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The method of minimal geometric deformation (MGD) is used to derive static, strongly gravitating,
spherically symmetric, compact stellar distributions that are solutions of the Yang-Mills-Einstein-Dirac
coupled field equations on fluid membranes with finite tension. Their solutions characterize MGD Yang-
Mills-Dirac stars, whose mass has order of the Chandrasekhar mass, once the range of both the fermionic
self-interaction and the Yang-Mills coupling constants is suitably chosen. Physical features of MGD Yang-
Mills-Dirac stars are then discussed and their Arnowitt-Deser-Misner masses are derived, as a function of
the fermion coupling constant, the finite brane tension, and the Yang-Mills running parameter.
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I. INTRODUCTION

The minimal geometricci deformation (MGD) and the
MGD-decoupling methods consist of successful proce-
dures that can engender analytical solutions of the
brane Einstein’s effective field equations in AdS/CFT
and its membrane paradigm [1-5]. Our Universe, the
codimension-1 brane with intrinsic tension, is embedded
in a bulk [6,7]. MGD procedures can be implemented
when one deforms already known solutions in general
relativity (GR). Standard gravity in GR consists of the
rigid brane, with infinite tension, limit. The brane tension
is interpreted as the finite vacuum energy. Since recent
phenomenological data imply a finite brane tension (o)
with the most precise observational bound o % 2.81 x
107% GeV* [8], the MGD method represents a realistic
procedure to derive and analyze compact stellar distribu-
tions, complying with current cosmological observations.
The finite brane tension drives the ways to deform the
Schwarzschild solution of the Einstein field equations
[9-13]. The cosmic microwave background (CMB) aniso-
tropic aspects, showed by WMAP, forced the fluid brane
tension to satisfy the E6tvos law, asserting that the surface
tension of a membrane is proportional to its temperature
[14-16]. Regarding models describing cosmic inflation,
the tension of the brane must have fluctuated, as the
temperature of the Universe decreased down to the current
value ~2.7 K [16].
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MGD provides analytical solutions of strongly gravitat-
ing, compact star distributions and black holes as well
[2,4,5,17,18]. MGD is ruled by a running parameter,
proportional to the inverse of the brane tension, with recent
observational/experimental constraints [8,19,20]. MGD
and its extensions have been employed to study the
configurational stability of stellar distributions [8,20],
whose observational signature in LIGO and eLISA was
proposed in Refs. [21,22]. Einstein-Klein-Gordon configu-
rations, using MGD gravitational decoupling, were studied
in Ref. [23]. MGD analogs in the laboratory were proposed
[24] and the Gregory-Laflamme instability phenomenon
was shown to be precluded in MGD black strings with
critical masses [25]. The MGD procedure and the MGD
gravitational decoupling method have also been investi-
gated and used in Refs. [26-37], encompassing the analysis
and scrutiny of anisotropic configurations [38-50].
Higher derivative terms in the gravitational decoupling
were studied in Refs. [51,52]. In addition, the (2 + 1)-
dimensional version of MGD gravitational decoupling,
with several applications, was discussed in Refs. [53-56].
Still, new nuances of the MGD in AdS/CFT have been
paved by the study of the holographic entanglement entropy
of MGD solutions [57].

In this work, MGD Yang-Mills-Dirac stellar configura-
tions will be derived as solutions of a Yang-Mills-Einstein-
Dirac coupled system of field equations on a fluid brane
with finite tension. We will analyze the finite brane tension
influence on the compact stellar configurations. Without
taking into account Yang-Mills fields, solutions of the
Einstein-Dirac coupled system consist of Dirac stellar
distributions, driven by nonlinear spinor fields [58,59].
Afterward, Maxwell, Yang-Mills, and even Proca fields
were coupled to the Einstein-Dirac coupled system, always
in the GR, 6 — oo limit [60-62]. MGD Dirac stars were
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proposed and studied in Ref. [63], with astonishing phy-
sical consequences that arise from the brane tension finite
value. The Einstein-Dirac coupled system of field equations
have static and analytical solutions [64,65]. Self-gravitating
systems of spin-1/2 fermionic fields were also studied in
Refs. [66,67]. The main aim of this work is to study MGD
compact stellar configurations as solutions of the effective
Yang-Mills-Einstein-Dirac coupled system of field equa-
tions on a fluid brane with finite tension.

