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We calculate energy carried by a massless spin-2 field using Fierz-Lanczos representation of the theory.
For this purpose Hamiltonian formulation of the field dynamics is thoroughly analyzed. Final expression
for the energy is very much analogous to the Maxwell energy in electrodynamics (spin-1 field) and displays
the locality property. This quantity, known as a “superenergy” in gravity theory, differs considerably from
the well understood gravitational field energy (represented in linear gravity by the quadratic term in Taylor
expansion of the Arnowitt-Deser-Misner energy) which cannot be localized.
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I. INTRODUCTION: FIERZ-LANCZOS
FIELD EQUATIONS

Linear gravity is a gauge-type field theory. The space-
time metric is split into a fixed “background metric” g,,
and a “small perturbation” h,, playing a role of the
configuration variable and admitting gauge transforma-
tions:

(1.1)

where the Lie derivative with respect to the vector field &
describes an “infinitesimal coordinate transformation”
x* — x* + & (x). Linearized Einstein equations are
second order differential equations imposed on the metric
variable /.

A substantial, technical simplification of the theory is
obtained if we formulate it in terms of gauge-invariants. In
case of the flat Minkowski background, an elegant gauge-
invariant formulation is obtained in terms of components of
the (linearized) Weyl tensor W, i.e., the traceless part of
the (linearized) curvature tensor

h;w - h/u/ + £§gﬂw

R, =V,I% —V,I%

Kuv Kp o

(1.2)

where I" represents the (linearized) connection coefficients
of the total metric g + h:

where both “V” and “;” denote covariant derivative with
respect to the background geometry g (see, e.g., [1-3]).

Due to metricity condition (1.3), Riemann tensor sat-
isfies the following identities:

R/l/wK = _R;ML/K = _R/l,wcz/ = Rwdw (14)

Ry = 0. (1.5)
Note that for tensors fulfilling (1.4), identity (1.5) is
equivalent to first-type Bianchi identity:
Ry = 0. (1.6)

Identity (1.4) leaves 21 independent components, so the

Riemann tensor has 20 independent components. Half of
them are carried by the Ricci tensor

R, = R’llm, (1.7)

1

which is symmetric (again—due to metricity of the con-
nection). Hence, the traceless part of the Riemann tensor:

1
WAK/JL = RlK/u/ 5 (glﬂRKu - g/ll/RKﬂ + gKuR/IIA - gK/ARllu)

2
1 1
Ffw = EQAK(hKy;v + hm/;u - h;w;lc)! (13) + ER(g}Lﬂng - gﬂvgky)v (18)
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called Weyl tensor, has 10 independent components. The
complete list of its identities is

W/l/u/lc = _W/ML/K = _Wll/uw = Wwd;w (19)
Wi = 0, (1.10)
W2, = 0. (1.11)

It can be proved that the gauge-invariant content of
linearized Einstein equations is equivalent to the ‘“con-
tracted 2nd type Bianchi™:

V,Whk = (), (1.12)
In particular, the existence of the metric field 4,,, such
that all the quantities arising here can be obtained by its
appropriate differentiation, is guaranteed [4] by (1.12).

Spin-two-particle quantum mechanics can also be for-
mulated in a similar language (cf. [5]). Originally, the
particle’s “wave function” is described by the totally
symmetric, fourth order spin-tensor. However, there is a
one-to-one correspondence between such spin-tensors and
tensors W, satisfying identities (1.9)—(1.11) (the trans-
formation between the two pictures can, e.g., be found
in [6]). Moreover, evolution of a massless particle is
governed by the same field equation (1.12). In this
representation, the theory is often referred to as the
Fierz-Lanczos theory. Here, identities (1.9)—(1.11) are
not treated as a consequence of any “metricity” (there is
a priori no metric here) but are a straightforward conse-
quence of the transformation from the spinorial to the
tensorial language.

Fierz-Lanczos theory can also be derived from a varia-
tional principle and the corresponding “potentials” are
known as Lanczos potentials [7-18]. In the present paper
we propose a substantial simplification of this theory on
both the Lagrangian and the Hamiltonian levels. Finally, we
calculate the field energy equal to the value of the field
Hamiltonian and prove its local character. This means that
if the region V = V; U V, is a union of two disjoint regions
V; and V, then the corresponding field energies sum up:

Ey =Ey +Ey,. (1.13)
Our main result is: the energy of the Fierz-Lanczos field
[19] is entirely different from the well understood Arnowitt-
Deser-Misner-energy of the gravitational field. Linear
expansion of the field dynamics in a neighborhood of
the background metric g,, corresponds to the quadratic
expansion of the Arnowitt-Deser-Misner energy (“mass”
which has been calculated by Brill and Deser [8], see also
[20-22]. Anticipating results which will be presented in the
next paper, let us mention that gravitational energy cannot
be localized: identity (1.13) cannot be valid in gravity

theory because the gravitational interaction energy between
the two energies (masses) has to be taken into account on
the right-hand-side [23].

We conclude that linear gravity and the Fierz-Lanczos
theory differ considerably. They can be described by the
same field W and the same field equations (1.12), but the
corresponding phase spaces carry entirely different canoni-
cal (symplectic) structures. Consequently, energy carried
by the field is entirely different in both theories. Graviton is
not a simple “massless spin-two particle.”

II. FIERZ-LANCZOS FIELD THEORY
IN (3+1)-FORMULATION

Quantum mechanics of a spin-two particle can be
written either in the spinor or in the tensor language.
The relation between the two equivalent formalisms can be
found, e.g., in the Taub paper [6]. Here, we shall use the
tensor formalism. This means that the field configuration
is described by the “Weyl-like” tensor fulfilling identities
(1.9)—(1.11) typical for the Weyl tensor of a metric
connection.

In what follows we describe properties of the theory
on a flat four-dimensional Minkowski space [signature
(=, +,+,+)] whose metric Gy 18 used to rise and lower
tensor indices.

