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To study the CP-violation using the K0 − K̄0 oscillation, we need the kaon bag parameter which
represents QCD corrections in the leading Feynman diagrams. The lattice QCD provides us with the only
way to evaluate the kaon bag parameter directly from the first principles of QCD. However, a calculation of
relevant four quark operators with theoretically soundWilson-type lattice quarks had to carry a numerically
big burden of extra renormalizations and resolution of extra mixings due to the explicit chiral violation.
Recently, the small flow-time expansion (SFtX) method was proposed as a general method based on the
gradient flow to correctly calculate any renormalized observables on the lattice, irrespective of the explicit
violations of related symmetries on the lattice. To apply the SFtX method, we need matching coefficients,
which relate finite operators at small flow times in the gradient flow scheme to renormalized observables in
conventional renormalization schemes. In this paper, we calculate the matching coefficients for four quark
operators and quark bilinear operators, relevant to the kaon bag parameter.

DOI: 10.1103/PhysRevD.102.034508

I. INTRODUCTION

In the study of the CP violation, the K0 − K̄0 oscillation
plays an important role. Here, to extract Cabibbo-
Kobayashi-Maskawa matrix elements in the leading
Feynman diagrams for the K0 − K̄0 oscillation, we need
to know the kaon bag parameter which represents QCD
corrections in these diagrams. The lattice QCD provides us
with the only way to evaluate the nonperturbative value of
the kaon bag parameter directly from the first principles of
QCD [1]. However, a calculation of relevant four quark
operators with theoretically sound Wilson-type lattice
quarks had to carry a numerically big burden of extra
renormalizations and resolution of extra mixings, required
mainly due to the explicit violation of the chiral symmetry
by the Wilson quarks at nonzero lattice spacings [2–11].
Recently, a series of new methods based on the gradient

flow introduced various advances in lattice QCD [12–22].
Among them, we adopt the small flow-time expansion

(SFtX) method, which is a general method to correctly
calculate any renormalized observables on the lattice
[18,19,23–25]. The gradient flow is a modification of
bare fields according to flow equations driven by the
gradient of an action. It is shown that the operators
constructed by flowed fields (“flowed operators”) are free
from UV divergence and also from short-distance singu-
larities at nonzero flow time t > 0 [15]. The basic idea of
the SFtX method is as follows: Because of the strict
finiteness of flowed operators, we can safely evaluate their
nonperturbative values by (i) constructing their lattice
operators directly from their continuum expressions,
(ii) evaluating their values on the lattice, and (iii) taking
the continuum limit. The finiteness of the target operators
leads us automatically to their correct values by just taking
the continuum extrapolation—we do not need to introduce
any additional corrections due to the lattice artifacts, even
if the lattice model at finite lattice spacings violates some
symmetries relevant to the original derivation of the
operators.
The method has been applied to calculate the energy-

momentum tensor, which is the generator of the continuous
Poincaré transformation and thus is not straightforward
to evaluate on discrete lattices. From test studies around
the deconfinement transition temperature in quenched
QCD [26–28] and in 2þ 1 flavor QCD with improved
Wilson quarks [29–33], it was shown that the results of the
energy-momentum tensor by the SFtX method correctly
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reproduce previous results of the equation of state esti-
mated by the conventional integral methods.
Because the method is applicable also to observables

related to the chiral symmetry, we may apply the method to
cope with the difficulties of Wilson-type quarks associated
with their explicit chiral violation. Theoretical basis to
study fermion bilinear operators in the SFtX method is
given in [25]. The method was applied to compute the
disconnected chiral susceptibility in 2þ 1 flavor QCD with
improved Wilson quarks [29]. It was shown that the chiral
condensates bend sharply and the disconnected chiral
susceptibilities show peak at the pseudocritical temperature.
The method was further applied to compute topological
susceptibilities using the gluonic and fermionic definitions
[30]. In the continuum, the two definitions should lead
to the same results thanks to a chiral Ward-Takahashi
identity, but, they are largely discrepant with the conven-
tional lattice method at nonzero lattice spacings. With the
SFtX method, the two definitions are shown to agree well
with each other even at a finite lattice spacing [30]. These
suggest that the SFtX method is powerful in calculating
correctly renormalized observables.
In this paper, we extend the SFtX method to the study of

four fermi operators. As the first step of the study, we
concentrate on the issue of the kaon bag parameter,

BK ¼ hK0jOΔS¼2jK0i
8
3
jh0js̄γμγ5djK0ij2 ; ð1:1Þ

where, with γLμ ≔ γμð1 − γ5Þ,

OΔS¼2 ¼ ðs̄γLμdÞðs̄γLμdÞ ð1:2Þ

is the ΔS ¼ 2 four quark operator. In a conventional lattice
calculation with Wilson-type quarks, due to the violation of
the chiral symmetry, this four quark operator is contami-
nated by other operators which have the same parity and
different chirality: OΔS¼2

Ren ¼ ZOΔS¼2 þP
i ZiOi. Precise

evaluation of the renormalization and mixing coefficients is
computationally demanding [34]. In a real scalar field
theory, the gradient flow was shown to avoid the issue of
operator mixing [35]. See also recent studies [36–39]. We
thus expect that the SFtX method will drastically simplify
the calculation of four quark operators in QCD.1

The SFtX method [18,19,23–25] is based on the expan-
sion of flowed operators at small t in terms of renormalized
operators at t ¼ 0 in a conventional renormalization
scheme, say the MS scheme [15]. The coefficients relating
both operators are called the matching coefficients.
Because the renormalization scale for flowed operators
can be taken to be proportional to 1=

ffiffi
t

p
, in asymptotically

free theories such as QCD, we can calculate the matching
coefficients at small t by perturbation theory. In this paper,
we perform a one-loop calculation of the matching coef-
ficient for the ΔS ¼ 2 four quark operator (1.2).
This paper is organized as follows: In Sec. II, we

introduce the gradient flow and the dimensional reduction
scheme we adopt. As shown in Eq. (1.1), the kaon bag
parameter consists of a four quark operator and a quark
bilinear operator in the denominator. We study the match-
ing coefficients for four quark operators in Sec. III, and
those for quark bilinear operators in Sec. IV. Our final result
of the matching coefficient for the kaon bag parameter is
given in Sec. V.

