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The scalar and vector meson exchange contributions to the doubly radiative decays #!) — z%yy
and 1’ — nyy are analyzed within the linear sigma model and vector meson dominance frameworks,
respectively. Predictions for the diphoton invariant mass spectra and the associated integrated branching
ratios are given and compared with current available experimental data. While a satisfactory description of
the shape of the n — 7%y and # — 7%y decay spectra is obtained, thus supporting the validity of the
approach, the corresponding branching ratios cannot be reproduced simultaneously. A first theoretical

prediction for the recently measured 7' — 5yy by the BESIII Collaboration is also presented.
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I. INTRODUCTION

Measurements of # and 7/ decays have reached unprec-
edented precision over the years placing new demands on
the accuracy of the corresponding theoretical descriptions
[1]. Among them, the doubly radiative decay  — 7°yy has
attracted much interest as this reaction is a perfect labo-
ratory for testing chiral perturbation theory and its natural
extensions, but also as a result of the decades-long tension
between the associated theoretical predictions and the
experimental measurements.

Likewise, the study of the 5’ = 7%y and ¥/ — nyy decay
processes are of interest for a number of reasons. First,
they complete existing calculations of the sister process
n — n’yy, which has been studied in many different
frameworks, ranging from the seminal works based on
vector meson dominance (VMD) [2,3] and chiral pertur-
bation theory (ChPT) [4], to more modern treatments based
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on the unitarization of the chiral amplitudes [5,6] or
dispersive formalisms [7]. At present, while there is only
a course estimation for the branching ratio of the ' — 7%y
decay [8,9], there is no calculation or theoretical predic-
tion for the #/ — nyy branching ratio. Second, the BESIII
Collaboration has recently reported the first measurements
for the decays 1’ — 7%y [10] and 5 — nyy [11], thus
making the topic of timely interest [12]. Third, the analysis
of these decays could help extract relevant information on
the properties of the lowest-lying scalar resonances, in
particular, the isovector a,(980) from the two ) — 7%y
processes and the isoscalars ¢(500) and f,(980) from the
' — nyy decay, thus complementing other investigations
such as the studies of V — P°Py decays (V = p°, , ¢ and
P° = 7% n) [13], D and J/w decays, central production,
etc. (see note on scalar mesons in Ref. [14]). For all these
reasons, the aim of the present work is to provide a first
detailed evaluation of the invariant mass spectrum and
integrated branching ratio for the three doubly radiative
decays n) — %y and 5/ — nyy. Very preliminary results
were presented in Refs. [15,16].

On the experimental front, the branching ratio (BR) of
the # — 7%y decay has been measured by GAMS-2000
[17], BR = (7.1 & 1.4) x 107*, CrystalBall@ AGS in 2005
[18], BR=(3.54£0.740.6) x 107*, and 2008 [19], BR =
(2.21 £0.24 +0.47) x 107, where the latter also included
an invariant mass spectrum for the two outgoing photons.
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An independent analysis of the last CrystalBall data resulted
in BR=(2.740.94+0.5)x107* [20]. Early results are
summarized in the review of Ref. [21]. Surprisingly
low in comparison with all previous measurements is the
2006 result reported by the KLOE Collaboration [22],
BR = (0.84 £0.27 +0.14) x 1074, based on a sample of
68 4 23 events. More recently, a new measurement of the
diphoton energy spectrum, as well as new and more precise
values for I'(y — z%y) = (0.330 + 0.030) eV and BR =
(2.544+0.27) x 107 have been released by the A2
Collaboration at the Mainz Microtron (MAMI), based on
the analysis of 1.2 x 10°  — 7%y decay events [23]. The
latest PDG states a fit value of BR = (2.56 4 0.22) x 10~
[14]. For the i’ — %y decay, the BESIII Collaboration has
recently reported for the first time the associated m%,
invariant mass distribution [10]. The measured branching
fraction is BR = (3.20 £ 0.07 + 0.23) x 1073, superseding
the upper limit BR < 8 x 10~* at90% CL determined by the
GAMS-2000 experiment [24]. Finally, for the ' — nyy
decay, a measurement of BR < 1.33 x 107 at 90% CL has
been provided, again for the first time, by the BESIII
Collaboration [11].

On the theoretical front, the # — 7’7y decay has been
a stringent test for the predictive power of ChPT. Within
this framework, the tree-level contributions at O(p?) and
O(p*) vanish because the pseudoscalar mesons involved
are neutral. The first nonvanishing contribution comes
at O(p*), either from kaon loops, largely suppressed by
their mass, or from pion loops, also suppressed since
they violate G-parity and, therefore, are proportional to
m, — my,. Quantitatively, Ametller et al. found in Ref. [4]

that TSV = 0.84 x 1073 eV, T'Y) =245 x 1073 eV, and

Ff:}( =3.89x 1073 eV for the 7, K, and 7+ K loop
contributions to the decay width, which turns out to be
2 orders of magnitude smaller than the PDG fit value

