting that6

1

−z2 þ ε2k;β
¼ −

1

2εk;β

�
1

z − εk;β
−

1

zþ εk;β

�
; ðB3Þ

1

−ðzþ iq4Þ2þε2l;γ
¼−

1

2εl;γ

�
1

zþ iq4−εl;γ
−

1

zþ iq4þεl;γ

�
;

ðB4Þ

we find

Iβγð0nÞðQ2 ≥ 0Þ ¼
Z
k

�
1

2εk;β

1

−ðεk;β þ iq4Þ2 þ ε2l;γ
þ 1

2εl;γ

1

−ðεl;γ − iq4Þ2 þ ε2k;β

�

¼
Z
k

1

4εk;βεl;γ

�
1

εk;β þ εl;γ þ iq4
þ 1

εk;β þ εl;γ − iq4

�

¼
Z
k

1

2εk;βεl;γ

εk;β þ εl;γ
ðεk;β þ εl;γÞ2 − ε2q;−Q2

: ðB5Þ

In the last step, we have written q24 as −ε2q;−Q2 to emphasize
the fact this last integral is similar to the one defining
Ĩβγðεq;α;qÞ in Eq. (27), with α replaced by −Q2. More
precisely, if we introduce the function

FqðQ2Þ≡
Z
k

1

2εk;βεl;γ

εk;β þ εl;γ
ðεk;β þ εl;γÞ2 − εq;−Q2

; ðB6Þ

seen now as a function of a complex Q2 for a fixed q,
we have both FqðQ2 ≥ 0Þ ¼ Iβγð0nÞðQ2 ≥ 0Þ and
FqðQ2 ¼ −α ∈ iRÞ ¼ Ĩβγðεq;α;qÞ.

1. Analytic continuation

To turn this observation into a practical way to determine
Ĩβγðεq;α;qÞ, we note first that if Ĩβγðεq;α;qÞmakes sense for
a given value of α, it makes sense for any other value close
to it. In particular, we can write

Ĩβγðεq;α;qÞ ¼ FqðQ2 ¼ −αþ 0þÞ: ðB7Þ

Second, it is easily seen that FqðQ2Þ is analytic in the
semiplane ReQ2 > 0. Indeed, the potential singularities are
restricted to the region defined by the condition
ðεk;β þ εl;γÞ2 − ε2q;−Q2 ¼ 0, which corresponds to

Q2 ¼ −ðk2 þ l2 − q2 þ 2εk;βεl;γÞ − β − γ; ðB8Þ

and whose real part obeys

ReQ2 ≤ −ðk2 þ l2 − q2 þ 2jkjjljÞ
≤ −ððjkj þ jljÞ2 − ðkþ lÞ2Þ ≤ 0: ðB9Þ

From these considerations, it follows that, if we know
explicitly a function GðQ2Þ which is analytic over an open
connected subset Ω of ReQ2 > 0 containing both theQ2 ¼
−αþ 0þ and the Q2 > 0 axis, and which agrees with
Iβγð0nÞðQ2 ≥ 0Þ along this axis, then GðQ2Þ ¼ FqðQ2Þ
over Ω. In particular, Ĩβγðεq;α;qÞ can be obtained
as GðQ2 ¼ −αþ 0þÞ.

2. Explicit expression

It remains to construct explicit examples of GðQ2Þ. This
is easily done by evaluating Iβγð0nÞðQ2 ≥ 0Þ using the
Feynman trick and by extending the result to complex
values of Q2. Of course, as long as Q2 ≥ 0, there are many
equivalent forms of GðQ2Þ that one can write. In order to
determine Ĩβγðεq;α;qÞ, we should only use those forms that
obey the above mentioned analytic properties.