II. FORMULATION

A. Gradient flow

In this section, we introduce the gradient flow with the
background field method [24], which simplifies perturba-
tive calculations of renormalization factors. Our conven-
tions for the gauge group factors and Casimirs are as
follows: We normalize the gauge group generators by

TrðTaTbÞ ¼ −Tδab; ½Ta; Tb� ¼ fabcTc; ð2:1Þ

where fabc is the structure constant. The anti-Hermitian
matrices Ta satisfy

TaTa ¼ −CF1: ð2:2Þ

For the fundamental representation of SUðNÞ, T ¼ 1=2,
dimðRÞ ¼ N, and CF ¼ ðN2 − 1Þ=2N.
We first decompose the gauge field Aμ and quark field ψ

into background fields and quantum fields as

AμðxÞ ¼ ÂμðxÞ þ aμðxÞ; ð2:3Þ

ψfðxÞ ¼ ψ̂fðxÞ þ pfðxÞ; ð2:4Þ

ψ̄fðxÞ ¼ ˆ̄ψfðxÞ þ p̄fðxÞ; ð2:5Þ

where f ¼ 1; 2; � � � ; Nf is for the flavor, Âμ, ψ̂f, ˆ̄ψf are
background fields, and aμ, pf, p̄f are their quantum fields,
respectively.
The flow equations we adopt are basically the simplest

ones as proposed by Lüscher [14,16]. The gradient flow
drives the fields, Âμ, ψ̂f, ˆ̄ψf, aμ, pf, and p̄f, into their
flowed fields, B̂μ, χ̂f, ˆ̄χf, bμ, kf, and k̄f, respectively [24].
Flow equations for the background fields are given by

∂tB̂μðt;xÞ¼ D̂νĜνμðt;xÞ; B̂μðt¼0;xÞ¼ ÂμðxÞ; ð2:6Þ

∂tχ̂fðt;xÞ¼ D̂2χ̂fðt;xÞ; χ̂fðt¼0;xÞ¼ ψ̂fðxÞ; ð2:7Þ
1See Refs. [40,41] for a different approach using twisted mass

Wilson-type quarks.
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∂t ˆ̄χfðt;xÞ¼ ˆ̄χfðt;xÞ ˆ⃖D
2
; ˆ̄χfðt¼0;xÞ¼ ˆ̄ψfðxÞ: ð2:8Þ

In this paper, we set the gauge parameter α0 in Ref. [24] to
unity, α0 ¼ 1. Then, the flow equations for the quantum
fields are given by

∂tbμðt; xÞ ¼ D̂2bμðt; xÞ þ 2½Ĝμνðt; xÞ; bνðt; xÞ�
þ R̂μðt; xÞ;

b̂μðt ¼ 0; xÞ ¼ âμðxÞ; ð2:9Þ

∂tkfðt; xÞ ¼ fD2 − D̂μbμðt; xÞgkfðt; xÞ
þ f2bμðt; xÞD̂μ þ b2ðt; xÞgχ̂fðt; xÞ;

kfðt ¼ 0; xÞ ¼ pfðxÞ; ð2:10Þ

∂tk̄fðt; xÞ ¼ k̄fðt; xÞfD⃖2 þ D̂μbμðt; xÞg
þ ˆ̄χfðt; xÞf−2 ˆD⃖μbμðt; xÞ þ b2ðt; xÞg;

k̄fðt ¼ 0; xÞ ¼ p̄fðxÞ; ð2:11Þ

where we define

Ĝμνðt; xÞ ¼ ∂tB̂νðt; xÞ − ∂tB̂μðt; xÞ þ ½B̂μðt; xÞ; B̂νðt; xÞ�;
ð2:12Þ

D̂μ ¼ ∂μ þ ½B̂μðt; xÞ; ·�; ðfor gauge fieldsÞ ð2:13Þ

D̂μ ¼ ∂μ þ B̂μðt; xÞ; ðfor quark fieldsÞ ð2:14Þ

R̂μðt; xÞ ¼ 2½bνðt; xÞ; D̂νbμðt; xÞ� − ½bνðt; xÞ; D̂μbνðt; xÞ�
þ ½bνðt; xÞ; ½bνðt; xÞ; bμðt; xÞ��: ð2:15Þ

In this paper, we set the background gauge field to zero
and the background quark fields to constant. Then, the
solution of the flow equations for the background fields
is given by

B̂ðt; xÞ ¼ ÂðxÞ ¼ 0; ð2:16Þ

χ̂fðt; xÞ ¼ ψ̂fðxÞ ¼ ðconstÞ; ð2:17Þ

ˆ̄χfðt; xÞ ¼ ˆ̄ψfðxÞ ¼ ðconstÞ: ð2:18Þ

Taking the solution of the background fields into
account, the flow equations for the quantum fields can
be simplified as

∂tbμðt; xÞ ¼ ∂2bμðt; xÞ þ R̂μðt; xÞ;
b̂μðt ¼ 0; xÞ ¼ âμðxÞ; ð2:19Þ

∂tkfðt; xÞ ¼ fD2 − ∂μbμðt; xÞgkfðt; xÞ
þ f2bμðt; xÞ∂μ þ b2ðt; xÞgψ̂fðt; xÞ;

kfðt ¼ 0; xÞ ¼ pfðxÞ; ð2:20Þ

∂tk̄fðt; xÞ ¼ k̄fðt; xÞfD⃖2 þ ∂μbμðt; xÞg
þ ˆ̄ψfðt; xÞf−2∂⃖μbμðt; xÞ þ b2ðt; xÞg;

k̄fðt ¼ 0; xÞ ¼ p̄fðxÞ; ð2:21Þ

with

R̂a
μðt; xÞ ¼ 2fabcbbνðt; xÞ∂νbcμðt; xÞ − fabcbbνðt; xÞ∂μbcνðt; xÞ

þ fabcfcdebbνðt; xÞbdνðt; xÞbeμðt; xÞ: ð2:22Þ

Formal solution of the flow equations for the quantum
fields is given by

baμðt; xÞ ¼ et∂2aaμðxÞ þ
Z

t

0

ds eðt−sÞ∂2R̂a
μðs; xÞ; ð2:23Þ

kfðt; xÞ ¼ et∂2pfðxÞ

þ
Z

t

0

ds eðt−sÞ∂2f2bμðs; xÞ∂μ þ b2ðs; xÞg

× fes∂2 ψ̂fðxÞ þ kfðs; xÞg; ð2:24Þ

k̄fðt; xÞ ¼ p̄fðxÞet∂⃖
2

þ
Z

t

0

ds
n
ˆ̄ψfðxÞes∂⃖

2 þ k̄fðs; xÞ
o

×
n
−2∂⃖μbμðs; xÞ þ b2ðs; xÞ

o
eðt−sÞ∂⃖

2

: ð2:25Þ

In one-loop calculations discussed in this paper, we can
disregard the Oðg4

0Þ terms in the propagators. Thus, the
propagator between bðt;lÞ and bðs;lÞ can be simplified as

