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The quadratic Casimir operator of the special unitary SU(N) group is used to construct projection
operators, which can decompose any of its reducible finite-dimensional representation spaces contained in
the tensor product of two and three adjoint spaces into irreducible components. Although the method is
general enough, it is specialized to the SU(2N ;) — SU(2) @ SU(N) spin-flavor symmetry group, which

emerges in the baryon sector of QCD in the large-N . limit, where N and N are the numbers of light quark

flavors and color charges, respectively. The approach leads to the construction of spin and flavor projection
operators that can be implemented in the analysis of the 1/N, operator expansion. The use of projection
operators allows one to successfully project out the desired components of a given operator and subtract off
those that are not needed. Some explicit examples in SU(2) and SU(3) are detailed.
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I. INTRODUCTION

The concept of symmetry, and specially gauge sym-
metry, is crucial in elementary particle physics. Early
analyses of atomic spectra successfully implemented the
use of SU(2) representation theory to study the spin of
particles. Further analyses in nuclear physics struggled to
find out how protons and neutrons interact via a strong
force to bind together into nuclei. Promptly, it was
discovered that the strong force had an SU(2) invariance;
it was called isospin symmetry and its irreducible repre-
sentations (irreps) were labeled by isospin 1/2,1,...A
well-known example is the two-dimensional isospin-1/2
representation made up by the proton and neutron.

In the early decade of the 60s of the past century, a large
number of new strongly interacting particles were discov-
ered so it was imperative to classify them. Gell-Mann first
suggested that they could be accommodated into irreps of
SU(3), so he proposed an organizational scheme for
hadrons. It was called the eightfold way [1]; this peculiar
name, presumably, is closely related to the fact that Gell-
Mann mainly used the eight-dimensional adjoint represen-
tation of SU(3).
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Eventually, it was evident that the SU(3) symmetry found
by Gell-Mann was due to the existence of the three light
quarks, u, d, s, which fitted into the fundamental three-
dimensional representation of SU(3). This symmetry has
been since referred to as SU(3) flavor symmetry. Hadrons
were thus organized into SU(3) representation multiplets—
octets and decuplets—of roughly the same mass.

The special unitary group also plays a role in the local
SU3) ® SU(2) ® U(1) gauge symmetry, which defines
the modern standard model (SM) of particles and their
interactions. Roughly, the three factors of the gauge sym-
metry give rise to the three fundamental interactions.
Quantum chromodynamics (QCD), the theory of the strong
interactions, is the SU(3) component of the SM. It is a gauge
theory of fermions—the quarks—and gauge bosons—the
gluons—and stems from the fact that each quark comes in
three completely identical states called colors; the symmetry
is thus referred to as SU(3) color symmetry. Unlike flavor
symmetry, which is an approximate symmetry due to the
relatively small masses of the three light quarks and plays a
marginal role in the SM, color symmetry is exact and does
play a preponderant role. At low energies, the running
coupling constant of the theory is large, and the colored
quarks and gluons must clump together to form colorless
hadrons.

Various attempts have been made so far to construct
grand unified theories of the weak, strong, and electro-
magnetic interactions. These approaches mostly use Lie
groups. Common examples are SU(5) in the simplest grand
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unification theory, SO(10), and E6. Further applications of
SU(N) can also be found in shell models of nuclear and
atomic physics [2,3], the worldline approach to non-
Abelian gauge fields [4—6], to name but a few.

It should be stressed that, despite the tremendous
progress achieved in the understanding of the strong
interactions with QCD, the analytical calculation of the
structure and interactions of hadrons directly in terms of the
underlying quark-gluon dynamics is not possible because
the theory is strongly coupled at low energies. Soon after
the advent of QCD, ’t Hooft pointed out that gauge theories
based on the SU(N,.) group simplify in the limit N, — oo,
where N, is the number of color charges [7]. Baryons in
large-N . QCD were first studied by Witten [8]. Later, it was
shown that in the large-N_ limit the baryon sector has an
exact contracted SU(2N ) spin-flavor symmetry, where N,
is the number of light quark flavors [9-12]. Physical
quantities are then considered in this limit, where correc-
tions emerge at relative orders 1/N_., 1/N 2 and so on; this
sequence originates the 1/N, expansion of QCD.

The 1/N. expansion turns out to be quite useful for
studying the interactions and properties of large-N,. color-
singlet baryons at low energies. The construction of the
1/N . expansion of any QCD operator transforming accord-
ing to a given spin @ flavor representation is expressed in
terms of n-body operators O,, which can be written as
polynomials of homogeneous degree n in the spin-flavor
generators. The operators O, make up a complete and
independent operator basis [13]. It should be emphasized
that for baryons at large finite N, the 1/N, operator
expansion only extends to N .-body operators in the baryon
spin-flavor generators. Although straightforward in princi-
ple, the reduction of higher-order operator structures to the
physical operator basis turns out to be quite tedious due to
the considerable amount of group theory involved. The fact
that the operator basis is complete and independent makes
those reductions possible.

Here is precisely where the aim of the present paper can
be delineated: to present a general procedure to construct
projection operators in SU(N) out of the corresponding
Casimir operators. The projection operators so obtained
act on tensor operators that belong to tensor products of
adjoint representation spaces, decomposing them into
different operators with specific quadratic Casimir eigen-
values. The applicability to the 1/N . operator expansion is
immediate. The cases of physical interest for Ny =2 and
Ny =3 are worked out to show the usefulness of the
resultant projectors. In passing, it can be pointed out that
the method is not limited to the 1/N, expansion, but it can
also be used in shell models of atomic and nuclear physics;
in this case, the projector method allows one to construct
tensor operators which, with the aid of the Wigner-Eckart
theorem, can be used to calculate transition amplitudes. The
worldline approach to non-Abelian gauge fields is also
another area where the projector method can be adapted to

fit there. All in all, the method shows some potential
applicability in areas where the SU(N) group is involved.

