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We analyze the entanglement entropy, in real space, for the higher-dimensional integer quantum Hall
effect on CPk (any even dimension) for Abelian and non-Abelian magnetic background fields. In the case
of ν ¼ 1 we perform a semiclassical calculation which gives the entropy as proportional to the phase-space
area. This exhibits a certain universality in the sense that the proportionality constant is the same for any
dimension and for any background, Abelian or non-Abelian. We also point out some distinct features in the
profiles of the eigenfunctions of the two-point correlator that underline the difference in the value of
entropies between ν ¼ 1 and higher Landau levels.
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I. INTRODUCTION

Entanglement has been used to explore properties of
quantum states in a variety of condensed matter systems.
Typically a system is divided into two subsystems and the
entanglement is calculated in terms of the von Neumann
entropy of the reduced density matrix of one of the
subsystems. For gapped two-dimensional systems, the
leading order contribution to the entanglement entropy is
proportional to the perimeter of the boundary separating
the two subsystems, in particular S ¼ cLþ γ þOð1=LÞ,
where L is the length of the boundary, c is a nonuniversal
coefficient and γ is a universal quantity called topological
entanglement entropy [1].
Of particular interest among two-dimensional gapped

systems are the quantum Hall systems whose entanglement
entropy has been widely studied under different partitions.
Entanglement calculations have been used to characterize
various topologically ordered phases and further extract
information on the edge properties of such systems [2–8].
This is one of the key motivations for the study of
entanglement entropy in the context of quantum Hall effect.
For a real-space partition it was found that γ ¼ 0 for fully
filled integer quantum Hall states and nonzero for fractional
quantumHall states. The entanglement entropy in the case of
integer quantum Hall states is amenable to analytical
calculations due to the fact that the many-body ground state
is given in terms of free fermions. The area-law entropy

behavior for the two-dimensional integer quantum Hall
effect (QHE) was studied in different geometries analyti-
cally for ν ¼ 1 and numerically up to ν ¼ 5 in [2] and the
coefficient c was identified in these cases. A general
mathematical theorem on the entropy area law for ν ¼ 1
is shown in [9].
In this paper we present a detailed analysis of the

entanglement entropy in the case of higher-dimensional
integer quantum Hall effect (any even dimension), in
particular quantum Hall effect on CPk [10–12]. For k¼1

this reduces to the well-known case of QHE on S2 where
the magnetic field is created by a monopole at the center
[13]. The formulation of QHE on CPk for k > 1 displays
two interesting features: higher dimensionality and the
possibility of introducing both Abelian and non-Abelian
magnetic fields. In the latter case one deals with a many-
body system of free fermions with internal degrees of
freedom which is amenable to analytical calculations.
The paper is organized as follows. In Sec. II we give a

brief description of the integer quantum Hall effect on CPk,
the corresponding spectrum and the Landau level wave
functions. In Sec. III we focus on the lowest Landau level
and derive analytical expressions for the entropy for
(a) arbitrary k and Abelian Uð1Þ magnetic field and
(b) k ¼ 2 for Uð1Þ × SUð2Þ non-Abelian magnetic field
with fermions in the triplet representation. The entropy is
expressed in terms of the eigenvalues of the two-point
correlation function. We perform a semiclassical calcula-
tion for the entropy and find that the area law as expressed
in terms of a “phase-space” area has the same coefficient c
for ν ¼ 1 for any dimension and any Abelian or non-
Abelian background. In Sec. IV we derive analytical
expressions for the eigenvalues of the two-point correlator
for the first Landau level and the ν ¼ 2 quantum Hall
system on S2 and comment on how the different profiles
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account for the different values of c in each case. We end
with a short discussion.

II. QUANTUM HALL EFFECT ON CPk

In this section we will give a brief description of the
Landau level states and wave functions for the quantum
Hall effect on CPk, following a group theoretic analysis
developed in [10–12]. CPk is a 2k-dimensional manifold
which can be thought of as a coset space,

CPk ¼ SUðkþ 1Þ
UðkÞ : ð1Þ

The Landau wave functions can be obtained as functions of
SUðkþ 1Þ with specific transformation properties under
the UðkÞ subgroup. A basis for such functions is given by
the so-called Wigner D-functions, which are the matrices
corresponding to the group elements in the unitary irre-
ducible representations, namely

DJ
L;RðgÞ ¼ hJ; lAjgjJ; rAi ð2Þ

where J denotes the representation and lA, rA stand for two
sets of quantum numbers specifying the states within the
representation. On an element g ∈ SUðkþ 1Þ, we can
define left and right SUðkþ 1Þ actions by

L̂A g ¼ TA g; R̂A g ¼ g TA ð3Þ

where TA are the SUðkþ 1Þ generators in the representation
to which g belongs. The left transformations correspond to
magnetic translations. There are 2k right generators of
SUðkþ 1Þ which are not in UðkÞ; these can be separated
into Tþi, i ¼ 1; 2…; k, which are of the raising type and T−i
which are of the lowering type. These generate translations
while UðkÞ generates rotations at a point. The covariant
derivatives on CPk are given by

D�i ¼ i
R̂�i

r
ð4Þ

where r can be thought of as the radius of CPk. This is
consistent with the fact that the commutator of covariant
derivatives is the magnetic field. The commutators of R̂þi

and R̂−i are in the Lie algebra of UðkÞ; in the case of CPk

these correspond to constant magnetic fields. In particular
we can specify the background field by specifying the right
action of UðkÞ on the wave functions

R̂aΨJ
m;αðgÞ ¼ ðTJ̃

aÞαβΨJ
m;βðgÞ; ð5Þ

R̂k2þ2kΨJ
m;αðgÞ ¼ −

nkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kðkþ 1Þp ΨJ

m;αðgÞ ð6Þ

where the indexm ¼ 1;…; dim J represents the state within
the SUðkþ 1Þ representation J and therefore counts the
degeneracy of the Landau level. The first of these equations
shows that the wave functions ΨJ

m;α transform, under
right rotations, as a representation J̃ of SUðkÞ. ðTJ̃

aÞαβ are
the representationmatrices for the generators ofSUðkÞ in the
representation J̃ and n is an integer characterizing the
Abelian part of the background field. α; β label states within
the SUðkÞ representation J̃ [which is itself contained in the
representation J of SUðkþ 1Þ]. The index α in the wave
functions ΨJ

m;αðgÞ characterizes the non-Abelian charge of
the underlying fermion fields.
In terms of D-functions, the correctly normalized wave

functions are given by

ΨJ
m;αðgÞ ¼

ffiffiffiffi
N

p
hJ;mjgjJ; α; ni ¼

ffiffiffiffi
N

p
DJ

m;αðgÞ ð7Þ

where N ¼ dim J and the following orthogonality theorem
has been used

Z
dμðgÞD�J

m;αðgÞDJ
m0;α0 ðgÞ ¼

δmm0δαα0

N
; ð8Þ

where dμðgÞ is the Haar measure on SUðkþ 1Þ normalized
to unity.
In the absence of a confining potential, the Hamiltonian

