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We present the technique for resummation of flux tube excitations series arising in pentagon operator
expansion program for polygonal Wilson loops in N ¼ 4 SYM. Here we restrict ourselves with
contributions of one-particle effective states and consider as a particular example NMHV6 amplitude
at one-loop. The presented technique is also applicable at higher loops for one effective particle
contributions and has the potential for generalization to contributions with more effective particles.
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I. INTRODUCTION

The discovery of integrability of N ¼ 4 SYM in planar
limit, see [1,2] for a review, has led to tremendous progress
in our ability to compute different observables in general at
arbitrary values of N ¼ 4 SYM coupling constant. In par-
ticular the collinear or pentagon Operator Product Expansion
(POPE) approach to null-polygonal Wilson loops thanks to
duality between amplitudes and (super)Wilson loops [3–8]
gives us means for computing scattering amplitudes both at
weak and strong values of coupling constant [9–28]. There is
also a similar approach1 to structure constants [30–32] and
correlation functions [30,33–47].
The important problem present within pentagon OPE

approach is the problem of resummation of contributions
coming from different flux tube excitations. The latter is
required if we are going to recover full kinematical
dependence of scattering amplitudes computed within
POPE approach without restriction to collinear limits. At
weak coupling a procedure for resummation of single
particle gluon bound states was presented in [48,49], see
also [50] for resummation in the context of n-point
functions of Bogomol’nyi Prasad Sommerfield (BPS)
operators. At strong coupling the procedure for systematic

resummation was studied in [24–28], where one should
account for resummation of contributions from gluons,
scalars, fermions, and mesons. On the other hand a
systematic approach for resummation at weak coupling
[20,51–53] is tightly connected with the concept of
effective particles [18,20]. The latter are formed by funda-
mental excitations (gluon or its bound states, scalars,
and large fermions/antifermions) together with arbitrary
number of small fermions/antifermions. The introduction
of effective particles allowed us to reconstruct several
scattering amplitudes in general kinematics at tree level
[20,52,53] and Maximal Helicity Violating (MHV) hex-
agon amplitude at one-loop level. Here we are going to
extend these results and present the technique for resum-
mation of one effective particle contributions to hexagon
amplitudes at arbitrary order of perturbation theory. As a
particular example we consider NMHV6 amplitude at
one-loop. Within POPE approach the one effective particle
contribution for scattering amplitudes is given in terms
of multiple series with complex summand. On the other
hand we know that the result for scattering amplitudes2

is expressible in terms of multiple polylogarithms. So,
there should be a way to evaluate mentioned series in terms
of multiple polylogarithms. The aim of the present paper is
to offer a possible solution to precisely this problem. The
presented technique has also the potential for generaliza-
tions to both higher point scattering amplitudes and
contributions with more then one effective particle.
This paper is organized as follows. In Sec. II we give a

brief introduction to the collinear pentagon OPE approach
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and the concept of effective particles. Section III contains
details of our resummation technique in the case of Next to
Maximal Helicity Violating (NMHV) one-loop hexagon
together with the prescription for treating one effective
particle contributions in the case of hexagons at arbitrary
loop order. Finally in Sec. IV we come with our conclusion.
The Appendixes contain explanation of notation together
with different details of our calculation of NMHV hexagon
amplitude at one-loop.

II. HEXAGON PENTAGON OPE: ONE EFFECTIVE
PARTICLE STATES

Let us briefly remind the essential for our further dis-
cussion ideas and facts about the pentagon OPE (POPE)
approach and effective particle concept. For detailed dis-
cussion see [13–16] and [17–20]. Using duality between
amplitudes and (super)Wilson loops [3–8] one can recast

the problem of calculation of finite remainder functionRðkÞ
n

for the NkMHVn amplitude3 into the problem of evaluation
of the ratiosWn of vacuum expectation values of polygonal
lightlike Wilson loops [54,55]. The latter within pentagon
OPE approach are then decomposed into n − 3 successive
fluxes/squares [11–13]. The first essential ingredient for
building pentagon OPE expansion is given by the knowl-
edge of color flux tube excitation spectrum, which in N ¼
4 SYM is known thanks to integrability for arbitrary values
of coupling constant g [56]. The second important ingredient
is supplied by transitions from one flux/square to another
and described by pentagon operators. The matrix elements of
the latter are also known at any coupling from the integrable
bootstrap [13], see further development in [14–18]
To be more specific, the renormalized4 vacuum expect-

ation value of n polygonal super Wilson loop within
pentagon OPE approach is given by [17,18]:

Wn ¼
X
Ψi

Pð0jΨ1ÞPðΨ1jΨ2Þ…PðΨn−6jΨn−5ÞPðΨn−5j0Þe
P

j
ð−EjτjþipjσjþimjϕjÞ; ð2:1Þ

where fτi; σi;ϕig is a base of conformal ratios, parametrizing propagation of Ψi excitation (in general multiparticle) in ith
flux/square. The Ei, pi, and mi denote energy,5 momentum and angular momentum (helicity) of ith excitation. The
transition probabilities from one flux to another PðΨijΨjÞ are described by matrix elements of charged or super pentagon
operators introduced in [17]:

P ¼ Pþ χAPA þ χAχBPAB þ χAχBχCPABC þ χAχBχCχDPABCD; ð2:2Þ

where χA is a Grassmann parameter transforming in the
fundamental representation of SUð4ÞR R-symmetry group.
PA1…Ak

or P½k� for short is charged pentagon transition
transforming as kth antisymmetric product. Charged6

pentagon transitions contrary to ordinary uncharged pen-
tagon transitions P used to describe MHV amplitudes via
bosonic polygonal Wilson loops may produce states with
nonzero R-charge. For example, the creation amplitude
PABð0j…Þ may produce scalar fields ϕAB out of the
vacuum, as the quantum numbers of the latter match those
of pentagon operator.

In a particular case of hexagon the pentagon OPE
expansion gives7 [18,20]:

W ½r1;r2�
6 ¼

X
m

1

Sm

Z
du1…dum
ð2πÞm Πdyn × Π½r1;r2�

FF × Π½r1;r2�
mat ;

ð2:3Þ

where uk are rapidities of intermediate multiparticle states
and r1, r2 are SUð4ÞR charges of top and bottom pentagons
related to the particle content of the R6 remainder func-
tion. In the NMHV case r1, r2 are constrained, such that
r1 þ r2 ¼ 4 and as a consequence NMHV hexagon has five
different POPE components. The multiparticle flux tube
excitations are built from fundamental excitations given8

by gluon bound states, fermions, antifermions and scalars
[56]: fFb;ψ ; ψ̄ ;ϕg. The integrand in Eq. (2.3) has a
factorized form and consists from coupling dependent

dynamical Πdyn and form factor Π½r1;r2�
FF parts. The matrix

6When thought in terms of pentagon Wilson loops the charged
pentagons have additional fields insertions at their cusps and
edges compared to usual uncharged pentagons.

5The energies of excitations are in one to one corres-
pondence with anomalous dimensions of corresponding single
trace GKP operators [57] TrðZDS1ODS2þ ZÞ, where Z is one
of three complex scalars in N ¼ 4 SYM, Dþ ¼ nμþDμ ¼
D0 þD3 is the light-cone covariant derivative and O is some
monomial constructed from fFb;ψ ;ϕg fields. It is also
assumed, that S1 þ S2 ≫ 1.

4See [13] for more details.

3See Appendix A for more details.

8Here, we suppressed SUð4ÞR and projected Lorenz indexes of
fields.