Weyl-like tensor W can be nicely described in a (3 + 1)-
decomposition. Denoting by # = x° the time variable and
by (x%), k =1, 2, 3, the remaining space variables [24],
10 independent components of W are uniquely described
by two three-dimensional symmetric, traceless tensors
(cf. [17,25]):

U B )
B/l = _gjkIWotkl‘

DK — WOkl
2

(2.1)

Trace DV g;; vanishes due to identity (1.11), whereas (1.6)
implies vanishing of B"g,;. Antisymmetric part of B is
given by W%, so it vanishes because Weyl tensor is
traceless. In Cartesian coordinates components of the
tensor density e/¥ = \/dety,,,e/* are equal to the corre-
sponding components of the Levi-Civita tensor e/ =
ek /\/detn,, because detrn;, = 1.

Field equations V,W#** = () can be written in a way
similar to Maxwell electrodynamics:

divD = 0, (2.2)
divB =0, (2.3)
D = curlB, (2.4)
B = —curlD, (2.5)
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where “dot” denotes the time derivative J,. Moreover,
the following differential operators of rank 1, acting on
symmetric, traceless tensor fields K%/ have been introduced:

(leK)l = kakl, (26)
1
(curlK);; = 3 (eMViK); + €MV K),)
= kal(jgi)kl. (27)

It is obvious that curlK is also a symmetric, traceless tensor.

For transverse-traceless tensors D i B [i.e., fulfilling
constrains (2.2)—(2.3)], symmetrization in formula (2.7) is
not necessary because the antisymmetric part of &'V, K, j
vanishes:

Enijé'iklkalj = €ijn€ik1kalj

= (¢*g" - ¢'g"" )V K

= VK" — VK J = 0. (2.8)

III. A SIMPLE VARIATIONAL PRINCIPLE
(NOT OBEYING LORENTZ-INVARIANCE)

Similarly as in electrodynamics, field equations (2.2)—(2.5)
can be derived from a variational principle. For this purpose
we use the following simple observation (see Appendix for
an easy proof):

Lemma: Given a symmetric, transverse-traceless field B
on a 3D-Euclidean space (i.e., the Cauchy surface {z = 0}),
there is a symmetric, transverse-traceless field p such that

B = curlp. (3.1)
The field p is unique up to second derivatives 0;0;¢ of a
harmonic function: Ag = 0.

Corollary: Given field configuration (D, B) satisfying
field equations (2.2)—(2.5) on Minkowski spacetime M,
there is a symmetric, transverse-traceless field p on each

Cauchy hypersurface {r = const} which fulfills not
only (3.1) but, moreover,

D= —-p. (3.2)
The field p satisfies wave equation
p=Ap. (3.3)

Proof. At each hypersurface {¢# = const} choose any p
satisfying (3.1). Due to field equations we have:

curl(D + p) = curlD + B = 0.

Hence, at each instant of time (D + p) differs from zero by
0,0, where Ap = 0. Integrating with respect to time, we
can find a such that @ = ¢ and Aa = 0. Whence:

D+ p = 0,0;a.
We conclude that

p = i) - 8[6]6( (34)
fulfills (3.2). Taking into account that curlcurl = —A on
symmetric, transverse-traceless fields, we obtain:

p=-D = —curlB = —curlcurlp = Ap.

|

Remark:The object p is analogous to the vector potential
A; in electrodynamics. Condition divp = 0 plays a role
of the Coulomb gauge. Condition (3.2) plays a role of
the additional axial gauge Ay = 0, which can always be
imposed on the Coulomb gauge.

Similarly as in electrodynamics, we can assume that the
first pair of “Maxwell equations” is satisfied a priori and
derive the remaining equations from a variational principle.
For this purpose we treat p as a field potential, equa-
tions (3.1) and (3.2) as definition of D and B, and take the
following Lagrangian function [26]:

L) =a- 225 35)
Indeed, we have:
5/£ = a/ (pSp — (curlp)d(curlp))
= a/ (=Dép + Apép), (3.6)

which implies (3.3) as the Euler-Lagrange equation for L.
Moreover, quantity —aD = % plays a role of the momen-
tum canonically conjugate to p. To simplify notation,
we shall skip the constant a in what follows (e.g., using
appropriate physical units in which a = 1).

Formula (3.5) implies the following Hamiltonian density
of the field:

D*-B* D*+ B’

= (=D)p— L =D?*— =
H=(-D)p-L 5 TR

(3.7)

which generates the Hamiltonian field dynamics

oH

. ) - O0H

—D—%
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according to:

8H = DD + Bé(curlp)
= —pé(—D) — (curlB)ép + {boundary terms}. (3.8)

Remark: Quantity

EV:Z/H
Vv

may be identified with the amount of field contained in V,
provided the boundary term vanishes when integrating
(3.8) over QV. For this purpose appropriate boundary
conditions have to be imposed (cf. [27]). Physically, control
of boundary data ensures adiabatical insulation of the
interior of V from its exterior. From the functional-analytic
point of view boundary conditions are necessary for the
self-adjointness of the evolution operator (the Laplacian A
in our case) which guarantees the existence and uniqueness
of the Cauchy problem [28] within V.

Hamiltonian description of the field evolution leads,
therefore, to the phase space of initial data parameterized
by the configuration p and the canonical momentum —D.
This means that the space carries the following symplectic
structure:

(3.9)

Q= / 8p A 8D, (3.10)
\%4

and the Hamiltonian (3.9) generates field dynamics
(3.2)-(3.3).

Being correct from the Hamiltonian point of view, above
Lagrangian version of the theory is not satisfactory because
it is not relativistic invariant. Indeed, field equations (1.12)
are relativistically invariant. Lorentz transformations of
W uniquely imply transformation laws for D and B.
But, like in electrodynamics, transformation law for the
“Coulomb-gauged” potential p is not only nonrelativistic
but obviously nonlocal. In electrodynamics, Lorentz trans-
formations can be applied correctly to the four-potential A,,.
They mix different gauges. Here, one could relax the
Coulomb gauge divp =0 by adding a “symmetric-
traceless part of a gradient”, namely:

TS(Vb),, =

1
(0;b; 4 0jb;) _ggijakbk» (3.11)

N[ =

where b is a three-vector field. This would be an analog of
the “gradient gauge” O, in electrodynamics which can
be added to A; without changing the field B. If, moreover,
we add ¢ to Aj, also the field D does not change.
Unfortunately, here only divergencefree fields 9,b* =0
can be used in (3.11) if we want to keep equation
curlp = B. Such a nonrelativistic condition does not allow

us to organize both p and b into a single, local, fully
relativistic object.

