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Amplitudes and 4D Gauss-Bonnet theory
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It has recently been argued that there may be a nontrivial four-dimensional limit of the higher-
dimensional Gauss-Bonnet and Lovelock interactions and that this might provide a loophole allowing for
new four-dimensional gravitational theories, possibly without a standard Lagrangian. We investigate this
claim by studying tree-level graviton scattering amplitudes, allowing us to draw conclusions independently
of the Lagrangian. By taking four-dimensional limits of higher-dimensional scattering amplitudes of the
Gauss-Bonnet theory, we find four-dimensional amplitudes that are different from general relativity;
however, these amplitudes are not new since they all come from certain scalar-tensor theories. The
nontrivial limit that does not lead to infinite strong coupling around flat space leads to (9¢)* theory. We
argue that there cannot be any six-derivative purely gravitational four-point amplitudes in any dimension
other than those coming from Lovelock theory by directly constructing the on-shell amplitudes. In
particular, there can be no new such amplitudes in four dimensions beyond those of general relativity. We
also present some new results on the spin-averaged cross section for graviton-graviton scattering in general

relativity and Gauss-Bonnet theory in arbitrary dimensions.

DOI: 10.1103/PhysRevD.102.024029

I. INTRODUCTION

According to Lovelock’s theorem [1,2], the most general
theory of a single interacting massless graviton in any
dimension leading to second-order equations of motion is
given by a sum of the Lovelock-Lanczos terms,

n [/41 4] pUIVY pUaLs Vn—1Vn
ﬁ() oy, - 5 RﬂlﬂzRﬂw "Rﬂmﬂnv

n=0,2,4,....
(1.1)

2n/2

In D dimensions, the terms with n > D are total derivatives
that do not contribute to the equations of motion or on-shell
amplitudes. In four dimensions, only £(®) = 1and L&) = R
are nontrivial, and the theory reduces to general relativity
(GR) with a cosmological constant, and thus GR is supposed
to be the unique ghost-free theory of a single interacting
massless spin-2 particle in four spacetime dimensions.
Since the higher-order Lovelock terms are trivial when
D = 4, observables calculated in D dimensions including
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these terms should lose their dependence on them as
D — 4. Recently there has been renewed interest, sparked
by Ref. [3], of the possibility of scaling the coefficients of
these higher-order terms by factors of D — 4 in such a way
that there is a nontrivial finite remainder when D = 4 [3-5].
For example, taking the simplest case of Gauss-Bonnet
theory, where we only add the quadratic in curvature
Lovelock term (we will stick to flat space and ignore the
cosmological constant),

5= M~

/ dPx\/=g(R + ag),

G=LW —4R:, + R?, (1.2)

#mﬂ
one can compute spherical and Friedmann-Lemaitre-
Robertson-Walker (FLRW) solutions in D dimensions
and find that the a-dependent parts scale like D — 4. By
replacing

a
D-4

a —

(1.3)

and keeping @ fixed, one finds finite @-dependent correc-
tions to the GR solutions at D = 4. Making the replacement
(1.3) directly in the action (1.2) does not yield a sensible
action when D = 4 because of the singular coupling.

It has been argued that there are no true four-dimensional
purely gravitational local equations of motion that could
result from such a limit [6,7], which would also mean that
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there is no such four-dimensional Lagrangian. However,
even if such a Lagrangian or equations of motion do not
exist, it does not necessarily mean that an interesting theory
does not exist. It could be that the above prescription allows
one to compute observables that correspond to some new
theory without a standard Lagrangian. This would be very
interesting, because it would explain how such possibilities
avoid Lovelock’s theorem and were previously missed, and
would open the door to many exciting new possibilities. In
fact, as discussed in Refs. [7,8], there would be an infinity
of new possibilities because one could take into account
any of the higher-dimensional Lovelock terms before
taking a D — 4 limit. The same possibility could also be
present not just for gravitational theories, but for field
theories with topological terms that vanish below some
critical dimension, such as theta terms, Wess-Zumino
terms, or the Galileons [9,10] and their multifield gener-
alizations [11-13].