7
1=Sm is a symmetry factor.
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part Π½r1;r2�
mat , which takes into account SUð4ÞR structure of

flux excitations, is coupling independent.
The dynamical part has the form

Πdyn ¼
Y
j

μðujÞe−EðujÞτþipðujÞσþimjϕ ×
Y
i<j

1

jPðuijujÞj2
;

ð2:4Þ

where τ, σ and ϕ are real parameters encoding all external
kinematical dependence (they parametrize three conformal

cross ratios u1, u2, u3 on which W ½r1;r2�
6 depends). They

also play the role of flux tube time, space and angle
coordinates respectively. In addition, the τ variable para-
metrizes the measure of collinearity of two adjacent
amplitude momenta, such that the limit τ → ∞ corresponds
to collinear configuration [11,13], see Appendix A for
more details. PðuijujÞ in Eq. (2.4) are uncharged pentagon
transitions9 between different fundamental excitations and
μðuiÞ are corresponding measures. The expressions for
PðuijujÞ and μðuiÞ are known for arbitrary values of
coupling constant and can be found in [13–16].
The form factor part contribution is obtained by express-

ing charged pentagon transitions in terms of uncharged
ones and is nontrivial only for NMHV hexagons. In our
case it is given by [18,20]:

Π½r1;r2�
FF ¼ g

1
8
r1ðr1−4Þþ1

8
r2ðr2−4Þ ×

Y
i

hðuiÞr1−r2 ; ð2:5Þ

where hðuiÞ are the so-called form factors, which are also
known for arbitrary values of the coupling constant [18].
The matrix part contribution takes into account contrac-

tion of SUð4ÞR indexes of each pentagon and in our case
takes the form of integral over auxiliary roots [58]:

Π½r1;r2�
mat ¼ 1

K1!K2!K3!

Z YK1

i¼1

dw1
i

2π

YK2

i¼1

dw2
i

2π

YK3

i¼1

dw3
i

2π
× ð2:6Þ

×
gðw1Þgðw2Þgðw3Þ

fðw1;w2Þfðw2;w3Þfðw1;vÞfðw2;sÞfðw3; v̄Þ;

ð2:7Þ

where wi are auxiliary roots (rapidities) corresponding to
three nodes of SUð4Þ Dynkin diagram and fvi; si; v̄ig are
rapidities for fermions, scalars and antifermions correspond-
ingly. In addition, gðwÞ¼Qi<jðwi−wjÞ2½ðwi−wjÞ2þ1�
and fðw;vÞ ¼Qi;j½ðwi − vjÞ2 þ 1

4
�. The numbers of aux-

iliary rapidities K1, K2, and K3 are found as the solution of
the following system of equations:

Nψ − 2K1 þ K2 ¼ δr1;3 ð2:8Þ

Nϕ þ K1 − 2K2 þ K3 ¼ δr1;2 ð2:9Þ

Nψ̄ þ K2 − 2K3 ¼ δr1;1; ð2:10Þ

where Nψ , Nϕ and Nψ̄ are respectively the number of fer-
mions, scalars and antifermions in multi-particle excitation.
In the weak coupling regime the contributions of

different excitations scale as g2le−τN , where N is the
total twist of corresponding multiparticle state and l is
number of loops. For such expansion to be convergent
one has to consider only collinear enough configurations
with momenta corresponding to τ > 1. The coefficients in
front of g2le−τN could be compared with independently
computed expressions for amplitudes expanded in collin-
ear limit [14,15,48]. They can also serve as predictions
for such collinear limits [48,49]. On the other hand, one
can try to resum contributions of all possible flux tube
excitations contributing at a given loop order l. Together
with analytical continuation of the obtained result to τ ≤ 1
this should allow for a full reconstruction of the whole
kinematical dependence [16]. The possibility of such
resummation also implies means of getting POPE results
for Rn remainder functions without any reference to
N ¼ 4 Lagrangian and corresponding Feynman rules or
unitarity cuts.
Tomake such resummation possible one has to understand

the hierarchy of flux tube excitations in the weak coupling
regime. That is we need to know when and which excitation
starts to give contribution to perturbative expansion. The
useful hint comes from the structure of fermionic excitations,
which are usually separated into large ψ and small ψ s
fermions. The latter property is due to the fact that in terms of
Bethe rapidity the fermionic excitations are defined on two-
sheeted Riemann surface [15]. On one Riemann sheet the
fermion momentum is large, while on the other it is small.
When attached to another particle, small fermions ψ s, ψ̄ s act
as supersymmetry generators [59]. The action of ψ sψ̄ s pairs
(or derivativesDþ) creates SLð2Þ conformal descendants as
at weak coupling there is an enhancement of symmetry10

from SUð4Þ to SLð2j4Þ [12,56,60].
The very useful notion for the purposes of pentagon

OPE resummation is provided by the concept of effective
particles [18,20]. By effective particle we will understand
a fundamental excitation together with arbitrary number
(“sea”) of small fermion (antifermion) excitations Nψ s

(Nψ̄ s
). Having more then one fundamental excitation

surrounded by the sea of small fermions/antifermions will
lead to more then one effective particle state. Integrating out
small fermion/antifermion rapidities together with auxiliary
SUð4ÞR roots leads to the description of effective particles

9These functions depend only on types of fundamental
excitations, their spectral parameters and coupling constant g.

10This symmetry is exact only at one loop level, however the
same bookkeeping turns out to be useful also at higher loops.
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in terms of Bethe string complexes. In general, the effec-
tive particle (excitation) is described by three parameters:
the helicity or angular momentum of excitation a, its
descendant number n and SUð4ÞR representation in which
it transforms. One can show that for the NMHV6 amplitude
the contribution of one effective particle is sufficient for its
reconstruction both at tree and one-loop (LO and NLO)
levels. The account for two effective particles is enough to
reconstruct two, three and four loops.11 So, we see that the
number of effective particles we should take into account
grows rather slowly with loop order.
To demonstrate our resummation technique in the next

section we will use W ½2;2�
6 NMHV POPE component. In

this case, restricting ourselves with one effective particle
contributions, we should account for the following effec-
tive particles, transforming in the vector representation of
SUð4ÞR [20]:

Φ1
a;n ¼ Faψ sψ sðψ̄ sψ sÞn; Φ2

a;n ¼ F̄aψ̄ sψ̄ sðψ̄ sψ sÞn;
Φ3

n ¼ ϕðψ̄ sψ sÞn; Φ4
n ¼ ψψ sðψ̄ sψ sÞn;

Φ5
n ¼ ψ̄ ψ̄ sðψ̄ sψ sÞn: ð2:11Þ

In the case n ¼ 0 the above states are SLð2Þ conformal
primaries. Taking integrals over small fermion/antifermion
rapidities and auxiliary SUð4ÞR roots by residues the

expression forW ½2;2�
6 POPE component takes the form [20]:

W ½2;2�
6 ¼

X
Φ

Z
du
2π

eEΦðuÞτþipΦðuÞσþimΦϕμ½2;2�Φ ðuÞ þ…;

ð2:12Þ

where dots denote multiple effective particle contributions
and the expressions for energies EΦðuÞ, momenta pΦðuÞ,
angular momenta mΦ and integration measures μ½2;2�Φ ðuÞ of
effective particles can be found in Appendix B.
The first steps in the problem of resummation of series in

Eq. (2.12) were made in [20] at leading order. However, we
found that the method employed there is somewhat hard to
generalize to higher orders. So, in the following section we
are going to present an algorithm which should allow one to

compute series representation for W ½r1;r2�
6 functions similar

to that forW ½2;2�
6 (2.12) in terms of multiple polylogarithms

[61,62] of kinematical variables at any order of perturbation
theory. Presumably, the same algorithm should be also
applicable to other cases with n > 6 and contributions with
more effective particles. As an illustration for our method

we will consider LO and NLO contributions to W ½2;2�
6

POPE component. In this case it is sufficient to consider
one effective particle contribution only. To compare the
results of pentagon OPE resummation with results for
hexagon amplitudes computed with other methods we
should recall that the usual way to package together all
helicity amplitudes is to use super Wilson loop [54,55]:

W6 ¼ W6;MHV þ η1i η
2
jη

3
kη

4
l W

hijkli
6;NMHV þ…; ð2:13Þ

where WNMHV is the NMHV amplitude divided by Parke-
Taylor MHV factor. Here, the Grassmann variables ηAj are
Grassmann components of hexagon momentum twistors
(see Appendix A for more details) with upper index trans-
forming in the fundamental representation of SUð4ÞR and
lower index labeling the edge of hexagon. The important
thing here is that these Grassmann variables are different
from those usedwithin POPE framework (2.2).Nevertheless
there is a map from one set of Grassmann variables to
another [17]. In particular, it turns out that [17,20]:

W ½2;2�
6 ¼ −Wh1144i

6 ; ð2:14Þ

where Wh1144i
6 is the Whijkli

6;NMHV component from Eq. (2.13).