The organization of the paper is as follows. In Sec. II,
some theoretical aspects of the SU(N) group are briefly
summarized, starting with some rather elementary concepts
and definitions, which are provided to set notation and
conventions. A key feature in the analysis is the definition of
the adjoint space and the tensor space formed by the product
of n adjoint spaces. The latter can always be decomposed
into subspaces labeled by a specific eigenvalue of the
quadratic Casimir operator of the algebra of SU(N). The
procedure to do so is discussed at the end of this section, and
the defining general expression of the projection operator is
provided. In Sec. III, the projection operators for the tensor
product space of two adjoint spaces are constructed explic-
itly. The properties that by definition projection operators
are demanded to fulfilled are rigorously verified. The
particular case N = 2 is also discussed at the end of this
section. In Sec. IV, the projection operators previously
defined are specialized to the SU(2N) spin-flavor sym-
metry group, which breaks to its spin and flavor groups
SU(2) ® SU(Ny). Consequently, the spin and flavor pro-
jection operators are constructed and readily applied to the
1/N. operator expansion. In Sec. V, the method is outlined
for the tensor product space of three adjoint spaces. In this
case, the explicit construction of projection operators
becomes a rather involved task, so only a few examples
are detailed. Some closing remarks and conclusions are
provided in Sec. VI. The paper is complemented by
two appendices, where some supplemental information is
provided.

II. PROJECTOR TECHNIQUE FOR SU(N)
ADJOINT TENSOR OPERATORS

To start with, a salient definition is that of a Lie group.
It is defined as a group in which the elements are labeled by
a set of continuous parameters with a multiplication law
that depends smoothly on the parameters themselves [14].
A compact Lie group, on the other hand, is a Lie group in
which the parametrization consists of a finite number of
bounded parameter domains; otherwise, the group is
referred to as noncompact [15]. The SU(N) group of all
complex unitary matrices of order N with determinant 1
and the SO(N) group of all real orthogonal matrices of
order N with determinant 1 are two well-known examples
of connected compact Lie groups.

The elements of a Lie group can be written as

exp {;Zﬁx} , (1)

where %, a = 1, ..., N are real numbers and X“ are linearly
independent Hermitian operators. Hereafter, and unless
explicitly noticed otherwise, the sum over repeated indices
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will be implicit. The X“ are referred to as the generators of
the Lie group and they satisfy the commutation relations

[Xa,Xb] — ifabCXC. (2)

The fb¢ are referred to as the structure constants of the Lie
group. The vector space f*X?, together with the commu-
tation relations (2), define the Lie algebra associated with
the Lie group.

The generators satisfy the Jacobi identity,

[X“, [X?, X¢]] + cyclic permutations = 0, (3)
which in terms of the structure constants becomes
[fbee pacg 4 fabe feeq | peae gheg — (), (4)
The quadratic Casimir operator is defined as
C=X°X°, (5)
so that
[C,X“] =0. (6)

As for the SU(N) group, let T“ be operators that generate
the Lie algebra of the group. There are N> —1 of such
operators, which serve as a basis for the set of traceless
Hermitian N x N matrices. The generators satisfy the
commutation relations

[Ta’ Tb] — ifabCTC, (7)

where a, b, ¢ run from 1 to the dimension of the Lie algebra
of SU(N), i.e., from 1 to N> — 1.

In the fundamental representation of SU(N), the nor-
malization convention usually adopted for the generators
reads

1
Tr(T4T") = 56“", (8)

so in this convention the £ are totally antisymmetric with
respect to the interchange of any two indices.
Let T4 define a set of operators such that

[T§)" = ifee, ©)

1.e., the structure constants themselves constitute a matrix
representation of the operators. The representation gener-
ated by the structure constants is called the adjoint
representation.

An SU(N) adjoint operator Q“ can thus be defined, such
that

[Ta’ Qb] — l'fabCQC' (10)

The operators Q“ can make up a basis for the carrier space
where the generators of the Lie algebra of SU(N) in the
adjoint representation act [15]. If 79 are taken as the
generators in the adjoint representation, relation (10) is
equivalent to

T4Q" = if** Q. (11)

Hereafter, the carrier space generated by the operators Q¢
will be referred to as the adjoint space and will be denoted
by adj = {Q“}.

Another tensor space of interest is the one formed by the
product of the adjoint space with itself n times. It is denoted
by [, adj ®. This space can usually be decomposed into
subspaces labeled by a specific eigenvalue of the quadratic
Casimir operator C of the Lie algebra of SU(N). The
decomposition can be achieved by adapting the projector
technique for decomposing reducible representations intro-
duced in Ref. [16]. Following the lines of that reference, the
sought projection operators P are thus constructed as

kTC-c

P<m> = H |:—n‘:| ’ Cm ?é Cn,-v (12)
i=1 Cm = Cn,

where k labels the number of different possible eigenvalues
for the quadratic Casimir operator and c,, are its eigen-
values given by [17]

cm:%[nN—nﬁz—f—Zr?—Zc%}, (13)

where 7 is the total number of boxes of the Young tableu for
a specific representation, r; is the number of boxes in the ith
row, and c; is the number of boxes in the ith column.

From the defining expression (12), it can be inferred that
if [T, O is an SU(N) tensor operator, where each Q"
satisfies the commutation relation (10), then

pm) H Q?i _ Qal..‘an’ (14)
i=1

where the tensor Q%% is an eigenstate for the quadratic
Casimir C with eigenvalue c,,,

CQal...a,Z _ CmQal”-an. (15)

In the following sections, the decompositions of the
tensor spaces adj ® adj and adj ® adj ® adj will be
carried out by using the projector technique described
above.
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III. PROJECTION OPERATORS IN THE TENSOR SPACE adj ® adj

The Young tableau for the adjoint representation is given by

1 2
adj =
2
N—1
The tensor space adj ® adj decomposes as
. . 1|2 1|23 1] 2|3 12]3]4 1| 2
adj @adj =1 & 2 @ 2] @ S
2 2 2| 3|4 2| 3 2 | 3
3 3| 4 3| 4 3
N—2 :
N_1 N1 N N—1| N N—2

In the notation of Ref. [13], the above irreps are
designated by

adj® adj =1 @ 2adj @ as ® 5a ® 5s ® aa, (16)
so this convenient notation will also be used here.

The quadratic Casimir eigenvalues for each representa-
tion in the decomposition of adj ® adj are obtained from
Eq. (13) and are listed in the second column (from left to
right) of Table I.

