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The renormalization properties of two local composite operators, ðO;VμÞ, which are invariant under the
infinitesimal Becchi-Rouet-Stora-Tyutin (BRST) transformations, corresponding respectively to the gauge
invariant respectively to the gauge invariant description of the Higgs particle and of the massive gauge
vector boson, are scrutinized in the Uð1Þ Higgs model by means of the algebraic renormalization setup.
Their renormalization Z’s factors are explicitly evaluated at one-loop order in the MS scheme by taking into
due account the mixing with other gauge invariant operators. In particular, it turns out that the operator Vμ

mixes with the gauge invariant quantity ∂νFμν, which has the same quantum numbers, giving rise to a 2 × 2

mixing matrix. Moreover, two additional powerful Ward identities exist which enable us to determine the
whole set of Z’s factors entering the 2 × 2mixing matrix as well as the Z factor of the operatorO in a purely
algebraic way. An explicit check of these Ward identities is provided. The final setup obtained allows for
computing perturbatively the full renormalized result for any n-point correlation function of the scalar and
vector composite operators.
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I. INTRODUCTION

In two previous works [1,2], the elementary excitations of
the Uð1Þ Higgs model, namely, the Higgs particle and the
vectormassive gauge boson, have been investigatedwithin a
fully gauge invariant setup, relying on the introduction of
two local operators ðO;VμÞ, which are invariant under the
infinitesimal Becchi-Rouet-Stora-Tyutin (BRST) transfor-
mations, [3–5]1:

OðxÞ ¼ 1

2
ðh2 þ 2vhþ ρ2Þ;

VμðxÞ ¼
1

2
ð−ρ∂μhþ h∂μρþ v∂μρ

þ eAμðv2 þ h2 þ 2vhþ ρ2ÞÞ; ð1Þ

where ðh; ρÞ stand for the Higgs and Goldstone fields,
the parameter v is the minimum of the classical Higgs
potential, while Aμ is the gauge field and e is the gauge
coupling. The BRST invariance of the operators ðO;VμÞ
follows immediately by noticing that they do not contain
the Faddeev-Popov ghosts and that they are left invariant by
the local gauge transformations (13).
More precisely, the explicit one-loop computation of the

two-point correlation functions

hOðpÞOð−pÞi; hVμðpÞVνð−pÞi; ð2Þ
worked out in [2] in the ’t Hooft Rξ gauge has revealed that,
besides being independent from the gauge parameter ξ, the
pole masses of hOðpÞOð−pÞi and hVμðpÞVνð−pÞiT
coincide, respectively, with the pole masses of the corre-
sponding elementary correlation functions hhðpÞhð−pÞi
and hAμðpÞAνð−pÞiT , where hiT denotes the transverse
components2 of hVμðpÞVνð−pÞi and hAμðpÞAνð−pÞi.*caprimarcio@gmail.com
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1See [6,7] and refs. therein for a recent account on the subject.

2The correlation functions hAμðpÞAνð−pÞi and hVμðpÞVνð−pÞi
can be decomposed into transverse and longitudinal components as
usual:

hAμðpÞAνð−pÞi ¼ PμνDðp2Þ þ LμνLðp2Þ;
hAμðpÞAνð−pÞiT ¼ PμνDðp2Þ;

ð3Þ

where Pμν ¼ ðδμν − pμpν

p2 Þ and Lμν ¼ pμpν

p2 are the transverse and
longitudinal projectors.
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Moreover, both tree-level and one-loop expressions for the
longitudinal part of hVμðpÞVνð−pÞi remain independent
from the momentum p2 [2], so that they are not associated
with any physical mode, a feature which is expected to hold
to higher orders.
Although the independence from the gauge parameter ξ

of the pole masses of hhðpÞhð−pÞi and hAμðpÞAνð−pÞiT is
ensured by the Nielsen identities [8–13], the corresponding
residui are not protected in the same way. In particular,
unlike3 what happens for hAμðpÞAνð−pÞiT, the residue of
hhðpÞhð−pÞi turns out to be ξ dependent [1,2], a feature
which originates from the lack of gauge invariance of the
elementary Higgs field h.
As a consequence, one finds that the spectral density of

the Källén-Lehmann (KL) representation of hhðpÞhð−pÞi
depends on the gauge parameter ξ as well, jeopardizing a
direct and gauge invariant description of the Higgs particle
in terms of the nongauge invariant field h. From that
perspective, the employment of the manifest gauge invari-
ant operators ðO;VμÞ enables us to overcome all the above
mentioned difficulties. In fact, the correlator hOðpÞOð−pÞi
enjoys a KL representation with a well-defined positive and
ξ-independent spectral density, a property which holds also
for hVμðpÞVνð−pÞiT [2]. As such, the correlation functions
hOðpÞOð−pÞi and hVμðpÞVνð−pÞiT provide a consistent
gauge invariant description of the elementary excitations of
the Uð1Þ Higgs model. It is worth remarking that the
whole framework generalizes to the non-Abelian Yang-
Mills-Higgs models [3–5] as, for example, the SUð2Þ
Yang-Mills theory with a single Higgs field in the funda-
mental representation [14]. As one can easily figure out, in
the non-Abelian case, besides the gauge dependence of
hhðpÞhð−pÞi, also the residue of the correlator
hAa

μðpÞAb
νð−pÞiT will exhibit a manifest ξ dependence,

due to the fact that in the non-Abelian case the transverse

component of Aa
μ, i.e., AaT

μ ¼ ðδμν − ∂μ∂ν
∂2 ÞAa

ν , is no more
gauge invariant. Therefore, in the non-Abelian case, the use
of a fully gauge invariant setup relying on the non-Abelian
generalization of ðO;VμÞ [3–5] turns out to be very
welcome.
The goal of this work is that of filling a gap not yet

addressed in the previous analyses [1,2], namely, the
renormalization of the composite operators ðO;VμÞ and
of their correlation functions. To some extent, the present
study completes the investigation of the operators ðO;VμÞ
in the Uð1Þ Higgs model, paving thus the path in order to
face the more complex case of SUð2Þ, where nonperturba-
tive issues related to the behavior of the theory in the

infrared region could be investigated within an exact BRST
invariant framework.
As is known from field theory textbooks, see [15], the

renormalization factor ZM of a given local operator MðxÞ,
introduced into the starting action by means of an external
source JMðxÞ, i.e.,

R
d4xJMðxÞMðxÞ, can be extracted

through the evaluation of the connected Green’s function4

hϕðx1Þ…:ϕðxnÞMðyÞi

¼ δnþ1ZcðJϕ; JMÞ
δJϕðx1Þ…δJϕðxnÞδJMðyÞ

����
ðJϕ;JMÞ¼0

; ð5Þ

containing a suitable set of elementary fields fϕðxÞg having
a nonvanishing overlap with the insertion of the local
composite operator MðxÞ under investigation.
Looking at the expressions (1) of the two local composite

operators ðO;VμÞ, it is apparent to realize that, due to the
presence of terms linear in the fields h and Aμ, the simplest
connected Green’s functions fulfilling the above-mentioned
criterion are the two-point correlators:

hhðxÞOðyÞi ¼ δ2Zc

δJhðxÞδJðyÞ
����
sources¼0

; ð6Þ

and

hAμðxÞOðyÞi ¼ δ2Zc

δJAμ ðxÞδΩνðyÞ
����
sources¼0

; ð7Þ

where ðJhðxÞ; JAμ ðxÞÞ and ðJðxÞ;ΩμðxÞÞ are respectively the
sources corresponding to the fields ðhðxÞ; AμðxÞÞ and to the
composite operators ðOðxÞ; VμðxÞÞ.
In the following sections, in order to extract the renorm-

alization factors5 of OðxÞ and VμðxÞ, we shall compute the
correlators of Eqs. (6) and (7) at one-loop order in the MS

3We remind the reader here that the two-point correlation
function hAμðpÞAνð−pÞiT is gauge invariant due to the gauge
invariance of the transverse component of the Abelian gauge field
AT
μ ¼ ðδμν − ∂μ∂ν

∂2 ÞAν.

4We remind the reader that in the case in which a composite
operator MðxÞ is present in the theory, the generating functional
ZcðJϕ; JMÞ of the connected Green’s functions is defined through
the Legendre transformation

ZcðJϕ; JMÞ ¼ Γðϕ; JMÞ þ
Z

d4xJϕðxÞϕðxÞ; ð4Þ

where Γðϕ; JMÞ is the generator of the 1PI Green’s functions
obtained by including the operator MðxÞ in the starting action
through the term

R
d4xJMðxÞMðxÞ, where JMðxÞ is the external

source needed to define the composite operatorMðxÞ. Notice that,
in Eq. (4), the Legendre transformation is taken only with respect
to the variables fϕg and their corresponding sources fJϕg,
namely Jϕ ¼ − δΓ

δϕ and ϕ ¼ δZc

δJϕ
.

5We recall here that the renormalization Z’s factors of local
composite operators belonging to the cohomology of the BRST
operator are independent from the gauge parameters entering the
gauge fixing condition [16,17]; see also [18,19] and references
therein.
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renormalization scheme. Moreover, resorting to the BRST
invariant nature of ðOðxÞ; VμðxÞÞ, we shall make use of the
Landau gauge [20], ∂μAμ ¼ 0, which, in the present case,
displays several practical advantages when compared to the
Rξ gauge. In fact, besides the exact BRST invariance, the
Landau gauge exhibits a manifest global Uð1Þ symmetry
which implies a very useful relation among the renormal-
ization factors of ðhðxÞ; v; ρðxÞÞ, namely

Zh ¼ Zρ ¼ Zv: ð8Þ

Such a relation is lost in the Rξ gauge, see [10,11]. In
addition, thanks to the transversality of the gauge condition
∂μAμ ¼ 0, the correlator hAμðxÞVνðyÞi will be automati-
cally projected into its transverse component.
The paper is organized as follows: in Sec. II we briefly

review some basic features of the Uð1Þ Higgs model
quantized in the Landau gauge. In Sec. III we shall
introduce the operators ðOðxÞ; VμðxÞÞ. We shall first
analyze them from the point of view of the cohomology
of the BRSToperator [19] in order to detect the existence of
possible mixings with other operators. In particular, we
shall see that VμðxÞmixes with the gauge invariant operator
∂νFμν ¼ ð∂μð∂AÞ − ∂2AμÞ, while OðxÞ requires the intro-
duction of the constant quantity v2 which is easily handled.
We shall proceed then by introducing the starting BRST
invariant classical action Σ containing all needed operators
and corresponding sources. The next step will be that of
presenting the Ward identities obeyed by Σ. In Sec. IV,
following the algebraic renormalization setup [19], we shall
make use of the Ward identities to characterize the most
general local invariant counterterm from which both bare
action and renormalization Z’s factors will be introduced.
Section V is devoted to the one-loop evaluation of the Z’s
factors in the MS renormalization scheme, including those
of the composite operators. The knowledge of the Z’s
factors will allow us to provide some explicit checks of the
consequences implied by the Ward identities of the Uð1Þ
Higgs model in the Landau gauge. In particular, a whole
subsection will be devoted to the existence of two special
Ward identities, one local and one integrated, which enable
us to characterize the 2 × 2 mixing matrix between the
operators ðVμ; ∂νFμνÞ as well as the Z factor of the operator
O in a purely algebraic way. In Sec. VI we present our
conclusion and perspectives. The final Appendixes contain
the calculations of the Feynman diagrams contributing to
the correlation functions of Eqs. (6) and (7). Finally, let us
underline that a whole subsection of Appendix B has been
devoted to the evaluation of the one-loop two-point
correlation function of the Goldstone field, hρðpÞρð−pÞi,
showing that it remains massless, as required by the global
Uð1Þ Ward identity of the Landau gauge.

