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The propagation of electromagnetic waves in vacuum is often described within the geometrical optics
approximation, which predicts that wave rays follow null geodesics. However, this model is valid only in
the limit of infinitely high frequencies. At large but finite frequencies, diffraction can still be negligible, but
the ray dynamics becomes affected by the evolution of the wave polarization. Hence, rays can deviate from
null geodesics, which is known as the gravitational spin Hall effect of light. In the literature, this effect has
been calculated ad hoc for a number of special cases, but no general description has been proposed. Here,
we present a covariant Wentzel-Kramers-Brillouin analysis from first principles for the propagation of light
in arbitrary curved spacetimes. We obtain polarization-dependent ray equations describing the gravitational
spin Hall effect of light. We also present numerical examples of polarization-dependent ray dynamics
in the Schwarzschild spacetime, and the magnitude of the effect is briefly discussed. The analysis reported
here is analogous to that of the spin Hall effect of light in inhomogeneous media, which has been

experimentally verified.
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I. INTRODUCTION

The propagation of electromagnetic waves in curved
spacetime is often described within the geometrical optics
approximation, which applies in the limit of infinitely high
frequencies [1,2]. In geometrical optics, Maxwell’s equa-
tions are reduced to a set of ray equations and a set of
transport equations along these rays. The ray equations are
the null geodesics of the underlying spacetime, and the
transport equations govern the evolution of the intensity
and the polarization vector. In particular, the geometrical
optics approximation predicts that the ray equations deter-
mine the evolution of the polarization vector and there is no
backreaction from the polarization vector onto the ray
equations. However, this model is valid only in the limit of
infinitely high frequencies, and there has been interest in
calculating the light propagation more accurately. At large
but finite frequencies, diffraction can still be negligible but
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rays can deviate from geodesics. This is known as the
gravitational spin Hall effect of light [3].

The mechanism behind the spin Hall effect is the spin-
orbit interaction [4], i.e., the coupling of the wave polari-
zation (spin) with the translational (orbital) motion of the
ray as a particle, resulting in polarization(spin)-dependent
rays. Related phenomena are found in many areas of
physics. In condensed matter physics, electrons traveling
in certain materials experience a spin Hall effect, resulting
in spin-dependent trajectories, and spin accumulation on
the lateral sides of the material [5,6]. The effect was
theoretically predicted by Dyakonov and Perel in 1971
[7.,8], followed by experimental observation in 1984 [9] and
2004 [10]. In optics, the polarization-dependent deflection
of light traveling in an inhomogeneous medium is known as
the spin Hall effect of light [4,11]. The effect was predicted
by several authors [12—18] and has recently been verified
experimentally by Hosten and Kwiat [19] and also by
Bliokh er al. [20]. The spin Hall effect of light provides
corrections to the geometrical optics limit, which scale
roughly with the inverse of frequency. This, and several
other effects, can be explained in terms of the Berry
curvature [4,20-22].

There are several approaches aiming to describe the
dynamics of spinning particles or wave packets in general
relativity. Using a multipole expansion of the energy-
momentum tensor, the dynamics of massive spinning test
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particles has been extensively studied in the form of the
Mathisson-Papapetrou-Dixon equations [23-27]. A mass-
less limit of these equations was derived by Souriau and
Saturnini [28,29], and particular examples adapted to
certain spacetimes have been discussed in Refs. [30-32].
Another commonly used method is the Wentzel-Kramers-
Brillouin (WKB) approximation for various field equations
on curved spacetimes. For massive fields, this has been
done in Refs. [33,34] by considering a WKB approxima-
tion for the Dirac equation. For massless fields, using a
WKB approximation for Maxwell’s equations on a sta-
tionary spacetime, Frolov and Shoom derived polarization-
dependent ray equations [35,36] (see also Refs. [37-40]).
With methods less familiar in general relativity, using the
Foldy-Wouthuysen transformation for the Bargmann-
Wigner equations in a perturbative way, Gosselin et al.
derived ray equations for photons [41] and electrons [42]
traveling in static spacetimes (see also Refs. [43—45]). The
gravitational spin Hall effect of gravitational waves was
also considered in Refs. [37,46]. However, as discussed in
Ref. [3], there are inconsistencies between the predictions
of these different models, and some of these models only
work in particular spacetimes.

In this work, we are concerned with describing the
propagation of electromagnetic waves in curved spacetime
beyond the traditional geometrical optics approximation.
We carry out a covariant WKB analysis of the vacuum
Maxwell’s equations, closely following the derivation of
the spin Hall effect in optics [20,47,48], as well as the
work of Littlejohn and Flynn [49]. As a result, we derive
ray equations that contain polarization-dependent correc-
tions to those of traditional geometrical optics and capture
the gravitational spin Hall effect of light. As in optics,
these corrections can be interpreted in terms of the
Berry curvature. To illustrate the effect, we give some
numerical examples of the effective ray trajectories in the
Schwarzschild spacetime.

Our paper is organized as follows. In Sec. II, we start
by introducing the variational formulation of the vacuum
Maxwell’s equations. Then, we present the specific form of
the WKB ansatz to be used, discuss the role of the Lorenz
gauge condition, and state the assumptions that we are
considering on the initial conditions. In Sec. III, we present
the WKB approximation of the field action and the
corresponding Euler-Lagrange equations. After analyzing
these equations at each order in the geometrical optics
parameter €, we obtain the well-known results of geomet-
rical optics. The dynamics of the polarization vector is
expressed in terms of the Berry phase. Finally, we derive an
effective Hamilton-Jacobi system that contains O(e) cor-
rections over the standard geometrical optics results. In
Sec. IV, we use the corrected Hamilton-Jacobi equation to
derive the ray equations that account for the gravitational
spin Hall effect of light. The gauge invariance of these
equations is discussed, and noncanonical coordinates are

introduced. In Sec. V, we present some basic examples. For
Minkowski spacetime, we analytically show how the
effective ray equations reproduce the relativistic Hall effect
[50] and the Wigner translations of polarized electromag-
netic wave packets [51]. Using numerical computations, we
consider the effective ray equations on a Schwarzschild
background and compare with the results of Gosselin et al.
[41]. The magnitude of the effect is also estimated numeri-
cally. A summary of the main results, including the
effective Hamiltonian and the effective ray equations,
can be found in Sec. VL.

A. Notations and conventions

We consider an arbitrary smooth Lorentzian manifold
(M, g,,), where the metric tensor g, has signature —+-+-.
The absolute value of the metric determinant is denoted as
g = |detg,,|. The phase space is defined as the cotangent
bundle 7*M, and phase space points are denoted as (x, p).
The Einstein summation convention is assumed. Greek
indices represent spacetime indices and run from O to 3.
Latin indices from the beginning of the alphabet,
(a,b,c,...), represent tetrad indices and run from 0 to
3. Latin indices from the middle of the alphabet,
(i, j,k,...), label the components of 3-vectors and run
from 1 to 3. For the curvature, we use the conventions of
Hawking and Ellis [52]. Finally, we use the O notation as
follows: a scalar function f depending on a parameter ¢
satisfies f(e) = O(e”) if there is a constant M such that
|f(€)] < Me* for small e.

II. MAXWELL’S EQUATIONS AND THE WKB
APPROXIMATION

A. Lagrangian formulation of Maxwell’s equations

Electromagnetic waves in vacuum can be described by
the electromagnetic tensor F 4. This is a skew-symmetric
real 2-form, which satisfies the vacuum Maxwell’s equa-
tions [1, Sec. 22.4]

VeF =0, VioF ) = 0. (2.1)
Solutions to Maxwell’s equations can also be represented
by introducing the electromagnetic four-potential A,
which is a real 1-form. Then, the electromagnetic tensor
can be expressed as

Fap =2V Ay, (2.2)
and Eq. (2.1) becomes [1, Sec. 22.4]
blA;=0, DS =VIV, -5V, (23)

This equation can be obtained as the Euler-Lagrange
equation of the following action:
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1 1 A
J:—/ d*x\/gF s F P :—/ d*x\/gAD,SAs.  (2.4)
4 Ju 2 Ju

where the last equality is obtained using integration
by parts.