Gab
μνðt; s;lÞ ∼ e−ðtþsÞl2Gab

μνðlÞ ðone loopÞ; ð2:26Þ

where

baμðt;lÞ ¼
Z

dDxbaμðt; xÞe−il·x ð2:27Þ

is the quantum gauge field in the momentum space and
Gab

μνðlÞ is the gluon propagator at t ¼ 0 with momentum l,

Gab
μνðlÞ ¼ g2

0

1

l2
δabδμν: ð2:28Þ

Similarly, the solution for quantum quark fields kf and k̄f
can also be simplified as
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kfðt; xÞ ∼ et∂2pfðxÞ þ
Z

t

0

ds eðt−sÞ∂2
�
b2ðs; xÞψ̂f

þ 2bμðs; xÞ∂μes∂
2

pfðxÞ
�
; ð2:29Þ

k̄fðt; xÞ ∼ p̄fðxÞet∂⃖
2 þ

Z
t

0

ds
�
ˆ̄ψfb2ðs; xÞ

− 2p̄fðxÞes∂⃖
2 ∂⃖μbμðs; xÞ

�
eðt−sÞ∂⃖

2

; ð2:30Þ

in one-loop calculations.
Because quark masses and external momenta appear as

tm2
0 and tp2 in the matching coefficients, their dependence

appear in higher orders of the flow-time t. Here, we set all
quark masses and all external momenta of the four quark
operators to zero for simplicity.

B. Dimensional reduction scheme

In the calculation of four quark operators, we use the
Fierz rearrangement to organize the spinor indices. Because
the Fierz rearrangement is defined for 4 × 4 Hermitian
matrices, we have to restrict the spinor indices in the
operator to run in the four dimensional space-time. In the
dimensional regularization using the D ¼ 4 − 2ϵ dimen-
sional space-time, we thus impose that only the internal
loop momenta are reduced to the D ¼ 4 − 2ϵ dimensional
space-time, while the other Lorentz indices run in four
dimensional Lorentz space-time. This procedure is called
the dimensional reduction scheme [42].
We denote the gamma matrices in four dimension as γμ,

and the gamma matrices inD dimensional space-time as γ̄μ.
Denoting the remaining part as γ̃μ, the four dimensional
gamma matrices are decomposed as

γμ ¼ γ̄μ þ γ̃μ; ð2:31Þ

γ̄μ ¼
�
γμ ð1 ≤ μ ≤ DÞ;
0 ðD < μ ≤ 4Þ; ð2:32Þ

γ̃μ ¼
�
0 ð1 ≤ μ ≤ DÞ;
γμ ðD < μ ≤ 4Þ: ð2:33Þ

The anticommutation relation between γμ and γ̄ν can be
calculated as

fγμ; γ̄νg ¼ fðγ̄μ þ γ̃μÞ; γ̄νg ¼ 2δ̄μν; ð2:34Þ

where the δ̄μν means the Kronecker delta in D dimension.
The other relations can be calculated similarly, e.g.,

γ̄μγνγ̄μ ¼ −Dγν þ 2γ̄ν; ð2:35Þ

γμγ̄νγμ ¼ −2γ̄ν: ð2:36Þ

Finally, we define the γ5 matrix which anticommutes
with all the gamma matrices in this scheme:

fγ5; γμg ¼ 0; ð2:37Þ

fγ5; γ̄μg ¼ 0; ð2:38Þ

fγ5; γ̃μg ¼ 0: ð2:39Þ

We construct four quark operators with γμ and γ5, but the
internal quark propagators contain γ̄μ only.

C. Quark field renormalization

It is known that, with the simple gradient flow driven by
the pure gauge action as we adopt, quark field renormal-
ization is required to keep the flowed fields finite [16].
Here, to avoid complications due to the matching between
the lattice and dimensional regularization schemes, we
adopt the quark field renormalization proposed in Ref. [19],
in which the renormalized quark fields at t > 0 (“ringed
quark fields”) are given by

χ
∘
fðt; xÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2 dimðRÞ

ð4πÞ2t2hχ̄fðt; xÞγμD
↔

μχfðt; xÞi

vuut χfðt; xÞ

≔ φ1=2ðtÞχfðt; xÞ: ð2:40Þ

Note that the summation of the flavor index is not taken in
this expression. Because we treat all quarks massless, the
renormalization factor φðtÞ is independent of f.
In Ref [19], φðtÞ has been calculated to the one-loop

order of the perturbation theory with the dimensional
regularization scheme. We revisit the calculation and
compute φðtÞ with the dimensional reduction scheme
(DRED). Feynman diagrams relevant to the quark field
renormalization are listed in Fig. 1. See Ref. [19] for the
Feynman rule we adopt. The diagrams mean

D02∶
Z
l;p

ð−ipμÞe−2tp2

SFνðpÞSFρðp − lÞSFσðpÞGab
αβðlÞTaTbtr½γ̄μγ̄νγαγ̄ργβγ̄σ�; ð2:41Þ

D03∶
Z

t

0

ds
Z
l;p

ð−ipμÞe−ðt−sÞp2

e−sðp−lÞ2e−tp2

SFνðpÞSFσðp − lÞð−2iðp − lÞλÞGab
ρλ ðs; 0;lÞTaTbtr½γ̄μγ̄νγργ̄σ�; ð2:42Þ
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D04∶
Z

t

0

ds
Z

s

0

du
Z
l;p

ð−ipμÞSFνðpÞe−ðt−sÞp2

e−ðs−uÞðp−lÞ2e−up2

e−tp
2ð−2iðp − lÞρÞð−2ipλÞGab

ρλ ðs; u;lÞTaTbtr½γ̄μγ̄ν�;