Since five different eigenvalues are available, the pro-
jectors in Eq. (12) are computed as

P(m) o ay — (ZIC + a2C2 — a3C3 + C4
H?:l(cm - Cn,-) '

en# cre (17)

(18a)

Ay = Cp,CpyCnyCoys

Ay = €, Cp,Chpy + CnyCnyCny + CpnCnyCny + CnyCnyCnyo (18b)

Ay = Cp, Cp, + CpyCny + Cp,Cn, + CpyCiy + CpnyCn,y + CnyCnys
(18¢)

and
a3 = Cp, + Cp, +Cpy FCpy (18d)

A word of caution is in order here. The defining
expression of P, Eq. (12), and its subsequent version

for the tensor space adj ® adj, Eq. (17), impose the
condition ¢, #c, in order to avoid singularities.
Particularly, note that as and 5a are complex-conjugated
representations, so they share the same eigenvalue of the
Casimir operator, ¢, = 2N, according to Table I. For this
reason, it is not only convenient but also necessary to
construct a projection operator that comprises both repre-
sentations, as it is described below.

On the other hand, a complete determination of C
demands the evaluation of the generators 7%, that act in
the tensor space adj @ adj. In terms of T,, they are
given by

T, =T¢{1+1QT4. (19)
Therefore,
C=T5T5
=TT @1 +1QTqT,+2T,®Tq. (20)

Since T4T¢ is the quadratic Casimir operator for the
adjoint representation, then by Schur’s lemma

T4T¢ = N1. (21)
Thus,
C=2(NT®@T+T{®TY). (22)

The action of C on a tensor operator Q?IQ';Z yields,
according to Eq. (11),
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TABLE 1. Quadratic Casimir eigenvalues and projectors cor-
responding to each representation in the decomposition of the
reducible tensor representation adj ® adj.

Rep Eigenvalue Representation
1 Co — 0 1
adj cg =N 1] e
2
3
N—-1
as @ sa ¢, =2N 1] 2] 3 11213
2
2 2 3 4
3 4
N-2
N—-1| N
Ss c3=2(N+1) 1 lals]a
2 3
3 4
N—-1| N
aa c, =2(N-1) 1] s
2 3
3
N-2

CQIIJ] 1272 _ 2(N5b1a15b2a2 _fblaleszaze)Q? gz' (23)
Therefore, in components, C reads

[C]aldzblbz = 2(N5b1a15b2a2 - Fhlalhzaz)

4 [N?
— _5h,a15h2a2 _ 6h|b25ala2 + 5b]a25b2al
N|2

— Z(Dhlbzalaz — Dbiazbra, ), (24)

where the second equality follows from the identities listed
in Appendix A. For the ease of notation, the symbols
Fa@bibz and D@192b1b2 have also been introduced; they read

Fawbiby — faase fhibse, (25a)
Darabiby — gaase ghibe (25b)

where the fully symmetric coefficients d*1*2% read
da®nt = %Tr({T”l,T“Z}T@). (26)

Additionally, let us also define the operator G acting on
0" 0% with components,

[G}alazblhz — _Fu]hluzhz’ (27)

so that the quadratic Casimir C in Eq. (22) can be
rewritten as

C=2(N+0G), (28)
and powers of C are straightforwardly obtained as
C? = 4(N? 4+ 2NG + G?), (29)
C? = 8(N* +3N?>G + 3NG? + G?), (30)
C* = 16(N* +4N3G + 6N?>G* + 4NG> + G*). (31)

By making use again of the identities listed in
Appendix A, the powers of the operator G required in
the analysis are explicitly given by

1
[Gz]aﬂlzhlbz — 5 (26a|u25b|b2 + 5a|h|5uzb2 + 5u1b25azb1)
N by b bib
+Z(Fa1a2 1by 1 paasb, 2)7 (32&)
[G3]a102b1b2 — —N5a1“25b1b2 _%(Falblazbz + Fuzblulbz)
N2
_ ? (Falazblbz + Da1a2b1b2)7 (32b)
and

1
G4 ajayb by __ N2 1 5a1025b1b2 - 5a1b15a2b2 5a2b15a1b2

N3 1
—_Famabiby  — N(N? L 4)D%a@biby 2
ART: +7¢ (N*+4) (32¢)

All the necessary powers of C involved in Eq. (12) are
now explicitly determined, so the projection operator P,
corresponding to eigenvalue c,, of C, can be evaluated. For
instance, for ¢y = 0,
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ag—a;C + a,C? — azC* + C*

PY = 0=
_ _NG+2?2 —2NG3 —2G47 (33)
N3(N?-1)
where
a = SNA(N? — 1), (34a)
ay = 4N(5N* = 3), (34b)
@y — 18N? — 4, (34c)
and
az =TN. (34d)
Thus,
[PO)arabibs — sharghibr, (35)

N2 -1

The procedure can be repeated for the remaining four
eigenvalues, which yields the projection operators

N 1
(Daraebiby — " pajabiby 4 — paijabb, 36
1 1
(2)1a1a2b1b, _— — 5alb15a2b2 _ 5a2b15a1b2 _ _Fa1a2b1b2
Pt = L )~ L,
(37)
N+2
[’])(3)]alazhlbz — <5a1b15a2b2 + 502171501172)
AN
_ﬂéalazﬁble _ N+4 Da1azbib,
2N(N+1> 4(N+2)
+£(Da1bla2b2 +Da2b1a1b2)’ (38)
-2
[73(4)]“1(121’1’72 — (5a1b15a2b2 + 5a2b15a1b2)
AN
N-=-2 N-4
75a1025h|b2 Du]avb by
TN =) taN—2)
_%(Dalblazbz _l’_DaZbla]bZ). (39)

The above projection operators satisfy the properties

0, m#n

m)laja,d;d n)\didybiby __
[P( )] : Z[P( )} = { [fp(m)]alazblbz’

m=n,

(40)

which are demanded by definition.