Among the possible Yang-Mills fields that can be
employed, we will approach SU(2) monopolelike fields.
In fact, Refs. [60-62,68] already studied static, spherically
symmetric configurations arising from Yang-Mills equa-
tions, however, only in the GR limit of an infinitely rigid
brane, with ¢ — co. Hence, it is natural to question, in a
realistic model that complies with recent observational
data, how the finite tension of the brane can drive new
MGD solutions of the Yang-Mills-Einstein-Dirac system.
These solutions will be shown to form compact MGD
Yang-Mills-Dirac stellar configurations whose physical
properties will be scrutinized. Besides the MGD procedure,
a MGD-decoupling-like technique will also be utilized to
construct a more reliable stress-energy brane tensor,
induced by nonlinear spinor fields. For fermion masses
that are orders of magnitude smaller than the Planck mass,
the MGD-decoupled solutions will be shown to character-
ize MGD Yang-Mills-Dirac stars, with mass of the order of
the Chandrasekhar mass. Self-interacting spinor fields will
then be employed to investigate the Yang-Mills-Dirac stars’
main physical features, whose Arnowitt-Deser-Misner
(ADM) mass is a function of the fermion self-interaction
and Yang-Mills coupling constants.

This paper is organized as follows: Sec. Il is dedicated to
reviewing the MGD derivation as a complete method to
deform the Schwarzschild solution and to describe realistic
stellar distributions on finite tension branes. In Sec. III, the
MGD Yang-Mills-Einstein-Dirac coupled system of field
equations on fluid branes with finite tension is numerically
solved, analyzed, and discussed. MGD Yang-Mills-Dirac
stellar configurations, whose mass has order of the
Chandrasekhar mass, are studied and discussed. The
fermionic self-interaction and Yang-Mills coupling con-
stants ranges are physically bounded. Section IV is devoted
to conclusions and important perspectives.

II. THE MGD AND MGD-DECOUPLING
PROTOCOLS

The MGD procedure, founded by Ovalle, is constructed
to derive high energy scale corrections to GR [2,5,12]. Fluid
branes have a variable tension that emulates cosmological
evolution [14,16]. The extended MGD derived the most
rigorous brane tension bound, ¢ g, 2.81 x 107 GeV* [8].

Since the codimension-1 brane is embedded in the bulk,
the extrinsic curvature, defined as the Lie derivative of the
metric tensor, plays a prominent role in deriving equations

of motion. As the bulk Riemann tensor can be written in
terms of the brane Riemann tensor via the Gauss-Codazzi
equation, the effective Einstein equations on the brane read

G;w = Abg;w + (‘Zmﬂ (1)

where 87G = 1 is adopted, with G being Newton’s con-
stant on the brane, G,,, represents the Einstein’s tensor, and
A, denotes the brane cosmological running parameter. One
can cleave the stress-energy tensor in Eq. (1) into [69]

c‘!'aﬂ = Taﬂ + Gaﬂ + G_ISaﬂ + Laﬁ + Paﬂ' (2)

The first term, T, is the stress-energy tensor that repre-
sents brane matter and energy, eventually including dark
matter and dark energy, whereas the electric part of the bulk
Weyl tensor is denoted by €. The tensor €, is nonlocal
and depends on ¢~!, vanishing in the general-relativistic
limit. Splitting €4 into traceless transverse (@(Txp) and
longitudinal (€L;) components, Shiromizu er al. [69]
showed that (Sfﬁﬁ contains solely brane matter terms.
Therefore, the resulting equations of motion are closed
when @Lﬁ = 0 since this term contains Kaluza-Klein bulk
gravitons, whose backreaction and interaction with brane
matter influence the equations of motion. The S,z is a
tensor that consists of quadratic terms involving the stress-
energy tensor arising from the extrinsic curvature terms in

the projected Einstein tensor. It encodes local corrections
and is given by [69,70]

T g
S(l[)’ =3 Ta/} - T(IMT”/} + %ﬁ[

3 3T,,T" —T%, (3)

Hp
where T = T“, denotes the trace of T,4. Its intensity is
smaller than €, [71]. In addition, L,; encodes the
geometry of how the brane bends into the bulk, whereas
P, comprises stringy bosonic and fermionic fields in the
bulk [16,71].