II. BRIEF SUMMARY OF THE Uð1Þ HIGGS
MODEL IN THE LANDAU GAUGE

The Abelian Uð1Þ Higgs model [21–24] is characterized
by the following action:

SHiggs

¼
Z

d4x

�
1

4
FμνFμνþðDμφÞ�ðDμφÞþ

1

2
λ

�
jφj2−v2

2

�
2
�
;

ð9Þ

where

Fμν ¼ ∂μAν − ∂νAμ;

Dμφ ¼ ð∂μ þ ieAμÞφ; ð10Þ

with φ being a complex scalar field, e the electric charge,
and λ the quartic self-coupling.
Expanding the complex field φ around the minimum of

the classical potential in Eq. (9), i.e.,

φ ¼ 1ffiffiffi
2

p ðvþ hþ iρÞ;

where h and ρ are the Higgs and the Goldstone fields,
expression (9) becomes

SHiggs¼
Z

d4x

�
1

4
FμνFμνþ

1

2
∂μh∂μhþ

1

2
∂μρ∂μρ

þ1

2
e2v2AμAμþevAμ∂μρþ

1

2
λv2h2−eAμρ∂μh

þeAμh∂μρþe2vhAμAμþ
1

2
e2ρ2AμAμþ

1

2
e2h2AμAμ

þ1

8
λh4þ1

8
λρ4þ1

2
λvh3þ1

2
λvhρ2þ1

4
λh2ρ2

�
;

ð11Þ

showing that both gauge and Higgs fields have acquired a
mass, given respectively by

m2 ¼ e2v2; m2
h ¼ λv2: ð12Þ

The field ρ, called the would-be Goldstone boson, remains
massless. The action (11) is left invariant by the local gauge
transformations

δαAμ ¼−∂μα; δαh¼−eαρ; δαρ¼ eαðvþhÞ; ð13Þ

with αðxÞ a local gauge parameter:

δαSHiggs ¼ 0: ð14Þ

STUDY OF THE RENORMALIZATION OF BRST INVARIANT … PHYS. REV. D 102, 033003 (2020)

033003-3



In order to quantize the model, we employ the Landau
gauge [20], ∂μAμ ¼ 0. Following the BRST procedure
[19], for the Landau gauge-fixing term we have

Sgf ¼
Z

d4xðib∂μAμ þ c̄∂2cÞ; ð15Þ

where b stands for the Nakanishi-Lautrup field, while c and
c̄ are the Faddeev-Popov ghosts. The local gauge invari-
ance, Eq. (14), is now replaced by the exact nilpotent BRST
invariance, namely

sðSHiggs þ SgfÞ ¼ 0; ð16Þ

where

sAμ ¼ −∂μc; sc ¼ 0;

sh ¼ −ecρ; sρ ¼ ecðvþ hÞ;
sc̄ ¼ ib; sb ¼ 0;

s2 ¼ 0: ð17Þ

Besides the BRST invariance, the action ðSHiggs þ SgfÞ
enjoys the discrete charge conjugation symmetry

Aμ → −Aμ; h → h

ρ → −ρ; b → −b;

c̄ → −c̄; c → −c; ð18Þ

as well as the global invariance

δωh¼ −eωρ; δωρ¼ eωðvþ hÞ;
δωAμ ¼ 0; δωc̄¼ 0; δωc¼ 0; δωb¼ 0; ð19Þ

with

δωðSHiggs þ SgfÞ ¼ 0; ð20Þ

where ω is a constant parameter. As we shall see in the
following, the global invariance, Eq. (20), can be converted
into a Ward identity which will imply helpful relationships
between the various terms of the most general local
invariant counterterm needed to renormalize the model.
It is worth observing here that, unlike in the Rξ gauge
[10,11], the Faddeev-Popov ghosts ðc̄; cÞ are now non-
interacting fields, being completely decoupled. This is
another useful advantage of the Landau gauge. The same
property holds for the b-field, which appears only at the
quadratic level.
Let us end this short summary by noticing that the

composite operators ðOðxÞ; VμðxÞÞ are, respectively, even
and odd under charge conjugation, i.e.,

OðxÞ → OðxÞ;
VμðxÞ → −VμðxÞ; ð21Þ

a feature which will be exploited in the next section.

III. INTRODUCTION OF THE BRST INVARIANT
OPERATORS (OðxÞ;VμðxÞ)

A. BRST cohomology

In order to implement the set of Ward identities needed
for the renormalization analysis of the composite operators
ðOðxÞ; VμðxÞÞ, let us first look at them by means of the
cohomology of the BRST operator [19]. This study will
enable us to detect possible mixings with other operators
[16,17]. In Ref. [18], for example, the full mixing matrix
for the composite operator Fa

μνðxÞFa
μνðxÞ has been worked

out in the case of Yang-Mills theories.
Let us start with the scalar operator OðxÞ, Eq. (1). It has

dimension two, ghost number zero6 and is even under
charge conjugation, Eq. (21). Therefore, we look at the
most general scalar nonintegrated quantity with dimension
two and even under charge conjugation, ΔðxÞ, such that
sΔðxÞ ¼ 0 and Δ ≠ sΔ̂ for some Δ̂ with ghost number −1.
After a little algebra, it turns out that the most general
expression for Δ is given by

ΔðxÞ ¼ a1OðxÞ þ a2v2; ð22Þ

where a1 and a2 are arbitrary coefficients. We see therefore
that the introduction of the even operatorOðxÞ requires that
of the quantity v2, a task easily done due to its constant
nature.
Let us consider then the case of the odd, dimension three

vector operator VμðxÞ, Eq. (1). We look thus at the most
general odd vector quantity, ΔμðxÞ, of dimension three and
ghost number zero such that sΔμðxÞ ¼ 0. In the vector case,
it turns out that the most general expression for ΔμðxÞ is
provided by

ΔμðxÞ ¼ c1VμðxÞ þ c2∂νFνμ þ c3∂μb; ð23Þ

where ðc1; c2; c3Þ are arbitrary coefficients. We notice that,
as already mentioned, the gauge invariant quantity ∂νFνμ

shows up. It is worth mentioning here that the presence
of this term was already pointed out long ago by Clark
in his work on the Abelian Higgs model in the Landau
gauge [20].
The term ∂μb corresponds to the exact trivial part

of the cohomolgy of the operator s, as ∂μb ¼ −isð∂μc̄Þ.
Moreover, due to the rich set of Ward identities exhibited
by the model in Landau gauge, the term ∂μb will not give

6The fields ðAμ; h; ρ; bÞ have ghost number zero, while ðc̄; cÞ
have, respectively, ghost number ð−1; 1Þ.

CAPRI, JUSTO, PALHARES, PERUZZO, and SORELLA PHYS. REV. D 102, 033003 (2020)

033003-4



rise to contributions at the quantum level, a feature also
corroborated by the fact that b is not an interacting field.
Finally, the two operators ðVμ; ∂νFνμÞ will give rise to
a 2 × 2 mixing matrix, encoded in the renormalization of
the corresponding external sources needed to introduce
them.
We have now all ingredients to construct the most

general BRST invariant starting action to face the goal
of the present work. This will be the issue addressed in the
next section.

B. The complete starting classical action
Σ and its Ward identities

Having identified all quantities needed for the renorm-
alization of the composite operators ðOðxÞ; VμðxÞÞ, we
proceed by introducing the following external sources
term:

Sext ¼
Z

d4xðLðshÞ þ RðsρÞ þ JOþ ηv2 þ ΩμVμ

þϒμ∂νFνμ þ Θμ∂μbÞ: ð24Þ

The sources ðL; RÞ are needed in order to define the
nonlinear BRST variations of the fields ðh; ρÞ [19],
Eqs. (17). The remaining sources ðJ; η;Ωμ;ϒμ;ΘμÞ are
needed to introduce all quantities which appear in the
previous BRST cohomology analysis of ðOðxÞ; VμðxÞÞ. All
external sources are BRST invariant, i.e.,

sL ¼ sR ¼ sJ ¼ sη ¼ sΩμ ¼ sϒμ ¼ sΘμ ¼ 0: ð25Þ

For the complete form of the starting classical action Σ we
write thus

Σ ¼ SHiggs þ Sgf þ Sext; ð26Þ

with

sΣ ¼ 0: ð27Þ

The fields ðAμ; h; ρ; bÞ have dimensions (1,1,1,2) and ghost
number zero. The Faddeev-Popov ghosts ðc̄; cÞ have
dimensions (2,0) and ghost number ð−1; 1Þ. The two
external sources ðL;RÞ have dimension three and ghost
number −1. Finally, the sources ðJ; η;Ωμ;ϒμ;ΘμÞ all have
vanishing ghost number and dimensions (2,2,1,1,1).
It turns out that the complete classical action Σ fulfills

a huge number of Ward identities, which we enlist
below:

(i) The Slavnov-Taylor identity expressing the BRST
invariance of Σ at the functional level

SðΣÞ ¼ 0; ð28Þ

where

SðΣÞ ¼
Z

d4x

�
−∂μc

δΣ
δAμ

þ δΣ
δL

δΣ
δh

þ δΣ
δR

δΣ
δρ

þ ib
δΣ
δc̄

�
:

ð29Þ
(ii) The b-Ward identity [19]

δΣ
δb

¼ i∂μAμ − ∂μΘμ: ð30Þ

Notice that the right-hand side of Eq. (30), being linear in the
quantum fields, is a linear breaking, not affected by quantum
corrections [19]. This equation expresses in functional form
the fact that the b field is a noninteracting field.
(iii) The antighost and ghost Ward identities

δΣ
δc̄

¼ ∂2c; ð31Þ

and

δΣ
δc

¼ −∂2c̄ − Reðvþ hÞ þ Leρ: ð32Þ

These two Ward identities express in functional form
the decoupling of the Faddeev-Popov ghost fields in the
Landau gauge.
(iv) The global invariance, Eq. (19), can be extended to

the external sources in such a way that

δωh ¼ −eωρ; δωρ ¼ eωðvþ hÞ;
δωAμ ¼ 0; δωc̄ ¼ 0; δωc ¼ 0; δωb ¼ 0;

δωL ¼ −eωR; δωR ¼ eωL;