6Of course, the same result is obtained by closing the contour
on the left.
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The Feynman trick allows us to write

Iβγð0nÞðQ2 ≥ 0Þ

¼ 1

16π2

�
1

ϵ
þ ln

μ̄2

Q2

−
Z

1

0

dx ln

�
xð1 − xÞ þ x

β

Q2
þ ð1 − xÞ γ

Q2

��
: ðB10Þ

To perform the integral over x, it is convenient to write

xð1 − xÞ þ x
β

Q2
þ ð1 − xÞ γ

Q2

¼ −x2 þ
�
1þ β − γ

Q2

�
xþ γ

Q2

¼ −
�
x −

1

2

�
1þ β − γ

Q2

��
2

þ γ

Q2
þ 1

4

�
1þ β − γ

Q2

�
2

¼
�
Rð−Q2; β; γÞ þQ2 þ β − γ

2Q2
− x

�

×

�
Rð−Q2; β; γÞ −Q2 − β þ γ

2Q2
þ x

�
; ðB11Þ

with

R2ð−Q2; β; γÞ ¼ Q4 þ β2 þ γ2 þ 2Q2ðβ þ γÞ − 2βγ

¼ Q4 þ 2Q2ðβ þ γÞ þ ðβ − γÞ2
¼ ðQ2 þ β þ γÞ2 − 4βγ: ðB12Þ

If we want to split the logarithm of the product of the two
factors in Eq. (B11), we need to check that the sum of the
arguments of the factors lies between −π and π. Since, the
product of the factors never crosses the branch cut, it is
enough to work at x ¼ 0 and Q2 ¼ 0. One finds

ArgðRð0;β;γÞþβ−γÞþArgðRð0;β;γÞ−βþγÞ
¼Arg

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ−γÞ2

q
þðβ−γÞ



þArg

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ−γÞ2

q
−ðβ−γÞ




¼Argð2iMaxð−iβ;−iγÞÞ¼π

2
signðMaxð−iβ;−iγÞÞ;

ðB13Þ

which lies between −π=2 and π=2. We can then split the
logarithm and compute the x integral to obtain, after some
trivial simplifications,

Iβγð0nÞðQ2 ≥ 0Þ ¼ Gð0ÞðQ2Þ

≡ 1

16π2

�
1

ϵ
þ ln

μ̄2

Q2
þ 2 −

Rð−Q2; β; γÞ þQ2 − β þ γ

2Q2
ln
Rð−Q2; β; γÞ þQ2 − β þ γ

2Q2

þ Rð−Q2; β; γÞ −Q2 − β þ γ

2Q2
ln
Rð−Q2; β; γÞ −Q2 − β þ γ

2Q2

þ Rð−Q2; β; γÞ −Q2 þ β − γ

2Q2
ln
Rð−Q2; β; γÞ −Q2 þ β − γ

2Q2

−
Rð−Q2; β; γÞ þQ2 þ β − γ

2K2
ln
Rð−Q2; β; γÞ þQ2 þ β − γ

2Q2

�
: ðB14Þ

It will be convenient to rewrite this Euclidean expression as

Iβγð0nÞðQ2 ≥ 0Þ ¼ Gð1ÞðQ2Þ

≡ 1

16π2

�
1

ϵ
− ln

μ̄2

Q2
þ 2

−
Rð−Q2; β; γÞ þQ2 − β þ γ

2Q2
ln
Rð−Q2; β; γÞ þQ2 − β þ γ

2μ̄2

þ Rð−Q2; β; γÞ −Q2 − β þ γ

2Q2
ln
Rð−Q2; β; γÞ −Q2 − β þ γ

2μ̄2

þ Rð−Q2; β; γÞ −Q2 þ β − γ

2Q2
ln
Rð−Q2; β; γÞ −Q2 þ β − γ

2μ̄2

−
Rð−Q2; β; γÞ þQ2 þ β − γ

2Q2
ln
Rð−Q2; β; γÞ þQ2 þ β − γ

2μ̄2

�
; ðB15Þ
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where we have changed the scale under the logarithms to
the price of changing ln μ̄2=Q2 by − ln μ̄2=Q2.
Let us now analyze the singularities of Gð1ÞðQ2Þ. We

mention that we are not after the precise determination of
the singularities. Rather we want to check that they comply
with the above mentioned requirements, allowing one to
extract Iβγðεq;α;qÞ as Gð1ÞðQ2 ¼ −αþ 0þÞ. First, there is a
branch cut along the negative real axis, originating from
ln μ̄2=Q2. A second branch cut originates from
Rð−Q2; β; γÞ which contains a square root. More precisely,
this branch cut corresponds to

R2ð−Q2
✓; β; γÞ ¼ −u; with u > 0: ðB16Þ

This is easily solved using the third form of R2ð−Q2; β; γÞ
in (B12), and we find

