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We present a formalism and detailed analytical results for soft-gluon resummation for 2 → n processes
in single-particle-inclusive (1PI) kinematics. This generalizes previous work on resummation for 2 → 2

processes in 1PI kinematics. We also present soft anomalous dimensions at one and two loops for certain
2 → 3 processes involving top quarks and Higgs or Z bosons, and we provide some brief numerical results.
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I. INTRODUCTION

In theoretical calculations of hard-scattering cross sec-
tions of relevance to hadron colliders, the state of the art has
been moving steadily towards higher orders, more loops,
and resummations at higher logarithmic accuracy; it has
also been gradually expanded to processes with larger
numbers of final-state particles. In particular, soft-gluon
resummations have become a very useful tool in making
predictions for additional corrections beyond complete
fixed-order results. The soft-gluon corrections appear in
the perturbative series as logarithms of a threshold variable
that involves the energy in the soft emission.
Soft-gluon resummation follows from factorization

properties of the cross section [1–6] and it has been applied
to a large number of processes in hadron collisions. Most of
the applications for total cross sections and differential
distributions have been done for 2 → 2 processes in single-
particle-inclusive (1PI) as well as pair-invariant-mass
(PIM) kinematics, most notably for top-quark production
(see Ref. [7] for a review) but also many other processes.
The choice of threshold variable in the resummation
depends on the kinematics. For example, in PIM kinematics
for top-antitop pair production, the threshold variable
involves the invariant mass of the tt̄ pair.
Applications to 2 → 3 processes using extensions of the

PIM formalism, e.g., three-particle-invariant-mass kin-
ematics, have also been made [8–16]. These processes
include tt̄W production [8,11,15,16], tt̄H production
[9,10,12,14,16], and tt̄Z production [13,15,16]. In these
extensions of the PIM formalism, the threshold variable

involves the invariant mass of the three-particle final state,
e.g., tt̄H.
In this paper, we instead generalize resummation to

processes with n particles in the final state explicitly in 1PI
kinematics. In addition to providing an alternative way of
calculating total cross sections, this new formalism also
allows the calculation of 1PI differential distributions (for
example in transverse momentum or rapidity) that cannot
be calculated with the other kinematics. We also give more
details for 2 → 3 processes with top quarks and Higgs or Z
bosons in 1PI kinematics.
In many cases, and especially for top-quark production

(see Ref. [7] for a review of results in 1PI kinematics), these
soft-gluon corrections are large; in fact, they numerically
dominate the complete corrections and can be thought of as
very good approximations to complete results. In particular,
for top-antitop pair production, the soft-gluon corrections
provide excellent approximations at next-to-leading order
(NLO) and next-to-next-to-leading order (NNLO), and are
significant even at next-to-NNLO (N3LO) [17]. Another
important set of processes where soft-gluon terms provide
excellent approximations and large corrections involve
single-top production [18], top production in association
with a charged Higgs boson [19], and top production via
anomalous couplings in association with a Z boson [20], a
photon [21], or a Z0 boson [22].
We begin in Sec. II with the development of the

formalism, starting with elementary considerations and
kinematics for 2 → 2 processes, and then for 2 → 3
processes, before moving on to the generalization to
2 → n processes and the derivation of the resummed cross
section in the general case. We define a threshold variable
sth which measures the extra energy in soft radiation and
which vanishes at partonic threshold. Logarithms of this
threshold variable appear in the perturbative expansion as
plus distributions of the general form ½lnmðsth=sÞ=sth�þ,
with m ≤ 2n − 1 at nth order. The exponentiation of these
threshold logarithms is organized in the resummed cross
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section. We also provide results for the expansion of the
resummed cross section to fixed order, in particular NLO
and NNLO. In Sec. III, we provide some kinematical
details about the cross section calculation at the partonic
and hadronic levels. In Sec. IV we present results for the
soft anomalous dimensions through two loops for 2 → 3
processes involving a top quark and a Higgs or Z boson,
and a brief numerical application to t-channel tqH pro-
duction which shows the power and relevance of the
formalism. We conclude in Sec. V, and we include two
appendixes with details on kinematical integration variables
for 2 → n processes.

II. RESUMMATION FOR 2 → n PROCESSES

In this section we develop the formalism for resumma-
tion in 1PI kinematics with multiparticle final states. We
begin with some simple considerations and definitions for
2 → 2 processes in the next subsection, and extend them to
2 → 3 processes in Sec. II B and to 2 → n processes in
Sec. II C. The complete resummation formalism for 2 → n
processes is given in Sec. II D. Fixed-order expansions of
the resummed cross section are provided in Sec. II E.

A. Kinematics and threshold for 2 → 2 processes

We first consider processes that are 2 → 2 at lowest
order, pa þ pb → p1 þ p2 (e.g., qq̄ → tt̄). We define the
usual kinematical variables s¼ðpaþpbÞ2, t ¼ ðpa − p1Þ2,
and u ¼ ðpb − p1Þ2. We also define the threshold variable
sth¼sþtþu−p2

1−p2
2. Of course p2

1 ¼ m2
1 and p2

2 ¼ m2
2

where, depending on the process, the masses m1 and m2

can be zero or finite. As we approach partonic threshold,
sth → 0 and there is vanishing energy for any additional
radiation.
If we have an additional gluon with momentum pg being

emitted in the final state, then by using momentum con-
servation, pa þ pb ¼ p1 þ p2 þ pg, it is straightforward to
show that the above definition of sth is equivalent to
sth ¼ ðp2 þ pgÞ2 − p2

2. It is clear that sth goes to 0 as pg

goes to 0 (soft gluon). The physical meaning is also more
clear from this way of writing sth: it is the invariant mass
squaredof the “particle 2+gluon” systemminus the invariant
mass squared of particle 2, i.e., it describes the extra energy in
the soft emission. Note that particle 1 is the observed particle
in this single-particle-inclusive kinematics.
If the incoming partons a and b come from hadrons A

and B, then we also define the hadron-level variables
S ¼ ðpA þ pBÞ2, T ¼ ðpA − p1Þ2, U ¼ ðpB − p1Þ2, and
Sth ¼ Sþ T þ U − p2

1 − p2
2. Assuming that pa ¼ xapA

and pb ¼ xbpB, where xa and xb denote the fraction of
the momentum carried by partons a and b in hadrons A and
B, respectively, then we have the relations s ¼ xaxbS,
t ¼ xaT þ ð1 − xaÞp2

1, and u ¼ xbU þ ð1 − xbÞp2
1.