δωJ ¼ δωη ¼ δωΩμ ¼ δωϒμ ¼ δωΘμ ¼ 0; ð33Þ

with

δωΣ ¼ 0; ð34Þ

yielding the powerful Ward identity

Z
d4x

�
−ρ

δΣ
δh

þ ðvþ hÞ δΣ
δρ

− R
δΣ
δL

þ L
δΣ
δR

�
¼ 0:

ð35Þ
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(v) The charge conjugation invariance

Aμ → −Aμ;

h → h;

ρ → −ρ;

b → −b;

c̄ → −c̄;

c → −c;

L → L;

R → −R;

J → J;

Ωμ → −Ωμ;

ϒμ → −ϒμ;

Θμ → −Θμ: ð36Þ

(vi) The ghost number Ward identity

N ðΣÞ ¼ 0; ð37Þ

where

N ðΣÞ¼
Z

ddx

�
c
δΣ
δc

− c̄
δΣ
δc̄

−L
δΣ
δL

−R
δΣ
δR

�
: ð38Þ

(vii) The external sources Ward identities

δΣ
δη

¼ v2;

δΣ
δϒμ

¼ ∂νFνμ;

δΣ
δΘμ

¼ ∂μb: ð39Þ

Notice that all terms in the right- hand side of Eqs. (39) are
linear breakings, which will not be affected by quantum
corrections [19]. As a consequence, these equations imply
that the most general local invariant counterterm turns out to
be independent from ðη;ϒ;ΘÞ.
Let us end this section by observing that the power

counting and the Ward identities could allow for terms
purely quadratic in the sources ðJ;ΩμÞ like, for example:

Z
d4xJ2;

Z
d4xΩμ∂2Ωμ; etc:; ð40Þ

or even cubic and quartic ones. These termswouldgive rise to
contact terms, see [2], in the correlation functions containing
two (or more) insertions of the composite operators

ðOðxÞ; VμðxÞÞ like hOðxÞOðyÞi ¼ δ2Zc

δJðxÞδJðyÞ jsources¼0. These

higher order terms are, however, not included in the complete
starting classical action Σ, Eq. (26), since in a perturbative
framework they, as well as any UV divergence related to
them, arise from quantum corrections. Even though one
cannot rule out nonperturbative tree-level contributions that
could be associated e.g., with condensates involving the
composite operators, we will not consider these phenomena
and will attain ourselves to establishing a perturbative setup
for treating the composite operators.
All allowed nonlinear terms in the sources ðJ;ΩμÞ will

be identified and discussed in the next sections when
writing down the most general counterterm. It should be
noted thus that our final setup may be applied to thoroughly
compute at the perturbative level any renormalized n-point
correlation function of the composite operators.

C. Extra Ward identities due to composite operators

The set of Ward identities (28)–(39) can be written down
independently from the introduction of the composite
operators ðOðxÞ; VμðxÞÞ. It is worth thus opening a special
subsection to mention specifically what happens when Vμ

and O are coupled to the corresponding sources in the
starting action. In the present work Vμ and O are the aim of
our analysis, with our interest being Green’s functions
involving these composite operators. Let us therefore
simply look at SHiggs and at the equations of motion of
the fields h and Aμ to try to figure out what kind of
information they can provide. The action SHiggs has a
quadratically broken global symmetry that holds v and h
together, yielding

Z
d4x

�
δSHiggs
δh

�
−
∂SHiggs
∂v ¼

Z
d4xλvO: ð41Þ

Notice that the right-hand side of the previous equation
contains precisely the composite operatorOðxÞ. Expression
(41) cannot be translated as it stands into a Ward identity at
the quantum level unless the operatorO is introduced in the
very beginning, as was already done in the case of Σ. If we
replace SHiggs by Σ, we get a true Ward identity:

Z
d4x

�
δΣ
δh

− λv
δΣ
δJ

�
−
∂Σ
∂v ¼

Z
d4xvðJ − 2ηÞ: ð42Þ

As already mentioned in the Introduction, besides the
Ward identities (28)–(39) and (42), the complete action
Σ, Eq. (26), displays an additional local powerful identity
which reads

δΣ
δAμ

− 2e
δΣ
δΩμ

− eΩμ
δΣ
δJ

¼ −∂νFνμ − i∂μbþ ev2

2
Ωμ þ ∂2ϒμ − ∂μ∂νϒν: ð43Þ
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The Ward identity (43) relies on a rather nice feature of the
vector operator VμðxÞ. Let us look in fact again at the
classical equations of motion which follow from the action
SHiggs, Eq. (9), namely

δSHiggs
δAμ

¼ −ð∂2δμν − ∂μ∂νÞAν þ 2eVμ; ð44Þ

so that

∂μVμ ¼
1

2e
∂μ

δSHiggs
δAμ

; ð45Þ

which shows that, at the classical level, Vμ is a conserved
current. The Ward identity (43) expresses in a functional
off-shell form this property of the operator Vμ. Notice that,
once more, the right hand side of (42) and (43) have a linear
breaking, i.e., they are linear in the quantum fields, being
unaffected by quantum corrections [19].

IV. ALGEBRAIC CHARACTERIZATION
OF THE MOST GENERAL LOCAL

INVARIANT COUNTERTERM

In order to characterize the most general local invariant
counterterm, we follow the algebraic renormalization setup
[19] and perturb the starting action Σ, i.e., Σ → ðΣþ ϵΣctÞ
with ϵ being an expansion parameter. In agreement with the
power counting, Σct is an integrated local polynomial in the
fields and linear in the external sources with dimension
four, invariant under charge conjugation and having van-
ishing ghost number. Demanding then that the perturbed
action, ðΣþ ϵΣctÞ, fulfills to first order in the expansion
parameter ϵ the same Ward identities of the action Σ,
namely Eqs. (28)–(39), one gets the following conditions:

δΣct

δb
¼ δΣct

δc̄
¼ δΣct

δc
¼ 0; ð46Þ

as well as

δΣct

δη
¼ δΣct

δΘμ
¼ δΣct

δϒμ
¼ 0: ð47Þ

Since Σct is independent from the antighost c̄, it immedi-
ately follows that, due to the fact that the sources ðL; RÞ
have ghost number −1, they cannot give rise to a dimension
four quantity with vanishing ghost number, namely

δΣct

δL
¼ δΣct

δR
¼ 0: ð48Þ

Therefore

Σct ¼ ΣctðA; h; ρ; v; J;ΩÞ: ð49Þ
The result (48) simplifies very much the Slavnov-Taylor
identity, which takes the simpler form

sΣct ¼ 0: ð50Þ
From Eqs. (42) and (43) there are two additional conditions

δΣct

δAμ
− 2e

δΣct

δΩμ
− eΩμ

δΣct

δJ
¼ 0 ð51Þ

and
Z

d4x

�
δΣct

δh
− λv

δΣct

δJ

�
−
∂Σct

∂v ¼ 0: ð52Þ

After some algebraic calculations, it turns out that the most
general form of Σct is given by

Σct ¼
Z

d4x

�
a0

�
1

4
FμνFμν −

1

2e
Ωμ∂νFνμ −

1

8e2
Ωμ∂2Ωμ þ

1

8e2
Ωμ∂μ∂νΩν

�

þ a1

�
ðDμφÞ�ðDμφÞ þΩμVμ þ

1

8
v2ΩμΩμ þ

1

4
OΩμΩμ

�

þ a2

�
λ

2

�
φ�φ −

v2

2

�
2

þ JO −
1

4
OΩμΩμ þ

1

32λ
ðΩμΩμΩνΩν þ 16J2 − 8JΩμΩμÞ

�

þ δσ

�
v2

2
ðh2 þ 2vhþ ρ2Þ þ 1

λ

�
Jv2 −

1

4
v2ΩμΩμ − 2JOþ 1

2
OΩμΩμ

�

−
1

8λ2
ðΩμΩμΩνΩν þ 16J2 − 8JΩμΩμÞ

�	
; ð53Þ

where ða0; a1; a2; δσÞ are free parameters. Expression (53)
displays a few features worth being pointed out. The first one
is the presence of the term Ωμ∂νFμν, with Ωμ being the
source coupled to the vector operator Vμ. As we shall see, the

presence of this term gives rise to the mixing between the
operators Vμ and ∂νFμν. The second feature concerns the

BRST invariant counterterm ðδσÞ v2
2
ðh2 þ 2vhþ ρ2Þ. A

quick inspection reveals that this term is not present in
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the starting classical action Σ. It has in fact been removed
from Σ by means of the expansion of the complex field φ,
Eq. (11), around the minimum of the classical Higgs
potential in Eq. (9). However, the appearance of this term
is a well-known property of the Higgs model [10,11,25,26],
enabling us to cancel the tadpoles related to the Higgs field
h, order per order in perturbation theory, i.e., it is determined
by requiring the condition

hhi ¼ 0: ð54Þ
Notice also the presence of the new source terms (Ωμ∂2Ωμ,
Ω4, JΩ2,...). They are allowed not only by (46)–(48), (51),

(52) in Σct, but also by (29)–(32), (B23)–(37), (39)–(43) in
the starting action Σ. However, as previously remarked, all of
them, except possible condensate terms, start from the order
ℏ onwards.
Having obtained the most general form of the local

invariant BRST counterterm, (53), we proceed with the
characterization of the bare action, namely

Σþ ϵΣct ¼ Σbare þOðϵ2Þ; ð55Þ

where

Σbare ¼ ΣðA0μ; h0; ρ0; b0; c0; c̄0; v0; e0; λ0; J0; η0;Ω0μ;ϒ0μ;Θ0μ; L0; R0Þ þ
Z

d4xδσ0
v20
2
ðh20 þ 2v0h0 þ ρ20Þ

þ
Z

d4x

�
ðZA − 1Þ

�
−

1

8e20
Ω0μ∂2Ω0μ þ

1

8e20
Ω0μ∂μ∂νΩ0ν

�
þ ðZh − 1Þ

�
1

8
v20Ω0μΩ0μ þ

1

4
O0Ω0μΩ0μ

�

þ ðZλ þ 2Zh − 3Þ
�
−
1

4
O0Ω0μΩ0μ þ

1

32λ0
ðΩ0μΩ0μΩ0νΩ0ν þ 16J20 − 8J0Ω0μΩ0μÞ

�

þ δσ0

�
1

λ0

�
−
1

4
v20Ω0μΩ0μ þ

1

2
O0Ω0μΩ0μ

�
−

1

8λ20
ðΩ0μΩ0μΩ0νΩ0ν þ 16J20 − 8J0Ω0μΩ0μÞ

�	
ð56Þ

with

A0μ ¼ Z
1
2

AAμ;

h0 ¼ Z
1
2

hh;

ρ0 ¼ Z
1
2
ρρ;

v0 ¼ Z
1
2
vv;

b0 ¼ Z
1
2

bb;

c0 ¼ Z
1
2
cc;

c̄0 ¼ Z
1
2
c̄c̄;

e0 ¼ Zee;

λ0 ¼ Zλλ;

L0 ¼ ZLL;

R0 ¼ ZRR;

