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We systematically investigate the possibilities of realizing the spontaneous CP violation in Type IIB
flux compactifications on toroidal orientifolds. Our detailed analysis for a generic choice of three-form
fluxes leads to the presence of flat directions, where CP-breaking and -conserving vacua are degenerate,
indicating that flux compactifications are not sufficient to realize the spontaneous CP violation.
Furthermore, the four-dimensional CP can be embedded into the duality symmetries, namely modular
symmetries for a particular choice of fluxes.
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I. INTRODUCTION

Understanding the origin of CP violation in the
Standard Model (SM) is of particular interest, not only
to explain the structure of Yukawa couplings but also to
search for new physics beyond the SM through experi-
ments on the neutron electric dipole moment [1], K
meson decays (probed by the KOTO experiment at the
J-PARC and the NA62 experiments at CERN), and
observations of the excess of baryons over antibaryons
in the Universe. It is interesting to ask the origin of CP
violation in string theory.
As pointed out in Refs. [2,3],CP is regarded as a discrete

gauge symmetry in a class of E8 × E8 and SOð32Þ heterotic
string theories. Calabi-Yau (CY) compactifications lead to
the spontaneous breaking of CP by the dynamics of
massless scalar fields, called moduli fields [4]. Here, the
four-dimensional (4D) CP is embedded into the 10D
proper Lorentz symmetry, indicating that the orientations
of 4D spacetime and 6D CY threefolds are reversed
simultaneously. In the heterotic string context, axionic
components of an axiodilaton and Kähler moduli have
an odd parity under CP transformation [4] and the 4D CP
can be spontaneously broken by their vacuum expectation
values (vevs). However, it is difficult to achieve the
stabilization of the moduli fields on CY threefolds as well

as toroidal orbifolds in a controlled way, due to sizable
backreactions from their stabilization.1

The purpose of this paper is to systematically investigate
the possibilities of realizing the spontaneous CP violation
in Type IIB string theory on toroidal orientifolds, where the
moduli stabilization as well as the calculation of Yukawa
couplings is performed in a controlled way. Similar to the
heterotic string theory, CP-odd axionic fields break the 4D
CP spontaneously, and their vevs induce the nonvanishing
Cabbibo-Kobayashi-Maskawa (CKM) phase. Since it is
possible to stabilize these axionic fields by three-form
fluxes in the low-energy effective action of Type IIB string
theory, we search for CP-breaking minima in Type IIB flux
compactifications on several toroidal orientifolds. Starting
from a CP-invariant potential with a generic choice of
three-form fluxes, we find that flat directions exist and CP-
breaking and -conserving vacua are degenerate. To realize
the spontaneous CP violation, a resolution of this degen-
eracy by other sources is required. Furthermore, 4D CP can
be embedded into the duality symmetries, namely modular
symmetries for a particular choice of fluxes. The approach
to unify CP and modular symmetries is recently developed
in Refs. [8–11], and the relationship between the strong
CP and CKM phases is also pointed out in Ref. [12].
Indeed, axions associated with the complex structure
moduli of tori play a crucial role in such a generalized CP
context [13–16].
This paper is organized as follows. In Sec. II, we briefly

review the origin of 4D CP in the effective action of Type II
string theory with intersecting/magnetized D-branes. In
Sec. III, we discuss the CP-invariant low-energy effective
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1It might be possible to break CP through vevs of charged
scalar fields under the anomalous U(1) symmetry [5]. For the CP
violation in the orbifold context, see Refs. [6,7].
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action of Type IIB string theory on toroidal orientifolds.
Three-form fluxes cause both the stabilization of axionic
fields and spontaneous breaking of CP. It turns out that
massless fields generically appear in the flux vacua on
several toroidal orientifolds. Finally, we conclude in
Sec. IV.

II. ORIGIN OF CP IN INTERSECTING/
MAGNETIZED D-BRANE MODELS

In this section, we review the low-energy effective action
of magnetized D-branes in Type IIB string theory on
toroidal orientifolds with a special emphasis on 4D CP.
It is applicable to the Type IIA intersectingD-brane system
by T-dualizing Type IIB magnetized D-brane models.
Let us consider magnetizedD7-branes wrapping ðT2Þi ×

ðT2Þj with i ≠ j. When Uð1Þ gauge boson on D7-branes
takes a nontrivial vev on the torus, the internal space carries
background gauge flux Fi on each torus ðT2Þi,

mi

l2s

Z
ðT2Þi

Fi ¼ ni; ð1Þ

where mi and ni correspond to the wrapping number of
magnetized D7-branes and the flux quanta, respectively.
ls ¼ 2π

ffiffiffiffi
α0

p
denotes the string length. Such gauge fluxes

are relevant to determine 4D CP as discussed later.
The 4D θ term in the effective action of D7-branes

is determined by the following gauge kinetic function
[17–19]:

fD7 ¼ jmimjj
�
Tk −

ninj

mimj S

�
ð2Þ

with i ≠ j ≠ k. Here, we denote the Kähler moduli Ti and
the axiodilaton S, respectively. Remarkably, the CP-odd
axionic components of these moduli fields (Ramond-
Ramond fields) ReðTiÞ ¼ RðT2Þj×ðT2Þk C4 and ReðSÞ ¼ C0

induce the 4D θ term.
The CKM phase in Yukawa couplings of chiral zero

modes on magnetized D7-branes is also determined by one
of the closed string moduli, namely the complex structure
moduli τi associated with tori ðT2Þi. Indeed, the presence of
magnetic fluxes induces the multiple number of chiral zero
modes with nontrivial moduli-dependent Yukawa cou-
plings. From the calculation of the Yukawa couplings of
chiral zero modes in the conformal field theory as well as
the field theoretical approach, it is known that holomorphic
Yukawa couplings on each two torus ðT2Þj inside the four-
cycle wrapped by magnetized D7-branes are given by the
Jacobi theta function [20–23],

ϑ

�
c

0

�
ð0; τjÞ≡

X
l∈Z

eπiðcþlÞ2τj : ð3Þ

For illustrative purposes, let us suppose that the UðNÞ
gauge symmetry realized in N stacks of D7-branes is
broken by magnetic fluxes to UðNaÞ ×UðNbÞ × UðNcÞ
withN ¼ Na þ Nb þ Nc. Then, bifundamental zero modes
ðNα; N̄βÞ, α; β ¼ a; b; c have Iiαβ ¼ niα=mi

α − niβ=m
i
β num-

ber of zero modes on each torus ðT2Þi. Holomorphic
Yukawa couplings of such zero modes are provided by

