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We derive the chiral effective Lagrangian for heavy-light mesons in the heavy quark limit from QCD
under proper approximations. The low energy constants in the effective Lagrangian are expressed in terms
of the light quark self-energy. With typical forms of the running coupling constant of QCD and the quark
self-energy obtained from Dyson-Schwinger equations as well as lattice QCD, we estimate the low energy
constants in the model and the strong decay widths. A comparison with data and some discussions of the

numerical results are presented.
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I. INTRODUCTION

It is widely accepted that the dynamics of strong
interaction at a large distance can be well captured by
effective theories which are controlled by certain sym-
metries and symmetry breaking, for example chiral sym-
metry breaking, of the fundamental theory of strong
interaction—QCD (see, e.g., Ref. [1]). Little progress
has been made to establish a direct relation between
QCD and an effective theory in an analytic way although
such a relation is very significant since, to our opinion,
almost all the puzzles and problems in hadron dynamics in
both matter free space and in-medium can be attributed to
our poor understanding of the nonperturbative QCD.

In Ref. [2], the authors derived a relation between QCD
and chiral perturbation theory (ChPT) including the
Nambu-Goldstone bosons, pions, only [3-5]. The deriva-
tion is based on the standard generating functional of QCD
with external bilinear light-quark field sources in the path
integral formalism so that, the coefficients in the chiral
Lagrangian can be derived from QCD Green functions.
Thanks to the developments of Dyson-Schwinger equation
(DSE) and lattice QCD methods, although an exact
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calculation of the nonperturbative QCD Green functions
is not feasible so far, this derivation provides a possibility to
numerically calculate the low energy constants (LECs) of
ChPT from QCD—the fundamental theory of strong
interaction [6-10]. The extension of this approach to
include other light mesons are also investigated in the
literature [11-13].

The purpose of this work is to establish a relation
between fundamental QCD and chiral effective theory
for heavy-light mesons [14] in the widely accepted heavy
quark limit, although the extension to include the 1/M
correction—with M being the heavy quark mass—is
straightforward. Since in the heavy-light meson, there is
a heavy quark and a light quark, its dynamics is controlled
by both the heavy quark symmetry [15] and chiral
symmetry (see Ref. [16] for a systematic discussion).
This system is a good environment for studying the
mechanism of chiral symmetry breaking since it contains
only one light quark.

In addition to the lowest-lying heavy quark doublet H
with quantum numbers J” = (07, 17), we introduce the
first orbital excitation states, the heavy quark G doublet
with quantum numbers J* = (0*,1%) (both H and G
doublets will be specified latter) to our system. Since in
these H and G doublets, the light quark clouds have
quantum numbers j© = (1/2)* and j® = (1/2)~, respec-
tively, they are regarded as chiral partners to each other, and
their mass splitting arises from the chiral symmetry break-
ing due to the quark condensation in the chiral doublet
model [17,18]. We explore the quark condensate depend-
ence of the mass splitting between the H and G doublets in
the present approach from fundamental QCD.

Published by the American Physical Society
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We express the LECs in the effective theory, for example
the heavy-light meson mass, the coupling constant between
the heavy-light meson and pion, in terms of the light quark
self-energy (with the heavy quark mass rotated away),
therefore the LECs become calculable from fundamental
QCD. By using the light-quark self-energy calculated from
truncated DSE and lattice QCD, we calculate these LECs as
functions of quark condensate. Both the mass spectrum
of the heavy-light mesons and the one-pion transition
obtained in our calculation are comparable to the empirical
values. In addition, we find that, with the decreasing of the
quark condensate, the masses of both the H and G doublets
decrease. Although this observation agrees with Ref. [19]
with a specific choice of the parameters in the model, it
disagrees with what was found in Ref. [20] that although
the G doublet mass decreases with the decreasing of the
quark condensate, the H doublet mass increases. So far, we
cannot give a clear comment on this discrepancy between
effective model calculation and the present QCD approach.
What is interesting in the present calculation is that the
mass splitting between H and G doublets decreases with
the decreasing of the quark condensate. This tells us that the
mass splitting between chiral partners arises from the quark
condensate, at least partially if not all. A more possibly
interesting point can be drawn from the present work is
that, once the quark condensate is influenced by the
environment such as the medium density and temperature,
the LECs in the effective Lagrangian are also affected. In
the literature, such modification is referred to as intrinsic
density dependence in the dense system as opposite to the
density dependence induced by nuclear correlations (see,
e.g., Ref. [21] for a recent comprehensive discussion).

This paper is organized as follows. In Sec. II, to set up
the framework, we write down the chiral effective theory of
the heavy-light mesons that will be derived in the present
work. In Sec. III we derive the heavy-light meson
Lagrangian from QCD and express the low energy con-
stants in the effective theory in terms of the light quark self-
energy. The numerical results calculated by using the quark
self-energy obtained from a typical DSE and lattice QCD
are given in Sec. IV. Section V is devoted to our discussion
and perspective. We present some details of the derivation
in Appendix A and the expressions of the LECs with the
contribution from the renormalization factor of quark wave
function in Appendix B.