The unique remedy for this disease which exists in the
literature is the use of the so called Lanczos potentials, i.e.,
further relaxation of (3.1) and (3.2).

IV. LANCZOS POTENTIALS AND THE
RELATIVISTIC INVARIANT
VARIATIONAL PRINCIPLE

Since Weyl tensor is obtained by differentiating con-
nection coefficients Ffw, they are natural candidates for
potentials describing Lanczos field. But—contrary to linear
gravity—there is a priori no metric s here. Hence, what we
obtain by this procedure from a generic connection:

_FAKM;I/ + F/Isz;y (4 1)

Rilqw =
does not satisfy symmetry conditions (1.9) (to simplify
further considerations we have lowered first index of the
connection: I'y,, = g;,I°,,,). To produce Lanczos field we
must use appropriate symmetrization:

(4.2)

Py = R[Ak]ﬂu + R[/w]ﬁk’

and finally eliminate traces:

1

Wapuw = Vapuy — 5 (raﬂn/)’zz ~ Tallpu + NouTpv — ﬂaurﬂﬂ)

1
+ 8 (naunﬁu - naunﬁy)r’ (43)
where we denoted:
Tap = 1 aups r=r,n". (4.4)

This object already fulfills identities (1.9)—(1.11), i.e., is a
genuine Fierz-Lanczos field.

Decomposing I';,, into irreducible parts, we see that
only one of them enters into definition (4.3) of w. Taking
into account its symmetry: I, = I7,,), we first decom-
pose it into the totally symmetric part and the remaining
part whose totally symmetric part vanishes:

F/lmz = F(/lmz) + f/lﬂw (45)
with f< ) = 0. This way 40 independent components of I"
split into 20 components of the totally symmetric, rank 3
tensor and the remaining 20 components of T". The first part
drops out from (4.1).

Instead of I', in most papers devoted to Lanczos
potentials, the authors use its antisymmetrization in first
indices:

Aﬂ.ﬂl/ = f[lﬂ]u' (46)
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Vanishing of the totally symmetric part of I implies
vanishing of the totally antisymmetric part of the new
object: AW,,] = 0. We stress, however, that both objects are
equivalent: no information is lost during such an antisym-
metrization, because there is a canonical isomorphism
between both types of tensors. Indeed, it is easy to check
that the inverse transformation (from A to I') is given by the
symmetrization operator:

- 3.
Fﬂ.ﬂl/ = ZAM/“/)' (47)
We see that (4.1) and (4.2) imply:
T okuw = _A/Ikﬂ;v + Aixu;y - A/u//l;lc + A;wl(;/l' (48)

Finally, when passing to the Fierz-Lanczos field (4.3),
the trace A, :== A Jwg"” drops out. Hence, we define the
Lanczos potential as the traceless part of A:

A/mu = A/l;w - % (Alg/w - AﬂQﬂl/)' (4-9)
This object fulfills the following algebraic identities:
Ayw = —Aus (4.10)
Apyu) = 0, (4.11)
Ayt = (4.12)

(see also [9,10]). It has 16 independent components,
because 4 among the original 20 were carried by the

trace A,.
The field w written explicitly in terms of A looks as
follows (see [10]):

— A% (@w):olpu
(4.13)

Wopus = 2Aapivg) + 28000 = (A° @u)iollp
+ A% oMoy = A (puysollan) -

Let ) = fx,/‘- Observe that y,,, defined as the traceless
part of f,w,,:

[um—

Vo = f/lﬂy Y (~Ag/u/ - f‘(/dQIJ)/{)?

W

contains the same information as A, :

3

Aﬂm/ = y[ﬂu]u; Yiww = ZA}L(MD)' (414)

This object fulfills the following algebraic identities:

7//1/41/ = 71144 ’ (4. 15)

Y uv) = 0, (416)

T

7//1/4 - ’ (4.17)

and the corresponding expression for the Fierz-Lanczos
field reads:

Wapuw = 2V [aplvm] T 2V juu[esp)

3
- Z (}/O—(m;o’nﬂu - y”{ll/;ﬂr]/))ﬂ + 76[)’1/;,,—77(1” - Vﬂ/}ﬂ;a’?au)-
(4.18)

Hence, there are two equivalent versions of potentials
for the Fierz-Lanczos field. In what follows, we shall
use A,,,—the version proposed by Lanczos, as it is more
popular in the literature.

V. A RELATIVISTIC VARIATIONAL PRINCIPLE
FOR FIERZ-LANCZOS THEORY

Take an invariant Lagrangian density L = L(w). It
depends upon potentials and its first derivatives via w,
exclusively. Euler-Lagrange’a equations

oL

=0 5.1
0A (5-1)
can be written in a “symplectic” way
SL(A,0A) = 8K(W’1"”‘5A,W)
= (OWHR)BA,,, + WA, (5.2)
or, equivalently:
oL
DR — , 5.3
K 8 Al’u/ ( )
oL
Wk — . 54
aAl/w.K ( )

Canonical momentum W is a tensor density, because L
was a scalar density and we can equivalently use tensor W,
such that W = /| det g|W. These equations can be for-
mulated in a covariant form. We observe for this purpose,
that expression Wﬂ””"cﬁAﬁW is a vector density, so its
(partial) divergence is equal to covariant divergence.
Therefore, Eq. (5.2) can be rewritten:

SL(A, 0A) = V (WA,

= (VKWMDK)(SA}LW + WAFUK(SA}./H/;K' (5'5)
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But L does not contain components of A explicit but
only covariant derivatives of A. Hence, we obtain field
equations:

V W = (), (5.6)
OL

WK — . 5.7

8A/1;w;1< ( )

First equation is universal, but relation between w and
its momentum )V is implied by a specific form of the
Lagrangian. Define derivative of L with respect to w by the
following identity:

OL
T W

oL =
awi/wlc

(5.8)

