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In this work we define a new type of flux operators on the Hilbert space of loop quantum gravity. We use
them to solve an equation of the form F(A) = ¢X in loop quantum gravity. This equation, which relates the
curvature of a connection A with its canonical conjugate ¥ = *E, plays an important role for spherically
symmetric isolated horizons, and, more generally, for maximally symmetric geometries and for the
Kodama state. If the equation holds, the new flux operators can be interpreted as a quantization of surface
holonomies from higher gauge theory. Also, they represent a kind of quantum deformation of SU(2). We
investigate their properties and discuss how they can be used to define states that satisfy the isolated horizon

boundary condition in the quantum theory.
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I. INTRODUCTION

The classical boundary conditions on a spatial slice H of
a spherically symmetric isolated horizon (IH) can be
expressed [1] by the very natural boundary condition [2]

(1.1)

Here, A and E are canonically conjugate Ashtekar-Barbero
variables [3,4], an SU(2) connection, and the corresponding
electric field. We will take E to be su(2) valued, using the
Cartan-Killing metric on su(2). xE denotes the 2-form

15, F(A) = Cij (xE).

(%E) 4 = €apcE°. (1.2)
Before the invention of isolated horizons, a boundary
condition of the form (1.1) has already been studied in
[2]. In that prescient work, Smolin has argued that the
imposition of (1.1) in the quantum theory leaves a
quantized Chern-Simons theory on the boundary, with
defects at the locations where quantized gravitational
excitations of the bulk touch the boundary. This picture
is the foundation of all later work on the entropy of isolated
horizons. In the present work, we will investigate how far
the picture of [2] can be derived from an operator version of
(1.1) in the quantum theory.

In loop quantum gravity (LQG), there exists a well-
defined operator for the parallel transport induced by A, but
A itself, and by extension its curvature F, are not well
defined in the quantum theory. If one rewrites (1.1) in terms
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of holonomies of A, what objects will one deal with in
terms of E£? And how can one implement (1.1) in LQG? Itis
important to answer these questions if one wants to solve
the boundary conditions (1.1) from within the formalism of
LQG [5].
It is interesting to note that equations of the form
F(A) = C(+E) (1.3)
also play a role in different contexts. An equation
very similar to (1.1) is part of a condition for spherical
symmetry [6]. In that case the curvature is that of a related
connection—the spin connection I". Also the equation shows
up in calculations of quantum gravity amplitudes [7-9], in an
LQG treatment of Chern-Simons theory [10—12], and in the
context of the Kodama state for LQG [13-16]. In these cases,
techniques to implement (1.3) might be useful.

One can use a non-Abelian generalization of Stokes’
theorem [17] to obtain a holonomy around the boundary 0S
of a simply connected surface as a function of its curvature
F(A):

hys = Sexp/ -F. (1.4)

s

This is a surface-ordered exponential integral, a higher-
dimensional analog of the path-ordered exponential inte-
gral expressing the holonomy as a function of A on a curve.
F is a suitable parallel transport of F(A). Equation (1.1)
then implies that on a spherically symmetric horizon, the
holonomy can similarly be expressed as

W = Sexp/ —C¢€. (1.5)

N
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Here and in the following, pullbacks to the horizon are
assumed, but not written explicitly.

One can then impose (1.1) in LQG by looking for states
Y such that

WP = hyg¥ (1.6)
for surfaces S on the horizon.

We must mention that in the remarkable article [16]
Bodendorfer suggests a route to solving (1.3) that is
different from what we propose here. He points out that
by modifying the canonical momentum according to
E +— E + xF, one can regard the Ashtekar-Lewandowski
vacuum as a solution of (1.3). The advantage of that method
is that it is very clean and straightforward. However,
functions of E can then not be quantized straightforwardly.
Still, [16] contains suggestions for volume and for the
Hamiltonian constraint. Our method works with a Hilbert
space in which E is still represented straightforwardly. The
disadvantage is that it is not straightforward to identify
solutions of (1.3). We also note that [16] contains an
important discussion of the question of how far (1.1) is
related to the symmetry of the horizon. We note that [16]
makes the argument that (1.1) holds entirely due to
symmetry. -

To understand the properties of %', it is important to
realize that (1.1) and (1.5) have a deeper mathematical
meaning in the framework of higher gauge theory. This is a
formalism which categorically extends the notions of gauge
theory. In particular, it defines higher gauge fields and
corresponding notions of parallel transport along higher
dimensional objects. In this context, (1.1) is just the
statement that A and E together define a 2-connection,
and (1.5) is the parallel transport across a surface S. These
aspects of the problem are explained in the companion
paper [18]. They naturally explain the reparametrization
independence and other properties of (1.5). We also note
that very recently, higher gauge theory has shown up in
LQG in a different context [19]. It is an intriguing question
whether there is any connection to the matters under
consideration here.

The quantization of (1.5) adds another layer of complex-
ity and is explored in the present work. In LQG, the
components of the field E are somewhat singular operators,
and they do not commute in the quantum theory. Therefore
(1.5) presents a host of problems when trying to transfer it
to the quantum theory. The noncommutativity is of the type
of an SU(2) current algebra,

(i), Ej ()] = 6.,/ Bu), (1.7)
where f; jk are the structure constants of SU(2). One can use
the fact that it derives from a symplectic structure on su(2)*
to quantize the surface holonomies 7' (1.5) using the
Duflo-Kirillov map [20]. The use of this map in LQG was

first suggested in [21]. It has been used in various contexts
[22-24]. In our context, it gives the surface holonomy
operators special properties [12,25]. In [25], the action of

/W\S was determined only on special states. The first result
of this work is the extension of the action of this operator to
a large class of LQG states. In particular, we are inves-
tigating the action on edges carrying arbitrary spin, and we
are carefully defining the action at vertices. The latter is
important when considering repeated application of surface
holonomy operators.

At the core of the quantization of 7' is the application
of the Duflo-Kirillov map to a function of the form

W = exp(E'T;) (1.8)
with T'; a basis of su(2), and
{Ei E;} = fij*Ex. (1.9)

In other words, we are looking for the Duflo-Kirillov
quantization of the exponential map. The resulting object

and by extension the quantum surface holonomies %’ g are
operator-valued matrices with noncommuting entries,

wz(ééz)
" gt

We analyze their properties and show that they still retain
many properties of SU(2) group elements. Thus, we are
dealing with a kind of quantum deformation of SU(2). The

(1.10)

eigenvalues of traces of %\s can be expressed in terms of
quantum integers, but the commutation relations between
the components seem to be of a different kind than the ones
described by an R-matrix. This is the second set of results
of the present work.

Coming back to the physics aspects, in the last part of the
article we start to analyze what kind of states fulfill the
quantum version of the isolated horizon boundary con-
dition (1.1). We find that a relevant operator seems to be the
determinant of 7’5 on the horizon. In general it is not equal
to 1, meaning that, according to (1.4), also the holonomies
must have quite nonclassical properties on the horizon.
However, in the holonomy-flux algebra of LQG, the
holonomies £ all fulfill dets = 1. One option is thus to

reject states on which det%\s # 1 on the basis that the
quantum version of (1.1) cannot be fulfilled. The other
option is to define the holonomies on the horizon by the

%\S. We consider the implications of this identification for
very simple states with only two punctures and find that

again det 7 g is relevant for the question whether a state can
reasonably be said to solve the IH boundary conditions.
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II. SURFACE HOLONOMIES AND THE ISOLATED
HORIZON BOUNDARY CONDITION

In this section, we will explain the classical setting and
introduce some of our conventions and notation (those
related to the quantum theory will be introduced in the next
section).

As already mentioned in the introduction, the basic
variables used in LQG are not the Ashtekar-Barbero
variables A and E directly, but rather certain smearings
of those. For the connection A, these smearings are
so-called holonomies, which are given explicitly by

hq Al = Pexp <—AA>
=1 +§:(—1)"/)1d:1 /Ot‘ dty...

[t a0)) (1) A )i 1),
(2.1)

Note that a(¢) can be any parametrization of the path a and
h, will not depend on it. We now want to write down a
similar formula for the surface-ordered exponential from
Eq. (1.5). However, in contrast to paths, two-dimensional
surfaces are a priori not equipped with a natural order. In
order to have a chance of defining the surface-ordered
exponential, we would therefore need to add an ordering of
the surface S as an additional structure to the data on which
the surface holonomy depends. For example, in [17]
lexicographical ordering is used with respect to some given
parametrization of the surface. However, instead of using
an ordered surface as label for the surface holonomies,
we will be guided by insights from higher gauge theory
[26-32] (see also [33] for an excellent review). From the
perspective of higher gauge theory, the isolated horizon
boundary condition just states that, on the horizon surface
'H, the LQG variables A and C(xE) form a 2-connection
[18]. The surface holonomies also show up in higher gauge
theory, although their definition is rather abstract in this
context. However, the main message from higher gauge
theory is that surface holonomies are group elements
that are actually not associated with surfaces but with
homotopies. !