B. WKB ansatz

We assume that the vector potential admits a WKB
expansion of the form

Aq(x) = Re[A,(x, k(x), €)eSM/e],
Aq(x, k(x), €) = Agy(x, k(x)) 4 €A 4(x, k(x)) + O(€),
(2.5)

where S is a real scalar function, A, is a complex amplitude,
and ¢ is a small expansion parameter. The gradient of § is
denoted as

k,(x) = V,S(x). (2.6)
Note that the ansatz (2.5) differs from the classical
WKB ansatz since the complex amplitude A, depends
on the phase gradient k,(x). In other words, we assume
that A, is defined on the Lagrangian submanifold
x> (x,k(x)) € T*"M. Such a dependency can be found
in standard textbooks, for example, Ref. [53, Sec. 3.3]. Up
to an application of the chain rule, our Eq. (2.5) is
equivalent to the standard WKB ansatz. In particular, the
dependency of A in k appears naturally in the geometrical
optics equation (3.16), and we observe in Sec. III D that
the polarization vector and the polarization basis naturally
depend on k, which is why the k dependence was intro-
duced in Eq. (2.5).

The limit € < 1 indicates that the phase of the vector
potential rapidly oscillates and its variations are much faster
than those corresponding to the amplitude A,(x, k, €). The
role of the expansion parameter ¢ becomes clear if we
consider a timelike observer traveling along the worldline
A+ y*(4) with proper time A. This observer measures the
frequency

P ka

w = s
€

(2.7)

where * = dy*/dA is the velocity vector field of the
observer. The phase function S and e are dimensionless
quantities. In geometrized units, such that c = G =1 [54,
Appendix F], the velocity ¢* is dimensionless, and &, has the
dimension of inverse length. Hence, @ has the dimension of
the inverse length, as expected for frequency. Then, the
observer sees the frequency going to infinity as € goes to 0.

C. Lorenz gauge

In this section, we introduce the Lorenz gauge in the
context of WKB approximations. We shall impose this

gauge condition [cf. (2.21) below] in the rest of the paper,
with the exception of Sec. III B, where it is relevant to
discuss some aspects of geometrical optics without this
condition.

Maxwell’s equations in the form (2.3) do not have a well-
posed Cauchy problem. In particular, they admit pure
gauge solutions. This problem is usually eliminated by
introducing a gauge condition. Here we shall focus on the
Lorenz gauge condition

VA% =0. (2.8)
We reproduce here, in the context of a WKB analysis,
the classical argument regarding the gauge fixing for
Maxwell’s equations (see for instance [55, Lemma 10.2]).
Using the identity
Da/}Aﬂ - VaVﬁAﬂ - —VﬂVﬂAa + RaﬂAﬂ, (29)
one observes that, if Maxwell’s equations (2.3) and the
Lorenz gauge (2.8) are satisfied, then the wave equation
—VﬂVﬁAa + Ra/}Aﬂ - 0 (210)
holds. Conversely, by solving Eq. (2.10), with Cauchy data
satisfying constraint and gauge conditions, one obtains a
solution to Maxwell’s equations in the Lorenz gauge.

Note that we consider here approximate solutions to
Maxwell’s equations

DS A; = O(e°). (2.11)
Hence, it is sufficient to consider that the Lorenz gauge is
satisfied at the appropriate order:

V, A* = O(eh). (2.12)
We reproduce the standard argument recovering Maxwell’s
equation in the Lorenz gauge from the wave Eq. (2.10),
taking into account that we are considering only approxi-
mate solutions. Assume that the wave equation holds:

—VﬂVﬂAa + RaﬂAﬂ == 0(60). (213)

Upon inserting the WKB ansatz, this is equivalent to

kﬂk/}Aoa == O,

ik/}kﬁA]a + Aoavﬁkﬂ + ZkﬂV/;Aoa == O (214)

Furthermore, assume that the initial data for the wave
equation (2.13) satisfy
k,Ap® =0,

V, Ag® + ik, A% = 0. (2.15)
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Equation (2.13) implies that
V/’Vﬂ(VaA“) =0O(e™). (2.16)

The initial data (2.15) for Eq. (2.13) imply that, initially,

V,A* = O(e'). (2.17)
Observe that the condition
Tﬂvﬂ(VaA“) = O(eo) (2.18)

is automatically satisfied, where T is a unit future-oriented
normal vector to the hypersurface on which initial data are
prescribed. Hence, the equation satisfied by the Lorenz
gauge source function (2.16) admits initial data as in
Egs. (2.17) and (2.18) vanishing at the appropriate order
in e [at O(e') and O(e°), respectively]. This implies that
Maxwell’s equations

DS A; = O(e"), (2.19)
which can be expanded as
k/’AOU;ka] =0,
2KV 5Ao, — (VA" + iksA P kg — kPN A
— A’Vgky + AgoVsk? + ikP kA, =0, (2.20)
are satisfied in the Lorenz gauge
koAg® =0
V, A% = O(e!) & { o . (221)
vaAOa + lkaAla =0

D. Assumptions on the initial conditions

We end Sec. II by summarizing the initial conditions
that we shall use in the WKB ansatz for Maxwell’s equations.
(1) The Lorenz gauge (2.21) is satisfied initially. This
condition is used to obtain a well-defined solution to

the equations of motion, as discussed in Sec. I C.

(2) The initial phase gradient k, is a future-oriented null
covector. As will be seen, the condition that k, is
null is a compatibility condition that follows
from the Euler-Lagrange equations and the Lorenz
gauge condition (2.21) at the lowest order in e;
cf. dispersion relation (3.8) below.

(3) Initially, the beam has circular polarization;
cf. Eq. (3.47). In Sec. Il D we show that the initial
state of circular polarization is conserved. In Sec. IV
B this assumption ensures a consistent transition
between the effective dispersion relation and the
effective ray equations. Heuristically speaking,
due to the spin Hall effect, a localized wave packet
that initially has linear polarization can split into
two localized wave packets of opposite circular

polarization. While this does not represent a pro-
blem at the level of Maxwell’s equations (which are
partial differential equations), the same behavior
cannot be captured by the effective ray equations
(which are ordinary differential equations) obtained
in Sec. IV B.

III. HIGHER-ORDER GEOMETRICAL OPTICS

A. WKB approximation of the field action

We compute the WKB approximation for our field
theory by inserting the WKB ansatz (2.5) in the field
action (2.4):

J= /M d*x\/gRe(A%S/¢) D PRe(Aze'/<)
1 A -
= ZA/Id“x\/g [A*“e"s/‘Daﬁ(A/jelS/‘) +c.c.]

1 oA :
+3 / dhe /G D P (Age) +ec]. (3u)
M
If S has a nonvanishing gradient, then eS/¢ is rapidly
oscillating. In this case, for f sufficiently regular, the
method of stationary phase [56, Sec. 2.3] implies

/ dx/GeEBOEf(x) = O@).  (32)
M

Upon expanding the derivative terms in Eq. (3.1), and
keeping only terms of the lowest two orders in €, we obtain
the following WKB approximation of the field action [for
convenience, we are shifting the powers of ¢, such that the
lowest-order term is of O(e”)]:

—eJ = / d*xy/g| DA Ay
M

ie ?
= SV, Ay = AV, + O),

(3.3)
where
1 1
DS =k k'l —~k kP,
a 2 " 2 a
v 1 1
VD P = kil — Eﬁ’ékﬁ -5 ¢k, (3.4)

Here, D, represents the symbol [57] of the operator D,
evaluated at the phase space point (x, p) = (x, k), and we
i

are using the notation V#D_,? for the vertical derivative
(Appendix A) of D,’, evaluated at the phase space
point (x, p) = (x, k).

The action depends on the following fields: S(x), V,S(x),
Ay (x,VS), V,[A,(x,VS)], A**(x,VS), V,[A*(x,VS)].
Following the calculations in Appendix B, the Euler-
Lagrange equations are
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v
DAy~ ie(V'D/)V, Ay~
v / v
DA™ + ie(V#D )V, A% + % (V, V4D A" = O(e2),

v, (6”D,/”)A*“Aﬂ—%(6”%”D,/”)(A*“VDA/;—A/,,VDA*") —0@).