The quantity % belongs to the (vector) space of contra-
vk

variant tensor densities. Due to the spacetime metric g,
it is equipped with the (pseudo-)Euclidean, nondegenerate
structure. Splitting this vector space into a direct sum of
tensors having the same symmetries as the Weyl tensor and
its orthogonal complement (we denote by P,, and P,
respectively, the corresponding projections), we write

oL :PW< oL )+P$< oL ) (5.9)
8W/1/,w1< awi;wx 8W1mu<

and, consequently,

e ) (2 o
awﬂ;wk awﬂﬂzzl(

L
= PW <a> 5W}4wl<'

aw/luwc

We see that condition 22— = P, (5%t~

aw/l;xm - ’ 8W/.'m/x
an unambiguous meaning to the definition (5.8): it must
fulfil the same algebraic identities as w does. Whence:

) is necessary to give

OL OL OL
5W/1ptw< =3 . 5r/1ﬂul< =4 — SA/I/AK;L/’

oL
aw/l/wl( aw/l/wk

awi;wx

which means that:

L
WKV — 4 0 . (5.10)
Wﬂm/K
Taking (cf. [17])
1
L= 1—6\/|detg|wﬂ"”’<wﬁ”w (5.11)

we obtain

1
SL = 3 V| det glwH < sw, e
1
=3 VI detg|w’1’“’"5A,1ﬂK;y,

so finally:

1
Wi = Wi = — /[ detglws. - (5.12)

VI. (3+1)-DECOMPOSITION OF THE LANCZOS
POTENTIALS. ANALOGY WITH
ELECTRODYNAMICS

In (3 + 1)-decomposition the “velocity tensor” w can be
represented by two 3D symmetric, traceless tensors [29],
which we call E and B:

Ey = wokor» B = %G‘ileOikz- (6.1)
In analogy with electrodynamics, the corresponding com-
ponents [30] of the “momentum tensor” W could be called
D and H [cf. (2.1)], but the Lagrangian (5.11) implies
the “constitutive equations” (5.12) equivalent to: D = E,
H = B. It is easy to show (proof in the Appendix), that

Wﬂﬂykwiﬂyk 8(E2 - B2)
4 (6.2)
L = 1\/|detg|(E*-B?).

The Lanczos potential A, which has 16 independent
components, splits into two symmetric, traceless, three-
dimensional tensors P;; and S;; and two three-dimensional
covectors a; and b;. The latter are defined via decom-
position of the three-dimensional two-form A;j:

a; = —Aojo, (6.3)

. 1 .
b = —Eé'lklAklo =4 AijO = —bmgmij, (64)
whereas P and S are defined as a symmetric part of Agy,
and A", respectively. Antisymmetric parts of them are
already given by a and b, due to identities fulfilled by A.
More precisely, we have (proof in the Appendix):

1 .
Ao = =2Py +5Dje . (6.5)
Al = =28y +ia;Ey
I3 (6.6)
A = =2Sue' i + 5 (amje — ajmi).-
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Relation (4.3) between potentials A and the field w can
be written in terms of these three-dimensional objects.
We obtain (proof in the Appendix):

Eq = worn

= —80Pk1 + 8 S kgl i + - (8lak + 8kal) - —ﬂk[a a

1 ..

By = 58”1Wk0ij
L3 L
= 0pSu + 0iPjen” — 1 (O1br + Oxby) + Enklaib .

These relations can be written shortly as:

E = —P +curls —l—%TS(Va),

. 3
B =S+ curlP - ETS(Vb), (6.7)
where by “T'S(Vb)” we denote the traceless, symmetric
part of Vb. Hence, in Lorentzian coordinates, Lagrangian
density of the theory can be expressed in terms of
potentials as:

1
L= \% |detg|wi;4w< )LMDK = \/ |detg|( Bz)

16

{ < —curl§ —éTS(Va)>2

- (S + curlP — % TS(Vb)) 2}.

NI'—‘

(6.8)

We see, that constraints (2.2)—(2.3) are obtained from
variation of L with respect to a and b, whereas dynamical
equations (2.4)—(2.5) from variation with respect to P
and S. This equations expressed by potentials (P, S, a, b)
have the following form:

3 1 ..
3 TS (V (c’z + Ecur1b>) = P + curl curlP, (6.9)

.1 .
% TS (V (b -3 curla> ) = S + curl curlS. (6.10)

VIIL. FIERZ-LANCZOS FORMULATION OF
MAXWELL ELECTRODYNAMICS

In (3 + 1)-decomposition, Fierz-Lanczos theory shows a
far reaching analogy with electrodynamics. The only
difference is that in FL theory we have two “vector
potentials” (P and S) instead of one (A4;) in electrodynam-
ics, and two “scalar potentials” (a and b) instead of
one (Ag) in electrodynamics. To clarify this structure, we
show in this section how to formulate classical

electrodynamics in a similar way, i.e., using two indepen-
dent potentials.

Conventionally, classical (linear or nonlinear) electro-
dynamical field is described by two differential two-forms:
f=fud A dx”and F = %f””eﬂ,,aﬁdx” A dx”. First pair
of Maxwell equations: df = 0 and the second pair: dF = J
are universal, whereas “constitutive equations,”’ i.e., rela-
tion between f and F depends upon a model. In particular,
linear Maxwell theory corresponds to the relation F = xf,
where by “x” we denote the Hodge ‘“‘star operator.”

Usually, we derive the theory from the variational
principle, where the first pair of Maxwell equations is
assumed a priori. For this purpose we substitute:
f =dA, or

fuw=0,A,-0A,=A,,—A,,
in coordinate notation, where A = (A,) is a four-potential
one-form and A, ,:=3d,A,. In (3 + 1)-decomposition,
electric and magnetic fields are then defined by compo-
nents of f:

-

(fro) = E = —A+ VA,,

(€™ fy;) = B = curlA, (7.1)

N =

whereas inductions: D and H arise as corresponding
canonical momenta. More precisely, variational principle
can be written as follows:

SL(A,.A,,) = 0,(F*5A,)
= (0,F")6A, + F#oA,,. (1.2)
equivalent to
OL
(77— 7
0, F A, JY,
OL oL
FH = =2 , (7.3)
aAz/.ﬂ af/w

where the components of the canonical momentum tensor

F are

FOk — K0 — Dk — | /det g, DF,
1

Hm = _emklj:kl-

]:kl — €klmHm’ 5

(7.4)

For linear (Maxwell) theory the Lagrangian density of the
theory equals:

1 1
_Z \% |detg|f;wfﬂy :E V |detg|(E2 _BZ)’

(7.5)
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and, whence, F*# = /| det g|f** or, equivalently, F = xf.
Consequently, “momenta” are equal to “velocities”: D = E
and H = B.