Let us briefly recall the definition of a homotopy.
Consider two paths @ and f with the same starting and
end points. A homotopy h:a = f from a to f is a
continuous map

'More precisely, they only depend on equivalence classes of
homotopies with respect to thin homotopy. This property is
analogous to the parametrization independence of ordinary (path)
holonomies.

h:0.1]x[0.1] > £ (2.2)

such that
h(0.1) = a(t).  h(s.0) = a(0) = p(0). (2.3)
h(1.0) =p().  h(s.1) =a(l) =p(1). (2.4)

Homotopies can be composed in two distinct ways. Given
homotopies h] o = ﬁl, hz:az = ﬁz with az(O) = al(l)
and f,(0) = (1), there is a natural composition called
horizontal composition o, of 2-morphisms in the path
2-groupoid P,(X) yielding a homotopy from a,ca; =
P> o p1. Explicitly,

(hyohy) (s, 1)

(idyy00) 0 11 (25,))(£)  for s € [o, %}
- . (25)
(hy(25 = 1,-) o hy(1,))() for s € B, 1}

The second type of composition in P, (X) is called vertical
composition, and it is defined for homotopies &, :a; = S,
and h,:ay, = p, if f; = a,. In this case, vertical compo-
sition works just like path composition in the s-parameter
of homotopies, i.e.,

hy(2s,1) fors € [0,%}

(haohy)(s.1) = (2.6)

hy(25—1.1) forse [%,1}

At this point, we could define abstract classical surface
holonomies as 2-functors from the path 2-groupoid to a
2-group as is done in higher gauge theory. On the level of
2-morphisms, these associate group elements with equiv-
alence classes of homotopies. However, we want to give an
explicit formula for those surface holonomies and, in order
for this formula to be well defined, we need the homotopies
to satisfy certain additional requirements. For every homo-
topy H, we define a corresponding surface Sy as the
interior of the image of H. In order for the surface-ordered
exponential integral over these Sy to be well defined, they
need to be equipped with an order. If we assume the
homotopies H to be one-to-one, they will induce a surface
ordering by choosing lexicographical ordering on the
parameter space [0, 1] x [0, 1]. Note that the one-to-one
assumption can be violated on measure-zero sets without
changing the value of the integral.” We will also require our
homotopies to be differentiable because we want to use

“Since we consider only homotopies with fixed end points, the
homotopies themselves can actually never be one-to-one maps.
However, the only problematic points in this regard are the end
points of the paths H,(t) := H(s,t) and they definitely form a
subset of measure zero.
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them as parametrizations for the surfaces Sy in the
following. Now, given a homotopy H, we define canonical
paths a, from x := H(0, 1) to any point x = H(s,,1,) in
the surface Sy via

ax(t) = H(Sx’ 1- (1 - tx)t)’ (27)

and for every 2-form B we introduce the notation
B(x) = h(‘,xlB(x)hax (2.8)

that has already been used in the Introduction. This allows
us to write the surface-ordered exponential as

) 1 1 5 1
=1+ —1”/ds/dt/ ds/dt...
S [ [an [ ass [

Sp—1 1 b b
o [ s [ B HEHE 51010 B, HEHE) 501

In the last line, we have used the homotopy H as para-
metrization for the surface Sy and we have ignored the
ordering in the f-parameter since this is only relevant on
subsets of measure zero. This surface-ordered integral
was first defined in [17], where it was used to prove a
non-Abelian version of Stokes’ theorem. In our notation,
the non-Abelian Stokes theorem can be written as
Wl F(A)] = hg oA (2.10)
where H is assumed to be a homotopy from the constant
path id, to the path given by the boundary 9Sy which
starts and ends at x, € JSy. From this point onward, we
will always consider homotopies to be of this type. This
will ensure that any two homotopies can be horizontally
composed, if they have the same distinguished point x.
Furthermore, the resulting homotopy will again be of this
form with the same distinguished point.
Let us now have a look at the boundary condition for
spherically symmetric isolated horizons
1 oty g F(A)y = Cufy 1) seapckES,  (2.11)
where 15, is an embedding of the two-dimensional inter-
section H of the isolated horizon and the spatial 3-manifold
2 into the latter and

C:M,

(2.12)
an

with a4, denoting the area of H [34]. Equation (2.11) is the
same condition that was already stated in the Introduction
as (1.1), but here we have explicitly written down all the
indices involved. Applying the surface-ordered exponential
integral on both sides leads us to

(2.9)

WylA, C(+E)] = WylA, F(A)] = hya o[A]l. - (2.13)

The trace of this exponentiated and integrated condition has
already been studied in [11,12]. In a companion paper [18],
we actually proof the following theorem:

Theorem 1. The following are equivalent (using the
notation introduced above):

() 1) 1) s F(A)ly (x) = Cufy 1) g€k ES(x) VX EH.

(i) #'ulA, C(xE)] = hy()[A] Y homotopies H, s.1.

Sy CH.

We already mentioned in the Introduction that there are
well-defined quantum operators associated with path hol-
onomies in LQG. The following sections will thus be
devoted to finding a quantization of the surface holonomies
appearing in condition (2.13), to analyzing the properties of
those quantum surface holonomy operators and to solving
the quantum version of (2.13) on the LQG Hilbert space.

III. QUANTIZATION OF SURFACE HOLONOMIES

The aim of this section is to define quantum operators for
the surface holonomies from the previous section on the
LQG Hilbert space. In order to do so, we will first introduce
some further notation from LQG. Let ¥, denote a spin
network state associated with the graph y. The action of the
E-field on such a state can formally be written as

E{(x)¥, = 82Ghpiy_e*(n)ES (x)¥,.

ecy

(3.1)

Here, the factor e“(x) makes sure that the action of the
operator is concentrated on the graph y. It is explicitly
given by
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e“(x) = /é“(t)5(3)(x, e(t))dr. (3.2)
The IA:”,(f>(x) obey the commutation relation
E (). B (9] = .08, 0 fHE (p). (3.3)

with fﬁ-‘j denoting the structure constants of su(2) in a
specific basis T'; satisfying

[T:.T,] = fi;* Ty

and they act in the representation space associated with the
corresponding edge e. Note that they behave like genuine
su(2) elements, i.e., without the additional factor i that is
typically used in physics when dealing with angular
momentum operators.

As already indicated above, hAowever, expression (3.1) is
merely formal in the sense that E7 (x) is not an operator but
an operator-valued distribution. Therefore, an appropriate
smearing is required and in LQG one usually considers the
flux operators

ES :=/Ek“(x)€ubcdxhdx”‘1’},
N

=82Gnpiy > k(e S)EY (p)¥,

p eatp

= 8xGnpiy (£ (p) - E{ (p))¥,
P

= 82Ghpiy Er(p)¥,. (3.4)
P

where the sum over p runs over all punctures of the spin
network graph y with the surface S and
|

Wi

Spx-xSy
SRRV

~ 1

=T+ c" ——[h!

e A kN:“kl!...kN!
Ky -tk =n

-1

0 1
=T+ " Y m(h%NT

n=1 K ory=0
ky+otky=n

x Kkt gindn [Ejn—kN+l (pN)' E

Apy

jn

+1 if elies above S
k(e,8) =< —1

0 otherwise

if elies below S

(3.5)

encodes the relative orientation of § with respect to each
edge e in y. In the last line of (3.4), we have defined

= >(u =(d
Edp) =E"(p)-EV(p)

in terms of the operators

(u (e =(d (e
Ep)=>_E(p) and E’(p)= > E(p).

eatp eatp
eabove S ebelow §

(3.6)

(3.7)

which naturally showed up in the second line. Eventually,
let us define

E(P) = KijTiEj(p),
where k' are the components of the inverse of the Cartan-
Killing metric

Kij = tr(adTiade).

We can now start evaluating the surface-ordered expo-
nential as defined in (2.9). Consider a surface Sy defined by
a homotopy H, and a fixed graph y. Denote by H, the
Hilbert space of cylindrical functions with respect to this
graph and let N be the number of punctures of y with
Sy. The punctures py, ..., py are labeled such that p; < ...
< py with respect to the order on Sy induced by H. Using

e +§Cn/.../<*2><xn>...<*€><x1> "

¢ == =8xGhpiC, (3.8)
we then obtain
E(pn)ha, 9.1z E(py)hg, 1
T "'Ti,,hapN)"'< ;pl] T; --'Tikl ham )
(pN)]-~'[Ej1(pl)-"Ejk] (p1)]- (3.9)

Obviously, the factors within each of the square brackets do not commute, which implies that there is an ordering ambiguity.
Following [11,12], we will use the Duflo-Kirillov map Qpg to resolve this ambiguity. We will make this ordering choice

explicit in the notation by writing

_ o n 1
WH‘ =1 +ch Z kil k!
M, P Ky o= 14 KN
ky+-ky=n

X K K OokEj,, ., (Pn)---Ej, (py)]---Qok[Ej (P1).--Ej, (P1)]-

(h

-1
Y ) hapN)...( a Tiy---Tiy, ha,,] )

(3.10)
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Recall that

E(p)=E (p)-E (p)= S E(p) - Y E(p).

eatp eatp
eabove § ebelow §

(3.11)

and while £ (p) = Qok(E}" (p). B’ (p). and EY (p)
all behave like su(2) elements, E(p) does not. Therefore,
we will have to decide whether we consider E,Eu) (p) and
E,({d> (p) as basic quantities and only order these using the

Duflo-Kirillov map or whether we apply Qpg to E,(:)( P)
for all e independently. While the latter approach appears
more fundamental, the first choice permits the explicit
calculations in the next chapter and we will therefore stick
to it throughout this paper.

Specializing to the case of a single puncture, Eq. (3.10)
becomes

Vi

0 1 o
— -1
H, =1 + nEZI C”H(haﬂ Tl-1 ...Tinhap)l('llj]

o cindn QDK[Ejl (P) . ‘Ejn (P)]
= h&,} Opk[exp (CTiKijEj(p))}ha,,

=t h;,} QDK[Wp]ha,, : (3.12)
In the last line, the notation Qpy[W,] indicates that when
the resulting operator acts on a spin network state, the
result only depends on the edges that start or end at the
puncture p. However, information about the surface Sy is
still present in the splitting E ;= EEU) - El@, where the co-
normal to Sy at p determines which edges contribute to
E"™ and E\Y, respectively.

We can use these explicit formulas for the quantum
surface holonomies to prove the following theorem:

Theorem 2. Consider a graph y, a homotopy H and
homotopies Hy, ..., H,, such that

H:Hmoh"'ohHl (313)

where Sy is punctured by y at most once, and
Sy, Ny = @. As mentioned before, we still assume all
homotopies starting from the trivial path. Then

Vuly, =W,

LWy, - (3.14)

HV

Proof—We can assume without loss of generality that
each H; contains precisely one puncture, because homo-
topies without puncture contribute just the identity
operator, and therefore effectively reduce the number of
homotopies in (3.13). With this assumption, every factor on
the right-hand side just takes the form (3.12). Multiplying
them and sorting with respect to the number of Lie algebra

generators, it is straightforward to see that this leads
to (3.10). ]

This theorem allows us to express surface holonomies as
products of surface holonomies acting on single punctures,
provided we can find a suitable decomposition of the
homotopy labeling the surface holonomy. In the following
sections, we will therefore focus our attention on the single
puncture case. We will later come back to the case of
multiple punctures again.

IV. EXPLICIT ACTION OF SURFACE
HOLONOMY OPERATORS ON
SINGLE PUNCTURE STATES

In the following, we will explicitly calculate the action
of the previously defined quantum surface holonomy
operators on quantum states that are represented by a spin
network graph having a single intersection with the surface
associated with the homotopy labeling the surface holon-
omy (see Fig. 1 for an illustration). To this end, let us
introduce some further notation.