Also, notice that

4
D [pmjmabib: = saibigab: (41)

m=0

so they constitute a complete set of operators
Now, glven two adjoints Q1 and Q2 , the actlon of

projectors ") on the adjoint tensor operator Ql 2 ? yields
(0102 = [P0, 0,]"">
s LA T N s
[QW)P1P2 = [P, 0,]""2

— N2IV_ 4Db1b2a1az Qllll ng + %Fblb2a102 Qllll
(43)
[0@]"" = [PP10, Q5]
L b b by Abiy L ayay a1
:i( 1 ¢~ 2)—NFh'b2 20
(44)
[0t = [PEIQ, Q,]01P2
_N+2
=y ('0r +0703)
N+2
_ 5b1b2 e e
2N(N + 1) Q210
N +4

- paawbibphrnh
4(N +2) 010

1 a
_|_ 4 (Db[(llbzflz _|_ Dblazbzfll )Q 1 2’ (45)

QW] = [P0, 0,]""
N 2
(Q 0y + 0o
N 2 b1by Ne Ne
+2N(N—1)5 0103
N -4

— Duawbibpdinh
+4(N—2) 0,'0;

_%(Dblalbzaz + Dblazbzal)Q‘fl gz. (46)

The operators on the left-hand sides in Egs. (42)—(46) are
labeled by an index that indicates the space representation
they belong to. Therefore, when projection operator P")
acts on the tensor product of two adjoints, it projects out
precisely the component of the representation it belongs to.
Two simple examples for N =2 and N =3 suffice to
illustrate the usefulness of the projection operators so far
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constructed. These examples are worked out in the follow-
ing sections.

A. Projection operators for N =2

SU(2) is the simplest non-Abelian Lie group. It appears
in two scenarios in physics. One is as the spin double cover
of the rotation SO(3) group, and the other is as an internal
symmetry relating types of particles. Explicit realizations of
them are spin and isotopic spin symmetries. The generators
Ji and I correspond to spin and isospin, respectively, and
the corresponding conventional structure constants are e'/¥
(i, j, k=1,2,3) and €*¢ (a, b, c = 1, 2, 3), which are
totally antisymmetric.

To construct the projection operators for N =2, an
important issue to be kept in mind is the fact that SU(2)
does not admit representations for the eigenvalues ¢, = 2N
and ¢, = 2(N — 1) of the quadratic Casimir operator in the
space adj ® adj listed in Table I, so the procedure to
construct P must be adapted accordingly because, in
particular, P! of Eq. (36) as it stands is ill-defined for
N = 2. Therefore, the procedure must be repeated account-
ing for the eigenvalues c(, ¢y, and c3 only.

While the projector P is easily obtained as

1
[’P(O)]al“zblbz — 55111“25’71172, (47)

P is constructed as

C* = (co + ¢3)C + coes

(c1 =co)(e) —¢2)

p) —

(48)

From C and C? given in Eqgs. (28) and (29) for N = 2, it
follows that

P = (6C - C?), (49)

0| —

so that

['P(l)}a]azb]bz — (5a1b15a2b2 _ 5a2b]5a1b2). (50)

N =

Similarly,
1 1
[’P(3)]“1(12”1b2 :5<5ﬂ1b1502b2 _1,_502171501172) _§5a1a25b1b2' (51)

Now, given two adjoints Q}f' and ng defined in spin
space, for instance, the projectors PO, M) and PO,
given by Egs. (47), (50), and (51), acting on the adjoint
tensor operator Q}f' le’z, project out the / =0, J =1, and
J = 2 spin components of that tensor product, respectively.
Similar conclusions can be reached for isospin space, of
course.

IV. PROJECTION OPERATORS IN SU(2N;) —
SU(2) ® SU(N;) SPIN-FLAVOR SYMMETRY

In the introductory section, it was pointed out that
the baryon sector of QCD has a contracted SU(2N)
symmetry, where N, is the number of light quark
flavors [9-12]. Under the decomposition SU(2N;) —
SU(2) ® SU(Ny), the spin-flavor representation yields a
tower of baryon flavor representations with spins J =
1/2,3/2,...,N./2 [11,13]. The spin-flavor generators of
SU(2Ny) can be written as one-body quark operators
acting on the N.-quark baryon states, namely,

N, k

gk — za: 4. <‘% Q ﬂ)qa, (52a)
NL‘ /‘LC

T¢ = H1e%=)q,. 2
Za:q ( ® 2)61(, (52b)
Nc k C

ke __ T i /17

G —Z;qa<2 ®2>qa. (52¢)

Here qZ, and ¢, constitute a set of quark creation and
annihilation operators, where a = 1, ..., N denote the N
quark flavors with spinupand a = Ny + 1, ...,2N, the N
quark flavors with spin down. Likewise, J* are the spin
generators, T¢ are the flavor generators, and G*< are the
spin-flavor generators. The SU(2N) spin-flavor genera-
tors satisfy the commutation relations listed in Table 11 [13].

The approach to obtain projection operators discussed in
the previous sections can now be implemented to the
SU(2Ny) spin-flavor symmetry to construct spin and
flavor projection operators, which will act on well-defined
n-body operators. For the ease of notation, throughout this
section, lowercase letters (i, j,...) will denote indices
transforming according to the vector representation
of spin and (a,b,...) will denote indices transforming
according to the adjoint representation of the SU(Nj)
flavor group.

Spin projection operators are easily adapted from
Egs. (47), (50), and (51) as

[P(J:0)}J'1]'2k1k2 _ %5]'1]'251{11@, (53)

spin

TABLE II.  SU(2N;) commutation relations.

[Ji, T4 =0,
[.]i7‘]j] — l'eijk‘]k7 [Ta7 Th} _ ifabcTc,
[]i, Gja] _ l'eijkaa7 [Ta7 Gib] _ ifachic,
[(;ia7 Gjh] — ﬁ&ijfabcTc + ﬁéahé‘ijk.]k + %€ijkdabEGkC,
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[P(le)]jljzklkz _

spin

%(5/1/(15]27@ — 5j2k15j1k2)’ (54)

[73(1:2)]j112k1k2 _

spin

(511k15j2k2 + 5jzk15/1k2) — %5/‘1/(25]1/2_

N =

(55)

As for flavor projection operators, the tensor product of
two adjoints can be separated into an antisymmetric and a
symmetric product, (adj ® adj), and (adj® adj)g,
respectively. In the notation of Ref. [13], these products
are written as

(adj @ adj), = adj @ as @ 3a (56a)

and
(adj @ adj)s =1 @ adj ® 5s @ aa. (56b)

Thus, the explicit forms of flavor projection operators
read as

(1) qaaxbiby 1 aya, by b
[Phavor] " = N [onegh, (57)
(adj)ya,ayb\b 1 a,a,C c Nf a,a,c hC
PR = g e
(58)
as+sa)yajaybyby 1 a,b, Sarb arby sab
= — (HNP15%b2 — 54201 50102
[Pﬂdvor ] 2( )
1
_ = fajasc £bybyc 59
fo fhee, (59)
] N;+2
(3s) qaabiby VTS g b sanb arb; sayb
— o 1b 15%02 S%b1 512
[Pﬂavor] 4Nf ( + )
_]Vfi—i_zéalang]bz
N, (N, +1)
_ Nf +4 duac gbibyc
4(N;+2)