III. RESUMMATION TECHNIQUE

Before presenting the general algorithm for treating one
effective particle contributions in the case of hexagons, let
us first start with the particular example of hexagon NMHV
amplitude and then formulate the general prescription for
the resummation of one effective particle contributions to
hexagon Wilson loops in N ¼ 4 SYM. Up to one loop the

expression for Wh1144i
6 component takes the form12:

Wh1144i
6 ¼ −W ½2;2�

6 ¼
X∞
a¼−∞

X∞
n¼0

Z
du
2πi

e−ðjajþ2nþ1Þτþ2uσþiaϕð−1Þaþn

×
Γðjaj

2
− u − 1

2
ÞΓðjaj

2
þ uþ 3

2
þ nÞ2

Γðjaj
2
þ uþ 3

2
ÞΓðjaj þ nþ 1Þn!

f1þ g2fNLOa;n ðuÞ þOðg4Þg; ð3:1Þ

11For MHV6 amplitude one effective particle is sufficient for one-loop reconstruction [51] and combination of one and two effective
particles will be enough to reconstruct amplitude up to (including) five loops [18,20].

12See Appendix B for the expression for W ½2;2�
6 , which we expand up to one-loop order. We have also made change of variables

u → −iu, so that now the integration contour goes along imaginary axis. Also g≡ g2YMNc=ð16π2Þ.
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where

fNLOa;n ðuÞ ¼ π2

3
−

6

ð1 − jaj þ 2uÞ2 þ
2

jajð1 − jaj þ 2uÞ þ
2

ð1þ jaj þ 2uÞ2 −
2

jajð1þ jaj þ 2uÞ

− 2τ

�
2γE þ Ψð0Þ

�jaj þ 1

2
− u

�
þ Ψð0Þ

�jaj þ 1

2
þ u

��

þ 2σ

�
Ψð0Þ

�jaj − 1

2
− u

�
þ Ψð0Þ

�jaj þ 3

2
þ u

�
− 2Ψð0Þ

�jaj þ 3

2
þ nþ u

��

−
1

2

�
2γE þ Ψð0Þ

�jaj þ 1

2
− u

�
þ Ψ

�jaj þ 1

2
þ u

��
2

−
1

2

�
Ψð0Þ

�jaj − 1

2
− u

�
þ Ψð0Þ

�jaj þ 3

2
þ u

�
− 2Ψð0Þ

�jaj þ 3

2
þ nþ u

��
2

−Ψð1Þ
�jaj þ 1

2
− u

�
−Ψð1Þ

�jaj þ 1

2
þ u

�
þ 2Ψð1Þ

�jaj þ 3

2
þ u

�
− 2Ψð1Þ

�jaj þ 3

2
þ nþ u

�
; ð3:2Þ

Here ΨðnÞðzÞ are polygamma functions. To evaluate the above expression both at LO and higher we start with taking
residues in u-variable. To achieve this we first use reflection identities

Γ
�jaj − 1

2
− u

�
¼ π csc ðπðjaj−1Þ

2
− πuÞ

Γð3−jaj
2

þ uÞ
; ð3:3Þ

ΨðnÞ
�jaj þ 3

2
− u

�
¼ ð−1ÞnΨðnÞ

�
u −

jaj þ 1

2

�
− π

∂n

∂un cot
�
πðjaj þ 3Þ

2
− πu

�
ð3:4Þ

to isolate singular terms into elementary functions with known Taylor expansions. It is also convenient to transform present
polygamma functions to the same argument as far as possible using the following recurrence relation

ΨðnÞðzþ 1Þ ¼ ΨðzÞ þ ð−1Þnn!z−n−1: ð3:5Þ

Note, that it is the general procedure when taking Mellin-Barnes integrals and was used already in the context of collinear
OPE in [48,49]. Now, taking residues at u ¼ jaj−1

2
þ k we get:

Wh1144i
6 ¼ Wh1144i

6;m þWh1144i
6;b ; ð3:6Þ

where subscripts m and b denote what we will call main and boundary13 contributions. The latter are given by:

Wh1144i
6;m ¼

X∞
a¼−∞;a≠0

X∞
n¼0

X∞
k¼0

ð−1Þaþnþk

k!n!
e−ðjajþ2nþ1Þτþðjajþ2k−1Þσþiaϕ

×
ðjaj þ nþ kÞ!
ðjaj þ kÞ!

ðjaj þ nþ kÞ!
ðjaj þ nÞ! f1þ g2f̃NLOa;n ðkÞ þOðg4Þg

þ
X∞
n¼0

X∞
k¼1

ð−1Þnþk

k!n!
e−ð2nþ1Þτþð2k−1Þσ ðnþ kÞ!

k!
ðnþ kÞ!

n!
f1þ g2f̃NLO0;n ðkÞ þOðg4Þg; ð3:7Þ

and

Wh1144i
6;b ¼

X∞
a¼−∞;a≠0

X∞
n¼0

ð−1Þaþn

n!
e−ðjajþ2nþ1Þτþðjaj−1Þσþiaϕ ðjaj þ nÞ!

jaj! fg2f
≈NLO
a;n þOðg4Þg ð3:8Þ

13The boundary contributions start contributing from NLO order.
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where

f̃NLOa;n ðkÞ ¼ π2

3
−

2

k2
ð1 − δk;0Þ −

2

ðkþ jajÞ2 þ
2ðσ þ τÞ

k
ð1 − δk;0Þ þ

2ðσ þ τÞ
kþ jaj − 4στ

− 2Ψð1Þðjaj þ nþ kþ 1Þ − 2ðΨð0Þðjaj þ nþ kþ 1Þ þ γEÞ2

þ 2

�
1

k
ð1 − δk;0Þ þ

1

kþ jaj − 2σ − 2τ

�
ðΨð0Þðjaj þ nþ kþ 1Þ þ γEÞ; ð3:9Þ

and

f
≈NLO
a;n ¼ 4στ −

π2

6
þ Ψð1Þð1þ jajÞ þ 4τðΨð0Þðjaj þ nþ 1Þ þ γEÞ

− ðΨð0Þð1þ jajÞ þ γEÞ2 þ 2ðΨð0Þðjaj þ 1Þ þ γEÞðσ − τ þΨð0Þðjaj þ nþ 1ÞÞ: ð3:10Þ
Introducing notations x ¼ e−τ, y ¼ eσ , z ¼ eiϕ the above expressions take the form