Fzﬁ)ﬂow = 0.334 £ 0.028 eV [14]. The first sizable contri-

bution comes at O(p®), but the associated low-energy
constants are not well defined and one must resort to
phenomenological models to fix them. To this end, for
instance, VMD has been used to determine these coeffi-
cients by expanding the vector meson propagators and
keeping the lowest term. Assuming equal contributions
from the p° and @ mesons, the authors of Ref. [4] found that
Fﬁw = 0.18 eV, which was about 2 times smaller than
their “all-order” estimation with the full vector meson
propagator I'yyp = 0.31 eV, and in reasonable agreement
with older VMD estimates [2,3], as well as Refs. [25,26].
The contributions of the scalar a((980) and tensor
a,(1320) resonances to the O(p®) chiral coefficients were
also assessed in Ref. [4] following the same procedure but
no all-order estimates were provided. Contrary to the VMD
contribution where the coupling constants appear squared,
the signs of the ay and a, contributions are not unambig-
uously fixed [4]. At order O(p?), a new type of loop effects

taking two vertices from the anomalous chiral Lagrangian
appear. Pion loops are no longer suppressed since the
associated vertices do not violate G-parity and the kaon-
loop suppression does not necessarily occur. Numerically,

the contributions from these loops were [4] rﬁf) =5.2xX
1075 eV, T =2.2x 1073 eV, and T = 2.5 x 1073 eV.
Summing up all the effects that were not negligible and
presented no sign ambiguities, i.e., the nonanomalous pion

and kaon loops at O(p*), the corresponding loops at O(p®)
with two anomalous vertices, and the all-order VMD

estimate, resulted in Fii:é\;[ JI/) =0.42 eV [4]. Including

the contributions from the @y and a, exchanges with sign
ambiguities, which did not represent an all-order estimate
of these effects, they conservatively concluded that

PLETD TR = 0.42 4 0.20 eV [4]. The further inclusion

of C-odd axial-vector resonances raised this value to
0.47 £0.20 eV [27] (see also Ref. [28]). Other determi-
nations of the O(p®) low-energy constants in the early and
extended Nambu-Jona-Lasinio models led to 0.11-0.35 eV
[29], 0.58 +0.30 eV [30], and 0.27754% eV [31]. A differ-
ent approach based on quark-box diagrams [32,33] yielded
values of 0.70 and 0.58-0.92 eV, respectively. In the most
recent analyses, the 7 — 7°yy process has been considered
within a chiral unitary approach for the meson-meson
interaction, thus generating the a, resonance and fixing
the sign ambiguity of its contribution. Using this approach,
Oset et al. found a decay width of 0.47 + 0.10 and 0.33 +
0.08 eV in their 2003 [5] and 2008 [6] works, respectively,
and the discrepancy could be down to differences in the
radiative decay widths of the vector mesons used as
input in their calculations. In any case, both estimations
appear to be in good agreement with the empirical value
'**  =0.334+0.028 eV. On the other hand, there is

n—nry
only a rough estimation for the /' = 7%y decay width [8,9]
and no theoretical analysis for the 7/ — 5yy process.

The methodology in the present work can be summa-
rized as follows. First, we begin calculating the dominant
chiral-loop contribution, that is, the O(p*) diagrams con-
taining two vertices of the lowest order Lagrangian and one
loop of charged pions or kaons. We employ the large-N,.
limit of ChPT and regard the singlet state 7, as the ninth
pseudo-Goldstone boson of the theory. In addition, we
simplify the calculations by assuming the isospin limit,
which allows one to consider only the kaon loops for the
two ") — 7y decays. The O(p®) loop corrections from
diagrams with two anomalous vertices are very small [4]
and, therefore, not considered. The explicit contributions of
intermediate vector and scalar mesons are accounted for
by means of the VMD and linear sigma model (LoM)
frameworks. Accordingly, we compute the dominant con-
tribution, i.e., the exchange of intermediate vector mesons,
through the decay chain P° — Vy — Pyy. Next, we con-
sider the scalar meson contributions, providing an all-order
estimate of the scalar effects, through a calculation
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performed within the LoM, which enables us to, first, fix
the sign ambiguity and, second, assess the relevance of the
full scalar meson propagators, as opposed to integrating
them out.

The structure of this work is as follows. In Sec. II, we
review the ChPT calculation for the 7 — 7’y and provide
theoretical expressions for the #' — 7%y and # — nyy
decays. In Sec. III, we calculate the effects of intermediate
vector meson exchanges, which represent the dominant
contribution, using the VMD model. In Sec. IV, the chiral-
loop prediction is substituted by a LoM calculation where
the effects of scalar meson resonances are taken into
account explicitly. In Sec. V, theoretical results for the
decay widths and associated diphoton energy spectra are
presented for the three decay processes #!) — z0y
and ' — nyy, and a detailed discussion of the results is
given. Some final remarks and conclusions are presented
in Sec. VL.

II. CHIRAL-LOOP CALCULATION

Let us focus our attention to the n — 7%y process. At
order O(p?), there are no contributions to this process and,
at O(p*), the contributions come from diagrams with two
vertices from the lowest order chiral Lagrangian and a loop
of charged pions and kaons. However, as discussed in
Sec. L, the contribution from kaon loops is dominant and the
|

AT

where f, is the pion decay constant and ¢p is the n-1f
pseudoscalar mixing angle in the quark-flavor basis at
lowest order in ChPT defined as

In) = cos @plins) — singp|ns).
In') = sin@p|nns) + cos p|ns).

(5)

with |nns) = %|uﬁ +dd) and |g) = |s5) [34].