Hence, the effective Einstein field equations (1) encode
corrections, due mainly to the bulk Weyl fluid [69]. The
Weyl fluid flow can be put through the bulk Weyl tensor
projected onto the brane,

6 1
Cop = ~y {l[ <”a”ﬂ + g%ﬂ) + Qg + S'Baﬂ:| .4

where h,; denotes the projector operator that is orthogonal
to the Weyl fluid flow velocity u*. In addition,

1
u = —ga(faﬂu“uﬂ (5)

is the effective energy density, sometimes playing the role
of dark radiation [17], whereas
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1 1
Bop=—¢0 <h’fah2> -3 haﬁ) €y (6)

is the nonlocal anisotropic stress tensor. The effective
nonlocal energy flux,

1
Qa = —gﬂhﬂp(gpauﬂ, (7)

has the bulk free gravitational field as the source.
Compact stars are solutions of the system of equa-
tions (1), with metric

1
ds* = —A(r)di* + 50) dr? 4+ r*d9* + r*sin* 9dg?.  (8)
r

One can usually write

A(r) = e, B(r) = e") (9)
as more concise notation for what follows. This spherically
symmetric setup allows Eqs. (6) and (7) to be expressed,
respectively, as B = P(uup + hop/3) and Q, =0,
where 8 = B3,*. Correspondingly, the stress-energy tensor
that represents brane matter and energy can be chosen as
the one of a perfect fluid, 7,5 = (p + p)ugtty — pgaps. With
u® = &g/ VA, whereas Jap denotes the metric components.
The MGD and MGD-decoupling methods, together with
their generalizations, can produce analytical solutions of
system (1) and (2) [1,2,4,5], including the inner solutions
concerning star distributions of radius R, given by

R JEdrre()
Jo>drre(r)’
where ¢(r) represents the density of the star distribution

[2]. In what follows in this section, both procedures will be
discussed.

(10)

A. MGD procedure

The effective Einstein equations on the brane (1) are
equivalently written as

872G [ 1 /0> 3uUct
e)(:l—T A 132|:Q+—(7+m dr, (11)

c’r c
Pt 1
3US 0? cto
W =—3(?+Qp)+%(2G22+G11)—3p6,
(13)
/ U/
p'=-5(e+p) (14)

where

1 2 I A
G,> = Ze‘?f {21/’ + 12 =4 +M} (16)
r

for ' = df/dr. GR is recovered when 6~' — 0 and with

Eq. (14).
Anisotropy

Egs. (11)-(13) and writes the effective density (5), the

radial pressure (107,), and the tangential pressure (;7[),
respectively, as [5]

immediately follows when one takes

o 1 /0> 3uct

—or (T 27 ), 17
¢ Q+6<2+32ﬂ2G2> (17

o 1 (¢? uct Pt
—pr-(% (18
Pr=pty (2 top +32n2c;2> lorae 1Y

o 1 (/0? Ut Pt
—p+-(< - .19
pe=p+a (2 ter+ 32n2G2) nece (19

Anisotropy on the stellar configuration, caused by the bulk
Weyl fluid, then reads

s e 3Pt
A=pr=pPi=5 0" (20)
Equation (17) asserts that the MGD effective stellar
density is given by the sum of the stellar density and a dark
radiation term involving U, as given in Eq. (5), mediated
by the brane electric part of the Weyl tensor. The stellar
configuration central density is therefore changed by the

term & (% + é}fféz). This occurs by bulk effects and also by
the brane tension finiteness ¢ %, 2.81 x 107 GeV* [8].
Equations (11)—(14) consist of a coupled system of field
ordinary differential equations (ODEs) on the brane. With
the system, braneworld varieties of GR solutions can be
constructed using MGD. In fact, bulk gravity yields a
minimal geometric deformation' k() in the radial metric

component, given by [9]