Wh1144i
6;m ¼

X∞
a¼1

X∞
n¼0

X∞
k¼0

ð−1Þaþnþkxaþ2nþ1yaþ2k−1ðza þ z−aÞ

×

�
aþ nþ k

n

��
aþ nþ k

k

�
f1þ g2f̃NLOa;n ðkÞ þOðg4Þg

þ
X∞
n¼0

X∞
k¼1

ð−1Þnþkx2nþ1y2k−1
�
nþ k

n

��
nþ k

k

�
f1þ g2f̃NLO0;n ðkÞ þOðg4Þg ð3:11Þ

and

Wh1144i
6;b ¼

X∞
a¼1

X∞
n¼0

ð−1Þaþnxaþ2nþ1ya−1ðza þ z−aÞ
�
aþ n

n

�
fg2f

≈NLO
a;n þOðg4Þg ð3:12Þ

A. Leading order

To evaluate the sums left after taking residues in u it is convenient to introduce the following integral representations for
binomial coefficients14: �

n

k

�
¼ 1

2πi

Z
jtj¼1

ðtþ 1Þnt−k−1dt: ð3:13Þ

Then at leading order we have

Wh1144i;LO
6 ¼

X∞
a¼1

X∞
n¼0

X∞
k¼0

ð−1Þaþnþk

ð2πiÞ2
Z
jt1j¼1

dt1

Z
jt2j¼1

dt2

× xaþ2nþ1yaþ2k−1ðza þ z−aÞ½ðt1 þ 1Þðt2 þ 1Þ�aþnþkt−n−11 t−k−12

þ
X∞
n¼0

X∞
k¼1

ð−1Þnþk

ð2πiÞ2
Z
jt1j¼1

dt1

Z
jt2j¼1

dt2x2nþ1y2k−1½ðt1 þ 1Þðt2 þ 1Þ�aþnþkt−n−11 t−k−12 ð3:14Þ

Now, the series summation is straightforward and we get

Wh1144i;LO
6 ¼ −

1

ð2πiÞ2
Z
jt1j¼1

dt1

Z
jt2j¼1

dt2
ð1þ t1Þð1þ t2Þx

ðt1 þ ð1þ t1Þð1þ t2Þx2Þðt2 þ ð1þ t1Þð1þ t2Þy2Þ

×

�
y
t2
þ x
ð1þ t1Þð1þ t2Þxyþ z

þ xz
1þ ð1þ t1Þð1þ t2Þxyz

�
: ð3:15Þ

14Here, the integration contour is actually going around z ¼ 0.
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Next, performing partial fractioning in t2 variable and taking residues at t2 ¼ 0 and t2 ¼ −1þ 1
1þð1þt1Þy2 together with

subsequent residues in t1 at t1 ¼ − x2

1þx2 and t1 ¼ −1−x2−y2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þx2þy2Þ2−4x2y2

p
2y2 we get

Wh1144i;LO
6 ¼ x

y

�
z

zþ ðyþ xzÞðxþ yzÞ −
1

1þ x2

�
ð3:16Þ

in agreement with [20]. We would like to clarify the particular choice of points, at which residues over t1 and t2 should be
taken. First, we know that in the limit x → 0, y → 0 the residue should be taken at the point t1 ¼ t2 ¼ 0 and so our points at
which we took residues should go to this particular point in this limit. And of course we may greatly benefit from numerical
checks for some particular values of Mandelstam variables to insure that we actually get the correct expression at the end.

B. Next to leading order

The integration procedure at next to leading order (NLO) and higher goes similar to the LO case. To illustrate our
technique let us consider several terms in NLO contribution. The results for the rest of terms could be found in
accompanying Mathematica notebook. The different terms in the main contribution at NLO can be written as

Wh1144i
6;m ½fa;nðkÞ� ¼

X∞
a¼1

X∞
n¼0

X∞
k¼0

ð−1Þaþnþkxaþ2nþ1yaþ2k−1ðza þ z−aÞ
�
aþ nþ k

n

��
aþ nþ k

k

�
fa;nðkÞ

þ
X∞
n¼0

X∞
k¼1

ð−1Þnþkx2nþ1y2k−1
�
nþ k

n

��
nþ k

k

�
f0;nðkÞ ð3:17Þ

where fa;nðkÞ are given by terms in the sum of Eq. (3.9). To calculate the latter it is convenient to express 1=kn and
1=ðkþ aÞn factors in terms of polygamma functions as

1

zn
¼ ð−1Þn

ðn − 1Þ! ½Ψ
ðn−1ÞðzÞ −Ψðn−1Þðzþ 1Þ� ð3:18Þ

and use for polygamma functions the following integral representations

ΨðnÞðzÞ ¼
Z

1

0

xz−1 logn x
x − 1

dx if n > 0; ð3:19Þ

Ψð0ÞðzÞ ¼
Z

1

0

1 − xz−1

1 − x
dx − γE: ð3:20Þ

For example following the above prescription for 1=ðkþ aÞ term, that is rewriting

1

kþ a
¼ Ψð0Þðkþ aþ 1Þ −Ψð0Þðkþ aÞ ¼

Z
1

0

dx1x
kþa−1
1 ð3:21Þ

and using the same integral representations for binomial coefficients as at LO we may again easily sum the geometric series
in a, n, and k and get

Wh1144i
6;m

�
1

kþ a

�
¼
Z

1

0

dx1

Z
jt1j¼1

dt1

Z
jt2j¼1

dt2
xð1þ t1Þð1þ t2Þ

ðt1 þ ð1þ t1Þð1þ t2Þx2Þðt2 þ ð1þ t1Þð1þ t2Þx1y2Þ

×

�
y
t2
þ x
ð1þ t1Þð1þ t2Þxyx1 þ z

þ xz
1þ ð1þ t1Þð1þ t2Þxyzx1

�
: ð3:22Þ

Now, taking residues in t2 at t2 ¼ 0 and t2 ¼ −1þ 1
1þð1þt1Þy2x1 together with subsequent residues in t1 at t1 ¼ − x2

1þx2 and

t1 ¼ −1−x2−y2x1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þx2þy2x1Þ2−4x2y2x1

p
2y2x1

we have
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Wh1144i
6;m

�
1

kþ a

�
¼
Z

1

0

dx1
x

2yx1

�
2

1þ x2
þ xyzðx1 − 1Þð2xyzð1þ x1Þ þ ð1þ x2 þ y2x1Þð1þ z2ÞÞ
p1ðx; y; x1Þðzþ ðxzþ yx1Þðxþ yzÞÞðzþ ðyþ xzÞðxþ yzx1ÞÞ

−
zð2zx2 þ 2zð1þ y2x1Þ þ xyð1þ z2Þð1þ x1ÞÞ

ðzþ ðxzþ yx1Þðxþ yzÞÞðzþ ðyþ xzÞðxþ yzx1ÞÞ
�
; ð3:23Þ

where p1ðx; y; x1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ x2 þ y2x1Þ2 − 4x2y2x1

p
. Note, that the points at which residues were taken are deformations of

corresponding points we had at LO for x1 ¼ 1. Next, the integral in x1 could be easily evaluated by rationalizing root in
p1ðx; y; x1Þ with the following variable substitution

x1 ¼
2x2

y2 − t
−

2

y2 þ t
ð3:24Þ

As a result we get

Wh1144i
6;m

�
1

kþ a

�
¼ x

yð1þ x2Þ
�
2 log

�
2xy2

1þ x2

�
− log ð1þ x2 þ y2 − pðx; yÞÞ − log ð−1 − x2 þ y2 þ pðx; yÞÞ

�

þ x
yð1þ x2 þ xyzÞ

�
− log

�
2xy3z
1þ x2

�
þ logð−1 − y2 − xð2xþ x3 − xy2 þ yzþ x2yz − y3zÞ

þ ð1þ x2 þ xyzÞpðx; yÞÞ
�
þ zx
yðzþ xðyþ xzÞÞ

�
− log

�
2xy3

1þ x2

�

þ logðxyð−1 − x2 þ y2Þ − ð1þ x2Þ2zþ ð−1þ x2Þy2zþ ðzþ xðyþ xzÞÞpðx; yÞÞ
�
; ð3:25Þ

where pðx; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ x2 þ y2Þ2 − 4x2y2

p
.