Ypqs ¼ ϑ

�
− 1

Iiab

�
q
Iica

þ s
Iibc

�
0

�
ð0; τijIiabIibcIicajÞ; ð4Þ

up to the normalization factor. Here, q ¼ 0; 1;…; jIicaj − 1,
and s ¼ 0; 1;…; jIibcj − 1 denote flavor indices, and we
employ p ¼ s − q mod Iab [23].
In this way, axionic components of the complex structure

moduli determine the magnitude of CKM phase, namely
the Jarlskog determinant. (For explicit examples, see, e.g.,
Ref. [24].) The moduli-dependent Yukawa couplings as
well as the gauge kinetic function in Type IIA intersecting
D6-branes have the analogous form by T-dualizing the
Type IIB magnetized D7-brane models [20]. For Type IIB
string theory with D5=D9-branes, the gauge kinetic func-
tion and Yukawa couplings are also dependent on the
Kähler moduli and complex structure moduli, respectively.
It is remarkable that the complex structure moduli control
not only the 4D CP but also the flavor symmetry in Type
IIB string theory.2

III. FOUR-DIMENSIONAL CP IN FLUX
COMPACTIFICATIONS

So far, we have discussed the origin of 4D CP phases in
the effective action of magnetizedD-branes. This section is
devoted to exploring the spontaneous CP violation on the
basis of the effective action of moduli fields. We draw
general conclusions about the spontaneous CP violation in
Type IIB toroidal orientifolds with fluxes.

A. CP-invariant moduli potential

We begin with the simplest T6=Z2 orientifold, following
the convention of Ref. [27]. It is straightforward to extend
the setup to T6=ðZ2 × Z0

2Þ and other orbifolds, as dis-
cussed later.
As argued in Refs. [2,3], the 4D CP is regarded as the

higher-dimensional proper Lorentz symmetry, in particular,
the 10D proper Lorentz symmetry in string theory. When
the extra 6D space consists of the factorizable T6 subject to

2For the relationship between the flavor symmetry and the
modular symmetry of τ in Type IIB string theory, see, e.g.,
Refs. [25,26].
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Z2 identification, namely Π3
i¼1ðT2Þi=Z2 with coordinates

zi, the 10D proper Lorentz symmetry is defined by the 4D
CP and 6D transformations zi → z�i or zi → −z�i , leading to
the negative determinant in the transformation of 6D space.
In this paper, we restrict ourselves to zi → −z�i trans-
formations, allowing us to consider Imτi > 0 in the com-
plex structure moduli spaces. According to zi → −z�i , τi
transform as

τi → −τ̄i; ð5Þ

and at the same time, the axiodilaton S ¼ C0 þ ie−ϕ also
transforms

S → −S̄: ð6Þ

Note that the real part of the axiodilaton is the Ramond-
Ramond axion.
Let us discuss CP invariance of the moduli effective

action on the basis of Π3
i¼1ðT2Þi=Z2 orientifold. Under the

above transformations, the moduli Kähler potential,

K ¼ − lnð−iðS − S̄ÞÞ − 2 lnV

− lnðiðτ1 − τ̄1Þðτ2 − τ̄2Þðτ3 − τ̄3ÞÞ ð7Þ

is invariant. Here, we denote V as the volume of T6 and
employ the reduced Planck mass unit MPl ¼ 1. On the
other hand, the superpotential is induced by an existence of
a background three-form flux G3 [28],

W ¼ 1

l2s

Z
Ω ∧ G3; ð8Þ

with ls ¼ 2π
ffiffiffiffi
α0

p
.3 Now the holomorphic three-form Ω,

Ω ¼ dz1 ∧ dz2 ∧ dz3; ð9Þ

transforms under the CP transformation as

Ω → −Ω̄: ð10Þ

The three-form flux G3 is defined by a linear combination
of Ramond-Ramond (RR) F3 and Neveu-Schwarz (NS)
three-formsH3, namelyG3 ¼ F3 − SH3; both of which are
expanded on the basis of H3ðT6;ZÞ,

1

l2s
F3 ¼ a0α0 þ aiαi þ biβi þ b0β0;

1

l2s
H3 ¼ c0α0 þ ciαi þ diβi þ d0β0; ð11Þ

with

α0 ¼ dx1 ∧ dx2 ∧ dx3; α1 ¼ dy1 ∧ dx2 ∧ dx3;

α2 ¼ dy2 ∧ dx3 ∧ dx1; α3 ¼ dy3 ∧ dx1 ∧ dx2;

β0 ¼ dy1 ∧ dy2 ∧ dy3; β1 ¼ −dx1 ∧ dy2 ∧ dy3;

β2 ¼ −dx2 ∧ dy3 ∧ dy1; β3 ¼ −dx3 ∧ dy1 ∧ dy2;

ð12Þ

satisfying
R
T6 αI ∧ βJ ¼ δJI . Note that flux quanta

fa0;1;2;3; b0;1;2;3; c0;1;2;3; d0;1;2;3g are even and/or odd inte-
gers depending on the existence of exotic O30-planes
[29,30], and they are constrained by the tadpole cancella-
tion condition,

nflux ¼
1

l2s

Z
H3 ∧ F3

¼ c0b0 − d0a0 þ
X
i

ðcibi − diaiÞ

¼ 32 − 2nD3 − nO30 ≤ 32; ð13Þ

where nD3 and nO30 are the number ofD3-branes and exotic
O30-planes, respectively. Here, anti–D3-brane contribu-
tions are not taken into account to preserve the supersym-
metry in our system.
Since the coordinate transformations zi → −z�i corre-

spond to xi → −xi and yi → yi, these three-form bases also
transform as

α0 → −α0; β0 → β0;

αi → αi; βi → −βi; ði ¼ 1; 2; 3Þ: ð14Þ

To be invariant under the CP transformation, the flux-
induced superpotential should be transformed as

W → eiγW̄; ð15Þ

with γ ¼ 0 or π (mod 2π) because F3 and H3 are integer
quantized and have no imaginary part. Recall that the only
complex quantity is S in G3, with γ ≠ 0, and π (mod 2π) is
contradicted with the real three-forms F3 and H3. Hence,
the three-form fluxes obey

G3 → −eiγḠ3: ð16Þ

It restricts us to the following two patterns of RR and NSNS
three-forms:

3The normalization factor to match with the dimensional
reduction of Type IIB supergravity action is irrelevant to the
following discussion, and therefore, we omit such a factor for
simplicity.
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(i) γ ¼ 0 (mod 2π)

1

l2s
F3 ¼ a0α0 þ biβi;

1

l2s
H3 ¼ ciαi þ d0β0; ð17Þ

leading to G3 → −F3 þ S̄H3 ¼ −Ḡ3.
(ii) γ ¼ π (mod 2π)

1

l2s
F3 ¼ aiαi þ b0β0;

1

l2s
H3 ¼ c0α0 þ diβi; ð18Þ

leading to G3 → F3 − S̄H3 ¼ Ḡ3. Other choices to obtain
the nonvanishing CP-invariant superpotential are impos-
sible because of the real three-forms F3 and H3.
Then, it results in the two classes of the superpotential:
(i) γ ¼ 0 (mod 2π)