Thus we will take the view that there need not be a
Lagrangian or equations of motion defined directly in four
dimensions, but we instead use the above prescription for
computing observables. It seems reasonable to require that
this prescription apply in complete generality and allow us
to calculate anything that we could calculate with a four-
dimensional Lagrangian.

So far this prescription has been studied mostly at the
level of highly symmetric solutions and the linear fluctua-
tions around them (see, e.g., Refs. [14—17] and other papers
referencing [3]). Here we will go beyond this and study
tree-level scattering amplitudes on flat space. This is
equivalent to studying higher-order fluctuations about flat
space.

Amplitudes are basic observables in a gravitational
theory defined in flat space, and perhaps the only true
observables. Any prescription for defining a theory with a
Minkowski vacuum should thus be able to produce
amplitudes that satisfy the usual requirements such as
Lorentz invariance, locality, and unitarity. By studying
amplitudes, we also have the advantage of not relying on
the existence of a Lagrangian description, and can explore
whether there are new non-Lagrangian possibilities in
D = 4 from this prescription.

We start by computing D-dimensional amplitudes in the
Gauss-Bonnet theory and attempting to take D = 4 at the
end of the calculation to find new four-dimensional ampli-
tudes. Choices must be made about what D-dimensional
polarizations and kinematics to use, another sign that the
D — 4 limitis not uniquely defined. One natural choice is to
use D-dimensional polarizations that look like ordinary
gravitons traveling only in four of the dimensions, with no
dependence on the extra dimensions. We will find that this
can give finite a-dependent corrections to the amplitude, but
itrequires a different scaling with « than that required for the
black hole solutions. The resulting amplitude has a pole
corresponding to scalar exchange, so it is not a purely

gravitational amplitude, and there is in fact a scalar field in
the theory. Other choices of the polarizations give ampli-
tudes involving this scalar as an external state. Thus we do
not a get any new gravitational theory, we get a certain
Horndeski scalar-tensor theory, as described from the
Lagrangian point of view in Refs. [18,19]. We will be able
to see how the scalar is strongly coupled, and hence invisible
when looking only at small fluctuations, but reappears when
looking at higher-order fluctuations. There is also a weakly
coupled D — 4 limit, achieved with a different scaling of the
coupling, which gives (9¢)* theory. The (9¢)* term has the
correct positive sign dictated by analyticity constraints [20]
if and only if the Gauss-Bonnet coupling « has the correct
sign found in Ref. [21].

We will also argue that there can be no new purely
gravitational four-point amplitudes beyond those given by
the Lovelock theory (1.1) by directly constructing on-shell
four-point graviton amplitudes with up to six derivatives in
arbitrary dimensions, showing that there is no purely
gravitational “novel 4D Gauss-Bonnet theory” from this
point of view. Lastly, we consider the cross section for
unpolarized graviton-graviton scattering in GR and Gauss-
Bonnet theory in arbitrary dimensions, showing that finite
results from Gauss-Bonnet are possible for D = 4 only if
the coupling is scaled in yet another way.

II. D — 4 LIMITS OF GAUSS-BONNET
AMPLITUDES

Let us attempt to find a new four-graviton amplitude by
computing the amplitude in Gauss-Bonnet theory in D
dimensions using the Lagrangian (1.2) and then taking the
D — 4 limit. To do this we must choose D-dimensional
momenta and polarizations. A natural choice is to choose
those that lie only in four of the dimensions. So for the
momenta we will take

p*=(p".0,...,0), (2.1)
and for the polarizations we will take
B eM 0 -

where A, B, ... are D-dimensional indices and pu,v, ...
are four-dimensional indices, p* are four-dimensional
momenta, and e are four-dimensional graviton polar-
izations. The amplitude does not trivially reduce to
GR when D =4 because there are explicit factors
of D that appear apart from the polarizations and
momenta. The result is the following nonvanishing helicity
amplitudes:
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Here
N=D-4 (2.4)

1s the number of extra dimensions, the momenta are chosen
so that the first two helicities are ingoing and the last two
are outgoing, and the Mandelstam variables are defined in
the usual way (we use the mostly plus metric),

u=—(p;—ps)*.
(2.5)

s=—(p1+p2)? t=—=(pi—p;3)*

When @ = N = 0, the amplitudes (2.3) reduce to those of
GR in four dimensions. The absence of terms linear in «a is
consistent with the results of [22].