We first define the relevant Hilbert spaces. All of these
are defined relative to a given homotopy H, but to keep
things simple, we will not indicate this dependency in the
notation. Let

H(p) = span{spin nets with single puncture at p}. (4.1)

This space decomposes into a direct sum

H(p) = @HY)(p)

7

(4.2)

under the action of E(p) in the following sense: HU"4")(p)
is an infinite direct sum of spaces on which

€
p
€
“S(H)
j 1
e
p
e
e" S(H)
FIG. 1. The single puncture intersection of a holonomy with a
surface.
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acts irreducibly, with EW acting in the j"-irrep of su(2), and

EY in the jd-irrep. Due to the additional holonomies in
%\H, its components mix these subsectors of HU"")(p),
but leave H"/")(p) invariant.

Given j*, j4, we call HU"/")(p) the state space of a one-
sided puncture if either j* = 0 or j¢ = 0. Otherwise we call
it the state space of a two-sided puncture. We should
remind the reader that the Duflo-quantization for the two-
sided puncture in Sec. IV B was calculated for a state in
which EU"™) = 0. In the quantum theory, this implies—
among other things—that j* = j¢ and that states should be
in the gauge-invariant subspace of H(/u’jd>( p). In the
following, for the two-sided puncture we will therefore
restrict our discussion to the space HU-)(p) in which
jU = j% We will sometimes also display the action on the
non-gauge-invariant part of that space.

A. Action on one-sided puncture state

In the case of a single puncture, the quantum operator
associated with a surface holonomy was given in (3.12).
Two of the three factors in this expression are path
holonomies, whose action on the Hilbert space of LQG
is well understood. We will therefore focus on the remain-
ing part, Opg[W,]. In the following, we will explicitly
calculate the action of this operator on a certain class of spin
network states ¥, in the LQG Hilbert space. Namely, we
will assume y to contain only a single edge that intersects
Sy at p. Without loss of generality, we can assume this
edge to puncture the surface from above. This effectively
leads to

and therefore E,(p) itself satisfies su(2) commutation
relations. This case was already investigated in earlier
work [25]. However, in this earlier work we used a different
convention for the « factor defined in Eq. (3.5), which made
the result appear more general. At the time, we were only
able to give an explicit expression for the action of the
surface holonomy operator on punctures carrying spin % In
the following, we will now generalize this calculation to
spin network punctures labeled by arbitrary spin j.
Recall, from the previous section, the definition

W, =exp (cTx"E;(p)). (4.4)
From now on, we will drop the label p indicating the
puncture. Throughout this section, the E are understood to
be evaluated at the puncture p. This actually implies that we
will only consider nontrivial representations for the quan-
tum operators corresponding to the E, since a puncture with
spin label 0 is equivalent to no puncture in the LQG Hilbert
space. Therefore, a quantum surface holonomy will always
act as the identity operator on a puncture where j = 0. We
will also choose a specific basis

i
Ti =T, = —<0;

: (4.5)

of su(2), where o; are the Pauli matrices. In this basis, the
components of the Cartan-Killing metric become

_ 7w
E(p) =E, (p), (4.3) We can then write
|
sinh (55 [|E|[)
W, = cosh <L||E||) 1, 62‘/5 ckE;z;
22 S IIE]
= | c % - 1 c 2
=N ——(—=) |E[F1,+c —(—) K| E||*E;z;. 47
;m!(m) I 40 (555) e @)
We already showed in [25] that
k
. 1 1 (k+1) 2k +3
2 (OE|*E = — E|26-N)E.
7 OMIENITE] N:0(2N+1)!8N(2k—2N+1)!2k—2N+3|| I ’
k
1 /2k+4 2k —2N +2
=Y L EIPANE, (48)
L8V \ 2N + 1) (2k +2)(2k + 4)

and
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sl EP*]

Osl|EIIE] =
L

OsEj]. (4.9)

Combining these two expression with the fact that the Laplacian of SU(2) evaluates to

JU+1).
Asu@)lnuo () = % idyi0) () (4.10)

on a single edge carrying spin j, we obtain

A
Ok [[IEIP*E ]y ) = [Qs 0 i ()| EIPXE:) o)

1<2k+4> 2k—2N +2
SV\2N+1) (2k+2)(2k+4)

I
M~

OS[IIEIP“M E 001,

=
Il

0
1 2 Z<2k+4> 2k —2N +2
g+ 1) 2N +1) 2k +2)(2k + 4)

2(k—N+1)<2(k_N) +3

x D

m=0

)Bm@m —2)[2) 4 1N
m

B i(2k+4> 2p +2
B 8k+’ J+ )4 \2p +3) (2k+2)(2k +4)

2(p+1)

D> (%72 ) Batan - 22+ 1peei-nad ), .

After simplifying this expression (see Appendix A for details) we end up with

8 2k+3 1 2j + 1\ %+2 &
E||**E;]| 1. =— P2 o . 4.12
OorlIE* Elbni = i 13307 Ty Ve ) - PR L @)

We can now use this result in combination with Eq. (4.7) to get

QDK[WPHH(/‘.O)(,,) = > QDK[HEHZHHHOAOJ(,,) ® 1]2

= (2n)! (2\/_
N 1 ¢\ i 2n
+ Zm wa) OpkllEI*"Eilli0 ) ®

—i Lo V" Lo 1midyg, @1
~ 2t \ayz) 8 o) ® 1o
> 1 c \ 82n+3 1
+ ) = .. :
,;(2"“)'(2\@) 22 +22j2j + 1)(2j +2)

2 2n+2 T
. ];’ ) Z 12n+2:| ] ® 1

(2j+ e\ 128 «lzV[E] ® 7
( g ) idnoop) ® Tt == 2](2]+1)(2j+2)

n=0 =1

X
~
/\

osh

(e}
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Simplifying once more (for details, see again Appendix A) and defining

QoW 1310 () = Ee(Nidygu0 ) ® Tp + i (j)x™ 7l E] ®71,

we arrive at

and

—128i 1d

(4.14)

E.(j) = cosh (@) (4.15)
(2j+1)c\ ¢ sinh&ZLe (2j 4+ 1)c

—?ﬁ‘rcmﬁ m<l6ﬂ (4.16)

—— | jc cosh
2j(2j + 1)(2j + 2) cde [J (

for the functions &.(j) and &,(j). In the expression for &(j), the derivative with respect to ¢ can still be carried out,

leading to

—=8i
2j(2j+1)(2j+2)

| 2je
2jcosh| ——
sinh(g) ( J €08 ( 8 ) +

&) =

{2j(2j+ 1)

cosh
(2j+1)c

2j i ( 8 _ sinh (2]—C> coth <£)>} .
e 8 8

((2j§1)¢~)

+2j(2j + l)sinh<M>

8
8

(4.17)

B. Action on two-sided puncture state

In order to perform the same calculation for the case of a two-sided puncture, we start again from the series expansion as

given in (4.7):

sinh (55 [|E|[)
W, = cosh <L||E||) T+ ——22 i B,
2V2 &l

When acting on a two-edge puncture state, we now have
to distinguish several cases. Assuming that neither of the
two edges is tangential to the surface, there are two main
scenarios: the two edges can either lie on the same side

of the surface Sy, or they can lie on different sides. In the
(u)

l
Ege) + El@, which again behaves like an element of su(2).
This case can thus be treated as in the previous subsection.
In the following, we will therefore focus on the case where
one edge, e, lies above the surface and the other edge, ¢,

lies below Sy. In other words, we now have

first case, however, we can consider the quantity £

B, = BY _B©),

(4.19)
where £\ = E\ and E\Y = E“). Thus, E" inserts a
generator of SU(2) into the holonomy associated with the
edge e and El(»d) acts analogously on ¢’. Since the combi-
nation (4.19) does no longer behave as an element of su(2),

o 1 c 2k =) 1 c %
= E YAy 2k i 2%
B (k)!<2ﬁ> IE] “2“;@(2\5) K| E[[*Ex,

(4.18)

we will have to order the quantities Ef.u) and El@ indi-
vidually. We can write

||E||2:KijEiEj
_ ijrp (d)y (W) (d)
=«(E;" - E; )(Ej _Ej )

= [|[EW|P + ||ED|2 2% EMEW.  (4.20)

We thus see that, if we want to order both the E,(»u) and Egd)
separately using the Duflo-Kirillov map, we need to
evaluate said map on terms of the form

| |E(u) | |2kE(-u) B E(u)
I

T

(4.21)

and, unfortunately, we do not have a formula for this. In
order to circumvent this problem, we will use the relation

E@H |2 = || EW|]2 4 ||EW|? + 26 EVEY (422
i =
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HANNO SAHLMANN and THOMAS ZILKER PHYS. REV. D 102, 026009 (2020)

to obtain [[ECHD|2 =0 (4.25)
1EII> = 2| EW|P +2||[ED]? — ||E“H| 7, (4.23) already on the classical side. The expression for ||E||?> then

simplifies to
where

E||? = 2||EW]||2 + 2||EW@||? 4.26
B0 _ o) | o) (4.2 EIP = 20| E@|P +2||E| (4.26)

l

Unfortunately, we cannot quantize £V, E®, and E@+) and we can write arbitrary powers of this term as
independently, since, e.g., E,(»u)

does not commute with ||E||2 = 2K[||EW |2 4 || E@|]2]¢
[P,

However, if we focus on the sector of the

quantum theory invariant under SU(2) gauge transforma- — ok Z( >|| Elu |2m|| E(d ||2 (k—m) (4.27)
tions, £™ and £ must couple to the trivial representation

in the absence of transversal edges. We will therefore

assume Inserting this expression into Eq. (4.7), we then obtain

< 1 ¢ 2k k k u m —m
W;FZ@(g) Z<m>IIE()II2 ||E@][2k-m)g,

k=0 m=0
+Ciw(—> ”Z( g P e e - B (4.28)

and applying the Duflo-Kirillov map leaves us with

0 o\ 2k k k
Qo [Wpllygonspy = D W() Z(m)QDKnE<u>||2'"}|H<,-u.o>QDKH|E<d>||2<k-m>]rﬁ<o,-d>mz

k:() m=0

k
+CZ(2k+1 () Z( )QDKHE P ED gm0 okl ED 6] o0 @ 7,

© 2% k
i m —m) p(d
~e> e (3) () QorlIEY P QoA o @7

k=l 0 m=0
(4.29)