In absence of currents (i.e., when J = 0), both the
electric and magnetic fields play a symmetric role. This
means that the Hodge-star operator “+” is an additional

symmetry of the theory [31] and we could, as well, begin
with a potential (C,) = (Cy, 6’) for the dual form § = xf:

(Beo) = —B = —C + §CO, (e"g,,) = E = curlC.

| =

(7.6)
Variational principle

SL(C,,C,,) = 8,(H*5C,) = (8,H*)5C, + H*5C

[Z874)
(7.7)
of the same Lagrangian density
1 1
L= —Z\/|detg|f)ﬂ,,f)’““ ZE\/|detg|(E2—Bz), (7.8)
gives now the same field equations:
oL oL oL
oO,H™" = =0, H* = =2 . (79
: ocC, ac,, Y, (7.9)

with D = E and H = B playing a role of the corresponding
canonical momenta H = xf) = % f = —f:

H* = —HK = —\ /det g,,,H,

1
D, =z €, H.
m 2€mkl

Kl ki
HM = e“"D,,,

(7.10)

The sum of (7.5) and (7.8) would imply the theory of two
independent copies of electromagnetic field, say f and f,
such that f = f:

1
OL = [(0,F)5A, + (8, H*)8C, + FH6A, ,+H™5C, .

(7.11)

To have only one copy, we must impose constraint:
‘H = =F. The constraint is equivalent to the requirement
that L depends only upon the sum “f + *§” and not upon
the two potentials independently. Indeed, due to constraint
we have:

.7:””514”# + HW(SCW, = .7:””514,,# + (*.7:)””5611,’”
= ]—'l’ﬂ(‘j(Ay’ﬂ —+ (*C)I/,/l)

= %]—"’”5( F+ %), (7.12)

Hence, for linear electrodynamics, we can take
L(Aw Cw Ay,;u Cv,ﬂ)
1
— 5 /[detgl(E* - B?)
1
= =g VIdetg|(f ++b),, (f ++h)*
1
= = V| detg|(dA + +(dC)),,(dA + +(dC))*,
(7.13)
which leads to a single copy of Maxwell electrodynamics

with the Faraday tensor ¢ := f 4+ x} defined in terms of the
two independent four-potentials A and C:

@ = dA + xdC. (7.14)
Moreover,
For = =2,/| det g|p (7.15)
and

1
L= -, VIdetgloue™.

Equation (7.14) in (3 4+ 1)-decomposition, reads:

B=C+curlA - ﬁco.
(7.16)

E=-A+culC+ ﬁAO,

Unlike in the standard variational formulation of electro-
dynamics: (1) the variation is performed with respect to two
independent potentials: A, and C,, and (2) the first pair of
Maxwell equations is not imposed a priori but obtained
from the variational principle. So, the complete set of
Maxwell equations

divD = 0 (7.17)
divB =0 (7.18)
D = curlB (7.19)
B = —curlD, (7.20)
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is derived, not imposed a priori. Expressed in terms of
potentials (A, C. Ay, Cy), these equations read:

VA, = A + curl curlA, (7.21)

V€, = C + curl curlC. (7.22)
The gauge group of such a theory is much bigger than the
usual “gradient gauge”: it is composed of all the trans-
formations of the four-potentials which do not change the
value of the field ¢. Hence, not only “A — A + d¢” and
“C — C+ dy”, with two arbitrary functions ¢ and y but,
more generally, any transformation of the type
A—> A+ C— C+y, (7.23)
where the four-covector fields &= (&,) and 7= (n,)
satisfy equation:
dé + xdn = 0. (7.24)
It is obvious that both such d¢ and dz fulfill free Maxwell
equations. In particular, the case d¢ = dy = 0 corresponds
to the standard “gradient gauge.”

We show in the sequel that, from the Hamiltonian point
of view, such an exotic formulation of electrodynamics is
perfectly equivalent to the standard formulation, using a
single four-potential (A,).

VIII. HAMILTONIAN PICTURE
AND FIELD ENERGY

A. Electromagnetic field energy
in conventional formulation

Field energy is defined as the Hamiltonian function
generating time evolution of the field. To calculate its value,
a (3 + 1)-decomposition has to be chosen and the Legendre
transformation between “velocities” and “momenta” must
be performed in the Lagrangian generating formula. In
conventional formulation of electrodynamics we begin,
therefore, with formula (7.2):

SL = 0,(F"8A,) = 0g(FVSA,) + 0 (F*SA,)
= Dy(FR8A,) + 0 (FO6A, + F*6A,)
= —0y(DFSAL) + Ok (D*6A, + F*5A,)
= —DFsA, — DA, + 0, (D*6A, + FI*5A,)
= ASDF — DESA, — 5(DFA)

+ 0y (DFSA + F*sA)). (8.1)

Putting the complete derivative 5(D*A,) on the left-hand
side, we obtain

—8(=D*A, — L) = A, 5Dk — D¥sA,

+ OW(DFSA) + F*5A)),  (8.2)

which is analogous to the Hamiltonian formula —&(pg —
L) = pdq — ¢6p in mechanics, where —D is the momen-
tum canonically conjugate to Aand H = —DFA, — L is the
Hamiltonian density. The boundary term 0;(D*5A, +
F*$A;) is usually neglected by sufficiently strong fall-
off conditions at infinity. We stress, however, that the above
symplectic approach enables one to localize energy within
a (not necessary infinite) 3D volume V with boundary JV.
For this purpose we integrate (8.2) over V and obtain