Q2
✓ ¼ −β − γ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4βγ − u

p
with u > 0: ðB17Þ

Finally, from the logarithms, we have potentially four
branch cuts corresponding to

Q2
ln1þðβ−γÞ�Rð−Q2

ln1;β;γÞ¼−u with u>0; ðB18Þ

Q2
ln2−ðβ−γÞ�Rð−Q2

ln2;β;γÞ¼−u with u>0: ðB19Þ

Using the first form of R2ð−Q2; β; γÞ in (B12), we find

Q2
ln1¼−

u
2

uþ2ðβ−γÞ
u−2γ

¼−
u
2

u2þ2βuþ4ðβ−γÞγ
u2−4γ2

; ðB20Þ

Q2
ln2¼−

u
2

u−2ðβ−γÞ
u−2β

¼−
u
2

u2þ2γuþ4ðγ−βÞβ
u2−4β2

: ðB21Þ

It is easily checked that, even though there are some
singularities in the semiplane ReQ2 > 0, they comply with
the requirements and therefore

Ĩβγðεq;α;qÞ ¼ Gð1ÞðQ2 → −αþ 0þÞ: ðB22Þ

We note in particular that Ĩβγðεq;α;qÞ does not depend on q.
This could have been anticipated from the fact that the
analytic continuation is unique.

APPENDIX C: EVALUATION OF Sααð −αÞð0nÞ
Let us consider the slightly more general quantity

Sααγð0nÞ. Without loss of generality, we can assume that
α ¼ im2 with m2 > 0. However, we take γ ¼ ic2, with
c2 ∈ R. Writing Sααγð0nÞ≡ V̄ðm2; c2Þ=ð2πÞ4 and general-
izing the argumentation of [42], we write

V̄ðm2; c2Þ ¼ ð4πμ2Þ4−dΓ
�
3 −

d
2

�
2
�
V̄ð−2Þðm2; c2Þ

ðd − 4Þ2

þ V̄ð−1Þðm2; c2Þ
d − 4

þ V̄ð0Þðm2; c2Þ þ…

�
: ðC1Þ

Each of the V̄ðjÞ’s obeys a differential equation that can be
derived from Eq. (49). One finds

R2ðm2; c2Þ ∂
∂c2 V̄

ðjÞðm2; c2Þ
¼ ðc2 − 2m2ÞV̄ðjÞðm2; c2Þ þ ḡðjÞðm2; c2Þ; ðC2Þ

with R2ðm2; c2Þ≡ R2ðm2; m2; c2Þ ¼ c2ðc2 − 4m2Þ and

ḡð−2Þðm2; c2Þ ¼ i
2
m2ðc2 −m2Þ; ðC3Þ

ḡð−1Þðm2;c2Þ
¼ ðc2−2m2ÞV̄ð−2Þðm2;c2Þ

þ im2

4
½m2−c2þðc2−2m2Þ lnðim2Þþc2 lnðic2Þ�; ðC4Þ

ḡð0Þðm2; c2Þ
¼ ðc2 − 2m2ÞV̄ð−1Þðm2; c2Þ

þ im2

8

�
c2 −m2 þ

�
c2

2
− 2m2

�
ln2ðim2Þ þ c2

2
ln2ðic2Þ

þ c2 lnðic2Þ lnðim2Þ þ ð2m2 − c2Þ lnðim2Þ− c2 lnðic2Þ
�
:

ðC5Þ

The determination of the V̄ðjÞ’s proceeds recursively: one
first determines V̄ð−2Þ by integrating the corresponding
differential equation with the explicit expression (C3) for
ḡð−2Þ. Knowing V̄ð−2Þ, one can then determine ḡð−1Þ from
(C4) and repeat the procedure, until all the V̄ðjÞ’s have been
determined. We mention that the integration of each
differential equation gives each V̄ðjÞðm2; c2Þ, in terms of
a boundary value V̄ðjÞðm2; c20Þ. There seems to be a circular
reasoning a priori. We see below how this problem is
avoided.