To get a finite correction as N — 0 we make the
replacement

a
a——

VN

and keep a finite as we take N to zero. This is different than
the replacement @« — @/N of Eq. (1.3) that is required for
the classical solutions studied in Ref. [3]—if we were to
attempt this scaling, the amplitudes would blow up. This
already casts doubt on the universality of the prescription of
Eq. (1.3) to give us all observables of a new theory; see also
Refs. [23,24] for discussions about the nonuniqueness of
the prescription. We will see the explanation for this in the
next section.

After the replacement (2.6), the amplitudes at N =0
become

(2.6)

3
A+t—— = p——+ — —Wdzstu, (2.7a)
P
+H A+ - L (s a’s’
A ) e A ’ = W E —a’s ’ (27b)
P
+-—+ -+t L7 &t
A _ A — M2 E — s (27C)
P
1 3
At—t= = A=t = — (; - &2u3> (2.7d)
P

This is now an amplitude different from the GR amplitude.
But it is not a new purely gravitational amplitude. Hidden
inside it is a new scalar field. The new a-dependent terms
can be accounted for by a massless scalar exchange pole.]
On the pole, the amplitude factors into a nonminimal four-
derivative three-particle interaction between two gravitons
and the scalar. The amplitudes (2.7) are reproduced by the
four-dimensional Lagrangian

R

1 1
S:M%/d“x\/——g{a—i(aqs)uia(pw--- . (2.8)

where ¢ is the new scalar.

Given that there is a scalar degree of freedom, we
should also be able to compute amplitudes involving
external scalars. We can do this by using the following
D-dimensional polarization: for a graviton moving in the Z
direction, we take

00O00
0100
1 |5 0
AB(@) = 0010 , (2.9)
I++| \o 000
0 —%5,,1,,
where n,m = 1, ..., N are the extra-dimensional compo-

nents. This is properly normalized and traceless in D
dimensions, and transverse to the momentum traveling
in the 2 direction, p* = (E,0,0,E,0,...,0).

Using the polarizations defined by Eq. (2.9) for all
external legs in the D-dimensional four-point Gauss-
Bonnet amplitude, we obtain

(2 + 124+ u?)? 42+ +u?)

A= a
aMENstu  MZTVN(N +2)
6(N> —2N? — 12N + 8)st
_ SV - 2N TRt (2.10)
MENN(N +2)

This amplitude now blows up as 1/N as N — 0. To obtain a
finite correction as N — 0, we make the replacement

a— Na (2.11)
and hold @ fixed as N goes to zero. This gives
1 2 l2 2\2 2
A (" 7+ uw) +—a(s®>+ 2 +u?). (2.12)

T A3 stu M2

"The presence of a pole is clearer in spinor-helicity variables;
for example, AT~ o (12)#[34]*(1/stu — &/ s) for all particles
incoming.
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This is now a four-scalar amplitude. In fact, it is the
amplitude obtained from the minimally coupled (9¢)*
theory,

S =M / d4x\/_[ R—~ (045)2 +a(dp)t|.  (2.13)

The @-dependent term in (2.12) comes from the (9¢)*
contact interaction and the rest comes from graviton
exchange between the scalars.

III. LAGRANGIANS

We can understand the origin of the above results from
the dimensional reduction of the Lagrangian (1.2).
Following Ref. [18],% consider dimensionally reducing
on a flat N-dimensional manifold. The reduction ansatz
for the metric is

ds}) = g, (x)dx"dx’ + e dy3,, (3.1)

where D =4+ N, d)_’?v is the flat metric for the extra
dimensions, g,, is the four-dimensional metric, and
¢ is a scalar corresponding to the volume modulus
(the dilaton). All the other Kaluza-Klein fields are being
set to zero.’ Integrating over the extra dimensions gives
[18,27,28]

2

S:%/d“x —ge"?[R + aG + N(N —1)(0¢)?