H for the Landau problem is proportional to the covariant
Laplacian on CPk, namely

HΨ ¼ −
1

4m
ðDþiD−i þD−iDþiÞΨ ð9Þ

which apart from additive constants can be reduced to
the form

P
i R̂þiR̂−i. Thus the lowest Landau level wave

functions satisfy the holomorphicity condition

R̂−iΨ ¼ 0: ð10Þ

The conditions (5), (6) and (10) completely fix the
representation J and therefore the degeneracy of the lowest
Landau level.
First we consider the lowest Landau wave functions for

the case of an Abelian background magnetic field. In that
case the state jJ; ni corresponds to the singlet representa-
tion of SUðkÞ ∈ SUðkþ 1Þ with a Uð1Þ charge propor-
tional to n as specified in (6), namely R3 ¼ −n=2. These
can be thought of as the coherent states for CPk, written
explicitly in terms of complex coordinates,

Ψi1i2���ik ¼
ffiffiffiffi
N

p �
n!

i1!i2!…ik!ðn− sÞ!
�1

2 zi11 z
i2
2 � � �zikk

ð1þ z̄ · zÞn2 ;

s¼ i1þ i2þ���þ ik; 0≤ ii ≤ n; 0≤ s≤ n ð11Þ
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where z’s are holomorphic coordinates, z ¼ xþ iy. These
wave functions form a symmetric, rank n representation J
of SUðkþ 1Þ. The dimension of this representation, which
is also the lowest Landau level (LLL) degeneracy, is

N ¼ dim J ¼ ðnþ kÞ!
n!k!

: ð12Þ

The volume element for CPk is

dμ ¼ k!
πk

d2z1 � � � d2zk
ð1þ z̄ · zÞkþ1

: ð13Þ

We have chosen the normalization such that the total
volume,

R
dμ, is 1.

In the case of a Uð1Þ × SUðkÞ non-Abelian background,
it is convenient to label the irreducible representation
of SUðkþ 1ÞR by ðpþ l; qþ l0Þ corresponding to the
tensor [11]

T
a1…aqγ1…γl0
b1…bpδ1…δl

≡ T q;l0
p;l ð14Þ

where p, q indicate Uð1Þ indices and l, l0 indicate SUðkÞ
indices; namely a’s and b’s take the value (kþ 1) and γ’s
and δ’s take values 1;…; k.
The right hypercharge corresponding to (6) is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kðkþ 1Þ

p
Rk2þ2k ¼ −kðp − qÞ þ l − l0 ¼ −nk: ð15Þ

The fact that n has to be an integer implies that ðl − l0Þ=k is
an integer, thus constraining the possible SUðkÞR
representations J̃.
Further, as explained in detail in [11], the lowest Landau

level states correspond to q ¼ 0, l ¼ 0. So the LLL states
we consider correspond to the tensor T l0

p, where p ¼ n − l0
k

and l0 ¼ jk; j ¼ 1; 2;….

III. ENTANGLEMENT ENTROPY FOR ν= 1

In order to calculate the entanglement entropy we divide
the system into two regions, D and its complementary DC,
and define the reduced density matrix

ρD ¼ TrDC jGSihGSj ð16Þ

where jGSi is the many-body ground state of the system,
jGSi ¼ Q

m c†mj0i.
The entanglement entropy is defined as

S ¼ −TrρD log ρD ð17Þ

and is a measure of the entanglement between the two
subsystems.
We choose D to be the spherically symmetric region of

CPk satisfying z · z̄ ≤ R2. For CP1 ∼ S2, this region is a

polar cap centered around the north pole and bounded
by a latitude angle θ, with R ¼ tan θ=2 via stereographic
projection.
The reduced density matrix ρD is related to the two-point

correlator Cðr; r0Þ [2,5]

Cðr; r0Þ ¼ hGSjΨ†ðrÞΨðr0ÞjGSi ð18Þ

where ΨðrÞ is the electron field operator and r, r0 are
restricted to be inside the domain D. In particular, the
reduced matrix ρD can be written as a 2N × 2N matrix of a
block diagonal form

ρD ¼⊗m diagðλm; 1 − λmÞ ð19Þ

where λm are the eigenvalues of the two-point correlator
Cðr; r0Þ. The entanglement entropy is then given by

S ¼ −
XN
m¼1

½λm log λm þ ð1 − λmÞ logð1 − λmÞ�: ð20Þ

For ν ¼ 1,

ΨðrÞ ¼
XN
m¼1

ΨmðzÞcm ð21Þ

where ΨmðzÞ are the holomorphic wave functions dis-
cussed in the previous section and the index m counts the
degeneracy of the lowest Landau level. Using (18) and (21)
we find that

Cðr; r0Þ ¼
XN
m¼1

Ψ�
mðzÞΨmðz0Þ ð22Þ

where z, z0 are restricted to be inside the domain D. The
diagonalization of Cðz; z0Þ gives the result

Z
D
Cðr;r0ÞΨ�

l ðz0Þdμðz0Þ¼
XN
m¼0

Ψ�
mðzÞ

Z
D
Ψmðz0ÞΨ�

l ðz0Þdμðz0Þ

¼ λlΨ�
l ðzÞ ð23Þ

where

λl ¼
Z
D
jΨlj2dμ: ð24Þ

The second line in (23) is due to the fact that sinceΨmðzÞ are
holomorphic functions given in (11) the angular integration
over the spherically symmetric region D will give zero
unless m ¼ l, namely

R
DΨmðz0ÞΨ�

l ðz0Þdμðz0Þ ¼ δlmλl.
We now proceed to calculate the eigenvalues λ and

subsequently the entanglement entropy for the case of an
Abelian and non-Abelian magnetic field backgrounds.
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A. CPk and Abelian magnetic field background

The lowest Landau level wave functions for CPk in the
case of an Abelian background magnetic field are given in
(11). The corresponding eigenvalues of the two-point
correlator are

λi1i2���ik ¼
Z
D
dμΨ�

i1i2���ikðrÞΨi1i2���ikðrÞ

¼ ðnþ kÞ!
i1!i2! � � � ik!ðn − sÞ!