1. Integrating the differential equation and
boundary value

Each differential equation (C2) is valid separately over
c2 < 0, 0 < c2 < 4m2 and c2 > 4m2. We here focus on the
regions c2 < 0 and c2 > 4m2, in which case
R2ðm2; c2Þ > 0. Following [42], we note that

∂
∂c2

1

Rðm2; c2Þ ¼ −
c2 − 2m2

R3ðm2; c2Þ ; ðC6Þ

SCALAR SUNSET DIAGRAM AT FINITE TEMPERATURE WITH … PHYS. REV. D 102, 036013 (2020)

036013-19



∂
∂c2

c2 − 2m2

Rðm2; c2Þ ¼ −
4m4

R3ðm2; c2Þ : ðC7Þ

It follows that the differential equation can be rewritten as

∂
∂c2

�
4m4V̄ðjÞðm2; c2Þ þ ḡðjÞðc2; m2Þðc2 − 2m2Þ

Rðm2; c2Þ
�

¼ c2 − 2m2

Rðm2; c2Þ
∂ḡðjÞðc2; m2Þ

∂c2 : ðC8Þ

The benefit of this rewriting is two-fold. First, it can be
integrated to provide an expression for V̄ðjÞðm2; c2Þ in
terms of an integral involving ḡðjÞðm2; c2Þ and a boundary
value V̄ðjÞðm2; c20Þ. Second, by choosing c20 ¼ 0 or c20 ¼
4m4 (depending on the considered region), this boundary is
not needed because

4m4V̄ðjÞðm2; c20Þ þ ḡðjÞðc20; m2Þðc20 − 2m2Þ ¼ 0; ðC9Þ

owing to Eq. (C2). It follows that

V̄ðjÞðm2;c2Þ¼ 1

4m4

�
Rðm2;c2Þ

Z
c2

c2
0

dx
x−2m2

Rðm2;xÞ
∂ḡðjÞðm2;xÞ

∂x
þð2m2−c2ÞḡðjÞðm2;c2Þ

�
; ðC10Þ

which provides a one-dimensional integral representation
for V̄ðjÞðm2; c2Þ.

2. Computing the remaining integrals

It remains to evaluate the integral in Eq. (C10). To this
purpose, it is convenient to consider the change of variables

x ¼ m2
ðtþ 1Þ2

t
; ðC11Þ

such that

dx
dt

¼ m2

�
1 −

1

t2

�
: ðC12Þ

The function xðtÞ increases from xð−∞Þ ¼ −∞ to
xð−1Þ ¼ 0 and then decreases to xð0−Þ ¼ −∞. Similarly,
it decreases from xð0þÞ ¼ þ∞ to xð1Þ ¼ 4m2 and then
increases to xðþ∞Þ ¼ þ∞. This means that the change of
variables (C11) is adapted to the regions x < 0 and
x > 4m2. In each case, there are two possible branches
obtained by solving a quadratic equation whose discrimi-
nant is Δ ¼ ð2m2 − x2Þ2 − 4m4 ¼ R2ðm2; x2Þ. The
branches read

t ¼ t�ðxÞ≡ x − 2m2 � Rðm2; xÞ
2m2

; ðC13Þ

with 0 < t−ðxÞ < 1 < tþðxÞ in the case where x > 4m2,
whereas t−ðxÞ < −1 < tþðxÞ < 0 in the case where x < 0.
We note for later purpose that

tþt− ¼ 1; tþ þ t− ¼ x2

m2
−
1

2
; tþ − t− ¼ Rðm2; x2Þ

m2
:

ðC14Þ

Moreover, if we choose to work with tτðxÞ, with τ ¼ �1,
then

Rðm2; xÞ ¼ τm2

�
2t −

t2 þ 1

t

�
¼ τm2

t2 − 1

t
; ðC15Þ

It follows that Eq. (C10) rewrites

V̄ðjÞðm2; c2Þ ¼ 1

4m2

�
τRðm2; c2Þ

Z
tτðc2Þ

sgnðc2Þ
dt

t2 þ 1

t2
∂ḡðjÞðxÞ

∂x
þ ð2m2 − c2Þ ḡ

ðjÞðm2; c2Þ
m2

�
; ðC16Þ

and the result should not depend on the value of τ.
It is now easy to see that the procedure described below

Eqs. (C3)–(C5) generates the following integrals:

I0 ≡
Z

tτ

σ
dt

1þ t2

t2
; ðC17Þ

I1 ≡
Z

tτ

σ
dt

1þ t2

t2
x; ðC18Þ

J0 ≡
Z

tτ

σ
dt

1þ t2

t2
lnðixÞ; ðC19Þ

J1 ≡
Z

tτ

σ
dt

1þ t2

t2
x lnðixÞ; ðC20Þ

K0 ≡ 1

2

Z
tτ

σ
dt

1þ t2

t2
ln2ðixÞ; ðC21Þ

where we have introduced σ ≡ sgnðc2Þ and tτ ≡ tτðc2Þ for
simplicity. For the first one, we have

I0 ¼
�
t −

1

t

�
tτ

σ

¼ tτ − t−τ ¼ τ
Rðm2; c2Þ

m2
: ðC22Þ

Similarly
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I1 ¼ 2m2

Z
tτ

σ
dt

1þ t2

t2
þm2

Z
tτ

σ
dt

ð1þ t2Þ2
t3

¼ 2m2

Z
tτ

σ
dt

1þ t2

t2
þm2

Z
tτ

σ
dt

�
tþ 1

t3
þ 2

t

�

¼ 2m2I0 þm2

�
1

2

�
t2τ −

1

t2τ

�
þ 2 ln jtτj

�

¼ 2τRðm2; c2Þ þ
�
τRðm2; c2Þ

�
c2

2m2
− 1

�
þ 2m2 ln jtτj

�

¼ τRðm2; c2Þ
�
1þ c2

2m2

�
þ 2m2 ln jtτj: ðC23Þ

To treat the other integrals, we use the formula

Z
tτ

σ
dtf0ðtÞ lnðixÞ ¼ fðtÞ lnðixÞjtτσ −

Z
tτ

σ
dtfðtÞ t − 1

tðtþ 1Þ ;