In the case of Ψð1Þðnþ kþ aþ 1Þ term we proceed essentially the same way. Indeed, using the integral representations
for Ψð1Þ and binomial coefficients as above, resumming geometric series in n, a, k and taking residues in variables entering
integral representations for binomial coefficients we get

Wh1144i
6;m ½Ψð1Þðnþ kþ aþ 1Þ� ¼

Z
1

0

dx1
xx1ðxþ yzþ xz2Þ log x1

ðx1 − 1Þð1þ x2x1Þðzþ x1ðyþ xzÞðxþ yzÞÞ : ð3:26Þ

The left integration over x1 is straightforward and gives the following expression

Wh1144i
6;m ½Ψð1Þðnþ kþ aþ 1Þ� ¼ π2xðxþ yzþ xz2Þ

6ð1þ x2Þðx2zþ ð1þ y2Þzþ xyð1þ z2ÞÞ

−
x

yð1þ x2ÞLi2ð−x
2Þ þ xz

yðx2zþ ð1þ y2Þzþ xyð1þ z2ÞÞLi2
�
−
xyþ x2zþ y2zþ xyz2

z

�
:

ð3:27Þ

As a final example of a term in the main contribution Wh1144i
6;m let us consider the case of ðΨð0Þðnþ kþ aþ 1Þ þ γEÞ2.

Again, writing integral representations for polygamma functions and binomial coefficients as above, summing resulting
geometric series in n, a, k and taking residues in variables entering integral representations for binomial coefficients we get

Wh1144i
6;m ½ðΨð0Þðnþ kþ aþ 1Þ þ γEÞ2�

¼
Z

1

0

dx1

Z
1

0

dx2
xðxþ yzþ xz2Þ
ð1 − x1Þð1 − x2Þ

�
1

ð1þ x2Þðzþ ðyþ xzÞðxþ yzÞÞ −
x1

ð1þ x2x1Þðzþ x1ðyþ xzÞðxþ yzÞÞ

−
x2

ð1þ x2x2Þðzþ x2ðyþ xzÞðxþ yzÞÞ þ
x1x2

ð1þ x2x1x2Þðzþ x1x2ðyþ xzÞðxþ yzÞÞ
�

ð3:28Þ
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Now, the integrations in x1 and x2 are straightforward and we finally obtain

Wh1144i
6;m ½ðΨð0Þðnþ kþ aþ 1Þ þ γEÞ2�

¼ −
π2xðxþ yzþ xz2Þ

6ð1þ x2Þðx2zþ ð1þ y2Þzþ xyð1þ z2ÞÞ þ
x logð1þ x2Þð−4 log xþ 3 logð1þ x2ÞÞ

2yð1þ x2Þ

−
xz

yðzþ ðyþ xzÞðxþ yzÞÞ log
� ðyþ xzÞðxþ yzÞ
ðzþ ðyþ xzÞðxþ yzÞÞ2

�
log

�
z

zþ ðyþ xzÞðxþ yzÞ
�

−
xz

2yðx2zþ ð1þ y2Þzþ xyð1þ z2ÞÞ log
�

z
zþ ðyþ xzÞðxþ yzÞ

�
log ðzðzþ ðyþ xzÞðxþ yzÞÞÞ

þ x
yð1þ x2ÞLi2

�
1

1þ x2

�
−

xz
yðx2zþ ð1þ y2Þzþ xyð1þ z2ÞÞLi2

�
z

xyð1þ z2Þ þ zð1þ x2 þ y2Þ
�
: ð3:29Þ

The evaluation of boundary contribution goes similar to the main one. The different terms in the boundary contribution at
NLO can be written as

Wh1144i
6;b ½fa;n� ¼

X∞
a¼1

X∞
n¼0

ð−1Þaþnxaþ2nþ1ya−1ðza þ z−aÞ
�
aþ n

n

�
fa;n ð3:30Þ

where fa;n are given by terms in the sum of Eq. (3.10). Take for example the case with fa;n ¼ Ψð0Þðnþ aþ 1Þ þ γE. Using
integral representations for polygamma function and binomial coefficient as before, resuming resulting geometric series in
a, n variables and taking integral for binomial coefficient by residues we get

Wh1144i
6;b ½Ψð0Þðnþ aþ 1Þ þ γE�

¼
Z

1

0

dx1
x2

1− x1

�
1þ 2xyzþ z2 þ x2ð1þ z2Þ

ð1þ x2Þð1þ x2 þ xyzÞðzþ xðyþ xzÞÞ−
x1ð1þ 2xyzx1 þ z2 þ x2ð1þ z2Þx1Þ

ð1þ x2x1Þðzþ xðyþ xzÞx1Þð1þ xðxþ yzÞx1Þ
�
: ð3:31Þ

The left integration in x1 is straightforward and as a result we obtain

Wh1144i
6;b ½Ψð0Þðnþ aþ 1Þ þ γE� ¼ −

2x logð1þ x2Þ
yð1þ x2Þ þ xz

yðxyþ zð1þ x2ÞÞ log
�
xyþ zð1þ x2Þ

z

�
þ x logð1þ x2 þ xyzÞ

yð1þ x2 þ xyzÞ :

ð3:32Þ

The results for all other terms both in main and boundary contributions could be found in accompanying Mathematica
notebook. Gathering all contributions and using symbols15 to simplify the resulting expression we finally get

Wh1144i;NLO
6 ¼ x

y

�
1

1þ x2 þ xyz
þ z
zþ xðyþ xzÞ

�

× log

� ð1þ x2Þz
x2ðzþ ðyþ xzÞðxþ yzÞÞ

�
log

�ð1þ x2Þðzþ ðyþ xzÞðxþ yzÞÞ
y2z

�

þ x
yð1þ x2Þ

�
−
π2

6
þ log2x − log2

�
1þ x2

xy2

�
þ 4log2yþ Li2

�
1

1þ x2

�
þ Li2

�
x2

1þ x2

��

þ xz
yðzþ ðyþ xzÞðxþ yzÞÞ

�
π2

6
− log2x − log2

�
1þ x2

x

�
− 2log2y

þ 2log2
�

yz
xðzþ ðyþ xzÞðxþ yzÞÞ

�
− Li2

�
1

1þ x2

�
− Li2

�
x2

1þ x2

��
; ð3:33Þ

15See Appendix C for more details.

PENTAGON OPE RESUMMATION IN N ¼ 4 … PHYS. REV. D 102, 026002 (2020)

026002-9



which coincides with ðRh1144i
6 WBDS

6 ÞNLO in agreement with
[63,64]. See Appendix A for notation.

C. Prescription for arbitrary order

The LO and NLO resummation for other NMHV
hexagon components16 goes similar to the case of

Wh1144i
6 component. To see that the technique we used at

LO and NLO can be also used for resummation of one
effective particle contributions at higher loop orders it is

instructive to see the expressions for f̃NNLOa;n ðkÞ and f
≈NNLO
a;n

factors, which could be found in accompanying
Mathematica notebook. These expressions and those for
even higher loop orders can be easily obtained similar to
what we did at NLO. What is important to us here is the
particular structure of the terms in these factors. They are
precisely of the form we discussed before and can be
treated along the same lines. The contour integration over
variables coming from integral representations for binomial

coefficients are taken by residues at points, which are
deformations of corresponding points at leading order
by variables entering integral representations of poly-
gamma functions and simple fractions. The subsequent
series resummation is again the same as for LO and NLO.
Then we are left with definite integrals over rational
functions in remained variables. What is important is that
they are similar to parametric integrals (for example in
Feynman parameters) one typically encounters when evalu-
ating Feynman diagrams. There are different ways to
proceed now. One is to use direct integration which we
used at NLO. It should be possible as we know that the
result is expressible in terms of multiple polylogarithms
after all. Indeed, consider as a simple example the term
Ψð3Þðnþ kþ aþ 1Þ. Using the integral representations for
Ψð3Þ and binomial coefficients as above, resuming geo-
metric series in n, a, k and taking residues in variables
entering integral representations for binomial coefficients
we get