Z
D

ðz̄1z1Þi1ðz̄2z2Þi2 � � � ðz̄kzkÞik
ð1þ z̄ · zÞnþkþ1

×
d2z1 � � �d2zk

πk
ð25Þ

where s ¼ i1 þ i2 þ � � � þ ik. We perform the angular
integration using the parametrization zi ¼ x2i−1 þ ix2i,
where

x1 ¼ ρ cosðϕ1Þ;
x2 ¼ ρ sinðϕ1Þ cosðϕ2Þ;

� � �
x2k−1 ¼ ρ sinðϕ1Þ sinðϕ2Þ � � � sinðϕ2k−2Þ cosðϕ2k−1Þ;
x2k ¼ ρ sinðϕ1Þ sinðϕ2Þ � � � sinðϕ2k−1Þ ð26Þ

and 0 ≤ ϕ1;ϕ2;…;ϕ2k−2 ≤ π; 0 ≤ ϕ2k−1 ≤ 2π. Using the
fact that in terms of this parametrization

d2z1 � � � d2zk ¼ ρ2k−1dρ sinðϕ1Þ2k−2dϕ1 sinðϕ2Þ2k−3dϕ2 � � �
× sinðϕ2k−2Þdϕ2k−2dϕ2k−1 ð27Þ

and

Z
π

0

ðsinϕÞ2idϕ ¼ ffiffiffi
π

p Γðiþ 1
2
Þ

Γðiþ 1Þ ð28Þ

we find, after doing the angular integrations, that

λi1i2���ik≡λs¼
ðnþkÞ!

ðn−sÞ!ðsþk−1Þ!
Z

R2

0

xsþk−1

ð1þxÞnþkþ1
dx: ð29Þ

For each value of s ¼ i1 þ i2 þ � � � þ ik, the eigenvalue λs
has a degeneracy ds ¼ ðsþ k − 1Þ!=s!ðk − 1Þ!.
The expression for the entanglement entropy is then

S¼
Xn
s¼0

ðsþk−1Þ!
s!ðk−1Þ! ½−λs logλs− ð1−λsÞ logð1−λsÞ�: ð30Þ

We will now evaluate the entanglement entropy using a
semiclassical approximation and relate this to the area of
the boundary of D. This is possible when the Uð1Þ charge
n, which controls the dimensionality of the lowest Landau
Hilbert space, becomes very large.

Making a change of variables to t ¼ x=ð1þ xÞ, the
expression for the eigenvalues λ in (29) can be written as

λs ¼
ðnþ kÞ!

ðsþ k − 1Þ!ðn − sÞ!
Z

t0

0

dttsþk−1ð1 − tÞn−s

¼ ðnþ kÞ!
ðsþ k − 1Þ!ðn − sÞ!Bðt0; sþ k; n − sþ 1Þ ð31Þ

where t0 ¼ R2=ð1þ R2Þ and Bðz;m1; m2Þ is the incom-
plete beta function. For large n this is amenable to a
semiclassical calculation as shown in [14]. We will follow
that derivation here. Equation (31) can be written as

λs ¼
ðnþ kÞ!

ðsþ k − 1Þ!ðn − sÞ!
Z

t0

0

dteFðtÞ;

FðtÞ ¼ ðsþ k − 1Þ log tþ ðn − sÞ logð1 − tÞ: ð32Þ

The maximum of FðtÞ occurs at t�¼ðsþk−1Þ=ðnþk−1Þ.
Expanding FðtÞ around t� we find that eF becomes a
Gaussian function centered around t�. In fact,

d2F
dt2

����
t�
¼ −

ðnþ k − 1Þ3
ðn − sÞðsþ k − 1Þ ð33Þ

which implies that the width of the Gaussian is very narrow
for all s. For small s the center of the Gaussian, t� ∼ 0, falls
within the range of integration and we find that λs ∼ 1. For
large s ∼ n the center of the Gaussian, t� ∼ 1 > t0, falls
outside the range of integration and therefore λs ∼ 0. The
middle of the transition occurs at s� such that t� ¼ t0,
namely

t�¼s�þk−1

nþk−1
¼ t0 ⇒

s�¼ t0ðnþk−1Þ−ðk−1Þ
n−s�¼ðnþk−1Þð1−t0Þ:

ð34Þ

Expanding FðtÞ around t0 in (35) we find

FðtÞ ¼ ðnþ k − 1Þ½t0 log t0 þ ð1 − t0Þ logð1 − t0Þ�

−
ðnþ k − 1Þ
2t0ð1 − t0Þ

ðt − t0Þ2 þ � � � : ð35Þ

Using this expression we find that for large n,

Z
t0

0

eFðtÞ ∼ eFðt0Þ
Z

t0

0

exp

�
−
ðnþ k − 1Þ
2t0ð1 − t0Þ

ðt − t0Þ2
�

¼ eFðt0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πt0ð1 − t0Þ
2ðnþ k − 1Þ

s
: ð36Þ

Substituting this in (32) and using Stirling’s formula
n! ¼ ffiffiffiffiffiffiffiffi

2πn
p ðn=eÞn, we find that
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λs� ≈
nþ k

2ðnþ k − 1Þ →
1

2
ð37Þ

for any t0. The value of t0 is controlled by R, which
characterizes the size of the spherical domain D and the
above calculation shows that λs is significantly different
from 0 or 1 only for s such that the corresponding wave
functions are localized very near the boundary of the
entangling surface.
For large n we can define a variable y ¼ s=ðnþ k − 1Þ,

0 ≤ y ≤ 1, and consider λ as a continuous function of y.
From what we have seen before λ → 1 as y → 0, λ → 0 as
y → 1 and λ → 1=2 as y → s�=ðnþ k − 1Þ ¼ t0. In deriv-
ing a semiclassical expression for the entanglement entropy
we will also need to calculate the derivative of λ at the
transition region, namely dλ

dy jy¼t0. For that we have to
calculate the difference λs�þi − λs� . For s ¼ s� þ i, the
maximum of FðtÞ occurs at

t1 ¼
s� þ k − 1

nþ k − 1
þ i
nþ k − 1

¼ t0 þ ϵ; ð38Þ

where ϵ ¼ i=ðnþ k − 1Þ ≪ 1 for small i and large n. We
now expand F in (32) around t1, but because the peak has
been shifted beyond the upper limit of integration, (36) will
give an extra contribution proportional to ϵ for small ϵ,