Then, using the above relations and after some algebra,
we find that

Sth
S

¼ sth
s
− ð1 − xaÞ

ðu − p2
2Þ

s
− ð1 − xbÞ

ðt − p2
2Þ

s

þ ð1 − xaÞð1 − xbÞ
ðp2

1 − p2
2Þ

s
: ð2:1Þ

The last term, involving ð1 − xaÞð1 − xbÞ, is higher order
and can be ignored near threshold, as xa → 1 and xb → 1.

B. Kinematics and threshold for 2 → 3 processes

We next consider processes that are 2 → 3 at lowest
order, pa þ pb → p1 þ p2 þ p3 (e.g., bq → tq0H). We
define the parton-level variables s, t, u, and the hadron-
level variables S, T, U, as before. If we have an additional
gluon with momentum pg in the final state, then momen-
tum conservation is pa þ pb ¼ p1 þ p2 þ p3 þ pg.
We can define the threshold variable as sth ¼

ðp2 þ p3 þ pgÞ2 − ðp2 þ p3Þ2. This clearly gives the same
physical meaning as extra energy from gluon emission and
clearly vanishes as pg → 0. One can also show after some
work that this is equivalent to sth ¼ sþ tþ u − p2

1 −
ðp2 þ p3Þ2.
We also define Sth ¼ Sþ T þ U − p2

1 − ðp2 þ p3Þ2,
and find, after some algebra, the relation

Sth
S

¼ sth
s
− ð1 − xaÞ

ðu − ðp2 þ p3Þ2Þ
s

− ð1 − xbÞ
ðt − ðp2 þ p3Þ2Þ

s

þ ð1 − xaÞð1 − xbÞ
ðp2

1 − ðp2 þ p3Þ2Þ
s

: ð2:2Þ

The last term, involving ð1 − xaÞð1 − xbÞ, can be ignored in
the threshold limit, as xa → 1 and xb → 1. We see that
our results here are a natural extension of the relations for
2 → 2 kinematics.

C. Kinematics and threshold for 2 → n processes

These relations can be extended to an arbitrary number
of particles: we consider processes that are 2 → n at lowest
order, pa þ pb → p1 þ p2 þ � � � þ pn. Again, we define
the parton-level variables s, t, u, and the hadron-level
variables S, T, U, as before. With an additional gluon with
momentum pg in the final state, momentum conservation
is pa þ pb ¼ p1 þ p2 þ � � � þ pn þ pg.
Then the threshold variable is sth ¼ ðp2 þ � � � þ pn þ

pgÞ2 − ðp2 þ � � � þ pnÞ2 with the same physical meaning as
before, and vanishing as pg → 0. Using the abbreviation
p2���n ¼ p2 þ � � � þ pn, we can rewrite the threshold variable
as sth ¼ ðp2���n þ pgÞ2 − p2

2���n. We can also show that this
variable can also bewritten as sth ¼ sþ tþ u − p2

1 − p2
2���n.

We also define Sth ¼ Sþ T þ U − p2
1 − p2

2���n, and find
that
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Sth
S

¼ sth
s
− ð1 − xaÞ

ðu − p2
2���nÞ

s
− ð1 − xbÞ

ðt − p2
2���nÞ

s

þ ð1 − xaÞð1 − xbÞ
ðp2

1 − p2
2���nÞ

s
: ð2:3Þ

Again, the last term, involving ð1 − xaÞð1 − xbÞ, can be
ignored as xa → 1 and xb → 1.
Finally, we note that one can appropriately redefine the

above relations if, instead of particle 1, the observed
particle is n or any of the other particles.

D. Resummation

The factorized form of the differential cross section in
proton-proton collisions in 1PI kinematics is

E1

dσAB→1���n

d3p1

¼
X
a;b

Z
dxadxbϕa=AðxaÞϕb=BðxbÞE1

dσ̂ab→1���nðsthÞ
d3p1

;

ð2:4Þ

where E1 is the energy of the observed particle 1, ϕa=A
(ϕb=B) are parton distribution functions (pdf) for parton
a (b) in proton A (B), and σ̂ab→1���n is the hard-scattering
partonic cross section. For simplicity we do not explicitly
show in the above equation the dependence on μF and μR,
the factorization and renormalization scales.
The resummation of soft-gluon corrections follows

from the factorization of the cross section in integral
transform space [1,4]. We define Laplace transforms
(indicated by a tilde) of the partonic cross section as
˜̂σðNÞ ¼ R

s
0 ðdsth=sÞe−Nsth=sσ̂ðsthÞ, where N is the transform

variable, and note that logarithms of sth transform into
logarithms of N, with the latter exponentiating. We also
define transforms of the pdf as ϕ̃ðNÞ ¼ R

1
0 e−Nð1−xÞϕðxÞdx.