ðC24Þ

obtained via integration by parts. In particular, we have

J0 ¼ τ
Rðm2; c2Þ

m2
lnðic2Þ −

Z
tτ

σ
dt

ðt − 1Þ2
t2

¼ τ
Rðm2; c2Þ

m2
lnðic2Þ −

Z
tτ

σ
dt

�
1þ 1

t2
−
2

t

�

¼ τ
Rðm2; c2Þ

m2
ðlnðic2Þ − 1Þ þ 2 ln jtτj; ðC25Þ

and, similarly,

J1¼2m2

Z
tτ

σ
dt
1þ t2

t2
lnðixÞþm2

Z
tτ

σ
dt
ð1þ t2Þ2

t3
lnðixÞ

¼2m2J0þm2

Z
tτ

σ
dt

�
tþ 1

t3

�
lnðixÞþ2m2

Z
tτ

σ
dt
lnðixÞ

t

¼2m2J0þτRðm2;c2Þ
�

c2

2m2
−1

�
lnðic2Þ

−
m2

2

Z
tτ

σ
dt

�
tþ 1

t3
−2−

2

t2
þ2

t

�
þ2m2

Z
tτ

σ
dt
lnðixÞ

t

¼2m2J0þτRðm2;c2Þ
�

c2

2m2
−1

�
lnðic2Þ

þ1

2
τRðm2;c2Þ

�
3−

c2

2m2

�
ðC26Þ

−m2 ln jtτj þ 2m2

Z
tτ

σ
dt

lnðixÞ
t

¼ τRðm2; c2Þ
�

c2

2m2
þ 1

�
lnðic2Þ

−
1

2
τRðm2; c2Þ

�
1þ c2

2m2

�

þ 3m2 ln jtτj þ 2m2

Z
tτ

σ
dt

lnðixÞ
t

: ðC27Þ

Using similar ideas, we find

K0 ¼ τ
Rðm2; c2Þ

m2

ln2ðic2Þ
2

−
Z

tτ

σ
dt

�
1þ 1

t2
−
2

t

�
lnðixÞ

¼ τ
Rðm2; c2Þ

m2

ln2ðic2Þ
2

− J0 þ 2

Z
tτ

σ
dt

lnðixÞ
t

: ðC28Þ

In these last two expressions, we need the integral

Z
tτ

σ
dt

lnðixÞ
t

¼
Z

tτ

σ
dt

lnm2

t
þ 2

Z
−tτ

−σ
dt

ln j1 − tj
t

−
Z

tτ

σ
dt

ln jtj
t

þ
Z

tτ

σ
dt

lnðsgnðtÞiÞ
t

¼ lnm2 ln jtτj − 2Φð−tτÞ þ 2Φð−σÞ

−
1

2
ln2jtτj þ i

π

2
σ ln jtτj; ðC29Þ

where we have introduced Spence function

ΦðuÞ ¼ −
Z

u

0

dx
x
ln j1 − xj: ðC30Þ

We note that

ΦðsgnðuÞÞ ¼
X∞
k¼1

Z
sgnðuÞ

0

dx
xk−1

k
¼

X∞
k¼1

ðsgnðuÞÞk
k2

¼
X
keven

1

k2
þ sgnðuÞ

X
kodd

1

k2

¼ ð1 − sgnðuÞÞ
X
keven

1

k2
þ sgnðuÞ

X∞
k¼1

1

k2

¼ 1

4
ð1þ 3sgnðuÞÞ

X∞
k¼1

1

k2
¼ π2

24
þ sgnðuÞ π

2

8
:

ðC31Þ

Moreover, depending on the sign of u, we can split the
integral into an integral from 0 to sgnðuÞ [which gives
ΦðsgnðuÞÞ] and an integral from sgnðuÞ to u on which we
implement the change of variables x ¼ 1=y. We find
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ΦðuÞ ¼ ΦðsgnðuÞÞ þ
Z

1=u

sgnðuÞ

dy
y
½ln j1 − yj − ln jyj�

¼ 2ΦðsgnðuÞÞ −Φ
�
1

u

�
−
1

2
ln2 juj; ðC32Þ

that is

ΦðuÞ þΦ
�
1

u

�
¼ π2

12
þ sgnðuÞ π

2

4
−
1

2
ln2 juj: ðC33Þ

Using these various formulas, together with tτt−τ ¼ 1, we
arrive at

Z
tτ

σ
dt

lnðixÞ
t

¼ π2

12
− σ

π2

4
− 2Φð−tτÞ þ lnm2 ln jtτj

−
1

2
ln2jtτj þ i

π

2
σ ln jtτj

¼ −
�
π2

12
− σ

π2

4
− 2Φð−t−τÞ þ lnm2 ln jt−τj

−
1

2
ln2jt−τj þ i

π

2
σ ln jt−τj

�
; ðC34Þ

where the second equality is the explicit form of the identity

Z
t−τ

σ
dt

lnðixÞ
t

¼ −
Z

tτ

σ
dt

lnðixÞ
t

; ðC35Þ

which is readily obtained using the change of variables
t → 1=t and tτ ¼ −1=t−τ. This formula will be useful
below when checking that our final result does not depend
on the choice of τ.

3. Recursive determination of the V̄ðjÞ’s

Let us now determine the V̄ðjÞ’s recursively. We start
from Eq. (C3) which gives

∂ḡð−2Þðm2; xÞ
∂x ¼ i

2
m2: ðC36Þ

Using Eq. (C16), this leads then to

V̄ð−2Þðm2; c2Þ ¼ i
8m2

½τm2Rðm2; c2ÞI0
þ ð2m2 − c2Þðc2 −m2Þ�

¼ i
8m2

½R2ðm2; c2Þ − ðc4 − 3m2c2 þ 2m4Þ�

¼ −
i
8
ð2m2 þ c2Þ: ðC37Þ

From this result and Eq. (C4), we find

ḡð−1Þðc2Þ ¼ i
8
½6m4 − 2m2c2 − c4 þ 2m2ðc2 − 2m2Þ lnðim2Þ

þ 2m2c2 lnðic2Þ�; ðC38Þ

and then

∂ḡð−1Þðm2; xÞ
∂x ¼ i

4
½m2 lnðim2Þ − xþm2 lnðixÞ�: ðC39Þ

Equation (C16) now gives

V̄ð−1Þðm2;c2Þ¼ i
16m2

�
τRðm2;c2Þðm2 lnðim2ÞI0−I1þm2J0Þ

−4ið2m2−c2Þḡ
ð−1Þðm2;c2Þ

m2

�

¼ i
16

½3ð2m2þc2Þ−4m2 lnðim2Þ−2c2 lnðic2Þ�:
ðC40Þ

From this result and Eq. (C5), we find

ḡð0Þðm2; c2Þ ¼ i
16

½−14m4 þ 2m2c2 þ 3c4

þm2ðc2 − 4m2Þln2ðim2Þ þm2c2ln2ðic2Þ
þ 2m2c2 lnðim2Þ lnðic2Þ
þ 6m2ð2m2 − c2Þ lnðim2Þ
þ 2c2ðm2 − c2Þ lnðic2Þ� ðC41Þ