Z
t0

0

exp

�
−
ðnþk−1Þ
2t1ð1−t1Þ

ðt−t1Þ2
�
∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πt0ð1−t0Þ
2ðnþk−1Þ

s
−ϵ: ð39Þ

Using Stirling’s formula and taking ϵ → 0 we find

dλ
dy

����
y¼t0

¼ limϵ→0

λs�þi − λs�

ϵ

∼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k − 1

2πt0ð1 − t0Þ

s
þO

�
1ffiffiffi
n

p
�
: ð40Þ

Figures 1 and 2 show plots of λs for different values of k
and t0 ¼ R2=ð1þ R2Þ.
We found in (30) that the expression for the entangle-

ment entropy is

S ¼
Xn
s¼0

ðsþ k − 1Þ!
s!ðk − 1Þ! Hs;

Hs ¼ −λs log λs − ð1 − λsÞ logð1 − λsÞ: ð41Þ

It is clear from the Figs. 1 and 2 that Hs is nonzero only for
values of s very near the transition region where λs� ¼ 1=2.
We can then expand HðλðyÞÞ around the value λ ¼ 1=2,

HðλðyÞÞ ¼ Hðt0Þ þ
1

2

d2H
dy2

ðy − t0Þ2 þ � � � ð42Þ

where

dH
dy

����
y¼t0

¼ dH
dλ

dλ
dy

����
λ¼1=2

¼ 0;

d2H
d2y

����
y¼t0

¼ dH
dλ

d2λ
dy2

þ d2H
dλ2

�
dλ
dy

�
2
����
λ¼1=2

¼ −
4ðnþ k − 1Þ
2πt0ð1 − t0Þ

: ð43Þ

Since H has a narrow support around λ ¼ 1=2 it can be
approximated by the Gaussian

HðyÞ ¼ H0 exp

�
1

2

d2H
dλ2

�
dλ
dy

�
2

ðy − t0Þ2
�

¼ log 2 e−
ðnþk−1Þ

π log 2t0ð1−t0Þðy−t0Þ
2

: ð44Þ

We can rescale to s¼yðnþk−1Þ and s� ¼ t0ðnþ k − 1Þ −
ðk − 1Þ to obtain the semiclassical Gaussian approximation
to Hs as

R=1

t_0=0.5

200 400 600 800 1000

0.2

0.4

0.6

0.8

1.0

FIG. 1. Plots of λs as a function of s for k ¼ 1 (red), k ¼ 5 (blue
dashed) and n ¼ 1000 and R ¼ 1.

R=0.75

t_0=0.36

200 400 600 800 1000

0.2

0.4

0.6

0.8

1.0

FIG. 2. Plots of λs as a function of s for k ¼ 1 (red), k ¼ 5 (blue
dashed) and n ¼ 1000 and R ¼ 0.75.
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Hs;k ¼ log 2 exp

�
−

1

π log 2t0ð1 − t0Þ

×
ðsþ k − 1 − t0ðnþ k − 1ÞÞ2

nþ k − 1

�
: ð45Þ

Figures 3 and 4 show the validity of the Gaussian
approximation by comparing (45) to the exact expression
(41), (31).
We can now use (45) to analytically calculate the entropy

in (41) for large n by converting the sum into an integral
over the variable y,

S∼n
s�k−1

ðk−1Þ! log2
Z

1

0

exp

�
−

ðnþk−1Þ
π log2t0ð1− t0Þ

ðy− t0Þ2
�
dy

∼nk−
1
2

tk−10

ðk−1Þ!πðlog2Þ
3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t0ð1− t0Þ

p

∼nk−
1
2
πðlog2Þ3=2
ðk−1Þ!

R2k−1

ð1þR2Þk : ð46Þ

The fact that the entropy is proportional to the entangling
area R2k−1

ð1þR2Þk has to do with the fact that only wave functions

localized around the entanglement boundary with corre-
sponding eigenvalues λ ∼ 1=2 contribute to the entropy.
For k ¼ 1 this agrees with the result found in [2]. In the

case of the QHE on the sphere the entangling surface is a
circle of perimeterL ¼ 2π sin θ, where, based on the stereo-
graphic projection 2R=ð1þR2Þ¼sinθ. Scaling the radius of
the entangling surface by

ffiffiffiffiffiffiffiffi
n=2

p
(for QHE on S2 the

monopole charge, magnetic field and radius of the sphere
are related by n ¼ 2Br2) we find the area law quoted in [2]

Sðk ¼ 1Þ ¼
ffiffiffi
2

p ðlog 2Þ3=2
4

L ¼ 0.204L: ð47Þ

The normalized volume element (13), upon angular
integration can be written in terms of the radial variable
ρ defined in (26)

dμ ¼ k!
πk

d2z1 � � � d2zk
ð1þ z̄ · zÞkþ1

¼ 2k
ρ2k−1

ð1þ ρ2Þk
dρ

1þ ρ2
ð48Þ

where eρ ¼ dρ=ð1þ ρ2Þ is the vierbein along the radial
direction ρ. This defines the geometric area of the entan-
gling surface (with volume normalized to 1) to be
Ageom ¼ 2k R2k−1

ð1þR2Þk. On the other hand the phase-space

volume which is proportional to the degrees of freedom
is Vphase space ¼ nk

k!

R
dμ. This then defines a phase-space

surface area

Aphase space ¼
nk−

1
2

k!
Ageom ¼ 2

nk−
1
2

ðk − 1Þ!
R2k−1

ð1þ R2Þk : ð49Þ

Scaling the entanglement entropy in (46) in terms of this
phase-space area we derive a universal expression valid in
all dimensions, with a proportionality constant independent
of k, namely

S ∼
π

2
ðlog 2Þ3=2Aphase space: ð50Þ

B. CP2 and non-Abelian magnetic field background

Thederivation of the entanglement entropy in the case of a
non-Abelian background magnetic field is more involved.
As mentioned in Sec. II the LLL states form irreducible
representations of SUðkþ 1Þ of the form T l0

p, where
p ¼ n − l0

k and l0 ¼ jk; j ¼ 1; 2;…. We will elucidate the
calculation of the entanglement entropy for the special case
ofCP2with a non-Abelianmagnetic fieldUð1Þ × SUð2Þ for
the lowest value of l0, namely l0 ¼ k ¼ 2 andp ¼ n − 1. The
derivation for other values of k and l0 follows similar ideas.
The dimension of this representation and therefore the
degeneracy of the corresponding LLL is [11]
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FIG. 3. Plots of Hs exact (red) and Gaussian approximation
(blue dashed) as a function of s for k ¼ 1 and n ¼ 1000
and R ¼ 1.
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FIG. 4. Plots of Hs exact (red) and Gaussian approximation
(blue dashed) as a function of s for k ¼ 5 and n ¼ 1000
and R ¼ 1.
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N ¼ 3nðnþ 3Þ
2