) = u(r) + k(7). 1)

where

"It is minimal, as every other source inducing the geometric
deformation has been removed, aside from those yielded by
density and pressure in stellar configurations.
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1 -4 [re2g(r)dr, r<R
o5 Jo . TSR,

u={ | S @)
1 —-==2, r > R.

c°r

Alternatively, both ranges in Eq. (22) can be encoded as

3 2Gm(r)

plr) = 1=, 23)

which contains the mass function m(r).

When one takes the apparently straightforward way to
derive a solution to the coupled system (11)—(14), sub-
stituting Eq. (13) into the original form of Eq. (11), which is
the field equation

87G 1 /¢? 3U 1 1 )
> il ST adi ) RIS 4
c* {Q + c ( 2 + 327[2G2>} r? ¢ <r2 r)’

(24)

yields an ODE to the geometric function e™* given by

o (2r21/’(r) + PPV (r) +4r/ (r) + 4 _)(,)

2V (r) + 4r
- 87G (¢ —3p —%(0+3p))
T rWr+4) (V)2 +2/r) (25)

The formal solution of Eq. (25) reads
rel [2 8zG
et = e"(/ 6—2 {_2_%
0 %“r; r c
4
x <Q—3p—;(e+3p))]dr+ﬁ>, (26)

where f is a parameter that depends on the brane tension
and

I /r2r2v”(r) +1202(x) + 4/ (x) + 4dr. 27)
0

2/ (r) + 4r

Therefore, when a solution {p, ¢,v} to Eq. (14) is found,
one can derive y, *3, and U using Eqgs. (26), (12), and (13),
respectively.

Matching Eq. (26), Ovalle [3] then showed that the MGD
function in Eq. (21) is given by

r 2re! 1
k(r) =e! <ﬂ+A w,rﬁ [L +E(QZ + 3pg)}>dr.
(28)

The function L(r) = L(p(r),o(r),v(r)), given by

/78| V2w 1 1
L _ 2 A e e B
(p.0.v) [,u <2+r>+,u<y +2+ r +r2> ’,2]

24rG

P,
C4

(29)

also encodes the brane anisotropy, induced by gravity in the
bulk on the set p(r), ¢(r), and v(r). For interior solutions,
the condition (c) = 0 must be imposed to avoid singular
solutions at the center r = 0 of the stellar configuration.
However, in the region r > R where there is a Weyl fluid
surrounding the stellar distribution, the function (o) is not
zero, in general.

As the finite brane tension has the strictest bound
o % 2.81 x 107 GeV* [8], the scalar field § = (o) will
be shown to depend on the inverse of o, in full com-
pliance with phenomenological data. Hence, the general-
relativistic limit yields lim,_, f(¢) = 0 for outer, r > R
solutions. The geometric deformation x(r) in the vacuum
(p = 0 = @), denoted by h*(r) in what follows, is minimal,
reading [2,4]

h*(r) = plo)e™. (30)
The radial metric component in Eq. (21) then becomes

1
B(r)

2M,
=t =1 -0 Bo)e. (31)
r

Matching conditions among the surface of the stellar
configuration, r = R, its interior, r < R, and its exterior,
r > R, drives the final metric solutions for each of these
regions. Taking into account Eqs. (22) and (23), with
r < R, the inner MGD metric reads [72]

_ 1
dSZ = —¢v (r)dtz + T()drz + r2(d192 + Sin219d§02),

1 - 2 czr
(32)
where the interior mass function reads
o r
m(r) =m(r) — EK*(I'), (33)

with m(r) given by the standard GR formulas (22) and (23)
and «* corresponding to the MGD in Eq. (28), with L = 0.
The inner metric (32) must be then matched with an outer
geometry, with p™ = o™ = 0.