Θμ0 ¼ ZΘΘ; ð57Þ
and

�Ω0μ

ϒ0μ

�
¼

�
ZΩΩ ZΩϒ

ZϒΩ Zϒϒ

��Ωμ

ϒμ

�

�
J0
η0

�
¼

�
ZJJ ZJη

ZηJ Zηη

��
J

η

�
: ð58Þ

A simple inspection of Eq. (55) yields

Z
1
2

A ¼ Z−1
e ¼ 1þ 1

2
ϵa0;

Z
1
2

h ¼ Z
1
2
ρ ¼ Z

1
2
v ¼ 1þ 1

2
ϵa1;

Zλ ¼ 1þ ϵða2 − 2a1Þ;
Z

1
2
c ¼ Z

−1
2

c̄ ;

ZΘ ¼ Z
−1
2

b ¼ Z
1
2

A;

ZL ¼ ZR ¼ Z−1
e Z

−1
2

h Z
−1
2

c ;

ZΩΩ ¼ 1;

ZΩϒ ¼ 0;

ZϒΩ ¼ −
1

2e
ϵa0 ¼ −

1

2e
ðZA − 1Þ;

Zϒϒ ¼ Z
−1
2

A ¼ 1 −
1

2
ϵa0;

ZJJ ¼ 1þ ϵ

�
a2 − a1 − 2

δσ

λ

�
;

ZJη ¼ 0;

ZηJ ¼ ϵ
δσ

λ
;

Zηη ¼ Z−1
h ¼ 1 − ϵa1; ð59Þ

and

ðδσÞ0 ¼ ϵðδσÞ: ð60Þ
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Thus, for the bare action, we get7

Σbare ¼
Z

d4x

�
1

4
F0 μνF0 μν þ ðD0μφ0Þ�ðD0μφ0Þ þ

λ0
2

�
φ�
0φ0 −

v20
2

�
2
�

þ
Z

d4xðc̄0∂2c0 þ ib0∂μA0μ þ J0O0 þ η0v20 þΩ0μV0μ þϒ0μ∂νF0νμÞ

þ
Z

d4x

�ðδσÞ0
2

v20ðh20 þ 2v0h0 þ ρ20Þ
�

þ
Z

d4x

�
ðZA − 1Þ

�
−

1

8e20
Ω0μ∂2Ω0μ þ

1

8e20
Ω0μ∂μ∂νΩ0ν

�

þ ðZh − 1Þ
�
1

8
v20Ω0μΩ0μ þ

1

4
O0Ω0μΩ0μ

�

þ ðZλ þ 2Zh − 3Þ
�
−
1

4
O0Ω0μΩ0μ þ

1

32λ0
ðΩ0μΩ0μΩ0νΩ0ν þ 16J20 − 8J0Ω0μΩ0μÞ

�

þ δσ0

�
1

λ0

�
−
1

4
v20Ω0μΩ0μ þ

1

2
O0Ω0μΩ0μ

�
−

1

8λ20
ðΩ0μΩ0μΩ0νΩ0ν þ 16J20 − 8J0Ω0μΩ0μÞ

�	
; ð61Þ

with

φ0 ¼
Z1=2
hffiffiffi
2

p ðvþ hþ iρÞ: ð62Þ

Equation (61) shows that, apart from the term ϵ δσ
2
v20ðh20 þ

2v0h0 þ ρ20Þ and the purely source8 terms which, in a
loop expansion, start at one-loop order onwards, the
remaining terms of the general invariant counterterm can

be reabsorbed into the starting action (26) through a
suitable redefinition of the fields, parameters, and sources,
establishing thus the already known renormalizability of
the model, which is extended here with the introduction of
the composite operators ðOðxÞ; VμðxÞÞ. This final bare
action represents a closed setup for perturbatively comput-
ing renormalized correlation functions involving any num-
ber of composite-operator insertions.
Before starting with the one-loop evaluation of all Z’s

factors and of δσ, let us point out a few features displayed
by Eqs. (59):

(i) As it is apparent from Eqs. (59), the quantities
ðv; h; ρÞ have a common renormalization factor, i.e.,

Zh ¼ Zρ ¼ Zv: ð66Þ

This property follows from the rich set of Ward
identities present in the Landau gauge, in particular
from the existence of the global Ward identity (35).
The relation (66) turns out to be very helpful in the
practical calculations of the Z’s factors of the
composite operators ðOðxÞ; VμðxÞÞ.

(ii) The renormalization factor of the electric charge e is
not independent from the renormalization factor of
the gauge field Aμ. This property, usually written as

e0A0μ ¼ eAμ; ZeZ
1=2
A ¼ 1; ð67Þ

is a well-known feature of the Abelian U(1) models,
being present also in spinor QED.9 An explicit check

7Since we are not interested in the calculation of Green’s
functions with insertions of the BRST exact operators ðsh; sρÞ,
from now on, we shall set to zero the corresponding external
sources, i.e., L ¼ R ¼ 0.

8It is worth observing also that the higher order terms in the
external sources could be reabsorbed into the starting action Σ,
Eq. (26), by means of a nonlinear redefinition of ðJ; ηÞ, given by

J0 ¼ J þ ϵðzJJ þ zΩΩμΩμ þ z3v2Þ; ð63Þ

and

η0¼ηþϵ

�
zηηþ z̃JJþ z̃ΩΩμΩμþ

z4
v2
ðΩ4þ16J2−8JΩ2Þ

�
; ð64Þ

with

zJ ¼ a2 − a1 − 2
δσ

λ
; zΩ ¼ −

a2
4
;

z3 ¼
δσ

2
; zη ¼ −a1;

z̃J ¼
δσ

λ
; z̃Ω ¼ −

δσ

4λ
; z4 ¼

a2
32λ

−
δσ

8λ2
: ð65Þ

Notice that ðzJ; zηÞ are the same expressions entering in the
factors ZJJ and Zηη of Eqs. (59).

9This property is expressed, for example, in page 346,
Eq. (7–73), of Ref. [15].
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of this property will be provided by the evaluation of
the divergent one-loop contribution to the gauge
boson mass m.

(iii) Finally, let us rewrite the mixing matrices in a more
explicit form, namely

�Ω0μ

ϒ0μ

�
¼
�

1 0

− 1
2eϵa0 ð1− ϵ

2
a0Þ

��Ωμ

ϒμ

�

�
J0
η0

�
¼
�ð1þϵða2−a1−2δσ

λ ÞÞ 0

ϵδσλ ð1−ϵa1Þ

��
J

η

�
;

ð68Þ

from which one recognizes the general pattern given
in [16,17], see also [18].

We can now proceed with the one-loop evaluation of the
Z’s factors.

V. EXPLICIT EVALUATION OF THE Z’S
FACTORS AT ONE-LOOP ORDER AND
CHECK OF THE WARD IDENTITIES

Having at our disposal the bare action, Eq. (61), we can
immediately obtain the one-loop action, including all

needed counterterms, to face the evaluation of the Z’s
factors. Setting

ZA ¼ 1þ ℏZð1Þ
A ;

Zh ¼ 1þ ℏZð1Þ
h ;

Zλ ¼ 1þ ℏZð1Þ
λ ;

ZJJ ¼ 1þ ℏZð1Þ
JJ ;

ZηJ ¼ ℏZð1Þ
ηJ ;

ZJη ¼ 0;

Zηη ¼ Z−1
h ;

ZΩΩ ¼ 1þ ℏZð1Þ
ΩΩ;

ZϒΩ ¼ ℏZð1Þ
ϒΩ;

ZΩϒ ¼ 0;

Zϒϒ ¼ Z
−1
2

A ;

ðδσÞ0 ¼ ℏðδσÞð1Þ; ð69Þ

we get

Σbare ¼
Z

d4x

�
1

4
ð1þ ℏZð1Þ

A ÞFμνFμν þ ð1þ ℏZð1Þ
h ÞðDμφÞ�ðDμφÞ þ ð1þ ℏZð1Þ

λ Þð1þ 2ℏZð1Þ
h Þ λ

2

�
φ�φ −

v2

2

�
2

þ c̄∂2cþ ib∂μAμ þ ℏðδσÞð1Þ 1
2
v2ðh2 þ 2vhþ ρ2Þ þ ð1þ ℏZð1Þ

JJ Þð1þ ℏZð1Þ
h ÞJOþ ℏZð1Þ

ηJ Jv
2 þ ηv2

þ ð1þ ℏZð1Þ
ΩΩÞð1þ ℏZð1Þ

h ÞΩμVμ þ ℏZð1Þ
ϒΩΩμ∂νFνμ þϒμ∂νFνμ

	

þ
Z

d4x

�
ℏZð1Þ

A

�
−

1

8e2
Ωμ∂2Ωμ þ

1

8e2
Ωμ∂μ∂νΩν

�
þ ℏZð1Þ

h

�
1

8
v2ΩμΩμ þ

1

4
OΩμΩμ

�

þ ℏðZð1Þ
λ þ 2Zð1Þ

h Þ
�
−
1

4
OΩμΩμ þ

1

32λ
ðΩμΩμΩνΩν þ 16J2 − 8JΩμΩμÞ

�

þ ℏðδσÞð1Þ
�
1

λ

�
−
1

4
v2ΩμΩμ þ

1

2
OΩμΩμ

�
−

1

8λ2
ðΩμΩμΩνΩν þ 16J2 − 8JΩμΩμÞ

�	
þOðℏ2Þ: ð70Þ

Since

ðDμφÞ�ðDμφÞ ¼
1

2
½ð∂μhÞð∂μhÞ þ ð∂μρÞð∂μρÞ

þ 2evAμð∂μρÞ þ e2v2AμAμ

− 2eρAμð∂μhÞ þ 2ehAμð∂μρÞ
þ e2ρ2AμAμ þ 2e2vhAμAμ þ e2h2AμAμ�;

ð71Þ

and

λ

2

�
φ�φ−

v2

2

�
2

¼ λ

8
ðh4þ4v2h2þρ4þ4vh3þ2h2ρ2þ4vhρ2Þ; ð72Þ

we can split the action into the sum of the quadratic piece
with the interaction and one-loop counterterm, namely

Σbare ¼ Squad þ ℏSI þOðℏ2Þ;

where
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Squad ¼
Z

d4x

�
1

2
Aμð−δμν∂2 þ ∂μ∂ν þm2δμνÞAν þ ib∂μAμ

þ 1

2
hð−∂2 þm2

hÞhþ 1

2
ρð−∂2Þρþ evAμð∂μρÞ þ c̄∂2c

	
; ð73Þ

and

SI ¼
Z

d4x

�
1

2
Zð1Þ
A Aμð−δμν∂2 þ ∂μ∂νÞAν

þ 1

2
Zð1Þ
h ½−2eρAμð∂μhÞ þ 2ehAμð∂μρÞ þ e2ρ2AμAμ þ 2e2vhAμAμ þ e2h2AμAμ�

þ 1

2
Zð1Þ
h ½−h∂2h − ρ∂2ρþ 2evAμð∂μρÞ þ e2v2AμAμ

−2eρAμð∂μhÞ þ 2ehAμð∂μρÞ þ eρ2AμAμ þ 2e2vhAμAμ þ e2h2AμAμ�

þ ðZð1Þ
λ þ 2Zð1Þ

h Þ λ
2
v2h2 þ ð1þ ðZð1Þ

λ þ 2Zð1Þ
h ÞÞ λ

8
½h4 þ ρ4 þ 4vh3 þ 2h2ρ2 þ 4vhρ2�

þ ðδσÞð1Þ 1
2
v2ðh2 þ 2vhþ ρ2Þ þ 1

2
ð1þ ðZð1Þ

JJ þ Zð1Þ
h ÞÞJðh2 þ 2vhþ ρ2Þ þ ℏZð1Þ

ηJ Jv
2 þ ηv2

þ 1

2
ð1þ ðZð1Þ

ΩΩ þ Zð1Þ
h ÞÞΩμ½−ρ∂μhþ h∂μρþ v∂μρþ eAμðv2 þ h2 þ 2vhþ ρ2Þ� þ Zð1Þ

ϒΩΩμ∂νFνμ þϒμ∂νFνμ

	

