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Symmetries from locality. II. Gravitation and Lorentz boosts
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It is known that local, Lorentz invariant, unitary theories involving particles with spin 1 demand that the
matter sector they couple to are organized by internal physical symmetries and the associated charge
conservation, while spin 3/2 demands supersymmetry. However, the introduction of a spin 2 graviton does
not obviously demand new symmetries of the matter sector (although it does demand a universal coupling).
In this work we relax the assumption of Lorentz boost symmetry, while maintaining a basic notion of
locality that there is no instantaneous signaling at a distance. This extends and complements our
accompanying work in Part 1 on related issues for spin 1 particles in electromagnetism. In order to avoid
potential problems with longitudinal modes of the graviton, we choose to project them out, leaving only
two degrees of freedom. We study large classes of theories that a priori may violate Lorentz boost
invariance. By requiring the tree-level exchange action be local, we find that consistency demands that the
Lorentz boost symmetry must be satisfied by the graviton and the matter sector, and in turn we recover

general relativity at this order of analysis.
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I. INTRODUCTION

The form of the basic interactions of nature are well
known to be almost entirely dictated by the rules of
quantum mechanics and special relativity, where the latter
imposes (i) Lorentz symmetry and (ii) locality. In particu-
lar, there has been a large amount of work carried out over
several decades demonstrating from various points of view
the basic important conclusion: there is an essentially
unique theory of a single type of massless spin 2 particles
that is local, Lorentz invariant, and unitary with leading
order interactions at large distances: it is general relativity
(GR) [1,2] (while multiple massless spin 2 with subleading
interactions [3] can have problems with causality [4,5]).
Within the standard Lorentz invariant framework the only
way to “modify” gravity then is to introduce various types
of new fields, especially new light scalar fields. However,
the basic interactions of the graviton with itself and all other
matter species is specified uniquely in terms of a universal
coupling Gy [6], plus possible higher dimension operators
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that are unimportant at large distances (there can also be a
cosmological constant, but that is not our focus here).
While it is extremely powerful that Lorentz symmetry
demands that the graviton must couple universally, one
thing that we would like to note, however, is that at the
classical level this does not place any additional restrictions
on the matter sector. Let us elaborate on this as follows:
Recall that when one includes a massless spin 1 particle
into a theory and allows it to have leading order couplings
to matter, then it must couple to an exactly conserved
charge, associated with an internal [U(1)] symmetry. We
emphasize that we are not referring to the (small) gauge
symmetry, which is only a redundancy to remove the
unphysical degrees in the field theory description of a
massless spin 1 particle, but we are referring to the global
subgroup of U(1). This, by the Noether theorem, is
associated with the conserved charge, and conversely,
generates a symmetry that acts nontrivially on states.
This actually imposes very significant constraints on the
matter sector. For example, it forbids the matter sector
coupled to it from being a single real scalar field; this
cannot couple to a photon with leading order interactions.
Similarly for multiple spin 1 we must impose some non-
Abelian symmetry on the matter sector and the spin 1
particles themselves. Again the consequences are signifi-
cant; for instance it implies that a red quark must have a
mass exactly equal to the mass of the blue quark; while this
requirement would not be necessary in the absence of
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TABLE 1. Assuming Lorentz boosts: Different types of particles
and the known corresponding physical symmetries that are
needed in order for the matter sector to maintain Lorentz
symmetry, locality, and unitarity. To be clear, we are referring
to the physical global symmetries, which may be viewed as a
special subgroup of the gauge group. We are not referring to the
(small) gauge symmetries, which are just redundancies. In the last
line, it is indicated that the spin 2 graviton is usually not known to
enforce a new physical symmetry on the matter sector (it is
sometimes said that it enforces general coordinate invariance, but
this is another mere redundancy, and can be included simply by
means of the Stueckelberg trick). Without assuming Lorentz
boosts: Our accompanying work in Part 1 (Ref. [7]) showed that
for a single spin 1 with 2 d.o.f.we still need charge conservation
[and hence the associated U(1)] in order to maintain locality. The
primary goal of this work is to study the spin 2 case with
2 d.o.f.and identify the required physical (global) symmetry from
its consistency, which we explain are the Lorentz boosts
themselves.

Particle Symmetry demanded
Spin 1 Abelian (U(1))
Multiple Spin 1 Non-Abelian (SU(N) etc)
Spin 3/2 Supersymmetry

Spin 2 ? (This work: Lorentz boosts)

gluons. Furthermore, when massless spin 3/2 particles are
introduced, they impose an even larger symmetry on the
entire theory, namely that of supersymmetry. A summary of
all this is provided in Table I.

On the other hand, if one considers some random matter
sector, and then couples it to the graviton, one finds that
(apart from possible gauge anomalies in chiral theories)
there are no additional constraints imposed on the matter
sector. For example, it can be trivially coupled to a real
scalar or red and blue quarks with different masses, etc. (It
does give rise to new BMS asymptotic symmetries [8,9],
but this again does not restrict the matter sector.) This may
point to a missed understanding of the underlying reason
for some symmetry in nature.

In this paper we would like to specify an underlying
physical (global) symmetry that is in fact demanded of the
graviton and matter sectors, which we usually just take for
granted; this will be the Lorentz boost symmetry itself.
This would be analogous to the following historical
development: early work on quarks culminated in noting
the need for the quarks to be organized by a global SU(3)
symmetry in order to be compatible with some observa-
tions. However, the underlying origin of the SU(3) sym-
metry remained obscure as it is easily deformable. Then
after QCD’s introduction of 8 massless interacting spin 1
particles, gluons, the color SU(3) symmetry became
demanded by consistency.

Similarly, in this work, we suggest that while the Lorentz
boost symmetry is easily deformable in the absence of the
spin 2 graviton, it is demanded when the graviton is

included. We emphasize that this is highly nontrivial and
is highly nonstandard. In contrast, it is sometimes said
that GR is simply the theory that arises from “gauging”
the Poincaré symmetry to general coordinate invariance.
But this is not meaningful, since general coordinate
invariance can always be implemented trivially through
the Stueckelberg trick. The key to gravitation is to actually
choose to introduce the spin 2 graviton and then search for
consistency with some overarching principles. To make
progress, we still need to invoke a very basic notion of
locality, namely that there is no instantaneous action at a
distance.