ð2:43Þ

D05∶
Z

t

0

ds
Z

t

0

du
Z
l;p

ð−ipμÞSFνðp − lÞe−ðt−sÞp2

e−ðt−uÞp2

e−ðsþuÞðp−lÞ2

× ð−2iðp − lÞρÞð2iðp − lÞσÞGab
ρσðs; u;lÞTaTbtr½γ̄μγ̄ν�; ð2:44Þ

D06∶
Z

t

0

ds
Z
l;p

ð−ipμÞSFνðpÞe−ðt−sÞp2

e−sp
2

e−tp
2

Gab
ρρðs; s;lÞTaTbtr½γ̄μγ̄ν�; ð2:45Þ

D07∶
Z
l;p

e−tp
2

e−tl
2

e−tðpþlÞ2SFρðpÞSFλðpþ lÞGab
μνðt; 0;lÞTaTbtr½γμγ̄ργνγ̄λ�; ð2:46Þ

D08∶
Z

t

0

ds
Z
l;p

e−ðt−sÞp2

e−ðtþsÞðpþlÞ2ð−2iðp − lÞρÞSFνðpþ lÞGab
μρðt; s;lÞTaTbtr½γμγ̄ν�; ð2:47Þ

where
R
l;p ¼ R

l

R
p with

R
l ≔

R
dDl=ð2πÞD, and

SFμðlÞ ¼ −i
lμ

l2
; ð2:48Þ

FIG. 1. One-loop Feynman diagrams for the quark field renormalization factor φðtÞ. See Ref. [19] for the Feynman rule.
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Gab
μνðt; s;lÞ ¼ g2

0e
−ðtþsÞl2 1

l2
δabδμν: ð2:49Þ

Carrying out the computations similar to those given in
Ref. [19], we find that the diagrams contribute as

D02jDRED∶ −
1

ϵ
− 2 logð8πtÞ − 1; ð2:50Þ

D03jDRED∶2
1

ϵ
þ 4 logð8πtÞ þ 2þ 4 logð2Þ − 2 logð3Þ;

ð2:51Þ

D04jDRED∶ − 20 logð2Þ þ 16 logð3Þ; ð2:52Þ

D05jDRED∶12 logð2Þ − 5 logð3Þ; ð2:53Þ

D06jDRED∶ − 4
1

ϵ
− 8 logð8πtÞ − 4; ð2:54Þ

D07jDRED∶8 logð2Þ − 4 logð3Þ; ð2:55Þ

D08jDRED∶ − 2 logð3Þ; ð2:56Þ

in units of

−2 dimðRÞ
ð4πÞ2t2

g2
0

ð4πÞ2 CF: ð2:57Þ

Collecting these contributions, we obtain the quark
field renormalization factor in the dimensional reduction
scheme,

φðtÞDRED ¼ ð8πtÞ−ϵ
�
1þg2ðμÞ

ð4πÞ2 CF

�
3

ϵ
þ 3γE

þ 3 log ð2tμ2Þ þ 3 − logð432Þ
��

; ð2:58Þ

where we have replaced the bare gauge coupling g0 by
the dimensionless gðμÞ using the prescription of the MS
scheme [43],

g2
0 ¼

�
μ2

eγE

4π

�
ϵ

g2ðμÞ½1þOðg2ðμÞÞ�; ð2:59Þ

with γE the Euler-Mascheroni constant. Since φðtÞ is
defined in terms of the expectation value of bare fields
in Eq. (2.40), it is independent of the renormalization
scale μ. We may thus choose any value for μ in the
expressions above, provided that the perturbative expan-
sions are well converged. Some conventional choices for μ
are μd ¼ 1=

ffiffiffiffi
8t

p
[14] and μ0 ≡ 1=

ffiffiffiffiffiffiffiffiffiffi
2eγE t

p
[32].

III. FOUR QUARK OPERATORS

In this study, we consider four quark operators of the
form

O� ¼ ½ðψ̄1γ
L
μψ2Þðψ̄3γ

L
μψ4Þ � ðψ̄1γ

L
μψ4Þðψ̄3γ

L
μψ2Þ�; ð3:1Þ

where the subscripts 1;…; 4 are for the flavor of the quark
fields. We assume that these four flavors fulfill 1 ≠ 2,
2 ≠ 3, 3 ≠ 4, and 4 ≠ 1, to avoid closed quark loops within
the four quark operator. For the calculation of BK, the case
1 ¼ 3 ≠ 2 ¼ 4 is relevant.
We denote the background part of O� as

Ô� ¼ ½ð ˆ̄ψ1γ
L
μ ψ̂2Þð ˆ̄ψ3γ

L
μ ψ̂4Þ � ð ˆ̄ψ1γ

L
μ ψ̂4Þð ˆ̄ψ3γ

L
μ ψ̂2Þ�: ð3:2Þ

We then denote flowed four quark operators as

O�ðtÞ ¼ ½ðχ̄1γLμ χ2Þðχ̄3γLμ χ4Þ � ðχ̄1γLμ χ4Þðχ̄3γLμ χ2Þ�; ð3:3Þ

and their renormalized ones in terms of the ringed quark
fields as

O
∘
�ðtÞ ¼ ½ðχ̄∘1γLμ χ∘2Þðχ̄

∘
3γ

L
μ χ
∘
4Þ � ðχ̄∘1γLμ χ∘4Þðχ̄

∘
3γ

L
μ χ
∘
2Þ�: ð3:4Þ

Since the tree-level contributions of the flowed and bare
operators are the same,

hO�ðtÞi1PIjtree ¼ Ô� ðfor t → 0Þ; ð3:5Þ

hO�i1PIjtree ¼ Ô�; ð3:6Þ

we can write the small flow-time expansion for O�ðtÞ as

O�ðtÞ ¼ ð1þ IGF� ðtÞÞO� þOðtÞ; ð3:7Þ

where we put the vertex correction as IGF� ðtÞ. To compute
the IGF� ðtÞ, it is convenient to consider one-particle irre-
ducible vertex correction of O�ðtÞ −O�, because, with the
background field method, the vertex correction is propor-
tional to the background part of the operator:

hO�ðtÞ−O�i1PI¼ IGF� ðtÞhO�i1PI
¼ IGF� ðtÞZ−1

O�Ô�∼IGF� ðtÞÔ� ðone loopÞ:
ð3:8Þ

In the second line of Eq. (3.8), we used the fact that the
vertex correction IGF� ðtÞ is Oðg2