II. CHIRAL EFFECTIVE THEORY OF
HEAVY-LIGHT MESONS

To set up our framework, we write down the chiral
effective theory of heavy-light mesons that will be studied
in this work. We introduce the charmed heavy-light meson
doublets H and G with quantum numbers J” = (07, 17)
and JP = (0", 17), respectively. In terms of the physical
states and the notation of PDG [22], they are expressed as

1+ 4 .
H=— / (D**y, + iDys),
1+4, .
G = — (DY'y,r5 + D). (1)

In the following, without specification, we will focus on
two light flavors although the extension to three flavors is
straightforward.

Under chiral transformation, the H doublet transforms
under the unbroken SU(2),, subgroup of chiral symmetry
as an antidoublet

H a ™ H b VZa’ (2)
with a and b being the light flavor indices. The same
transformation holds for the G doublet.

Then the simplest effective Lagrangian describing the

interaction between pion and the heavy-light mesons can be
written as [16,23]

£ = ‘CH + ‘CG + ‘CHG’ (3)
where

Ly = —iTr(Hv-DH) — gy Tr(Hy'ysA,H)

+myTr(HH),
L = —iTr(Gv - DG) + gcTr(Gy*ysA,G)
+ mgTr(GG),
Luc = gucTr(Hy'ysA,G) +H.e., (4)

where we have decomposed the chiral field U(x)
exp(iz(x)/f,) as U = Q* and A, = £(Q70,Q — Q0,Q")
and D, =9, —il', with I, = £(Q70,Q + Q9,Q7).

From PDG [22], one can obtain the spin-averaged
masses of H and G doublets as

~+

my =~ 1970 MeV,  mg~2400 MeV,  (5)

which yields the mass splitting
Am = mg — my = 430 MeV. (6)

It is believed that the value of the mass splitting between
chiral partners arises from the chiral symmetry breaking.

In the chiral doublet structure, the mass splitting Am is
attributed to the chiral symmetry breaking, i.e., the vacuum
expectation value of the sigma field in the linear sigma
model [17,18]. Therefore, the magnitude of this mass
splitting measures the magnitude of the chiral symmetry
breaking, i.e., the larger Am, the stronger chiral symmetry
breaking.

The Lagrangian (3) is written down with respect to
the chiral symmetry and heavy quark symmetry of QCD.
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Only the terms with the minimal number of derivatives
are included. The parameters gy, 9s, 9ug, My, and mg
are free ones at the level of effective theory since they
cannot be controlled by symmetry argument which the
effective theory relies on. We next evaluate these LECs
from fundamental QCD.

III. CHIRAL EFFECTIVE LAGRANGIAN OF
HEAVY-LIGHT MESONS FROM QCD

We derive the heavy-light meson effective theory (3)
from the generating functional of QCD (with an external
source J(x) introduced for the composite light quark fields)

Z[J) = / DqDgDODODG,Ar(G,)

X exp {i/d4X[£QCD(CI7 3.0.0,G,) + qu}},
()

where ¢(x), Q(x) and G,(x) are the light-, heavy-quark
fields and gluon fields, respectively. By integrating in the
chiral field U(x) and the heavy-light meson fields, and
integrating out gluon fields and quark fields, we obtain the
effective action for the chiral effective theory as

S[U, M, 1Ty] = =iN Tr' In {(ip — £)I, + J§
+ (i@ + My — M)1,-T1, — 11, }, (8)

where I1, and II, are the heavy-light meson field and its
conjugate, respectively. T is the self-energy of the light
quark propagator. [, = diag(1, 1,0) and I, = diag(0,0, 1)
are matrices in the flavor space. Jq is the chiral rotated
external source and Jg, is its extension to the whole flavor
space (including the heavy flavor). Tr’ represents a func-
tional trace over the flavor space, spinor space, and
coordinate space. To obtain the effective action, we have
taken advantage of both the chiral symmetry and heavy
quark symmetry, and made a few approximations. The
details of the derivation are given in Appendix A.

The dynamical content of action (8) could be under-
stood easily once we rewrite e’ with fermionic fields
reintroduced:

eiSN/DqDE]DQDQeXp{i/d4x |:6_](iﬂ—i+-]g)q
+Q(i¢?9+M¢—M)Q—QHq—51fIQ]}- )

From this expression one can easily conclude that the
action (8) is just the summation of quark loops with all
possible insertions of Jg and heavy-light meson fields I1,
I1. In addition, one can see that the contribution of gluon
fields are included in the self-energy .

We are only interested in the (07,17) and (0", 1%)
states, so that the two nonzero elements in I1, take the form

I,(x) = HY(x) + G%(x), (10)

where ¢ = 1, 2 denotes light flavor indices and H and G
fields are given by Eq. (1).

Expanding the action S (8) with respect to U, I1, and IT,
generates the chiral effective Lagrangian. Since the U field
is attached to the rotated external source, we actually take
derivatives on the action S with respect to Jq. So that we
can formally write

S:SO+S1+52+S3+"', (11)

where the subscripts 0, 1,2, 3, ... denote the order in the
expansion in terms of Jg, IT, and IT,. In the expansion (11),
the S, term, a constant of the action S, has no physical
significance and, the first order term S; vanishes due to the
saddle point equation. Therefore, the leading order con-
tribution comes from S,. Due to the symmetry arguments,
only the following terms survive:

1 8% 52
=_ JoJo + ———TLII,. 12
25ig80g e siem, 22 (12)

2

The first term generates the nonlinear sigma model of the
Nambu-Goldstone bosons which has been extensively
discussed in Ref. [2]. We will not go to the details here.
The second term of S, generates the model of the heavy-
light mesons which is interested in the present work.