These definitions are motivated by the structure of
Eq. (2.3).
We also consider the parton-parton cross section

E1dσab→1���n=d3p1, of the same form as Eq. (2.4) but with
the incoming hadrons replaced by partons [1–5]

E1

dσab→1���nðSthÞ
d3p1

¼
Z

dxadxbϕa=aðxaÞϕb=bðxbÞ

× E1

dσ̂ab→1���nðsthÞ
d3p1

; ð2:5Þ

and define its transform (again indicated by a tilde) as

E1

dσ̃ab→1���nðNÞ
d3p1

¼
Z

S

0

dSth
S

e−NSth=SE1

dσab→1���nðSthÞ
d3p1

:

ð2:6Þ
Taking a transform of Eq. (2.5), as defined in Eq. (2.6)
above, and using Eq. (2.3) (ignoring the higher-order
terms), we have

E1

dσ̃ab→1���nðNÞ
d3p1

¼
Z

1

0

dxae−Nað1−xaÞϕa=aðxaÞ

×
Z

1

0

dxbe−Nbð1−xbÞϕb=bðxbÞ

×
Z

s

0

dsth
s

e−Nsth=sE1

dσ̂ab→1���nðsthÞ
d3p1

¼ ϕ̃a=aðNaÞϕ̃b=bðNbÞE1

d ˜̂σab→1���nðNÞ
d3p1

;

ð2:7Þ

where Na ¼ Nðp2
2���n − uÞ=s and Nb ¼ Nðp2

2���n − tÞ=s.
Next, we proceed with a refactorization of the cross

section in terms of a new set of functions [1–5]. We first
rewrite Eq. (2.3) as

Sth
S

¼−ð1−xaÞ
ðu−p2

2���nÞ
s

− ð1−xbÞ
ðt−p2

2���nÞ
s

þ sth
s

¼−wa
ðu−p2

2���nÞ
s

−wb
ðt−p2

2���nÞ
s

þwSþ
Xn
i¼1

wi ð2:8Þ

where the w’s denote dimensionless weights. Note that
wa ≠ 1 − xa and wb ≠ 1 − xb since they refer to different
functions.
Then, a refactorized form of this cross section [1,4,5] is

E1

dσab→1���n

d3p1

¼
Z

dwadwb

�Yn
i¼1

dwi

�
dwSψa=aðwaÞψb=bðwbÞ

�Yn
i¼1

JiðwiÞ
�
tr

�
Hab→1���nðαsðμRÞÞSab→1���n

�
wS

ffiffiffi
s

p
μF

��

× δ

�
Sth
S

þ wa
ðu − p2

2���nÞ
s

þ wb
ðt − p2

2���nÞ
s

− wS −
Xn
i¼1

wi

�
: ð2:9Þ

The infrared-safe hard functionHab→1���n describes contributions from the amplitude and from the complex conjugate of the
amplitude. The soft function Sab→1���n describes the emission of noncollinear soft gluons in the 2 → n process. Both the hard
and the soft functions are process-dependent matrices in color space in the partonic scattering, and the trace of their product
is explicit in the above result. The functions ψ are distributions for incoming partons at fixed value of momentum, that
describe the dynamics of collinear emission from those partons, and differ from the pdf ϕ [1–4,23]. The Ji denote functions
that describe collinear emission from final-state colored particles.
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Taking a transform of Eq. (2.9), of the form defined in Eq. (2.6), and using Eq. (2.8), we then have

E1

dσ̃ab→1���nðNÞ
d3p1

¼
Z

1

0

dwae−Nawaψa=aðwaÞ
Z

1

0

dwbe−Nbwbψb=bðwbÞ

×

�Yn
i¼1

Z
1

0

dwie−NwiJiðwiÞ
�
tr

�
Hab→1���nðαsðμRÞÞ

Z
1

0

dwse−NwsSab→1���n
�
ws

ffiffiffi
s

p
μF

��

¼ ψ̃a=aðNaÞψ̃b=bðNbÞ
�Yn

i¼1

J̃iðNÞ
�
tr

�
Hab→1���nðαsðμRÞÞS̃ab→1���n

� ffiffiffi
s

p
NμF

��
: ð2:10Þ

We note that in this refactorized form all theN dependence is
absorbed in the functions S̃, ψ̃ , and J̃, while the hard function
H is independent of N; this is in contrast to the original
factorized form where both the partonic cross section ˜̂σ and
the parton densities ϕ̃ are N dependent [1–4,23].
Comparing Eqs. (2.7) and (2.10), we get the following

expression for the transform-space hard-scattering partonic
cross section:

E1

d ˜̂σab→1���nðNÞ
d3p1

¼ ψ̃aðNaÞψ̃bðNbÞð
Q

n
i¼1 J̃iðNÞÞ

ϕ̃a=aðNaÞϕ̃b=bðNbÞ

× tr
�
Hab→1���nðαsðμRÞÞS̃ab→1���n

� ffiffiffi
s

p
NμF

��
: ð2:11Þ

TheN dependence of the softmatrix S̃ab→1���n is resummed
via renormalization group evolution [1]. We have

S̃ab→1���n
b ¼ ðZab→1���n

S Þ†S̃ab→1���nZab→1���n
S ð2:12Þ

where S̃ab→1���n
b is the unrenormalized quantity and Zab→1���n

S

is a matrix of renormalization constants. Thus, S̃ab→1���n

obeys the renormalization group equation

�
μR

∂
∂μR þ βðgsÞ

∂
∂gs

�
S̃ab→1���n

¼ −ðΓab→1���n
S Þ†S̃ab→1���n − S̃ab→1���nΓab→1���n

S ð2:13Þ

where g2s ¼ 4παs and β is the QCD beta function,

βðαsÞ ¼
d lnαs
d ln μ2R

¼ −
X∞
n¼0

βn

�
αs
4π

�
nþ1

: ð2:14Þ

The lowest-order term in the above series for the beta
function [24,25] is given by β0 ¼ ð11CA − 2nfÞ=3 where
CA ¼ Nc, withNc the number of colors, andnf is the number
of light quark flavors. The evolution of the soft function is
controlled by the soft anomalous dimensionmatrix,Γab→1���n

S ,
which is calculated from the coefficients of the ultraviolet
poles of eikonal diagrams [1,3,18,26,27].
The transform-space resummed cross section is

derived from the renormalization-group evolution of the
soft function and the other N-dependent functions in
Eq. (2.11), and it is given by [1,4,7]