0Þ. From these relations,
renormalized operators at small-t are then given by

O
∘
�ðtÞ ¼ ð1þ IGF� ðtÞÞðφDREDðtÞÞ2O� þOðtÞ: ð3:9Þ
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We now consider renormalized four quark operators in
the MS scheme with the dimensional reduction,

OMS;DRED
� ¼ ZMS;DRED

O� ðZMS;DRED
ψ Þ2O� ð3:10Þ

where ZMS;DRED
O� and ZMS;DRED

ψ are renormalization factors
for the four quark operatorO� and for the quark field ψðxÞ,
respectively. Combining these relations, we obtain the
one-loop expression for the matching coefficient

ZGF→MS;DREDðtÞ to compute OMS;DRED
� from O

∘
�ðtÞ in the

t → 0 limit:

OMS;DRED
� ¼ lim

t→0
ZGF→MS;DRED
O� ðtÞO∘ �ðtÞ; ð3:11Þ

ZGF→MS;DRED
O� ðtÞ ¼ ZMS;DRED

O�

ð1þ IGF� ðtÞÞ
�
ZMS;DRED
ψ

φDREDðtÞ
�2

: ð3:12Þ

The renormalization factor φDREDðtÞ is given by

Eq. (2.58). We calculate IGF� ðtÞ, ZMS;DRED
O� , and ZMS;DRED

ψ

in the following subsections.

A. Calculation of IGF
� ðtÞ

Setting all the external momenta to zero, we find that five
diagrams shown in Fig. 2 contribute to hO�ðtÞ −O�i1PI in
the one-loop order. Concrete forms of the diagrams are
given by

ðaÞ∶
Z

t

0

ds
Z
l
½ð ˆ̄ψ1γ

L
σ γ̄ρVa

μψ̂2Þð ˆ̄ψ3γ
L
σ γ̄λVb

ν ψ̂4Þ � fFierzg�ð−2l2Þe−2sl2SFρðlÞSFλð−lÞGab
μνðlÞ; ð3:13Þ

ðbÞ∶
Z

t

0

ds
Z
l
½ðð ˆ̄ψ1Va

μγ̄ργ
L
σ ψ̂2Þðð ˆ̄ψ3γ

L
σ γ̄λVb

ν ψ̂4Þ � fFierzg�ð−2l2Þe−2sl2SFρðlÞSFλðlÞGab
μνðlÞ; ð3:14Þ

ðcÞ∶
Z

t

0

ds
Z
l
½ðð ˆ̄ψ1Va

μγ̄ργ
L
σ γ̄λVb

ν ψ̂2Þðð ˆ̄ψ3γ
L
σ ψ̂4Þ � fFierzg�ð−2l2Þe−2sl2SFρðlÞSFλðlÞGab

μνðlÞ; ð3:15Þ

ðdÞ∶2
Z

t

0

ds
Z
l
½ðð ˆ̄ψ1γ

L
σ ð−iÞlμTaγ̄νVb

ρψ̂2Þðð ˆ̄ψ3γ
L
σ ψ̂4Þ � fFierzg�e−sl2SFνðlÞGab

μρðs:0;lÞ; ð3:16Þ

ðeÞ∶
Z

t

0

ds
Z
l
½ðð ˆ̄ψ1γ

L
σTaTbψ̂2Þðð ˆ̄ψ3γ

L
σ ψ̂4Þ � fFierzg�Gab

μμðs; s;lÞ; ð3:17Þ

where

Va
μ ¼ γμTa ð3:18Þ

(a)

(d) (e)

(b) (c)

FIG. 2. One-loop 1PI diagrams for four quark operators with zero external momentum in the gradient flow scheme.
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is the quark-gluon vertex, and the symbol fFierzg means
the Fierz partner of each original operator, i.e.,

ð ˆ̄ψ1VAψ̂2Þð ˆ̄ψ3VBψ̂4Þ � fFierzg
≔ ð ˆ̄ψ1VAψ̂2Þð ˆ̄ψ3VBψ̂4Þ � ð ˆ̄ψ1VAψ̂4Þð ˆ̄ψ3VBψ̂2Þ:

ð3:19Þ

with VA and VB some combinations of γμ, Ta, etc.

1. Contribution of diagrams c, d, and e

We first evaluate the diagrams (c), (d) and (e) of Fig. 2.
The calculation is similar to those for fermion bilinear
operators discussed in Ref. [25]. The main difference
comes from OðϵÞ term called the evanescent operator,
which is a byproduct of the dimensional reduction
scheme [44,45].
The spinor factor of the diagram (c) is calculated as

ðγμγ̄ργLσ γ̄ργμÞαβðγLσ Þγδ ¼ 2DðγLσ ÞαβðγLσ Þγδ − 4ðγ̄Lσ Þαβðγ̄Lσ Þγδ:
ð3:20Þ

The new Dirac structure ðγ̄Lσ Þαβðγ̄Lσ Þγδ must be removed
appropriately to achieve the correct physical operator.
Then, we define the corresponding evanescent operator
Ê [44,45] by

Ê ≔ ðγLσ ÞαβðγLσ Þγδ −
4

D
ðγ̄Lσ Þαβðγ̄Lσ Þγδ: ð3:21Þ

¼ ðγ̃Lσ Þαβðγ̃Lσ Þγδ −
ϵ

2
ðγLσ ÞαβðγLσ Þγδ þOðϵ2Þ: ð3:22Þ

Because the remnant gamma matrices γ̃μ live in the 2ϵ
dimensional space, we consider that the first term of
Eq. (3.22) isOðϵÞ and thus Ê itself isOðϵÞ. For the diagram
(c) of Fig. 2, we subtract DÊ from Eq. (3.20) to obtain