In the above equations, the symbol D,” and its vertical
derivatives are all evaluated at the phase space point (x, k).
Note that the same set of equations can be obtained in a
more traditional way, by inserting the WKB ansatz (2.5)
directly into the field equation (2.3), or by following the
approach presented in Ref. [58]. More generally, a detailed
discussion about the variational formulation of the WKB
approximation can be found in Ref. [59].

B. Zeroth-order geometrical optics

Starting with Egs. (3.5)—(3.7), and keeping only terms of
O(e%), we obtain

D, /Ay =0, (3.8)
DAy =0, (3.9)
V,[(VED,2) Ay Agy] = 0. (3.10)
Equation (3.8) can also be written as
DAg = % (k k8% — kkP)Agy = 0. (3.11)

The matrix D,? admits two eigenvalues when k, is not a
null covector. The first eigenvalue is %kﬂ k* with eigenspace
consisting of covectors perpendicular to k,. The second
eigenvalue is 0 with eigenvector k,. When k, is null, the
matrix D,” is nilpotent. It admits a unique eigenvalue 0
whose eigenspace is the orthogonal to k,, which contains
the covector k.

The Lorenz gauge condition (2.21) implies that Ay, is
orthogonal to k,. Hence, a necessary condition for Eq. (3.8)
to admit a nontrivial solution is that &, is a null covector. It
is also possible to deduce that k,, is a null covector without
using the gauge condition. For completeness, we present
this argument below.

Equation (3.11) admits nontrivial solutions if and only if
App 1s an eigenvector of D, with zero eigenvalue. Two
cases should be discussed: &, is a null covector, or k, is not
a null covector.

Assume first that k, is not a null covector, k*k, # 0.
Then, Eq. (3.11) leads to

(Y, VD P)A; = O(e?), (3.5)
(3.6)
(3.7)
KAy
Agy = . .
Oa kﬂkﬂ a (3 12)
This entails that
Aok =0 or  Foy =V, Ay =0().  (3.13)

In other words, when k, is not a null covector, the
corresponding solution is, at the lowest order in €, a pure
gauge solution. Since the corresponding electromagnetic
field vanishes, we do not consider this case further.

If k, is null, ¥k, = 0, Eq. (3.11) implies

This is consistent with the Lorenz gauge condition (2.21)
at the lowest order in €. A similar argument can be applied
for the complex-conjugate Eq. (3.9), from which we
obtain k,Ay** = 0.

Using Egs. (3.8)—(3.10), we obtain the well-known
system of equations governing the geometrical optics
approximation at the lowest order in e:

K,k = 0, (3.15)
kAo, = kyAy™ =0, (3.16)
V,(KTy) =0, (3.17)

where 7, = Ay**Ap, is the lowest-order intensity (more
precisely, Z, is proportional to the wave action density
[59]). Equation (3.17) is obtained from Eq. (3.10) by using
the orthogonality condition (3.16). Using Eq. (2.6), we
have

\Y% ko =

U

V. .k

alu»

(3.18)

and we can use Eq. (3.15) to derive the geodesic equation
for k,:

KV, k, = 0. (3.19)
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C. First-order geometrical optics

1

Here, we examine Egs. (3.5) and (3.6) at order €' only:

DaﬁAlﬂ—i(V”Daﬁ)VﬂAOﬂ—%(VﬂV”Da/})AOﬂ:0, (320)

. . *Q l - *a
DA +i(V*D, )V, Ay + > (V,V#D Ay = 0.
(3.21)

Using Eq. (3.4), we can also rewrite Eq. (3.20) as follows:

1 1
k"VﬂAoa - E k{lvﬂAoﬂ - E k/,»V,,AO/}

i 1
- EkakﬁA]ﬁ + EAoaVﬂk"

1 1

- ZAOﬂvﬂka - ZAOﬂvakﬁ - O (322)

Using Eq. (3.18), we can rewrite the last two terms as

1 1 1
——AOﬂVﬂka - —Aoﬂvakﬂ - ——Aoﬂvakﬂ. (323)
4 4 2
Using Eq. (3.16), we also have
0 - V,,(k/;AOﬂ) - k/;V,,AOﬂ +A0/}Vakﬁ (324)
Then, Eq. (3.22) becomes
KV A 1A \W lk V, Al +ik,A#)=0 3.25
/40a+§0a/4_§a(/40+lﬂ1)_'(')

The last term can be eliminated by using the Lorenz gauge
(2.21). The same steps can be applied to the complex-
conjugate Eq. (3.21):

1
k”VMAOa + EAOavﬂkﬂ - O,

1
KV, Ag* + EAO*/’V,,kﬂ =0. (3.26)
Furthermore, using the lowest-order intensity Z,, we can
write the amplitude in the following way:

Aoa = V/Zoaoa Ag™ = /Tpay™, (3.27)
where a, is a unit complex covector (i.e., ay**ag, = 1)
describing the polarization. Then, from Eq. (3.26), together
with Eq. (3.17), we obtain

k'V a0, = KV ,a0** = 0. (3.28)
The parallel propagation of the complex covector a,, along
the integral curve of k* is another well-known result of the
geometrical optics approximation.

D. The polarization vector in a null tetrad
We observed that the polarization vector satisfies the
orthogonality condition
k*ay, = 0. (3.29)
Consider a null tetrad [60, Sec. 3] {kg,ng, Mgy, My}
satisfying

mgm* = 1, kn* = —1,

a __ a a _ = X —
k k* = n,n* = mym® = mam®* =0,
0.

kom® = kn® = n,m® = nym® = (3.30)
Note that we use the metric signature opposite to that used
in Ref. [60, Sec. 3]. The covectors n,,m,, m, are not
assumed to be parallel-propagated along the geodesic
generated by k% It is only k, that is parallel-propagated
along the geodesic generated by k% in accordance with
Eq. (3.19). Since the null tetrad is adapted to the covector
k,, the orthogonality conditions (3.30) imply that m, and
m, are functions of k,. The polarization covector ag, is
orthogonal to k,, so we can decompose it as

aOa(x’ k) = Zl(x)ma(x’ k) + ZZ(x)ma(x7 k) + Z3(x)ka<x>7
(3.31)

where z;, z,, and z3 are complex scalar functions. Since a,,
is a unit complex covector, the scalar functions z; and z, are
constrained by

2721 + 252, = 1. (3.32)
It is important to note that the decomposition (3.31), and
more specifically, the choice of m,, requires choosing a null
covector n,. Fixing n, is equivalent to choosing a unit
timelike covector field 7, that can represent a family of
timelike observers. We can always take n, as

t, = —k, + ewn,. (3.33)

2ew

Once n, (or t,) is fixed, the remaining SO(2) gauge
freedom in the choice of m, is described by the spin
rotation

ky,— k

- Ny F> N, My > e?®m,,  (3.34)
for ¢(x) € R. Polarization measurements will always
depend on the choice of m, and m,. However, as shown
in Sec. IV B 1, the modified ray equations describing the
gravitational spin Hall effect of light do not depend on the
particular choice of m, and m,. Thus, we can work with

any smooth choice of m, and m, that satisfy Eq. (3.30).
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Using Egs. (3.31) and (3.19), the parallel-transport
equation for the polarization vector becomes

0= k"V”aoa
= 1 k"V, my + k'Y iy + m k*V 2

+ kY, 2 + kK'Y 2. (3.35)

Contracting the above equation with m®, m“, and n%, we
obtain

k”Vﬂzl = —Zlﬁ’lakﬂvﬂma,
KV 25 = —z2om*k'V i,
KV 23 = =(zym® + z,m®)k*V . (3.36)

Recall that in the above equations, the covectors m, and 1,
are functions of x and k(x). The covariant derivatives are
applied as follows:

kN m, = k'V, [mg(x, k)]
= k”(%ﬂma)(x, k)
+ K (V,k, ) (V) (x, )

h
= k'Y, m,, (3.37)

h
where V, is the horizontal derivative (Appendix A). It is
convenient to introduce the two-dimensional unit complex

vector
|
Z — bl
22

which is analogous to the Jones vector in optics
[47,48,61,62]. We also use the Hermitian transpose zt,
defined as follows:

(3.38)

(3.39)

Then, the equations for z; and z, can be written in a more
compact form:

k*V ,z = ik"B,03z, (3.40)
where o3 is the third Pauli matrix,
1 0

= , 341

w=(y ) (.41

and B, is the real 1-form extending to general relativity the
Berry connection used in optics [47,62]:

/ h h
B, (x.k) = %(mavﬂma - mavﬂma)

h

= iV, my. (3.42)

Furthermore, if we restrict z to an affinely parametrized null
geodesic 7 > x*(z), with ¥* = k*, we can write
7 = ik"B,052, (3.43)

where 7 = ¥V,z. Integrating along the worldline, we

obtain
eir(@ 0
z2(7) = ( 0 i )Z(O), (3.44)
where y represents the Berry phase [47,62],
y(z)) = / " dek B, (3.45)

0

Using either Eq. (3.36) or Eq. (3.43), we see that the
evolution of z; and z, is decoupled in the circular
polarization basis, and the following quantities are con-
served along k*:

1 =ziz) + 33z, = 7'z,

s=2ziz1 -5 =203z (3.46)

Based on our assumptions on the initial conditions
(Sec. IID), we only consider beams which are circularly
polarized; i.e., one of the conditions

0=(1) o 0=

holds. Thus, we have s = £1, depending on the choice of
the initial polarization state.