1
- dalblcd‘lzbZC da2blcda]b2c , 60
+5( + ) (60)

[ aa ]ﬂlazblbz _ Ny-2 (6a1b15a2b2 + 5a2b]5a1b2)

7)ﬂavor 4Nf
+Nf7_2501a25b1b2
2Ny (Ny = 1)
N, —
S > Jbibsc
— 4 du@cgbib
i)

1
—Z(da'blcduzhzc + duzhlcdalhzc). (61)

It should be remarked that the first and second summands
of Eq. (58) define the antisymmetric and symmetric
adj)yayazby b,
components of [Py, "] , respectively.
Let us also notice that

[ aa }alazblbz _

Pﬂavor + Pﬂavor (5a1b15a2b2 + 5a1b25a2b] )

1
N2-—1

N[ =

5a1a25b1b2

N
N2 S 4dala’cdb 1hye (62)

Implicit forms of the projectors (59) and (62) can be
inferred, respectively, from Egs. (A13) and (A17) of
Ref. [13]. Both approaches yield the same results.

A. Applications of spin and flavor projection
operators in the 1/N, operator expansion

The way spin and flavor projection operators work can
be better seen through a few examples. For definiteness, the
analysis can be confined to the physically interesting case
of N = 3 light quark flavors; thus, the lowest-lying baryon
states fall into a representation of the SU(6) spin-flavor
group, which decomposes as SU(2) ® SU(3).

For the SU(3) flavor group, the adj, as + Sa, and 3s
representations are the 8, 10 + 10, and 27, respectively,
while the representation aa does not exist. In consequence,
it can be shown that

[P 0,0, =0 (63)

for SU(3). o
First, let us analyze the two-body operator J/1J/2, which
is a spin-2 object. It can be written as
T I, .
Jh 2 = 5{]]1 , sz} + 5 [J]l , sz]. (64)
Projecting out the J/ = 0, J = 1, and J = 2 components
of this product of operators is straightforwardly done with

the help of projection operators (53), (54), and (55). The
spin projections for the operator J/' J/> read

[Pi;i:n())]klkzjljz (_]lejZ) _ %5/(1/(2]2’ (658.)
(PU=Dfkei: (it giz) = éeklkziji, (65b)
and
[ngln2)]k 1kajrja (JJIJJZ) —_ {Jkl sz} 5k szZ (650)
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whereas the nonzero spin projections of the anticommu-
tator and commutator in Eq. (64) read

[Pl g0, g0} = 2 gtk (66a)
[ngiﬁ]k]kzjljz{‘]j]’]jz} — {Jkl’sz} _ géklqu’ (66b)
and

[Pl 12 00 J2] = iehkaigi, - (66e)
where J? = J'J!. The consistency between these relations

can be checked by a simple inspection.

Less trivial examples are found when spin and flavor
are simultaneously involved so the corresponding projec-
tors can act in conjunction. For example, the operator
X Uib)(2b2) — {Gjlbl szbz}_|_{G]2b1 Gjlbz} is a spin-2
object and transforms as a flavor 27. Projecting out the
|

spin J/ =0, J =1, and J = 2 components of this operator
yields

[,P(JI:O)]klkzjljz ({Gj,hl . szbz} 4 {Gj]bz’ GJ2h })

spin

2 . .
= géklkz{Glbl, Glbz}’ (67)

[PU=DIkkilz ((Giby G} 4 (Ghbr G Y) = 0, (68)

spin

and

[Pglj)i:nz)]k‘kzjljz ({Gj]bl , G/zbz} + {Gj]bz’ GJ2h })

— {leb] , szhz} + {lehz, szhl}

2 ; ,
_ gé‘klkz{szl , Glbz}. (69)

Now, the flavor 1, 8, 10 + 10, and 27 components of

XUb)(i2b2) - for each spin, can be straightforwardly pro-
jected out. The J = 0 projections read

[P TP (G0, G 4 (G, GI0) = - ke (G, G, (70)
(PRI B[P 7 (G, GE2Y (G G Y) = 25k donsciee (G, G, (71)
PRI R PRt (G, Gribey + (G, G ) = 0, (72)

[Pl 1"/ 2 [Pl " (G, G} + {Gflbz =)
i {51{ kz{Gzal Glaz} _5k kzéalaz{Gtc Glc} 5k ky garaze gby ch{G:b, G:bz}] (73)

the J = 1 projections vanish, and the J = 2 projections become

[,P(J'ZZ)]klkzjlh[Pglgvor]aIGZblbz({Gjlbl szbz}_'_{Gj]bz’szb]})

spin

1
—_Sna Gk b, szbz szc le c
= ol b+ b-

5k kQ{GlC Gtc}] (74)

[7)(1':2)}/‘1/‘2]'1/2 [Pgi)vor}dlazblbz({Gjlbl ’ szbz} + {G/lbz’ GJabi 5

spin

5

aasbib,

[P 1 Pl

spin

— éda]azcdblbzc[{lebl szbz} + {Gk1b2 szbl} _ %5k1k2{Gib1 Gibz}] (75)
9 b 3 9 9

({Gjlh] , szbz} + {G.jlhz’ GJi2h }) =0, (76)

P 1" [Pl " (G, szbz} +{GI", G,-zb]})

spin

_{leal sza,}_'_{leaz Gk,al}

Sdalazcdb bzc[{Gk 1by szb,} + {lebz Gk’bl}

5/( kZ{Glal sz}

5a1a2 [{lec szc} 5k kz{GlC Gw}}

5k kz{th] Glbz}] (77)
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In particular, both sides of Eq. (77) are spin-2 objects and
transform purely as flavor 27 tensors, i.e., their spin 0 and 1
components and their flavor singlet and octet components
have been properly subtracted off by using the appropriate
spin and flavor projectors. Operators of this kind appear in
the analysis of baryon quadrupole moments [18].