W ¼ a0τ1τ2τ3 þ c1Sτ2τ3 þ c2Sτ1τ3

þ c3Sτ1τ2 −
X3
i¼1

biτi þ d0S; ð19Þ

(ii) γ ¼ π (mod 2π)

W ¼ −c0Sτ1τ2τ3 − a1τ2τ3 − a2τ1τ3

− a3τ1τ2 þ
X3
i¼1

diSτi − b0: ð20Þ

Note that the above statement also holds for
Π3

i¼1ðT2Þi=ðZ2 × Z0
2Þ orientifolds with or without D-

branes, taking into account the expansion of F3, H3 on
the basis of H3�ðT6; 4ZÞ for the case without discrete
torsion, andH3�ðT6; 8ZÞ for the case with a discrete torsion.
Here, the Ω3 and G3 are expanded with respect to a basis of
H3

−ðT6Þ for the orientifold withO3=O7-planes andH3þðT6Þ
for the orientifold with O5=O9-planes with H3 ¼ 0, where
the number of untwisted moduli is counted by h2;1− and h2;1þ ,
respectively. (For the detailed discussions of toroidal
orientifolds, see, e.g., Ref. [31].) Other toroidal orbifolds
are discussed in Sec. III D.

B. T6=Z2 and T6=ðZ2 × Z0
2Þ with single complex

structure modulus

We first analyze the overall complex structure modulus,
namely τ≡ τ1 ¼ τ2 ¼ τ3, and check whether the 4D CP is
spontaneously broken or not. For the single complex
structure modulus, the superpotential is simplified as

W ¼
�

a0τ3 þ 3cSτ2 − 3bτ þ d0S; ðγ ¼ 0Þ
−c0Sτ3 − 3aτ2 þ 3dSτ − b0; ðγ ¼ πÞ ; ð21Þ

where we define

a≡ a1 ¼ a2 ¼ a3; b≡ b1 ¼ b2 ¼ b3;

c≡ c1 ¼ c2 ¼ c3; d≡ d1 ¼ d2 ¼ d3: ð22Þ

On the other hand, the Kähler potential is given by

K ¼ − lnð−iðS − S̄ÞÞ − 2 lnV − 3 lnð−iðτ − τ̄ÞÞ: ð23Þ

As a consequence of the no-scale structure for the volume
moduli, the moduli fields except for the volume moduli can
be stabilized at the supersymmetric minimum DτW ¼
DSW ¼ 0 with DIW ¼ ∂IW þ ð∂IKÞW [32],

(i) γ ¼ 0 (mod 2π)

ReðτÞ ¼ ReðSÞ ¼ 0; ImðτÞ ¼
�
−
bd0
a0c

�
1=4

;

ImðSÞ ¼
�
−
a0ðbÞ3
ðcÞ3d0

�
1=4

; ð24Þ

(ii) γ ¼ π (mod 2π)

ReðτÞ ¼ ReðSÞ ¼ 0; ImðτÞ ¼
�
−
b0d
ac0

�
1=4

;

ImðSÞ ¼
�
−
ðaÞ3b0
c0ðdÞ3

�
1=4

: ð25Þ

As a result, the 4D CP is not spontaneously broken at the
supersymmetric minimum for this simplest case. Hence, we
move on to the case treating three independent complex
structure moduli and search for the supersymmetric CP-
breaking minimum in the next section.

C. T6=Z2 and T6=ðZ2 × Z0
2Þ with three complex

structure moduli

We next explore the existence of a CP-breaking mini-
mum for the case with three complex structure moduli. We
analytically discuss the spontaneous CP violation for γ ¼ 0
in Sec. III C 1 and γ ¼ π in Sec. III C 2, respectively.

1. Odd polynomials (γ = 0)

In this section, we focus on the superpotential (19)
consisting of odd polynomials with respect to the moduli
fields. The supersymmetric conditions DIW ¼ 0 are still
complicated equations with respect to the moduli fields,
even for the CP invariant superpotential (19). To analyti-
cally solve the supersymmetric conditions, we simplify the
effective action by redefining the moduli fields,
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τ1 ¼
c1

a0
xsτ01; τ2 ¼

c2

a0
xsτ02; τ3 ¼

c3

a0
xsτ03; S ¼ xsS0: ð26Þ

According to the redefinition of the moduli fields, the Kähler potential and the superpotential are redefined as

K ¼ − lnð−iðS − S̄ÞÞ − 2 lnV − lnðiðτ1 − τ̄1Þðτ2 − τ̄2Þðτ3 − τ̄3ÞÞ
¼ − lnð−iðS0 − S̄0ÞÞ − 2 lnV − lnðiðτ01 − τ̄01Þðτ02 − τ̄02Þðτ03 − τ̄03ÞÞ − lnðx4sc1c2c3=ða0Þ3Þ;

W ¼ a0τ1τ2τ3 þ c1Sτ2τ3 þ c2Sτ1τ3 þ c3Sτ1τ2 −
X3
i¼1

biτi þ d0S

¼ fτ01τ02τ03 þ S0τ02τ
0
3 þ S0τ01τ

0
3 þ S0τ01τ

0
2g −

X3
i¼1

b0iτ
0
i þ d00S

0; ð27Þ

where we take

xs ¼
� ða0Þ2
c1c2c3

�
1=3

; b0i ¼ bi
ci

a0
xs; d00 ¼ d0xs: ð28Þ

In the following analysis, we omit prime symbols of fields unless specified otherwise. Then, we analyze the following
Kähler potential and superpotential:

K ¼ − lnð−iðS − S̄ÞÞ − 2 lnV − lnðiðτ1 − τ̄1Þðτ2 − τ̄2Þðτ3 − τ̄3ÞÞ;

W ¼ τ1τ2τ3 þ Sτ2τ3 þ Sτ1τ3 þ Sτ1τ2 −
X3
i¼1

biτi þ d0S; ð29Þ

which is a simplified version of the superpotential (19) with a0 ¼ c1 ¼ c2 ¼ c3 ¼ 1.
To analytically solve the supersymmetric conditions DIW ¼ 0, we analyze the following equations equivalent to solve

DIW ¼ 0:

Imðτ1ÞReðDτ1WÞ � Imðτ2ÞReðDτ2WÞ � Imðτ3ÞReðDτ3WÞ − ImðSÞReðDSWÞ ¼ 0;

Imðτ1ÞReðDτ1WÞ ∓ Imðτ2ÞReðDτ2WÞ � Imðτ3ÞReðDτ3WÞ þ ImðSÞReðDSWÞ ¼ 0;