þ
Z

d4x

�
Zð1Þ
A

�
−

1

8e2
Ωμ∂2Ωμ þ

1

8e2
Ωμ∂μ∂νΩν

�
þ Zð1Þ

h

�
1

8
v2ΩμΩμ þ

1

4
OΩμΩμ

�

þ ðZð1Þ
λ þ 2Zð1Þ

h Þ
�
−
1

4
OΩμΩμ þ

1

32λ
ðΩμΩμΩνΩν þ 16J2 − 8JΩμΩμÞ

�

þ ðδσÞð1Þ
�
1

λ

�
−
1

4
v2ΩμΩμ þ

1

2
OΩμΩμ

�
−

1

8λ2
ðΩμΩμΩνΩν þ 16J2 − 8JΩμΩμÞ

�	
: ð74Þ

From expressions (73) and (74) we can derive the tree-level
field propagators and the one-loop Feynman rules obtained
by keeping the sources ðJ; η;Ωμ;ϒμÞ as external fields.
For the benefit of the reader, all propagators and Feynman

rules can be found in Appendix A. Appendix B collects
all details of the evaluation of Green’s functions of the
elementary fields, i.e., hhi, hhðxÞhðyÞi, hAμðxÞAνðyÞi.
A complete subsection has also been devoted to the
one-loop calculation of the Goldstone two-point Green’s
function hρðxÞρðyÞi, showing that the Goldstone mode
remains massless in the Landau gauge, providing a
very useful check of the whole setup. Appendix C is
fully devoted to the details of the evaluation of Green’s
functions of the composite operators hhðxÞOðyÞi and
hAμðxÞVνðyÞi.
Let us start with the one-loop vanishing tadpoles con-

dition

hhðxÞi1−loop ¼ 0: ð75Þ

From Eqs. (B2)–(B3) of Appendix B, one obtains

ðδσÞð1Þ ¼ 1

v2

�
−e2ðd − 1Þχðm2Þ − 3

2
λχðm2

hÞ
�
; ð76Þ

and, for the one-loop divergent part of ðδσÞð1Þ in the MS
scheme (with d ¼ 4 − ε):

ðδσÞð1Þdiv ¼
1

ð4πÞ2
1

v2

�
3e2m2 þ 3

2
λm2

h

��
2

ε
− γ þ ln ð4πÞ

�
:

ð77Þ

The renormalization factors ðZð1Þ
A ; Zð1Þ

h ; Zð1Þ
λ Þ can be

obtained evaluating the one-loop connected two-point
functions hAμðxÞAνðyÞi, hhðxÞhðyÞi and hρðxÞρðyÞi, all
presented in Appendix B. It turns out that10

10The factors ðZð1Þ
A ; Zð1

λ Þ give rise to the standard expressions
for the one-loop β functions [10], namely

βð1Þe ¼ e3

48π2
; βð1Þλ ¼ 1

8π2
ð5λ2 − 6e2λþ 6e4Þ: ð78Þ
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Zð1Þ
A ¼ −

e2

48π2

�
2

ε
− γ þ ln ð4πÞ

�
; ð79Þ

Zð1Þ
h ¼ 3e2

16π2

�
2

ε
− γ þ ln ð4πÞ

�
; ð80Þ

Zð1Þ
λ ¼ 1

16π2

�
5λþ 6

e4

λ
− 6e2

��
2

ε
− γ þ ln ð4πÞ

�
: ð81Þ

Before proceeding with the evaluation of ðZJJ; Z
ð1Þ
ϒΩ; Z

ð1Þ
ΩΩÞ,

let us spend a few words on the relation (67), namely

e0A0μ ¼ eAμ; ZeZ
1=2
A ¼ 1: ð82Þ

There are several ways to test this relation computing, for
example, the corrections to the three vertex ve2hAμAμ.
Moreover, the Higgs model offers a very nice and direct
check of Eq. (82) through the corrections to the gauge boson
mass. In fact, the above-mentioned relationwould imply that

1

2
e20v

2
0A0μA0μ ¼

Zh

2
e2v2AμAμ; ð83Þ

meaning that the renormalization factor of the gauge boson
mass should be given entirely by the wave function renorm-
alizationof theHiggs fieldh,Zh. That this is precisely the case
follows from the evaluation of the two-point gauge boson
correlation function hAμðpÞAνð−pÞi1−loop reported in
Appendix B, see Eqs. (B9) and (B10).
We now turn to the evaluation of ðZJJ; Z

ð1Þ
ϒΩ; Z

ð1Þ
ΩΩÞ, which

can be extracted from the knowledge of the correlation
functions hhðxÞOðyÞi and hAμðxÞVνðyÞi, whose details are
collected in Appendix C. To that end we first evaluate
hhðxÞiJ and hAμðxÞiΩ, where the use of the indices J and Ω
means that these sources are not yet set to zero, being
treated as external fields in the Feynman rules, see
Appendix A. After the one-loop computation of hhðxÞiJ
and hAμðxÞiΩ, we differentiate them with respect to J and
Ω, obtaining thus the desired correlation functions, i.e.,

δhhðxÞiJ
δJðyÞ

����
J¼Ω¼0

¼ hhðxÞOðyÞi;

δhAμðxÞiΩ
δΩνðyÞ

����
J¼Ω¼0

¼ hAμðxÞVνðyÞi: ð84Þ

The first correction for ZJJ can be determined through
Green’s function hhðxÞOðyÞi, whose calculation can be
found in Appendix C:

Zð1Þ
JJ ¼ 1

16π2
ð2λ − 3e2Þ

�
2

ε
− γ þ ln ð4πÞ

�
: ð85Þ

It is easy to see that (85) agrees with the result given by the
Ward identities and the algebraic analysis, Eq. (59), i.e.,

Zð1Þ
JJ ¼ Zð1Þ

λ þ Zð1Þ
h − 2

ðδσÞð1Þdiv

λ
: ð86Þ

Another prediction of the Ward identities and the algebraic
analysis is the remarkable result

ZΩΩ ¼ 1;

ZϒΩ ¼ −
1

2e
ðZA − 1Þ: ð87Þ

which means ZΩΩ does not receive quantum corrections,
while ZϒΩ starts at order ℏ and can be expressed in terms of
the gauge boson wave function renormalization factor ZA.
At one-loop order, we get

Zð1Þ
ΩΩ ¼ 0;

Zð1Þ
ϒΩ ¼ e

96π2

�
2

ε
− γ þ ln ð4πÞ

�
: ð88Þ

The explicit check of Eqs. (88) can be found in the last
subsection of Appendix C.

VI. CONCLUSION

In the present paper we have pursued the investigation
started in [1,2] of the two BRST invariant local operators
ðO;VμÞ, Eq. (1), by studying their renormalization proper-
ties, encoded in the renormalization of the corresponding
external sources ðJ;ΩμÞ needed to introduce them in the
starting actionΣ, Eq. (26). As shown in [1,2], these operators
provide a BRST invariant framework to describe the Higgs
particle and the gauge vector boson in theUð1ÞHiggsmodel.
As such, the current paper gives formal ground for the
renormalization and subtraction procedures applied in [1,2]
to obtain the spectral properties associated with the BRST
invariant, composite description of the physical degrees of
freedom of the model. Moreover, the presented final bare
action allows for perturbatively computing any renormalized
n-point correlation function of the composite operators.
The BRST invariant nature of ðO;VμÞ has been exploited

by making use of the Landau gauge condition, ∂μAμ ¼ 0,
which, due to the large set of Ward identities, provides
several practical advantages with respect to the Rξ gauge as
far as BRST invariant quantities are concerned.
Our results are displayed in Sec. V, where the explicit

one-loop expression of the Z’s factors of both fields and
operators have been displayed. We underline the fact that
the vector operator Vμ mixes with ∂νFνμ, a feature already
observed in [20]. Moreover, a powerful Ward identity
exists, Eq. (43), which has enabled us to obtain a purely
algebraic characterization of the 2 × 2 mixing matrix.
Our next goal will be that of looking at the Yang-Mills

case, where a generalization of the operators ðO;VμÞ can be
constructed in order to have a BRST invariant setup for both
Higgs andgaugevector bosons, see [6] and references therein
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for a general overview. This is the case, for instance, of
the SUð2ÞYang-Mills model with a single Higgs field in the
fundamental representation. Such a study could be the
starting point to investigate the behavior of Yang-Mills-
Higgs models in the infrared region, where possible non-
perturbative effects related to the existence of Gribov copies
could be taken into account by means of the BRST invariant
formulation of the Gribov-Zwanziger horizon function
established in [27]. These studies could lead to an interesting
comparison with both present, see Ref. [6], and future lattice
investigations of Yang-Mills-Higgs models.
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APPENDIX A: PROPAGATORS AND ONE-LOOP
FEYNMAN RULES

From the quadratic action, Eq. (73), we can easily derive
the following tree level propagators:

hAμðpÞAνð−pÞitree ¼
1

p2 þm2

�
δμν −

pμpν

p2

�
;

hhðpÞhð−pÞitree ¼
1

p2 þm2
h

;

hρðpÞρð−pÞitree ¼
1

p2
;

hc̄ðpÞcð−pÞitree ¼
1

p2
;

hAμðpÞbð−pÞitree ¼
pμ

p2
;

hρðpÞbð−pÞitree ¼ −i
m2

p2
: ðA1Þ

Let us also remind the reader that the fields ðb; c; c̄Þ are non
interacting fields, so that they will not enter into the
interaction vertices. In order to give the Feynman rules,
we shall make use of the following diagrammatic notation

The interaction action SI, Eq. (74), leads to the following
Feynman rules, here given in d-dimensional Euclidean
space-time, with d ¼ 4 − ε and incoming momenta:

ðA2Þ

ðA3Þ

ðA4Þ

ðA5Þ

ðA6Þ
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ðA7Þ

ðA8Þ

ðA9Þ

ðA10Þ

ðA11Þ

ðA12Þ

ðA13Þ

ðA14Þ

ðA15Þ

ðA16Þ
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ðA17Þ

ðA18Þ

ðA19Þ

ðA20Þ

ðA21Þ

where ðJ̃ðpÞ; Ω̃μðpÞÞ stand for the Fourier transformation of ðJðxÞ;ΩμðxÞÞ.