V. PROJECTION OPERATORS EXTENDED
TO THE TENSOR SPACE adj ® adj ® adj:
A FEW EXAMPLES

Projection operators defined in the tensor space adj ®
adj ® adj can be obtained by extending the approach used
in the construction of the corresponding ones in the tensor
space adj @ adj. The starting point is the decomposition
of the tensor product adj ® adj into the irreps indicated in
Eq. (16), so the tensor product of the adjoint representation
and each of these irreps can be evaluated.

The simplest construction is the tensor product of the
adjoint and the singlet representation 1, i.e., 1 ® adj =
adj. Therefore, the projector

[Pladi)rdaashibabs — suarghibaghias (78)

N> -1

acting on the tensor operator Qll’1 }2’2Q§3 yields

1
N2 -1

542070505, (79)

which transforms as an adjoint operator.
Increasing complexity can be found in the tensor product
5s ® adj, which can be represented by

1 2 3 4 . 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
® adj = &) &)
2 3 2 3 4 2 3 2 3 4 5
3 4 3 4 5
N—1| N |[N+1 N—2|N—1
N—-1| N N—1 N—1 N [N+1
1 2 3 4 1 2 3 4 1 2 3 1 2 3 1 2
@ 2 D S S
2 3 2 3 4 2 2 3 4 2
3 4 3 4
N—-1| N N—2 N—1
N—2|N—1 N—1| N
N—1

Let T4, denote the generators for the tensor product
space 5s @ adj. These generators are given by

T4, =POTE, @ 1+ PO @ T4, (80)

where 79, are defined in Eq. (19). Accordingly, the
quadratic Casimir operator reads

C=POTLT @ 1+2POTe, @ T4 + P @ T4T4,
(81)

whose explicit form in components becomes

[
[C]ala2a3h|b2h3 — (3N + 2)[7)(3)]a102b1b25&3h3
— 2{[PO@@be pebiashs 4 (b <> b,)},

(82)
which follows from the use of the identity

[P(3)}alﬂ2d1d2Fd1b1d2bz — _[’}3(3)]01‘12171172’ (83)

along with Egs. (21) and (24).

The eigenvalues of the quadratic Casimir operator for
each representation are displayed in Table III. Following
relation (12) and gathering together partial results, the
corresponding projection operators are
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TABLE III. Quadratic Casimir eigenvalues for the representations obtained in the tensor product 5s @ adj.
Eigenvalue Representation Eigenvalue Representation
co=3(N+2) 12 lsl415 6 c3=3N+2 1lals]a
2 3 4 2 3| 4
3 4
N—-1| N |N+1
N—-2|N—-1
N-1
cr=3(N+1) 12345 1]2]3 5 €4 =2N 1123 123
@ S2]
2 3 2 3 4 2 2 3 4
31415 3 4
N—2|N-1 N_2
N—1 N—1| N |N+1 N-1| N
¢, =2(N+1) 1 lalsla cs=N 11 g
2 3 2
N-1| N N-1

=+ #;C— 3 C* 4+ 3, C° — 4, C + C°

S , (84)
H[:l(cm - cn,)

where the coefficients &; read
Ay = Cp, CpyCpyCpyCrys (853)
Ay = €, Cp,CpyCy, + CnyCnyCnyCns + CnyCnyCnyCns

+ Cpy €y CiyCg + CiiyCy iy g (85b)
A = cnl cnzcn3 + cnl ancn4 + Cnl cn3 cn4 + cnzcn3 Cn4

+ Cnl an Cl’ls + cl’ll Cn3 c}’ls + cnzcn3 Cﬂ5

+ €, CpyCng F CiyCry Crig + Cpy €y, Cps (85¢)
A3 = Cp Cp, =+ Cn Cny + CnyCny + Cn Cny + Cn,Cny

+ CpyCpy F Cpy Cpg F Cpy Cpg + €y Cp + €0, (85d)

and

Gy = Cp + Cpy 4 Cpy +Cy + (85e)

The powers of C required in Eq. (84) are obtained as

C = aE, + 2E,. (86a)
C? = a’Ey + 4aE, + 4E,, (86b)
C?® = A®Ey + 6a*E, + 12aE, + 8E;, (86¢)
C* = a*Ey + 8a’E,| + 24a’E, + 32aE; + 16E,,  (86d)

and

C> =a’Ey+ 10a*E| +40a’E, + 80a’E; + 80aE, + 32Es,

(86e)

with a = 3N + 2 and
[Eo}u]azug[ﬂbzb} — [P(S)]alazb]b25a3b3’ (8721)
[El]a]a2a3b,b2b3 _ [7;(3)]a1a2d1d2 [T]d,d2a3blb2b3’ (87b)
[Ey]arashibobs — [PR)|aaxdids [T2]didaashibabs —(87¢)
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[E3}alaza3b|b2b3 _ [73(3)]a1azd1d2 [T3]d1dzll3blb2b3’ (87(1)

[E4]a1a2a3blb2b3 — [’P(3)]“1“2d1d2 [T4]d1dza3b1b2b3’ (876)
and

[ES]a|a2a3b]hzb3 _ [73(3)]a1d2d1d2 [T5]d|d2a3b1bzb3. (87f)

Here E, represents the identity for the tensor product
space under consideration and the tensor [T]%1%43b1b2bs jg
defined as

[T]ala2a3b1b2b3 — [TgA ® Tﬁ]alaza3b1b2b3

— _Faibiasbs sazby _ pasbyazbs saiby (88)

The final expression for the projectors P can be cast
into the compact form

~ 1 m m m m
P | S Ey+ " E + SV E, + e\ E;

+e"E, +eMES), (89)

where the coefficients /,, and e are listed in Appendix B.
|

A long and tedious but otherwise standard calculation is
required to prove that

[75(’")}‘11 ayaydydyds {ﬁ(")]dldzdﬂl bybs

0, m#n
- ['ﬁ(’")]alaZQBblbzbS’ m=n (90)
and
5
Z [ﬁ(m)]alazazblbzh — Egla2a3b1b2b3‘ (91)

m=0

A. An example of projection operators in SU(2)
In this case, the projector P®) corresponds to the repre-
sentation with spin-2 givenin Eq. (51). Therefore, the projector

PO which, according to Table III, corresponds to an adjoint
representation (spin-1 with three indices) and is given by