We will start with GR and then introduce deformations of
the Lorentz boost symmetry. We still maintain the idea of
translation and rotation invariance in a preferred frame. The
rotation invariance still allows us to organize particles by a
notion of spin, and so we can again build theories of spin 2.
This complements our accompanying work in Part 1
(Ref. [7]), in which we show how charge conservation is
demanded in electromagnetism, merely from locality,
although in that context Lorentz symmetry is easily
deformable [10-12]. This current work extends our earlier
work in Ref. [13], where we also built the tree-level
exchange action in a class of theories; but our present
work will begin with a more general starting point and
explore the possibilities more systematically. Other work
on violating Lorentz invariance in the context of gravitation
includes Refs. [14-24].

Our paper is organized as follows: In Sec. II, we recap
GR and then formulate its Lorentz deforming generaliza-
tions. In Secs. III, IV, V, and VI we systematically study
several classes of theories of spin 2 gravitons, and derive
the consequences of locality on each of them. In Sec. VII
we discuss and expand on our findings. Finally in the
appendix we present supplementary material.

II. GENERAL RELATIVITY AND ITS
GENERALIZATION

Let us first discuss locality in the context of general
relativity, before we discuss deformations of Lorentz boost
symmetry. Starting with the full Einstein-Hilbert action
(with vanishing cosmological constant), we can consider
fluctuations of the spin 2 gravitational field £, around a
flat background (we use signature +,—,—,— here) as
follows

g/w = 77;41/ + Khm/' (1)
Then we obtain the quadratic Lagrangian density
Ler = Liin + Lin (2)

where the graviton kinetic term is
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[’kin = 5 (naﬂaah”yaﬁhﬂv - 17””8”]’[(4)81/]’1(4))
+ 0, 9,h% — 0,hd, I, (3)

Here h®) is the 4-dimensional trace h*) = y*h,,. The
leading order interaction is L;,; = — %Kh,wT””, where TH is
the energy-momentum tensor and the coupling « is related
to Newton’s gravitational constant k = /327Gy

Ignoring the backreaction, 7#* obeys the familiar equation
of local energy and momentum conservation 9,7 = 0.
When broken up into components, this is

0=0,T%+ 7% (4)
0=0,TV +T% (5)

As is well known, general relativity avoids instantaneous
action at a distance (as long as the source obeys the null
energy condition 7',,n*n” > 0). This can be seen clearly by
operating in harmonic gauge 9,4 =10,h¥). Then the
equations of motion simplify to

K 1
Dh;w = _E <T/u/ - ET(4)’7ﬂl/> (6)

(with [0 = 0? — V?). As a basic test of locality we can
compute the tree-level exchange action from picking up the
particular solution h,, = —5(T,, —17®n,,), which means
we ignore external gravitons. The corresponding tree-level
exchange action is half the interaction term —%Kh”yTﬂy,
giving the result

8Ly T T#) T ;
e -T2 )

Ty TT TyT, To; T
7. W _Z - 200700 op Z0 o Z (g
it 2872 O o Flog (@)

where in the second line we have broken up 7" into
components (with 7' = §;;7"/). This result is clearly local,
as it is given in terms of the inverse wave operator [, the
d’ Alembertian, which has a retarded Green’s function. In
contrast, if we were to encounter inverse Laplacians, as we
shall see later in the paper, this would imply instantaneous
long ranged forces. This is a straightforward way to see that
the most leading order processes in GR are local. When
studying more general theories, examining the interaction
Lagrangian this way provides a field theoretic procedure
for diagnosing nonlocality.

A. Generalization

Our interest here is to not a priori assume boost
invariance. However, we will still assume rotation invari-
ance in a preferred frame. So it will be useful to decompose

the field £, into components that transform as a scalar, a
vector, and a tensor under rotations, as follows

hoo = ¢, hoi = hiy =y, hij (9)

where h;; is associated with the polarizations of some spin
2 particle (graviton), and ¢ and y; are nondynamical fields
that will be useful tools to maintain locality (note that this ¢
is related to the Newtonian potential ¢ by ¢ = 2¢y/x).
We will use notation that the 3-trace is h = 5" h;.

Now eq. (3) is comprised of dimension four terms in ¢,
wi, and h;;, quadratic in fields and derivatives, with
coefficients chosen to ensure Lorentz symmetry and
propagate only 2 physical degrees of freedom. We will
generalize the theory by inserting constant coefficients in
front of every term that we denote A,B,...,L, as
follows

- Ealhajhl] - F(al’l//i)z + Ga]]’luakhlk + Ha]l//lajl//l
1 K

o
W +=0.hd:h
5 +28, 9 +5

.. L
hijhi; — Eakhijakhij + Lin-
(10)

Note that the GR limit can be written, without loss of
generality, as A=B = ... =L = 1. There is one final
quadratic spatial derivative term allowed by rotation invari-
ance that could be included ~(9;¢)? (without making ¢ or
y; dynamical); this term is not part of GR and will not be
the focus of most of the paper; however we will return to
discuss it in Sec. VI. Also, a mixed temporal-spatial

derivative term ~g])8,»1//,- could be added, but can be readily
shown to lead to non-locality, and so it will be ignored
here. While quadratic temporal derivative terms

~(@)% ¢ h, ;) lead to additional degrees of freedom
(which is not our focus; see next subsection) and so will be
set to zero.

One could also include Lorentz violating mass terms into
this action (see [25]), although current data suggests the
graviton is massless [26]. Furthermore, as we will mention
in the next subsection, by cutting down to 2 degrees of
freedom, mass terms generally lead to nonlocality. In the
first upcoming theory in Sec. III, we will go through the
details of mass terms in a subsection to in fact show that this
is the case. However, for simplicity, we will not go through
the full details in later sections. Finally, single derivative
terms can be eliminated by using the mass terms and field
re-definitions, generating dimension 5 operators that we
ignore.

In this more general case we write the interaction using
the notation
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Lin = —Elchm,’]"‘” (11)

where 7" does not a priori have anything to do with the
conserved energy-momentum tensor 7. We can decom-
pose it into its scalar, vector, and tensor pieces, which we
denote as

700 = P, T0i — Ti0 = Dis T = Ty (12)
and we emphasize that a priori they need not be related
to energy density, momentum density, pressure or stress
(however, those connections will emerge later in the paper).
Note that more coefficients inserted in the interaction terms
could simply be absorbed into the sources by a redefinition
without loss of generality. In terms of parameters, we have
included a total of 12 new parameters (A, B,...,L), in
addition to the coupling strength of gravity x. However, we
have yet to canonically normalize our fields. We have the
freedom to rescale our fields ¢, y; and h;;, to eliminate 3
parameters, as well as to re-scale our units to set the
graviton speed L to unity. So in fact we have at most 12 —
4 = 8 physical parameters that characterize non-Lorentz
invariant deformations of general relativity.