Note that we have calculated the action of the Duflo-Kirillov map on both types of terms showing up in this expression
already in the previous subsection. If E is associated with an edge labeled by spin j, this action is given by

2% 2 k L, k (2j + 1)1,
QDK[HEH ”HU‘-U)(,;) = (QDK[HEH ”H(N)(p)) = ASU(2)|H<i-0>(p) + g’d}{(f-‘))(p) = g ldHU«O)(p) (4-30)
and
Lj]
2 1 2k +3 J
E|P*E{]lyuo ) = ot J(2j + 12 =N " (21)2k42 431

respectively, with | j| denoting the floor function of j. Now, inserting these expressions into Eq. (4.29) and writing the
result as

QDK[WPHH(/“Jd)(I,) :)(c(juajd)id (j“jd) ® 112 + i)(s(juvjd)’cmnﬂ(j“)(ggrl:)) ® idH(o,jd) ® Tn
— iy (j4 ) idymo ® 7V (EY) @ 7,0 (4.32)
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the functions y.(j*, j%) and y,(j*, j¢) take the forms

2%+ 1 274 4+ 1)2
#:(j. j%) = cosh \/( i CTab ) (4.33)
2 8 8
and
( . ) 2 cosh < (2./'u8+1)2 + (2jd;1)2) _ COSh(< 4\/. ) ) 204+ 1 sinh (% (2,/'L'8+1)2 + (2jd;1)z)
Xs\J »J ju + 1 (2j"+1)c 2 (2j“+1)2 (2jd+1)2
8 gt 73
. 8 L] |cosh (% U gl)z + %) - Cosh((zf\g)c) . "22 sinh (g ('idgl)z + %2) (4.34)
MU DM ) S 5 T ’ '

respectively. The details of the calculation can be found in
j* = j¢=j, we end up with

Appendix B. Specializing to the gauge-invariant case’ where

Ok [Wpllnin (py = X () idyin py ® 1o + ixs ()™ ZV(EL) ® idy ) — idyi0,) ® 2 (E)] ® . (4.35)
where now
27+ 1
Xc(j) = cosh <¥> (4.36)
and
()= 2 cosh(Z1S) — cosh(P22<) i (@ Ve
Xs\J) = ]+1 (szSr])C S 74
8i Ll | cosh (% it17 ;”2 + %) - cosh(@/yg % (% —)
+ - e + (4.37)
JG+1D)2j+1) & 3 el
|
V. PROPERTIES OF QUANTUM SURFACE U,h U§ = g(1(e))hog(s(e)) ™,
HOLONOMY OPERATORS . L
UES (p)Uy = m(9(p) ™ VY (p). (5.1)

In this section we focus on the properties of the
holonomy operators just calculated. These properties are
important since they determine the existence and the
properties of solutions to the quantized isolated horizon
boundary condition.

A. Behavior under gauge transformations

Gauge transformations ¢:X — SU(2) act as unitary
operators U, on the LQG Hilbert space. They transform
the basic field operators as

*Recall that we have already imposed gauge invariance par-
tially on the classical side by demanding that || E“*+9||> = 0. The
result for y, will probably change without this assumption.

As a consequence, using Egs. (3.12), (4.14), (4.35), (3.14)

that define % in terms of E and holonomies A, we find
that it transforms as

U, Ul = g(x0) W 19(x0)™! (5.2)

El

where x, € 0Sy denotes the special point on the boundary

of Sy. Thus % transforms exactly as a holonomy
beginning and ending in x.

B. Matrix elements

The quantum surface holonomy operators %" are operator-
valued matrices. In the following, we will consider their
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components. In particular, we will take a look at the
adjointness and commutation relations between matrix
elements of Qpx[W,] and %'y and compare them to those
from known quantum group deformations of SU(2). We will
always assume that the holonomies act on single puncture
states. We will distinguish the case of a one-sided and a two-
sided puncture. We also assume a relative orientation
between the surface S and the intersecting edge as in

|

Fig. 1. Changing the orientation of S will change the sign
of the second term in (5.47) and (5.54), and hence some signs
in the equations following them. R

Let us first consider the operator W, on a one-sided
puncture. We explicitly consider only the action on
HU(p). The action on H/)(p) just differs by a factor

of —1 in E(p). In the previous section, we found

Qo [Wy]lyoo ) = Ec(Pidyuo ) ® 12 + i& (K™ E, ® T,

- <§c(j)idH<f-0>(p) —1&()Es

—1&()(E —iEy) )

_%gs(J)(El + lEZ) gc(])ldH(fo)(p) +%§S(])E3
_ (fc(j)idH(f-o)(p) - %fS(J)E3 _%fs(J)E— ) (5 3)
— L& ()E: E(Jidyuo ) + 1E,())Es
where we have now introduced the notation
E, =E, +iFE,. (5.4)
Using the fact that the E ; are skew-adjoint, we can write
a b
Opk[Wplluo ) = (—Z"‘ a*)’ (33)
with
a= éc(])ldH(j~U>(p) - _gs(j)a’ (56)
b=—&(j)E- (5.7)
For the double puncture, the structure is similar:
QDK[WPHH(./-./)(I,) =Xc (j)idH(./-./)(p) ® Ty + iy (j)Kmn [ES::) - 7553)] ® 7,
N N () o
[ xeliidygn ) =2 G)ES - ESY — L () (EW - EW)
— L G)(EY - E) 2e(idyun ) + 32, G) (ES = ESY)
a b
B (—ET af) 53)

with

(5.10)

We will now turn to the matrix elements of % Recall from
(3.12) that
W 11400 (p) = ) Ok [W ) h - (5.11)

We first observe that the matrix elements of ha,, and h;pl

commute with the E;, and hence with Qpg [W,] because R,
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runs tangential to the surface and there is no intertwiner
connecting h, and the holonomy of the puncture. Second,
we also notice that products of matrices with the adjoint-
ness structure (5.5) again have the same structure. The
matrices on the right-hand side of (5.11) are operator
valued, but, as observed, the entries of the holonomies
commute with those of W,,. We can thus conclude that

— @ 0
%H|H(j.0)(p) - < )

e (5.12)

Next, we can determine the matrix entries of # . To this
end, note the intertwiner properties

m'n’

ﬂl(g_l)n,n’(nm =K 3 (g) m'

grig™t = T (9);.

of the 7; and x. As a consequence, we can write

Wty lpgio ()
= éc(j)idH(j_o)(p) ® ]]2 + lgS(J)KmnE,\n ® h;,,lfnha,,
= gc(j)idH(jm(p) ® ]]2 + lfs(j)ﬂl (hgl>n/nKmnE/‘;1 & 7

= gC(-j)idH(j'O)(ﬂ) ® 1]2 + igs(j)KmnEm ® Ty (514)
where we have introduced
E,=h" E,.. (5.15)

Note that the last expression in (5.14) is of identical form as

that in (5.3), except for the replacement of E\m by Em.
Therefore, we have

. g 1, .z
@ = &.(J)idyio ) —Zfs(J)&a (5.16)

~ 1 __
6==&0)E- (5.17)

The same reasoning applies to the case of the two-sided
puncture, hence

%wa) = (_{; 2;) (5.18)

with
& = 1eWidyn )~ g1 )E - ED). (5.19)
7 = — Ly ()(EW - £, (5.20)

4

Let us remark that the adjointness structure of W and 7'
mirrors that of an SU(2) element in the defining represen-
tation. The remaining condition on the matrix components
of an SU(2) element is given by the requirement that the
determinant equals unity. We will turn to this requirement
in the next subsection. Here, we will demonstrate that we
are far from classical SU(2), by calculating the commuta-
tors of matrix elements.

Let us first consider the case of the one-sided puncture.
Using the fact that the E; have su(2) commutators in this
case, we find

~ T lgs(])’\ ~ T l‘fs(.]) F

[a.b] = ===b. [a.b'] _Tb‘, (5.21)

[@.a'l=0. [bb'] :@(a—aﬂ, (5.22)
b.a'l=[a.b, [b.al=[ab]. (523)

Using the fact that the holonomies 4, in the surface
commute with the E;, and that z;(h,) is an orthogonal

matrix, one can show that also the &, satisfy su(2)
commutation relations, and hence in complete analogy

e ()5 o 16()

[@.6) = ==, (2,4 _Tﬁ*, (5.24)

2,27 =0, [Ad]= "5‘;4(")( ~2h), (5.9
427 =[z.4., [.a1=[z47  (5.26)

For the double-sided puncture, the reasoning is again
analogous. Note however, that in contrast to the sum
of two angular momenta the difference of two angular
momenta is not again an angular momentum operator in the
sense of commutation relations. This holds in particular for

—_— —

E® — E@ and W) — £@)_ For example

[EW — E@ EY — E\W) = 2iEY ).

This changes the commutation relations of the matrix
elements slightly. We will only give the relations for the
matrix elements of the full surface holonomy, since the

ones for W\p are structurally identical. They are

—

R .2
[@’ﬁT] _ Ys (J) g(qud)

16 6 & B2

. 2 . —_—
@,z =0, [4.4]= —wswl (5.28)
42" =z.4, [ .21 =[z.0 (5.29)
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Let us finally compare these commutation relations to those
appearing in standard quantum deformations of SU(2),
such as SU,(2) (see for example [35]). At least in the
standard representations, the latter have a different struc-

ture. For example it would hold that % & = g4 % which
would correspond to a commutator

[@vg]suq(z) =(q-1)da=(qg+1)ad.

By comparison, the commutators of surface holonomies are
linear in the matrix elements. Thus, we are very likely
dealing with a different mathematical object.

C. Determinant

In the present section, we will consider the determinant
of surface holonomy operators. The determinant is espe-
cially relevant if we aim to solve the quantized isolated
horizon boundary condition by states in a representation of
the standard holonomy-flux (HF) algebra: The holonomies
of the HF-algebra are SU(2)-valued functionals and there-
fore their determinant is unity.