—6Hy = / (ASDF — DFsAL) + / (DA, — FH6A)),
4 oV

(8.3)

where by “L” we denote the component perpendicular to
the boundary and Hy = [, H. Imposing boundary con-

ditions for A, and for A (components of A tangent to 0V),
we obtain an infinitely dimensional Hamiltonian system
generated by the Hamiltonian functional equal to the
“Noether energy” Hy [32]. Whereas controlling A at
the boundary means to control B3+, the control of the scalar
potential Ay means “electric grounding” of the boundary.
This is not an adiabatic insulation of the field from the
external world but rather a “thermal bath,” with the Earth
and its fixed scalar potential playing a role of the “thermo-
stat.” Hence, Hy is not the internal energy of the physical
system: ‘“‘electromagnetic field contained in V,” but rather
its free energy: the uncontrolled flow of electric charges
between OV and the Earth plays the same role as the
uncontrolled heat flow between the body and the thermostat
during the isothermal processes. To avoid exchange of
energy between the thermostat and the system, we must
insulate it adiabatically. For this purpose we perform an
extra Legendre transformation between D+ and A at the
boundary (cf. [27]):

IDJ'5A0 == 5(IDJ'A0) - Aoépl
and we obtain:

—6Hy = / (A SDF — DFSAY)
|4

+ / (—ASDL — FLHhsA,),  (8.4)
v

where
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7:{‘/ = HV + / DJ‘AO
v

- / —L - DkAk + 8k<DkA0)
14

(8.5)

In linear Maxwell electrodynamics we obtain the standard,
local, Maxwell energy density [33]:

1
-L+D'E, = —5V |detg|(E* — B*) + /| det g|E?
1
=5 /| det g|(D?* + B?).
The boundary term in (8.4) vanishes if we control D+

and Bt on OV. Cauchy data are, therefore, described by:
(1) electric induction D satisfying constraints (7.17), and:

(8.6)

(2) equivalence class of A modulo the gradient gauge ﬁAO
[each class uniquely represented by the magnetic field B
satisfying constraints (7.18)]. These Cauchy data form the
phase space of the system equipped with the symplectic
form

Q= / 8A; N 8D, (8.7)
14

which is gauge-independent due to boundary conditions:
6D*|4, = 0. Due to this gauge-invariance, each class of
equivalent field configurations can be uniquely represented
by, e.g., the Coulomb-gauged potential A, fulfilling the
Coulomb gauge condition: divA = 0. Such a representant
is unique if we impose the boundary condition 5A+ loy = 0.
It can be proved that boundary conditions transform the
Hamiltonian (8.6) into a genuine self-adjoint operator Hy,
governing the field evolution on an appropriately chosen
Hilbert-Kdhler space of Cauchy data in V, and the
symplectic form becomes: Q = |, 5A, A 8D

B. Phase space of Cauchy data
The same conclusion may be obtained if we work
directly with the field Cauchy data. To simplify notation,

we use Lorentzian coordinates (/| detg| = 1). According
to (7.1), we have:

1 - - 1 = 52 -
L= P_B = S {(VAg - A) - (curlA)*}.  (8.8)
We see that A is a gauge variable because its momentum
vanishes identically. Moreover, momentum canonically

conjugate to 3D vector potential A equals:

L >
L)

OA

—D:= (8.9)

Consequently, variation of L with respect to A, implies
constraints:

oL

—-—=9,DFk=0. 8.10
51 = O (8.10)
Hence, we have:
SL = D*6(=A; + 9,Ay) — B*6(e,79,A))
= 8{D"(=Ay + 0, Ag)} + (A, — 04Ay)SD*
—|— ai(eiijkéAj) - (ef’kalBk)éA] (811)

Putting the complete divergence §(D*E;) on the left-hand
side, we obtain:

—8(DFE, — L) = ASDF — DFsA,
+ 0;(—ASD" + €™ BSA;),

which finally implies (8.6) and (8.4). The boundary term
vanishes if we control D+ and B+ = curlA; on 9V.

C. Symplectic reduction in the FL formulation
of electrodynamics

In Fierz-Lanczos formulation we have more potentials,
but also the gauge group (7.23)—(7.24) is much bigger. In
this section we prove that—when reduced with respect to
constraints—both formulations are perfectly equivalent.
Hence, the Hamiltonian formulation and the notion of
field energy does not depend upon a choice of a particular
variational principle. Indeed, consider Lagrangian density
(7.8) and the corresponding Euler-Lagrange equations (7.9):

divD =0 (8.12)
divB =0 (8.13)
D = curll (8.14)
B = —curlE (8.15)
D=E (8.16)
H=B. (8.17)

For fields satisfying these equations (i.e., on shell), inte-
gration by parts implies:
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5/L
14

_ / (DS(=A + curlC + VA,

- flé((_f' + curlA — ﬁco)} (8.18)

_ / (~D6A + curl BT — ASC — curl AsA}
\%4

(8.19)
=— / (DSA + DA + H5C + H5C)
14

- / 8o(DSA + HSC). (8.20)
|4

Here, we have neglected the boundary integrals. They
vanish because of appropriate boundary conditions which

assure the adiabatic insulation of V.[34] Hence, fields D D
and H play a role of (minus) momenta canonically
conjugate to A and C, respectively. To perform correctly
Legendre transformation and obtain the value of the
Hamiltonian function, we must reduce this symplectic
structure to independent, physical degrees of freedom.
For this purpose we use the Hodge decomposition of
the space of three-dimensional vector fields X into two
subspaces:

X=X"+X' (8.21)

where X" is sourceless (i.e., divX’ = 0) and curlX® = 0. In
particular, assuming trivial topology of the region V, we

obtain that there exist a vector field W and a function f such
that X* = curlW and X°* = V.

Putting aside all the functional-analytic issues, consider
field configuration having compact boundary in V.