There is one further consideration: in this framework the
trace of 7;; is another scalar, which exhibits some partial
degeneracy with the scalar source p. For the gravitational
field, there is a similar degeneracy in the meaning of the
scalars ¢ and the trace of h;;, i.e., h. We can use this to
eliminate one more parameter in the action (10). In
particular, consider the following pair of transformations
of the sources and fields

E-J

Tij —)Tij+ <2C7—D>5”'0 (13)
E—-J

¢ — - (2C—D>h. (14)

This leaves &, 7** unchanged. Furthermore, the structural
form of the starting action eq. (10) is unchanged, except,
one has now mapped the coefficients of the 0;h0;h;; term
(E = E) and the coefficient of the 0;h0;h term (J — J) to
be equal to one another E = J = (2CE — DJ)/(2C - D),
which removes another parameter. This, along with the
ability to rescale the 3 kinds of fields and to set units for
length vs time, means the remaining number of parameters
is12—-4-1=17.

Varying the Lagrangian in Eq. (10) gives the equations of
motion

-+ Dala]¢ - Eﬁlajh - Eﬁij(?ka,hkl - C5UV2¢

where K = —«/2.

In general we do not need to necessarily have con-
servation of 7/ in this framework, as we do in GR, given
in Eqs. (4), (5). We parametrize the breakdown of local
source conservation by functions ¢ and w; as follows

c=0;pi+p, (18)
w; =0;7ij + pri (19)

where p, = (A/D)p and p,; = (A/H)p; are conveniently
rescaled densities. When assuming Lorentz symmetry, as
is the underlying symmetry of general relativity, we
know 7" — T, whose conservation 9,7** = 0 implies
o =w; = 0. But in general these may be nonzero in our
much larger class of theories that arise from not assuming
Lorentz boost symmetry. We can now use the equations of
motion to determine these possible violations of source
conservation as follows

+(J=E)9;V?h+ (G- L)V?*9h; + (D —C)9; V¢

A% .
Note that in the GR limit all parameters can be set to A =
B = ... =L =1 and so every term on the right hand side
of this pair of equations vanishes, ensuring conservation of
sources.

B. Degrees of freedom

The Lagrangian density in eq. (3) describes a graviton
with two degrees of freedom (helicities), which is ensured
by the presence of the familiar gauge redundancy: 4, —
hy, + 0,y and the presence of constraints. This is
ordinarily understood as needed to describe the massless
spin 2 representation of the Lorentz group. In this work we
will deform away from Lorentz symmetry and then the
number of degrees of freedom is less clear. However, we
take the following guide: In the Lorentz invariant case, the
only way to have more than 2 degrees of freedom is to make
the graviton massive, which then introduces a total of five
degrees of freedom. However, the most longitudinal modes
appear to exhibit strong coupling problems at short

025023-4



SYMMETRIES FROM LOCALITY. II. GRAVITATION AND ...

PHYS. REV. D 102, 025023 (2020)

distances. In the ghost free versions of massive gravity [27],
this occurs at the rather low scale of A ~ (m?>Mp)'/3, where
m is the graviton mass and Mp, = 1/1/Gy is the Planck
mass [28]. For example, if the graviton mass m ~ H,,
where H, ~ 10733 eV is today’s Hubble parameter, then
this strong coupling scale is the rather low A ~ 10713 eV. It
is generally believed that this requires a UV completion at
this rather low scale in terms of the massless theory
anyhow, returning then to just 2 fundamental degrees of
freedom in the graviton sector. Also, it has been argued by
some these longitudinal modes cause serious problems for
the consistency of even the low energy effective theory; that
there are potential problems from acausality [29-31],
although this is an ongoing discussion (for a review,
see Ref. [32]).

In our case of interest, we are deforming away from the
Lorentz symmetry. In this case it is less clear that the above
problems of strong coupling and/or acausality of the
longitudinal modes persist. However, we can focus our
attention in this work on small deformations of the Lorentz
symmetry, as we did in our accompanying work [7]. In this
case the potential problems with more degrees of freedom
are still a concern, so the most direct approach to avoid such
problems is to project out those additional degrees of
freedom, and still only build theories of the 2 helicities of
the graviton. Once this projection is made, it is relatively
straightforward to show that action at a distance would
occur if the graviton’s mass were nonzero, as we will
show in a subsection of Sec. III (similar to what we showed
explicitly in Ref. [7] in the analogous electromagnetic
case). So for the most part in this work, we shall set the
mass to zero. We note that recent measurements of gra-
vitational waves by LIGO [33] are consistent with zero
mass for the graviton as well as just 2 propagating modes.
While this is not a proof that such additional modes do not
exist, it does provide further motivation for our setup.

The generalized Lagrangian Eq. (10) breaks Lorentz
boost invariance, and now appears to contain 12 new free
parameters (though some could be eliminated by rescaling
the fields), and without imposing the gauge redundancy of
GR, carries additional degrees of freedom. Since we wish to
study theories with only two degrees of freedom, we must
put some constraints on the fields or parameters to cut down
to the desired two propagating modes. There appear to be
few ways to accomplish this: (A) Set dy; = 0 = 9;h;;, for
which the equations of motion imply the sources are con-
served (or at least a shifted version is); (B) Fix parameters
such that O;y; and 0;h;; are directly determined by the
equations of motion; (C) Set dw; = F, 0;h; = F,,
where F, = F,[¥,] are some nondynamical functions
of the matter fields ¥,, and constructed to be consistent
with the equations of motion; (D) include an additional
term ~(9;¢)* in the action and demand the field is
transverse-traceless 0;h;; = h = 0. In each case, we shall
build the most general theory compatible with these starting

points and then demand the tree-level exchange action
be local.

Since we are not presupposing Lorentz symmetry, we do
not need to invoke gauge redundancy of GR in order to
describe physics in a manifestly local way. So any
restriction on the fields is not simply a “gauge choice,”
but a choice of theory; choices (A), (B), (C), and (D) are
different theories of spin 2 with two degrees of freedom
(although (A), (B), (C) will be connected to each other once
we restrict their parameters). We neither assume anything
about what physical quantities 7** represents, only than it
should be a nontrivial source and not overly constrained—it
is simply the symmetric source which couples to #,,. Only
a posteriori will we be able to identify the form that 7H
must take.

III. THEORY A: TRANSVERSE CONSTRAINT

We wish to apply essentially the same procedure as we
did with spin 1 [7]. We want to require the theory of
Eq. (10) be local and see whether we recover an interaction
like Eq. (8). In this section, we do this by cutting down to
two degrees of freedom by requiring the divergences of the
fields vanish.