APPENDIX B: GREEN’S FUNCTIONS OF THE
ELEMENTARY FIELDS

1. The condition of vanishing tadpoles hhi= 0
The diagrams contributing at one-loop order to hhi are

displayed in Fig. 1, where the counterterm ðδσÞð1Þ has also
been included.
Using dimensional regularization in the MS scheme, the

evaluation of the first diagram gives

hhi1¼
1

2

1

m2
h

ð−3λvÞ
Z

ddk
ð2πÞd

1

k2þm2
h

¼ 1

m2
h

�
−
3

2
λv

�
χðm2

hÞ;

where

χðM2Þ ¼
Z

ddk
ð2πÞd

1

k2 þM2

¼ 1

ð4πÞd2 Γ
�
1 −

d
2

�
ðM2Þd2−1: ðB1Þ

For the other contributions, one gets sequentially

hhi2 ¼
1

2

1

m2
h

ð−λvÞ
Z

ddk
ð2πÞ

1

k2
¼ 0;

hhi3 ¼
1

2

1

m2
h

ð−2e2δμνÞ
Z

ddk
ð2πÞd

1

k2 þm2

�
δμν −

kμkν
k2

�

¼ 1

m2
h

ð−e2vÞðd − 1Þχðm2Þ;

hhi4 ¼
1

m2
h

ð−ðδσÞð1Þv3Þ:FIG. 1. One-loop diagrams contributing to the one-point
Green’s function hhi of the Higgs field h.
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Imposing now the condition hhi ¼ 0 at one-loop order,
yields

ðδσÞð1Þ ¼ 1

v2

�
−e2ðd − 1Þχðm2Þ − 3

2
λχðm2

hÞ
�
: ðB2Þ

Thus, for the one-loop divergent part of ðδσÞð1Þ in the MS
scheme, we have

ðδσÞð1Þdiv ¼
1

ð4πÞ2
1

v2

�
3e2m2 þ 3

2
λm2

h

��
2

ε
− γ þ ln ð4πÞ

�
:

ðB3Þ

2. The connected two-point function
of the gauge field hAAi

At one-loop order, for the connected two-point gauge
field correlation function we have, including the counter-
term, the diagrams shown in Fig. 2.
Defining

Hðm2
1; m

2
2; p

2Þ ¼ p2xð1 − xÞ þ xm2
1 þ ð1 − xÞm2

2;

for each diagram we obtain sequentially:

hAμðpÞAνð−pÞi1−loop1 ¼ PμαðpÞ
p2 þm2

PνβðpÞ
p2 þm2

ð−2e2vδαρÞð−2e2vδβλÞ
Z

ddk
ð2πÞd

PρλðkÞ
k2 þm2

1

ðp − kÞ2 þm2
h

¼ PμνðpÞ
ðp2 þm2Þ2 4e

4v2
1

ð4πÞd2
Z

1

0

dx

�
Γ
�
2 −

d
2

�
Hðm2; m2

h; p
2Þd2−2

�

−
PμνðpÞ

ðp2 þm2Þ2 4e
4v2

1

ð4πÞd2
Z

1

0

�
1

2m2
Γ
�
1 −

d
2

�
ðHð0; m2

h; p
2Þd2−1 −Hðm2; m2

h; p
2Þd2−1Þ

�
;

hAμðpÞAνð−pÞi1−loop2 ¼ PμαðpÞ
p2 þm2

PνβðpÞ
p2 þm2

Z
ddk
ð2πÞd ieð−2kα þ pαÞ

1

k2 þm2
h

ieð2kβ − pβÞ
1

ðp − kÞ2

¼ PμνðpÞ
ðp2 þm2Þ2 2e

2
1

ð4πÞd2
Z

1

0

dxΓ
�
1 −

d
2

�
Hðm2

h; 0; p
2Þd2−1;

hAμðpÞAνð−pÞi1−loop3 ¼ 1

2

PμαðpÞ
p2 þm2

PνβðpÞ
p2 þm2

ð−2e2δαβÞ
Z

ddk
ð2πÞd

1

k2 þm2
h

¼ PμνðpÞ
ðp2 þm2Þ2 ð−e

2Þ 1

ð4πÞd2 Γ
�
1 −

d
2

�
ðm2

hÞ
d
2
−1;

hAμðpÞAνð−pÞi1−loop4 ¼ 1

2

PμαðpÞ
p2 þm2

PνβðpÞ
p2 þm2

ð−2e2δαβÞ
Z

ddk
ð2πÞd

1

k2
¼ 0; ðB4Þ

where PμνðpÞ stands for the transverse projector

PμνðpÞ ¼
�
δμν −

pμpν

p2

�
: ðB5Þ

FIG. 2. Diagrams contributing to the one-loop two-point Green’s function of the Abelian vector field Aμ.
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For the one-loop counterterm, we get

hAμðpÞAνð−pÞi1−loopct ¼ −
PμαðpÞ
p2 þm2

PνβðpÞ
p2 þm2

ðZð1Þ
A ðp2δαβ − pαpβÞ þ Zð1Þ

h m2δαβÞ

¼ −
PμνðpÞ

ðp2 þm2Þ2 ðZ
ð1Þ
A p2 þ Zð1Þ

h m2Þ: ðB6Þ

Notice that, in the evaluation of hAμðpÞAνð−pÞi1−loop, we have not taken into account the contributions of tadpole
diagrams which cancel by construction due to the condition hhi1−loop ¼ 0. Therefore, summing up all contributions,
Eqs. (B4)–(B6), we get

hAμðpÞAνð−pÞi1−loop ¼ PμνðpÞ
�

1

p2 þm2
þ Π1−loop

AA

ðp2 þm2Þ2
�
; ðB7Þ

Π1−loop
AA ¼

�
4e4v2

1

ð4πÞd2
Z

1

0

dx

�
Γ
�
2 −

d
2

�
Hðm2; m2

h; p
2Þd2−2 þ 1

2m2
Γ
�
1 −

d
2

�
Hðm2; m2

h; p
2Þd2−1

�

−
1

ð4πÞd2 e
2Γ
�
1 −

d
2

�
ðm2

hÞ
d
2
−1 − ðZð1Þ

A p2 þ Zð1Þ
h m2Þ

�
: ðB8Þ

From

Γ
�
2 −

d
2

�
¼ 2

ε
− γ þOðεÞ;

Γ
�
1 −

d
2

�
¼ −

2

ε
þ γ − 1þOðεÞ;

it follows that

hAμðpÞAνð−pÞi1−loop ¼ PμνðpÞ
�

1

p2 þm2
þ 1

ðp2 þm2Þ2
�

e2

ð4πÞ2
�
2

ε
− γ þ ln ð4πÞ

��
−
p2

3
þ 3m2

�

− ðZð1Þ
A p2 þ Zð1Þ

h m2Þ − 4e2m2
1

ð4πÞ2
Z

1

0

dx ln

�
Hðm2; m2

h; p
2Þ

μ2

�

þ 2e2
1

ð4πÞ2
Z

1

0

dxHðm2; m2
h; p

2Þ
�
ln

�
Hðm2; m2

h; p
2Þ

μ2

�
− 1

�

−
1

ð4πÞ2 e
2m2

h

�
ln

�
m2

h

μ2

�
− 1

��	
: ðB9Þ

Thus, in the MS scheme, for the one-loop renormalization factors ðZð1Þ
A ; Zð1Þ

h Þ, we have

Zð1Þ
A ¼ −

e2

48π2

�
2

ε
− γ þ ln ð4πÞ

�
;

Zð1Þ
h ¼ 3e2

16π2

�
2

ε
− γ þ ln ð4πÞ

�
; ðB10Þ

so that the one-loop renormalized connected two-point gauge correlation function turns out to be

hAμðpÞAνð−pÞi1−loopren ¼ PμνðpÞ
�

1

p2 þm2
þ ðΠ1−loop

AA Þren
ðp2 þm2Þ2

�
; ðB11Þ

with
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ðΠ1−loop
AA Þren ¼

e2

ð4πÞ2
�
−4m2

Z
1

0

dx ln

�
Hðm2; m2

h; p
2Þ

μ2

�
þ 2

Z
1

0

dxHðm2; m2
hÞ
�
ln

�
Hðm2; m2

h; p
2Þ

μ2

�
− 1

��

−
e2

ð4πÞ2
�
m2

h

�
ln

�
m2

h

μ2

�
− 1

��
: ðB12Þ

Let us end this subsection by underlining that, from Eqs. (B9) and (B10), it follows that the renormalization factor of the
gauge boson mass is given by the wave function Zh of the Higgs field, as stated by the Ward identity (67).

3. The connected one-loop two-point correlation function of the Higgs field hhhi
Let us now consider the connected one-loop two point function of the Higgs field, whose contributing Feynman diagrams

are depicted in Fig. 3.
As done before in the evaluation of hAμðpÞAνð−pÞi1−loop, we have not taken into account contributions of tadpole

diagrams which vanish due to the condition hhi1−loop ¼ 0.
For each single contribution we get

hhðpÞhð−pÞi1−loop1 ¼ 1

2

1

ðp2 þm2
hÞ2

ð−3vλÞ2
Z

ddk
ð2πÞd

1

k2 þm2
h

1

ðp − kÞ2 þm2
h

¼ 1

ðp2 þm2
hÞ2

9

2
m2

h
λ

ð4πÞd2 Γ
�
2 −

d
2

�Z
1

0

dxHðm2
h; m

2
h; p

2Þd2−2

¼ 1

ðp2 þm2
hÞ2

�
9

2
m2

h
λ

ð4πÞ2
�
2

ε
− γ þ ln ð4πÞ

�
−
9

2
m2

h
λ

ð4πÞ2
Z

1

0

dx ln

�
Hðm2

h; m
2
h; p

2Þ
μ2

��
ðB13Þ

hhðpÞhð−pÞi1−loop2 ¼ 1

2

1

ðp2 þm2
hÞ2

ð−vλÞ2
Z

ddk
ð2πÞd

1

k2
1

ðp − kÞ2

¼ 1

ðp2 þm2
hÞ2

1

2
v2λ2

1

ð4πÞd2 Γ
�
2 −

d
2

�Z
1

0

dxHð0; 0; p2Þd2−2

¼ 1

ðp2 þm2
hÞ2

�
1

2
m2

h
λ

ð4πÞ2
�
2

ε
− γ þ ln ð4πÞ

�
−
1

2
m2

h
λ

ð4πÞ2
Z

1

0

dx ln

�
Hð0; 0; p2Þ

μ2

��
ðB14Þ

hhðpÞhð−pÞi1−loop3 ¼ Π1
3

ðp2 þm2
hÞ2

; ðB15Þ

with

FIG. 3. Feynman diagrams which contribute to the one-loop two-point function of the Higgs field h.
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Π1
3 ¼