We define

s 7 - . o
‘;T ~1—) =aa' 4666 +(1-8)4'¢

- R 22

det(;% = det(g <

where the parameter 6 labels some of the possible operator
orderings. We will first consider the transformation behav-
ior under gauge transformations. We parametrize a classical
SU(2) element as

a
g= < _ é), a,peC with |a>+|p?=1.
.
A tedious but straightforward calculation shows that
dety[g yg~'| = @' +60" [|al?|B12 +8lal* + (1-6)|pI']
+ 8" 3|al* B2+ 6|l + (1 =5)lal’
+(2TE =521 (25 -1). (5.31)

Thus

et [¢7 pg~!] = deti[W ]

2 2

(5.32)

and, in view of (5.2), the symmetrically ordered determi-
nant is gauge invariant. This also implies that
dety [ 4] = det[W,]. (5.33)

Altogether, the symmetric ordering seems to be preferred,
and we will often restrict consideration to this case. We start

(5.30) with the action on the one-sided puncture:
|
T sl gy = £ iy~ 2 (67 - S (67 1 (€)% 18161, 6+ 10 - 9)1Es 1)
= E.(j)Pidyun ) ‘5“1(’6')2 ' +i(1-25) 5“'1(?2 &
. (gc () + "&?2 A j> idy g0, + i(1 = 25) fffé)z &5 (5.34)

For symmetric ordering this reduces to

ety 101 ) = (50( )2+ %WA j> idyyio - (5.35)
For the two sided puncture, the determinant acts as
deta%ho-ﬂ(p) ZZc(j)zidmfj)(,,) - %6150)2[(5/;“\))2 + (‘;@)2 - 2‘;@ 5/@]
1t GPIETY +E) + D) + (E0) - 2617 £ 261 £
Fi2s - DEY. &) + 25— (e &)
= 2e(Pidyso )~ 1t GPIED) + (ED) ~ 260 €]~ L (25~ 1) (PEF. (5:36)

For the symmetric ordering, this reduces to
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det W
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FIG. 2. The eigenvalues of the determinant for ¢ = 8xi/k with k = 3 (left) and k = 101 (right).

det%WH |00 (p) = Xec (j)zidH<./../) »)

)(S(j)2[2A/~idH(,;,->(p) + E<”) . E(d)]’
(5.37)

+

and on the gauge-invariant Hilbert space to

det%WHh(j.j)(p) = )(C(j)zidHU_,)(p)
. . T2
g)(s(J)z[zAjlde(p) - (E< )) ]
1

= (r()* + Els(f)zAj)ide./)(p)- (5.38)

+

We see that, in general, the eigenvalues of the determinant
operator differ from 1. However, there is a limit in which
they get close. Recall that £.(j) and &,(j) [and similarly
xc(j) and ()] are both power series in the parameter ¢
introduced in (3.8). For small c,4 we can consider the
Taylor expansion of the eigenvalue of the determinant
operator to second order. We get

N (2j +1)%c?
El) R 14— (5.39)
and
&:(J) = O(o), (5.40)

and a similar result for y.(j) and y,(j). This shows that for

small ¢ we are in a regime in which % is close to a
classical SU(2) element.

Another regime in which the determinant is close to 1
can be seen from the plots in Fig. 2. For fixed ¢ = 8xi/k
with k € N, the eigenvalues oscillate as a function of j with

“In the application to black holes, ¢ contains the area of the
black hole horizon in the denominator, thus we can assume c¢ to
be small in the case of macroscopic black holes, for example.

a period set by k, but they tend to 1 quickly as j gets larger.
Additionally, it appears that there are also certain small
values of j for which the eigenvalue is very close to 1.
For example, in the plot for k =3 there is a series
{5/2,4,11/2,7,17/2, ...} of values for j with determinant
close to 1. One notices a spacing of k/2. For k = 101 there
is a similar series {1/2,3/2,5/2,7/2,...}.

D. Adjoint operator

As we have seen in Sec. IV, the quantum operator
associated with a surface holonomy % takes the form

WH|H(/'./‘)(F) :)(c(j)idH(j'j)(P) ® 1]2

+ iz (k"2 E,] @ hgltihy,  (5.41)
where p denotes the location of the puncture. Quantum
surface holonomies can thus be regarded as two-by-two
matrices whose entries are operators acting on spin network
states. The adjoint W}, is thus given by transposing the two-
by-two matrix and then taking the adjoint of each entry as
an operator. As both y.(j) and y,(j) are real, this leads to

WL|H</:/>(,,) :)(c(j)idHW(p) ® 1,
— iy, ()" 2 V(E,] ® hy't,h,,  (5.42)

for the action of the adjoint of a quantum surface holonomy
on a single puncture state. Now, recall that, classically,
surface holonomies are elements of SU(2) and, as such,
their adjoint is equal to the inverse of the surface holonomy.
Furthermore, the inverse surface holonomy is equal to the
surface holonomy associated with the (horizontally) inverse
homotopy,

Wy =Wy (5.43)
It is not clear, however, whether the latter property carries
over to the quantum theory, since the horizontal inverse of a
homotopy is only an inverse on the level of equivalence
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classes with respect to thin homotopy and the quantum
surface holonomy operators are not well defined on those

equivalence classes. Therefore, let us next evaluate w -1 0N
a single-puncture state and compare the result to (5.42).

The horizontal inverse of a homotopy H(s, ) is given
by H™!'(s,t) = H(s,1 —¢). It is immediate to see from
Eq. (2.9) that the inverse homotopy induces the inverse
orientation on the surface Sg. Other than that, the integral is
over the same surface and therefore, comparing with (3.12),
we have

WH"|HU-/')( = hy (QDK[GXP( CTiKijE( ))”HH ))th

:)(c(])l » ® T

— i ()" D E,] ® h3'tiha,.  (5.44)
This is almost identical to the action of the adjoint operator.
Note, however, that the holonomies conjugating the gen-
erators of su(2) in the second term in (5.44) are calculated
along different paths than in (5.42). However, in the
absence of further punctures, the corresponding quantum
states are related by a diffeomorphism. This indicates that
the quantum analog of (5.43) might hold on single-
puncture states at the diffeomorphism-invariant level.
Another class of states on which it might hold are those
where the connection is flat on the part of the surface

T = ot

AB P 7j(tihe) = ’L'jAB m1(hZ

enclosed by 6{;1 o a,. This includes in particular the single-
puncture states satisfying the IH boundary condition on S.

E. Products of quantum surface holonomies

Let us now consider products of surface holonomy
operators. We will again restrict our discussion to the
one puncture case. For the setup and notation see again
Fig. 1 and the text surrounding it. We will be working in the
standard basis {z;} of su(2) in which

. |
Kip = —25”{, K’k = ——5lk. (545)
We will also use the fact that the basis can be regarded as an

intertwiner,

grig™ = 1m(g);. (5.46)

We recall that the action of a single surface holonomy for
the case depicted in the upper part of Fig. 1 (one-sided
puncture) is given by

) 511 = &) 6311 — i& )] ),

where

(5.47)

Y, k% i (tehy,) - (5.48)

The negative sign in (5.47) is due to the fact that the edge ¢’ is assumed as incoming with respect to S(H ), and we have used
(5.46) to rewrite the holonomies connecting the puncture with the source of H. The double application of the surface

holonomy operator then gives

(WuaWu) 5 1)

with

| }IT Tz’Tl

B 7I'1(h€_

=641 - 2ie e ) -

Y (hy Y kM E

1)

(5.49)

kL KU ‘(TlTl’he/)-

A .
This state is not linearly independent from | fi yand | }«1—*’ ) . In fact, it decomposes into a linear combination of them due to
B

the fact that the latter are spin networks. We will use

T, Ty =

T4

1 1
611]]+ eu’k’é Tk

5 (5.50)

to decompose the first product of zs. The orthogonality of the matrix 7z, (%, ) simplifies the first resulting term, while for the

second we obtain from the intertwiner property of e

e () ymi (h)' = eppem (K1) .
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This gives

1 / -
5kk/6§ gekk/nwl(h)”m/émm (Tm)AB) Iikllikl ﬂj(TlTl/he/)

) -

F»kkw?B - €kk’n771(h)nm’émm,(fm)AB) KEEFY 1 (e her)

oo\)—l N = N =

( w (5‘4 —€ /nﬂ'l(h)"m/émm, (Tm)AB> 7 (7T her)
§Ax
O™

1 /
(/ﬁ” Tl’l'l/h /) — gﬂ'l(h)nm/émm (Tm)AB(sﬁ Wj(Tkhe/)7
where in the last line we have used
w 1 Im s'm' 1 Im s'm' kk! Lo
€ aTiTy = Z€zz’n5 MO T Ty = §€11’n5m5 " €mmr 0" Tk = Z5n7k
because of (5.45) and (5.50). We can further simplify

A ) 1 ) 1
\B){_J» = gAj5§| Iy + Zﬂl(h)"m(fm)AB(ﬂf i (tkher)

1 _ 1
= 5850811 + ¢

471'1 (}L71)7nn(fyn)AB§Z Wj(Tkhel)
1

m
4 1

_ EA.5g| Y () (1) A 5™ 7 (20he)
N IORS (et
with
() = 3G+ D1 = A1,
Thus we find

T ol1) = (607 - 58,602) 0311 - (260 +3662) T 55

)| 1) = (26,00 - 18,6067 ) 11 (552)

for the product of two surface holonomies and the trace thereof. We also see from this calculation that the space spanned by
A .

the states | TJ) and | }—;—*’) is closed under the action of the surface holonomy operator. This action was already given in
B

(5.47) for the former, while on the latter state, the action is explicitly given by
=4 ° i N i N NI
) C\B}#>:§C<J>| ) —is)| }%
a6+ (60— 160) ).

In the case that the holonomy runs through the puncture (lower part of Fig. 1), there are some changes to the above result.
The action of the surface holonomy is now

i) 5l }) = xe) 3 1) = 206 0) | ), (5:54)

(5.53)
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where

|H i mi(hy )i 6% mj(hentrher) .