In this section we directly remove any longitudinal
components of the gravitational fields. It is the analogue
of the Coulomb constraint in electromagnetism (0;A; = 0)

Since we are not working in GR, we do not need to carry
around any gauge redundancy to make our assumed space-
time symmetries manifest (as we only wish to make
rotation invariance manifest, while gauge redundancy is
useful to make Lorentz symmetry manifest). So this
constitutes a choice of theory. In fact it may be imple-
mented by using a pair of Lagrange multipliers in the
action. In this theory, the equations of motion become

kp = —CV*h (23)
&p; = BO;h + HV?y, (24)

+ D0, — EO,0;h + J5,V*h — LVhy;  (25)

Note the parameters " and G no longer appear; the choice
Eq. (22) removes these terms from the (classical) theory.
Hence we are now down to 12 -4 —1—2 =5 physical
parameters relevant to our analysis.

The usual statement of conservation of sources is
0,T" = 0. Using the above equations of motion in this
theory, we can write the zeroth component as

Oipi+p,=0 (26)
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which is of the usual form (p, = (B/C)p is a simple
rescaling of p, which is just a matter of convention).
Checking the other three components, these do not
immediately form a canonical conservation equation like
Eq. (26):

: AB\ 8.p E—1J
Ojtij+ pri= (I——> DVPZ +Taip
D
+—Ca V2. (27)

A. Enforcing locality

From the previous equation it should be clear that we
must require AB = IH in order for the sources themselves
to be local. It turns out we also need to enforce D = C to
remove the Newtonian term from this otherwise modified
conservation law. The reason for this can be seen ahead in
Eq. (34); the Newton potential ¢ has a term in it «p/V*
(which is present even in the GR limit / = K), and would
imply a nonlocal contribution to Eq. (27), unless we set
D = C. Then the modified conservation equation becomes

;Ja,.p. (28)

Ojtij+ pri= D

This appears to still violate source conservation. However,
as mentioned earlier, in this framework the trace of our
source 7;; is another scalar under rotations and is not
completely distinguishable from p. Without loss of general-
ity, we can write

E-J

D ijp (29)

Tij =T+
Note that this is a special case of Eq. (13) with C =D
and evidently maintains linear coupling to the graviton
h,, T" = h,, 7" with ¢ =¢+h(E—J)/D. We then
insert this into the above equation to obtain

8]%” + ]'7”- = 0 (30)

Hence for all intents and purposes, the sources are con-
served, though it is not apparent when written in terms of
the original variable 7;;. Alternatively we can simply make
the canonical definition that occurs in GR, namely E = J
[which in fact can be done without loss of generality, as
discussed below Egs. (13), (14)], however, for complete-
ness we do not impose this condition here. Having made
these choices

AB=IH, C=D (31)
we can find the inhomogeneous solutions (ignoring

external gravitons) of the equations of motion (23)—(25)
with the conditions (31) to obtain

h  —p
i v G2)
Vi  Pi i@
¥ " HV: DHV (33)
¢ -7 3I-Kp E+L-3/p
= + =+ o (34)
@_K_,iD%a AL A
kO 200V 1 OV2
i (E+L-N)V2+ (I -K)Jp
2D V2
+ 2DV (35)
where
O=Ko? - LV2. (36)

We then use these solutions to eliminate the fields from
the interaction Lagrangian and integrate by parts in the
action to replace all divergences using the conservation
equations (26) and (28). The tree-level exchange action
—3kh,, T* then becomes

8£ex o 1] T 292 4
K2 ,'j 0 20 +2[2a5V (9 +a6V +Cl784} DV4
a3V2 +a48t2 a1V2 +(l28,2
—op, | BT bl A e 7
[ Ov? ’ o |° G7)
where a; = (E—-J+L)/D,a, = (I -K)/D, a3 = L/H,
ay = (=K + HI*/B?)/H, as = (2JK+E(31—-K) = 31J +

L(2I-K-2B?/H))/D?, ag = (2(2] —E)L -3(E—J)? -
L?)/D?, and a; = (I? + 41K — K> —4B>K/H)/D?. The
first two terms are clearly local, but the other terms contain
nonlocal pieces which we wish to eliminate. These terms
cannot be combined further to cancel the nonlocalities,
without placing unphysical restrictions on the sources. So
the coefficients must be constrained to make interactions
local. In each nonlocal term, this can be accomplished by
requiring the coefficient of the 9? pieces vanish, so that the
Laplacians cancel, leaving only an inverse box operator.
In particular, the pz term requires / = K, then the p;p;
term requires B> = HK (which implies A = B), and the pp
term requires E = (J + L)/2. Enforcing these three new
conditions

1=K, B> = HK, = +L)/2 (38)

on the coefficients gives

8Lin Lij T7 PP
= ! +611,OD 2“%17154'%25

(39)

where a; = (3L —J)/(2D), a3 = L/H, and ag = (=3J* +
18JL — 11L?%)/(4D?)). This is now completely local and
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has a similar form to the GR action Eq. (8). We are left with
five unspecified coefficients, D, H, J, K, and L.

This is almost of the form of (8), except for 3 differing
prefactors: a;, as, ae. It can almost be put into identical
form by a rescaling of sources p and p;. However that
would leave 1 residual parameter left over (we do not
rescale 7;; here because the 7;;7;; and 77 terms are already
canonical). Moreover, we said that our sources are not quite
conserved. This can all be fixed by expressing the exchange
action in terms of the conserved source 7;; [from Egs. (29),

(30)], giving

8Liw _, %y _TT L7 Lpp (40)

< o o p’o  wP O T b0

(or, equivalently, setting E = J). We can then re-scale p —
p(D/L) and p; — p;y/H/L, and identifying that p, p;, 7;;
obey the same conservation laws as 7%, 7% T/ respec-
tively, we obtain the GR action in its exact form.
Furthermore, when using 7;; (or equivalently, setting
E =1J), we have 0,7 = 0. We therefore recover GR
exactly to this order of analysis.

B. Including mass terms

So far we have not included mass terms in our starting
action Eq. (10). However, rotation invariance allows one to
include 5 different types of mass terms

1 1 1 1

(41)

Since we are projecting down to 2 degrees of freedom and
not assuming Lorentz invariance, then a priori, all 5 are in
fact allowed. The analogous terms were included in our
Part 1 paper (Ref. [7]) on electromagnetism, although in
that case only 2 terms are allowed.