Wh1144i
6;m ½Ψð3Þðnþ kþ aþ 1Þ� ¼

Z
1

0

dx1
xx1ðxþ yzþ xz2Þ log3 x1

ðx1 − 1Þð1þ x2x1Þðzþ x1ðyþ xzÞðxþ yzÞÞ : ð3:34Þ

The left integration over x1 is straightforward and gives the following expression

Wh1144i
6;m ½Ψð3Þðnþ kþ aþ 1Þ� ¼ π4xðxþ yzþ xz2Þ

15ð1þ x2Þðx2zþ ð1þ y2Þzþ xyð1þ z2ÞÞ −
6x

yð1þ x2ÞLi4ð−x
2Þ

þ 6xz
yðx2zþ ð1þ y2Þzþ xyð1þ z2ÞÞLi4

�
−
xyþ x2zþ y2zþ xyz2

z

�
: ð3:35Þ

Next, it is easy to see, that similar technique is also applicable for one effective particle contribution to MHV hexagon.
Indeed, from [51] we have

WMHV;NLO
6 ¼ 2

X∞
n¼0

Z
du
2πi

x2nþ2y2uμMHV;non−gluonic
0;n ðuÞ þ

X∞
a¼1

X∞
n¼0

Z
du
2πi

x2nþay2uðza þ z−aÞ½μMHV;gluonic
a;n ðuÞ

þ x2μMHV;non−gluonic
a;n ðuÞ�; ð3:36Þ

where

μMHV;gluonic
a;n ðuÞ ¼ ð−1ÞaþnΓða

2
− uÞ

ða
2
− uÞða

2
þ uÞΓðnþ 1ÞΓðaþ nÞ

Γðnþ uþ a
2
Þ2

Γðuþ a
2
Þ ; ð3:37Þ

μMHV;non−gluonic
a;n ðuÞ ¼ ð−1ÞaþnΓða

2
− uÞ

ða
2
þ uÞΓðnþ 1ÞΓðaþ nþ 2Þ

Γðnþ uþ a
2
þ 1Þ2

Γðuþ a
2
þ 1Þ : ð3:38Þ

Taking residues in u ¼ a
2
þ k, k ≥ 0 we get

16The starting expressions for our resummation algorithm similar to Eq. (3.1) can be obtained from the results of [20].
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WMHV;NLO
6 ¼ 2

X∞
n¼0

X∞
k¼1

x2nþ2y2k
ð−1Þkþn

kðnþ 1Þ
�
nþ k
k

��
nþ k
n

�

þ
X∞
a;k¼1

X∞
n¼0

x2nþ2þay2kþaðza þ z−aÞð−1Þaþkþn

�
aþ nþ k

k

��
aþ nþ k

n

�

×

�
1

kðnþ 1Þ þ
1

ðkþ aÞðnþ aþ 1Þ
�
þ boundary terms ð3:39Þ

Staring from this expression forWMHV;NLO
6 we may follows

the same steps as for NMHV hexagon in previous sub-
section. Namely, we use integral representation for binomial
coefficients, express simple fractions 1=k, 1=ðnþ 1Þ,
1=ðkþ aÞ, 1=ðnþ aþ 1Þ in terms of polygamma functions
and introduce integral representations for the latter. Now
summing geometrical series in a, n and k variables we
continue with taking residues in variables entering integral
representations for binomial coefficients. The left integra-
tions in variables entering integral representations of poly-
gamma functions are then more or less straightforwardly
taken in terms of multiple polylogarithms [61,62]. The same
technique should be also applicable for the resummation in
the case of polygonal Wilson loops with n > 6, see [52,53]
for tree level resummation in this case.We also think that the
presented technique should be applicable to the resumma-
tion of contributions from several effective particles. How-
ever, to be on the save side here we state the algorithm for
the resummation of one effective particle contributions to
hexagons only, but for arbitrary loop order of weak coupling
expansion. The necessary steps are given by
(1) Following [20] write down the one effective particle

contribution to hexagon POPE component you are
interested in and expand it in coupling constant up
to required loop order. For example, Appendix B
contains corresponding expression in the case of

W ½2;2�
6 component.

(2) Take residues in rapidity of effective particle. It is
convenient to first use reflection identities (3.3) and
(3.4) to isolate singular terms with known Taylor
expansions. It is also useful to transform present
polygamma functions to the same argument as far as
possible using Eq. (3.5).

(3) Transform the obtained summand to the form of a
product of binomial coefficients with simple frac-
tions. For binomial coefficients write down integral
representations as in Eq. (3.13). In the case of simple
fractions express the latter in terms of polygamma
functions using Eq. (3.18) and eventually write
down integral representations for polygamma func-
tions present.

(4) Sum the series present. Now, they are all of geo-
metric progression type and could be easily
summed.

(5) Take residues in variables entering integral repre-
sentations for binomial coefficients.

(6) Take integrals in variables entering integral repre-
sentations of polygamma functions. These are in-
tegrals from rational functions and are frequently
encountered in the calculation of multiloop Feyn-
man diagrams. In particular, they appear in the
process of direct integration over Feynman param-
eters. When, the latter integrals satisfy criterion of
linear reducibility [65,66] one can come with an
algorithmic way of expressing required integrals in
terms of multiple polylogarithms [61,62]. In our case
there are could be also roots from quadratic poly-
nomials present. The latter however may be ration-
alized with variable change, see for example [67].

IV. CONCLUSION

In this paper we presented an algorithmic approach for
computing one effective particle contributions to hexagon
scattering amplitudes applicable at in principle arbitrary
order of perturbation theory. The approach reduces the
problem of evaluation of integral over effective particle
rapidity and sums over effective particle helicity and
descendant number to the problem of evaluation of inte-
grals over rational functions, otherwise known as periods,
in terms of multiple polylogarithms [61,62]. If the latter
integrals satisfy the criterion of linear reducibility [65,66],
then there is an algorithmic way for taking such integrals.
In the problem at hand, the integrals may also contain roots
of quadratic polynomials. The latter however could be also
treated in algorithmic way [67]. At the same time it should
be noted that there are several different ways to treat
mentioned integrals over rational functions at the end. In
the present paper we used direct integration The other way
is for example to use first integration by parts to reduce
these integrals to so called master integrals. The latter could
be integrated using a bunch of available techniques such as
Mellin-Barnes representation, direct integration, or differ-
ential equations. So, what we actually did is turned the
problem of evaluating POPE series into the problem of
evaluating integrals over rational functions in terms of
multiple polylogarithms, for which we have much more
experience. The presented approach has also the potential
for the generalization both for higher point scattering
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amplitudes and contributions with more then one effective
particle and will be the subject of one of our future papers.

ACKNOWLEDGMENTS

This work was supported by the Foundation for the
Advancement of Theoretical Physics and Mathematics
“BASIS”.