Acting a second time, one obtains

i) al ) = xel0? 5411~ i) b5 = 201 D),

where now

A 1 . ./ ’
‘ >=11 > = (Ti/Ti)AB Fl(h‘;l)zk’ﬂ'l(hgl) k! Iiklﬁkl ’/Tj(he”(TlTl’ —+ Tl’Tl)he’)

B

= (Ti/Ti)AB Wl(h_l)ikﬂl(h_l)v,k P (27rj(heurmlh )+ el/ln/(S"" (hertphes ))

1 A . / 1q1
= 1%53\ ' | H (rom) () k(b)Y ko 65 R € 877 i (hen Taher)
1 A . N
= ZAJ(SB‘ I | H Tz’Tz B st (hgl)lkﬂl(hgl)z k en’kk’(S (he”Tnhe )
1 A . 70
= ZAJ(SB‘ I | H Tl’T1 Bﬂ-l(he)klﬂl(he)k ¢ En/kk/6 (he”TnhP )
1 . g ’
= ZAJ'(SB‘ *| H — (0t g 6K ey (he ) 6 i (hen Toher)
1 ; A ] 1 A —1\1 nn’
= 1003 1>+§| Hg = St m (B k™ (e )
B
1
= ZAﬂsé\ i)
We thus get
T . 1 . . . At
i o1} = (02 - 380000 ) 341D~ 4w | ) (5.55)
e @)l 1) = (250 = Ay x()%) 1) (5.56)

We are also interested in products involving the (matrix and operator) adjoint defined in (5.42). We have

@) sl =ED e 1M +i&W ),
@D} =X o1+ 2060 | )

and hence
—— 1.4 ) N 1 12 ALY . . -
T Vo1t = (6P + G5 6P ) 0311 = (2Rel-0&0EGD + 16 OF ) 11,
ol }) = ()P + 55 b)) 6311~ ARe(-e il -

Since we have
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and

this simplifies to

Taa) 4al) = (0P + §A 607 ) 8411 - 1662 1),

(5.57)
T Vol ) = (x:0 + 58500 ) 3411) (5.5%)
(5.59)

= dety (W) 54 1 ).

One can also ask about products of surface holonomies that
are not contracted, and in particular, about their commu-
tators. These questions can be answered using the results of
Sec. V B. In particular, (5.24)—(5.29) give the commutators.
We would like to point out that these commutators vanish
on two-sided gauge-invariant punctures,

(@) 5, @) ] 1) = 0. (5.60)

This is interesting, since it shows that on these states, the
surface holonomies have the same adjointness and com-
mutation relations as ordinary holonomy operators in the
holonomy-flux algebra of loop quantum gravity.

F. Traces, relations, other irreducible representations

We have already considered traces of products of
surfaces holonomies. We will now discuss traces a bit
more systematically. Consider the trace of a single surface
holonomy,

(W y)=a+a' (5.61)

(i) — (@) 1)) =

| =

1
2
1
2
— det

(4xc(j

There is obviously no ordering ambiguity, and the traces are
automatically gauge invariant:

w(gWug™) =tw(Wy) forgesSUR).  (5.62)

On single punctures this implies tr(%) = tr(ﬁf;), and
hence

tr%\‘]{b_{(j.() _2€C( )ldH]O( )

W 11l ) = 2t () idyying (5.63)

p)”

We note that there are classical relations between the
objects we have considered so far. For example, the relation

det(W) = = ((tW)? — r(W?)) (5.64)

l\)l'—‘

holds forany 2 x 2 matrix W. Thisis arelation which is intact
in the quantum theory. For example, we can show that

= 2xe () + Ay % () 1)
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For the two-sided puncture, we similarly have

3 (0% — @) 11 = 3 (160 200 + 18002 11
= (el + §A 0 07) 1)

= det 1 (7n) | 1).

We can also use the traces above to find expressions for the traces of surface holonomies in different representations of
SU(2). For example,

tw(m, (g)) = % tr(¢?) + tr(g)?] for g € SU(2). (5.65)
We can thus define
e, (W) = 5 [0 ) + (7))

and we find

— v 1 ) 1 ) . 1 ) —1 v,
trm (i) [ 1) = 5 |6€20) — 44, 3(.7)} 1) = 5 [8€26) — 2det 73| 1)
(5.66)
= [1€2() — det, 70| 11)
Similarly,
trm (W5 )|li> = [4x2(5) — dety 73] |li>. (5.67)
Assuming dets "7/; =1, we note that both eigenvalues are of the form
A =4cos?((2j+ 1)8) = 1 with 9:—%,—%. (5.68)
This is interesting because it can be rewritten as
3sin?((2j + 1)8) — 4sin®((2j
2y = 3 — 4sin?(2j + 1)0) = sin”(( ]—l—' 2) ) . 4sin’((2j + 1)0)
: sin“((2j + 1)0)
_sin(3(2j +1)0)
~ sin((2j+ 1))
B P — =3
g — D)
[3(2j+ )], A
=—— % with ¢q=e". 5.69
2i+ 1, 26
Here we have used the quantum integers
qn _ q—n
], =—+ (5.70)

g-q""

The eigenvalues are quotients of the Chern-Simons expectation value for holonomies around the Hopf link and the unlink,
respectively, [36] and thus arguably the expectation value of a surface holonomy around a Chern-Simons puncture.
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VI. APPLICATION TO BLACK HOLES

In this section, we want to come back to our original
motivation for investigating quantum operators associated
with surface holonomies. Namely, we want to use the
quantum surface holonomies to quantize the isolated
horizon boundary condition (IHBC)

5, F = Cij (+E). (6.1)

As already stated in Sec. II, this condition is equivalent to

W ylA, Ciy(+E)] = hyq (Al (6.2)
which has to be satisfied for all homotopies H, for which
the surface Sy lies entirely within H. Recall our assumption
that all homotopies H start from the trivial path at the point
at which the surface holonomies transform. Also, note that
we can evaluate these conditions for any two-dimensional
surface H. In this section, we will take H to be homeo-
morphic to a 2-sphere, but we will not assume that it is the
spatial section of an isolated horizon. Ideally, we would
find states in the quantum theory on which the quantum
version of the IHBC is exactly satisfied. However, from our
results in the previous section we can conclude that one-
puncture states and two-puncture states cannot be solutions
to this quantum operator equation. The reason is that
holonomies are quantized as multiplication operators in
LQG. Therefore, they act by multiplying the state with an
element of SU(2), which necessarily has unit determinant.
The determinant of the quantum surface holonomies,
however, does not equal unity for any choice of spin on
such states. Nevertheless, we have seen that for some spins
the determinant is very close to unity, which indicates that
their behavior may be similar to real SU(2) elements on
some states. Therefore, instead of trying to implement the
quantum isolated horizon boundary condition (QIHBC)
exactly, we will take it as a definition for some kind of
quantum holonomies replacing the standard holonomy
operators on H.> We will regard states on which these
quantum holonomies behave closely to classical holono-
mies as solutions to the QIHBC.

Since we are interested in surfaces of spherical topology
here, we are faced with the topological property of such
surfaces that a circle on a 2-sphere S forms the boundary
of two distinct surfaces. In terms of homotopies, this
translates to the existence of two distinct equivalence
classes of homotopies between any two paths sharing their
endpoints. Let us denote representatives of these equiv-
alence classes by H; and H,, respectively. This now
introduces an ambiguity in the definition of holonomies

>This approach is supported by the fact that, in the original
works on quantum isolated horizons in LQG, the holonomies on
the horizon also did not take values in SU(2) but rather in a
quantum group deformation thereof.

FIG. 3. Single puncture state.

via the QIHBC. Consider any circular path y on $2. Without
loss of generality, we will assume y to coincide with the
equator of S2. We can then define the holonomy h, using
Eq. (6.2) in two different ways: either by

h, =Wy, (6.3)

or by

h, =Wy, (6.4)
where H; and H, now denote the homotopies from the
constant path at the starting and end point p of y to y by
passing over the northern and southern hemisphere of S2,
respectively (see also Figs. 3 and 4). Therefore, only states
on which we have

WH] — %Hz (65)
qualify as candidates for implementing the QIHBC.
Furthermore, classical holonomies satisfy the relation

h},—l = /’l;l.

(6.6)
If we want this property to hold also for the holonomies that
are defined in terms of surface holonomies, then we need to
restrict ourselves to states on which the relation

2

FIG. 4. Double puncture case.
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Wy, =h, = h;}, = Wl_fi" (6.7)
holds. Here, H;! denotes the horizontal inverse of H, in the
path 2-groupoid, i.e., it is a homotopy from the trivial path
at x, to y~'. We can equivalently write this relation between
surface holonomies on a 2-sphere as
‘WHIWH? =1,= WH??/HI, (6.8)
where we have now avoided the use of inverse surface
holonomies. In the following, we will use the quantum
version of (6.8) as a measure for how closely the holon-
omies defined via the quantized IHBC, i.e., in terms
of quantum surface holonomies, resemble classical path
holonomies. In the remainder of this section, we will analyze
quantized versions of (6.5) and (6.8). Throughout this
section, we will only consider two-edge punctures. We
deem this reasonable because, as we have seen in the
previous section, the behavior of the quantum surface
holonomy operators resembles that of their classical counter-
parts more closely when evaluated on this type of puncture.

A. Single two-edge puncture
Let us first consider the simple case of a single puncture
as depicted in Fig. 3. We will refer to this one-puncture state
as W;p. Since there is no puncture on the southern hemi-
sphere, we have

W, [¥1p) = 12¥1p). (6.9)

On the other hand, we have

W 1, |®1p) = 2e() 12 W1p) = 2ix, ())K"2, 29 [E,,][¥1 ).
(6.10)

Therefore, the consistency condition (6.5) is only satisfied
for spins j, such that

xe(j)=1 and y(j)=0. (6.11)
As there are no integer or half-integer spins satisfying this
condition, we can already conclude that there are no single-
puncture solutions to the quantized IHBC. Note that for
j =0, the condition reduces to

(6.12)

since z/) (E,) equals zero in the j = O representation. This
is of course trivially satisfied, as quantum surface holon-
omies act as the identity on punctures with j = 0, and it
implies that spin network graphs that do not puncture the
sphere under consideration are solutions to the quantized
IHBC. However, the area eigenvalue of the sphere vanishes
on such states and thus the sphere would be unobservable.