It must be noted that, in the seminal work of Ref. [4], the
chiral-loop prediction was computed taking only into
account the xg contribution and the mixing angle was
fixed to 0p = @p — arctan /2 = arcsin(—1/3) ~ —19.5°.
As explained before, in this work, the singlet contribution
|

1 m?2 m2 ) 4 sin
K+ K= 42 KS - ?> (cosp + V2singp) + 5(2’"%( + my) <005¢P - wP)] ;

pion loops vanish in the isospin limit. The invariant
amplitude can, thus, be written as follows:

2PT 200 1
0, — 5
n—7yr g m%ﬁ

L(sg){a} x A

K*K= -z’ (1)
where a is the fine-structure constant, mg-+ is the mass of
the charged kaon, L(8) is the loop integral,

1 logivl=® _ iz > forz <1
flz) = H(og 758 - i) L@

—[arcsin(ﬁz)]2 forz > 1

1

and sg = s/m%, withs = (g, + ¢2)* = 2q, - g being the

invariant mass of the two outgoing photons. The Lorentz
structure {a} in Eq. (1) is defined as

{a} = (e1 - &)(q

where €, ; and ¢, , are the polarization and four-momentum

vectors of the final photons and .A);ﬁ K- is the four-

pseudoscalar amplitude, which can be expressed as
follows':

“q2) — (€1 q2)(e2- q1), (3)

7 (4)

I
is also considered and the dependence on the mixing angle
is made explicit.

For the 5 — 7%y process, the associated amplitude

is that of Eq. (1) with the replacements m, — m,,

(cosgp ++/2singp) = (singp—+/2cosgp), and (cos pp—
singp/v/2) = (singp + cos pp/+/2) in Eq. (4). Finally,
for the /' — nyy decay, two types of amplitudes contribute,
one associated to a loop of charged kaons, as in the former
two cases, and the other to a loop of charged pions, which
in this case is not suppressed by G-parity. Again, the
corresponding amplitudes have the same structure as
Eq. (1) but replacing sx — s, and mg+ — m,+ for the
pion loop, and, instead of Eq. (4), one must make use of

- 1 my+my 8m  2m> sin 2¢p
Ay = i s——3 T 5 "9 V2 cos2pp + 5
4 . cos 2¢p
—(2m% —m2) | 2sin2¢p — 6
g = m2) (25in2, - <220 (6)

"This amplitude should not be confused with the four-pseudoscalar scattering amplitude calculated in ChPT at lowest order.
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and

2
xPT _

mz .
SE—— 2—f’gsm 2¢p, (7)
ya
for the loop of kaons and pions, respectively.
To the best of our knowledge, the amplitudes for the
7 — n’yy and 5 — nyy constitute the first chiral-loop
predictions for these processes.

III. VMD CALCULATION

As discussed in Sec. I, VMD can be used to calculate an
all-order estimate for the contribution of intermediate
vector meson exchanges to the processes of interest in
this work. In Ref. [4], for example, it was found that the
VMD amplitude represents the dominant contribution to
the n — 7%y decay, and, as it will be shown in Sec. V, this
is also the case for the ' — 7’7y and 5 — nyy processes.

There is a total of six Feynman diagrams contributing to
each one of the three decay processes, corresponding to the
exchange of the three neutral vector mesons p°, @, and ¢.
After some algebra, one arrives at the following expression
for the invariant amplitude of the n — 7%y decay:

i — ) at —
Z vy Gv 'y [(P % )i} = 10}

V:/)O,a).¢ DV(t)

A ®

where 1,u=(P—q,,)* =m}—2P-q, are the Mandelstam
variables, and the Lorentz structures {a} and {b} are
defined as

{a} = (e1-€2)(q1-q2) — (€1~ q2) (€2 1),
{b} = (e1-q2)(e2- P)(P-q1) + (€2- q1) (€1 - P)(P - o)
—(e1-e)(P-q1)(P-q2) = (e1- P)(&2- P)(q1 - ),
©)

where P is the four-momentum of the decaying particle,
and €, and ¢, , are the polarization and four-momentum
vectors of the final photons, respectively. The denominator
Dy (t) = m3 — t — imyl'y is the vector meson propagator,
with V = @ and ¢; for the p° propagator, we use, instead,
an energy-dependent decay width

VMD
An—>ﬂ°77 B

Lp(r) =Ty x [(1- 4m,2T)/(m/2}0 —4m2)]3? x O(t — 4m2).
(10)
The amplitudes for the ' — 7%y and ' — nyy decays

have a similar structure to that of Eq. (8), with the replace-
ments m; — mf;,, and Gy, Gy, = GvyyGvao, for the ' —

vy and gy, Gya0, = Gvyy vy, for the ' — nyy case.

To parametrize the V Py coupling constants, gy p,, one can
make use of a simple phenomenological quark-based model
first presented in Ref. [35], which was initially developed to
describe V — Py and P — Vy radiative decays. The cou-
pling constants can, thus, be written as [35,36]

1
gpoﬂoy = g 9,

gpom/ = giAns COS @p,
gpor]’y = giAns S @p,

gamoy = gcos @y,

! moo
Yoy = 39 (ZNS COS @p COS Py — 2—zg Sin@p sin @y
3 m

s

N

gd)ﬂoy =49 sin Pv,

1 ) m .
o'y = gg (ZNS sin ¢p cos gy + 2 . 25 COS @p SN fﬂv> )

1 . m .
ey =39 (ZNS COS @p Sin @y + 2— zg sin @p €O @y
3 m

N

S

1 . . m
'y = gg (ZNS sin @p sin gy — 2 . Zg COs @p COS (PV> )
(1

N

where ¢ is a generic electromagnetic constant, ¢p is, again,
the pseudoscalar -7’ mixing angle in the quark-flavor basis,
@y is the vector w-¢ mixing angle in the same basis, m/m; is
the quotient of constituent quark masses,” and zyg and zg are
the nonstrange and strange multiplicative factors accounting
for the relative meson wave function overlaps [35,36].