: ð51Þ

In identifying the correspondingwave functionswe consider
the states hmjĝjwi, where the states on the right are of the
form T 2

p with two up indices and transforming as the J̃ ¼ 1

triplet representation of SUð2Þ ∈ SUð3Þ. [Since the lowest
allowed value for l0 is 2, based on (15) and following
comments, the doublet representation is not allowed for
CP2.] The corresponding group elements in the appropriate
representation can be constructed in terms of products of
elements of the 3 × 3matrix gwhich forms the fundamental
representation of SUð3Þ and its conjugate g�. We need p
copies of g and two copies of g� to match the structure of the
T 2

p representation. In terms of these matrices, choosing the
state jwi as explained above, we get

hi1i2; j1 � � � jpjĝj3 � � � 3; αβi ∼ g�i1αg�i2βgj13 � � � gjp3 ð52Þ

where i, j ¼ 1, 2, 3 and α, β ¼ 1, 2. Within (52) there are
three distinct series, each one forming an SUð2Þ multiplet
under the left transformations, and all of them together
comprising the full ν ¼ 1 lowest Landau level SUð3Þ
representation. The three such series are of the form:

Series 1

Ψð1Þ
ðαβÞ ∼ g�3αg�3βðg13Þlðg23Þm−lðg33Þn−1−m ð53Þ

where l ¼ 0;…; m and m ¼ 0;…; n − 1. For each m, (53)
form an SUð2Þ left representation with j ¼ m=2. There areP

n−1
0 ðmþ 1Þ ¼ nðnþ 1Þ=2 such states.

Series 2

Ψð2Þ
ðαβÞ∼ðg�γαg�3βþg�3αg�γβÞðg13Þlðg23Þm−lðg33Þn−1−m: ð54Þ

For each m, (54) form an SUð2Þ left representation with
j ¼ ðmþ 1Þ=2. There are

P
n−1
0 ðmþ 2Þ ¼ nðnþ 3Þ=2

such states.

Series 3

Ψð3Þ
ðαβÞ∼ðg�γαg�δβþg�γβg�δαÞðg13Þlðg23Þm−lðg33Þn−1−m: ð55Þ

For each m, (55) form an SUð2Þ left representation with
j ¼ ðm=2Þ þ 1. There are

P
n−1
0 ðmþ 3Þ ¼ nðnþ 5Þ=2

such states.
Considering all three series together, the total number of

states are N ¼ 3nðnþ 3Þ=2 confirming the result in (51).
We now proceed to normalize the above wave functions. In
doing so we will use the fact that the elements gi3 can be
written in terms of the complex coordinates parametrizing
CP2, namely

gα3 ¼
zαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ z̄ · z
p ; α ¼ 1; 2;

g33 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ z̄ · z
p ð56Þ

where z̄ · z ¼ z̄1z1 þ z̄1z1.
States, with the correct normalization within each series,

can be explicitly constructed by starting with the highest
weight state and applying the lowering operator J− as
follows:

J−g13 ¼ g23; J−g23 ¼ 0;

J−g�2i ¼ −g�1i; J−g�1i ¼ 0: ð57Þ

1. Series 1 normalization

The highest weight state within this SUð2Þ multiplet is
the state of the form

jJ; Ji ¼ C1g�3αg�3βðg13Þmðg33Þn−1−m ð58Þ
where C1 is the normalization factor to be determined. The
rest of the states are obtained by applying the lowering
operator J− whose action is indicated in (57), namely

jJ; J − li ¼ C1g�3αg�3βðg13Þm−lðg23Þlðg33Þn−1−m ð59Þ

where l ¼ 0; 1;…; m. Using (58) and the fact that g†g ¼ 1
we find that

X
αβ

Ψ�ð1Þ
αβ Ψð1Þ

αβ ¼jC1j2
�
1−

1

1þ z̄ ·z

�
2ðz̄1z1Þm−lðz̄2z2Þl

ð1þ z̄ ·zÞn−1 : ð60Þ

The CP2 volume element is dμ ¼ 2
π2

d2z1d2z2
ð1þz̄·zÞ3. Using the

relation

Z ðz̄1z1Þlðz̄2z2Þm
ð1þ z̄ · zÞnþ1

dμ ¼ 2
l!m!ðnþ 1 − l −mÞ!

ðnþ 3Þ! ð61Þ

we find that the correctly normalized wave function is of
the form

Ψð1Þ
ðl;m;αβÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 3Þ!

2l!ðm − lÞ!ðmþ 2Þðmþ 3Þðn − 1 −mÞ!

s

× g�3αg�3βðg13Þm−lðg23Þlðg33Þn−1−m ð62Þ
where l ¼ 0; 1;…; m.

2. Series 2 normalization

The highest weight state within this SUð2Þ multiplet is
given by

jJ; Ji ¼ C2ðg�2αg�3β þ g�3αg�2βÞðg13Þmðg33Þn−1−m: ð63Þ
Acting with the lowering operator J− as before we obtain
the rest of the states which are of the form
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jJ; J − li ¼ C2

�
−l

m!

ðm − lþ 1Þ! ðg
�1αg�3β þ g�3αg�1βÞðg13Þm−lþ1ðg23Þl−1

þ m!

ðm − lÞ! ðg
�2αg�3β þ g�3αg�2βÞðg13Þm−lðg23Þl

�
ðg33Þn−1−m ð64Þ

where l ¼ 0; 1;…; mþ 1. Using again the relation (61) we find the normalized wave functions to be of the form

Ψð2Þ
ðl;m;αβÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 3Þ!

4l!ðm − lþ 1Þ!ðmþ 1Þðmþ 3Þðnþ 1Þðn − 1 −mÞ!

s

× ½−lðg�1αg�3β þ g�3αg�1βÞðg13Þm−lþ1ðg23Þl−1
þ ðm − lþ 1Þðg�2αg�3β þ g�3αg�2βÞðg13Þm−lðg23Þl�ðg33Þn−1−m; ð65Þ

l ¼ 0; 1;…; mþ 1.

3. Series 3 normalization

The highest weight state in series 3 is given by

jJ; Ji ¼ C3g�2αg�2βðg13Þmðg33Þn−1−m: ð66Þ

Every other state in this multiplet is constructed as before by applying l times the lower operator J−, producing

jJ; J − li ¼ C3

�
m!

ðm − lÞ! g
�2αg�2βðg23Þlðg13Þm−l

− l
m!

ðm − lþ 1Þ! ðg
�1αg�2β þ g�2αg�1βÞðg13Þm−lþ1ðg23Þl−1

þ lðl − 1Þ m!