1

2
ð−2e2vδμαÞð−2e2vδνβÞ

Z
ddk
ð2πÞd

PμνðkÞ
k2 þm2

Pαβðp − kÞ
ðp − kÞ2 þm2

¼ ð2e4v2Þ
ð4πÞd2

Z
1

0

dx
�
ðd − 1ÞΓ

�
2 −

d
2

�
Hðm2; m2; p2Þd2−2 − Γ

�
2 −

d
2

�
p2

m2
ðHðm2; 0; p2Þd2−2 −Hðm2; m2; p2Þd2−2Þ

þ Γ
�
2 −

d
2

�
p4

m4
ð1 − xÞ2ðHð0; 0; p2Þd2−2 −Hðm2; 0; p2Þd2−2 −Hð0; m2; p2Þd2−2 þHðm2; m2; p2Þd2−2Þ

þΓ
�
1 −

d
2

�
p2

2m4
ðHð0; 0; p2Þd2−1 − 2Hðm2; 0; p2Þd2−1 þHðm2; m2; p2Þd2−1Þ

	

¼
�
6m2

e2

ð4πÞ2
�
2

ε
− γ þ ln ð4πÞ

�

þ e2m2

ð8π2Þ
Z

1

0

dx

�
−2 − 3 ln

�
Hðm2; m2; p2Þ

μ2

�
þ p2

m2

�
ln

�
Hðm2; 0; p2Þ

μ2

�
− ln

�
Hðm2; m2; p2Þ

μ2

��

−
p4

m4
ð1 − xÞ2

�
ln

�
Hð0; 0; p2Þ

μ2

�
− ln

�
Hðm2; 0; p2Þ

μ2

�
− ln

�
Hð0; m2; p2Þ

μ2

�
þ ln

�
Hðm2; m2; p2Þ

μ2

��

þ p2

2m4

�
Hð0; 0; p2Þ ln

�
Hð0; 0; p2Þ

μ2

�
− 2Hðm2; 0; p2Þ ln

�
Hðm2; 0; p2Þ

μ2

�
þHðm2; m2; p2Þ ln

�
Hðm2; m2; p2Þ

μ2

���	

ðB16Þ

hhðpÞhð−pÞi1−loop4 ¼ 1

ðp2 þm2
hÞ2

Z
ddk
ð2πÞd ieð2pμ − kμÞ

PμνðkÞ
k2 þm2

ieð−2pν þ kνÞ
1

ðp − kÞ2

¼ 1

ðp2 þm2
hÞ2

4e2
1

ð4πÞd2
Z

1

0

dx

�
p2Γ

�
2 −

d
2

�
Hðm2; 0; p2Þd2−2

−
p4

m2
ð1 − xÞ2Γ

�
2 −

d
2

�
ðHð0; 0; p2Þd2−2 −Hðm2; 0; p2Þd2−2Þ

−
p2

2m2
Γ
�
1 −

d
2

�
ðHð0; 0; p2Þd2−1 −Hðm2; 0; p2Þd2−1Þ

	

¼ 1

ðp2 þm2
hÞ2

�
3p2

e2

ð4πÞ2
�
2

ε
− γ þ ln ð4πÞ

�

× 4e2
1

ð4πÞ2
Z

1

0

dx

�
−p2 ln

�
Hðm2; 0; p2Þ

μ2

�
þ p4

m2
ð1 − xÞ2

�
ln

�
Hð0; 0; p2Þ

μ2

�
− ln

�
Hðm2; 0; p2Þ

μ2

��

−
p2

2m2

�
Hð0; 0; p2Þ

�
ln

�
Hð0; 0; p2Þ

μ2

�
− 1

�
−Hðm2; 0; p2Þ

�
ln

�
Hðm2; 0; p2Þ

μ2

�
− 1

���	
ðB17Þ

hhðpÞhð−pÞi1−loop5 ¼ 1

2

1

ðp2 þm2
hÞ2

ð−3λÞ
Z

ddk
ð2πÞd

1

k2 þm2
h

¼ 1

ðp2 þm2
hÞ2

�
−
3

2
λ

1

ð4πÞd2 Γ
�
1 −

d
2

�
ðm2

hÞ
d
2
−1
�

¼ 1

ðp2 þm2
hÞ2

�
3

2
m2

h
λ

ð4πÞ2
�
2

ε
− γ þ ln ð4πÞ

�
−
3

2

λ

ð4πÞ2 m
2
h

�
ln

�
m2

h

μ2

�
− 1

��
ðB18Þ

hhðpÞhð−pÞi1−loop6 ¼ 1

2

1

ðp2 þm2
hÞ2

ð−λÞ
Z

ddk
ð2πÞd

1

k2
¼ 0 ðB19Þ
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hhðpÞhð−pÞi1−loop7 ¼ 1

2

1

ðp2 þm2
hÞ2

ð−2e2δμνÞ
Z

ddk
ð2πÞd

PμνðkÞ
k2 þm2

¼ 1

ðp2 þm2
hÞ2

�
−e2ðd − 1Þ 1

ð4πÞd2 Γ
�
1 −

d
2

�
ðm2Þd2−1

�

¼ 1

ðp2 þm2
hÞ2

�
3m2

e2

ð4πÞ2
�
2

ε
− γ þ ln ð4πÞ

�
− e2

1

ð4πÞ2m
2

�
3 ln

�
m2

μ2

�
− 1

��
: ðB20Þ

Finally, for the one-loop counterterm, we have

hhðpÞhð−pÞi1−loopct ¼ 1

ðp2 þm2
hÞ2

½−ðZð1Þ
h p2 þ ðZð1Þ

λ þ Zð1Þ
h Þm2

h þ ðδσÞð1Þv2Þ� ðB21Þ

so that

Zð1Þ
h ¼ 3e2

16π2

�
2

ε
− γþ lnð4πÞ

�
;

Zð1Þ
λ ¼ 1

16π2

�
5λþ6

e4

λ
−6e2

��
2

ε
− γþ lnð4πÞ

�
: ðB22Þ

It is worth remarking that the value of Zð1Þ
h in Eq. (B22) is in

full agreement, as expected, with that obtained from the
evaluation of hAμðpÞAνð−pÞi1−loopren , see Eq. (B10). As
already mentioned, this feature offers a very simple check
of the nonrenormalization property e0A0μ ¼ eAμ in the
Abelian Higgs model.

4. The connected one-loop two-point correlation
function of the Goldstone field hρρi

This subsection is devoted to the study of the would-be
Goldstone boson two-point correlation function hρρi. This
will provide an additional check of the Ward identities
displayed by the Uð1Þ Higgs model. In particular, in the
Landau gauge, the field ρ ought to be massless as a

consequence of the global Ward identity, Eq. (35), which,
when written on the generator Γ of the 1PI connected
Green’s functions, takes the form

Z
d4x

�
−ρ

δΓ
δh

þ ðvþ hÞ δΓ
δρ

− R
δΓ
δL

þ L
δΓ
δR

�
¼ 0: ðB23Þ

Indeed, acting now on Eq. (B23) with the test operator δ
δρðyÞ,

using the tadpole condition hhi ¼ 0, setting all sources and
fields to zero and taking the Fourier transform one gets, in
momentum space,

Γðp2 ¼ 0Þρρ ¼ 0; ðB24Þ

showing in fact that the Goldstone mode ρ remains
massless in the Landau gauge (see also its tree-level
propagator in Eq. (A1)).
Let us confirm here this property by an explicit one-loop

calculation, amounting to compute the diagrams depicted
in Fig. 4.
For each contribution we have

hρρi1−loop1 ðp2Þ ¼ 1

p4
ð−λvÞ2

Z
ddk
ð2πÞd

1

k2
1

ðp − kÞ2 þm2
h

¼ 1

p4
ðλ2v2Þ 1

ð4πÞd2 Γ
�
2 −

d
2

�Z
1

0

dxHð0; m2
h; p

2Þd2−2

¼ 1

p4
ðλm2

hÞ
1

ð4πÞ2
Z

1

0

dx

�
2

ε
− γ þ ln ð4πÞ − ln

�
Hð0; m2

h; p
2Þ

μ2

��

¼ 1

p4
ðλm2

hÞ
1

ð4πÞ2
Z

1

0

dx

�
2

ε
− γ þ ln ð4πÞ − ln

�
Hð0; m2

h; p
2Þ

μ2

��
; ðB25Þ
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hρρi1−loop2 ðp2Þ ¼ 1

p4

Z
ddk
ð2πÞd

PμνðkÞ
k2 þm2

ieð−2pμ þ kμÞ
1

ðp − kÞ2 þm2
h

ieð2pν − kνÞ

¼ 1

p4
4e2

1

ð4πÞd2
Z

1

0

dx

�
p2Γ

�
2 −

d
2

�
Hðm2; m2

h; p
2Þd2−2

−
p4

m2
ð1 − xÞ2Γ

�
2 −

d
2

�
ðHð0; m2

h; p
2Þd2−2 −Hðm2; m2

h; p
2Þd2−2Þ

−
p2

2m2
Γ
�
1 −

d
2

�
ðHð0; m2

h; p
2Þd2−1 −Hðm2; m2

h; p
2Þd2−1Þ

	

¼ 1

p4

�
e2

ð4πÞ2 3p
2

�
2

ε
− γ þ lnð4πÞ

�

þ 4
e2

ð4πÞ2
Z

1

0

dx
�
−p2 ln

�
Hðm2; m2

h; p
2Þ

μ2

�

þ p4

m2
ð1 − xÞ2

�
ln

�
Hð0; m2

h; p
2Þ

μ2

�
− ln

�
Hðm2; m2

h; p
2Þ

μ2

��

−
p2

2m2
ðHð0; m2

h; p
2Þ
�
ln

�
Hð0; mh; p2Þ

μ2

�
− 1

�

−Hðm2; m2
h; p

2Þ
�
ln

�
Hðm2; m2

h; p
2Þ

μ2

�
− 1

���	
; ðB26Þ

hρðpÞρð−pÞi1−loop3 ðp2Þ ¼ 1

2

1

p4
ð−3λÞ

Z
ddk
ð2πÞd

1

k2
¼ 0; ðB27Þ

hρðpÞρð−pÞi1−loop4 ðp2Þ ¼ 1

2

1

p4
ð−λÞ

Z
ddk
ð2πÞd

1

k2 þm2
h

¼ 1

p4

�
−
λ

2

1

ð4πÞd2 Γ
�
1 −

d
2

�
ðm2

hÞ
d
2
−1
�
; ðB28Þ

hρðpÞρð−pÞi1−loop5 ¼ 1

2

1

p4
ð−2e2δμνÞ

Z
ddk
ð2πÞd

PμνðkÞ
k2 þm2

¼ 1

p4

�
−e2ðd − 1Þ 1

ð4πÞd2 Γ
�
1 −

d
2

�
ðm2Þd2−1

�
: ðB29Þ

For the one-loop counterterm we have

hρρi1−loopct ðp2Þ ¼ 1

p4
½−ðZð1Þ

h p2 þ ðδσÞð1Þv2Þ�: ðB30Þ

Since

hρρi1−loopdiv ðp2Þ ¼ 1

p4

1

ð4πÞ2
�
λm2

h þ
e2

ð4πÞ2 3p
2 þ λ

2
m2

h þ 3e2m2

��
2

ε
− γ þ ln ð4πÞ

�
; ðB31Þ

FIG. 4. Feynman diagrams contributing to the two-point Green’s function of the Goldstone field ρ.
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we obtain