Imðτ1ÞImðDτ1WÞ � Imðτ2ÞImðDτ2WÞ þ Imðτ3ÞImðDτ3WÞ � ImðSÞImðDSWÞ ¼ 0;

Imðτ1ÞImðDτ1WÞ ∓ Imðτ2ÞImðDτ2WÞ − Imðτ3ÞImðDτ3WÞ � ImðSÞImðDSWÞ ¼ 0; ð30Þ

where the � signs are correlated. There is a CP-conserving solution,

Reðτ1Þ ¼ Reðτ2Þ ¼ Reðτ3Þ ¼ ReðSÞ ¼ 0; Imτ1 ¼
�
−
b2b3d0
b1

�
1=4

;

Imðτ2Þ ¼
�
−
b1b3d0
b2

�
1=4

; Imðτ3Þ ¼
�
−
b1b2d0
b3

�
1=4

; ImðSÞ ¼
�
−
b1b2b3
d0

�
1=4

; ð31Þ

at which all the moduli masses squared are positive. In addition, we find that there exist five classes of solutions enumerated
as follows:
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(i) Solution 1

Reðτ2Þ
Reðτ1Þ

¼ Imðτ2Þ
Imðτ1Þ

¼
ffiffiffiffiffi
b1
b2

s
;

Reðτ3Þ
Reðτ1Þ

¼ −
Imðτ3Þ
Imðτ1Þ

¼ −

ffiffiffiffiffi
b1
b3

s
;

ReðSÞ
Reðτ1Þ

¼ ImðSÞ
Imðτ1Þ

¼
ffiffiffiffiffi
b1

pffiffiffiffiffi
b3

p
−

ffiffiffiffiffi
b1

p
−

ffiffiffiffiffi
b2

p ;

Reðτ1Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1

p ð−b2
ffiffiffiffiffi
b3

p þ ffiffiffiffiffi
b2

p
b3Þ − b1ð

ffiffiffiffiffi
b2

p ffiffiffiffiffi
b3

p þ Imðτ1Þ2Þ
p

ffiffiffiffiffi
b1

p ; ð32Þ

with d0 ¼ −ð ffiffiffiffiffi
b1

p þ ffiffiffiffiffi
b2

p
−

ffiffiffiffiffi
b3

p Þ2.
(ii) Solution 2

Reðτ2Þ
Reðτ1Þ

¼ −
Imðτ2Þ
Imðτ1Þ

¼ −

ffiffiffiffiffi
b1
b2

s
;

Reðτ3Þ
Reðτ1Þ

¼ −
Imðτ3Þ
Imðτ1Þ

¼ −

ffiffiffiffiffi
b1
b3

s
;

ReðSÞ
Reðτ1Þ

¼ −
ImðSÞ
Imðτ1Þ

¼
ffiffiffiffiffi
b1

pffiffiffiffiffi
b3

p
−

ffiffiffiffiffi
b1

p þ ffiffiffiffiffi
b2

p ;

Reðτ1Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
ffiffiffiffiffi
b1

p ðb2
ffiffiffiffiffi
b3

p þ ffiffiffiffiffi
b2

p
b3Þ þ b1ð

ffiffiffiffiffi
b2

p ffiffiffiffiffi
b3

p
− Imðτ1Þ2Þ

p
ffiffiffiffiffi
b1

p ; ð33Þ

with d0 ¼ −ð− ffiffiffiffiffi
b1

p þ ffiffiffiffiffi
b2

p þ ffiffiffiffiffi
b3

p Þ2.
(iii) Solution 3

Reðτ2Þ
Reðτ1Þ

¼ −
Imðτ2Þ
Imðτ1Þ

¼ −

ffiffiffiffiffi
b1
b2

s
;

Reðτ3Þ
Reðτ1Þ

¼ Imðτ3Þ
Imðτ1Þ

¼
ffiffiffiffiffi
b1
b3

s
;

ReðSÞ
Reðτ1Þ

¼ ImðSÞ
Imðτ1Þ

¼ −
ffiffiffiffiffi
b1

pffiffiffiffiffi
b3

p þ ffiffiffiffiffi
b1

p
−

ffiffiffiffiffi
b2

p ;

Reðτ1Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1

p ðb2
ffiffiffiffiffi
b3

p
−

ffiffiffiffiffi
b2

p
b3Þ − b1ð

ffiffiffiffiffi
b2

p ffiffiffiffiffi
b3

p þ Imðτ1Þ2Þ
p

ffiffiffiffiffi
b1

p ; ð34Þ

with d0 ¼ −ð ffiffiffiffiffi
b1

p
−

ffiffiffiffiffi
b2

p þ ffiffiffiffiffi
b3

p Þ2.
(iv) Solution 4

Reðτ2Þ
Reðτ1Þ

¼ Imðτ2Þ
Imðτ1Þ

¼
ffiffiffiffiffi
b1
b2

s
;

Reðτ3Þ
Reðτ1Þ

¼ Imðτ3Þ
Imðτ1Þ

¼
ffiffiffiffiffi
b1
b3

s
;

ReðSÞ
Reðτ1Þ

¼ −
ImðSÞ
Imðτ1Þ

¼ −
ffiffiffiffiffi
b1

pffiffiffiffiffi
b3

p þ ffiffiffiffiffi
b1

p þ ffiffiffiffiffi
b2

p ;

Reðτ1Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1

p ffiffiffiffiffi
b2

p ð ffiffiffiffiffi
b1

p þ ffiffiffiffiffi
b2

p þ ffiffiffiffiffi
b3

p Þ ffiffiffiffiffi
b3

p
− b1Imðτ1Þ2

p
ffiffiffiffiffi
b1

p ; ð35Þ

with d0 ¼ −ð ffiffiffiffiffi
b1

p þ ffiffiffiffiffi
b2

p þ ffiffiffiffiffi
b3

p Þ2.
(v) Solution 5

Imðτ1Þ ¼
ffiffiffiffiffi
d0

p
; Reðτ1Þ ¼ 0;

Imðτ2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d0 − Reðτ2Þ2

q
; Imðτ3Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d0 − Reðτ3Þ2

q
;

ImðSÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d0 − ReðSÞ2

q
;

ReðSÞ ¼ −d0½d0Imðτ3Þ2 − Imðτ2Þ2ðImðτ3Þ2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd0 − Imðτ2Þ2Þðd0 − Imðτ3Þ2Þ

p
Þ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d0 − Imðτ2Þ2
p

ðd0Imðτ2Þ2 þ ðd0 − Imðτ2Þ2ÞImðτ3Þ2Þ
; ð36Þ

with b1 ¼ b2 ¼ b3 ¼ −d0.
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In these five solutions, CP-breaking and -conserving
minima are degenerate. That is, the above five solutions
always include the flat directions in the moduli space of
axiodilaton and complex structure moduli, compared with
the CP-conserving solution (31). We will study the origin
of the above flat directions in the flux vacua from the
viewpoint of modular symmetries in Sec. III E. The CP-
breaking sources are then required to resolve the degen-
eracy between the CP-breaking and -conserving minima.
Indeed, when we include the explicit CP-breaking term b0
in the superpotential,