However, just like in the electromagnetic case, they all
lead to nonlocality. One can see this as follows: We are
interested in deforming away from GR in which all the
masses are zero So lets consider the situation in which the
masses are small. We can then begin by operating in a
regime of length scales L < 1/m, so that we can be sure
the corrections from masses are irrelevant and the above
constraints from locality still apply. This leads to the usual
conservation laws, as we showed above (with the linear
shift on 7;; if £ # J). By then including finite corrections
from the masses, the conservation laws now become

0ipi + pr = (migp + m3h)(A/D) (42)

At leading order in the masses, we know that ¢, y;, h are all
nonlocal (even in the GR limit); see Eqs. (32)—(34). This

means that if we insert this into the above pair of continuity
equations, the right hand sides will be nonlocal if any of the
my, ..., my are nonzero. This means the sources are non-
local and hence the theory is nonlocal, unless

m1=m2=m3:m420. (44)

Our only remaining consideration then is L, =
—Xm2h;;h;;. To understand its consequences, we can just
note that it has a similar structure to the already present
term in the action AL = —%LOyh;;0h;; = 5 hij(LV?)h,;
(plus boundary term). Hence the consequences of this mass
term are equivalent to the replacement:

2
m
L—>L- v—; (45)
in the existing results. By making this replacement in
Eq. (40) we are immediately led to nonlocal terms due to
the inverse Laplacian. Hence we also need

along with all the other masses vanishing too, as described
above. A similar analysis applies to mass terms in the other
upcoming theories too, but we suppress the details for
simplicity and will ignore the masses for the remainder of
the paper.

IV. THEORY B: CONSTRAINT FROM
EQUATIONS OF MOTION

We now wish to explicitly allow nonconservation of
TH#. We do this by using the full equations of motion
(15)—(17) before gauge-fixing to again write conservation
equations of the form of Egs. (26) and (28) which we
explicitly allow be nonzero functions, ¢ and w;. In this
theory O;y; and O;h;; will be fixed in terms of ¢ and w;.
We can then solve the equations of motion in this theory to
write the interaction Lagrangian just in terms of sources,
and find for general ¢ and w; the only way this theory can
be local is if ¢ and w; vanish, recovering conservation of
T, In that case we again uniquely recover GR by
enforcing locality. However, if we allow o and w;
themselves to be derivatives of some local functions,
we find locality requires the theory reduce to GR with
some additional terms.

Returning to the theory with all 12 unknown coefficients,
we use the general equation for the nonconserved scalar
source Eq. (20) and impose BD = AC in order to be able to
use this to fix d;y; to

(47)
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In the next section, we will generalize this condition [see
ahead to Eq. (67)], but for the sake of clarity, we will make
this simplification here as it will not affect our qualitative
results. Similarly, we use the general equation for the
nonconserved vector source Eq. (21) and impose C = D

and I = K = A%/H in order to fix 9;h;; to
Oh =~ 2E-J-G 09iq_A9o
P (G=-L)V?* [2G+J-2E-LV?* HV?
J_
+—8,p+w] (48)
where for convenience we have defined
A J—E
g=0w;— HG+TV2 (49)

By requiring that the equations of motion fix 0;y; and
d;h;;, and hence cut down to 2 degrees of freedom, the
number of unknown coefficients has been reduced by
enforcing

A =B, C=D, I=K=A?/H. (50)
This means the number of parameters is down to 12 — 4 —
1 —4 = 3 in the (classical) theory. On the other hand, the
sources are described by 2 arbitrary functions ¢ and w;; so
there is considerable freedom in the theory.

A. Enforcing locality

Similar to the previous section, we solve the equations of
motion to obtain the inhomogeneous solutions for ¢, y; and
h;;. These results are somewhat complicated and are
reported in Appendix A. We then use these to write the
exchange action only in terms of the sources, integrating by
parts to replace divergences using the definitions of ¢, o,
and w;. Doing this, the tree-level exchange action may be
written in terms of the sources 7+ (built out of p, p;, 7; j)
and the nonconservation parameters ¢ and w;. We find it
has the form

e Low 2L p 44 W,
2 T”D 20 p’o" wHP O T HYDOW
2 i

Ov? G-L| 0OV
b3V* +b,V?0? + b5 0} N b¢V? +b707] .
¢ Ve PlTovr |°
bgV2 + byd? b1oV2 + by, 02
O {DWI Owj+p Wt iwi
_é G 6iWi . b,2V2+b136,2 a
g OV 'ove T ove i
(51)

where the coefficients by, b,,...b;3 are given in
Appendix A. The first 4 terms have the same form as
Eq. (8) and are clearly local.

The w;w; and o6 terms involve inverse Laplacians. If the
functions ¢ and w; are general functions, then the theory is
immediately nonlocal. The most direct way to avoid this
problem is to impose that they vanish, i.e., 6 = w; = 0.
This means the theory readily reduces to GR as it now
becomes similar in structure to the previous Theory (A). It
only requires one additional constraint on parameters to
remove the nonlocal part of the pp term.

However, if we suppose that ¢ and w; are not general
functions, but are instead given in terms of spatial deriv-
atives of other local functions, then there is a possibility to
cancel the inverse Laplacians and maintain locality. We find
that the necessary condition to obtain a local action is that o
and w; can be expressed in terms of local functions f and g;
as follows

o= (F - H)\Vf (52)

Wi =(G = L)(V2, + 0,0,0) + - (F~ DO (53)
where the prefactors, (F' — H) and (G — L) are for conven-
ience (as expanded on later), but could be reabsorbed into f
and g; if desired. By inserting this into the exchange action
(51), we find that the action becomes local with just one
more condition required to eliminate the nonlocal pp term,
namely b, = 0. We choose E = J for simplicity of pre-
sentation, though it is not required, and then the action
simplifies into the following form

8L _ . %y 77 L. T _ 2£~E+Liéé
< g o p’o” wPio T pam
( ) 2_2(G_L)gigi (54)

where the sources with the tilde overbar indicate that they
are conserved in the usual sense, i.e., if we form TH out of
them, then we have 8ﬂ’]~' " = 0. They are related to our
original sources by

le = ’f’ (G L)8(,-gj) (55)
pi=pi+ (F-H)O,f (56)
p=p- (57)

We note that if we set f = ¢g; = 0, this recovers exactly
the result of the previous section in Eq. (40), which we
already remarked is equivalent to GR under a rescaling of
sources.