ðγμγ̄ργLσ γ̄ργμÞαβðγLσ Þγδ ¼ DðγLσ ÞαβðγLσ Þγδ: ð3:23Þ

Note that the definition of evanescent operator links to a
finite renormalization (or subtraction) of four quark oper-
ators because of Oð1=ϵÞ UV divergences. Together with its
Fierz partner, Ô� is formed. The spinor factors for other
diagrams can be calculated similarly.
The integrations over the internal momentum can be

evaluated by the formula,

Z
l

1

l2
e−tl

2 ¼ t1−D=2

ð4πÞD=2

ΓðD=2 − 1Þ
ΓðD=2Þ ; ð3:24Þ

where ΓðxÞ is the gamma function. We find that
Eqs. (3.15)–(3.17) are evaluated as

ðcÞ∶ −g2
0

ð4πÞ2 CF

�
1

ϵ
þ logð8πtÞ þ 1

�
Ô�; ð3:25Þ

ðdÞ∶ g2
0

ð4πÞ2 CF

�
1

ϵ
þ logð8πtÞ þ 1

�
Ô�; ð3:26Þ

ðeÞ∶−2g
2
0

ð4πÞ2 CF

�
1

ϵ
þ logð8πtÞ þ 1

�
Ô�: ð3:27Þ

2. Contribution of diagrams a and b

We now evaluate the diagrams (a) and (b). The color
indices in Eqs. (3.13) and (3.14) can be handled using the
relation

Ta
ijT

a
kl ¼ −T

�
δilδjk −

1

dimðRÞ δijδkl
�
: ð3:28Þ

The complicated structure of the spinor indices in
Eqs. (3.13) and (3.14) can be simplified using the Fierz
rearrangement,

ðΛ1ÞαβðΛ2Þγδ ¼ −
1

4

X
ΓA

ðΛ1ΓAΛ2ÞαδðΓAÞγβ ð3:29Þ

ΓA ¼ f1; γ5; γμ; iγμγ5; σμνg; ð3:30Þ

where σμν ¼ i
2
½γμ; γν�. Using relations (2.35) and (2.36) of

the dimensional reduction scheme, we find

ðaÞ∶ðγLσ γ̄ργμÞαβðγLσ γ̄ργμÞγδ
¼ 4DðγLσ ÞαδðγLσ Þγβ ¼ 4DðγLσ ÞαβðγLσ Þγδ; ð3:31Þ

ðbÞ∶ðγμγ̄ργLσ ÞαβðγLσ γ̄ργμÞγδ
¼ 2DðγLσ ÞαδðγLσ Þγβ − 4ðγ̄Lσ Þαδðγ̄Lσ Þγβ
¼ DðγLσ ÞαβðγLσ Þγδ −DÊ ¼ DðγLσ ÞαβðγLσ Þγδ; ð3:32Þ

where the evanescent operator defined by Eq. (3.21) is
removed to obtain the second line of Eq. (3.32).
Carrying out the integrations, we obtain the contributions

of the diagrams (a) and (b) given by

ðaÞ∶−4g
2
0

ð4πÞ2
�

T
dimðRÞ ∓ T

��
1

ϵ
þ logð8πtÞ þ 1

�
Ô�;

ð3:33Þ

ðbÞ∶ g2
0

ð4πÞ2
�

T
dimðRÞ ∓ T

��
1

ϵ
þ logð8πtÞ þ 1

�
Ô�:

ð3:34Þ
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3. Result for IGF
� ðtÞ

We now combine the results of Eqs. (3.25), (3.26),
(3.27), (3.33), and (3.34), taking into account the fact that
there exist two different diagrams for each of the types (a),
(b), and (c), while four diagrams for each of the types (d)
and (e). Note that, by removing the evanescent operator
defined by Eq. (3.21), the background fields are correctly
combined to form the Ô�. Our result for the coefficient
IGF� ðtÞ in front of the Ô� is given by

IGF� ðtÞ ¼ −6
g2ðμÞ
ð4πÞ2

�
T

dimðRÞ ∓ T þ CF

�

×

�
1

ϵ
þ γE þ logð2tμ2Þ þ 1

�
; ð3:35Þ

where we have replacedg0 bygðμÞ using Eq. (2.59). From
the definition of IGF� given in Eq. (3.7), IGF� is independent
of the renormalization scale μ. We may choose any value
for μ provided that the perturbative expansions are well
converged.

B. MS renormalization factors

ZMS;DRED
ψ and ZMS;DRED

O�

The last pieces to be calculated are the renormalization
factors for the quark field ψðxÞ and the four quark operator

O� in the MS scheme with the dimensional reduction. See
Refs. [46,47] for previous efforts to connect four quark
operators in the MS scheme with those in the lattice
scheme. We again set the external momentum to zero,
but introduce a gluon mass λ to regularize the infrared
divergences. Then, the gluon propagatorGab

μνðlÞ is given by

Gab
μνðl; λÞ ¼ g2

0

1

l2 þ λ2
δabδμν: ð3:36Þ

A convenient formula in these calculations is

Z
l

1

ðl2Þaðl2 þ λ2Þ

¼ 1

ð4πÞD=2 λ
D−2a−2 ΓðD=2 − aÞΓðaþ 1 −D=2Þ

ΓðD=2Þ :

ð3:37Þ

The renormalization factor ZMS;DRED
ψ for the quark field

is calculated via the self-energy. Denoting =p ¼ pμγ̄μ,
we find

hψðxÞψ̄ðyÞi ¼
Z
p

1

i=p
eip·ðx−yÞ − g2

0CF

Z
p;q

1

i=p
γμ

1

i=q
γμ

1

i=p
1

ðp − qÞ2 þ λ2
eip·ðx−yÞ;

¼
Z
p

1

i=p

	
1 −

g2
0

ð4πÞ2 CF

�
1

ϵ
− γE þ log

�
4π

λ2

�
þ 1

2

�

eip·ðx−yÞ

¼
Z
p

1

i=p

	
1 −

g2ðμ̃Þ
ð4πÞ2 CF

�
1

ϵ
þ log

�
μ̃2

λ2

�
þ 1

2

�

eip·ðx−yÞ ð3:38Þ

in the dimensional reduction scheme. In the last line of Eq. (3.38), we have replacedg0 bygðμ̃Þ using Eq. (2.59), where μ̃ is
the renormalization scale for the MS scheme. A conventional choice for μ̃ is 2 GeV. Thus the quark field renormalization
factor reads

ZMS;DRED
ψ ¼ 1þ g2ðμ̃Þ

ð4πÞ2 CF
1

ϵ
ð3:39Þ

in the one-loop order of the dimensional reduction scheme.