We denote the second term in S, as S,,, then for the
fields H and H, we have

Sy = iN[((i = E)I, + (i + My — M)L) ™20 (. 2, ) H' L (x,)

mé

< [((i = E)1 + (i) + My — M)L) 7' ]20% (xy, 20) H2 2 (),

&1 mé

= iN, / d*x d*xte (i = £)716(xy — x0) H (xy) (i - 9) 7' 6(x) = x,)H(x3)], (13)

where we have used the identity Hi)H = Hiv - OH and yH = H. Equation (13) is expressed diagrammatically in Fig. 1
(left panel), which is simply the heavy-light quark loop with one H and one H inserted properly. The mass and the kinetic
terms of the heavy-light meson are dynamically generated by this quark loop. In order to keep the invariance of the vector
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part of the chiral transformation, we follow Ref. [6] and take the form of the self-energy of the light quark as
E(x —y) = Z(V?)8(x — y), where X is the self-energy function in the momentum space and V = 0 — iV, is the covariant
derivative. This form retains the correct chiral transformation properties in the theory. By taking the derivative expansion,

we obtain (up to the first order)

. d'p
Szzlec/d4X/(2ﬂ4

- +
[ pPP- (pPP-Zv-p

2% (p* +27)

)

4
+iNc/d4x/dp
+ iN, /d4/

[ 23/ (p? + 32)
(p* —2)?

oo

|
4 [_ (PP=-v-p (-7

(pz — 22)2 Tr[H (x)iv - (91:]()6)]

(x)v - VoH (x)]. (14)

where we have used the relation H¥ = —H. From Eq. (14) one can easily see that S, includes the mass term, the kinetic

term and a part of the interaction term of the H fields.

We next consider the part of the S5 which generates the interaction between the heavy-light meson field H and the light
Goldstone boson field up to the leading order of the chiral counting. This can be obtained as

5s

Sy=— o
37 6Jo0HSH

JoHH,

— LN, / dxy d e d e T (i) = £)-16(xs — x3)J (x3) (i) —

)78 (xs — x1)H (x,)(iv - 0)7'8(x) — x3) H(x,)]. (15)

Recalling that Sg and Pg, are of O(p?) while Af, and V%, are of O(p) in the chiral counting, we neglect the S, and Pg, terms.
The diagram representation of Eq. (15) is shown in Fig. 1 (right panel). Taking the derivative expansion, we obtain

pz—ZZ)lwp

Sy = —iNc/d4x/

[

Summing up Egs. (14) and (16), one can obtain the
expressions of the constants my and gy as

Ja

H H H H

\ ] 1 1

\ N \ 1

‘\ II \\\ ,',

~ ’ ~ -
g S

FIG. 1. Left panel: diagrammatic expression for Eq. (13), i.e.,

one heavy-light quark loop with one H and one H insertions;
Right panel: diagrammatic expression for Eq. (15), i.e., one
heavy-light quark loop with one H, one H and one J, insertions.
The solid arrow line represents the full light-quark propagator.
The dashed arrow line represents the heavy-quark propagator (in
the heavy quark limit). The doubled line attached with a cross
represents the H/H insertion. The zigzag line attached with a
cross represents the Jq insertion.

[<p T p

R e
(p? 2_222)2} Tr[H (x)v, Ve (x)H (x)]. (16)
B d4p 1 2z
"7 ] 2a) [Pz -3 (PP - P]’
N, d*p 2 4 %pz ~ 2%
M=, / (2m)* [(p2 -XPv-p (p*- 22)2}
(17)

with Zy being the wave function renormalization factor

. d'p [ 1
e NC/@JT)“[ (PP=ZHv-p
2% 23/ (p? + 32)
(PP (- }

It is interesting to note that the summation of the S,, and S5
terms yields the same coefficients for the Tr[H(x)iv -
OH(x)] term and Tr[H(x)v - VoH(x)] term. This means
that the vector part of the chiral symmetry is reserved in our
approach, in agreement with the pattern of the chiral
symmetry breaking in QCD.
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~-q--

FIG. 2. Examples of higher loop diagrams contributing to HH term in the effective Lagrangian. The gluon propagators are the
(quenched) full ones. The shaded ovals with gluon legs represent (quenched) full connected gluon Green functions.

By using the same argument, we obtain the LECs of the
heavy-light mesons in the positive parity sector. The
expressions are

N [ dp [ 1 )

¢z ) (x) va -2 (PP - p] ’
_iN. [ d*p 22 +1p? 2%

96="7, | @y {(p2 -2)-p  (p*- 22)2]’

(18)
with Z; being the renormalization factor of the G field
d*p 1
Z~=1IN. —
o ‘/<2n>4 [ (P =) p
2%

23/ (p* +22)
(p* - 2%)? }

+

(p? —22)?

And, we obtain the coupling constant between the parity
partner fields H and G as

N.. a* 32 2
GG = —i—at / ”4[2 +r ] (19)
VZiZs)] @ [ =)0 p

In above expressions, X(—p?) stands for self-energy of
light quarks to be calculated from QCD. This is an
improvement compared to Ref. [17]. In addition, our
procedure of deriving the chiral Lagrangian allows a
systematic improvement in the calculation.