W ¼ a0τ1τ2τ3 þ c1Sτ2τ3 þ c2Sτ1τ3

þ c3Sτ1τ2 −
X3
i¼1

biτi þ d0S − b0; ð37Þ

it is possible to resolve the degeneracy between the CP-
breaking and -conserving minima. Note that the moduli
fields are denoted by τi; S rather than τ0i; S

0. For instance,
under the following flux set:

a0 ¼ c1 ¼ c2 ¼ c3 ¼ 2; b0 ¼ d0 ¼ −b3 ¼ −2;

b1 ¼ b2 ¼ 4 ð38Þ

leading to nflux ¼ 24, all the complex structure moduli and
axiodilaton are stabilized at a CP-breaking minimum,

Reðτ1Þ ¼ Reðτ2Þ ≃ 0.127; Reðτ3Þ ¼ ReðSÞ ≃ 0.258;

Imðτ1Þ ¼ Imðτ2Þ ≃ 0.958; Imðτ3Þ ¼ ImðSÞ ≃ 1.37;

ð39Þ

with the masses squared of the moduli fields being positive,

V−2ð19; 18; 9.3; 8.7; 8.2; 7.9; 4.0; 3.3Þ ð40Þ

in the descending order.

2. Even polynomials (γ = π)

Next, we analyze the superpotential (20) consisting of
polynomials of an even degree in the moduli fields. Similar
to the analysis in Sec. III C 1, we redefine the moduli fields,

τ1 ¼
a1

c0xs
τ01; τ2 ¼

a2

c0xs
τ02;

τ3 ¼
a3

c0xs
τ03; S ¼ xsS0; ð41Þ

simplifying the Kähler potential and the superpotential as

K ¼ − lnð−iðS − S̄ÞÞ − 2 lnV − lnðiðτ1 − τ̄1Þðτ2 − τ̄2Þðτ3 − τ̄3ÞÞ
¼ − lnð−iðS0 − S̄0ÞÞ − 2 lnV − lnðiðτ01 − τ̄01Þðτ02 − τ̄02Þðτ03 − τ̄03ÞÞ − lnða1a2a3=ðc0Þ3x2sÞ;

W ¼ −c0Sτ1τ2τ3 − a1τ2τ3 − a2τ1τ3 − a3τ1τ2 þ
X3
i¼1

diSτi − b0

¼ −fS0τ01τ02τ03 þ τ02τ
0
3 þ τ01τ

0
3 þ τ01τ

0
2g þ

X3
i¼1

d0iS
0τ0i − b00; ð42Þ

where we define

xs ¼
�
a1a2a3

ðc0Þ2
�

1=2

; d0i ¼ di
ai

c0
; b00 ¼ b0: ð43Þ

In analogy with the analysis in the previous section, we omit the prime symbols of fields unless specified otherwise.
Then, we analyze the following Kähler potential and superpotential:

K ¼ − lnð−iðS − S̄ÞÞ − 2 lnV − lnðiðτ1 − τ̄1Þðτ2 − τ̄2Þðτ3 − τ̄3ÞÞ;

W ¼ −Sτ1τ2τ3 − τ2τ3 − τ1τ3 − τ1τ2 þ
X3
i¼1

diSτi − b0; ð44Þ

which is the simplified version of the superpotential with c0 ¼ a1 ¼ a2 ¼ a3 ¼ 1.
Following the analysis in the previous subsection, we solve the redefined supersymmetric equations (30). It turns out that

there exists a CP-conserving solution,
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Reðτ1Þ ¼ Reðτ2Þ ¼ Reðτ3Þ ¼ ReðSÞ ¼ 0; Imðτ1Þ ¼
�
−
b0d2d3
d1

�
1=4

;

Imðτ2Þ ¼
�
−
b0d1d3
d2

�
1=4

; Imðτ3Þ ¼
�
−
b0d1d2
d3

�
1=4

; ImðSÞ ¼
�
−

b0
d1d2d3

�
1=4

; ð45Þ

at which the masses of the moduli fields squared are positive. In addition, we find another solution:
(i) Solution 6

Imðτ1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 − Reðτ1Þ2

q
;

Imðτ2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 − Reðτ2Þ2

q
;

Imðτ3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0 − Reðτ3Þ2

q
;

ImðSÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

b0
− ReðSÞ2

s
;

Reðτ1Þ ¼ −b0
Reðτ2Þ þ Reðτ3Þ þ b0ReðSÞ þ Reðτ2ÞReðτ3ÞReðSÞ
b0 þ Reðτ2ÞReðτ3Þ þ b0ReðSÞðReðτ2Þ þ Reðτ3ÞÞ

; ð46Þ

with d1 ¼ d2 ¼ d3 ¼ −b0.
As a result, there exist flat directions at the minimum due to
the presence of unfixed moduli, and alsoCP-breaking and -
conserving minima are degenerate. In the same way as in
Sec. III C 1, CP-breaking sources are required to lift the flat
directions.
We perform the numerical search to find the super-

symmetric CP-breaking minima in which the masses of all
the moduli fields squared are positive, but we cannot find
such a solution as indicated by our analytical expressions.

D. Extension to other toroidal orbifolds

So far, we have discussed the factorizable T6=Z2 orienti-
fold, which is also applicable to the T6=ðZ2 × Z2

0Þ orienti-
fold, taking into account the proper tadpole cancellation
conditions. In these T6=Z2 and T6=ðZ2 × Z2

0Þ orientifolds,
the largest number of flux quanta (three-cycles) is allowed
under the orbifold projections. In this section, we discuss
other toroidal orbifolds where the possible three-cycles (12)
are restricted due to the orbifoldings.
There exists a single untwisted complex structure modu-

lus on toroidal orbifolds, including the factorizable T2=Z2,
such as T6=ðZ2 × Z3Þ ¼ T6=Z6−II , T6=ðZ2 × Z6Þ, T6=Z4,
T6=Z8−II , and T6=Z12−II [33–36], for the orbifolds pre-
serving N ¼ 2 supersymmetry, on which a part of the
three-form basis in Eq. (12) remains under the orbifold
projections [37].4 On the other hand, in other orbifolds,
(untwisted) complex structure moduli are fixed at discrete
values. When we label the single untwisted complex

structure modulus U on the above orbifolds, the 4D CP
invariance is preserved for the following superpotential via
the procedure in Sec. III A:

(i) γ ¼ 0 (mod 2π)

W ¼ ξ1U þ ξ2S; ð47Þ

(ii) γ ¼ π (mod 2π)