E1

d ˜̂σab→1���n
resum ðNÞ
d3p1

¼ exp

�X
i¼a;b

EiðNiÞ
�
exp

�X
i¼a;b

2

Z ffiffi
s

p

μF

dμ
μ
γi=iðNiÞ

�
exp

� X
i¼f:s:q;g

E0
iðNÞ

�

× tr

�
Hab→1���nðαsð

ffiffiffi
s

p ÞÞP̄ exp

�Z ffiffi
s

p
=N

ffiffi
s

p
dμ
μ
Γ†ab→1���n
S ðαsðμÞÞ

�

×S̃ab→1���n
�
αs

� ffiffiffi
s

p
N

��
P exp

�Z ffiffi
s

p
=N

ffiffi
s

p
dμ
μ
Γab→1���n
S ðαsðμÞÞ

��
ð2:15Þ

where the symbols P (P̄) refer to path-ordering in the same (reverse) sense as the integration variable μ.
The first exponential resums universal soft and collinear contributions from the incoming partons [23,28],

EiðNiÞ ¼
Z

1

0

dz
zNi−1 − 1

1 − z

�Z ð1−zÞ2

1

dλ
λ
AiðαsðλsÞÞ þDi½αsðð1 − zÞ2sÞ�

�
; ð2:16Þ
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with Ai ¼
P∞

k¼1ðαs=πÞkAðkÞ
i , where Að1Þ

i ¼ Ci with Ci ¼
CF ¼ ðN2

c − 1Þ=ð2NcÞ for a quark or antiquark and

Ci ¼ CA for a gluon, while Að2Þ
i ¼ CiK=2 with K¼

CAð67=18−π2=6Þ−5nf=9. Also Di ¼
P∞

k¼1ðαs=πÞkDðkÞ
i ,

with Dð1Þ
i ¼ 0 in Feynman gauge (Dð1Þ

i ¼ −Að1Þ
i in axial

gauge). The second exponential gives the scale evolution
in terms of the parton anomalous dimensions γi=i ¼
−Ai lnNi þ γi where γi ¼

P∞
k¼1ðαs=πÞkγðkÞi , with γð1Þq ¼

3CF=4 for quarks and γð1Þg ¼ β0=4 for gluons.
The exponential involving E0

i describes radiation from
any final-state (f.s.) massless quarks and gluons [3,4]. The
exponential is of course absent for colorless particles, and it
is also absent for massive particles since the mass protects
against mass divergences. For final-state massless quarks or
gluons we have

E0
iðNÞ¼

Z
1

0

dz
zN−1−1

1−z

�Z
1−z

ð1−zÞ2
dλ
λ
AiðαsðλsÞÞ

þBi½αsðð1− zÞsÞ�þDi½αsðð1− zÞ2sÞ�
�
; ð2:17Þ

where Bi ¼
P∞

k¼1ðαs=πÞkBðkÞ
i , with Bð1Þ

q ¼ −3CF=4 for

quarks and Bð1Þ
g ¼ −β0=4 for gluons.

We note that for jet production the final-state exponential
can have different forms depending on definitions or
constraints for the jets [3]. In this paper we do not study
jet or hadron production but focus on single-particle-
inclusive cross sections, with the form of the exponent
for the final-state particles as given in Eq. (2.17) above.
The process-dependent hard and soft functions (matri-

ces) have the perturbative expansions Hab→1���n ¼P∞
k¼0ðαdþk

s =πkÞHðkÞ, where the power d depends on
the partonic process, and S̃ab→1���n ¼ P∞

k¼0ðαs=πÞkS̃ðkÞ.
Finally the soft anomalous dimension has the expansion

Γab→1���n
S ¼ P∞

k¼1ðαs=πÞkΓðkÞ
S .

The moment-space resummed cross section in Eq. (2.15)
resums logarithms of the moment variable N. The logarith-
mic accuracy of the resummed cross section in Eq. (2.15) is
not a priori limited, but it depends on howmany higher-order
terms are included in the exponentials and in the process-
dependent hard and soft functions and soft anomalous
dimensions. When the (next-to-)leading powers of loga-
rithms of N are resummed, then we have (next-to-)leading-
logarithm accuracy, etc. For next-to-leading-logarithm
(NLL) resummation, we need one-loop results for the
process-dependent functions; for next-to-NLL (NNLL)
resummation, we need two-loop results, etc. When we invert
the resummed cross section back tomomentum spacewe get
powers of logarithms of sth in the form of plus distributions,
with the exact form given in the next subsection.

E. Fixed-order expansions

We can expand the formula for the resummed cross
section, Eq. (2.15), to any fixed order and invert it back to
momentum space. Below we provide explicit results for the
soft-gluon corrections at NLO and NNLO.
The NLO soft-gluon corrections are

E1

dσ̂ð1Þ

d3p1

¼ FLO
αsðμRÞ

π
fc3D1ðsthÞ þ c2D0ðsthÞ þ c1δðsthÞg

þ αdþ1
s ðμRÞ

π
½AcD0ðsthÞ þ Tc

1δðsthÞ�; ð2:18Þ

where the plus distributions of logarithms of the threshold
variable are denoted by

DkðsthÞ ¼
�
lnkðsth=sÞ

sth

�
þ
: ð2:19Þ

Here FLO ¼ αds trfHð0ÞSð0Þg denotes the leading-order (LO)
coefficient,

c3 ¼ 2ðAð1Þ
a þ Að1Þ

b Þ −
X

i¼f:s: q;g

Að1Þ
i ; ð2:20Þ

where the sum in the last term is over final-state massless
quarks and gluons, and c2 is given by c2 ¼ cμ2 þ T2, with