The LECs discussed so far only receive contributions
from one loop diagrams, because we have been using a
simplified effective action S (8). The contributions to these
LECs from the other effects are too complicated to be
quantitatively analyzed, so we only make some qualitative
discussions here: In deriving S (8), we took three approx-
imations, namely, the chiral limit, the heavy quark limit and
the large N, limit. So, our results suffer from corrections of
O(my;4), of O(1/mg) and of O(1/N,) order. In addition,
the non-“TrIn” terms existing in the full large N, action
[see Eq. (A25)] have been omitted in action S (8) in the
sense of dynamical pertubation which has been found
workable for the calculation of the pion decay constant

[24]. The dynamical content of these non-Trln terms is
relatively simple for the HH term (but not for all the terms)
in the effective Lagrangian, because only the G(®,.) term in
Eq. (A25) contributes. One can easily see that the G(®,)
term is actually the summation of the vacuum diagrams
which are composed of one connected full gluon Green’s
function (pure Yang-Mills) and a number of quark loops
with quark propagating on the background of meson fields
[TI(x) and U(x)]. This term gives rise to the contribution
from higher-loop diagrams. For illustration, we show a few
of those diagrams contributing to the HH term in the
effective Lagrangian in Fig. 2. We shall not calculate these
contributions in the present work, but stick to the leading
order contributions given by action S (8).

IV. NUMERICAL RESULTS

We have obtained the chiral effective Lagrangian for the
heavy-light mesons and the integral forms of the LECs in
terms of the dynamical quark mass X(—p?). To have a
quantitative idea, we make some numerical calculations in
this section. For this purpose, we should know the light
quark self-energy X(—p?), of which only the information
from DSEs and lattice QCD is available at this moment.

First, we consider the information from the DSE method.
Here, we take the following differential form of DSE for the
quark self-energy [6]°

3C(R) xZ(x) [ay(x)\?
 4x x—|—22(x)< x ) =0 (20)

with boundary conditions

'"The G(®,) term given in Eq. (A25) only contains (1/N,)°
order contributions due to its definition. Higher order O(1/N.)
contributions of this term should arise when we go beyond
the large N. limit. So the diagrams given in Fig. 2 give rise
to higher loop corrections as well as 1/N, corrections.

There might be a tiny difference of the numerical values given
below if we take other forms. But it does not affect the main
conclusion of this work.
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1.5

/N N Model A
[ N — — —Model B

p? [Gev?]

FIG. 3. Running coupling constant of model A with a = 0.79
and of model B with a; = 0.58.

_3C5(R)ay (0)

¥(0) = 872(0)
zm0=%¥g%@QANm;§%%» (21)

where a, is the running coupling constant of QCD. A’ is an
ultraviolet cutoff regularizing the integral, which should be
taken A’ - oo eventually.

Since the low energy behavior of the QCD running
coupling constant is unclear to us, as a comparison, we
take two models for a,. One is a segmented form of the
coupling constant [6], which has a finite infrared limit
(Model A):

127
2\ —

a InF—<b

QCD
2 2
<In%
) b<ln A(ZQCD
<In-Z
d< nA(ZQCD
where Nf =2 and AQCD =0.25GeV; a, b and d are
parameters of the model, and c is an independent parameter
keeping the strong coupling constant continuous at the
boundary via the relation ¢ = (a—1/d)/(2+ d)*>. We
have found that the values of d =4 and b =3 give
reasonable sets of results, so we fix them and focus on
the variation of the results on the parameter a alone.
The other form of the strong coupling constant is taken
from the refined Gribov-Zwanziger formalism [25], which
has a vanishing infrared limit (Model B):

<d

— El

2
Agep

X a—c(2+ln r

[ S
n(p*/Agyep)

p2+M2
pr+ (M2 + m?)p? + 2+

where M? = 4.303 GeV?, (M? + m?) = 0.526 GeV? and
A* =0.4929 GeV*, q is the parameter of the model. It
should be noted that, different from Model A, «; in this
model does not respect the UV behavior of QCD. However,
since the LECs are mostly controlled by the low energy
behavior of QCD, this should not be a problem. Model A
and B are sketched in Fig. 3.

By solving the DSE, and choosing the parameters, we
obtain £(—p?) for both models. Then LECs are calculated
according to Egs. (17)—(19). It is clear that the integrals of

a,(p*) = ayp® (22)

TABLE L. The heavy-light meson masses and the coupling constants calculated from Model A. Am = mg — my.
(b=3,d=4, Agcp = 0.25 GeV).

a  —(py) GeV?) X(0) (GeV) f,(GeV) 9o  gn  guc Mg (GeV) my (GeV) Am (GeV)
0.81 (0.290)3 0.380 0.095 1.269 0.272 0.667 1.064 0.577 0.486
0.80 (0.285)3 0.357 0.092 1.194 0.249 0.694 1.015 0.564 0.451
0.79 (0.280)3 0.340 0.089 1.140 0.231 0.713 0.979 0.555 0.424
0.78 (0.276)3 0.323 0.086 1.089 0.214 0.730 0.947 0.546 0.400
0.77 (0.270)3 0.304 0.083 1.031 0.193 0.750 0.910 0.536 0.373
TABLEII. The heavy-light meson masses and the coupling constants calculated from Model B. Am = mg — my.