APPENDIX A: THE REMAINDER FOR
NMHV6 SUPERAMPLITUDE

The RðkÞ
n remainder function is defined to all orders of

perturbation theory as the ratio of NkMHVn and MHVn
amplitudes:

RðkÞ
n ¼ AðkÞ

n

Að0Þ
n

: ðA1Þ

In NMHV case k ¼ 1. From now on we will drop the (k)
superscript and stick with NMHV6 case only. Note, that
due to universal (independent from particles helicities)
structure of IR divergences the remainder function is IR
finite. In addition, it is also dual conformal invariant.
Using momentum twistors Zi ¼ ðλi; μi; ηiÞ [68] and

splitting the R6 remainder function into even and odd
parts we have [63,64]:

R6 ¼ Reven
6 þRodd

6 ; ðA2Þ

where

Reven
6 ¼ ½13456� þ ½12346�

2
Vðu1; u2; u3Þ

þ ½12456� þ ½12345�
2

Vðu2; u3; u1Þ

þ ½23456� þ ½12356�
2

Vðu3; u1; u2Þ; ðA3Þ

and17

Rodd
6 ¼ ð½12346� − ½13456�ÞṼðu1; u2; u3Þ þ ð½12456�

− ½12345�ÞṼðu2; u3; u1Þ þ ð½23456�
− ½12356�ÞṼðu3; u1; u2Þ: ðA4Þ

V and Ṽ are scalar functions, which depend only on (dual)
conformal cross ratios and coupling constant g. ½abcde� is
dual conformal invariant (five-bracket) defined as

½ijklm� ¼ δ4ðhijkliηm þ cyclic permutationÞ
hijklihjklmihklmiihlmijihmijki ðA5Þ

with four-brackets hijkli being defined through bosonic
components of momentum twistors Zi ¼ ðλi; μiÞ as

hijkli ¼ εABCDZA
i Z

B
j Z

C
k Z

D
l ¼ detðZiZjZkZpÞ: ðA6Þ

The expansion of functions V and Ṽ in coupling constant
reads

Vðu1; u2; u3Þ ¼ 1þ
X
l¼1

ð2g2ÞlVðlÞðu1; u2; u3Þ ðA7Þ

Ṽðu1; u2; u3Þ ¼
X
l¼1

ð2g2ÞlṼðlÞðu1; u2; u3Þ: ðA8Þ

All information about helicity content of the remainder
function is contained in ½abcde� rational functions, which
are all loop exact. The coupling constant dependence is
through V and Ṽ functions only. Note also, that due to the
six term identity

½23456� − ½13456� þ ½12456� − ½12356� þ ½12346�
− ½12345� ¼ 0 ðA9Þ

at leading order we have

RLO
6 ¼ ½12345� þ ½12356� þ ½13456�; ðA10Þ

which is ½1; 2i BCFW representation of normalized tree
level six point amplitude.
Dual conformal cross ratios for six point functions can be

conveniently written in terms of dual variables18 as

u1 ≡ v ¼ x213x
2
46

x214x
2
36

; u2 ≡ w ¼ x224x
2
51

x225x
2
41

;

u3 ≡ u ¼ x235x
2
62

x236x
2
52

: ðA11Þ

Using the relation x2jk ¼ hj−1;j;k−1;ki
hj−1;jihk−1;ki the latter could be also

written in terms of four-brackets

u ¼ h1236ih3456i
h2356ih1346i ; v ¼ h1234ih1456i

h1245ih1346i ;

w ¼ h1256ih2345i
h1245ih2356i : ðA12Þ

17It is convenient to define different set of arguments for Ṽ,
which however can be expressed through u1, u2, u3 [64]. Since
we are actually will be interested only in V function we will not
write them here.

18x2ij ¼ ðPj−1
k¼i pkÞ2 with pi standing for momentum of ith

particle and sum being understood in cyclic sense.
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At next-to-leading order VðlÞ function is given by:

Vð1Þðu1; u2; u3Þ ¼
1

2

�X3
i¼1

Li2ðuiÞ þ ðlogðu1Þ

þ logðu3ÞÞ logðu2Þ

− logðu1Þ logðu3Þ −
π2

3

�
; ðA13Þ

while Ṽð1Þ ¼ 0, i.e., there is no contribution to Rð1Þodd
6

at NLO.
As an illustration of our summation method we have

chosen a particular component Rh1144i
6 of R6 remainder

function proportional to η1η1η4η4 Grassmann monomial.
At NLO it is given by

2Rh1144i;NLO
6 ¼2Reven;NLO

6 jη1η1η4η4
¼g2ð½13456�þ½12346�Þjη1η1η4η4Vð1Þðv;w;uÞ

þg2ð½12456�þ½12345�Þjη1η1η4η4Vð1Þðw;u;vÞ:
ðA14Þ

The coefficients in front of Vð1Þðv; w; uÞ and Vð1Þðw; u; vÞ
are then given by:

ð½13456�þ½12346�Þjη1η1η4η4
¼ h1356ih3456i
h1345ih1456ih1346iþ

h1236ih2346i
h1234ih1346ih1246i ; ðA15Þ

ð½12456�þ½12345�Þjη1η1η4η4
¼ h1256ih2456i
h1245ih1456ih1246iþ

h1235ih2345i
h1234ih1345ih1245i : ðA16Þ

At LO this leads to

RLO
6 jη1η1η4η4 ¼

h2345ih1235i
h1234ih1345ih1245iþ

h3456ih1356i
h1345ih1456ih1346i:

ðA17Þ
In collinear OPE approach the kinematics for six

point amplitude is parametrized by three real parameters:
τ; σ;ϕ. Dual conformal cross ratios u, v, w as well as
all habcdi invariants are then expressed via these para-
meters using explicit parametrization of hexagon momen-
tum twistors (here we use notation from the main text
x ¼ e−τ; y ¼ eσ; z ¼ eiϕ):

0
BBBBBBBBB@

Z1

Z2

Z3

Z4

Z5

Z6

1
CCCCCCCCCA

¼

0
BBBBBBBBB@

yz−1=2 0 z1=2x−1 xz1=2

1 0 0 0

−1 0 0 1

0 1 −1 1

0 1 0 0

0 y−1z−1=2 x−1z1=2 0

1
CCCCCCCCCA

ðA18Þ

For example for dual conformal cross ratios we get:

u ¼ z
xyþ ð1þ x2 þ y2Þzþ xyz2

ðA19Þ

v ¼ y2z
ð1þ x2Þðxyþ ð1þ x2 þ y2Þzþ xyz2Þ ðA20Þ

w ¼ x2

1þ x2
ðA21Þ

while the coefficients in front of Vð1Þðv; w; uÞ and
Vð1Þðw; u; vÞ functions take the form

ð½13456� þ ½12346�Þjη1η1η4η4 ¼
x3zðxþ yzÞ

ð−xz − x3z − x2yz2Þðx2yþ xzþ x3zþ xy2zþ x2yz2Þ

þ −xzðxy2zþ x2yz2Þ
yðxyþ zþ x2zÞðx2yþ xzþ x3zþ xy2zþ x2yz2Þ

ð½12456� þ ½12345�Þjη1η1η4η4 ¼
x2z

ð−z − x2zÞðxyþ zþ x2zÞ þ
−x3z3

ð−z − x2zÞð−xz − x3z − x2yz2Þ : ðA22Þ

In this parametrization the limit x → 0 (large τ) describes
regime when momenta p1 and p6 are becoming collinear.
The LO contribution to the remainder function in terms

of collinear OPE variables reads:

RLO
6 jη1η1η4η4 ¼

x
y

�
z

zþðyþ xzÞðxþ yzÞ−
1

1þ x2

�
: ðA23Þ

Within collinear OPE approach one actually computes
not the reminder function R6 itself, but another finite

function W6 of the same dual conformal invariants, which
is related to R6 as

R6 ¼
W6

WMHV
6

; ðA24Þ

where WMHV
6 ¼ RMHV

6 WBDS
6 . Here RMHV

6 is MHV6

remainder function and WBDS
6 is known function of cusp

anomalous dimension
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ΓcuspðgÞ ¼ 4g2 −
4π2

3
g4 þOðg6Þ ðA25Þ

and dual conformal invariants ui:

WBDS
6 ðu1; u2; u3Þ

¼ exp

�
ΓcuspðgÞ

4

�
Li2ðu2Þ − Li2ð1 − u1Þ − Li2ð1 − u3Þ

þ log2ð1 − u2Þ − logðu1Þ logðu3Þ

þ logðu1=u3Þ logð1 − u2Þ þ
π2

6

��
: ðA26Þ

At NLO RMHV
6 ¼ 1 and we are left with the following

relation between collinear OPE result and the NMHV
remainder function:

Rh1144i;NLO
6 ¼

�
Wh1144i

6

WBDS
6 ðu; w; vÞ

�NLO

; ðA27Þ

where it is assumed that Wh1144i
6 =WBDS

6 should be
expanded up to Oðg2Þ.