ðm − lþ 2Þ! g
�1αðg13Þm−lþ2ðg23Þl−2

�
ðg33Þn−1−m ð67Þ

where l ¼ 0; 1;…; mþ 2. Using (61) we find the normalized wave functions to be of the form

Ψð3Þ
ðl;m;αβÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 3Þ!

2l!ðm − lþ 2Þ!ðmþ 1Þðmþ 2Þðnþ 1Þðnþ 2Þðn − 1 −mÞ!

s

× ½lðl − 1Þg�1αg�1βðg13Þm−lþ2ðg23Þl−2 − lðm − lþ 2Þðg�1αg�2β þ g�2αg�1βÞðg13Þm−lþ1ðg23Þl−1
þ ðm − lþ 1Þðm − lþ 2Þg�2αg�2βðg13Þm−lðg23Þl�ðg33Þn−1−m; ð68Þ

l ¼ 0; 1;…; mþ 2.
The analog of the two-point correlator (22) carries now

non-Abelian indices and is given by

Cabðr; r0Þ ¼
X
A

Ψ�
A;aðrÞΨA;bðr0Þ ð69Þ

where we have denoted collectively the left indices by
A ¼ ðl; mÞ and the right (non-Abelian) indices by
a ¼ ðαβÞ. The diagonalization of Cabðr; r0Þ gives

X
b

Z
Cabðr; r0ÞΨ�

A;bðr0Þdμ0 ¼ λΨ�
A;aðrÞ ð70Þ

where the eigenvalues λ are defined

λ ¼
X
a

Z
D
Ψ�

A;aðrÞΨA;aðrÞdμðrÞ: ð71Þ

In deriving this we used the fact the wave functions (62),
(65), (68) are orthogonal to each other.
We find that there are three distinct expressions for λ’s,

one for each of the SUð2Þmultiplets described above. After
performing the angular integration in (71) using (27) and
(28) we find
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λð1Þs ¼ ðnþ 3Þ!
ðsþ 3Þ!ðn − 1 − sÞ!

Z
R2 dx
ð1þ xÞnþ4

xsþ3;

λð2Þs ¼ ðnþ 3Þ!
ðsþ 2Þ!ðn − 1 − sÞ!ðnþ 1Þ

Z
R2 dx
ð1þ xÞnþ4

�
xsþ2 þ sþ 1

sþ 3
xsþ3

�
;

λð3Þs ¼ ðnþ 3Þ!
ðsþ 1Þ!ðn − 1 − sÞ!ðnþ 1Þðnþ 2Þ

Z
R2 dx
ð1þ xÞnþ4

�
xsþ1 þ 2ðsþ 1Þ

sþ 2
xsþ2 þ sþ 1

sþ 3
xsþ3

�
ð72Þ

with the corresponding degeneracy sþ 1, sþ 2 and sþ 3. As R2 → ∞, λðIÞs → 1 confirming the correct normalization for
the wave functions.
The expression for the entanglement entropy for the non-Abelian lowest Landau level states for CP2 can now be

written as

S ¼
Xn−1
s¼0

½ðsþ 1ÞHð1Þ
s þ ðsþ 2ÞHð2Þ

s þ ðsþ 3ÞHð3Þ
s �

HðIÞ
s ¼ −λðIÞs log λðIÞs − ð1 − λðIÞs Þ logð1 − λðIÞs Þ ð73Þ

with the λðIÞ’s given in (72).
We will now show that λðIÞ’s in (72) can be related to the Abelian ones in (31) making a semiclassical calculation of (73)

similar to the Abelian case. Making a change of variables to t ¼ x=ð1þ xÞ as before we find that (72) can be written as

λð1Þs ¼ ðnþ 3Þ!
ðsþ 3Þ!ðn − s − 1Þ!

Z
t0

0

dt tsþ3ð1 − tÞn−s−1;

λð2Þs ¼ ðnþ 3Þ!
ðsþ 2Þ!ðn − s − 1Þ!ðnþ 1Þ

Z
t0

0

dt

�
tsþ2ð1 − tÞn−m−1 −

2tsþ3ð1 − tÞn−s−1
sþ 3

�
;

λð3Þs ¼ ðnþ 3Þ!
ðsþ 1Þ!ðn − s − 1Þ!ðnþ 1Þðnþ 2Þ

Z
t0

0

dt

�
tsþ1ð1 − tÞn−s−1 − 2tsþ2ð1 − tÞn−s−1

sþ 2
þ 2tsþ3ð1 − tÞn−s−1

ðsþ 2Þðsþ 3Þ
�
: ð74Þ

Comparing these to the Abelian CPk values (31) which we denote by λðAbÞ we find the following relations,

λð1Þs;k¼2 ¼ λðAbÞsþ1;k¼3;

λð2Þs;k¼2 ¼
nþ 3

nþ 1
λðAbÞsþ1;k¼2 −

2

nþ 1
λðAbÞsþ1;k¼3;

λð3Þs;k¼2 ¼
nþ 3

nþ 1
λðAbÞsþ1;k¼1 −

2ðnþ 3Þ
ðnþ 1Þðnþ 2Þ λ

ðAbÞ
sþ1;k¼2 þ

2

ðnþ 1Þðnþ 2Þ λ
ðAbÞ
sþ1;k¼3: ð75Þ

At the large-n limit the non-Abelian eigenvalues λðIÞ for k ¼ 2 coincide with the Abelian ones for k ¼ 1, 2, 3
correspondingly,

λð1Þs;k¼2 ¼ λðAbÞsþ1;k¼3; λð2Þs;k¼2 ∼ λðAbÞsþ1;k¼2; λð3Þs;k¼2 ∼ λðAbÞsþ1;k¼1: ð76Þ

Similarly, at the large-n limit, the non-Abelian entropy (73) becomes a multiple of the Abelian one in (46)

S ¼
Xn−1
s¼0

½ðsþ 1ÞHð1Þ
s;k¼2 þ ðsþ 2ÞHð2Þ

s;k¼2 þ ðsþ 3ÞHð3Þ
s;k¼2�

∼
Xn−1
s¼0

½ðsþ 1ÞHðAbÞ
sþ1;k¼3 þ ðsþ 2ÞHðAbÞ

sþ1;k¼2 þ ðsþ 3ÞHðAbÞ
sþ1;k¼1�

∼ 3n3=2πðlog 2Þ3=2 R3

ð1þ R2Þ2 ¼ 3SðAbÞ: ð77Þ
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The overall factor of 3 relating the non-Abelian entangle-
ment entropy to the Abelian one above has to do with
the fact that each lowest Landau state is an SUð2Þ triplet,
dim J̃ ¼ 3. Although the calculation of the entropy in
the case of a non-Abelian background was explicitly
done for CP2 and the triplet representation, one expects
a more general statement to hold. In the large-n limit
the degeneracy of the LLL in a case of a non-Abelian
background is [10,11]

N ∼ dim J̃
nk

k!
: ð78Þ

The corresponding phase-space volume in this case is
Vphase space ¼ dim J̃ nk

k!