The results described in this section are similar to the
description of the polarization of electromagnetic waves
traveling in a medium with an inhomogeneous index of
refraction [62].

(3.47)

E. Extended geometrical optics

Now, we take Egs. (3.5)—(3.7), but without splitting them
order by order in e. Our aim is to derive an effective
Hamilton-Jacobi system that would give us O(e) correc-
tions to the ray equations.

1. Effective dispersion relation

By contracting Eq. (3.5) with A** and Eq. (3.6) with A,
and also adding them together, we obtain the following
equation:
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DA™ Ay

ie v

— S (VID) (A, Ay = AV, A7) = O(). (3.48)

Using Egs. (3.4) and (3.16), we can rewrite the above
equation as follows:

1
3 kK (Ag™Agg + €Ag A1 + €A1 Ag,)
i€ U *a *a
- Ek (AO vﬂAO(l - AO(zvﬂAO )
+ fka(AowvﬂAoa — APV, Ay ) = O(2).  (3.49)
Using Eq. (3.16), we obtain

O = AO*Mvﬂ(kaAoa) = kaAO*ﬂvﬂAOa + AO*”AOaV”ka,
(3.50)

SO We can write

(A 'V, Ay — AV, A ) = — 7 ke Ay A — 0

Z a\‘o uo 0 Vutto ) - 5 uhatto 0" — Y
(3.51)

where the last equality is due to Eq. (3.18). Then, Eq. (3.48)
becomes

1
5 kK (Ag Agq + €Ag™ A1 + €A1 Ag,)

- %ek”(Ao*"VﬂAoa — AoV, Ap*) = O(e?). (3.52)
Let us introduce the O(e') intensity
T =A"A,
= A" Apy + €Ag A, + €A Ag, + O(€?).  (3.53)
Then, we can rewrite the amplitude as
Ay =VTa, = VI(ap,+cai,) +O(),  (3.54)

where a,, is a unit complex covector. Then, from Eq. (3.52)
we obtain

1 ie
Ekﬂkﬂ - Ek”(ao*”vﬂaoa - aoavﬂao*") = 0(62). (355)

This can be viewed as an effective dispersion relation,
containing O(e) corrections to the geometrical optics
equation (3.15). Finally, let us introduce

i€
K” = kﬂ - 5 (Clo*avﬂaoa - Cloavﬂao*a) (356)

and rewrite the effective dispersion relation as

1

KK = O().

(3.57)

It is worth noting that this equation can also be obtained
directly from the effective field action (3.3), specifically by
varying the latter with respect to 7.

2. Effective transport equation

Using Egs. (3.4), (3.15), and (3.16), the effective trans-
port equation (3.7) becomes

V [F(Ag™ Agg + €Ag A1 + €A1 Ap,)
ie v *a *a
- 5 gﬂ (AO vI/AO(I - AO{IVDAO )

+ % (AO*(IV(IAO” - AO” vaAO*a)
ie

"7

(A0 VAo = Ag"V,Ag™)

- gka(AO*ﬂAla +AMAM) | =0().  (3.58)

We can perform the following replacements in the above
equation:
ATV A = Va(Ag™Ag") — VAo Ay,

V(,AO*”AU“ — Va(AO*”AOa) - Ao*ﬂvaAoa. (359)

After rearranging terms, the effective transport equation
becomes

V, | k(A" Agy + €Ag™ Ay, + €A1 Ag,)
ie v *a *Qa
_Egﬂ (AO VUAOa _AOavzzAO )
ie (Y *a ik A,
_EAO ( Ao — ikaAy )

ie
+ EAO*”(vaAOH + ik,A%)
ie

7 ValAoag") | = O(e?).

+ (3.60)

The last term above vanishes due to the symmetry of the
Ricci tensor:
V, V(A A1) = V1,V (A “A*)
= (Ra” = Rud")Ag™ Ay
= (Ryy — Rya)Ag ™ Ay"
0. (3.61)
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Furthermore, after using the Lorenz gauge condition (2.21),
we are left with the following form of the effective transport
equation:

Vi {kﬂ (Ag™Agq + €Ag™ A1, + €A1 Ag,)

- A Vo~ 40T, = 0. (362

Introducing the intensity Z and the vector K¥, we obtain

Vﬂ {I |:k” - %gﬂy(ao*avvaOa - aOavyaO*a)] }

=V, (ZK") = O(e?). (3.63)
This is an effective transport equation for the intensity Z,
which includes O(e) corrections to the geometrical optics
Eq. (3.17). As discussed in Ref. [59], the direction of K*
coincides with the direction of the wave action flux.

IV. EFFECTIVE RAY EQUATIONS

A. Hamilton-Jacobi system at the leading order

The lowest-order geometrical optics equations (3.15) and
(3.17) can be viewed as a system of coupled partial
differential equations:

1
59" kuk, = 0, (4.1)

V,(Tok*) =0, (4.2)
where k, = VﬂS. Equation (4.1) is a Hamilton-Jacobi
equation for the phase function S, and Eq. (4.2) is a
transport equation for the intensity Z, [63]. The Hamilton-
Jacobi equation can be solved using the method of
characteristics. This is done by defining a Hamiltonian
function on 7*M, such that

1
H(x,VS) = Egﬂ”kﬂky =0. (4.3)
It is obvious that in this case, the Hamiltonian is
1 v
H(x.p) = 59" Puby- (4.4)

Note that in contrast to the dispersion relation (4.3), the
Hamiltonian (4.4) is a function on the whole phase space
T*M, with p, being an arbitrary covector. Hamilton’s
equations take the following form:

OH
=22 = gvp, 45
o g*p (4.5)
. OH 1,
Pu = _w = _ang(/}papﬁ' (46)

Given a solution {x*(z), p,(z)} for Hamilton’s equations,

we obtain a solution of the Hamilton-Jacobi Eq. (4.3) by
taking [64, p. 433]:

S (1), pu(71)) = /T1 dz[3*p, — H(x, p)] + const.

70

(4.7)

Note that the above equation represents an action, with the
corresponding Lagrangian related to the Hamiltonian (4.4)
by a Legendre transformation [65, Example 3.6.10]. The
Euler-Lagrange equation is equivalent to the geodesic
equation [65, Theorem 3.7.1] and with Hamilton’s equa-
tions (4.5) and (4.6). Once the Hamilton-Jacobi equation is
solved, the transport Eq. (4.2) can also be solved, at least in
principle [63]. However, our main interest is in the ray
equations governed by the Hamiltonian (4.4). The corre-
sponding Hamilton’s equations (4.5) and (4.6) describe null
geodesics. These equations can easily be rewritten as

X+ Fﬁﬁjc”jc/} =0, (4.8)
or in the explicitly covariant form:
p*V, p"' =3V, ¥ = 0. (4.9)

B. Effective Hamilton-Jacobi system

The effective dispersion relation (3.57), together with the
effective transport equation (3.63) introduce O(e!) correc-
tions over the system discussed above:

1 ie
Eg’wkykv - Ekﬂ (a()*avya()a - aOavﬂaO*a) = 0(62)’

(4.10)

vﬂ{z {kﬂ - % ¢*(ay" "V, ag, — aoavyao*“)} } = O(e?).
(4.11)

Using Eq. (3.31), the effective dispersion relation becomes

1 ie
59k, = Ek”(zfﬁ,,z - 0,z'z) —esk"B, = O(€?),

(4.12)

where B, = B, (x, k) is the Berry connection introduced in
Eq. (3.42), and s = +1, depending on the initial polariza-
tion. Using Eq. (3.44), together with the assumption on the
initial polarization, we can write

ie
—Ek”(zTayz - 0,2'2) = esk*9,y. (4.13)
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Since the value of s is fixed by the initial conditions, the
only unknowns are the phase function S and the Berry
phase y. We can write an effective Hamilton-Jacobi

equation for the total phase S=5+ €sy:

- 1
H(x,VS) = Eg””kﬂkl, + esk*0,y — esk*B, + O(€?)