cμ2 ¼ −ðAð1Þ
a þ Að1Þ

b Þ ln
�
μ2F
s

�
ð2:21Þ

denoting the terms involving logarithms of the scale, and

T2 ¼ −2Að1Þ
a ln

�
−uþ p2

2���n
s

�
− 2Að1Þ

b ln

�
−tþ p2

2���n
s

�

þDð1Þ
a þDð1Þ

b þ
X

i¼f:s:q;g

ðBð1Þ
i þDð1Þ

i Þ ð2:22Þ

denoting the scale-independent terms. Also,

Ac ¼ trðHð0ÞΓð1Þ†
S Sð0Þ þHð0ÞSð0ÞΓð1Þ

S Þ: ð2:23Þ

With regard to the δðs4Þ terms, we split them into a term
c1, that is proportional to the Born cross section, and a term
Tc
1 that is not. We write c1 ¼ cμ1 þ T1, with

cμ1 ¼
�
Að1Þ
a ln

�
−uþ p2

2���n
s

�
þ Að1Þ

b ln

�
−tþ p2

2���n
s

�

− γð1Þa − γð1Þb

�
ln

�
μ2F
s

�
þ d

β0
4
ln

�
μ2R
s

�
ð2:24Þ

denoting the terms involving logarithms of the scale.
We note that T1 and Tc

1 cannot be calculated from the
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resummation formalism but they can be determined from a
comparison to a complete NLO calculation.
We also note that these results differ from past expres-

sions for 2 → 2 processes (see e.g., the review in Ref. [7] or
the earlier review, using different notation, in Ref. [29]) by
having a generalized argument of the logarithms involving

u and t in Eqs. (2.22) and (2.24), and by having an
expanded sum over final-state particles in Eqs. (2.20) and
(2.22). Of course, the 2 → n expressions reduce to the
2 → 2 expressions when n ¼ 2.
The NNLO soft-gluon corrections are

E1

dσ̂ð2Þ

d3p1

¼ FLO
α2sðμRÞ
π2

�
1

2
c23D3ðsthÞ þ

�
3

2
c3c2 −

β0
4
c3 þ

β0
8

X
i¼f:s:q;g

Að1Þ
i

�
D2ðsthÞ

þ
�
c3c1 þ c22 − ζ2c23 −

β0
2
T2 þ

β0
4
c3 ln

�
μ2R
s

�
þ 2ðAð2Þ

a þ Að2Þ
b Þ þ

X
i¼f:s:q;g

�
−Að2Þ

i þ β0
4
Bð1Þ
i

��
D1ðsthÞ

þ
�
c2c1 − ζ2c3c2 þ ζ3c23 þ

β0
4
c2 ln

�
μ2R
s

�
−
β0
2
Að1Þ
a ln2

�
−uþ p2

2���n
s

�
−
β0
2
Að1Þ
b ln2

�
−tþ p2

2���n
s

�

þ
�
−2Að2Þ

a þ β0
2
Dð1Þ

a

�
ln

�
−uþ p2

2���n
s

�
þ
�
−2Að2Þ

b þ β0
2
Dð1Þ

b

�
ln

�
−tþ p2

2���n
s

�

þDð2Þ
a þDð2Þ

b þ β0
8
ðAð1Þ

a þ Að1Þ
b Þln2

�
μ2F
s

�
− ðAð2Þ

a þ Að2Þ
b Þ ln

�
μ2F
s

�
þ

X
i¼f:s: q;g

ðBð2Þ
i þDð2Þ

i Þ
�
D0ðsthÞ

�

þ αdþ2
s ðμRÞ
π2

�
3

2
c3AcD2ðsthÞ þ

��
2c2 −

β0
2

�
Ac þ c3Tc

1 þ Fc

�
D1ðsthÞ

þ
��

c1 − ζ2c3 þ
β0
4
ln

�
μ2R
s

��
Ac þ c2Tc

1 þ Gc

�
D0ðsthÞ

�
; ð2:25Þ

where

Fc ¼ tr½Hð0ÞðΓð1Þ†
S Þ2Sð0Þ þHð0ÞSð0ÞðΓð1Þ

S Þ2 þ 2Hð0ÞΓð1Þ†
S Sð0ÞΓð1Þ

S � ð2:26Þ

and

Gc ¼ tr½Hð1ÞΓð1Þ†
S Sð0Þ þHð1ÞSð0ÞΓð1Þ

S þHð0ÞΓð1Þ†
S Sð1Þ þHð0ÞSð1ÞΓð1Þ

S þHð0ÞΓð2Þ†
S Sð0Þ þHð0ÞSð0ÞΓð2Þ

S �: ð2:27Þ

Again, these results generalize expressions for 2 → 2
processes (see e.g., [7]) and reduce to them when n ¼ 2.
We note that at NNLL (or higher) resummation accuracy
for a given process, all soft-gluon terms in the expansion
through NNLO can be fully calculated.

III. CROSS SECTION AND KINEMATICS

In this section we provide some formulas that are needed
for the calculation of cross sections with multiparticle final
states.
It has been shown by Byckling and Kajantie [30,31] that

one can write the expression for the phase space integration
of a 2 → n scattering process while integrating over only
invariant variables. The details are given in Appendix A.
One can alternatively [31] do the phase space integration by
breaking the process down into successive 1 → 2 decays
and integrating over the relevant solid angle in each rest

frame explicitly, as shown in Appendix B. Either way
one obtains an expression for the differential partonic
cross section d2σ̂ab→1���n=ðdtn−1dun−1Þ where tn−1 ¼ ðpa −
p1 − � � � − pn−1Þ2 and un−1 ¼ ðpb − p1 − � � � − pn−1Þ2.
The LO hadronic cross section is obtained by convolut-

ing the differential partonic cross section with the appro-
priate parton distribution functions:

S2
d2σpp→1���n

dTn−1dUn−1
¼
Z

1

x−a

dxa
xa

Z
1

x−b

dxb
xb

ϕðxaÞϕðxbÞs2
d2σ̂ab→1���n

dtn−1dun−1
;

ð3:1Þ

where S, Tn−1, and Un−1 are the hadronic analogs of the
partonic invariants. We extend 2 → 3 particle kinematic
definitions [32] to 2 → n particle kinematics, giving the
conditions
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tn−1¼ xbðTn−1−m2
nÞþm2

n; un−1¼ xaðUn−1−m2
nÞþm2

n;

s¼ xaxbS; sþ tn−1þun−1−m2
n ≥

Xn−1
i¼1

m2
i ;