—aN(N - 1)(4G"9,¢0,¢ + 2(N — 2)0p(9¢)

+ (N = (N =2)(9¢)")], (3.2)

where M7 = VyMB=2 with Vy the volume of the extra
dimensions and G, is the Einstein tensor of g,,.

We can now consider this as a four-dimensional
Lagrangian depending on some parameter N. If we just
set N=0 in (3.2), we get back Einstein gravity (as
expected since we are not reducing any dimensions). In
this case we lose the scalar degree of freedom. If we instead

’We thank Tony Padilla for sharing some notes last summer
that contained essentially the same results.

This is a consistent truncation, which can be seen as follows.
The metric and dilaton being kept in the ansatz of Eq. (3.1) are
the only fields whose wave functions in the extra dimensions are
constant scalar zero modes [25]. Consider possible cubic terms
that contain a single instance of one of the missing Kaluza-Klein
fields. These would be terms where a removed Kaluza-Klein
mode sources the modes being kept, potentially spoiling the
consistency of the truncation. All such terms vanish since they
involve a triple overlap integral of two zero modes, which are
constant and can be pulled out of the integral, with a nonzero
mode which always integrates to zero or comes with a derivative
that kills one of the zero modes [26].

replace « — @/N, as in Eq. (1.3), and then set N = 0 while
holding & fixed, we get4 (taking Vy = 1)

2
s=Mr / dx /=GR + &G + 4G" 0,0,

—400¢(0¢)* + 2(0¢)")]. (3.3)
In this case we have not lost any degrees of freedom: the
scalar is still there and there are no extra degrees of freedom
beyond the scalar since this theory belongs to the ghost-free
Horndeski class of scalar-tensor theories [32].

The Lagrangian in Eq. (3.3) does not have a kinetic term
for ¢. This means that ¢ is infinitely strongly coupled
around the flat background. We can see this more explicitly
by first diagonalizing the action (3.2) by making a
conformal transformation g,, — e Ne 9u- The action then
becomes, up to total derivatives,

S =M / d4x\/_{ R - 1N(N +2)(0¢)? + %aeN’/’g
+ %aNeN¢(4G’”8M¢8D¢ + (N =2)(N +2)04(39)?

- (N-1)(N+ 2)(8(;5)4)]. (3.4)

Now the kinetic terms have been diagonalized and we see
that the kinetic term for ¢ vanishes if we set N = 0. To
preserve the scalar kinetic term we should first canonically

normalize by replacing ¢ — ¢/+/N,

5 =13 [ /=g 3R =y (V + 20 + Jae g

(N =2)(N +2)

n %ae‘/ﬁ’?’ <4G””8ﬂ¢8y$ Dy
WD) (ag,ylﬂ , (3.5)

Now we see the cubic Galileon [lgh(9¢)* and the (O¢h)*
self-couplings going to infinity as N — 0.

We thus see that the flat space solution is infinitely strongly
coupled with the scaling (1.3) used in Ref. [3] and in many of
the follow-up studies. Thus it is not really a new gravity
theory, it is a scalar-tensor theory where the scalar happens to
be invisible in quadratic fluctuations because its kinetic term
vanishes. The scalar would reappear when higher-order
couplings are considered, as they are in the scattering
amplitudes. We believe it is likely that something similar
is happening around the other highly symmetric solutions
being studied, such as black holes and FLRW solutions.