W ¼ ξ3SU þ ξ4; ð48Þ

where ξ1;2;3;4 are integers constrained by the quantization
conditions of F3; H3. Given the Kähler potential of U,

K ¼ − lnð−iðU − ŪÞÞ; ð49Þ

the supersymmetric minimum is obtained by solving
DUW ¼ DSW ¼ 0,

(i) γ ¼ 0 (mod 2π)

ReðUÞ ¼ −
ξ2
ξ1

ReðSÞ; ImðUÞ ¼ ξ2
ξ1

ImðSÞ; ð50Þ

(ii) γ ¼ π (mod 2π)

ReðUÞ ¼ −
ξ4
ξ3

ReðSÞ
ReðSÞ2 þ ImðSÞ2 ;

ImðUÞ ¼ −
ξ4
ξ3

ImðSÞ
ReðSÞ2 þ ImðSÞ2 : ð51Þ

At the minima, there exists a flat direction in the moduli
space of an axiodilaton and complex structure modulus,
even for the restricted orbifolds. Hence, we conclude that

4Whether there exists a single complex structure modulus or
not depends on lattices to construct T6.
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Type IIB flux compactifications on toroidal orientifolds
are not sufficient to realize the spontaneous CP violation.
Since flat directions generically appear at degenerate
CP-breaking and -conserving minima, it is required to
consider other CP-breaking sources which are discussed in
Sec. III F.

E. CP and modular symmetry

Before going to discuss the mechanism to lift the flat
directions, we discuss the relationship among the 4D CP,
the modular symmetry, and flat directions, which appear in
the above potential analysis. In general, the presence of

three-form fluxes breaks SLð2;ZÞS and SLð2;ZÞi modular
symmetries associated with the axiodilaton S and three
complex structure moduli τi in the low-energy effective
action, respectively, but it is possible to preserve subgroups
of the modular groups for a specific choice of three-form
fluxes. (For the classification of discrete modular sym-
metries, see Ref. [38].)
Let us focus on T6=Z2 and T6=ðZ2 × Z0

2Þ orientifolds
with three complex structure moduli in Sec. III. After
redefining the moduli fields as in Eqs. (29) and (44), three-
form fluxes are expanded as

(i) γ ¼ 0 (mod 2π)

1

l2s
F3 ¼ α0 þ b0iβ

i ¼ Að1Þ
ij dξ

i
1dξ

j
2dx

3 þ Að2Þ
ij dξ

i
1dξ

j
2dy

3;

1

l2s
H3 ¼ αi þ d00β

0 ¼ Að3Þ
ij dξ

i
1dξ

j
2dx

3 þ Að4Þ
ij dξ

i
1dξ

j
2dy

3; ð52Þ

with ξi ¼ ðyi; xiÞT and

Að1Þ
ij ¼

�−b03 0

0 1

�
; Að2Þ

ij ¼
�

0 −b02
−b01 0

�
; Að3Þ

ij ¼
�
0 1

1 0

�
; Að4Þ

ij ¼
�
d00 0

0 1

�
: ð53Þ

(ii) γ ¼ π (mod 2π)

1

l2s
F3 ¼ aiαi þ b0β0 ¼ Bð1Þ

ij dξi1dξ
j
2dx

3 þ Bð2Þ
ij dξ

i
1dξ

j
2dy

3;

1

l2s
H3 ¼ c0α0 þ diβi;¼ Bð3Þ

ij dξ
i
1dξ

j
2dx

3 þ Bð4Þ
ij dξ

i
1dξ

j
2dy

3; ð54Þ

with

Bð1Þ
ij ¼

�
0 1

1 0

�
; Bð2Þ

ij ¼
�
b00 0

0 1

�
; Bð3Þ

ij ¼
�−d03 0

0 1

�
; Bð4Þ

ij ¼
�

0 −d02
−d01 0

�
: ð55Þ

When we consider the modular transformations on the
tori ðT2Þi, the complex structure moduli as well as the
coordinate of tori transform

τ0i ¼ Riτi; ξ0i ¼ ðR−1
i ÞTξi; ð56Þ

with

Ri ¼
�
pi qi
ri si

�
∈ SLð2;ZÞi ð57Þ

satisfying pisi − qiri ¼ 1. As discussed in detail in
Ref. [38], the modular invariance of the effective action
is realized when the three-forms F3 and H3 themselves are
invariant under the modular transformations. Given the

modular transformations on ðT2Þ1 × ðT2Þ2, the requirement
for having the modular symmetries in the effective action
leads to the modular transformations for the flux quanta in
Eqs. (53) and (55),

AðmÞ ¼ R−1
1 AðmÞðR−1

2 ÞT; BðmÞ ¼ R−1
1 BðmÞðR−1

2 ÞT;
ð58Þ

with m ¼ 1; 2; 3; 4, where we use the transformations of ξi
in Eq. (56). Hence, the transformation matrices R1;2 are
constrained to satisfy the above relations for all m. From
explicit expressions of R2,
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R2 ¼ ðAðmÞÞTðR−1
1 ÞTðAðmÞÞ−1;T

¼
�� s1 b03r1

q1
b0
3

p1

�����
m¼1

;

� p1 − b0
1
q1
b0
2

− b0
2
r1

b0
1

s1

�����
m¼2

;

�
p1 −q1
−r1 s1

�����
m¼3

;

� s1 −d00r1
− q1

d0
0

p1

�����
m¼4

	
;

R2 ¼ ðBðmÞÞTðR−1
1 ÞTðBðmÞÞ−1;T

¼
��

p1 −q1
−r1 s1

�����
m¼1

;

� s1 d03r1
q1
d0
3

p1

�����
m¼2

;

� s1 −b00r1
− q1

b0
0

p1

�����
m¼3

;

� p1 − d0
2
q1
d0
1

− d0
1
r1

d0
2

s1

�����
m¼4

	
; ð59Þ

we find that only the following flux quanta:

d00 ¼ −b03 ¼ 1; b01 ¼ b02 ðγ ¼ 0Þ;
d03 ¼ −b00 ¼ −1; d01 ¼ d02 ðγ ¼ πÞ ð60Þ

with q1 ¼ r1, p1 ¼ s1 or

d00 ¼ −b03 ¼ −1; b01 ¼ b02 ðγ ¼ 0Þ;
d03 ¼ −b00 ¼ 1; d01 ¼ d02 ðγ ¼ πÞ ð61Þ

with q1 ¼ −r1, p1 ¼ s1 are solutions of Eq. (58). Taking into account the condition detðR1Þ ¼ detðR2Þ ¼ 1, the flux choice
(60) corresponds to the trivial diagonal matrix for R2 as well as R1, whereas another choice (61) allows the S transformation
for the diagonal part of SLð2;ZÞ1 × SLð2;ZÞ2. We further analyze the modular transformation on ðT2Þ3, which transforms
the three-form fluxes F3 and H3 into