Junction conditions match the inner MGD metric (32)
to the outer solution. The Weyl fluid that circumscribe the
brane can be represented by the outer pressure and the bulk
Weyl scalar, respectively, given by the condensed forms

(1-520p(0)
B == 9G20r33(1 — 3Gy (34)
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Mp(o)

12Gc?or*(1 — 32(5—71‘;1)2 '

UT(r) =

(35)

In this case, p(r) =0 =¢(r) for r > R, and the outer
solution metric reads [4,72]

dr?
dS2 _ _eu+(r)dt2 4 r2 d192 —+ Sil’l2 19(14)2 .
1294 () | !
(36)

Matching conditions at the stellar surface r = R yield [4]

~(R) = v+ (R) = log <1 _ 2;2?) (37)
2% (M~ Mq) = *(R) = x*(R). (38)

It is worth emphasizing that in Eq. (38) the effective mass is
given by M = M + O(c™"), where terms of order O(¢2)
on are dismissed due to the phenomenological lower bound
for the brane tension ¢ & 2.81 x 107°GeV* [8]. The Weyl
fluid implies the matching condition [10]

on(®) + [T 4 ompp(r) + 264 (R) - 2 (1)
4G (P(R) = P (R) =0, (3)

where k(R)* = lim,_ g+ x(r).
The Schwarzschild-like solution e”Sch(’) = e-%sch<r> =
1 2GM

2(1 — 264
() = = g o) (40)

The function f(o) can thus be read off from Eq. (39), also
equivalently expressed as [4]

R’p(R) + G*c*(R)(RV/(R) + 1) = —h*(R).  (41)
The outer deformation A*(r), at r = R, has a negative
value. Hence, the MGD horizon, rygp =2GM/c?,
remains closer to the star center if compared to the
Schwarzschild one, rg, = 2GM,/c?, since M = M (o) =
My + O(c7Y) [4,17].

Equations (40) and (41) imply that [4]

2R 3GM

P) = ap T30m

[(R*V(R) + R)Gk*(R) + R*p(R)].
(42)

The function f(¢) can be derived when one remembers that

2] «*(r )—t‘gfm) v, where y is a numerical value [4],

V577

a =251 and 7! (r) = (1 4 ar?)*(1 + 3ar?) for V/(r) =
{4, The form of k(R) yields [2,4]
2R 3GM, ao
—_— | =—. 43
Plo) = < R- 2GM0> - (43)
The MGD exterior metric can then be written as [2,4]
2GM
= Vse (r) = —_—
Alr) = el =1 ===, (44a)
2GM [
B(r) = {1 Clr ] <V— 3GH " 1>’ (440)
where
3GM
aOR 2c2
[ = . 2GM' (45)

In the general-relativistic limit ¢ — oo, the Schwarzschild
metric is recovered from the MGD metric. Casadio et al.
[19] derived, employing classical tests of GR, the lower
bound |%| 5 2.89 x 10~!!. Therefore, when one reinstates
it in Eq. (29) implies that

1] £6.26 x 107* m, (46)

for solar size stellar configurations. Varying the mass in
Eq. (29) also modifies the star surface radius R, and hence
the functions in Eq. (42), accordingly. In fact, Cavalcanti
et al. [73] applied the MGD procedure to gravitational
lensing effects, where the Sagittarius A* black hole, with
mass M = (4.31 £0.38) x 10° M, was considered. The
observational value of [ = 0.0637 m was then obtained
in Ref. [73].