and then

∂ḡð0Þ
∂x ¼ i

16
½4ðm2 þ xÞ − 4m2 lnðim2Þ þ 4ðm2 − xÞ lnðixÞ

þm2 ln2ðixÞ þm2 ln2ðim2Þ þ 2m2 lnðim2Þ lnðixÞ�:
ðC42Þ

Equation (C16) now gives

V̄ð0Þðm2; c2Þ ¼ i
64m2

�
τRðm2; c2Þfð4 − 4 lnðim2Þ

þ ln2ðim2ÞÞm2I0 þ 4I1

þ 2ð2þ lnðim2ÞÞm2J0 − 4J1 þ 2m2K0g

− 16ið2m2 − c2Þ ḡ
ð0Þðm2; c2Þ

m2

�
ðC43Þ

which simplifies to
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V̄ð0Þðm2; c2Þ ¼ i
16

�
τRðm2; c2Þ

�
−
π2

12
þ sgnðc2Þ π

2

4
þ 2Φð−tτðc2ÞÞþ

1

2
ln2jtτðc2Þj þ iπΘð−c2Þ ln jtτðc2Þj

�

−
7

2
ð2m2 þ c2Þ þ 6m2 lnðim2Þ þ 3c2 lnðic2Þ − c2 lnðim2Þ lnðic2Þ þ

�
c2

2
− 2m2

�
ln2ðim2Þ − 1

2
c2ln2ðic2Þ

�
;

ðC44Þ

where we recall that

tτðc2Þ ¼
c2 − 2m2 þ τ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðc2 − 4m2Þ

p
2m2

: ðC45Þ

It is clear from (C34), that this result does not depend on τ. In particular, it is convenient to choose τ ¼ þ1 since −tþ < 1
and therefore Φð−tþÞ ¼ Li2ð−tþÞ:

V̄ð0Þðm2; c2Þ ¼ i
16

�
Rðm2; c2Þ

�
−
π2

12
þ sgnðc2Þ π

2

4
þ 2Li2ð−tþðc2ÞÞþ

1

2
ln2jtþðc2Þj þ iπΘð−c2Þ ln jtþðc2Þj

�

−
7

2
ð2m2 þ c2Þ þ 6m2 lnðim2Þ þ 3c2 lnðic2Þ − c2 lnðim2Þ lnðic2Þ þ

�
c2

2
− 2m2

�
ln2ðim2Þ − 1

2
c2ln2ðic2Þ

�
:

ðC46Þ

For the relevant case c2 ¼ −m2, we have tþð−m2Þ ¼ ð−3þ ffiffiffi
5

p Þ=2. Using the well-known result

Li2

�
3 −

ffiffiffi
5

p

2

�
¼ π2

15
− ln2

1þ ffiffiffi
5

p

2
; ðC47Þ

as well as

ln
3 −

ffiffiffi
5

p

2
¼ −2 ln

1þ ffiffiffi
5

p

2
; ðC48Þ

we find

V̄ð0Þðm2;−m2Þ ¼ −
im2

16

� ffiffiffi
5

p �
π2

5
− iπ ln

3 −
ffiffiffi
5

p

2

�
þ 7

2
− 6 lnðim2Þ þ 3 lnð−im2Þ

− lnðim2Þ lnð−im2Þ þ 5

2
ln2ðim2Þ − 1

2
ln2ð−im2Þ

�
: ðC49Þ

Combining Eqs. (C37), (C40), and (C49) into (C1), we arrive eventually at

Sααð−αÞð0nÞ ¼ ð4πμ2Þ2ϵΓð1þ ϵÞ2
�
−

α

128π4

��
1

4ϵ2
þ 1

2ϵ

�
3

2
− 2 ln αþ lnð−αÞ

�

þ
ffiffiffi
5

p

2

�
π2

5
− iπ ln

3 −
ffiffiffi
5

p

2

�
þ 7

4
− 3 ln αþ 3

2
lnð−αÞ − 1

2
ln α lnð−αÞ þ 5

4
ln2α −

1

4
ln2ð−αÞ

�
: ðC50Þ
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