The renormalization factors ZMS;DRED
O� for the four quark operators O� are evaluated considering the 1PI vertex

corrections to O�. Diagrams showing what we need to evaluate are given in Fig. 3. The contributions from the three
diagrams are given by

ðaÞ∶
Z
l
½ð ˆ̄ψ1γ

L
σ γ̄ρVa

μψ̂2Þð ˆ̄ψ3γ
L
σ γ̄λVb

ν ψ̂4Þ � fFierzg�SFρðlÞSFλð−lÞGab
μνðl; λÞ; ð3:40Þ

ðbÞ∶
Z
l
½ð ˆ̄ψ1Va

μγ̄ργ
L
σ ψ̂2Þð ˆ̄ψ3γ

L
σ γ̄λVb

ν ψ̂4Þ � fFierzg�SFρðlÞSFλðlÞGab
μνðl; λÞ; ð3:41Þ

ðcÞ∶
Z
l
½ð ˆ̄ψ1Va

μγ̄ργ
L
σ γ̄λVb

ν ψ̂2Þð ˆ̄ψ3γ
L
σ ψ̂4Þ � fFierzg�SFρðlÞSFλðlÞGab

μνðl; λÞ: ð3:42Þ
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We again use the Fierz rearrangement adopting the same
evanescent operator defined by Eq. (3.21). We obtain

ðaÞ∶ 4g2
0

ð4πÞ2
�

T
dimðRÞ ∓ T

��
1

ϵ
− γE þ log

�
4π

λ2

�
þ 1

�
Ô�;

ð3:43Þ

ðbÞ∶ −g2
0

ð4πÞ2
�

T
dimðRÞ ∓ T

��
1

ϵ
− γE þ log

�
4π

λ2

�
þ 1

�
Ô�;

ð3:44Þ

ðcÞ∶ g2
0

ð4πÞ2 CF

�
1

ϵ
− γE þ log

�
4π

λ2

�
þ 1

�
Ô�: ð3:45Þ

Collecting them, we obtain the one-loop 1PI vertex
correction

hO�i1PI ¼
	
1þ 2

g2ðμ̃Þ
ð4πÞ2

�
3T

dimðRÞ ∓ 3T þ CF

�

×

�
1

ϵ
þ log

�
μ̃2

λ2

�
þ 1

�

Ô�: ð3:46Þ

The MS renormalization factor in the dimensional reduc-
tion scheme is extracted as

ZMS;DRED
O� ¼ 1 − 2

g2ðμ̃Þ
ð4πÞ2

�
3T

dimðRÞ ∓ 3T þ CF

�
1

ϵ
:

ð3:47Þ

C. Matching coefficient for four
quark operators O�

Combining the results of Eqs. (2.58), (3.35), (3.39), and

(3.47) for φDREDðtÞ, IGF� ðtÞ, ZMS;DRED
ψ , and ZMS;DRED

O� , we
find that the matching coefficient for O� is given by

ZGF→MS;DRED
O� ðtÞ

¼ ZMS;DRED
O�

ð1þ IGF� ðtÞÞ
�
ZM̄S;DRED
ψ

φDREDðtÞ
�2

¼ 1þ 6
g2ðμÞ − g2ðμ̃Þ

ð4πÞ2
�

T
dimðRÞ ∓ T

�
1

ϵ

þ g2ðμÞ
ð4πÞ2

�
6

�
T

dimðRÞ ∓ T

�
ðlog ð2tμ2Þ þ γE þ 1Þ

þ 2CF log 432

�
: ð3:48Þ

From Eq. (2.59), we have the tree-level running of the
coupling constant,

μ
d
dμ

g2ðμÞ ¼ −2ϵg2ðμÞ: ð3:49Þ

Integrating this equation, we obtain

g2ðμÞ − g2ðμ̃Þ ¼
	
1 −

�
μ̃2

μ2

�−ϵ

g2ðμÞ

¼ ϵ log

�
μ̃2

μ2

�
g2ðμÞ þOðϵ2Þ: ð3:50Þ

We thus find that the one-loop matching coefficient for
O�ðtÞ is given by

ZGF→MS;DRED
O� ðtÞ

¼ 1þg2ðμÞ
ð4πÞ2

�
6

�
T

dimðRÞ ∓ T

�
ðlog ð2tμ̃2Þ þ γE þ 1Þ

þ 2CF log 432

�
; ð3:51Þ

where μ2 in the log of Eq. (3.48) is replaced by μ̃2 due to the
contribution from g2ðμÞ − g2ðμ̃Þ.
With the matching coefficient ZGF→MS;DRED

O� ðtÞ, we evalu-
ate the MS renormalized four quark operators OMS;DRED

� in
the dimensional reduction scheme from the corresponding

lattice operators O
∘
�ðtÞ at small flow-time t,

(a) (b) (c)

FIG. 3. One-loop 1PI diagrams for four quark operators with zero external momentum in the MS scheme.
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OMS;DRED
� ¼ lim

t→0
ZGF→MS;DRED
O� ðtÞO∘ �ðtÞ: ð3:52Þ

Note that the 1=ϵ UV divergences in Eqs. (2.58), (3.35),
(3.39), and (3.47) cancel out with each other in the

combination of the matching coefficient ZGF→MS;DRED
O� ðtÞ.

This is expected from the finiteness of the matching

coefficients in the SFtX method: Because both OMS;DRED
�

and O
∘
�ðtÞ are finite in the matching relation (3.52),

ZGF→MS;DRED
O� ðtÞ should also be finite. This is explicitly

confirmed by Eq. (3.51).