“This Lagrangian can also be obtained by the limiting
procedure of Ref. [29] applied to Gauss-Bonnet theory [30,31].
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To keep the scalar self-interactions in Eq. (3.5) finite, we
should instead be making the replacement @ — Na with &
fixed. When N = 0 we then get

S =M / d*x\/=g BR - % (0)> + a(0d)*|. (3.6)

This is just the (9¢)* theory (2.13) with the correct
coefficients to produce the amplitude we saw in (2.12),
with precisely the scaling (2.11). Note that the polarization
(2.9) used to compute the amplitude with external scalars
corresponds to a fluctuation that changes the overall
volume but not the shape of the extra dimensions, which
is precisely the dilaton mode. Additionally, notice that the
(0¢h)* term in Eq. (3.6) has the correct sign as dictated by
analyticity constraints [20] (which have also been shown to
hold in certain curved spaces [33]) if and only if the Gauss-
Bonnet coupling a has the correct sign [21] (note however
that there are subtleties due to the presence of the graviton
pole [34]).

If we scale « — v/Na and ignore the singular (9¢)*
term, then the Galileon interaction —2M3a¢h(9¢h)? is the
next subleading self-interaction in Eq. (3.5) as N — 0. The
exchange amplitude produced from this cubic interaction is
A = —12&°stu/M%. This matches the last term in
Eq. (2.10) when N = 0.

Suppose that we ignore all the scalar self-interactions
and consider only the terms in Eq. (3.5) that can contribute
to four-graviton scattering. The only important term is then
where a single ¢ enters, which can serve as a coupling
mediating ¢ exchange,

S=Mﬁ/d4x\/:g'

X BR—%(N—}—2)(8$)2—l—%m/ﬁ(,?)g—l—--- . (37)

To get a nontrivial result when N = 0 we now have to scale
a — &/+/N. This is the same Lagrangian as in Eq. (2.8),
which has the correct terms to produce the amplitudes (2.7)
with precisely the scaling (2.6). However, with this scaling
the scalar self-interactions in Eq. (3.5) blow up, as would
other amplitudes involving too many external scalars.

To summarize, the only true nontrivial N — 0 limit
which is not infinitely strongly coupled is the one where we
scale @ — Na, which leads to Eq. (3.6). Therefore, in this
sense, the only nontrivial D =4 limit of Gauss-Bonnet
without infinite strong coupling around flat space is
minimally coupled (9¢)* theory.

IV. NO NEW GRAVITON AMPLITUDES

We have seen that the dimensional continuation and
D — 4 procedure applied to Gauss-Bonnet amplitudes
does not produce new pure gravity amplitudes, but rather

reproduces amplitudes from known scalar-tensor theories.
One could argue that perhaps the procedure we used, of
simply taking momenta and polarizations to lie in the four-
dimensional space, is not general enough and that some
other more complicated procedure produces the new D = 4
pure gravity amplitudes. Here we apply the on-shell
construction of graviton amplitudes in general dimensions
to argue that this cannot be, since there are no four-point
amplitudes with no more than six derivatives and the usual
properties of Lorentz invariance, unitarity, and locality
other than those of Lovelock gravity.

Consider four-point pure gravity tree amplitudes. By
factorization, such amplitudes must be of the form

A= Aexchange + Acontact’ (41)
where Agniac 18 analytic in the momenta and Agychange has
simple poles with residues that factorize into products of
on-shell three-point graviton amplitudes. Gauge invariance
tells us that the full amplitude must satisfy the Ward
identity on all external legs, A =0. In general,
Acxchange 18 DOt gauge invariant by itself, but rather its
gauge variation is an analytic term that is cancelled by the
gauge variation of A -

Consider first amplitudes that involve at most two
powers of the momenta. The three-point amplitudes are
fixed by Lorentz invariance and are fully classified. There
are a finite number of possible three-point functions for
each collection of three spins and masses. The only gauge-
invariant on-shell three-point amplitude that involves three
massless spin-2 particles and two powers of momenta is
proportional to the Einstein-Hilbert amplitude,

Az o« [(p1-€3)(e1 - €2) + (p3-€2) (e - €3)

+ (P2 €1)(er - €3)]%, (4.2)

where the polarization tensors are written as €,, = €,¢,. We
form Agychange OUt Of this vertex by gluing together two
copies with a propagator and summing over all three
channels. The gauge variation §Acxchange 18 @ polynomial
with two powers of momenta, which must be cancelled by
the variation of some A, With two derivatives. The
form of A e 18 uniquely fixed by requiring §A.opuet =
—0Aexchange and the resulting amplitude matches the GR
amplitude, showing that it is the unique two-derivative
amplitude in any number of dimensions.