(M? = 4.303 GeV?, M? + m* = 0.526 GeV?2, 2* = 0.4929 GeV?).

ap  —(py) (GeV) Z(0) (GeV) f»(GeV) g6 gu  gng _mg (GeV) my (GeV) Am (GeV)
0.60 (0.319)3 0.484 0.113  1.636 0459 0321  1.259 0.705 0.554
0.59 (0.316)° 0.450 0.111  1.526 0434 0378  1.177 0.684 0.494
0.58 (0.313)3 0.418 0.109 1425 0408 0432  1.103 0.663 0.440
0.57 (0.309)° 0.386 0.106  1.330 0.381 0482  1.035 0.643 0.392
0.56 (0.304)° 0.354 0.103 1240 0353 0.530  0.972 0.623 0.349
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0.5 : : : 1.2
Model A M(-p?)
— — ~ Model B M(-p?)
[ Lattice QCD M(-p?)
0.4r S Lattice QoD Z(p?) | . : 11
N -
=
W 03f
=
[0
<
NIQ_ 0.2
s

0.1}

0 0.5 1 1.5 2 25 3
2 2
-p© [GevT]

FIG. 4. The lattice fittings of Z(—p?) and M(—p?) given in
Ref. [26] and Z(—p?) (= M(—p?)) from DSE with Model A and
Model B.

the LECs have a physical ultraviolet cutoff A, which
should be of the order of the chiral symmetry breaking
scale. We have found that A. = 0.9 GeV gives the best
global-fitting results for the LECs. The results of LECs as
well as the quark condensate (gg) calculated with different
parameters are shown in Tables I and II. As expected, we
find that the mass splitting between the chiral partners
increases as the quark condensate increases. Our results
directly show how the dynamics of the fundamental theory
affects the LECs of the effective theory.

For the mass splitting, we find that both Model A (with
parameter a = 0.79) and Model B (with parameter
ag = 0.58) can give the results which agree with empirical
data (6). To compare the masses of H and G doublets
calculated here with experimental data of D mesons, the
charm quark mass which has been rotated away should
restored. By using m, =~ 1.27 GeV [22] we obtain 7y ~
1.825 GeV and /i =~ 2.249 GeV when using the data with
parameter a = 0.79 in Table I or My =~ 1.933 GeV and
g ~2.373 GeV when using the data with parameter a =
0.58 in Table II. These results are consistent with exper-
imental data of spin-averaged masses of the charmed D
mesons (5). For the coupling constants, we find Model B
with parameter ay = 0.58 is more favorable. In this case,
the coupling gy = 0.408, which directly determines the
width of the D* — Dz decay. By using the expression

with P, being the three momentum of the decay products,
we obtain the decay width I'(D*" — Dz) =48 KeV
which is roughly comparable to the experimental result
83.4 + 1.8 KeV [22].

In addition to the above intramultiplet transition, one can
also calculate the intermultiplet transitions. The coupling
constant responsible for these transitions is calculated as
guc = 0.432. From this value, the intermultiplet one-pion

transition D;’" — D is obtained as
0 2axfrmp, " ’

which is at the same order as the experimental value 274 +
40 MeV [22].

Next, we consider the information from lattice QCD. In
Ref. [26], the authors fitted the lattice results (correspond-
ing to M, =295 MeV) for the quark wave function
renormalization Z(—p?) and the running quark mass
M(—p?). These functions are plotted in Fig. 4. We shall
use these fitted functions to calculate the LECs. The LECs
including the contributions from Z(—p?) are given in
Appendix B. Z(—p?) gives additional correction to the
LECs, but, it also introduces additional uncertainties due to
its dependence on the renormalization point (the running
quark mass M(—g?) is renormalization independent and
has no such uncertainties). As a comparison, we calculate
LECs in two manners—one using the fitted Z(—p?) and the
other using Z(—p?) = 1—in this lattice based analysis. The
results are shown in Table III.

From Table III we find that the wave function renorm-
alization affects the positive parity states more significantly.
In turn, it affects the mass splitting Am. The Am’s given
here deviate from the empirical value by about 140 MeV.
However, recalling that the mass splitting of 0”1~ and that
of 0T—17 are both 100 MeV, these results are not strange.
The real masses (i.e., with m,. added up) are 7y~
1.853 GeV and /g ~ 2.153 GeV for the “fitted Z(—p?)”
case and /my ~ 1.807 GeV and 7 ~2.395 GeV for the
“Z(=p*) = 17 case. For the coupling constants, the results
with lattice fittings are closer to those of model A than those
of model B in the DSE based analysis.

In general, the lattice-based results are not so good as
the best-fitted DSE results. But one should notice that
lattice data themselves are still suffering from some
uncertainties. For instance, the lattice fitted Z(—p?) and

2 3
[(D** - Dx) = g% 23) M (—p?) used here correspond to an overestimated pion
2 1277 mass m, = 295 MeV. So that the difference is acceptable.
TABLE III. LECs calculated from lattice fittings given in Ref. [26].
frz (GeV) 96 9H IHG mg (GeV) my (GeV) Am (GeV)
fitted Z(—p?) 0.089 0.919 0.176 0.706 0.883 0.583 0.299
Z(-p*) =1 0.089 1.267 0.215 0.757 1.125 0.537 0.588
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V. DISCUSSION AND PERSPECTIVE

In this paper, we derive the chiral effective Lagrangian of
heavy-light mesons from QCD. The relationship between
the LECs and the quark self-energy is obtained. Using the
quark self-energy calculated from DSEs as well as fitted
from lattice QCD, we calculated the values of the LECs in
the Lagrangian. With properly chosen parameters, the
numerical results are roughly consistent with the exper-
imental data.