IV. QUARK BILINEAR OPERATORS

To calculate the kaon bag parameter, we also need the
matching coefficient of the quark bilinear operator in the
denominator of Eq. (1.1). In this study, we consider general
bilinear operators of the form

ψ̄1Γψ2 ð4:1Þ
with Γ ¼ 1, γ5, γμ, iγμγ5, and σμν. We assume that the
flavors satisfy 1 ≠ 2 to avoid a closed quark loop within the
operator. The calculations in the dimensional regularization
scheme are similar to those given in Sec. III. We thus just
show the final results.
We find that, at small flow-time t, the one-loop 1PI

vertex corrections for the bilinear operators are given by

hχ̄1ðtÞΓχ2ðtÞ − ψ̄1Γψ2i1PI ¼ IGFΓ ðtÞð ˆ̄ψ1Γψ̂2Þ ð4:2Þ
with

IGFΓ ðtÞ

¼

8>>>>><
>>>>>:

ð−6Þg2ðμÞ
ð4πÞ2 CF

n
1
ϵþγEþ logð2tμ2Þþ1

o
; Γ¼1;γ5;

ð−3Þg2ðμÞ
ð4πÞ2 CF

n
1
ϵþγEþ logð2tμ2Þþ1

o
; Γ¼ γμ;iγμγ5;

ð−2Þg2ðμÞ
ð4πÞ2 CF

n
1
ϵþγEþ logð2tμ2Þþ1

o
; Γ¼σμν;

ð4:3Þ

where we have replaced g0 by gðμÞ using Eq. (2.59). The
evanescent operators we adopt are defined by

ÊΓ ¼

8>>>>><
>>>>>:

0; Γ ¼ 1; γ5;

γμ − 4
D γ̄μ; Γ ¼ γμ;

iγμγ5 − i 4
D γ̄μγ5; Γ ¼ iγμγ5;

ðD − 4Þσμν; Γ ¼ σμν:

ð4:4Þ

Corresponding results at t ¼ 0 are given by

hψ̄1Γψ2i1PI ¼ IMS;DRED
Γ ð ˆ̄ψ1Γψ̂2Þ; ð4:5Þ

with

IMS;DRED
Γ

¼

8>>><
>>>:

1þ 4
g2ðμ̃Þ
ð4πÞ2 CF

n
1
ϵ þ log

�
μ̃2

λ2

�
þ 1

o
; Γ ¼ 1; γ5;

1þ g2ðμ̃Þ
ð4πÞ2 CF

n
1
ϵ þ log

�
μ̃2

λ2

�
þ 1

o
; Γ ¼ γμ; iγμγ5;

1; Γ ¼ σμν;

ð4:6Þ

where we have replaced g0 by gðμ̃Þ with setting the
renormalization scale of the MS scheme to μ̃. From the

results of IMS;DRED
Γ , we obtain the MS renormalization

factors,

ZMS;DRED
Γ ¼

8>>><
>>>:

1 − 4
g2ðμ̃Þ
ð4πÞ2 CF

1
ϵ ; Γ ¼ 1; γ5;

1 − g2ðμ̃Þ
ð4πÞ2 CF

1
ϵ ; Γ ¼ γμ; iγμγ5;

1; Γ ¼ σμν:

ð4:7Þ

Combining these results as well as that for φDREDðtÞ
given in Eq. (2.58), we obtain the matching coefficients for
the quark bilinear operators ψ̄1Γψ2,

ZGF→MS;DRED
Γ ðtÞ ¼ ZMS;DRED

Γ
ð1þ IGFΓ ðtÞÞ

ZMS;DRED
ψ

φDREDðtÞ

¼

8>>><
>>>:

1þ g2ðμÞ
ð4πÞ2 CFf3γE þ 3 logð2tμ̃2Þ þ 3þ logð432Þg; Γ ¼ 1; γ5;

1þ g2ðμÞ
ð4πÞ2 CFflogð432Þg; Γ ¼ γμ; iγμγ5;

1þ g2ðμÞ
ð4πÞ2 CFf−γE − logð2tμ̃2Þ − 1þ logð432Þg; Γ ¼ σμν:

ð4:8Þ
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We confirm that the 1=ϵ divergences in IGFΓ ðtÞ etc. cancel
out with each other in the combination of the matching

coefficient ZGF→MS;DRED
Γ ðtÞ.

V. SUMMARY AND OUTLOOK

In this paper we computed the matching coefficient

ZGF→MS;DRED
O� ðtÞ for four quark operators O� defined by

Eq. (3.1), and ZGF→MS;DRED
Γ ðtÞ for quark bilinear operators

ψ̄1Γψ2 defined by Eq. (4.1), adopting the dimensional
reduction scheme. Our results for the one-loop matching
coefficients are given by Eqs. (3.51) and (4.8), respectively.
Combining these results, we also obtain the matching
coefficient for the kaon bag parameter BK defined by
Eq. (1.1),

ZGF→MS;DRED
BK

ðtÞ

¼ ZGF→MS;DRED
Oþ ðtÞ

ðZGF→MS;DRED
γμγ5 ðtÞÞ2

¼ 1þg2ðμÞ
ð4πÞ2

−3N þ 3

N
ðlog ð2tμ̃2Þ þ γE þ 1Þ; ð5:1Þ

where N ¼ 3 for QCD. We are planning to perform
simulations to study the kaon bag parameter by the

SFtX method, adopting nonperturbatively OðaÞ-improved
dynamical Wilson quarks [48].
These matching coefficients are important in evaluating

the MS renormalized operators in the dimensional reduc-
tion scheme at the renormalization scale μ̃, from corre-
sponding lattice operators measured at small flow-time t of
the gradient flow. A conventional choice for μ̃ is 2 GeV. On
the other hand, we are free to choose the renormalization
scale μ for the matching of MS and gradient flow schemes,
provided that the perturbative expansions are well con-
verged. Some conventional choices for μ are μd ¼ 1=

ffiffiffiffi
8t

p
[14] and μ0 ≡ 1=

ffiffiffiffiffiffiffiffiffiffi
2eγE t

p
[32], which are natural scales for

flowed operators because the smearing range is ∼
ffiffiffiffi
8t

p
by

the gradient flow. In practice, however, because the
perturbative expansions are truncated, the quality of the
results may be affected by the choice of μ. Recently, we
found that an optimal choice of μ can improve the reliability
and applicability of the SFtX method [33]. Such improve-
ment may be important in evaluating complicated oper-
ators, such as O� for the kaon bag parameter.
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