Integrating by parts, we see that X" and X° are mutually
orthogonal [35] in the Hilbert space L?:

@) = [ %7 =0,
14
From (8.12)—(8.13) and (8.16)—(8.17) we have

D'=D=E=E,

(8.22)

-

H =H=8=

o

v (8.23)

The sourceless parts of Egs. (7.21)—(7.22) imply wave

equations for both A’ and C". Define a sourceless vector
potential W for C?, i.e., curlW = C". Applying again the

curl to this equation, we conclude that W = —curl curlW,
re., LW =0.
Now, integrating by parts and using orthogonality

relations, we reduce (8.19) as follows:

5 / L= / 9y(D6A + H6C)
\%4 |4

- / (B6A + H5C + H5C + DoA)
\%

_ / (D84 — curl B6C + HSC + curl A5A)
\%4

- / {DSA" — DécurlC" + H5C' + DSA"}
14

= / {DSA" — Décurl curl W + HocurlW + DSA"}
\%

= / (D6A" + DoW + curlH6W + D6A"}
|4

_ / (DSA" + DoW + DoW + Do’}
1%

-

- / (DS(A" + W) + D(A" + W)}

:/(555+55§):/ao(55§),
\% \%

where we have defined the following, sourcefree, field:
A A"+ W o

Hence, our original phase space (A, C, D, H) of Cauehy
data, equipped with a symplectic form @ = 6A A 6D+
5C A 8H, reduces on shell to (Z 5) with a symplectic form

@ = 6A A 55, identical with the structure (8.7) derived in
Sec. VIII A from the conventional variational principle.

D. Electromagnetic field energy in the FL formalism

We see that the reduced (with respect to constraints)
phase space in Fierz- Lanczos formulatlon can be described
by pair (A, D) where A — A" + W plays a role of the field

configuration, whereas -D plays a role of its canonically
conjugate momentum. It is, therefore equivalent to the
corresponding phase space in the conventional formulation.
Hence, Legendre transformation to the Hamiltonian picture
goes exactly as in Sec. VIII A:

H—-L-D-A
1 - S0 3
:—E(EZ—BZ)—D-(A + W)

-D- (Aw — curl curl W)

(8 - D?)

2_D*) 4+ D(-A + curlC?)

=

E' =

|
(]!

Y

*-D%) + (D> + B),

N = ] = N =

N\'—‘
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where we used the sourceless part of the first equation

in (7.16): E"' = —A" + curlC".

Reduction of the Fierz-Lanczos Lagrangian proposed
in [17] [see our formula (6.8)] can be obtained in a way
entirely analogous to what was done above.

E. Symplectic reduction of the

spin-2 Fierz-Lanczos theory
Take

1
L = T3 /| det g|w,1ﬂw<wi’“”(
1
~ 2 V[detgi(p* - B)

1 2
:E{( —curlS——TS Va)

-~ (S + curlP — % TS(Vb))Z}.

Euler-Lagrange equations [cf. (2.2) and (5.12)] implied
by L read:

divD = 0 (8.24)
divB = 0 (8.25)
D = curlH (8.26)
B = —curlE (8.27)
D=E (8.28)
H=B. (8.29)

For fields contained in a region V, satisfying proper
boundary conditions, we can integrate 6L by parts and
obtain on shell:

5/VL = [/{D&(—P + curlS 4+ 7S(Va))

— H5(S + curlP — TS(Vb))} (8.30)
= /V {=DéP + curlD3S — H8S — curl H5P}
(8.31)
- /v (D8P + DoP + H5S + H5C)
- /V 9o(DSP + HSS). (8.32)

Hence, fields D and H play a role of (minus) momenta
canonically conjugate to P and S, respectively. However,
to perform correctly Legendre transformation and obtain
Hamiltonian, we must reduce this symplectic structure to
independent, physical degrees of freedom. For this
purpose, we use decomposition of three-dimensional
tensors of rank 2. Following Straumann (see [36]), an
arbitrary 3D symmetric, traceless tensor f;; can be
decomposed into three parts (called: tensor, vector and
scalar parts, respectively):

T =ty 1+ 1y

where
dive' =0, tr(r") = 0; 1, =TS(VE)y,
. 1
divé = 0; =S~ §Af77kl (8.33)

for some function f and a covector & For field configu-
ration having compact boundary in V (more generally: for
fields fulfilling appropriate boundary conditions on 9V),
the decomposition is unique and the three components:
t, ' and ¢ are mutually orthogonal with respect to
the L?-scalar product: (t]s) = [i, - s.

From (8.24)—(8.25) and (8 28)—(8.29) we have

D'=D=E=E, H=H=B=B. (834)

By taking transverse-traceless part of Egs. (6.9) and (6.10),
we have that P' and S’ fulfill wave equations. So, if we
define h as a tensor, such that

curlh = § (8.35)

than A fulfills Clh = 0, too. (Existence and uniqueness of
such & is proved in Appendix A.) This equation is
obviously equivalent to 7 = —curl curlh.

Now, we reduce expression (8.31), integrating by parts
and using orthogonality relations:
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~8L = /V 9o(DSP + H5S)
— /V (DSP + DSP + H8S + H6S)
- /V (DSP' + DSP' + H5S' + H5S")
- /V (DSP' + DSP' + curlH5h — Décurls’)
- /V (DSP" + DSP' + Déh — Décurl curlh)
:%Xpaﬂ+ﬁy+baw+h»

_ /V (DS + Dop) = /V 00(DSp),

where we denoted p:=P'+ h. Hence, our symplectic
structure (P, S,D,H) with a symplectic form o =
S6P A 8D + 8S A 6H, became reduced to (p,D) with a
symplectic form @ = ép A 6D, derived in Sec. III from our
naive variational principle [cf. (3.10)].

F. Field energy in the Fierz-Lanczos theory

In this formulation the transition to the Hamiltonian
picture is straightforward and gives results identical
with the ones obtained in Sec. III. If p = P + h is the
configuration field, and —D its canonical momentum then
the Legendre transformation reads:

H:—L—D~p:—%(E2—BZ)—D'(Pt+h)
= %(B2 —D?) —D - (P' - curlcurlh)
= %(82 — D?) + D(—P" + curl$")
:%(BZ—DZ) YD-E :%(D2+Bz),

where we have used the tensor part of the first equation
in (6.7): curl§’ — P = E'.

G. Poynting vector and energy flux
in Fierz-Lanczos theory

Similarly as in electrodynamics, the energy flux can also
be localized. For this purpose we define the Poynting
vector:

Sk = (E x B)k := mEy;B,, ", (8.36)

fulfilling the following identity:

divS = 8k(€klmEliBmi)
= (" OE;) B, 4 E (¢ 0, B},)
= (curlE|B) — (E|curlB)
= —(B|B) - (E|E)

E? + B2 .
() -

equivalent to the continuity equation:

divS +H = 0. (8.37)
Integrating over any volume V, we obtain
. d 1
Hy=— [ H=- S (8.38)
dr Jv v

Hence, we are able to control the energy transfer through
each portion of the boundary 9V.