On the other hand, for nonzero f and/or g; our result for
the exchange action in Eq. (54) clearly differs from the
result in GR due to the presence of these new ultra-local
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terms on the 2nd line, which have no GR analogue. We
shall return to discuss these terms in Sec. VII, where we
will explain how these are in fact consequences of purely
decoupled sectors, and do not actually represent a mean-
ingful modification of GR.

V. THEORY C: GENERALIZED CONSTRAINT

There exists a third distinct option to cut down to
2 degrees of freedom by combining the approaches
of the previous two sections. In Sec. III we set
Ojw; = 0jh;; = 0. One might wonder whether there is a
way to similarly “gauge-fix” the fields without forcing the
divergences to vanish. However, if we arbitrarily declare
Ojw; = Fyand 0;h;; = F; where F, are some functions of
the matter fields W¥,,, this will not in general be consistent
with the equations of motion which give something of the
form of Eqgs. (47) and (48) (or more general if fewer
constraints on the coefficients A, ..., L). In this section we
find a general form of ¥, = F,[¥,] consistent with the
equations of motion and use this to cut down to 2 degrees of
freedom of the graviton.

Returning to the full equations of motion (17), without
any conditions on the coefficients we can write

o, Ko (BD — AC) |:Kp

= 9.0k, 58
H-FV’ DH-FV:|C 9 ”} (58)
which immediately fixes O;i; in terms of the sources and
O;h;j. So it only remains to fix d;h;;. Similarly to the
previous sections we can obtain a general expression for w;
that parametrizes vector source violation. As before, we
must set D = C to eliminate the Newtonian term. We can
then solve for 0;h;; as
o6  0p 0
— J J J

where the matrix valued differential operator M;; is

1 0O, 8,0,

with a pair of wavelike operators, defined as
O, = y0? + 6V?, 0, = ad? +pV2.  (61)

In the above set of equations we have defined some
convenient collections of the coefficients A, ..., L

2(A-B)* A? A?
azg—l-——l, 0=G-L, y=K—-——,
F-H H H
2(A-B) A
=J+G-2E, =—“+—, I=E-J.
p + €= g +H
(62)

Now the issue is that, despite appearances, 0;h;; is still
dynamical, since it is given in terms of an inverse wavelike
operator contained in the denominator of the definition of
M,;. In order to make O;h;; actually nondynamical and
thereby cut down to 2 degrees of freedom, we need to either
(i) make []; not involve time derivatives, i.e., set y = 0.
However this would simply return us to the basic structure
of Theory (B) of the last section.

So instead we need to (ii) make the [1; wavelike operator
cancel out. For the ¢ and w; terms in Eq. (59), this will
occur if they are chosen to be proportional to [; + [,
which we parametrize as follows

eo = (L, + Ly)sy (63)
0:s
w; = (O + Dz)é—f (64)

where s; and s, are scalars. Note that here we have needed
to enforce that the w; term is proportional to the gradient of
a scalar s, in order for the cancellation to occur. This leaves
only the p terms in Eq. (59) as a possible source that would
generically make O;h;; dynamical. Since p is a physical
source, imposing any conditions on it would overconstrain
the theory, so the only option is to set

—ad? +AV? = w|(a+7)0? + (B+6)V?]  (65)

where o is a constant of proportionality [this means —a =
w(a+y) and 2 =w(f+ 5)]. This procedure has now
completely fixed 0;h;; and Oy, to the following non-
dynamical values

.0, )
(9Jhl] = K—2 (Sz | —Ep) (66)
(O +0h)sy | [&2—§1—%(w+1)]

where { = (A—B)/(H - F).

A. Enforcing locality

As in the previous sections, we now rewrite the exchange
action just in terms of the sources, with their nonconser-
vation parametrized now by s; and s, as defined by
Eqgs. (63) and (64). The result contains many nonlocal
terms, whose structure is sketched in Appendix B. The
necessary conditions for the nonlocal terms to vanish are
a =0, y = 0 and a condition relating J to L, G, and w. We
can summarize these conditions as
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A? 2(A - B)?
K=—, I=K+——7—+4,
H (F—H)
L(1 + 20 — &) + 2Gw?
I (142w a))2+ o (68)
(1+w)

However we find that for generic s; and s, it is
impossible to obtain locality. This is not surprising, given
the form of Eq. (66) in which 0;h;; would be nonlocal itself
(even if w = 0). Therefore we require

Sy = 5‘1 + V2S3 (69)

where s53 is some local scalar function. When inserted into
the action, we find that everything is now local. The sources
p; and 7;; are once again not directly conserved, due to ¢
and w; being nonzero. Nevertheless, similar to the previous
Theory (B), we can readily relate them to conserved
sources Z;;, P;, as

Tij = %U + (5+ﬁ)5ljb{S] + 8,~8js3] + P,’j[Sg,] (70)

- +6
Di :Pi'i‘ﬁTaiSl (71)

p=p (72)

where P;;[s3] = w(5 + )[0,0; — 6;;V*s3 is an identically
conserved quantity, which is useful to fully diagonalize
the system, and y =1—A/(He) (note that if A =B,
then y = 0).

The final result for the tree-level exchange action is then
found to be exactly of the familiar GR terms, plus a pair of
ultralocal terms. For simplicity, we mention the A = B and
E = J form of the ultralocal terms, which are

8AL., 8H*(G-L)?
2 Az((F _ H)) st =2(G=L)(9;s3)*.  (73)

In fact this is related to the result of Theory (B) in Eq. (54),
with the identifications

2H(G-L)
= N i == ai . 74
f A(F — H) S g 53 ( )
So again we almost recover GR, except for a pair of
additional terms, which we discuss in Sec. VIIL.

VI. THEORY D: TRANSVERSE-TRACELESS

In this section, for completeness, we will discuss the one
final term that we could have added to the generalized
action (10) that is compatible with rotation invariance,
namely

AL = —%M(aiqs)% (75)

This term is not present in the GR action and hence we did
not study it previously in this paper. But for the sake of
completeness, let us examine this briefly now.

Although one could perform a more general analysis, we
will use this extra term to focus on a qualitatively new way
of cutting down to 2 degrees of freedom. We will impose
the transverse-traceless “gauge” choice
In fact these choices are in some sense the most natural
way to cut down to 2 degrees of freedom starting with
the symmetric polarization matrix h;;, while the fields ¢
and y; are nondynamical. As is well known, in GR the
transverse-traceless gauge is not a gauge that is allowed
in general as it must be violated inside of matter.
However, by deforming away from GR with the term
in Eq. (75), it now becomes possible to implement this
gauge fixing both inside and outside of matter, as we
will explore here. This makes this final choice special,
because by imposing the transverse-traceless conditions
everywhere, this theory cannot recover GR in any
nontrivial limit.