= % ¢V, 8V,8 — esg”B,V,S + O(*). (4.14)

Note that the phase S represents the overall phase factor,
up to order O(e?), of a circularly polarized WKB solu-
tion, A, =Re(v/Zmyee’/¢) or A, = Re(v/ZIin,e " e'S/¢),
depending on the state of circular polarization. As dis-
cussed in Ref. [15], the Berry phase y, which comes as a
correction to the overall phase of the WKB solution, is
responsible for the spin Hall effect of light. The corre-
sponding Hamiltonian function on 7*M is

1
H(xap):Eg”ypppu_esg,wpyBu(xvp)a (415)
and we have the following Hamilton’s equations:
X* = g"”p, —es(B* + p*V#B,), (4.16)

, 1
by = =50u9" Papp + €sPal0u9" By + 97 0,By). (4.17)

These equations contain polarization-dependent correc-
tions to the null geodesic Eqgs. (4.5) and (4.6), representing
the gravitational spin Hall effect of light. For ¢ = 0, one
recovers the standard geodesic equation in canonical
coordinates.

We can also write these ray equations in a more compact

form
(- D)
1'7# _5Z 0 gTZ ’ '

where the constant matrix on the right-hand side is the
inverse of the symplectic 2-form, or the Poisson tensor [66].

1. Noncanonical coordinates

The Hamiltonian (4.15) contains the Berry connection
B,, which is gauge dependent. The latter means that B,
depends on the choice of m, and m,; for example, the
transformation m, > m,e'® causes the following trans-
formation of the Berry connection:

B, B, —V,¢. (4.19)
This kind of gauge dependence was considered by
Littlejohn and Flynn in Ref. [49], where they also proposed
how to make the Hamiltonian and the equations of motion

gauge invariant. The main idea is to introduce noncanonical
coordinates such that the Berry connection is removed from
the Hamiltonian and the symplectic form acquires the
corresponding Berry curvature, which is gauge invariant.
This is similar to the description of a charged particle in an
electromagnetic field in terms of either the canonical or the
kinetic momentum of the particle. The Berry connection
and Berry curvature play a similar role as the electromag-
netic vector potential and the electromagnetic tensor [67].
We start by rewriting the Hamiltonian (4.15) as

H(x,p) = Hy(x, p) — €s¢" p, B, (x. p), (4.20)
where Hy =1g¢"p,p,. Following Ref. [49], the Berry
connection can be written in the following way, by using
the definition of the horizontal derivative:

h
p#B/l(x’ p) = ipﬂﬁlavﬂma
v
= ip”mavﬂma + ip”pal“gpmavf’ma
OH
SR ) m*V,m,

v
m*V?m,.
P, “

.0
il 4.21
" ox (421)

The Berry connection can be eliminated formally from
the Hamiltonian (4.15) by considering the following sub-
stitution on 7*M:

X+ = x" + iesm®VFmy,, (4.22)

P, = p, — iesm®V, m,. (4.23)
It is possible to obtain this substitution as the linearization
of a change of coordinates. For more details, see
Appendix D.

Since the symplectic form transforms nontrivially under
this substitution, (X, P) are noncanonical coordinates. The

Hamiltonian (4.15) is a scalar, so we obtain
H'(X,P)=H(x,p)

v
= H (X" —iesim®V " mg, P, +iesim*V m,)

art
. OHy _ ¢ . OH, _
=H(X,P)- leszaV”ma + lesa—pﬂm"vﬂma

=Hy(X,P). (4.24)

In the new coordinate system (X,P), we obtain the
following Hamiltonian:

H'(X,P) — % #(X)P,P,. (4.25)

The corresponding Hamilton’s equations can be written in a
matrix form as
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(4.26)

. (‘)H/

( X”> o (aT)

. aH/ b
P, op,

where T’ is the Poisson tensor in the new variables.
Following Marsden and Ratiu [66, p. 343], we obtain

es(F,,)" & +es(Fyp)F

T“:<—%—ewEwml —es(Fa), >’ @)

where we have the following Berry curvature terms:

v v v v
(Fpp) = i(V 4V Ymy — VYoV Fim,

OV BV Dy, — VBV ),
(Fay = (V= V0V, m,

+m VY, mg = meVy,V, me),
(Fpo), ' = =(Fyp)",

— (VAR my — VN ). (4.28)

The Poisson tensor in noncanonical coordinates 7’
automatically satisfies the Jacobi identity, since it is a
covariant quantity obtained from the Poisson tensor in
canonical coordinates 7 through a change of variables on
the cotangent bundle.

Simplified expressions for the Berry curvature terms can
be found in Appendix C. Now we can write Hamilton’s
equations in the new variables:

X* = P' 4 esP(F ),/ + esT, P PP(F,, ), (4.29)

P, =T3P, PP —esP/(F.,),, —esT8,P.PP(F,,) .

(4.30)

The last term on the right-hand side of Eq. (4.29) is the
covariant analogue of the spin Hall effect correction
obtained in optics, (p x p)/|p|®, due to the Berry curvature
in momentum space [4,47]. This term is also the source of
the gravitational spin Hall effect in the work of Gosselin
et al [41]. In Eq. (4.30), the second term on the right-hand
side contains the Riemann tensor and resembles the
curvature term obtained in the Mathisson-Papapetrou-
Dixon equations [27].
Given a null covector P,,, the class of Lorentz trans-
formations leaving P, invariant define the little group,
which is isomorphic to SE(2), the symmetry group of the
two-dimensional Euclidean plane [51]. In terms of a null
tetrad { P, n, m, i}, the action of the little group can be split
into the following types of transformations [68, p. 53]:

Typel: P— P, nt+n,
mi—> me'?,  mi> me ',
Type2: P— P, n+ n+am+ am+ aaP,

mi—m-+aP, m— m+ aP, (4.31)
where ¢ is a real scalar function and a is a complex scalar
function. The transformations of Type 1 are the spin
rotations mentioned in Sec. III D, while the transformations
of Type 2 can be considered as a change of observer ¢,
based on Eq. (3.33). It can easily be checked that the Berry
curvature terms in Eq. (4.28) are invariant under Type 1
transformations. However, the Berry curvature terms are
not invariant under Type 2 transformations. As a conse-
quence, the ray equations (4.29) and (4.30) depend on the
choice of observer. It is shown in the following section how
this observer dependence is related to the problem of
localizing massless spinning particles [50,51].

V. EXAMPLES

In this section, we apply the modified ray equations
describing the gravitational spin Hall effect of light to two
concrete examples. The first example, concerning the rela-
tivistic Hall effect and Wigner translations, is treated analyti-
cally, while the second example, describing the propagation of
polarized light rays close to a Schwarzschild black hole, is
treated numerically.