The Gauss-Bonnet term has four derivatives, so to study
the possible amplitudes that could result from some kind of
dimensional continuation of Gauss-Bonnet, we need to
study amplitudes with more than two powers of the
momenta. A four-derivative term could give rise to
three-point functions with up to four powers of momenta
and, through exchange diagrams, four-point functions with
up to six powers of momenta. There are two gauge invariant

024029-5
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on-shell three-point amplitudes that involve the massless
spin-2 particles and up to four powers of momenta, the
Einstein-Hilbert vertex in Eq. (4.2) and the Gauss-Bonnet
vertex,

Az g & (P1-€3)(p2-€1)(p3-e)[(p1-e3)(er - €2)

+ (p3-e)(er - €3) + (p2-€1)(e2- )] (4.3)
Taking as the cubic vertex a general linear combination of
these two and forming the exchange diagrams, we get an
Aexchange With up to six powers of momenta. We thus write
an ansatz for A With up to six momenta. The
parameters of this ansatz are not completely fixed by
requiring 6 Acontact = —0Aexchange» Tather there is one free
parameter left over. If the coefficient of the two-derivative
Einstein-Hilbert cubic is nonzero, the resulting amplitude is
precisely what one obtains from Lovelock theory (1.1). The
extra parameter in the contact ansatz corresponds to the
quartic part of the R? Lovelock interaction (these terms do
not contribute a cubic vertex, due to the Lovelock struc-
ture). The Lovelock terms of order R* and higher do not
contribute to the four-point amplitude. When D = 4, this
amplitude reduces to the GR amplitude. If the coefficient of
the two-derivative Einstein-Hilbert cubic is zero, the
resulting amplitude is that of the pseudolinear Lovelock
theory discussed in Refs. [35-38], which vanishes
in D =4.

This argument shows quite generally that there is no new
purely gravitational amplitude that could possibly arise
|

from any kind of D — 4 limit of the Gauss-Bonnet action,
assuming that the limit does not involve somehow adding
more derivatives and does not spoil Lorentz invariance,
unitarity, or locality.

V. SUMMING OVER SPINS

Another possible way to obtain four-dimensional observ-
ables from Gauss-Bonnet theory is to consider the unpo-
larized differential cross section in D dimensions and to
take D = 4 after rescaling parameters. In D dimensions the
unpolarized differential cross section for 2 — 2 elastic
scattering of identical particles in the center-of-mass frame
is given by

D—6
dQp_, 2(2z)P2 64 LOD-3)

2 helicities

(5.1)

Here E is the energy of one of the particles, the sum runs
over the helicities of each particle, the factor of 1/2 is a
symmetry factor because the final state particles are
identical, and the denominator D(D — 3)/2 is the number
of graviton states in D dimensions and is there because we
average over initial states and sum over final states.

For the Gauss-Bonnet theory (1.2), performing the sum
in general dimensions is computationally intensive, since
we cannot just calculate each individual polarization and
sum the results like you can in a fixed dimension or use
spinor-helicity variables as in D = 4. The result is

_ 2
M%(D—Z) Z |A]2 = M (D -3)S,* +2(D —6)S,55%)

4857
(D—-4)(D-3)D
2(D -2)

, (9D —52D% 4+ 76D — 24)
“ D-2

helicities

1

4_ -
T DD

- (D=2)*D(D +2)(D*-4D + 12)523)} ,

>To do this we use the polarization sum [39]

[a—

(HACHBD + HADHBC) _ 1 HABHCD

;6?5 (PP (p) =5 )

(5.2)

for each of the particles in the squared amplitude. Here
A8 = A8 + (pAp® 4 pPpA), where pA = (E, p) is the on-shell
D-momentum and p* is the unique vector satisfying p*p, = 0,
p*pa = 1, given by p* = 555 (E. —p).