The deviations between our numerical results and the
available empirical data can be understood as follows: First,
as the leading order calculation in heavy quark expansion
and large N, expansion, the results suffer from high order
corrections from both 1/N,. terms and 1/M terms as we
mentioned before. Second, the non-Tr In term in the action
has been omitted in our calculation for simplicity. However
these terms generate contributions with complicated forms
which in general cannot be described by the self-
energy alone.

The scheme developed here for deriving the chiral
effective Lagrangian of heavy-light mesons and calculating
the LECs from QCD can be straightforwardly extended to
include the 1/M corrections, higher order derivatives as
well as excited heavy-light mesons. This is beyond the
scope of the present work and will be reported elsewhere.
In addition, it might be possible to extend the present work
to the exotic heavy hadrons such as the tetraquark states.
Such kind of study is in progress.

The last but not the least point we want to mention is that,
the results shown here illustrate the quark condensate
dependence of the LECs in the effective theory. When
the change of the quark condensate due to the environment
is known, one can easily translate our results to the change
of the LECs therefore obtain the intrinsic environment,
such as the density, dependence of the effective theory.
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APPENDIX A: DERIVATION OF THE ACTION

In this Appendix, we derive Eq. (8) from Eq. (7) in detail.
Essentially, the procedure is summarized as integrating in
the (pseudo-)Nambu-Goldstone boson fields, the heavy-
light meson fields and integrating out the quark fields.

1. Integrate in the (pseudo-)Nambu-Goldstone
boson fields

First, we focus on the (pseudo-)Nambu-Goldstone boson
part in the effective Lagrangian. In the chiral limit con-
sidered in this work the QCD generating functional Eq. (7)
can be written as

- [ apapopoess i [ atslatin -+ na+ 0in- el

x / DG”AF(Gﬂ)exp{

where M is the mass matrix for the heavy quark fields. Here
and in the following, we use i, j,--- to represent color
indices in the adjoint representation, and Z% = q%y"q +
Q%y”Q to denote the quark composite operator. The

external source J(x) can be generally decomposed into
scalar, pseudoscalar, vector, and axialvector parts

=s(x) +ip(x)ys + p(x) + d(x)ys,

where s(x), p(x), v,(x), and a,(x) are Hermitian matrices
in the flavor space, and the light quark masses have been
absorbed into the definition of s(x). The vector and axial-
vector sources v, (x) and a,(x) are taken to be traceless. To

J(x) (A2)

introduce the pseudoscalar meson field U = Q? = ¢()//=
into the theory, following Ref. [2], we sandwich the
following constant

|

10R Gt~ PGP - 416y | (A1)
[
1= /DU&(UTU —1)8(detU — 1)
x F[0]5(QOQ — QT0Q), (A3)

into the QCD generating functional (Al). In Eq. (A3),
FlOl={[],detO [ Ds5(OTO - 6'6)5(c — 67)}~", and
O(x) = e~ 0W/Neltr, [Pr BT (x,x)]. B is the abbreviation
of the bilocal composite light quark fields: B,‘;é’ (x,y) =

2 38(¥)4L, (v). where n.&. -

a,b, - -- denote flavor indices and a, f3, - - - stand for color
indices in the fundamental representation. Ny is the number
of light flavors, and tr; denotes tracing over the spinor

i20(x) — dettr)[PrB” (x.x)]
— dettr;[P. BT (x,x)]"

represent spinor indices,

space. 6(x) is defined as e
Eq. (A3) into Eq. (A1) we get

Inserting
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- / DgDgDODODG,Ar(G,)DUS(UTU — 1)8(det U — 1)5(QOTQ — QTOQT)

xexp{i/d4x[q(ia+J)q+ Q(ip - M)Q 4G’ G"”—i[F’(G )? gZ’;G;',] + iF,[B]}, (A4)

where 18l = F[O].
The exponential part in Eq. (A4) is invariant under the chiral rotation

q = qo = (QP, +Q'Pg)q,
7 - 4o =Gq(QP, + Q' Pg), (AS)

if the external field J(x) undergoes the following transformation

J(x) = Ja(x) = [Q(x)Pg + Q" (x)P,]
x [J(x) + id][Q(x) Pg + QF (x) Py ].

In addition, one can find
QO'Q - Q100" = O, - Og.

In this work, we concentrate on the normal part of the chiral Lagrangian of the heavy-light mesons and ignore the chiral
anomaly. In this case, the generating functional can be reexpressed in terms of rotated fields as:

- / Do Do DODODG, A (G,)DUS(O)y — Op)

<enp{i [ a9+ Ja)aa + 0 - M)Q = § GG = 5, F(GP = TGl + TlBal}.  (A6)

where DU = DUS(UU — 1)8(det U — 1).