7—5(5) _ e(()m)EO -+ €§5>E1 + egs)Ez -+ egS)E3 -+ 65‘5)E4 -+ €g5>E5
hs

_ —4E, +4E, +9E; — E, — 2E;
- 210 '

(92)

Using the expressions for E; given in (87a)—(87f) for
N =2, P® in components can be rewritten as

- 1 3
[P(S)]alaza3b1hzb3 — E5a1025b|b2503b3 + % {5ala35a2b26b,b3 + 5(1]1135(1217,5172!13 + (al , bl) PN (az’ bz)}

1
— g {onennsht 4 51PEnas e (a1, b1) < (az.b)} (93)

B. An example of projection operators in SU(3)

Formally, given three SU(3) adjoints Q7', 05°, and 0%,
the tensor product between them, Q' 052Q5’, possesses all
flavor 1, 8, 10+ 10, 27, 35 + 35, and 64 components.
Operators transforming in the flavor 64 representation, for
instance, are relevant in the analysis of baryon mass
splittings of the spin-1/2 octet and spin-3/2 decuplet
baryons in the 1/N, expansion combined with perturbative
flavor breaking at order O(e?), where € ~ my is a (dimen-
sionless) measure of SU(3) breaking [19].

In order to subtract off all but the flavor 64 component,
the projection operator P for m =0, is constructed
following the lines of Eq. (89); this procedure leads

to 75512‘2”. The eigenvalue of the Casimir operator is

I
co=3(N;+2), and the corresponding Young tableau
can easily be obtained from the corresponding one depicted
in Table III for N, = 3.

Let QY be the operator that transforms as a genuine
flavor 64. It is thus given by

[V mes — PO 0 0,0, (94)

The projection operator ﬁiﬁ?or itself has a rather involved
form, containing several hundreds of terms. Because of the
length and unilluminating nature of the resultant expres-
sion, it is more convenient to list a few components of

0% For instance,
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and

[0(64)]888 —

[Q(E4]583 =

[Q(E4)333 =

% 30}0l0} - V305030! - v30]030} - V3010501 - V3030]0! + 301050}

+3010303 + V300103 - V3010305 - V3070503 + V300303 + 3010503

+3010303 - V3010305 - V3010301 + V3010501 + V30{ 0301 + 3010503

- V3000503 + V30] 0301 - V3010301 - V300305 - 9070503 - V301 050}
+V301030] - 901030} - V30]0103 - V3010303 - V30i0301 - V3010303

-9050303 - V3010503 - V30[ 0105 - 90} 0303 - V3010} 0§ - V300305

+V3000308 — V3010108 — V3020308 + V3070505 - 9030508 — 9050508

—V303050% + V3010307 + V30] 0303 + V3030303 - V301050] + V3030]0]
—90{0707 - 9070307 + 3010103 + 3030308 + 30} 0308 - 9010308

- 9070305 - 9050505 - 9070705 + 270505 03], (95)

1
26 (010303 + 010305 + 003035 + 010303 + 010303 + 010303 + 3010303

— 5010303 - 5010305 - 5070501 - 50] 0303 + 15010305 - 501030}

- 5010301 - 5V3010105 - 5v301030% - 5070303 - 5010303 - 5V301 0303
~5V3010501 - 5010308 - 5010508 + 5V301 0508 + 5V3010305 - 50030}

- 501010} +5v30{0]0} + 5vV30{0501 + 1507030} - 5v/301010%

- 5V30]0305 + 5v300080% + 5V30]{0]0% + 15010503, (96)

1
m[—MQ?QéQ; +308040} +30]030} +301050} +30]0]0} - 3v30 030}

- 3V3010305 - 30{010% + 3070303 + 30710503 - 3010303 - 3V301 0503

+7V3010303 - 7010303 - 7010303 + 7070503 + 7010303 +7V301 0503

+307005 - 301030 - 7010304 - 7010301 - V3010301 + 30{ 0501

- 3010301 - V301030 + 3010103 + 3070303 - 7070301 - 7010303

- V3010503 + 3010503 + 3010503 - V3070503 + 3010305 + 3070305

+7070308 + 3010308 + 3010308 + 7010505 - V3010505 - V30710508

+3070,07 - 301030% + 70]0301 - 3010301 + 3010305 + 701030}

- V30}0]0l - V30]0501 - 3v30]0108 - 3V301030§ + 7v30] 030

- V3010501 - V3010303 - V3010303 - v30] 0103 + 3v30{ 0303 (97)

1
[0V = ——[-25070105 - 25010305 — 250703 0% — 2507030F — 2501 0,0 — 2507030

126

+51010303 - 010101 - 010303 - 070303 - 0]0103 + 3010303 - 01030

- 01030} - V3010101 - V3010305 - 0]0303 - {0303 - V3010303

- V3010303 - 010308 - 010305 + V3010505 + V3010308 - 0]030]

- 010701 + V3010501 + V30]030] + 3010308 — V3010308 - v30]0304

+ V301030 + V30]010% + 3010308]. (98)
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Note in expressions (95)—(98) the symmetry under inter-
change of any two flavor indices, as required for flavor-64
operators.

Returning to the issue of the analysis of baryon mass
splittings in the 1/N . expansion combined with perturbative
flavor breaking at order O(e?) [19], relations (95)—(98) can
be adapted and used in the evaluation of operator structures
such as the three-body operator {T¢, {T? T¢}}, or even
higher-order operators such as {7 {T? {J/,G}}},
{19, {{J1,G™*},{J7,G/*}}}, and so on. Therefore, the
method introduced here becomes a useful tool to effectively
project out spin and flavor representation components in the
analysis of large-N . baryons.

VI. CONCLUDING REMARKS

In this paper, the quadratic Casimir operator of the
SU(N) group is employed to construct projection operators
that can decompose any of its reducible finite-dimensional
representation spaces contained in the tensor product of two
and three adjoint spaces into irreducible components. The
method was first introduced for the Lorentz group in
Ref. [16] and has proven to be quite effective for SU(N).

The projection operators were computed first for the
tensor space adj ® adj. For N > 3, there are five irreduc-
ible representations contained in adj ® adj, with well-
defined eigenvalues of the Casimir operator C. This
information is summarized in Table I. The corresponding
projectors are explicitly given in Egs. (35)—(39). For the
tensor space adj ® adj ® adj, the complexity raises
considerably, so only the subspace 5s ® adj is studied
in detail. This information is summarized in Table III. The
corresponding projectors are provided in Eq. (89).