~a(20-3p

S 3
22 13(D-6)(D- 2)S3>
S3
, (D* = 8D +36)(7D* — 20D + 4)
—

(D-2)?

S,S,

(6(5D° — 61D° +292D* — 784D3 + 1600D? — 1840D + 896)S;>

(5.3)

where S, and S; are the two independent on-shell sym-
metric polynomials of the Mandelstam variables (2.5),

S, = st + su + tu, S = stu. (5.4)

When a = 0, this reduces to the GR result, which can be
written as
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(D - 3)D?

) [(6—D)(s® + 8 +ub)

S AP =

- 2(D—
helicities 16M

+6(D —4)(st + su+ tu)*].

s212u?

(5.5)

This result is well known in D = 4 [40-42], but as far as we
are aware the result for general D has not appeared before
and neither has the Gauss-Bonnet result of Eq. (5.3).

In Eq. (5.3) all the polynomials in D have been factored
over the integers as much as possible. There is a single
factor of D — 4 in front of the a-dependent terms, so they
vanish in D = 4 as expected. Since the highest power of «
is a*, to get a nontrivial correction we must take yet another
different scaling where we make the replacement

a

a—>7(D_4)1/4

(5.6)

and hold & fixed. After this rescaling, Eq. (5.3) simplifies in
D=4to

S4
M3 E |AI> = 4<S—§ — 4S2> +36a*(983 - 83).  (5.7)
3

helicities

The sum over helicities involves many of the Kaluza-Klein
modes that were discarded in the ansatz in Eq. (3.1).
Reproducing this and the scaling (5.6) from a four-
dimensional theory would thus presumably involve keep-
ing track of these extra modes and summing over their
amplitudes. The fact that GR gives the only four-point
amplitude with at most six powers of momenta in D = 4
means that Eq. (5.7) cannot come from spin averaging any
four-dimensional pure gravity amplitude.

VI. CONCLUSIONS

The question of whether there exists a “novel 4D Gauss-
Bonnet theory” has been revived in Ref. [3]. Observables in
such a theory are supposed to be obtained by takinga D — 4
limit of Gauss-Bonnet observables in general D after
rescaling the Gauss-Bonnet coupling by a — a/(D —4),
leaving a finite contribution which differs from general
relativity. We have studied this from the point of view of

scattering amplitudes, which are natural observables of any
theory in flat space and should presumably be calculable
with such a prescription, even if there is no strict four-
dimensional Lagrangian or equations of motion.

The most natural way of taking the four-dimensional
limit of Gauss-Bonnet amplitudes leads to the amplitudes
of a scalar-tensor theory. This is consistent with the
conclusions of Refs. [18,30,31] (see also [43—47]). The
scalar in this theory is infinitely strongly coupled around
flat space when using the usual scaling a — @/(D — 4).
This suggests that the same is true around other highly
symmetric solutions and would explain why it is not seen in
small fluctuations about these solutions. To keep the scalar
self-couplings finite, a scaling a — (D —4)a should be
used, which leads to a (9¢)* theory, with the correct sign as
dictated by analyticity.

The fact that solutions in the novel Gauss-Bonnet theory
differ from GR could be explained by the fact that they are
sourced by this extra scalar. The fact that the scalar is
infinitely strongly coupled means that it only shows up in
higher-order fluctuations, which the scattering amplitudes
are sensitive to. It would be interesting to explore higher-
order fluctuations around some of the other solutions, such
as black holes or FLRW backgrounds, to see if the scalar is
visible there too.

We also looked at the unpolarized graviton-graviton
cross section to see that another distinct rescaling of the
coupling is needed to obtain nontrivial finite corrections in
four dimensions.

Finally, we argued that there are no new purely gravi-
tational four-point tree amplitudes that could result from a
D — 4 limit of Gauss-Bonnet by directly constructing the
on-shell amplitudes, and so in this sense there is no “novel
4D Gauss-Bonnet theory.”
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