Now we integrate out the gluon fields, which generates pure Yang-Mills gluon Green’s functions GL‘]'If B (X1, ..., X,) in the
action. By Fierz reordering, we can further diagonalize the color indices of the quark fields, and get

i —a A’il a _a j’ a
Gy (X1 oo X)) [wa} <7> 7M]Wﬁ:(xl):| : [u/a: ( 2) 7wy (xn)]
alﬁl amﬂn

—/d4x/1"'d4x29”'2G§1‘ o (X1 X X 0) X W (0 )yl (%) - - 0 (x, ) (). (A7)

where y stands for both the light and heavy quarks, i.e., y = (¢, Q). G! 5 (x1, X}, ..., x,,x},) is a generalized gluon
Green’s function. Then, the generating functional becomes

ZlJ = /DquDQDQD('Ja(OT -0) exp{i / d*x {Z](iﬂ +Ja)g + 0(id — M)Q| + il [B]

n!

nN 2\n—1
/mlww4mmALLQ—%xm%mmmmwwmwmmwwﬂ.
n=2
(A8)

2. Integrate in the heavy-light meson fields

Next, we introduce the heavy-light meson fields into the system by considering the heavy quark symmetry. Following the
standard heavy quark effective theory (HQET) (see, e.g., Ref. [16] for a pedagogical discussion), we introduce the velocity-
dependent heavy quark field by using the following substitution
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Q/(x) = ein-XQ<x)’

where »* is related to the heavy quark momentum p#
by pt=Mv"+ k" with k* the residue momentum.
Introducing the projection operator (1 + #)/2, one can
decompose the heavy quark field as

(A9)

N, () =15 Lo ),
N, (x) = 1%” M3 Q). (A10)

The N, field is the large component of the quark field
which survives in the heavy quark limit whereas the A/,
|

field is the small component of the quark field which
disappears in the heavy quark limit. Applying Eq. (A9)
to Eq. (A8) amounts to the replacement Q(if) — M)Q —
0'(if) + Mf — M)Q'.

To proceed, we introduce a bilocal auxiliary field qJZé’ by
sandwiching the following constant into Eq. (A8):

/ DOS(N @ (x, ') - ple (2 (), (A1)

where y' = (¢, N,) in the sense that only the contribution
from N,—the large component of the heavy quark field—is
considered.” The generating functional then becomes

ZlJ) = / DgDgDQ'DQ'DUDDS(OF — O)5(N D8 (x, x') — iy (x) ' (')

xexpi{/d4x[q(ia+JQ)q+ Q’(i@+M;5—M)Q’] + il [@] +Nci/d4

Xy didix - diy,
n=2

X Mf};}fﬁg(m,x’l, s Xy X0y ) X @O (xp, X)) - e DO (xn,x’,,)}, (A12)
where we have replaced the bilocal quark fields with @ in the spirit of the heavy quark limit.
The & function can be further expressed in the Fourier representation
SN DL (x,2') = e (X (x / Dllexp! | IO (2) 3w (), (A13)
Then the generating functional becomes
J = / D¢DGDQ' DY DIDIDIIS(O" — O)
X exp{i / d*x [q(ia +Jo)q+ Q' (i + My — M)Q/] + il [®] + iN .G(D)
+ i/d4xd4x’ [NCHflé’(x, x’)de;é’(x, X)) =y (x0)(x, x’)y/’(x’)} }, (A14)
where
= z‘x’: / dixy - d*xdx - -d4x§,(_i)n(]’j;92)n_lel‘ (1 X ey Xy, X0 ) DT (X, X)) < DX, X).

[
G (x, YN, (y) = G0 (x, ) 7 0r(y)

2
= (I (x.7)Q'(v), (A15)

Since N,(x) = 1%/ Q'(x), only the “positive projected”

part (the part projected by 1%/) of I1%(x, y) contributes. For
example, for 199,

where Hqu = [19¢ %/ Since we are only interested in the
leading contribution from heavy quark expansion, I1¢¢ has

*Here, we focus on the physics in the heavy quark limit. The
finite corrections to the LECs calculated later and the form of the
effective theory from the heavy quark mass can be easily included
in our approach along Ref. [27].

no contributions here. So eventually, we can keep only the
positive projected parts of the ®@ and IT fields for their heavy
flavor components in the generating functional.
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3. Integrate out quark fields

Now, we are ready to integrate out quark fields ¢ and N,. The standard procedure yields

Z[J) = / DUDDDIIS(OF — O)

x exp{iN [—iTt In[i@l, + Jo + (i@ + My — M)14 —T1)] + iN T (I®T) + iN .G(®) + il;[®]},

where we have defined the functional trace Tr’ taking over
the flavor space, spinor space and coordinate space and /;
and 1, are the following matrices in the flavor space

1 00 0 0 0
11: 0 1 0 , 14: 0 O O
0 0 0 0 0 1

In this work we only consider two light flavors plus one
heavy flavor. The generalization to include more flavors is
straightforward. Ji, is the extension of Jg into the whole
flavor space with J'S? = J'#¢ = j/2¢ — o,

In flavor space the matrix II can be decomposed as

I =11 + 11, 4+ 13 4 I, (A17)
where
me, o 0 0
Hl - 5 H2 - Qq )
0 0 Iny;, 0
0 ¢ 0 0
II; = 2 I, = . Al8

A similar decomposition holds for @. Tracing back to
Eq. (A14) and from the term @’ (x)II(x, x")y/(x"), one can
|

Z[J] —/DUDd)DHeXp{iF,[d)}

(A16)

I
find that IT directly couples to quark-anti-quark pairs and
has the same transformation properties as the composite
quark fields, so that it is reasonable to identify I1, and Il;
as the bosonic interpolating fields for the heavy-light
mesons. However, since I1 is a bilocal field, to get a local
effective Lagrangian, we need a suitable localization on I,
and II; fields. Here we take the following localization
conditions which are essentially the point coupling between
quarks [28]

(A19)

It is easy to check that ® and II have the following
properties:

PO[@The(y, x)]Ty0 = @79 (x,y),
PO [IIee (x, y)]Ty® = 114 (y, x).