It is important to note that in Ref. [4], the VMD
prediction for the # — 7%y process was calculated assum-
ing equal p° and w contributions and without including the
decay widths in the propagators. These approximations
were valid in this particular case, since the phase space
available prevents the vector mesons to resonate. However,
for the ' — 2%y case, the available phase space allows
these vectors to be on shell and the introduction of their
decay widths is mandatory. For consistency, we include the
decay widths in the vector meson propagators of the three
decays of interest in this work.

IV. LecM CALCULATION

An all-order estimate for the contribution of scalar
meson exchanges to the processes under study can be
obtained by means of the LoM, where the complementarity

*The flavor symmetry-breaking mechanism associated to
differences in the effective magnetic moments of light (i.e., up
and down) and strange quarks in magnetic dipolar transitions
is implemented via constituent quark mass differences. Specifi-
cally, one introduces a multiplicative SU(3)-breaking term,
ie, 1 —s,=m/my, in the s-quark entry of the quark-charge
matrix Q.
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between this model and ChPT can be used to include the
scalar meson poles at the same time as keeping the correct
low-energy behavior expected from chiral symmetry. This
procedure was applied with success to the related V —
POP% decays [13].

Within this framework, the two ) — 7%y processes
proceed through kaon loops and by exchanging the
ay(980) in the s-channel and the « in the #- and u-channels.
The #' — nyy decay is more complex, as it proceeds

|

726(

through both kaon and pion loops; the (600) and the
f0(980) are exchanged in the s-channel for both types of
loops, while in the u- and #-channels, the « is exchanged for
kaon loops and the a(980) for pion loops.

The loop contributions take place through combinations
of three diagrams for each one of the intermediate states,
which added together give finite results. The amplitudes for
the three ) — 7%y and #/ = nyy processes in the LoM
can, thus, be expressed as follows:

221\7/[1% T mi, Lisi}{a} x Ak " (12)
LoM _2_a L(S ){a} XALaM (13)
Ao mk, K KK =l
20 1 2a 1
Ay = LAl X ADL 4o Lisi){ah < AT, (14)
n K

where L(z), s, g, and {a} are the same as in Sec. II. The four-pseudoscalar amplitudes AL"

OSKHK- and A —>K+K_(ﬂ+ -)

in Egs. (12)—(14) turn out to be s, ¢, and u dependent and can be expressed in terms of the p10n and kaon decay constants, f,
and fx, the masses of the scalar and pseudoscalar mesons involved in the processes, and the scalar and pseudoscalar mixing
angles in the quark-flavor basis, ¢g and ¢@p, where ¢y is defined as

|o) = cos gg|ons) — sin gg|os),
|fo) = singg|ons) + cos @slos). (15)

with |oyng) = % |uit + dd) and |og) = |s5). For our analysis, the procedure outlined in Ref. [13] is applied in order to
obtain a consistent full s-dependent amplitude. In essence, this involves replacing the 7- and u-channel contributions by
the result of subtracting from the chiral-loop amplitude, i.e., Egs. (4)—(7), the infinite mass limit of the s-channel scalar
contribution.” We refer the interested reader to Ref. [13] for further details. After performing these replacements, one

finally obtains the following scalar amplitudes:

ALoM ! {(s —m2) MCOS op + ! [(5m2 + m2 — 3s) cos pp
+K- 0 P
KoK g 2fﬂfl( 1 Dao (S) 6 "
— V2(m2 + 4m + m2 - 3s) sin (pp]}, (16)
1 m% — m? 1
ALM {(s —m2) K singp +— [(Sm2 + m% — 3s) singp
KK = = o f "7 Dy, (s) 6 1
+ \/i(mi, +4m% + m2 — 3s) cos (pp}}, (17)
2
LoM § — My | Yo' - Ifomt' ¢
o — — V2 2
Ay =5 {Dg L (o s = Visings) + S s+ V2cos )
2 1 my+my  8my  2m?
_STmi ok sin(2pp) — — | (s = — L - ZTK _ T
4fﬂfK fﬂ 4f7z 3 9 9

in2 4 2
X <\/§cos 20p + smz(pP) §(ZmK m2) (2 sin2¢pp — o’ (pP)}, (18)

V2

tis important to note that this approximation is possible due to the fact that, in the #- and u-channels, the exchanged scalar mesons do
not resonate.
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s—m2 [ Go o 2m2 — s
ALGM, L= T onn 0s + fonn S.n _|_ it S.n 2 , 19
Tt - f. |D.(s) Ps Dfo(s) meg 2f,2[ m 2Z@p (19)

where Dg(s) are the S =o,f), and a, propagators defined in Appendix. Note that they are complete one-loop
propagators, as the usual Breit-Wigner description is not adequate in this case due to either the presence of thresholds

2
n

or a very wide decay width. The required couplings in Egs. (18) and (19) are given by

in 2 —=
s = 57 { oo s ) eongs + VEsins (2151 )]
1
- (mi, —m}) (comps cos 2¢p —Esin(ps sin2(pp) }, (20)

sin 2 ) .
Gfomt = Tfpp { (mycos®pp + mysin*pp — mg ) [sm @5 — V2 cos pg <2]% - 1)}

n

1
- (mi, —m}) (sin @sCcos2pp + 5 C0S s sin 2(pp> } (21)

These couplings can be written in different equivalent
forms; here, the ones involving the a,; mass and the pion
decay constant have been chosen for the sake of clarity. We
can anticipate that taking into account the effects of scalar
meson exchanges in an explicit way does not provide a
noticeable improvement with respect to the chiral-loop
prediction, except for the n' — nyy case, where the o
contribution turns out to be significant (cf. Sec. V).