B. Double two-edge puncture

Let us go one step further and take a look at a situation
with two punctures. Consider a spin network consisting of a
single edge that punctures the sphere H in two points
labeled p; and p,. Without loss of generality, we assume
that p; and p, coincide with the north and south poles of
the sphere (as illustrated in Fig. 4). This state will be
referred to as W,p. Let us start again with checking the
consistency condition (6.5). This time we have

%Hl [Pap) = xc(J)12[Wap) — ZiZs(j)KmnTn”(j) [Em} [P2p).
(6.13)

Recall that the minus sign in front of the second term is due
to the different orientations of the spin network edge
puncturing the surface at p; and the normal on the surface
whose orientation is induced by using the homotopy H, as
a parametrization. Noting that on the southern hemisphere
the normal induced by H, again points upwards, we can
immediately conclude that we get the same expression

W 1, Wap) = 2e() 12| Wap) = 20z, ()™, 2D [E,,][¥ap)
(6.14)

for the surface holonomy associated with H,. However,
they are not exactly the same. We have hidden the
conjugation with the holonomies from and to the distin-
guished point x, of the surface by writing £ instead of E.
The paths along which these holonomies are calculated are
different for H; and H,. One may hope that this difference
disappears at the diffeomorphism invariant level. For the
moment, we will assume that we can move the holonomy
from x, to p; as illustrated in Fig. 5 (and accordingly
for p,).

Let us turn our attention to the other consistency
condition (6.8). As discussed above, this condition encodes
the property

(6.15)

hy

FIG. 5. Moving of holonomies.
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of classical path holonomies. In terms of surface holono-
mies, we now need to consider the two conditions

W i, W o Wop = 1,%2 (6.16)

and

WHEIWH]TZP == ]]2"1‘2]). (617)
One might be tempted now to conclude from our previous
results that these two conditions are satisfied on states
where the surface holonomies have unit determinant.

|

syt

it is important to remember that the first equation in this
deduction only holds if a certain diffeomorphism is applied.
Therefore, it would probably be more precise to write it as

Dss Wi, | 1) = Wina| ). (6:21)

where the diffeomorphism D,._; moves the attachment
point from p; to p,. With this notation it is obvious that the
argument (6.20) already fails in the first step. We will
therefore have to evaluate conditions (6.16) and (6.17)
independently. Let us start with the latter.

In order to evaluate the left-hand side, let us recall the
action of the surface holonomy operator again, which was
calculated in Sec. IV to be

(%JABIIO:XC(J‘H:} I‘;;%%xs(j)i:ﬁﬁlf

(6.22)
Here, we have introduced the graphical notation

A
| } 12‘) = 0% hahp, —op, 1 (6.23)
B

LI =T = T = Ta LD = dety (T | D) = T W 1],

However, this is not the case. While we have found in
the previous section that

@) 5 ) = dety @) 04 11) (6.18)
and
Vi )~ Tl (6.19)

which, when combined with our statements in the previous
paragraph, would seem to imply that

—

(6.20)

~_ ~ B Z
= (b nih)", K" hohp, p, Tihe,  (6.24)

where h,, _,, denotes the holonomy along the segment of
the spin network edge between p; and p,, T, is a generator
of the Lie algebra su(2) in the spin j representation and &
denotes a holonomy from the starting point x, of the
surface holonomy to the point p;. Analogously, we will
also use

A P, z_, F B i
IBH,,): (Ateih) A ity sohn,  (6.25)

Nty o i i\P i mn

| Fem = (h Thh Tih) R BT by Tk
(6.26)

We can now calculate how the operator appearing on the

left-hand side of condition (6.17) acts on the spin network
state under consideration and we obtain

(o), (i) 10 = (T e} o) =20 1)

=)y 2 e )

(6.27)

2 el P e eOl .

The spin network states appearing in this result are not independent. We will assume

I i T s LT WS ()
8 Py g/ 1 iR gl 4R

(6.28)
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where

and, consequently, we get

A1 te AN Y,
Rl =as .

B il
a4k thx—>quhp—>:chla

(6.29)

(6.30)

This last state can be expressed as a linear combination of the other two via

B
1

1
— <_45ab 68, + 5 Cba

AN —1\a — im ,.Jjn
| HSD - (TbTa)BA ﬂ-l(h 1) iﬂl(h 1)bj’i K thx—>anTmhp—>xh1

. TCBA> ﬂ-l(h_l)ai ﬂ-l(h‘_l)bj '%im’ijn hth7>anTmhp7>zh1

1 . .
= 71 (55:4 51']' K RI™ hghx_>anTmhp_>zh1

1

+ e T By m (B S (R R hohy 5o Thn T hp—soha

J

2
1
=3 6B K™ hahy— g TnThp— 2y

4
A)

68, hohy <y

1 B B ) .
+ 7€bac TcBA 71—1(h 1)ai 7T1(h 1)bj k"R Ennkq, h2h17>quhp7>mhl

(6.31)

1 . ii —1\a —
+ ETCBA 0 €pag€’™ w1 (h™1) % (B hahe—sqTihp—soh

JjG+1)

16
G+
16

1
68, hahy <qhi + 3t

B, 5%y (h)*, hahe—sqTehp—>ahi

1
65, hahp—sqh1 — ZTCBA (b))% KM hohy < Tehy—soha

_JG+y Ip1_}“j Im
16 |B} w3l T

_ JU+D

5 -

(WAH?)AC (7

where we used that A(j)

el + 4t 2] 7y )

Putting everything together, we end up with

(6.32)

+ 205 — ) el xeli) — af e G) | Y1),

If we now want the state | li ) to satisfy the quantized isolated
horizon boundary condition, the right-hand side of
A
Eq. (6.32) has to be equal to | j} I?} =04 |I:> . We
B 2
can therefore read off the equations
JjG+1)

2+ ap=—"y

0P =1 (633)

2l(ﬂ - a))(c(]))(s(]) - aﬂ%s(j)z =0, (634)

|

that need to be fulfilled by a, f, and j. Note that, in
principle, @ and f are allowed to depend on j. We recognize
that (6.33) will reduce to the condition of the surface
holonomies having unit determinant if # = a~'. Since this
condition has already shown up quite often during the
analysis of the properties of surface holonomies, this seems
like a natural condition and we will assume that a and f
satisfy the relation above. However, we get an additional
condition from (6.34). This can be solved by choosing a as
a function of j satisfying
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FIG. 6. This figure shows the discriminant D as a function of j. From left to right, the plots are for k = 3, k = 101, and k = k(j),

respectively.

2i

) (1= a(j))xe(i) = 25(7) (6.35)

which implies that a() has to be a solution to the quadratic
equation

oy U)o
a(j)* + 20.0) a(j)=1=0 (6.36)
We therefore get
N A0 () ]?
o) Ta) : L)(c(j)] 637)

and we immediately see that a(j) is purely imaginary if
|%| > 1. On the other hand, if ]%| <1, we have
|a(j)| = 1 and a(j) will therefore just be a phase. Actually,
the latter is the case for most values of j. This can for
example be seen from Fig. 6, where we have plotted the full
discriminant

H 2
D=1- V(f)] (6.38)
4re ()
1-D
0.00015 +
0.00010 +
0.00005 +
o o 2 w0 0 e o

FIG. 7. We plot the deviation from 1 of the discriminant D for
k= k(j).

Remember that y, depends on the constant

dn(1 - B 87i
¢ = —saGhpi FU=F) 87 65
ay k
where
O (6.40)

“= s )

Ip = VhG denotes the Planck length and aj; is the
classical area of the horizon in the IHBC. We can now
either keep ay as a free classical parameter, or we can
replace it with the eigenvalue of the area operator in the
state under consideration. In Fig. 6, we show plots for
both options.°

The plots to the left and in the middle are for fixed values
of k (k = 3 and k = 101, respectively), while for the plot to
the right we used

K0) = 7= VG + 1) (641)

following directly from inserting the area eigenvalue

ay = 162p13/j(j + 1)

into the definition of k. All three plots show that the
discriminant D tends to 1 as j increases. However, the
details differ between the two choices for k. The plots for
fixed k show some periodic behavior (with period approx-
imately § in the plot for k = 101). Also, the convergence of
D to unity seems slower in this case. The fast convergence
rate in the case where k = k(j) can also be seen more
clearly from Fig. 7, where we have plotted the difference

(6.42)

SNote that in both cases we still have the Barbero-Immirzi
parameter S as a free parameter and the numerical values of the
solutions will depend on its value. For all plots in this section we
have used f = 0.274. This is the value determined from the
entropy calculation for type I isolated horizons with gauge group
SU2) [36-38].
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FIG. 8.

1 — D. This deviation from 1 is less than 10~ for all spins
greater than 20, and it seems to decrease by another order of
magnitude before reaching spin 50. This implies that if j
becomes large enough, the solutions for a will approx-
imately become +1. However, this way of solving (6.34)
has a serious drawback. Recall that in order to solve the
QIHBC, a state needs to satisfy not only (6.17) but also
(6.16). The latter condition leads to almost the same set of
equations, but with the opposite sign in the second term of
Eq. (6.34). We thus get a different solution for a, implying
that conditions (6.16) and (6.17) cannot be solved simulta-
neously using this approach. Fortunately, we can also solve
(6.34) by requiring that y,(j) = 0. Although this works for
any choice of a and f3, we will still demand that # = a~! in
order to identify Eq. (6.33) with the unit determinant
condition. We can already see from Fig. 7, where we have
plotted

| p— {){s(j) r,

4 () (643)

that y,(j) will approach 0 as j grows large. This is
confirmed in Fig. 8, where we have plotted y,(j) for the
same three choices of k as before. The overall tendency of
converging to 0 is again the same in all three cases.
However, while the overall convergence is again faster
in the case where k depends on j, there are individual spins
in the plots for fixed k, for which y,(j) is considerably
closer to zero than for any spin less than 70 in the
j-dependent case.

VII. CONCLUSION AND OUTLOOK

In the preceding sections, we have presented three sets of

results:

(1) We have defined the surface-ordered, exponentiated
fluxes #'y on a large class of states in the Hilbert
space of LQG.

(2) We have explored many of their properties, such as
commutation relations and the spectra of their trace
and determinant. Interestingly, the 7"y are in some
sense close to classical group elements, but by no
means in all aspects.

=0.04 |-

=0.06 |-

This figure shows plots of y,(j). As in Fig. 6, we have chosen k = 3, k = 101, and k = k(j), respectively, from left to right.

(3) We have started to analyze what kind of states fulfil
the quantum version of the isolated horizon boun-
dary condition. We find that a relevant operator
seems to be the determinant of the %y on the
horizon. But the states we look at are too limited to
make any solid statements about quantized IHs.