Having imposed the transverse-traceless constraint, we
can solve for the fields in complete generality without
needing to restrict any of the 13 parameters
A,B,...,L,M. However, the parameters E, G, I, J will
not appear in the classical equations of motion; this leaves
us with 13 —4 —4 = 5 parameters that affect interactions
at tree-level.

The solutions are readily found to be

o p
g MV? (77)
%_ F 8l~8j pj
g [5’7 + <H—F> V2 | HV? (78)
e U G A
2 AF 0,0;] 9,
‘(m) [B‘s’”_? vz]v - (™

By taking the trace and divergence of this final expression
for h;;, and demanding that it is transverse-traceless, we
obtain the pair of equations for the sources

(2A — 6B)
(H - F)V?

D -3C

OkDx + <T>p (80)
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. D-C
0=20m;+prit <T> dip

A(H + F) —2BH\ 0,0, p
( H(H-F) > kak' (81)

For locality, we need the sources to obey local continuity
type equations. In this work, we will not impose overly
constraining conditions on 0 p;, and hence we need the
inverse Laplacian terms in Egs. (80), (81) to vanish, so

A =3B, F=-H/3 (82)
(which again shows this is disconnected from GR where
A =B and F = H).

With these conditions, we can then form the tree-level
exchange action. There are a number of terms, but for
simplicity, we here report on only the terms that are
proportional to (9;p;)?; these are found to be

8L 9;p;)? 0ipi A?
;2"") = = |0 — KO+ LV?

9ip;
ov4’

(83)

This is clearly nonlocal and so it must vanish to avoid
instantaneous action at a distance. We can make the piece
o 0?/(C0V*) vanish, by setting K = A2/H. However, to
make the piece o 1/(CJV?) vanish, we would require

L=0. (84)

This means the graviton speed would have to vanish. This
is an extreme way to build a local theory, by preventing any
finite speed propagation altogether. Such a theory is of little
interest and we do not pursue it further. Hence we conclude
that our starting point with the new term that deviates from
GR in Eq. (75) is unacceptable.

VII. DISCUSSION

In this work we have imposed locality on theories
involving spin 2 particles (gravitons), without assuming
Lorentz boost symmetry. In Theories (A), (B), and (C) we
have recovered the form of the leading tree-level exchange
action of GR, although in both Theories (B) and (C), there
were additional terms (while Theory (D) was a trivial
theory in the end).

A. Additional terms

In the most general version of Theory (B), we found we
could have an arbitrary scalar function f and an arbitrary
vector function g; which parametrize different ways of
violating source conservation; see Egs. (55), (56) [and in
Theory (C) we can have arbitrary scalar functions s; and s3;
see Egs. (70), (71), while no such terms were allowed in
Theory (A)]. Such additional terms are quite analogous to
the additional term that arises in our accompanying paper

on electromagnetism [7]. We can understand them in a
similar fashion as follows.

First, let us return to the regulqr GR action for the
graviton, plus conserved sources 9,7" = 0, and a pair of
additional terms, as follows

L= Ly =5 T+ R(F = D)f (G- gigr. (85)

These additional terms are evidently completely decoupled
sectors, expressed in terms of functions f and g;, whose
prefactors are for convenience. Since the regular GR action
exhibits gauge invariance, we can make any gauge choice
we desire. To illustrate the connection to our earlier
theories, it is useful to make the following gauge choices
We can use these conditions to construct the identity
R2f? = —(0;p;)* — 2R fO.y;, as well as a similar identity
for Kg;g;, and then the action can be written (after an
integration by parts on the second term)

K
L= Lyin _Eh"”T’w —(F=1)(0)* + (G —1)0;h;;0,hy,
(87)
where the source is identified as
T =T 4 5T (88)

where 67" are additional nonconserved pieces, precisely
those of the form identified earlier in Theory (B) and (C) in
Eqgs. (55), (56) and (70), (71) (here we are taking the special
case E=J =H =L =1 for simplicity of presentation),
ie., 6T =(G-1)dg;), 6T = (F—1)0;f,and §T* =0.
We note that this identity is useful because it allows us to
break up the decoupled sectors into 2 pieces: one piece that
goes into the final terms of Eq. (87) and another piece that
goes into a shift in 7#¥. With this identification the action in
Eq. (87) becomes precisely a rewriting of Theory (B) and
(C), in the special case: A=B=C=D=E=H=
I=J=K=L=1, general F, G, and nonconserved
sources provided by arbitrary f (x s;) and g; (x 0;s3).
Since our starting point to construct this was manifestly
local in Eq. (85), it is obvious from this point of view that
Theory (B) should allow for this local construction. This
provides a nonperturbative proof that the contributions
from f and g;, which were seen to decouple at the level of
the tree-level exchange action in Eq. (54), in fact persists as
an exact statement, because the starting action (85) shows
they are completely decoupled sectors. In this sense, these
“corrections” to GR that appeared in Theory (B), and
related corrections that appeared in Theory (C), do not
constitute physical modifications at all.
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B. Lorentz symmetry

In this work, we did not a priori assume anything about
the structure of the sources 7#*. However by imposing the
most basic notion of locality, that we do not have
instantaneous action at a distance when coupling to a spin
2 particle (graviton), we have shown that a necessary

condition is that it is conserved 6ﬂ’]~"‘” = 0 (we only need to

comment on 7" here, rather than the full 7#, as the
differences are only associated with redefinitions and/or
irrelevant decoupled sectors, as discussed above).

Now one can explore the ramifications of needing the
sources to exhibit local conservation of this variety. First,
we have assumed in this work that the laws of physics
exhibit translation invariance (see more about relaxing that
assumption below). As is well known, this implies the
conservation of the energy-momentum tensor by the
Noether theorem. However, it is important to emphasize
that by itself this only means there is an object with mixed
indices that is conserved, i.e.,

8,T! = 0. (89)

So naturally there are 4 conserved currents, labelled with
index v here. And so there are 4 conserved quantities,
which are the familiar total energy and total momentum

E:/d3xT0,

Such quantities do not rely on the existence of Lorentz
invariance and so they exist even in nonrelativistic con-
densed matter systems involving fluctuations around a
translationally invariant medium. In ordinary circumstances
this mixed index energy-momentum tensor cannot be lifted
to any symmetric object. For example, consider the
following theory of 2 coupled scalars

P, = / &PxT?. (90)

2
I 1
£o=Y" (30 -560,?) ~dated OD)
n=1

The theory is non-Lorentz invariant if ¢; # c,. It does have
translation invariance and so it has a conserved energy-
momentum tensor (really, just a matrix)

2 2
=Y R Ly ==Y GOm0, 0L,
n=1 n=1
(92)
2 _ 2
T% = Z(Z’nai%, T'y=— Z cipn0ip,.  (93)
n—1 n=1

There is no way to make this symmetric and conserved on
both indices. Note that T°; is not proportional to 7", as it
would be in the Lorentz invariant case when all the ¢, are

equal and can be factorized. Put differently, there is no
universal Minkowski metric inverse #** that one can use to
raise the v index and build a symmetric and conserved
tensor.