Zð1Þ
h ¼ 3e2

16π2

�
2

ε
− γ þ ln ð4πÞ

�
; ðB32Þ

and

ðδσÞð1Þdiv ¼
1

ð4πÞ2
1

v2

�
3e2m2 þ 3λ

2
m2

h

��
2

ε
− γ þ ln ð4πÞ

�
; ðB33Þ

agreeing with the previous result, Eq. (B3). Therefore, the renormalized two-point function hρρi1−loop turns out to be

hρρi1−loopðp2Þ ¼ 1

p2
þ 1

ðp2Þ2Π
ð1Þ
ρρ ðp2Þ; ðB34Þ

where

Πð1Þ
ρρ ¼ −

λ

ð4πÞ2m
2
h

�
−
�
ln

�
m2

h

μ2

�
− 1

�
þ
Z

1

0

dx ln

�
Hð0; m2

h; p
2Þ

μ2

��

þ 4
e2

ð4πÞ2 p
2

Z
1

0

dx

�
− ln

�
Hðm2; m2

h; p
2Þ

μ2

�

þ p2

m2
ð1 − xÞ2

�
ln

�
Hð0; m2

h; p
2Þ

μ2

�
− ln

�
Hðm2; m2

h; p
2Þ

μ2

��

−
1

2m2

�
Hð0; m2

h; p
2Þ
�
ln

�
Hð0; m2

h; p
2Þ

μ2

�
− 1

�
−Hðm2; m2

h; p
2Þ
�
ln

�
Hðm2; m2

h; p
2Þ

μ2

�
− 1

��	
ðB35Þ

For the resummed one-loop two-point correlation func-
tion we get

hρðpÞρð−pÞi1−loopðp2Þ ¼ 1

p2 − Πð1Þ
ρρ ðp2Þ

þOðℏ2Þ: ðB36Þ

Since

Hð0; m2
h; 0Þ ¼ ð1 − xÞm2

h; ðB37Þ

it follows that

Z
1

0

dx ln

�
Hð0; m2

h; 0Þ
μ2

�
¼ ln

�
m2

h

μ2

�
− 1; ðB38Þ

implying that

Πð1Þ
ρρ ð0Þ ¼ 0: ðB39Þ

This shows that, as required by the Ward identity (B23), the
Goldstone field ρ remains massless.

APPENDIX C: GREEN’S FUNCTIONS OF THE
COMPOSITE OPERATORS

Let us now face the computation of the correlation
functions with insertions of the local composite operators
ðOðxÞ; VμðxÞÞ.

1. Evaluation of the one-loop connected
Green’s function hhðxÞOðyÞi

As explained in Sec. V, in order to evaluate hhðxÞOðyÞi,
we first look at hhðxÞiJ, where the source J is an external
field. At the end we shall differentiate with respect to J and
set it to 0. The Feynman diagrams which contribute to
hhðxÞiJ are given in Fig. 5. For each contribution we get

hhðpÞi1J ¼
1

2

1

p2 þm2
h

ð−3λvÞð−J̃ðpÞÞ

×
Z

ddk
ð2πÞd

1

k2 þm2
h

1

ðp − kÞ2 þm2
h

; ðC1Þ

hhðpÞi2J ¼
1

2

1

p2 þm2
h

ð−λvÞð−J̃ðpÞÞ
Z

ddk
ð2πÞd

1

k2
1

ðp − kÞ2 ;

ðC2Þ
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hhðpÞi3J ¼
1

p2 þm2
h

ð−vJ̃ðpÞÞ; ðC3Þ

hhðpÞi4J ¼
1

ðp2 þm2
hÞ2

Π1−loop
hh ðp2Þð−vJ̃ðpÞÞ; ðC4Þ

where Π1−loop
hh stands for the Higgs one-loop self-energy,

see previous Appendix B and [1,2]

hhðpÞi5J ¼
1

ðp2 þm2
hÞ2

ð−ðZð1Þ
h p2 þ ðZð1Þ

λ þ Zð1Þ
h Þm2

h

þ ðδσÞð1Þv2ÞÞð−vJ̃ðpÞÞ; ðC5Þ

hhðpÞi6J ¼
1

p2 þm2
h

ð−vðZð1Þ
J þ Zð1Þ

h ÞJ̃ðpÞÞ: ðC6Þ

Therefore, collecting all contributions, differentiating with
respect to the source J and setting it to 0, for the one-loop
correlation function hhðpÞOð−pÞi1−loop, we get

hhðpÞOð−pÞi1−loop ¼ 1

p2 þm2
h

�
3

2
λv

�Z
ddk
ð2πÞd

1

k2 þm2
h

1

ðp − kÞ2 þm2
h

þ 1

p2 þm2
h

�
1

2
λv

�Z
ddk
ð2πÞd

1

k2
1

ðp − kÞ2 þ ð−vÞ 1

p2 þm2
h

ðZð1Þ
JJ þ Zð1Þ

h Þ

þ −v
p2 þm2

h

þ −v
ðp2 þm2

hÞ2
ðΠ1−loop

hh ðp2Þ − ðZð1Þ
h p2 þ ðZð1Þ

λ þ Zð1Þ
h Þm2

h þ ðδσÞð1Þv2ÞÞ: ðC7Þ

After isolating the divergent part, we have

Zð1Þ
JJ þ Zð1Þ

h ¼ 2
λ

ð4πÞ2
�
2

ε
− γ þ ln ð4πÞ

�
:

Using the previous result for Zð1Þ
h , Eq. (B22), it turns out that

Zð1Þ
JJ ¼ 1

16π2
ð2λ − 3e2Þ

�
2

ε
− γ þ ln ð4πÞ

�
: ðC8Þ

As was already mentioned, this result is in perfect agreement with the Ward identities,

Zð1Þ
JJ ¼ Zð1Þ

λ þ Zð1Þ
h − 2

ðδσÞð1Þdiv

λ
: ðC9Þ

2. Evaluation of hAμðpÞVνð− pÞi
Let us consider finally the last Green’s function, hAμðpÞVνð−pÞi, whose contributing Feynman diagrams at one-loop

order are given in the Fig. 6.

FIG. 5. Feynman diagrams that contribute at one loop to the two-point Green’s function hhðxÞiJ .

FIG. 6. One-loop diagrams contributing to Green’s function hAμðpÞiΩ.
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Each contribution turns out to be

hAμðpÞi1Ω ¼ PμαðpÞ
p2 þm2

ð−2e2vδαβÞð−evΩ̃γðpÞÞ
Z

ddk
ð2πÞ

PβγðkÞ
k2 þm2

1

k2 þm2
h

¼ Pμα

p2 þm2
ð2e3v2ÞΩ̃αðpÞ

1

ð4πÞd2
Z

1

0

dx

�
Γ
�
2 −

d
2

�
Hðm2; m2

hÞ
d
2
−2

−
1

2m2
Γ
�
1 −

d
2

�
ðHð0; m2

hÞ
d
2
−1 −Hðm2; m2

hÞ
d
2
−1Þ

	
; ðC10Þ

hAμðpÞi2Ω ¼ PμαðpÞ
p2 þm2

Z
ddk
ð2πÞd ieð−2kα þ pαÞ

1

k2 þm2
h

�
−
1

2
iðpβ − 2kβÞΩ̃βðpÞ

�
1

ðp − kÞ2

¼ PμαðpÞ
p2 þm2

ðeΩ̃αðpÞÞ
�
Γ
�
1 −

d
2

�
1

ð4πÞd2
Z

1

0

dxHðm2
h; 0Þ

d
2
−1
	
; ðC11Þ

hAμðpÞi3Ω ¼ 1

2

PμαðpÞ
p2 þm2

ð−eΩ̃αðpÞÞ
Z

ddk
ð2πÞd

1

k2 þm2
h

¼ PμαðpÞ
p2 þm2

�
−
1

2
eΩ̃αðpÞ

�
1

ð4πÞd2 Γ
�
1 −

d
2

�
ðm2

hÞ
d
2
−1; ðC12Þ

hAμðpÞi4Ω ¼ 1

2

PμαðpÞ
p2 þm2

ð−eΩ̃αðpÞÞ
Z

ddk
ð2πÞd

1

k2
¼ 0; ðC13Þ

hAμðpÞi5Ω ¼ PμαðpÞ
ðp2 þm2Þ2Π

1−loop
AA ðpÞ

�
−
1

2
ev2Ω̃αðpÞ

�
; ðC14Þ

where Π1−loop
AA stands for the one-loop gauge boson self-energy, see Eq. (B9),

hAμðpÞi6Ω ¼ PμαðpÞ
ðp2 þm2Þ2 ð−ðZ

ð1Þ
A ðp2δαβ − pαpβÞ þ Zð1Þ

h m2δαβÞÞ
�
−
1

2
ev2Ω̃βðpÞ

�

¼ PμαðpÞ
ðp2 þm2Þ2 ð−ðp

2Zð1Þ
A þ Zð1Þ

h m2ÞÞ
�
−
1

2
ev2Ω̃αðpÞ

�
; ðC15Þ

hAμðpÞi7Ω ¼ PμαðpÞ
p2 þm2

�
−
1

2
ev2Ω̃αðpÞ

�
; ðC16Þ

hAμðpÞi8Ω ¼ PμαðpÞ
p2 þm2

�
−
1

2
ðZð1Þ

ΩΩ þ Zð1Þ
h Þev2Ω̃αðpÞ þ Zð1Þ

ϒΩp
2PανðpÞΩ̃νðpÞ

�
: ðC17Þ

Therefore, after summing up all contributions, differentiating with respect to Ων and setting it to zero, for the divergent part
of hAμðpÞVνð−pÞi1−loopdiv , we obtain

hAμðpÞVνð−pÞi1−loopdiv ¼ Pμν

p2 þm2

�
2

ε
− γ þ ln ð4πÞ

�
1

ð4πÞ2
�
3

2
em2 − e

p2

6

	

þ Pμν

p2 þm2

�
−
1

2
ev2ðZð1Þ

ΩΩ þ Zð1Þ
h Þ þ Zð1Þ

ϒΩp
2

	
: ðC18Þ

It turns out thus that

Zð1Þ
ΩΩ þ Zð1Þ

h ¼ 3e2

16π2

�
2

ε
− γ þ ln ð4πÞ

�
; ðC19Þ
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and

Zð1Þ
ϒΩ ¼ e

96π2

�
2

ε
− γ þ ln ð4πÞ

�
¼ −

1

2e
Zð1Þ
AA: ðC20Þ

One sees that the factor Zð1Þ
h , Eq. (B22), cancels completely the right-hand side of Eq. (C19), yielding

Zð1Þ
ΩΩ ¼ 0: ðC21Þ

Equations (C20) and (C21) are in full agreement with the Ward identities.
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