So that
I, (x,x) = yOHE (x, x)y? = I5(x, x).

Then the generating functional can be written as

+ iNc{Tr’(HﬂDT) + G(®) + / d“xTr{E K—i sin-2- + cos i) q>T] }

—iTe' (i@l + Jg + (i@ + My — M), — T, =11, — 11, — m)}},

where the 5(O" — O) term has been reexpressed as
5O = 0) = / e | aSTHEW OO (0} (An])

with 2% (x) being a new auxiliary field and

O = (—isinf(x)/N; +cosO(x)/Ns).  (A22)

Ny Ny

(A20)

Now, by integrating out the fields @, =, I1; and I1,, we
can obtain the action, denoted as S[U, I, I1,], for the chiral
effective theory with heavy-light mesons

7] = / DUDILDIL, exp{iS[U, T, ]}, (A23)

where
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, _ 0 0
es = / DCDDHIDILDEexp{iF,[(I)] +iNC{Tr’(H<I>T) + G(®) + / d4xTr{E[<—isin—+cos—><I>T]}

Ny Ny

(A24)

The heavy-light meson effective theory can be derived by expanding the action S with respect to the Goldstone boson field

U and the heavy-light meson fields I1,, I1,.

4. The action in the large N, Limit

The action defined in the previous subsection is not practically useful. In order to calculate the coefficients in the chiral
Lagrangian, we make a further approximation, namely, keeping the leading order of the large N, expansion. Under large N,
limit, the effective action is simply the corresponding classical action, so we have

0(®.)

_ _ (O]
NI/RIRINES NC{Tr/(HCCI)Z) + G(®,) + /d“xTr{EC {(—isinN— + cos%) CDCT} }
f

f

- Z.TI',IH [lall + ‘]22 + (la +M¢—M)I4 _HIC - H2 - 1=[2 - H4C}}7 (A25)
where ©_, E ., I1;., 14, are classical fields satisfying the saddle point equations
oS oS oS oS
ob, OB, O, Ol
and I'; term has been ignored because it is of O(1/N,) [2].
These saddle point equations provide important information. For instance, equations % = 0and %‘? = 0 generate the
coupled equations ‘ ‘
ié(x.y) = —il(if + Jo = )~ 2 (x. ), (A27)
with
© _l')n+1(N g2 n
(o) = =Y [t dtats vy, SIS
n=1 :
—~ --a,,bb bn b nbn
X Gy gizrteg, (B0 X0 X s 20 ) @iyt (0,07) - P (3, 07), (A28)
|
where the term involving E has been omitted because it S|U, My, ] = =iN Tt In {(ip — )1, + Jg,
vanishes once the external sources J are turned off [2]. When (i) + Mf — M)I,—TI, — ﬁz}- (A29)

J§, is turned off, the coupled equations (A27) and (A28) are
nothing but the DSEs for the quark propagators with IT;,.
being the self-energy for light quarks. So that we rewrite
I0,.(x,y) as Z(x — y)I,. Along the same procedure, the DSE
for the heavy quark propagator which depends on the self-
energy of heavy quark, Iy, can be obtained. However, since
the contribution from the heavy quark self-energy is less
significant than the light ones, we will simply ignore it.

The direct calculation of the LECs in the effective
Lagrangian from action (A25) is not so easy, if not
impossible, because the fields @, and E,. are functionals
of U, T, and I1, through the saddle point equations (A26).
To proceed, we follow Ref. [6] and keep only the “TrIn”
term in the action in the spirit of the dynamical perturbation
which works well in the calculation of pion decay constant
[24]. Then the action becomes

It should be noted that although the contribution from
gluon fields is not explicit appeared in the action, it is
included in the quark self-energy X, which requires the
application of the DSE.

APPENDIX B: FORMULA FOR LECS
WITH Z(-p?) EFFECT

The quark propagator can be generally written as

_ i . A(=p*)p+ B(-p?)
Stp) = AP ) —B(=p?) AN =p)p? = B (—p?)
p+M(—p?)
p* = M?*(—p?)

=iZ(-p?)

’
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where Z(—p?) = 1/A(—p?) stands for the quark wave function renormalization and M(—p?) = B(—p?)/A(=p?) is the
renormalization group invariant running quark mass.
Using this full expression of the quark propagator, we obtain the LECs as follows:
) — d*p [ [ M }Z,
Qn)* |p*=M* (PP =M*)v-p
B d*p [ M +3p* oM ]22
e (2ﬂ)4 (P> =M*Po-p (P> —M?)
Z, = iN. / K 1 2M > L 2ZM'(pP +MP)  2Z'M ]
o I\ (PP =MP)v-p  (p? = M?)? (p*=Mm?)?  p?-Mm?
d*p 1
e (27)* [p2 — (P = M) p] “
N d'p [ M*+5p? M),
T2 (2,;)4 {( P=M)uep o (PP Mz)z] ’
1 2M 2ZM'(p* + M?)  27Z'M
Zs = iN, + ,
/ (2n)* [( (p*=M*)v-p (pZ—M2)2> (p* = M?)? pz—Mz}
M? + p?
9HG = /——ZHZG/ [ (P2 =M*)2v-p z (BI)
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