However, what we have identified in this work is that in
order to preserve a primitive form of locality, the graviton
(associated with a symmetric h,,) must couple to a con-
served symmetric object 7*. In order for such an object to
even exist in a nontrivial theory we therefore need more
than just translation symmetry. We in fact need an addi-
tional symmetry, which is that of boost invariance [34].
Related details were laid out by us earlier in Ref. [13], but
we can briefly illustrate this point here. From the asymp-
totic past to the future, translation symmetry ensures the
mixed energy-momentum tensor of classical point particles

T'Z(X’ t) = Zvﬁpn,v53(x - Xn) (94)

is conserved, with v, = (1,v,) and p,, = (E,.p,) (we
emphasize that so far this does not rely on Lorentz
symmetry). Now in order to build a symmetric conserved
quantity, we must be able to “push” the v index upstairs.
For this to produce a symmetric object, and hence be
conserved on both indices, we need

v, = OE, o Bn (95)
o, E,

where in the first equality we have just used Hamilton’s
equation and in the second step we have specified the
necessary condition for the symmetric conserved tensor to
exist, where the proportionality constant must be universal
for all particles. The general solution of this differential
equation can be put in the form E2 = p2c? + m2c*, where ¢
is auniversal constant and m,, (the mass) arises as an allowed
constant of integration. Hence we have arrived at the
dispersion relation required for Lorentz symmetry, and the
full theory is indeed Lorentz invariant at this order we are
working. We can then identify 7+ = T#, as it is the only
conserved symmetric 2-index tensor. This recovers GR at
this leading order.

Furthermore, the existence of now a symmetric 2 index
conserved current allows for the existence of more conserved
quantities. In particular, one can now build a 3 index current:

OHvA = xHTVA — xVTHA (96)

By taking its divergence, and using 0,7* = 0, this is
conserved

9,0m4 = () (97)

if and only if T#* is symmetric. Hence there are more
conserved quantities, namely
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L= / e (98)

This is the familiar angular momentum tensor of Lorentz
invariant theories. Since L*¥ = —L"" is antisymmetric, it is
made out of 6 conserved quantities. 3 are the usual angular
momentum (which follow trivially from our original
assumptions of rotations in a preferred frame), but there
are 3 more: these are the 3 conserved quantities associated
with Lorentz boosts. Alternatively, by a kind of reverse
Noether theorem, these 3 new conserved quantities generate
the 3 Lorentz boost symmetries.

C. Future directions

In future work, we are interested in extending our analysis
by relaxing other space-time symmetries, including time-
translation symmetry. This may have potential applications
to cosmology, including claimed modifications of GR that
may address the cosmological horizon problem [35]. Other

|

interesting questions include the consequences of more
degrees of freedom in the analysis, and exploring to what
extent strong coupling problems in the UV occur, as they do
in the known Lorentz invariant case.
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APPENDIX A: SUPPLEMENTARY DETAILS
FOR THEORY B

After solving for the inhomogeneous solutions of the
equations of motion (17), with the conditions of Egs. (47)
and (48), we find

¢ - +E—3J+L£ 200} + HAE-2G-3J+ L)V ¢ 2A &  A* jp (A1)
kK  2DV? 2D V2 2DH(2E-2G—-J +1L) Ve D(F-H)V* D?HV*
wi_ pi (A(G+J-E-L)0p F 0o A &Jr A @Jr A 08 (A2)
K HV? DH(G-L) V* HH-F)V* H(G-L)V* H(L-G)V° H*L-G)V°
k0O 20 20V HOV? D 20 2(G-1L) Ov2
2(G-L) OvY H(G-L) V° G-L [OV* 20V?
G(2G-2E+J)+3(G-2E+J)L—L1?0;0,9 K(@4E-3G-2J+L) 00,4 (A3)
2(G-L)2G-2E+J-L) OVt (G-L)2G—2E+J—L) OV°
h q P (A4)

& (2G-2E+J-L)V* DV?

The coefficients in the exchange action Eq. (51) are found to be

L[-2E? +2EL + L(-2G = 3J + L) + 4GJ|

_ 2A%[E® —2EL +2L(G +J) —2GJ — L?]
B D*H(2E—-2G—-J +1L)
—A4

’

b =
> T H(2E-2G-J+1L)

-2E+2G+J 2G 1

$T2E-2G6-J+L G-L 2
2A2BE-2(G+J) + L]

by = — :
: D*(2E-2G—-J+1L)
b 2FL _ AY(BF 4+ H)(2E—-2G —J)+ L(F + 3H)]
" FH - H* o 2H2(F —H)(2E—2G —J + L) ’
, _AL(-4E+6G +J-3L)  2AME-2G+1L)
" DHQRE-2G-J+L) "’ " DH*QE-2G-J+L)
A2 1 2 L(4E-2G-3J +1L)
b9:_ + ) bl():_ ’
H\2E-2G-J+L G-L DQE-2G—J+L)
A(=2E +2G +J - 3L) —243
b, = b3

U DHQRE-2G-J+1L)

HQE-2G-J+L) '

T HQ2E-2G-J+1L)

(AS)
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APPENDIX B: SUPPLEMENTARY DETAILS FOR THEORY C

The form of the exchange action that includes nonlocal parts in Theory (C) is found to take the following form

Enon,local o

» .

0 /

pi p p @ / ;
2 ComPi D—Vlz + ConP 72 + Con2P A + o T2 + of1P T2 + Cor2P Fya + o1 w2

+c .21’7f_|_c ],OL'—FC Q,DL-FC ’L’i—l—c~1fi—|—c~-2fi—|—c~1fi
of Ov4 P9t 2 Pg2F g4 9" (V2 ff Ov2 ff Ov2 19 V2

dg g g
el gyt Cwdgys T I e

The 17 coefficients ¢ 1, ¢pp1 5 -

(BI)

.., Cgqp are relatively complicated functions of the coefficients A, B, ...L. We do not present

the full details of the coefficients here for the sake of brevity.
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