V. RESULTS AND DISCUSSION

In this section, use of the theoretical expressions devel-
oped thus far is made to present quantitative results. The
decay widths for the processes of interest are calculated
using the standard formula for the three-body decay [14],
with the squared amplitude given by

|A|2 — |AVMD|2 + |AL0M|2 + ZRC.A*VMDALUM, (22)

where the vector (AYMP) and scalar (A“"M) exchange
contributions have been presented in Secs. III and IV,
respectively. The last term in Eq. (22) represents the
interference between the scalar and vector effects.

TABLE I.  PDG values for the branching ratios of the V(P) —
P(V)y transitions and the calculated gy p, couplings directly from
experiment (cf. Eq. (23)).

Decay BR [14] lgyp,| GeV™!
p° — % (47+0.6) x 10 0.22(1)
P =y (3.00 £0.21) x 107* 0.48(2)

0 — PO (28.9+£0.5)% 0.40(1)
w — 1% (8.40 £0.22)% 0.70(1)

w —ny (4.5+£04)x 1074 0.135(6)
7 - wy (2.62 £0.13)% 0.127(4)
¢ — ' (1.30 £ 0.05) x 1073 0.041(1)

b —ny (1.303 £ 0.025)% 0.2093(20)
¢ —ny (622 £0.21) x 1075 0.216(4)

For the numerical values of the masses and decay widths
of the participating resonances, we use the most up-to-date
experimental data from the PDG [14], while for the pion
and kaon decay constants we employ f, = 92.07 MeV and
fx = 110.10 MeV, respectively. For the VMD couplings®
[cf. Eq. (8)], we follow two different approaches: (i) the
gyp, are obtained directly from the experimental decay

widths of the V- Py and P — Vy (P =" n,7 and
V = p° w, ¢) radiative transitions [14] by making use of

_lg%/l’r my —mp\?
V=P 3322 U my ’

2 2 2\ 3
gvpy mp — my;
r =2 (L "V 23

P=Vr = 305 ( mp ) 23)

and are summarized in Table I; (ii) the phenomenological
model from Ref. [35] is employed to parametrize the VMD
couplings [cf. Eq. (11)], and, by performing an optimiza-
tion fit to the most up-to-date V Py experimental data [14],
one can find preferred values for the following parameterssz

*Note that, for the LoM couplings, i.e., gy and gy, the
current experimental state-of-the-art does not allow obtaining the
associated numerical values directly from the empirical data.
Therefore, one must resort to theoretical or phenomenological
models to estimate them [cf. Eqgs. (20) and (21)]. Likewise, the
mixing angle in the scalar sector is fixed in our calculations to
pg = —8° following Ref. [13].

>Note that this phenomenological model, contrary to the one
presented in Ref. [36], does not take into account isospin-
violating effects and this is reflected in the quality of the fit,
which is far from ideal, ;(2 /d.o.f = 5.3. However, in this study,
we are working in the isospin limit and, therefore, this simplified
version of the model suffices for our purposes. Should one have
used more simplified models by setting, for example, zys = 1
and zg = 1, or zyg = | and zgm/m; = 1, would lead to qualities
of fits of y?/d.o.f = 18.3 and y?/d.o.f = 110.4, respectively,
which are clearly not acceptable.
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TABLE II.  Chiral-loop, LeM, and VMD predictions for the 7 — 7%y, n’ = 2%y, and ¥/ = nyy decays with empirical and model-
based VMD couplings. The total decay widths are calculated from the coherent sum of the LeM and VMD contributions.
ping y
Decay Couplings Chiral loop LoM VMD r BRy, BRey, [14]
Empirical ~ 1.87x 10% 5.0x10™*  0.16(1)  0.18(1)  1.35(8) x 10~*
0 —4
1m0 V) Model-based 187 x 107 50x 104 0.06(1)  0.17(1)  1.30(1) x 10~ 2:56(22) x 10
Empirical LIx10™ 13x10™%  0.5703) 0.57(3)  2.91(21) x 1073
/ 0 -3
=m0 KV Modelbased  11x 104 13x 10%  070@)  070¢4)  357(25) x 105 20(7)(23)x10
Empirical 1.4 x 1072 3.29 212(1.2) 23.0(1.2) 1.17(8) x 107*
/ -5
m=mr V) Nodel-based 1.4 x 1072 3.29 19.1(1.0)  209(1.0)  1.07(7) x 104 &2 (3.41)(0.72) x 10

g=0.70+£001 GeV-',  zgm/m, = 0.65 + 0.01,
dp = (414£05)°, ¢y = (33+0.1)°
Zns = 0.83 £ 0.02. (24)

Hereafter, we refer to the former couplings as empirical and
the later as model-based couplings.