IX. CONCLUSIONS

In this paper we were able to calculate the amount of
energy Ey carried by the massless spin-two field and
contained within a space region V C R3. For this purpose
we have used consequently definition of energy as the
Hamiltonian function generating field evolution within V.
A priori, evolution within V is not unique because it can be
arbitrarily influenced by exterior of V. To make the system
autonomous, we must insulate it adiabatically from this
influence: appropriate conditions have to be imposed on the
behavior of the field at the boundary 0V. Mathematically,
control of boundary conditions selects among possible self-
adjoint extensions of the evolution operator (typically: the
Laplace operator) a single one which is positive. Moreover,
it enables us to organize the phase space of the field Cauchy
data into a strong Hilbert-Kihler structure, where the “well-
posedness” of the initial value problem is equivalent to the
self-adjointness of the evolution operator. The use of
specific representations of the theory (tensorial Fierz-
Lanczos versus spinorial one, symplectic reduction by
means of the Straumann decomposition versus imposing
“Coulomb gauge” etc.) is irrelevant in this context: two
such representations are isomorphic in a strong, functional-
analytic sense. This way we have shown that the theory

admits the “local energy density” H = # such that

EV:/H
Vv

Moreover, the flux of energy through boundary can also be
localized by means of the Poynting vector (8.36). We stress
that—contrary to the common belief—such a local char-
acter of the field energy is rather exceptional. In particular,
theories of gravitation (both the complete Einstein theory
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and its linearized version) do not exhibit any such “energy
density”(or local flux represented by Poynting vector).
Nevertheless, in both versions of the theory, energy Ey and
its flux can be uniquely defined by our procedure, even if
the locality property (1.13) is not valid. The complete
functional-analytic framework of our approach will be
presented in the next paper.
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APPENDIX A: EXISTENCE OF TENSOR
POTENTIAL FOR TRANSVERSE-TRACELESS
TENSORS

Lemma 1. Given a symmetric, transverse-traceless field
B on a 3D-Euclidean space (i.e., the Cauchy surface
{t = 0}), there is a symmetric, transverse-traceless field
p such that

B = curlp. (A1)
The field p is implied by B up to second derivatives 9;0,¢
of a harmonic function: Ap = 0.

Proof. Since for every k =1, 2, 3 the vector B is
divergence-free, we can solve equation curla™ = B*. This
means that there is a matrix a;; satisfying equation:

€lij8iajk ES Blk. (A2)
Each solution is given uniquely up to a gradient. This
means that for any triple ¢* of functions, the matrix

5k ok K
a;j* = a;* + 0;¢",

is also a solution of (A2). To make the matrix & symmetric,
we must fulfill three equations:

0= enjk&jk = e"jk(ajk + aj¢k)’ (AS)

or, equivalently

curlt,Z =y, (A4)

where we have defined vector fields ¢ = (¢*) and

¥ = (w), where y" == —¢"*a;. A sufficient condition
for the solvability is: divyy = 0. But, due to (A2), we have:

—divyy = 9,e"*a; = €"d,a, = BN, =0, (AS)
and, whence, the condition is fulfilled and the solution of
(A4) is given uniquely, up to a gradient of a function, say ¢.
This means that ¢, is given uniquely up to Jp. We
conclude that there is a solution of (A2) which is sym-
metric. It is given up to 9;0,¢@. This nonuniqueness can be
used to make the solution traceless. For this purpose we put

pij = a;; + 0;0,9, (A6)
and impose condition
0=p'=a'+ Ag, (A7)

which we solve for ¢. This way we have p which is another
solution of (A2) and is: (1) symmetric and (2) traceless.
But, it is also divergencefree because of the following
identity:
0 = e B™* = e pu€0;at
= (8,65 — 8,,8,)0a;*

_ k k k
- akan - anak - akan .

The Lemma is, therefore, proved and the solution p;; is
given up to 9;0;p, where Ap = 0. m

APPENDIX B: SQUARE OF THE WEYL TENSOR
IN (3+1)-DECOMPOSITION

Equalities (6.1):
Ey = wokors B =

imply also

0k0l _ ki — ! Okij — pkl, ij
w =F s WOkij = _Bklg ij» w ) = B 81”.

Weyl property: — % &"*®w, s, "™ = w*™ implies

— kl
Wijmn - _eijkE Emnl-

Finally, we obtain

Wa/iﬂvwaﬁ#y

= Aworo ™ 4 2wor WO 2wy oW 4wy WK
= 4Ek1Ekl - 4€lijBk18mijBkm + El‘ijmné'klné'ijaEabé'klb
= 4E,EX — 8B,B" + 4E,, E™"

= 8(E* - B?).
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APPENDIX C: (3+1)-DECOMPOSITION
OF THE LANCZOS POTENTIAL

If we define
P = —Aowu)
S =— %Aiﬂkfij )
a; = —Apjo
b — _%giszklo © Ajjo = —b"e,,;

then we obtain

1
Aokt = Aoy + Aok = =P+ 5 (Aokr — Aon)

1
=—Py+ 3 (Aors + Ao + Axor)

1 1
=—Py +§Alk0 =—Py +§bm£mk1-

Tensor A; & is antisymmetric, so there exists a vector ¢
such that

ij _ .m
Aij[kfz] = c"epp-

Multiplying this equation by &</

, we have
A (n"w* = nfgm) = 2¢m,

SO

1 ; ; .
" = E(Amjj _A]mj) — _A]mj :AOmO — _AOmO = am.

Now we decompose tensor A; jkgij ; onto symmetric and
antisymmetric part:

Al = Ajjoe sy + Ajjpey) = =28 + dlejy.

Multiplying this equality by &/,,, leads to the following
result:

248, = _2Skl€lmn + Alntn)k-

Now, using (4.13), we can express E and B in terms of
P, S, a, and b:

Ey = wWokor = Aokzo — Aokos + Aok — Aroko = (Aot + A 0o + A’ (kay:itloo)

. . . iy 1
= 2Py +2a4) — a'iiy + Py — €' 1S + 5

. 3 1 .
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