0≤ xa;xb ≤ 1; ð3:2Þ

which yield the integration bounds for xa and xb:

x−a ¼ −Tn−1 þ
P

n−1
i¼1 m

2
i

SþUn−1 −m2
n

;

x−b ¼ −m2
n − xaðUn−1 −m2

nÞ þ
P

n−1
i¼1 m

2
i

xaSþ Tn−1 −m2
n

: ð3:3Þ

For an arbitrary 2 → n process, there are 1
2
ðn − 2Þðn − 3Þ

relations between all possible kinematic invariants that are
not fixed by momentum conservation. These must instead
be fixed by the condition that any five or more vectors are
always linearly dependent in four-dimensional space and
their symmetric Gram determinant vanishes:

Δlþ1ðp1; p2;…; pl;−pbÞ ¼ 0; 4 ≤ l ≤ n: ð3:4Þ

The Gram determinant condition Δlþ1 ¼ 0 can be equiv-
alently written as a Cayley determinant condition [30] as

Δlþ1ðp1; p2;…; pl;−pbÞ ¼

																			

0 1 1 1 � � � 1 1

1 0 p2
1 p2

12 � � � p2
12…l 0

1 p2
1 0 p2

2 � � � p2
23…l t1

1 p2
12 p2

2 0 � � � p2
34…l t2

..

. ..
. ..

. ..
. ..

. ..
.

1 p2
12…l p2

23…l p2
34…l � � � 0 tl

1 0 t1 t2 � � � tl 0

																			

¼ 0: ð3:5Þ

IV. SOFT-GLUON CORRECTIONS FOR 2 → 3
PROCESSES WITH A TOP QUARK AND A HIGGS

OR Z BOSON

In this section we consider several processes involving a
three-particle final state with a top quark and a Higgs
boson, or a top quark and a Z boson. We present the soft
anomalous dimension matrices for these processes at one
and two loops. We also give some brief numerical results

for t-channel tqH production to illustrate the use of the
formalism.
We beginwith the s-channel processes qðpaÞ þ q̄0ðpbÞ →

tðp1Þ þ b̄ðp2Þ þHðp3Þ and qðpaÞ þ q̄0ðpbÞ → tðp1Þ þ
b̄ðp2Þ þ Zðp3Þ. We define s, t, and u as in Sec. II,
and further define s0 ¼ ðp1 þ p2Þ2, t0 ¼ ðpb − p2Þ2, and
u0 ¼ ðpa − p2Þ2. We choose the color basis c1 ¼ δabδ12 and
c2 ¼ Tc

baT
c
12. Then, at one loop, the four elements of the

s-channel soft anomalous dimension matrix are given by

Γsð1Þ
S11 ¼ CF

�
ln

�
s0 −m2

t

mt
ffiffiffi
s

p
�
−
1

2

�
;

Γsð1Þ
S12 ¼ CF

2Nc
ln

�
t0ðt −m2

t Þ
u0ðu −m2

t Þ
�
;

Γsð1Þ
S21 ¼ ln

�
t0ðt −m2

t Þ
u0ðu −m2

t Þ
�
;

Γsð1Þ
S22 ¼ CF

�
ln

�
s0 −m2

t

mt
ffiffiffi
s

p
�
−
1

2

�
−

1

Nc
ln

�
t0ðt −m2

t Þ
u0ðu −m2

t Þ
�
þ Nc

2
ln

�
t0ðt −m2

t Þ
sðs0 −m2

t Þ
�
; ð4:1Þ

where mt is the top-quark mass.
We continue with the t-channel processes bðpaÞ þ

qðpbÞ → tðp1Þ þ q0ðp2Þ þHðp3Þ and bðpaÞþqðpbÞ→
tðp1Þþq0ðp2ÞþZðp3Þ. We define the kinematical variables

as before and choose the color basis c1 ¼ δa1δb2 and
c2 ¼ Tc

1aT
c
2b. The four elements of the t-channel soft

anomalous dimension matrix at one loop for these proc-
esses are given by
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Γtð1Þ
S11 ¼ CF

�
ln

�
t0ðt −m2

t Þ
mts3=2

�
−
1

2

�
;

Γtð1Þ
S12 ¼

CF

2Nc
ln

�
u0ðu −m2

t Þ
sðs0 −m2

t Þ
�
;

Γtð1Þ
S21 ¼ ln

�
u0ðu −m2

t Þ
sðs0 −m2

t Þ
�
;

Γtð1Þ
S22 ¼ CF

�
ln
�
t0ðt −m2

t Þ
mts3=2

�
−
1

2

�
−

1

Nc
ln
�
u0ðu −m2

t Þ
sðs0 −m2

t Þ
�

þ Nc

2
ln

�
u0ðu −m2

t Þ
t0ðt −m2

t Þ
�
: ð4:2Þ

At two loops, the soft anomalous dimension matrices for
each of these t-channel or s-channel processes can be
written compactly in terms of the corresponding one-loop
results. We have

Γð2Þ
S11 ¼

K
2
Γð1Þ
S11 þ

1

4
CFCAð1 − ζ3Þ;

Γð2Þ
S12 ¼

K
2
Γð1Þ
S12;

Γð2Þ
S21 ¼

K
2
Γð1Þ
S21;