The numerical results obtained using both the empirical
and model-based VMD couplings are summarized in
Table II. There, we show the contributions from ChPT,
the LoM, which replaces ChPT when scalar meson poles
are incorporated explicitly, and VMD. In addition, the
theoretical decay widths and corresponding branching
ratios are presented, together with the associated exper-
imental values. Note that the quoted errors come from the
uncertainties associated to the VMD couplings. Using the
empirical VMD couplings, one finds that, while our pre-
diction for the n — 7%y process, BR = 1.35(8) x 107%, is
approximately a factor of 2 smaller than the PDG reported
value® [14] BR = 2.56(22) x 107*, our theoretical predic-
tions for the 7' — 7%y and ' — nyy, BR=2.91(21)x 1073
and BR = 1.17(8) x 107, are consistent with the BESIII
experimental measurements [10,11] BR = 3.20(7)(23) x
103 and BR = 8.25(3.41)(72) x 1075, respectively.
Employing, instead, the model-based VMD couplings from
Eq. (11) and making use of the fit values for the model
parameters shown in Eq. (24), we find that the branching
ratio for the 7 — 7%y decay, BR = 1.30(8) x 1074, is very
much in line with that obtained using the empirical cou-
plings, and aEproximately half the corresponding experi-
mental value.’ Thus, our theoretical results for this reaction
appear to be robust against small variations of the VMD
couplings. For the ' = 7%y and 5/ = nyy processes, we

®Note that it is still compatible at the ~5¢ level with the
exgerimental value though.

Oset et al. considered additional contributions in Ref. [6],
such as axial exchanges in the chiral loops and VMD loop
contributions, where the associated amplitudes had been unita-
rized by making use of the Bethe-Salpenter equation for the
resummation of the meson-meson scattering amplitudes, as
well as contributions from the three-meson axial anomaly;
all this allowed them to raise their prediction up to I',_, 0, =
0.33 +£0.08 eV.

obtain BR = 3.57(25) x 1073 and BR = 1.07(8) x 1074,
which, once again, are in agreement with the values reported
by BESIII [10,11]. The branching ratio for the later process
turns out to be BR = 1.11(8) x 10~ and BR = 1.00(7) x
10~* for the empirical and model-based couplings using a
Breit-Wigner propagator for the 6 meson, where the pole
parameters quoted in Ref. [14] have been utilized, instead of
the complete one-loop propagator. As can be seen, the use of
either propagator provides very approximate results; any
differences surface in the associated energy spectra.

Our predictions for the diphoton energy spectra are
compared with the corresponding experimental data in
Fig. 1. One can see from both plots that the shape of the
spectra is captured well by our theoretical predictions. The
spectrum of the # — 77y decay [Fig. 1(a)] appears to
present a normalization offset.” Notwithstanding this, the
exact same theoretical treatment shows very good agree-
ment between our predictions for the #' — 7%y spectrum,
using either set of VMD couplings, and experiment. In
addition, the use of one set of couplings or the other makes
little difference for the 7 — 7°yy, though it appears that the
model-based couplings capture slightly better the exper-
imental data for the ' — 7%yy. For this reason, as well as
due to its increased aesthetic appeal and the fact that it
better underpins the power of the theoretical description,
from this point onward we will stick to using the model-
based VMD couplings for any subsequent calculation.

The different contributions to the diphoton energy
spectrum for the # — 7%y decay are shown in Fig. 2.
As it can be seen, the spectrum is dominated by the
exchange of vector mesons, accounting for 93%, out of
which, the weights for the p°, @, and ¢ are 27%, 21%, and
0%, respectively; the remaining 52% comes from the
interference between the three participating vector mesons.
The contribution of the scalar exchanges accounts for less
than 1%, making it very difficult to isolate the effect of
individual scalar mesons, even with the advent of more
precise experimental data. The interference between the

¥One could argue, though, that the experimental central values
seem to lie further apart from our predictions for decreasing mfy,
but this effect may be linked to the larger uncertainties associated

to the measurements at low mf},.
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(a) n = 7y decay.
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(b) 7' — 70y decay.

Comparison between the experimental diphoton energy spectra for the  — 7%y and ' — 7%y and our theoretical predictions

using the empirical and model-based VMD couplings. The experimental data are taken from Ref. [23] (A2), Ref. [19] (Crystal Ball), and

Ref. [10] (BESIID).
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FIG. 2. Contributions to the # — 7%y diphoton energy spec-
trum (solid black), using the model-based VMD couplings, from
intermediate vector (dashed red) and scalar (dotted blue) meson
exchanges, and their interference (dot-dashed green).

intermediate scalar and vector exchanges is constructive
and accounts for about 7%. The contributions to the energy
spectrum of the ' — #’yy process are displayed in Fig. 3.
Once again, the exchange of vector mesons completely
dominates the spectrum contributing approximately with
100.4% to the total signal, while the effects of scalar meson
exchanges and their interference with the formers are
negligible with 0% and —0.4% (destructive interference),
respectively. As well as this, the @ contribution prevails
with the 78% of the total VMD signal, while the p° and ¢
account for the 5% and 0%, respectively; the remaining
17% comes from the interference between the vector
resonances. Finally, the different contributions to the ' —
nyy energy spectrum are presented in Fig. 4. As expected,
the contribution to the total signal from the exchange of
vector mesons predominates again with about the 91%,

35 T T T T T —

e — Our prediction

% 3ot === VMD ]
Q -------- LoM

% 250N oA mmees ~ Interference ]
=

i 20F ]
=)

g 1.5F ]
=

< 10} ]
T

é 05F ]
ot

B 0 ) e ]

0.0 0.1 02 03 04 0.5 0.6
m3, [GeV?]