R
dμ and the corresponding phase-

space surface area is

Aphase space ¼ n
2k−1
2
dim J̃
k!

Ageom

¼ nk−
1
2
2 dim J̃
ðk − 1Þ!

R2k−1

ð1þ R2Þk : ð79Þ

Expressed in terms of the phase-space surface area the
overall coefficient in the expression for the entanglement
entropy is the same for any Abelian or non-Abelian
background at large n,

S ∼
π

2
ðlog 2Þ3=2Aphase space: ð80Þ

IV. HIGHER LANDAU LEVELS

In this section we will consider the entropy for higher
Landau levels focusing in particular on some of the
differences in the behavior of the eigenvalues λ between
the lowest Landau level q ¼ 0, the first excited Landau
level q ¼ 1 and the case of ν ¼ 2 where both levels are
filled. We will only consider the k ¼ 1 case, QHE on the
sphere. Similar features apply for higher k.
The wave functions for the qth Landau level are of the

form

ΨJ
mðgÞ ¼

ffiffiffiffi
N

p
hJ;mjgjJ; ni ð81Þ

where J ¼ n=2þ q and dim J ¼ nþ 2qþ 1. The state
jJ; ni is not the lowest weight state of the J representation.
The lowest weight state is the LLL state with n → nþ 2q.
The q ¼ 1 states can therefore be generated by the action of
R̂þ on the LLL states with n → nþ 2. In the case of the
sphere the representation of the R̂i-operators is of the form

R̂þ ¼ −ϵαβu�α
∂
∂uβ ; R̂− ¼ ϵαβuα

∂
∂u�β ;

R̂3 ¼
X
α

1

2

�
−uα

∂
∂uα þ u�α

∂
∂u�α

�
ð82Þ

where

uα ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ z̄z
p

�
z

1

�
: ð83Þ

The R̂-operators satisfy the SUð2Þ algebra

½R̂þ; R̂−� ¼ 2R̂3: ð84Þ

Based on the argument above the correctly normalized
wave functions of the q ¼ 1 Landau level are

Ψq¼1
s ¼ ffiffiffiffiffiffiffiffiffiffiffi

nþ 3
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ!

s!ðnþ 2 − sÞ!

s
R̂þðus1unþ2−s

2 Þ

¼ ffiffiffiffiffiffiffiffiffiffiffi
nþ 3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðnþ 1Þ!
s!ðnþ 2 − sÞ!

s

×

�
−ðnþ 2Þz̄zsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ zz̄Þnþ2

p þ szs−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ zz̄Þnp �
: ð85Þ

The corresponding eigenvalues of the two-point correlator
are now of the form

λðq¼1Þ
s ¼ ðnþ 3Þ!

ðnþ 2Þs!ðnþ 2 − sÞ!

×
Z

R2

dx
xs−1

ð1þ xÞnþ4
½ðnþ 2 − sÞx − s�2: ð86Þ

Changing variables to x ¼ t
ð1−tÞ as before we can rewrite the

eigenvalues as

λðq¼1Þ
s ¼ðnþ3Þ!ðnþ2Þ

s!ðnþ2− sÞ!
Z

t0

0

dtts−1ð1− tÞn−sþ1

�
t−

s
nþ2

�
2

:

ð87Þ

The eigenvalue λðq¼1Þ
s as a function of s is similar to λðq¼0Þ

s

away from the transition region, but it displays a distinct
steplike pattern around the transition s ¼ t0ðnþ 2Þ, as
shown in Figs. 5 and 6. The reason for this has to do with
the fact that the wave functions (85) have a node. Since they
are generated by the action of Rþ on the LLL wave
functions of monopole charge nþ 2 they are necessarily
orthogonal to them. Since the LLL wave functions are
nonzero and have no node, orthogonality requires that the
first level Landau wave functions must have a node. Higher
Landau level wave functions acquire more nodes and one
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expects more steps around the transition region for the
corresponding eigenvalues λ. In fact based on the obser-
vation that the qth level states can be written, up to
normalization, as R̂q

þjLLL; n → nþ 2qi one can argue
that the wave functions will have q nodes and the profile of
the corresponding λ will display q distinct steps. A similar
steplike pattern was observed in [15] for the higher Landau
edge density functions for circular samples.
One can try to repeat the semiclassical analysis we did

before for the first Landau level. Equation (87) can be
written as

λs ¼
ðnþ 3Þ!ðnþ 2Þ
s!ðnþ 2 − sÞ!

Z
t0

0

dteFðtÞ
�
t −

s
nþ 2

�
2

;

FðtÞ ¼ ðs − 1Þ log tþ ðn − sþ 1Þ logð1 − tÞ: ð88Þ

The maximum of FðtÞ occurs at t� ¼ ðs − 1Þ=n. Expanding
FðtÞ around t� we find that eF becomes a Gaussian function
of narrow width centered around t�. In fact,

d2F
dt2

����
t�
¼ −

n3

ðn − sþ 1Þðs − 1Þ : ð89Þ

Around the transition region the main contribution of the
integral comes from the range of s around s� such that
t� ¼ t0, namely

t� ¼ s�−1

n
¼ t0 ⇒ s� ¼ t0nþ1; n−s� þ1¼nð1− t0Þ:

ð90Þ

We now evaluate the integral in (88) by expanding the
integrand around t0. In expanding ðt − s=ðnþ 2ÞÞ2 around
t0 we find that the large-n contribution comes from the
ðt − t0Þ2 term. The constant and linear term in t are
suppressed by powers of n,

Z
t0

0

eFðtÞ
�
t −

s
nþ 2

�
2

∼ eFðt0Þ
Z

t0

0

exp

�
−

n
2t0ð1 − t0Þ

ðt − t0Þ2
�
ðt − t0Þ2

¼ eFðt0Þ
ffiffiffi
π

p
4n

ffiffiffi
n

p ð2t0ð1 − t0ÞÞ3=2: ð91Þ

Substituting this in (88) and using Stirling’s formula
n! ¼ ffiffiffiffiffiffiffiffi