Γð2Þ
S22 ¼

K
2
Γð1Þ
S22 þ

1

4
CFCAð1 − ζ3Þ: ð4:3Þ

We also note that soft anomalous dimension matrices at
one loop for processes with three colored particles in the
final state have appeared in Refs. [33,34].
To illustrate the usefulness of our formalism, we now

briefly apply our methods to the cross section for the
t-channel process bðpaÞþqðpbÞ→ tðp1Þþq0ðp2ÞþHðp3Þ.
NLO calculations for this process have appeared in
Refs. [35,36]. We set mt¼173GeV and mH ¼ 125 GeV,
and we use MMHT2014 pdf [37] via LHAPDF6 [38]. The
calculations of the cross sections at each perturbative order
use the pdf provided at that order.
In our results below we compute higher-order soft-gluon

corrections from resummation at next-to-leading-logarithm
accuracy, and thus only the terms for the highest two
powers of the logarithms are fully determined in our NLO
and NNLO expansions. In our discussion, we denote the
sum of the LO cross section and the NLO soft-gluon
corrections as approximate NLO (aNLO); and we denote
the sum of the aNLO cross section and the NNLO soft-
gluon corrections as approximate NNLO (aNNLO).
For the t-channel tqH production process with scale

choice μF ¼ μR ¼ mt, we find aNLO enhancements of the
total topþ antitop LO cross section of 5.20% at 8 TeV,
14.9% at 13 TeV, and 16.2% at 14 TeV. At aNNLO, we find
enhancements over aNLO of 4.3% at 8 TeV, 4.4% at
13 TeV, and 4.5% at 14 TeV.

The exact NLO enhancements over LO from
MADGRAPH5_aMC@NLO [39] are 5.15% at 8 TeV, 12.5%
at 13 TeV, and 13.0% at 14 TeV, which are quite close to the
aNLO enhancements, showing that the soft-gluon correc-
tions are a significant and dominant portion of the full
corrections, and that our aNLO results approximate very
well the exact NLO results at LHC energies. Our results are
similarly quite close to those from Refs. [35,36] when we
use the corresponding pdf sets and parameters used in those
references.
A detailed phenomenological study of these processes,

including scale dependence, pdf uncertainties, energy
dependence, subleading terms, matching to exact NLO,
etc., is beyond the scope of this work. We plan to further
study these and other processes in future work.

V. CONCLUSIONS

We have presented a soft-gluon resummation formalism
for 2 → n processes in 1PI kinematics, and provided
analytical results for the resummed cross section and
fixed-orders expansions. We also considered in particular
2 → 3 processes, involving a three-particle final state with a
top quark and a Higgs boson, or a top quark and a Z boson,
and we provided explicit results for the soft anomalous
dimension matrices at one and two loops for those
processes, as well as some brief numerical results for
tqH production. We foresee a large number of other
applications to Standard Model and to beyond the
Standard Model processes.
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APPENDIX A: FRAME-INVARIANT
INTEGRATION VARIABLES

As shown by Byckling and Kajantie [30,31], one can
write the expression for the phase space integration of a
2 → n scattering process while integrating over only
invariant variables. For processes with massless initial
states, we have the phase space integral

RnðsÞ ¼
1

4s

Z
dp2

1…n−1dtn−1dφ

×
Z

dp2
1…n−2dtn−2dsn−1

Θð−Δ4ðn − 1ÞÞ
8½−Δ4ðn − 1Þ�1=2

× � � � ×
Z

dp2
12dt2ds3

Θð−Δ4ð3ÞÞ
8½−Δ4ð3Þ�1=2

×
Z

dt1ds2
Θð−Δ4ð2ÞÞ
8½−Δ4ð2Þ�1=2

ðA1Þ
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with s¼ðpaþpbÞ2 and p1���n¼ðp1þ���þpnÞ2. We define the generalized kinematic invariants ti¼ðpa−p1− ���−piÞ2,
ui ¼ ðpb − p1 − � � � − piÞ2, and si ¼ ðpi þ piþ1Þ2. Δ4ðiÞ is the four-dimensional Gram determinant which can be
written as

Δ4ðiÞ ¼
1

16

									

0 ti−1 − p2
1…i−1 ti − p2

1…i tiþ1 − p2
1…iþ1

ti−1 − p2
1…i−1 2ti−1 ti þ ti−1 −m2

i ti−1 þ tiþ1 − si
ti − p2

1…i ti þ ti−1 −m2
i 2ti ti þ tiþ1 −m2

iþ1

tiþ1 − p2
1…iþ1 ti−1 þ tiþ1 − si ti þ tiþ1 −m2

iþ1 2tiþ1

									
: ðA2Þ

The limits of integration are given by

p2þ
1…i ¼ ð ffiffiffi

s
p

−mn − � � � −miþ1Þ2;
p2−
1…i ¼ ðm1 þ � � � þmiÞ2;
t0�i−1 ¼ p2

1…i−1 þ ð2p2
1…iÞ−1½ð−p2

1…i þ tiÞðp2
1…i þ p2

1…i−1 −m2
i Þ � λ1=2ðp2

1…i; ti; 0Þλ1=2ðp2
1…i; p

2
1…i−1; m

2
i Þ�;

s�i ¼ p2
1…i−1 þ p2

1…iþ1 þ
2

λðp2
1…i; ti; 0Þ

½4VðiÞ � ½GðiÞGði − 1Þ�1=2�; ðA3Þ

where λðx; y; zÞ ¼ ðx − y − zÞ2 − 4yz, and GðiÞ and VðiÞ are given by

GðiÞ ¼ −
1

2

												

0 1 1 1 1

1 0 m2
iþ1 ti p2

1…i

1 m2
iþ1 0 tiþ1 p2

1…iþ1

1 ti tiþ1 0 0

1 p2
1…i p2

1…iþ1 0 0

												
ðA4Þ

and

VðiÞ ¼ −
1

8

								

2p2
1…i p2

1…i − ti p2
1…i þ p2

1…i−1 −m2
i

p2
1…i − ti 0 p2

1…i−1 − ti−1
p2
1…iþ1 þ p2

1…i −m2
iþ1 p2

1…iþ1 − tiþ1 0

								
ðA5Þ

The angle φ describes a rotation of the process around the beam axis and is trivial for our purposes. Integrating it out,
including the flux factor and the matrix element jMj, and using the identity p2