One fundamental limitation of our method is that while 7
determines the holonomy around Sy, it will create new,
undetermined holonomies when acting on quantum states.
We suspect that this is responsible for the problem that,
although a classical surface holonomy is invariant under

changes of the homotopy generating the surface, the %
appear to depend on the parametrization in the sense that
they give the punctures an ordering. This ordering is
dependent on the parametization and changing it appears

to change the state that results from the action of “i/; This
might be partially remedied if the properties of the

holonomies created by % could be established through
the use of the IHBC. This direction should be studied
further.

Another avenue for future work could be to discard the
results (4.17), (4.37) for the second coefficient in the action
of Wy obtained by the Duflo map, and instead to fix it by
demanding that the determinant is equal to 1 for all states,

9= & (1-eo[222)),

J

0 =2 (1w [ 252

J

(7.1)

In this setting, one could continue to work with the LQG
holonomies on the horizon and perhaps obtain a state
described by a measure on the space A of generalized
connections.

A final point that should be studied further is the
quantization of the %"y without setting

|EI]? = 2[[EW|P + 2[EW||? (7.2)

(see the discussion in Sec. IV B for details). This might
substantially change the properties of the operators % .
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APPENDIX A: ACTION OF QUANTUM SURFACE
HOLONOMY ON ONE-EDGE PUNCTURE
STATE (DETAILED CALCULATION)

We can rewrite the sum in the last line of the previous
equation as

2(p+1)

2p+3
> (%07 ) aten -2y
m=0 m

2(p+1) o) . 2 Dem
p+3 2j + 1]2(+1)
f22p+]
> ()

0 2p 43
( p )Bm[2j+ 1]2(p+1)—m

_22

and make use of the relation (known as Faulhaber’s
formula)

(A1)

2 1

QDK[HEHZkEi”HO-“J(p) =

22k+3 1

862j(2j + 1)(2j +2)
x [12(p+1) 4 32(p+1) 1.

7V[E;] pzk% (

" /n+1 n+1
Z( . —— "2

k=0

- +m] (A2)

> Bkmn—k —

for the Bernoulli numbers (of second kind) B; and positive
integers m, n to obtain

(

— 22p+2

2(p+1)

D

m=0

2p+3
m
22p +3)
2j+1

1 2 1

)Bm )2 + 12

2
22p +3)
2j+1
22p +3)
2j 1

[12p+1) 4 22(pH+1) o (2 4 1)2(PHD)]

[12(741) 4 32(p+1) . g (2)2P )],

(A3)

Note that when applying Eq. (A2) to the middle line of
Eq. (A1) we assumed that % (2j + 1) is an integer, i.e., that
the spin j is a half-integer. Inserting this result back into
Eq. (4.11) we are left with

)

2k +2

2k +4
2p+3

(2p+2)(2p +3)
(2k +2)(2k + 4)

+ (2j)2P D]

82k +22j(2j + D(2j+2)"
x [12(p+1) 4 32(p+1) 4.

k
i
+ (2j)27 ).

)

2p+1
(A4)

Let us focus on the last line to further simplify this expression. We can make use of the relation

2k+2
2p+1

3

to obtain

3

2k+2
2p+1

k
p+1 E :

)[12(p+1) 4 32(p+1) .
=0

<

]

J—

| — | — | =
- - - o —
I N‘T N ] N’
o - O - o

>n2p+1 — % [(n + 1)2k+2 _ (n _ 1)2k+2]

(

M

(AS)

2j-1
2

)%

2042 — 1][(21 + 2)%+2 —

2k +2

(21 + 1)2+2
2p+1
(21>2k+2]

[(21 4 2)%+3 — (20 4 2)2k+2 — (21243 — (21)2+2]

j—1

[(21+ 2)2k+2 + (21)2k+2]
=0

8}
ol

[(21 + 2)2k+3 _ (21)2k+3] _

| =
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2j-1

1 2
(2] + 140 =2 [(21+ 274 + (21447
1=0

1
2

5}

)4

j—1

1
(2] + 1)2k+3 5 (2] + 1)2k+2 _ (21)2k+2

l\)l'—‘

=1

2j=1

_ ](2] + 1)2k+2 _ 22k+2 i 12k+2
=1

— 4k+1 { i <2J + ])2k+2 XT: l2k+2:|

Reinserting this into (A4) we end up with

82k+3 1 2j + 1 2k+2 =
2k _ 2k+2
Qok[lIE] E"HH“‘%’)_?2k+22j(2j+1)(2j+2) [J( ) Zl |

Using this result we can now use Eq. (4.7) to calculate

oW lhonin = Y st (575)  QorlIEP iy @ T

Cc n il 2n
nzom (ﬁ) ck" Qpk ||| El| Ei]|H<J‘°>(ﬂ> ] 7

| c \ 1 .

+i 1 <c>2nc82n+3 1
2n+1)1\2v2) “2"2n+22j(2j + 1)(2j +2)

2 2n+2 T
) J2+ ) 212n+2:| ]®Tz

X
~
/\

128 «izV[E] Q7

osh

(e}

(M

] >idH(j.0)<p) ® 1, +

e 2j(2j+1)(2j+2)

2j-1

LS 2n+3 ¢\ 2n+2 ) 2]_|_1 2n+2 /T N
D) V)T

n=0

Let us look at the term

128 KlaDE] @7 S 2n+3 <c>2"+2
) Z(

c 2](2]—1— (2j+2) 4

] (2] + >2n+2 i 12n+21

in more detail. The sum over the first term inside the square brackets can be calculated as
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i 2n+3 2n+2 2]+1 2n+2_ 8] di: 1 (2_]+1)C 2n+3
Z<(2n +2)! 2 T2 ldes(n+2) [ 8
8/ d [(2j+1)c (2j+ 1)c
= = h(=L )
2j + ldc { g |7 8

oo (22 1)) a1

QU

The second term can also be simplified via
X 2n+3 2n+2 2, 2n+3 cl 2n+2
lZn+2 -
Sy z;@w@)
4 d & cl
— 7%; 2n +2)! < )

_T‘_‘ic_li 1 cl 2n+2
C Zlded = (2n+2)\ 4

2n+3

d [sinh®De 05 e 1
=— h -j—-= All
dcc[ sinhe 016 ( 2)] (A1l)
where we used
n sinh(%* 1
Zcosh(mx) =— (i)cosh<(n+ )x> (A12)
o sinh(3) 2
in the last equality. We can thus rewrite the sum in expression (A9) as
dr. 2j+1)c\ ¢ sinhZe (2j + 1)e
— h{——— | —=— h . Al3
de [’CCOS ( 8 27 sihe 16 (A13)
Defining
QD[Wp”H</~0>(p) =& ())idy ) ® Ty + i (j)x™mal [E] ® T (A14)
we arrive at
2j+1
e = cosn (20 1) (A15)
and
_ —128i 1d 2j+1)c\ ¢ sinhZHe (2j + e
— h{———— ) —=—— h Al6
SV =3 N0 1) cde [’ccos ( 8 ) 27 sinhg % 16 (A16)
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for the function &.(j) and c&,(j). In the expression for £.(j) the derivative with respect to ¢ can still be carried out,
leading to

—8i
2j(2j+ 1)(2j +2)

cosh((2’+1) )

im . 2j+ 1)c
X [2](2]+1)W+2](2] )smh(%)
8

1 , 2jc sinh(39) . /2je ¢
2 h{ — 2 . —sinh| = th| - . Al7
Sinh (%) < jcos ( g > +2j 2 sinh{ —= | coth| 2 (A17)

A similar calculation shows that the same result holds for integer values of j. The main difference between the two
calculations is that one cannot simply apply Faulhaber’s formula (A2) in the case of integer spins. Instead, one has to use the

recently discovered extended version of Faulhaber’s formula [39] in order to simplify the complicated formula we
started with.

APPENDIX B: ACTION OF QUANTUM SURFACE HOLONOMY ON TWO-EDGE
PUNCTURE STATE (DETAILED CALCULATION)

Here, we will perform the calculation from Appendix A again for the two-edge puncture. We will start by inserting

expressions (4.30) and (4.31) into each line of Eq. (4.29) separately in order to keep the calculations legible. Starting with
the first line, we have

o0 ¢\ 2k k k
> @m (5) Zo(m)QDKH|E<u>||2m1|w.m Qok[[IEW P yo @ T2

o k k (zj(u)+1)2 m <2J(d)+1>2 k—m.
VRG] e

® 1 c\ 2k (2j(u)+1)2 (Zj(d)+l)2 k.

c [(2j™ +1)2 (259D +1)2)
= cosh (E\/ 8 + 8 ldH/ /) ® 1,. (Bl)

Using the fact that we are considering only gauge-invariant states, we know that we need to have j*) = j(@ = j The above
expression therefore simplifies to

2j+1)c\.
cosh (%) idyii ) @ Ta. (B2)

The second line is considerably more involved and we will split it into two parts corresponding to the two summands in
(4.31). The first part of the second line therefore reads

o0 1 ll
CZO(2]<‘|'1)'<> ljZ( >QDK||E ||2mE Hsummand#lQDK[HE ||2k_ ]®Tj
s 2k EL kN [(25@  1)2]
T L 2k+ <) mz::o<m){8]

1 2m+3 ()
8’”2] (2j<">+1)(2j<>+2)2m+2

| )

<2J'(u) + 1>2m+2 (j®) ( ) ® 7
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e 2k
:2'<“>(2j<“>+1 )£ ( 2k+2 < )
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2 () 2m+3 Kl () E(u) .
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Sl 2k
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270 (2 4 1 ; 2k+2 ( ) 2 )
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J 1
) cosh (5 i) M) _ cosh(%\};)c) N 2ju 4 1 sinh (% ETET (2,/‘d8+1)2)
2/ "+1) u ;
J . c 2 (2j {;H)Z + (2f‘;1)2

and, using again that j*) = j(¢ = j we obtain

0 c R
i ) (B ,
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(Y (B i3 130
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2 {2COS S -2 Cas )= +sinh<7(21+ 1)C> }K”ﬂ ( ) ®7;

— 1 (2J+1) 2]+1) 4
i+ BT Bt

(B3)

(BS)

for the first contribution. Turning our attention to the second term in (4.31), we immediately note that it vanishes if either

j*=0or j* 1 . For higher spins, we get
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Using once again that j*) = j(9) = j, the second contribution simplifies to
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