�
F3

H3

�
¼
� Cð2Þij dξ

i
1dξ

j
2 Cð1Þij dξ

i
1dξ

j
2

Cð4Þij dξ
i
1dξ

j
2 Cð3Þij dξ

i
1dξ

j
2

��
y3

x3

�

→

�� Cð2Þij dξ
i
1dξ

j
2 Cð1Þij dξ

i
1dξ

j
2

Cð4Þij dξ
i
1dξ

j
2 Cð3Þij dξ

i
1dξ

j
2

�
ðR−1

3 ÞT
	�

y3

x3

�
; ð62Þ

with CðmÞ
ij ¼ fAðmÞ

ij ; BðmÞ
ij g, which is not invariant under SLð2;ZÞ3 for a generic choice of fluxes. Indeed, S and T

transformations of SLð2;ZÞ3 change the three-form fluxes ðF3; H3Þ themselves, namely,

�
F3

H3

�
→

8>>>>>><
>>>>>>:

 
−Cð1Þij dξi1dξ

j
2 Cð2Þij dξ

i
1dξ

j
2

−Cð3Þij dξi1dξ
j
2 Cð4Þij dξ

i
1dξ

j
2

!�
y3

x3

�
; with R3 ¼

�
0 1

−1 0

�
 
−Cð1Þij dξ

i
1dξ

j
2 þ Cð2Þij dξ

i
1dξ

j
2 Cð1Þij dξ

i
1dξ

j
2

−Cð3Þij dξ
i
1dξ

j
2 þ Cð4Þij dξ

i
1dξ

j
2 Cð3Þij dξ

i
1dξ

j
2

!�
y3

x3

�
; with R3 ¼

�
1 1

0 1

� ; ð63Þ

which is not identical to the original ðF3; H3Þ.
However, there is a chance to keep the (discrete) modular symmetry on ðT2Þ3, identifying the modular transformation R3

of SLð2;ZÞ3 with SLð2;ZÞS modular transformation R associated with the axiodilaton. Note that SLð2;ZÞS always exists
in the effective action, where the axiodilaton as well as the three-form fluxes transform

S → RðSÞ;
�
F3

H3

�
→ R

�
F3

H3

�
; ð64Þ

for R ∈ SLð2;ZÞS.
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For the following choice of fluxes with

d00 ¼∓ b03; b01 ¼ b02 ¼ �1; ðγ ¼ 0Þ;
d03 ¼∓ b00; d01 ¼ d02 ¼ �1; ðγ ¼ πÞ; ð65Þ

the three-form fluxes ðF3; H3Þ allow us to identify R with
the element of SLð2;ZÞS after performing the S trans-
formation of SLð2;ZÞ3,
�
F3

H3

�
→ RR−1

�−Cð1Þij dξ
i
1dξ

j
2 Cð2Þij dξ

i
1dξ

j
2

−Cð3Þij dξ
i
1dξ

j
2 Cð4Þij dξ

i
1dξ

j
2

��
y3

x3

�

¼ R

�
F3

H3

�
ð66Þ

with

R ¼
�

0 ∓ 1

�1 0

�
: ð67Þ

Here, the � signs are correlated in Eqs. (65) and (67).
Hence, the S transformation of a diagonal SLð2;ZÞ3 ×
SLð2;ZÞS exists in the potential for a particular choice of
fluxes, but it is difficult to realize the T transformation of
SLð2;ZÞ3 even when the modular transformation of the
axiodilaton is taken into account. The spontaneous sym-
metry breaking of these modular symmetries will be
analyzed in the actual flux vacua later. Although we choose
a particular basis of the three-form fluxes (52) and (54),
namely fξ1; ξ2g, it is possible to consider other bases, such
as fξ1; ξ3g and fξ2; ξ3g.
In the following, we analyze the modular symmetry

of the flux vacua, which is the remnant of a modular
symmetry in the effective action discussed so far.
Remarkably, all the solutions we found in Sec. III satisfy
the relation,

ReðϕmÞ2 þ ImðϕmÞ2 ¼ 1; ð68Þ

with ϕm being the rescaled moduli for the solutions:
(i) Solution 1

ϕ1 ¼
�

b01
b02b

0
3

�
1=4 τ01

p1

; ϕ2 ¼
�

b02
b01b

0
3

�
1=4 τ02

p1

; ϕ3 ¼
�

b03
b01b

0
2

�
1=4 τ03

p1

; ϕ4 ¼
p1S0

ðb01b02b03Þ1=4
; ð69Þ

with p1 ≡ ð− ffiffiffiffiffi
b01

p
−

ffiffiffiffiffi
b02

p þ ffiffiffiffiffi
b03

p Þ1=2.
(ii) Solution 2

ϕ1 ¼
�

b01
b02b

0
3

�
1=4 τ01

p2

; ϕ2 ¼
�

b02
b01b

0
3

�
1=4 τ02

p2

; ϕ3 ¼
�

b03
b01b

0
2

�
1=4 τ03

p2

; ϕ4 ¼
p2S0

ðb01b02b03Þ1=4
; ð70Þ

with p2 ≡ ð ffiffiffiffiffi
b01

p
−

ffiffiffiffiffi
b02

p
−

ffiffiffiffiffi
b03

p Þ1=2.
(iii) Solution 3

ϕ1 ¼
�

b01
b02b

0
3

�
1=4 τ01

p3

; ϕ2 ¼
�

b02
b01b

0
3

�
1=4 τ02

p3

; ϕ3 ¼
�

b03
b01b

0
2

�
1=4 τ03

p3

; ϕ4 ¼
p3S0

ðb01b02b03Þ1=4
; ð71Þ

with p3 ≡ ð− ffiffiffiffiffi
b01

p þ ffiffiffiffiffi
b02

p
−

ffiffiffiffiffi
b03

p Þ1=2.
(iv) Solution 4

ϕ1 ¼
�

b01
b02b

0
3

�
1=4 τ01

p4

; ϕ2 ¼
�

b02
b01b

0
3

�
1=4 τ02

p4

; ϕ3 ¼
�

b03
b01b

0
2

�
1=4 τ03

p4

; ϕ4 ¼
p4S0

ðb01b02b03Þ1=4
; ð72Þ

with p4 ≡ ð ffiffiffiffiffi
b01

p þ ffiffiffiffiffi
b02

p þ ffiffiffiffiffi
b03

p Þ1=2.
(v) Solution 5

ϕ1 ¼
τ01ffiffiffiffiffi
d00

p ; ϕ2 ¼
τ02ffiffiffiffiffi
d00

p ; ϕ3 ¼
τ03ffiffiffiffiffi
d00

p ; ϕ4 ¼
S0ffiffiffiffiffi
d00

p : ð73Þ

(vi) Solution 6

ϕ1 ¼
τ01ffiffiffiffiffi
b00

p ; ϕ2 ¼
τ02ffiffiffiffiffi
b00

p ; ϕ3 ¼
τ03ffiffiffiffiffi
b00

p ; ϕ4 ¼
ffiffiffiffiffi
b00

q
S0: ð74Þ
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Here, we have explicitly written prime symbols in the
solutions.
In this way, the flux vacua are distributed along the