1…n−1 ¼ sþ tn−1 þ un−1 −m2
n, we obtain the

differential partonic cross section

s2
d2σ̂ab→1���n

dtn−1dun−1
¼ 1

8

1

ð2πÞ3n−5
Z

dp2
1…n−2dtn−2dsn−1

Θð−Δ4ðn − 1ÞÞ
8½−Δ4ðn − 1Þ�1=2

× � � � ×
Z

dp2
12dt2ds3

Θð−Δ4ð3ÞÞ
8½−Δ4ð3Þ�1=2

Z
dt1ds2

Θð−Δ4ð2ÞÞ
8½−Δ4ð2Þ�1=2

jMj2: ðA6Þ

APPENDIX B: FRAME-DEPENDENT INTEGRATION VARIABLES

One can alternatively [31] do the phase space integration of a 2 → n scattering process by breaking the process down into
successive 1 → 2 decays and integrating over the relevant solid angle in each rest frame explicitly:
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RnðsÞ ¼
Z

dp2
1…n−1dΩn

λ1=2ðs; p2
1…n−1; m

2
nÞ

8s

×
Z

dp2
1…n−2dΩn−1

λ1=2ðp2
1…n−1; p

2
1…n−2; m

2
n−1Þ

8p2
1…n−1

× � � � ×
Z

dp2
12dΩ3

λ1=2ðp2
123; p

2
12; m

2
3Þ

8p2
123

Z
dΩ2

λ1=2ðp2
12; m

2
1; m

2
2Þ

8p2
12

: ðB1Þ

For each of the 1 → 2 decays, one takes the center-of-mass (CM) frame of the outgoing particles. For the nth particle, one
takes the CM frame of the initial state:

pa ¼ ðEðnÞ
a ; 0; 0; EðnÞ

a Þ;
pb ¼ ðEðnÞ

b ; 0; 0;−EðnÞ
a Þ;

pn ¼ ðEn; 0; jpnj sin α; jpnj cos αÞ;
p12…n−1 ¼ ðE12…n−1; 0;−jpnj sin α;−jpnj cos αÞ: ðB2Þ

In this frame, we have

EðnÞ
a ¼ EðnÞ

b ¼
ffiffiffi
s

p
2

; En ¼ −
tn−1 þ un−1 − 2m2

1

2
ffiffiffi
s

p ¼ sþm2
1 − p2

1…n−1
2

ffiffiffi
s

p ;

jpnj ¼
λ1=2ðs; p2

1…n−1; m
2
nÞ

2
ffiffiffi
s

p ; cos α ¼ un−1 − tn−1
λ1=2ðs; p2

1…n−1; m
2
nÞ

¼ sþ 2un−1 −m2
n − p2

1…n−1

λ1=2ðs; p2
1…n−1; m

2
nÞ

; ðB3Þ

and dΩn ¼ dðcos αÞdφn, where the integral over φn is trivial for our purposes as before. The first integration can therefore
be converted to the frame-independent form

Z
dp2

1…n−1dΩn
λ1=2ðs; p2

1…n−1; m
2
nÞ

8s
¼ 1

4s

Z
dtn−1dun−1dφn ðB4Þ

to yield the differential partonic cross section

s2
d2σ̂ab→1���n

dtn−1dun−1
¼ 1

8

1

ð2πÞ3n−5
Z

dp2
1…n−2dΩn−1

λ1=2ðp2
1…n−1; p

2
1…n−2; m

2
n−1Þ

8p2
1…n−1

× � � � ×
Z

dp2
12dΩ3

λ1=2ðp2
123; p

2
12; m

2
3Þ

8p2
123

Z
dΩ2

λ1=2ðp2
12; m

2
1; m

2
2Þ

8p2
12

jMj2: ðB5Þ

In order to do these integrations, one must go into each 1 → 2 frame explicitly. For the lth particle, one takes the frame

pa ¼ ðEðlÞ
a ; 0; 0; EðlÞ

a Þ;
pb ¼ ðEðlÞ

b ; 0; jplþ1…nj sinψ ðlÞ; jplþ1…nj cosψ ðlÞ − EðlÞ
a Þ;

plþ1…n ¼ ðElþ1…n; 0; jplþ1…nj sinψ ðlÞ; jplþ1…nj cosψ ðlÞÞ;
pl ¼ ðEl; 0; jplj sin θl cosφl; jplj cos θlÞ;

p1…l−1 ¼ ðE1…l−1; 0;−jplj sin θl cosφl;−jplj cos θlÞ; ðB6Þ

with
R
dΩl ¼

R
π
0 sin θldθl

R
2π
0 dφl. Using the same definitions as above, conservation of momentum and on-mass-shell

conditions yield
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EðlÞ
a ¼ s − ul − p2

lþ1…n

2
ffiffiffiffiffiffiffiffiffiffi
p2
1…l

q ; EðlÞ
b ¼ s − tl − p2

lþ1…n

2
ffiffiffiffiffiffiffiffiffiffi
p2
1…l

q ;

Elþ1…n ¼
s − p2

1…l − p2
lþ1…n

2
ffiffiffiffiffiffiffiffiffiffi
p2
1…l

q ; jplþ1…nj ¼
λ1=2ðs; p2

1…l; p
2
lþ1…nÞ

2
ffiffiffiffiffiffiffiffiffiffi
p2
1…l

q ;

El ¼
p2
1…l − p2

1…l−1 þ p2
l

2
ffiffiffiffiffiffiffiffiffiffi
p2
1…l

q ; E1…l−1 ¼
p2
1…l þ p2

1…l−1 − p2
l

2
ffiffiffiffiffiffiffiffiffiffi
p2
1…l

q ;

jplj ¼
λ1=2ðp2

1…l; m
2
l ; p

2
1…l−1Þ

2
ffiffiffiffiffiffiffiffiffiffi
p2
1…l

q ; cosψ ðlÞ ¼ ðEðlÞ
a Þ2 − ðEðlÞ

b Þ2 þ jplþ1…nj2
2jplþ1…njEðlÞ

a

: ðB7Þ
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