APPENDIX B: MEASURES, ENERGIES,
AND MOMENTA

The expression for charged pentagon component W ½2;2�
6

considered in the main body of the paper written in terms of
a sum over effective particles contributions is given by [20]:

W ½2;2�
6 ¼

X
Φ

Z
du
2π

eEΦðuÞτþipΦðuÞσþimΦϕμ½2;2�Φ ðuÞ

¼
X∞
n¼0

X∞
a¼−∞

Z
du
2π

e−E
eff
a;nðuÞτþipeff

a;nðuÞσþiaϕμ½2;2�;effa;n ðuÞ;

ðB1Þ

where energies and momenta of effective particles have the
form

Eeff
a;nðuÞ ¼ 2nþ 1þ jaj þ 4gðQM · κeffa;nÞ1;

peff
a;nðuÞ ¼ 2u − 4gðQM · κ̃effa;nÞ1 ðB2Þ

Here, infinite matrices Q and M are given by [15]:

Qij ¼ δijð−1Þiþ1i;M ¼ ½I þK�−1;

Kij ¼ 2jð−1Þjðiþ1Þ
Z

∞

0

dt
t

Jið2gtÞJjð2gtÞ
et − 1

: ðB3Þ

Up to NLO we have

QM ¼
 

1 − g2π2

3
−4g3ζð3Þ

−4g3ζð3Þ −2þ 2g4π4

15

!
þOðg4Þ; ðB4Þ

The infinite vectors κeffa;n and κ̃effa;n are build from Bethe string
describing effective particle transforming in vector repre-
sentation of SUð4Þ and labeled by helicity a and descend-
ant number n. This way we get [20]:

κeffa;n ¼ kaðuÞ þ
Xnþ2

j¼1

κψS

�
u − i

�jaj − 3

2
þ j
��

þ
Xn
j¼1

κψS

�
u − i

�jaj þ 1

2
þ j

��
; ðB5Þ

κ̃effa;n ¼ k̃aðuÞ þ
Xnþ2

j¼1

κ̃ψS

�
u − i

�jaj − 3

2
þ j

��

þ
Xn
j¼1

κ̃ψS

�
u − i

�jaj þ 1

2
þ j

��
; ðB6Þ

where [15]:

κaðuÞ≡ ðκa;1ðuÞ; κa;2ðuÞ;…Þ;
κψS

ðuÞ≡ ðκψS;1; κψS;2;…Þ;
κ̃aðuÞ≡ ðκ̃a;1ðuÞ; κ̃a;2ðuÞ;…Þ;
κ̃ψS

ðuÞ≡ ðκ̃ψS;1; κ̃ψS;2;…Þ ðB7Þ

with (JjðzÞ are Bessel functions)

κa;jðuÞ ¼
Z

∞

0

dt
tðet − 1Þ Jjð2gtÞðJ0ð2gtÞ − cosðutÞeftðj;aÞÞ;

ðB8Þ

κ̃a;jðuÞ ¼ ð−1Þjþ1

Z
∞

0

dt
tðet − 1Þ Jjð2gtÞ sinðutÞe

ftðjþ1;aÞ;

ðB9Þ

κψS;jðuÞ ¼
ð−1Þj=2ð1þ ð−1ÞjÞ

4j

�
g

xðuÞ
�

j
;

κ̃ψS;j ¼
ð−1Þjþ1

2 ð1 − ð−1ÞjÞ
4j

�
g

xðuÞ
�

j
: ðB10Þ

Here xðuÞ is Zhukovsky variable xðuÞ ¼ 1
2
ðuþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 − 4g2
p

Þ and ftðj; aÞ ¼ tð1 − jaj−ð−1Þj
2

Þ
The measures for effective particles are also built on the

basis of their Bethe string representations and are given
by [20]:
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μ½2;2�;effa;n ¼ g−1
Ma;nðuÞ

fa;0ðuÞfa;0ð−uÞ
expeffa;nðuÞ; ðB11Þ

where

expeffa;nðuÞ¼ exp½−2ðκeffa;nÞt ·QM ·κeffa;nþ2ðκ̃effa;nÞt ·QM · κ̃effa;n�
ðB12Þ

log ðfa;0ðuÞÞ ¼
Z

∞

0

dt
tðet − 1Þ ðJ0ð2gtÞ − 1Þ

×

�
1

2
J0ð2gtÞ þ

1

2
− e

ð1−jajÞt
2

−iut
�

ðB13Þ

and (x½a� ¼ xðu − ia=2Þ)

Ma;nðuÞ ¼
Ma;0ðuÞ

Γðnþ 1ÞΓðjaj þ nþ 1Þ
Yn
l¼1

ðx½2lþjajþ1�Þ2

ðB14Þ

Ma;0ðuÞ ¼ gð−1ÞaΓ
�
iuþ jaj þ 1

2

�
Γ
�
−iuþ jaj þ 1

2

�

×
x½1þjaj�

x½1−jaj�
x½1−jaj�x½1þjaj� − g2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx½1−jaj�Þ2 − g2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx½1þjaj�Þ2 − g2
q

ðB15Þ

APPENDIX C: SIMPLIFYING Wh1144i
6

WITH SYMBOLS

To compare the result of pentagonOPE resummation19 for

Wh1144i
6 with the known results from generalized unitarity

and bootstrap [63,64] we need to simplify our expression.
Themost convenient way to do it to use symbols [69–71], in
particular theMathematica package PolyLogTools [72]. In fact,
we only need the following two symbols:

Li2ðzÞ → −ð1 − zÞ ⊗ z; ðC1Þ
logðxÞ logðyÞ → x ⊗ yþ y ⊗ x: ðC2Þ

Note, that symbolmapping is blind to constants20 and satisfy
the relations

a1 ⊗ … ⊗ aiaj ⊗ … ⊗ an ¼ a1 ⊗ … ⊗ ai ⊗ …

⊗ an þ a1 ⊗ … ⊗ aj ⊗ … ⊗ an ðC3Þ

a1 ⊗…⊗ ani ⊗…⊗ an ¼ nða1 ⊗…⊗ ai ⊗ …⊗ anÞ:
ðC4Þ

To simplify consideration we will consider the simpli-
fication of the difference of the our resulting expression
with [63,64]. In the case of 1 loop NMHV6 amplitude
contrary to the case of 1 loop MHV amplitude [51] the
resulting expressions contain rational factors in front of
dilogarithms and logarithms. The latter after partial fraction
in x variable are given by

p1¼
x

ð1þx2Þy; p2¼
xz

yðxyþzþzx2Þ;

p3¼
x

yð1þx2þxyzÞ; p4¼
xz

yðxyþzþx2zÞðz2−1Þ;

p5¼
xz3

yðxyþzþx2zÞðz2−1Þ; p6¼
x

yð1þx2þxyzÞðz2−1Þ;

p7¼
xz

yðxyþzþx2zþy2zþxyz2Þ: ðC5Þ

The usage of symbol map with PolyLogTools package reduces
to the application of just three commands SymbolMap,
SymbolExpand and SymbolFactor together with the
simplification of symbol entries withMathematica command
FullSimplify. Using symbol map for the considered
difference it easy to show that coefficients in front of p1 and
p7 rational factors are equal to zero, while the coefficient in
front of p2 equal to the coefficients in front of p3, p4 factors
and minus coefficient in front of p5. Taking into account
found functional identities and using again partial fractioning
in xvariable it is easy to see that the coefficient in front ofp6 in

the expression for Wh1144i
6 also cancels. This finishes the

proof of equivalence of our and [63,64] results.
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