circumference of the unit circle as in Eq. (68) for the
rescaled moduli. It means that when the rescaled moduli ϕm
are equal to the original unrescaled moduli fields, some of S
transformations in Π3

i¼1SLð2;ZÞi × SLð2;ZÞS modular
groups,

ϕm → −ðϕmÞ−1 ¼ −
ϕ̄m

jϕmj
; ð75Þ

with jϕmj ¼ 1 are manifest in the obtained flux vacua for a
particular choice of fluxes. Furthermore, S transformations
in the flux vacua with jτij ¼ 1 correspond to the CP
transformations τi → −τ̄i as discussed in Sec. II. The
presence of a CP transformation at the flux vacua also
supports the existence of unbroken 4D CP. Note that the
solutions found in Sec. III C are parametrized by more
generic fluxes, compared with the flux vacua having the
(discrete) modular symmetry. To clarify this point,
we show the solution 5 with the specific flux quanta
d00 ¼ −b01 ¼ −b02 ¼ −b03 ¼ 1 which lead to the following
superpotential:

W ¼ fτ01τ02τ03 þ S0τ02τ
0
3 þ S0τ01τ

0
3 þ S0τ01τ

0
2g þ

X3
i¼1

τ0i þ S0:

ð76Þ

The explicit form of the solution 5 is given by

ReðϕmÞ2 þ ImðϕmÞ2 ¼ d00 ¼ 1; ð77Þ

where ϕm ¼ fτ0i; S0g are distributed along the circumfer-
ence of the unit circle. However, the above solutions do not
satisfy the condition (65), meaning that only the S trans-
formation of the diagonal SLð2;ZÞ1 × SLð2;ZÞ2 remains
in the flux vacua. Thus, the flat directions are remnant of
the modular symmetries in rescaled moduli. Furthermore,
the 4D CP can be embedded into a modular symmetry
in the background of three-form fluxes such that the flat
directions correspond to the unit circle in the unrescaled
moduli. The other choices of three-form fluxes give rise to
the circle with different radii, and the 4D CP is not
identified with the S transformation.

F. Comments on the CP-breaking sources

In this section, we comment on sources of CP vio-
lation to resolve the degeneracy between CP-breaking
and -conserving minima.
So far, we have focused on the complex structure moduli

and dilaton, but the unfixed Kähler moduli whose axions
determine the size of the θ term still play an important role
of CP violation and affect the dynamics of the other

moduli. To stabilize the Kähler moduli, we introduce the
nonperturbative effects to the superpotential,

W ¼ γðτ; SÞe−fT; ð78Þ

where T denotes the Kähler moduli appearing in the gauge
kinetic function (2). Here, γðτ; SÞ is supposed to the one-
loop determinant of the D3-brane instanton effects or
the one-loop corrections to the gauge couplings on the
D7-branes, where the gauginos condensate. Although the
lifting of flat directions in the CP-breaking and -conserving
minima is highly dependent on the functional form of
γðτ; SÞ as well as the mechanism to uplift the anti–de Sitter
vacuum obtained after having fixed all the moduli to the de
Sitter one, it might lead to the realization of spontaneous
CP violation even when γðτ; SÞ is a CP-invariant function.
Another possibility to realize the spontaneous CP

violation is to consider Calabi-Yau threefolds or blowing
up the orbifolds as an extension of toroidal orbifolds. It is
interesting to discuss the Calabi-Yau compactifications
with three-form fluxes, but the number of complex struc-
ture moduli is typically ofOð100Þ, which is hard to analyze
the CP-breaking minima analytically. Also, the introduc-
tion of geometric fluxes" as well as nongeometric fluxes
will be useful to realize the spontaneous CP violation
because such fluxes induce couplings between the Kähler
moduli and complex structure moduli [39–41]. We leave
the detailed study of these possibilities for future work.

IV. CONCLUSIONS

In this paper, we systematically investigated whether the
spontaneous CP violation can be realized in Type IIB flux
compactifications on toroidal orientifolds, which allow for
the stabilization of the moduli in a controlled way.
Similar to the heterotic string theory, 4D CP is regarded

as a discrete gauge symmetry embedded into the 10D
proper Lorentz symmetry. To ensure the presence of 4D CP
in the potential, the three-cycles three-form fluxes turn on
are restricted to even or odd polynomials with respect to the
complex structure moduli associated with tori and the
axiodilaton. Our detailed analysis for a generic choice of
fluxes shows that there exist flat directions, where CP-
breaking and -conserving vacua are degenerate. Hence, the
flux compactifications are insufficient to realize the spon-
taneous CP violation in Type IIB toroidal orientifolds.
The statement also holds for the heterotic string theory as
well as Type IIA string theory on toroidal orbifolds with
fluxes because the functional form of the flux-induced
superpotential is restricted to one of the Type IIB flux
compactifications. These flat directions are remnants
of the modular S transformation for rescaled moduli.
Furthermore, the 4D CP is embedded into the modular
symmetries in the effective action for a particular choice of
fluxes, and such an approach to unify CP and modular
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symmetries is closely related to the recent discussion in the
heterotic orbifold context [7–10] but in a different context.
To resolve the degeneracy between the CP-breaking and

-conserving vacua, an extension of our system is required to
introduce nonperturbative effects with respect to the Kähler
moduli and/or (non)geometric fluxes in the superpotential.
Calabi-Yau compactifications as well as the blown up
orbifold compactifications will give a crucial role of lifting
the flat directions. We will report this interesting work in
the future.
Recently, modular flavor symmetries were studied to

derive realistic quark and lepton mass matrices. (See, e.g.,
Ref. [42].) Although the modular symmetry is completely
broken at a generic value of τ, its subgroups remain at fixed
points, e.g., Z3 symmetry at τ ¼ eiπ=3, Z2 symmetry at

τ ¼ i, and Z2 symmetry at τ ¼ i∞. In this sense, moduli
values at and near these fixed points are interesting. (See,
e.g., Ref. [43].) For example, realistic quark and lepton
mass matrices are obtained around τ ¼ i [44]. Our analysis
can lead to such values, i.e., τ1 ¼ i for d0 ¼ 1 in solution 5
and τ1;2 ¼ 0.127þ 0.958i in Eq. (39) as well as τ ∼ i∞ for
sufficiently large d0 in solution 5. Our result would also be
important from this viewpoint.
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