When working with the modified ray equations, in either
the canonical form given in Eqgs. (4.16) and (4.17) or the
noncanonical form given in Egs. (4.29) and (4.30), one
needs to specify the background metric g,,, and the choice
of polarization vectors m® and /m“. The polarization vectors
are needed in order to compute the Berry connection and
the Berry curvature. A particular choice of polarization
vectors can easily be constructed by introducing an
orthonormal tetrad (e,)#, with (eg)” = 1* representing
our choice of family of timelike observers. Adapting the
polarization vectors used in optics [47], we can write
Pt =P e, )H, v =Vie,)*, and w' = W9(e,)*, where
the components of these vectors are given by

P° 0

P] 1 _P2
P4 = , Vé = — ,

P? P,| P!

p3 0

0

1 P'p3

W = R (5.1)
PpPS P-P
_(Pp>2

where
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Pp — (P1)2 + (P2)2,

Py = /(P2 + (P22 + (PO

(5.2)

The vectors v* and w* are real unit spacelike vectors that
represent a linear polarization basis satisfying Eq. (C2).
They are related to the circular polarization vectors m* and
m® by Eq. (C1). Using this particular choice of polarization
vectors, the Berry connection and the Berry curvature terms
can be computed, and the modified ray equations can be
integrated, either analytically or numerically.

A. Relativistic Hall effect and Wigner translations

The relativistic Hall effect [50] is a special relativistic
effect that occurs when Lorentz transformations are
applied to objects carrying angular momentum. In particu-
lar, consider a localized wave packet carrying intrinsic
angular momentum and propagating in the z direction in
Minkowski spacetime. If a Lorentz boost is applied in the x
direction, then the location of the Lorentz-transformed
energy density centroid is shifted in the y direction,
depending on the orientation of the angular momentum.
This shift corresponds to the Wigner translation [51,69,70].

The following example shows that an effect analogous to
the Wigner translation discussed in Ref. [51] appears in the
effective ray equations (4.29) and (4.30). We consider the
Minkowski spacetime in Cartesian coordinates (t,x,y, z),
with

ds? = —dr* + dx? + dy? + dz?, (5.3)
and we want to compare the effective rays obtained from
Egs. (4.29) and (4.30) with two different choices of obser-
ver. In the first case, we consider the standard orthonormal
tetrad
ey = 8t, e = ax, €y = ay, €3 = 32, (54)
where (eg)* is our first choice of observer. With this
orthonormal tetrad, the polarization vectors are defined
as in Eq. (5.1), and the Berry curvature terms can be com-
puted. The ray equations reduce to the geodesic equations

Xt =p,  P,=0. (5.5)

In order to describe light rays traveling in the z direction,

we impose initial conditions X*(0) = (0,0,0,0) and
P,(0) = (=1,0,0,1), and we obtain

X*(7) = (7,0,0,7),

P,(z) = (-1,0,0,1). (5.6)

As a second case, we apply a time-dependent boost in the x
direction to the standard orthonormal tetrad in Eq. (5.3). We
obtain

e = cosht0, —sinh10,, ey = 0,,
e} = —sinht0, + cosht0,, eb =0,

(5.7)

where (e()* is our second choice of observer. Note that
(ep) represents a family of observers boosted in the x
direction, with the rapidity of the boost represented by the
time coordinate ¢. The polarization vectors are chosen as in
Eq. (5.1), but this time with respect to the orthonormal
tetrad in Eq. (5.7). The Berry curvature terms in Egs. (4.29)
and (4.30) can be explicitly computed, and we obtain

Xt =pr 4 esPY(F ) M. (5.8)
P, =0, (5.9)
where
0
PY(F,) = [(e(,);}ﬂ]z I())z (5.10)
-P

We impose the same initial conditions as in the previous
case: X#(0) = (0,0,0,0) and P,(0) = (-1,0,0, 1). Since
the frequency is defined as w = —(e;)"P,/e, the small
parameter € can be identified with the wavelength of the
initial light ray, as measured by the observer (ef)" at the
spacetime point x* = X#(0). Then, the ray equations can be
analytically integrated, and we obtain

X#(z7) = (r,0,
= (~1,0,0,1).

—setanhz,7),

(5.11)

Thus, given a circularly polarized light ray traveling in
the z direction and two families of observers (eg)* and
(ep)¥, which are related by boosts in the x direction, we
obtained the polarization-dependent Wigner translation
in the y direction, Ay = setanhz, in agreement with
[51, Eq. (28)]. Note that the Wigner translation is always
smaller than one wavelength.

Recovering the results of Ref. [51] suggests that a
worldline X*(z) representing a solution of Egs. (4.29)
and (4.30) could be interpreted as the location of the energy
density centroid of a localized wave packed with definite
circular polarization, as measured by the chosen family of
observers.

024075-12



GRAVITATIONAL SPIN HALL EFFECT OF LIGHT

PHYS. REV. D 102, 024075 (2020)

B. The gravitational spin Hall effect on
a Schwarzschild background

To illustrate how the polarization-dependent correction
terms modify the ray trajectories on a Schwarzschild
background, let us provide some numerical examples.
For convenience, we perform the numerical computations
using canonical coordinates (x,p) and treat x° as a
parameter along the rays. Hence, Eqgs. (4.16) and (4.17)
become

.0_]

=1, (5.12)

v
. 9*“p,—es(B'+ p*V'B,)
x = v
9% p, —es(B° + p*V°B,)

, (5.13)

—18, ap a + €5 aai aﬂB + “ﬂaiB
P L2 Po(0;9" By + ¢ ﬂ)’ (5.14)

i v
9" p, —es(B® + pV°B,)

and p is calculated from

1
59"”17,,1% —esg”p,B,(x,p) = 0. (5.15)
This equation can be solved explicitly, using the fact that

the velocity x* is future oriented:

1 .
P0="m [—(go’pi —esgBy,)

+ \/ (9" pi—esg”B,)* = g%(g" pip; — 26SP,-9""B,4)} :
(5.16)

Note that in general B, depends on p,,. However, since this
is an O(e') term, we can replace the O(e”) expression for
po in B,.

In order to compare with the results of Gosselin et al.
[41], we consider a Schwarzschild spacetime in Cartesian
isotropic coordinates (f,x,y,z):

1 —1\2 A\ 4

ds? = _<1+_4_R> dr + (1 +:—;e) (dx? +dy* +d2?),
4R

(5.17)

where r, =2GM/c? is the Schwarzschild radius and

R = /x* +y> + z2. We also define the following ortho-
normal tetrad:

1+ re\ 2
eozl_ga,, e1:<1+4]s3) Oy,
iR

ro\ 2 r -2
€y = (1 +ﬁ> 8y, €3 = (1 +ﬁ> 82’ (518)

where #* = (e()* is our choice of observer.

The Berry connection B, can be explicitly computed
by introducing a particular choice of polarization vectors,
using Eq. (5.1) and the orthonormal tetrad (5.18). We now
have all the elements required for the numerical integration
of Egs. (5.12)—(5.14). For this purpose, we used the
NDSOLVE function of Mathematica [71]. For these exam-
ples, we used the default settings for the integration
method, precision, and accuracy.

After obtaining a numerical solution (x(7), p(f)) to
Egs. (5.12)—(5.14), in order to ensure the gauge invariance
of our results, we have to evaluate the gauge-invariant non-
canonical quantities (X(¢), P()), as given in Egs. (4.22)
and (4.23). These are the quantities used to represent the
trajectories in Figs. 1 and 2. A comparative discussion
between the use of canonical and noncanonical ray equa-
tions in optics, together with numerical examples, can be
found in Ref. [47].

As the first step, we numerically compare our ray
Eqgs. (5.12)—(5.14) with those predicted by Gosselin et al.
[41]. This is done by numerically integrating Eqs. (5.12)-
(5.14), as well as Eq. (23) from Ref. [41]. Up to numerical
errors, we obtain the same ray trajectories with both sets
of equations. However, while the equations obtained by
Gosselin et al. only apply to static spacetimes, Egs. (5.12)-
(5.14) do not have this limitation.

The results of our numerical simulations are shown in
Fig. 1, which illustrates the general behavior of the gravi-
tational spin Hall effect of light around a Schwarzschild
black hole. [The actual effect is small, so the figure is
obtained by numerical integration of Eqgs. (5.12)—(5.14)
for unrealistic parameters.] Here, we consider rays of
opposite circular polarization (s = 41) passing close to
a Schwarzschild black hole, together with a reference
null geodesic (s = 0). Except for the value of s, we are
considering the same initial conditions, (x(0), p;(0)), for
these rays. Unlike the null geodesic, for which the motion is
planar, the circularly polarized rays are not confined to
a plane.