Although the method is general enough, it is specialized
to the SU(2N;) — SU(2) ® SU(N) spin-flavor sym-
metry. The approach thus leads to the construction of spin
and flavor projection operators, which can be implemented
in the analysis of the 1/N,. operator expansion. The use of
projection operators allows one to successfully project out
the desired components of a given operator and subtract off
those that are not needed. To exemplify the method, the
projection operators are applied to adjoint tensor operators
with two and three flavor indices which, for SU(3), fall
into flavor-27 and flavor-64 representations, respectively.
The projectors effectively project out spin and flavor
representations of operator structures present in analyses
of baryon mass splittings or baryon quadrupole moments,
for instance.

The applicability of the approach is not limited to
large-N,. QCD. The approach presented here paves the
way to potential applications in shell models of atomic and
nuclear physics to construct tensor operators which, with
the aid of the Wigner-Eckart theorem, can be used to
calculate transition amplitudes. Further applications to the
worldline approach to non-Abelian gauge fields should
also be seriously considered. In particular, for models that

require the construction of a Hamiltonian with an SU(N)
symmetry, the method can provide a mechanism to obtain
the different irreducible contributions of the operators that
appear in such a Hamiltonian. This way the relevance of
each different contribution to the spectra can be studied.
A clear example can be found in the interacting boson
model of nuclear physics [20].

A well-known procedure advocated in the literature to
deal with the direct products of irreps of SU(N) (mosty for
N = 2 and 3) is based on the derivation of Clebsh-Gordan
(CQG) coefficients, either analytically [21,22] or numerically
[23]. CG coefficients arise in the decomposition of the
tensor product of the representation spaces of two irreps of
some group into a direct sum of irreducible representation
spaces. The utility of CG coefficients in characterizing
hadronic decays is irrefutable. States are usually labeled by
IN,Y,I,15), where Y and I stand for hypercharge and
isospin, respectively, and /5 represents the third component
of isospin. The method discussed here encodes the infor-
mation on these coefficients in the components of the
projectors, although there is neither an obvious nor a direct
relation between them. For example, for SU(2), in order to
find the relations that connect the CG coefficients with the
projectors, the first step would consist in changing, after
projection, the spin generators to a spherical tensor basis.
Afterward, the CG coefficients could be found. In appli-
cations where there are operators that satisfy Eq. (10), the
method presented here has the advantage of working
directly with these operators rather than the states men-
tioned above. In contrast, using CG coefficients requires to
change first to a basis where these coefficients are defined.
In addition, the projector method gives general expressions
in terms of the f%*¢ and d“* symbols, without having to
specify a value of N.

To close this paper, it should be pointed out that, for a
given representation, constructing the whole set of projec-
tion operators might seem uninviting for computational
difficulty; nonetheless, the technique represents a powerful
tool to project out flavor components rigorously.
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APPENDIX A: IDENTITIES INVOLVING
STRUCTURE CONSTANTS OF THE LIE
ALGEBRA OF SU(N)

In this section, some relations between the structure
constants of the Lie algebra of SU(N) used repeatedly in
the present analysis are provided. The list by no means is
exhaustive, but it ranges from the Jacobi identity up to the
product of 8 f’s. The relations read

Faraxbiby 4 phiayarhy 4 pashiaby — () (A1)
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Faiarbiby — % (59151 50abs — gaibaganb)
4 patbiaxby _ paibashy (A2)
Faeime — N§aas, (A3)
Faiaseies fhyeibre, — EFalaziubz’ (A4)
Darareres fhierbae, — EDalazblbz’ (A5)

1 1
Da]e]azezFblelb262 — 5a1a25b1b2 _ _5a1b15a2b2 _ _5a1b25a2b1
2 2

N N> -8
DalaQb b, Fa]blaobz
7 4 TN 4N

N
— F(llbzazbl , (A6)

Fareiamer phieybrey — saay gbhiby +16a1h16u2b2 + 15“11725642}11
2 2

+ % (Dalazblbz + Fﬂlazblbz)’ (A7)
F(llela262F€1€36264Fb1€3h264
N2
= N§%a2 §bi1b2 + ?(DalaZble + F¢1102b1b2)
+ % (FalblaZbZ + F“]bzllzbl)’ (AS)

F“1€1b132 Faze3bze4 Fre3eseaes frereseseg

2 2
N + 65“1112517 by 4 Méalbléazbz + Z5a1b25a2b1
2
+ ]V(N—6+2) (Falazblbz + Dalazblbz)
1
N brarb byay by
§(Dfll 2arby o paibyas ) (A9)

APPENDIX B: DEFINING COEFFICIENTS
OF THE PROJECTORS P™

The final form of the projection operators P, defined

in Eq. (89), is written in terms of a few coefficients #,, and

e{™ . The former is explicitly given by

ho = 6(N + 3)(N + 4)(N +6),
hy =3(N +1)(N +3)(2N +3),
hy = N(N + 1)(N +2)(N +4),
hy = 2N(N 4+ 1)(N +2),

hy = N(N +2)(N + 3)(N +6),

and

hs = N(N + 1)(N +2)(N + 3)(2N + 3),

and the latter is given by

e(()o) =0,

&V = —N(N + 1)(N +2),
V) = 2N3 + N2 — 6N — 4,
eV = 2N(5N +6).

V) = 4(aN +3),

e =38,

eél) =0,
ef!) = 16N(N? + 3N +2),
¢S = ~8(N3 —TN* — 18N - 8),
el!) = —8(5N? — 6N - 12),
el) = —64N,

egl) = =32,

e((f) =0,
el = 8(N + 1)(N +2),

) = 4(5N? + 9N +2),
eV = —4(2N? 9N - 12),

e = 83N 1),

e = —16,
el = AN(N? 43N +2),
eV = _5N3 —5N? 4+ 10N +38,
el = 2N3 — 19N? — 30N — 4,

et =2(5N - 10N - 12),

etV = 16N - 4,

6(53) =8,

684) =0,

eV =8N(N+1)

eV = —4(N=1)(5N +4),

etV = 4(2N? - 13N - 6),

eV =24(N-1),

et =16,

e =0,

eV = NN +4),

) = 5N 42N -8,
e = —2(N? —8N - 6)

e = —4(2N - 3),

6(55) =-8
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