2πn
p ðn=eÞn, we find that

λðq¼1Þ
s� ¼ 1

2
ð92Þ

independent of t0 which is of course what is expected.
Although the semiclassical treatment above is sufficient

to capture the value of λðq¼1Þ at the transition point, the

evaluation of Hðq¼1Þ
s is more involved since it cannot be

approximated by a simple Gaussian due to the steplike

pattern for λðq¼1Þ. Hðq¼1Þ
s will remain approximately flat in

the steplike region, so higher derivatives around s� will be
important to capture the correct behavior around the
transition region. Figures 7 and 8 display the plots of

Hðq¼1Þ
s around λ ¼ 1=2 based on the numerical evaluation
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FIG. 7. Plot of Hðq¼1Þ
s as a function of s for n ¼ 1000 and

R ¼ 1.
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FIG. 5. Plot of λðq¼1Þ
s as a function of s for k ¼ 1, n ¼ 1000 and

R ¼ 1.
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FIG. 6. Plot of λðq¼1Þ
s as a function of s for k ¼ 1, n ¼ 1000 and

R ¼ 0.75.
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of the exact expressions in (41) and (87). This clearly shows
a deviation from the Gaussian distribution (see also
Fig. 13). As a result the entropy for the first Landau level
is larger than the entropy of the LLL even though the
number of states are approximately the same at large n
(nþ 1 states for q ¼ 0 and nþ 3 states for q ¼ 1). A
numerical evaluation of the entropy shows that it obeys an
area law and it gives

Sðq¼1Þ ¼ 1.65Sðq¼0Þ: ð93Þ

When both q ¼ 0 and q ¼ 1 levels are filled, namely
ν ¼ 2, the situation is more involved as there are overlaps
between the wave functions of different Landau levels. In
particular,

δλs;s0 ¼
Z

R2

0

Ψ�ðq¼0Þ
s ðrÞΨðq¼1Þ

s0 ðrÞdμ

¼ δsþ1;s0
ðnþ 1Þ!
s!ðn − sÞ!

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 3

ðsþ 1Þðnþ 1 − sÞ

s

×
Z

R2

0

�
−
ðnþ 2Þxsþ1

xnþ3
þ ðsþ 1Þxs

xnþ2

�
: ð94Þ

The two-point correlator now is given by

Cðr; r0Þ ¼
Xn
s¼0

Ψ�0
s ðrÞΨ0

sðr0Þ þ
Xnþ2

s¼0

Ψ�1
s ðrÞΨ1

sðr0Þ ð95Þ

and

Z
Cðr;r0Þ

� Ψ�0
s ðr0Þ

Ψ�1
sþ1ðr0Þ

�
dμ0 ¼

�
λ0s δλs;sþ1

δλs;sþ1 λ1sþ1

�� Ψ�0
s ðrÞ

Ψ�1
sþ1ðrÞ

�

ð96Þ

where λ0, λ1 are the eigenvalues we derived earlier for the
lowest and first Landau level and δλ is the overlap in (94).

There are 2nþ 4 eigenvalues for the two-point correlator
given by λ10; λ̃

�
s ; λ1nþ2, where s ¼ 0;…; n and

λ̃�s ¼
λ0s þ λ1sþ1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλ0s − λ1sþ1Þ2 þ 4ðδλs;sþ1Þ2

q
2

: ð97Þ

The interesting feature here is that once both Landau levels
are included the steplike pattern in the profile of λ1

disappears. The profile of the new λ̃� resembles that of
λ0 but shifted with respect to λ0; see Figs. 9 and 10. As a
result the corresponding entropy per mode H̃�

s , where

H̃�
s ¼ −λ̃�s log λ̃�s − ð1 − λ̃�s Þ logð1 − λ̃�s Þ ð98Þ

are Gaussian distributions each centered around the value
of s for which λ̃� ¼ 1=2 as shown in Figs. 11 and 12.
Figure 13 shows a comparison between Hðq¼0Þ; Hðq¼1Þ and
Hðν¼2Þ which explains the differences in the values of the
corresponding entropies, namely
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FIG. 8. Plot of Hðq¼1Þ
s as a function of s for n ¼ 1000 and

R ¼ 0.75.
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FIG. 9. Plots of λ̃þ (red to the right), λ̃− (blue to the left) as
functions of s for n ¼ 1000 and R ¼ 1, compared to λ0 (dashed,
center).
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FIG. 10. Plots of λ̃þ (red to the right), λ̃− (blue to the left) as
functions of s for n ¼ 1000 and R ¼ 0.75, compared to λ0

(dashed, center).
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Sðν¼2Þ > Sðq¼1Þ > Sðν¼1Þ: ð99Þ

A numerical evaluation of the entropy for the ν ¼ 2 case
gives

Sðν¼2Þ ¼ 1.76Sðν¼1Þ: ð100Þ

This agrees with the result in [2].

V. DISCUSSION

In this paper we have analyzed the entanglement entropy
for fully filled ν ¼ 1 higher-dimensional quantum Hall
effect onCPk for Abelian and non-Abelian magnetic fields.
The analytical calculation is based on a semiclassical

analysis and we have showed that the entropy satisfies
the area law. In fact the entropy as expressed in terms of a
phase-space entangling surface area has the same propor-
tionality constant for all higher dimensions irrespective of
the Abelian or non-Abelian nature of the background
magnetic field. It will be interesting to see if a similar
universal formula can be obtained for higher Landau levels.
In the presence of edge degrees of freedom the entan-

glement entropy for the two-dimensional integer quantum
Hall effect develops subleading logarithmic contributions
[6] It has been shown in the two-dimensional ν ¼ 1
quantum Hall effect that when the edge boundary intersects
the boundary of the entangling surface there is an additional
logarithmic contribution whose coefficient is determined
by the central charge of the gapless edge modes [7,8]. In the
context of higher-dimensional quantum Hall effect we have
previously analyzed the analogs of higher-dimensional
chiral Abelian and non-Abelian droplets, the edge spectrum
and corresponding effective actions [11]. It would be
interesting therefore to extend the analysis of the entangle-
ment entropy to these cases where the entangling surface
and edge boundary overlap in higher dimensions and
calculate the corresponding subleading corrections to the
area law for the entanglement entropy.
Similar considerations for higher Landau levels in both

two and higher dimensions are also worth pursuing.
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FIG. 12. Plot of H̃þ þ H̃− as function of s for n ¼ 1000 and
R ¼ 1.
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FIG. 13. Plots of Hðν¼1Þ (black, dashed), Hðq¼1Þ (red, dotted)
andHðν¼2Þ (blue, solid) as functions of s for n ¼ 1000 and R ¼ 1.
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FIG. 11. Plots of H̃þ (red to the right) and H̃− (blue to the left)
as functions of s for n ¼ 1000 and R ¼ 1.
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