FIG. 3. Contributions to the ' — 7%y diphoton energy spec-
trum (solid black), using the model-based VMD couplings, from
intermediate vector (dashed red) and scalar (dotted blue) meson
exchanges, and their interference (dot-dashed green).

with the p°, @, and ¢ accounting for 59%, 15%, and 1% of
the VMD signal, respectively, and the remaining 25% being
the result of their interference; interestingly, the scalar
meson effects turn out to be sizable in this process,
weighing approximately 16%, with the exchange of o
mesons dominating the scalar signal.9 The interference
between the scalar and vector mesons is destructive and
accounts for around 7% and significantly influences the
shape of the spectrum. It is worth noting the effect of using
the complete one-loop propagator for the o exchange which

A possible improvement to our prediction for the scalar
meson contribution may be possible by considering a more
sophisticated scalar scattering amplitude A+ ,-_,, [cf. Eq. (19)]
as has successfully been done for the associated 1 — narx
decay process in Ref. [37].
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FIG. 4. Contributions to the ' — nyy diphoton energy spec-
trum (solid black), using the model-based VMD couplings, from
intermediate vector (dashed red) and scalar (dotted blue) meson
exchanges, and their interference (dot-dashed green).

manifests at the m%, = 0.078 GeV peak and is associated to
the 7z~ threshold. This peak is absent should the Breit-
Wigner propagator for the ¢ exchange have been used.
Our inability to describe the total decay widths for the
three #") — 7%y and # — nyy decay processes simulta-
neously within the same theoretical framework and values
for the VMD couplings is somewhat bothersome. The
offset that appears to be affecting the diphoton energy
spectrum of the first process, n — 7'yy [cf. Fig. 1(a)], and
consequently its integrated decay width might be linked to
a normalization problem associated to the parameter g in
Egs. (11) and (24). One could argue, though, that this
parameter is fixed by the V Py experimental data, which is
measured nowadays to a high degree of accuracy and leads
to satisfactory predictions for the other two processes, i.e.,
7 — 7%y and 5’ = nyy, and, therefore, should not be
changed. Despite this, an attempt has been made to assess
the preferred value for the parameter g by the experimental
data available from Ref. [23] (A2), Ref. [19] (Crystal Ball),
and Ref. [10] (BESIII) for the two ") — z%y processes
by performing a combined fit where ¢ is left as a free
parameter. The resulting ¢ turns out to be roughly con-
sistent with the one provided in Eq. (24) and used in all our
calculations, which is explained by the fact that the data
from BESIII contain significantly smaller uncertainties and,
therefore, its statistical weight in the fit is greater. Hence,
we are led to consider whether this puzzle might be
somehow highlighting the need for a more sophisticated
theoretical treatment; however, given the complexity asso-
ciated to performing these experimental measurements and
the recent history of the  — 7%y empirical data,' one
cannot rule out the possibility that this decreasing trend

"For instance, in 1984 Alde et al. found BR = 7.2(1.4) x
10~* [17], while more recent measurements appear to indicate
BR =2.52(23) x 107 [23] and BR = 2.21(24)(47) x 107* [19].

seen over time in the measured values of the BR might
persist should new and more precise measurements were
available and eventually converge with our theoretical
prediction, especially in light of our successful description
of the data from BESIII for the other two sister processes.

VI. CONCLUSIONS

In this work, we have presented a thorough theoretical
analysis of the doubly radiative decays 5"} — z%y and
n — nyy, and provided theoretical results for their associ-
ated decay widths and diphoton energy spectra in terms of
intermediate scalar and vector meson exchange contribu-
tions using the LeM and VMD frameworks, respectively.

A complete set of theoretical expressions for the tran-
sition amplitudes from chiral perturbation theory, vector
meson dominance, and the linear sigma model have
been given for the three decay processes. Some of these
expressions constitute, to the best of our knowledge, the
first predictions of this kind. In addition, we have provided
quantitative results by making use of numerical input from
the PDG [14]. In particular, for the estimation of the VMD
coupling constants, gyp,, two different paths have been
followed whereby they have been either extracted directly
from the experimental V(P) — P(V)y decay widths or
from a phenomenological quark-based model and a fit to
experimental data. A summary of the predicted decay
widths, theoretical branching ratios, and contributions to
the total signals for the three doubly radiative decays
n — 7%y and # = 7°%(n)yy is shown in Table II, and a
discussion of the results obtained and how they compare to
available experimental data has been carried out. As well as
this, the invariant mass spectra associated to these processes
are shown in Figs. 2—4, respectively, using the model-based
VMD couplings. It is worth highlighting that, while vector
meson exchanges vastly dominate over the scalar contri-
butions for the ) — 7%y decays, we find that, for the
i’ — nyy, the scalar meson effects turn out to be substantial,
specially that of the ¢ meson, and this represents an
opportunity for learning details about this still poorly
understood scalar state. In particular, we look forward to
the release of the energy spectrum data for the ' — nyy
process by the BESIII Collaboration to assess the robust-
ness of our theoretical approach.