As another example, we used initial conditions (x'(0),
pi(0)) such that the rays are initialized as radially ingoing
or outgoing. In this case (not illustrated, since it is trivial),
the gravitational spin Hall effect vanishes, and the circu-
larly polarized rays coincide with the radial null geodesic.

Using these numerical methods, we can also estimate the
magnitude of the gravitational spin Hall effect. As a
particular example, we consider a similar situation to the
one presented in Fig. 1, where the black hole is replaced
with the Sun. More precisely, we model this situation by
considering a Schwarzschild black hole with r, = 3 km.
We consider the deflection of circularly polarized rays
coming from a light source far away, passing close to the
surface of the Sun, and then observed on the Earth. This
situation is illustrated in Fig. 2. The numerical results are
based on the initial data presented in the caption of Fig. 2.
When reaching the Earth, the separation distance between
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FIG. 1.

<

Results of numerical simulations illustrating the gravitational spin Hall effect of light around a Schwarzschild black hole. The

effect is exaggerated for visualization purposes. The two figures present the same rays from different viewing angles. The central sphere
represents the Schwarzschild black hole, and the small orange sphere represents a source of light. The blue and the red trajectories
correspond to rays of opposite circular polarization, s = =£1, while the green trajectory represents a null geodesic. We take r, = 1, and
we start with the initial position x'(0) = (=50r, 15r,,0), and initial normalized momentum p; = (1,0, 0). The wavelength A is set to a

sufficiently large value to make the effect visible on this plot.

the rays of opposite circular polarization depends on the
wavelength. For example, taking wavelengths of the order
A~ 107" m results in a separation distance of the order
d ~ 1071 m, while for wavelengths of the order of A % 1 m
we obtain a separation distance of the order d ~ 1076 m.
Although the ray separation is small (about six orders of
magnitude smaller than the wavelength), what really
matters is that the rays are scattered by a finite angle.
Therefore, the ray separation grows linearly with distance
after the reintersection point. This means that the effect
should be robustly observable if one measures it sufficiently
far from the Sun. Furthermore, massive compact astro-
nomical objects, such as black holes or neutron stars, are
expected to produce a larger gravitational spin Hall effect.

As a consistency check, we also performed the numeri-
cal computations using different coordinates, such as
the standard Schwarzschild spherical coordinates and

& %, 8
@,?‘ @] O(//\

% e %

/z
X ‘JQ

FIG. 2. Results of numerical simulations illustrating the
gravitational spin Hall effect of light around the Sun. The
effect is exaggerated for visualization purposes. The separation
distance d is observed from the Earth. The blue and the red
trajectories correspond to rays of opposite circular polarization,
s = +£1, while the green trajectory represents a null geodesic.
We take ry =3 km, and we start with the initial position
x'(0) = (=107r,,3 x 10°r,,0), and initial normalized momen-
tum p; = (1,0,0).

Gullstrand-Painlevé coordinates. The results are indepen-
dent of the choice of coordinates. However, the polarized
rays are not invariant under a change of observer. This is due
to an effect analogous to the Wigner translations discussed
in Sec. VA. For example, instead of the static observer
introduced in Eq. (5.18), one could consider a free-falling
observer. In this case, the ray trajectories presented in
Figs. 1 and 2 are slightly modified, due to the Wigner
translations, and preliminary investigations indicate that
these modifications are smaller than one wavelength, as in
the case discussed in Sec. V A. Itis not clear how to separate
the purely gravitational effect from the observer-dependent
Wigner translations. However, this is not a problem. The
Wigner translation represents the observer-dependent ambi-
guity in defining the location of the ray on a single-
wavelength scale and remains bounded. In contrast, the
purely gravitational effect can affect the angle of light
scattering off a gravitating object and thus the ray displace-
ment associated with this effect accumulates linearly with
the distance. This means that the latter effect dominates at
large distances. A more detailed analysis of the modified ray
equations, at both the analytical and the numerical levels,
will be carried out in future work.

VI. CONCLUSIONS

In summary, we have presented a first comprehensive
theory of the gravitational spin Hall effect that occurs due to
the coupling of the polarization with the translational
dynamics of the light rays. The ray dynamics is governed
by the corrected Hamiltonian

1
H(x.p) = 59" pup, —es¢*puBu(x.p).  (6.1)
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Here, the first term represents the geometrical optics
Hamiltonian, and the second term represents a correction
of O(e') that is due to the Berry connection, which is
given by

0 0
B, (x,p) =im"( s m, —Tgm; +17,ps2—
/l(x P) m < » My apm + upP app ma)

h
— 1A
= im*V,m,.

(6.2)

Assuming the noncanonical coordinates (4.22), the corre-
sponding ray equations are

2ies

X = Pr g esPY(F ) # + (P, 2 Ij, P PPmbintt, (6.3)
[04
Pu = F?uPaP’} + ESPy[iRaﬁuvmamﬂ + (FXX)W]
+esTY, P PP(F ) 2, (6:4)

where the terms F,, and F .. and the timelike vector ¢*
are given in Appendix C. The last term on the right-hand
side of Eq. (6.3) is the covariant analogue of the spin
Hall correction term usually encountered in optics [20,41],
while the Riemann curvature term in Eq. (6.4) is reminis-
cent of a similar term appearing in the Mathisson-
Papapetrou-Dixon equations [27]. In Minkowski spacetime,
the F),, term is responsible for the relativistic Hall effect [50]
and Wigner translations [51].

The resulting deviation of the ray trajectories from those
predicted by geometrical optics is weak but not unobserv-
able. First of all, even small angular deviations are
observable at large enough distances. Second, as shown
in Ref. [19], weak quantum measurement techniques can be
used to detect the spin Hall effect of light, even when the
spatial separation between the left-polarized and the right-
polarized beams of light is smaller than the wavelength.

Potentially, this work can be naturally extended in two
directions. First, the corrected ray equations are yet to be
studied more thoroughly, both analytically and numerically.
Rigorous numerical investigations are needed to obtain a
precise prediction of the effect, in particular for Kerr black
holes. Second, Maxwell’s equations are a proxy to linearized
gravity. It is expected that a similar approach can be carried
out to obtain an effective pointwise description of a
gravitational wave packet, extending the results of Ref. [46].

As discussed in Ref. [4], the spin Hall effect of light is
directly related to the conservation of total angular momen-
tum. For the discussion presented so far, the considered
rays carry extrinsic orbital angular momentum, associated
with the ray trajectory, and intrinsic spin angular momen-
tum, associated with the polarization. However, it is well-
known that light can also carry intrinsic orbital angular
momentum [72-74] (see also Ref. [75] and references
therein). In principle, the magnitude of the spin Hall effect
can be increased by considering optical beams carrying
intrinsic orbital angular momentum [76]. The method and

ansatz that we have adopted are insufficient to describe this
effect. A more realistic and more precise approach involv-
ing wave packets, such as Laguerre-Gaussian beams,
should be considered. It may be possible to do so using
the machinery developed in Ref. [58].

A formulation of the special-relativistic dynamics of
massless spinning particles and wave packets beyond the
geometrical optics limit has been previously reported by
Duval and collaborators (cf. Ref. [77] for the spin-1/2 case;
see also Ref. [78]). This analysis relates the modified
dynamics to the approach of Souriau [79], making use of
so-called spin enslaving. This has been extended to general
helicity by Andrzejewski et al. [80]. We expect that the
Hamiltonian formulation presented here corresponds to a
general relativistic version of the models considered in the
mentioned papers. This will be considered in a future work.
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APPENDIX A: HORIZONTAL AND VERTICAL
DERIVATIVES ON T"M

Let (x*,p,) be canonical coordinates on T*M.
Considering fields defined on 7*M, such as u,(x, p) and
v*(x, p), the horizontal and vertical derivatives are defined
as follows [81, Sec. 3.5]:

v 0

Vi, = ——uy,, (Ala)
opy

h 0

Vﬂuazwua—raﬂuﬁ—&—rﬂp[)aa—ppum (Alb)
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Vip* = — %, (A2a)

h
a __
V0" =

v+ T%,0° T

Po=— V% A2b
p app ( )

ox?