Interestingly, our predictions for the # — z°yy are found
to be approximately a factor of 2 smaller than the experi-
mental measurements, whereas our theoretical predictions
for the i/ — 7%y and /' — nyy are in good agreement with
recent measurements performed by BESIIL. It appears that
it is not possible to reconcile our predictions for the three
processes with their corresponding experimental counter-
parts simultaneously using the same underlying theoretical
framework and values for the coupling constants. This
puzzle might be pointing toward potential limitations of our
theoretical treatment or, perhaps, the need for more precise
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measurements for the 7 — 7%y decay, as our approach
seems to be capable of successfully predicting the exper-
imental data for the other two processes without the need
for manual adjustment of the numerical input.

As a final remark, we would very much like to encourage
experimental groups to measure these decays once again to
confirm whether our predictions are correct or a more
refined theoretical description is required.
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APPENDIX: COMPLETE ONE-LOOP
PROPAGATORS

The complete one-loop propagators for the o, f(, and a
scalar resonances are defined as follows:
D(s) = s — m% + Rell(s) — Rell(m%) + ilmI1(s), (Al)
where myp, is the renormalized mass of the scalar meson and
II(s) is the one-particle irreducible two-point function.
Rell(m%) is introduced to regularize the divergent behavior
of T1(s). The propagator so defined is well behaved when a
threshold is approached from below, thus improving the
usual Breit-Wigner prescription, which is not particularly
suited for spinless resonances (see Ref. [38] for details).

The real and imaginary parts of I1(s) for ¢ in the first

and innovation programme under Grant No. 824093.  Riemann sheet'' can be written as (R(s) = Rell(s),
S.G.-S. received financial support from the CAS  I(s) = ImlIl(s)),
|
1 _ 1\-
R(s) = lgg”” {2 B, log <1 f:g:) 0, — 23, arctan <ﬁ_,,) Hﬂ}
_ 1 - 1\

+ gi’“g 2 — fxlog *fx Ox — 2Pk arctan | =— ) Ok |, (A2)

167 1 - pg X

glz)'ﬂﬂ' g(27

I(S) = ﬁﬂgﬂ - KKﬂKeKv (A3)
where §; = \/1 —4m? /s fori = (n,K), p; = \/4m?/s — 1,0, = O(s — 4m?), and 0; = 0(4m? — 5). The couplings of & to

2
—i(m”f” "COS(pS) and g2, -
l[mi

3 g 2 (cos pg — V/2sin @s)])?. The renormalized mass of the ¢ meson for the calculations is fixed to m, = 498 MeV."
For the f, exchange, the real and imaginary parts of the two-point function in the first Riemann sheet are

2
o 1 i - 1\ -
R(s) = —i]’g’ 5 {2 - b, log<] tg )9,, — 2f3, arctan Q}) 9,,}
9 . 1) -
TP P log L+ P Ox — 2p arctan | — |0 |,
1672 1 —pg ©

""We follow the convention from Ref. [39] for the definition of the first Riemann sheet of the complex square root and complex
logarithm functions.

"In our analysis, we work in the isospin limit and, therefore, the mass difference between K° and K is not taken into account for the
KK threshold.

This value is obtained by solving the corresponding pole equation D(sp) = 0, with sp = m% —
and ensuring that the pole mass and width are in accordance with the experimental data.

. . .12
pions and kaons are written in the isospin limit'*; thus, ¢2,, =2 ¢*

396t = 2 2go'K+K’

(A4)

impIp, in the second Riemann sheet
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2
I(S) = _gfoﬂ”ﬂﬂen -

16

9 ki
167

PxOk- (A5)

where f3;, ;, 0;, and 6; are defined as before. Once again, the couplings of f, to pions and kaons are written in the isospin

limit; accordingly, g7, ., = %gj%oﬂ e =3

1

"0 gin )? and ¢% .. = 2¢> ——[mi_mio (sin @g 4 V2 cos pg)]?. The
5 S 9s Irokk = “Ifok k- =20 f s Ps)I"

renormalized mass of the f, meson for the calculations is fixed to m;, = 990 MeV. Finally, the real and imaginary parts of

II(s) for ay in the first Riemann sheet are

1672

2 —
R(s) = Sk [2 ~ iy logC "

> 2 2
+ Jaymy [2 _ My = M log<
s

> Ox — 2fx arctan %) 9K]
K

m + P
") = o (2 o

1672 Prn = P
Ao Ba\g L ar 2 1o (Pint P\ 2
- zﬂjzrnﬂ n arctan @_Jr] 9711’] + ﬁ;nﬂ n 10g ﬁ 971'17 ’ (A6)
7n m 7
2 2
9ok K Yaym _
I(S) - = 1067Z ﬂKGK - lg]:ﬁ;rnﬂnneﬂnﬂ (A7)

where S, = \/1 — (my £ m,)*/s, Bt = \/(m,, +m,)?/s =1, O =0[s— (m,+m,)?], Op =0[s—(m,—m,)*] x

0[(m, + m,)* — s, and 5,,,, = 0[(m, —m,)* — s]. The couplings of a, to kaons are also written in the isospin limit;

h 2 — 2 1 m?(—mﬁn
enee, 9, kk = “Yapk k- = 2 ( I

meson is fixed to m,, = 980 MeV.

)2 and ggon'n = ( 7.

2_ 2
my,;—mg,

cos @p)?. For calculations, the renormalized mass of the a,
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