The extension to general tensor fields on 7*M is straight-
forward. Note that in contrast to Ref. [81, Sec. 3.5], we
have the opposite sign for the last term in the definition of
the horizontal derivative. This is because our fields,
u,(x, p) and v*(x, p), are defined on 7*M, and not on
TM, as is the case in the reference mentioned before. We
can make use of the following properties:

(A3)

APPENDIX B: VARIATION OF THE ACTION

Here, we derive the Euler-Lagrange equations that
correspond to the action

J= A{ d*x /gL, (B1)

where the Lagrangian density is of the following form:

L= L(S(x),V,S(x),
Aalx, VS(0)], Vi {Aq[x, VS(x)]},
A*[x,VS(x)], V,{A*[x, VS(x)]}).

—

(B2)

Here, S(x) is an independent field, while A, and A** cannot
be considered independent, since they depend on V,S.
Following Hawking and Ellis [52, p. 65], we define the
variation of a field ¥; as a one-parameter family of fields
W (u,x), with u € (—¢,¢) and x € M. We use the follow-
ing notation:

0¥;(u, x)

= AY,.
Ou u=0 l

(B3)

Note that the derivative with respect to the parameter u
commutes with the covariant derivative, so we have

%V,,S(u,x) _v, (g), (B4)
%Aa(u,x, VS(u,x)) = %/Z“ + 88%15 v, (%), (B5)
%Vﬂ[Aa(u,x, VS(u.x)] = V, [%Aa(u,x,VS(u,x))] _v, {%ﬁl + aavA:s v, (%)] (B6)
We consider the variation of the action, taking special care when applying the chain rule:
0= % T Ad“x\/g{gﬁm +av—ﬂSA(vﬂS)
+ gAﬁa [AAO, + aaé:s Vﬂ(AS)} +angavﬂ [AA(, + aav‘i"‘s VD(AS)]
+ % {AA*“ + gé—;Vﬂ(AS)] + %Vﬂ {AA*“ + gé:; V,,(AS)} } (B7)

Integrating by parts and assuming the boundary terms vanish, we obtain

dJ
0=—
du

—AS-V
+3S S

av,s " av,S

oL oL oL oL
_ 4 oL o oL B v
o e (G WﬂAa) st (Vs avﬂA*“> M
oL oL 0A, (0L 3 oL
: 0A, YOV,A,

A% (oL oL
-V AS ;. B
Tov,s (a ”8VUA*“)] S} (B8)

Since the above equation must be satisfied for all variations AS, AA,, and AA**, we obtain the following Euler-Lagrange

equations:
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oL
-V — 2 B
gav~ Vg, a9 (B9)
oL )
i v AN e Bl
aAa H avﬂAa O(e )a ( 0)
oL oL 0A oL oL 0A** ([ OL oL
< Vilzo <t a0 <\l A~ -V = O(e?). Bl1
a5~ * {avﬂs Tov,s (8Aa vov,A,) Tov,s <8A*“ v avyA*aﬂ (€ (B11)
| y
Furthermore, Eq. (B11) can be simplified by using %y g 620) - PP 4 cna,
Egs. (B9) and (B10). Thus, as a final result, we have the €W+ kK ew + K
following set of Euler-Lagrange equations: ¥ hypt — €2w N - W+ dyf. (CS)
€e“w” +K €“w” +K

or o
- vﬂ 8VFA*” - 0(6 )’

aA*(l

oL o .,

o4, rov,a, )

oL oL

=V, = 0(e?). B12
o5~ M V,s Ofe) (B12)

APPENDIX C: BERRY CURVATURE

In order to calculate the Berry curvature terms (4.28), it is
enough to use a tetrad {r%, p*, v*, w*}, where ¢“ is a future-
oriented timelike vector field representing a family of
observers and p“ is a generic vector, not necessarily null,
representing the momentum of a point particle (ray). The
vectors v* and w” are real spacelike vectors related to m®
and m” by the following relations:

1 . _
m* = — (v* + inw%), m* =

V2

The elements of the tetrad {7%, p*, v* w?} satisfy the
following relations:

(C1)

tata =-1, papa =K, tap

a __ a
V0" = ww* =1,

(€2)

1, 0% =t Wy = pv® = pw* = v w* = 0.

Note that the vectors v* and w* depend of p* through the
orthogonality condition, while #* is independent of p*. We
start by computing the vertical derivatives of the vectors v*
and w“. Using the tetrad, we can write

v a
Vip® = = "1% + ¢ p* + c3F v + cfw?, (C3)
op,
v ow?
Vit = S — Ay p o+ dy e+ dyn,(C4)
Pu

where ¢/ and dj# are unknown vector fields that need
to be determined. Using the properties from Eq. (C2), we
obtain

Applying the same arguments to the terms Vv, and V,w,,
we also obtain

Vv, =— ﬁ (ewp,V,v7 + kt,V ,0°)t,
b (V" — otV +

V,w, = —ﬁ (ewp,V ,w’ + kt,V,wo)t,
ﬁ (PeV W =€t ,N W) Do + 93,04

(Co)

Note that the fields ¢4, d3,, f4,, and g3, are undetermined
within this approach, but this is not a problem, because they
do not affect the Berry curvature.

1. F,,

We compute (F,,)” by using Eq. (C5) and setting
k = 0. Since vertical derivatives commute [see Eq. (A3)],
we can write

(Fpp)vﬂ = i(Vﬂmav Ym, — vvmav”ma)

= vyvavuwa — V”v“V DWO{

_ 2 b

= €2w2 vEwW
l -

) ml it (C7)

2. F,,
We have
(Fxx)yﬂ = i(vﬂﬁ’lavbma - V,/Iﬂ“vﬂma

+m*V, NV, m, —m,V,V, m*).  (C8)

The last two terms can be expressed in terms of the
Riemann tensor:
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i(ﬁlavay]ma - mavay]ﬁla) ES —iRaﬂlwm“n'iﬂ. <C9)

The first two terms can be computed using Eq. (C6) and
k= 0:
(Fxx)w = i(vyﬁlavuma - vy’/havﬂma>
=V, 'V, w, =V, 0V, w,
1
= m (po'vﬂﬂgppvva - pgvyvgppvﬂwp
—ewp,V,0°t,V W +ewp,V,0°t,V, w
- ewt,V,0°p,V W + ewt,V, 107 p,V,nw’)

1 - y
T &0’ (PeV,m®p N i’ — poV,m?p,V i’

—ewp,V,m°t,V, m’ + ewp,V,m’t,V, "
—ewt,V,m°p,V i’ 4 ewt,V,m’p,V ).

(C10)

3. F, and F,,

Since (F )} = —(F,,)" , itis enough to compute only
one term. Using Egs. (C5) and (C6), and setting x = 0, we
obtain

v v
(Fpo) = i(VFm*N ymy, — V,m*V #my,)
v v
=V, v*V#w, — V#*V w,

=25 [(PsV W = ewt,V, wo)vH

1

D)
= (psV, 07 — ewt,V 17 )wH]
= ﬁ [(poV,m° — ewt,V, in°)mt

= (psV,m° — ewt N, m?)imt]. (C11)

APPENDIX D: COORDINATE
TRANSFORMATION

The substitution from Eqgs. (4.22) and (4.23) can be
obtained, up to terms of order €2, as a linearization of the
following composition of changes of coordinates on the
cotangent bundle 7*M. Consider the family of diffeo-
morphisms (®,) generated by the vector field on M

Y = isin®V #mo0.y, (D1)

that is to say

d

) = V(@)

with ®y(x) =x. (D2)
By construction, the Taylor expansion in a coordinate chart
of @, at order €' leads to Eq. (4.22). ®, naturally lifts to the
cotangent bundle using the pullback ®;:

@; 1 (x,p) > (@ (x), pod® g ().  (D3)
Note that the choice of the lift is not unique. The mapping
@ is, at order one in €, in coordinates,

v v
(x*, p,) > (x* 4 isem™N #my, p, — iespg0u(m*Vm,)).
(D4)

Consider next the translation of the momentum variable
defined by

Y. (x,p) = (x,p —eo), (Ds)

v
where ¢ = is(m*V,m, + psdu(m*V P m,))dx*. The lin-
earization in e of the diffeomorphism ¥ o®_* provides by

construction the change of variables in Egs. (4.22)
and (4.23).
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