B. MGD-decoupling method

The gravitational decoupling method asserts that
Einstein’s field equations read [1]

1 87'L'G
R;w _ 5 Rg/w _ Tdecouplmg ( 47)

where

decouplin, erfect fluid
TMD ping _ TEZ, + Tlsl(l)/urces' ( 48)

The stress-energy tensor is given by

Tperfect fluid (p + p)

= PYju- (49)
One can consider any contribution from anisotropic gravi-
tational sources 6,,,, modified by a parameter ¢, that drives
the intensity of this source as
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T =¢0,,. (50)
The { parameter is, in general, inversely proportional to the

brane tension ¢ in such a way that the GR limit 6 — oo
yields { — O [1]. Hence, Eq. (48) yields

T = (p + pluyu, = pgu + 0. (51)
Besides, the conservation law
VyTzicoupling -0 (52)
follows from the Bianchi identity.
As an alternative method, the MGD decoupling is
regarded here by taking into account not necessarily the
same metric (8) and (9) but instead, in general, another one,

ds? = —e*"di? + e dr? + r2d9 + r? sin® 9d¢?, (53)

satisfying the coupled system of Einstein’s field equations,

872G 1 1 !
i) —5-er(H-L)

r
872G 1 (1
T(CGII—P)—ﬁ_ffX(ﬁ—?), (55)

-y I
872G o - py= - (21/’ 12—y 428 )
c 4 r
(56)
Equation (52) then reads
v Ve
P/+§(P+P) —5(911)/4’7(6’00 +6,")
2
+ 75(922 -0,")=0. (57)

Also, the effective density and the effective isotropic and
tangential pressures are given, respectively, by

PE e = P +00°, (58)
pr=p—-00", (59)
pi=p— (0.7 (60)

Anisotropy induced by the 6, source can be defined as

A:pt_pr:§(922_91]>’ (61)

emulating that in Eq. (20), here for the MGD-decoupling
method. Ovalle [1] showed that the standard MGD can be
derived as a particular case of the MGD decoupling, which
will be illustrated in this subsection.

To solve the coupled system (54)—(60), the MGD
procedure plays a prominent role in the decoupling
procedure [1]. For it, a perfect fluid, with energy density
p and pressure p, is the starting point, together with the
metric

ds* = —e""d? + e dr* + r?(d9* + sin® 8d¢?),  (62)

where the radial metric coefficient takes the form

. (63)

One can implement the MGD mappings between Eqs. (53)
and (62),

n=v=n+{g (64)
€y =¢—log(lk). (65)

The g and « scalar fields encode anisotropic effects. The
standard MGD procedure can be recovered when one
identifies ¢ = 0 and k +— «*, where «* is the MGD function
in Eq. (28), with L = 0, in Sec. I A. Therefore, the time
metric component remains the same, whereas the Qﬂb
source deforms the radial metric component driven by
Eq. (65). When one substitutes the deformed metric into
Eqgs. (54)-(56), the resulting coupled system of ODEs for
¢ = 0 reads

826 1 _ (1 ¢
A= <p+7)’ (66)
87G 1 1 v
=S+ (S5+—). 67
AP r2+e <r2+r> (67)

871G —¢ 2V € 2
=__ (2 2 - ~ =€ ! i 68
—a P 4<v —|—v+r>+4e <v+r> (68)

The conservation equation takes the form of Eq. (14), and
the part of the coupled system of ODEs that involves 6,, is
given by

Q

8zG K
—4900:_7_pv (69)
872G Y]
C4 911 = —K <7 r2> s (70)
322G 2V
7: 922 = —x* (21/// + l/2 +Ty> ¥ <I// +;) (71)
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On the other hand, the conservation equation for 6, reads

/

@1 -2 @0 -0 +2 0 07 =0. (72)

III. MGD YANG-MILLS-DIRAC STELLAR
CONFIGURATIONS: RESULTS, ANALYSIS,
AND DISCUSSION

Compact distributions can be described by MGD.
Considering a background fermionic field y of mass m,
MGD stellar configurations can be derived as solutions of
Yang-Mills-Einstein-Dirac coupled system field equations.
One can take the spin-1/2 fermionic field minimally
coupled to gravity (Einstein-Hilbert) and to the SU(2)
Yang-Mills fields. The action for this system reads [60]

Stot = Sen + Sy + Syms (73)
where
&3
S T e / d*x\/=gR. (74)
S, = / d*xLy, = / d*x [% (7" Dy = WD, 1"w)
— mypy + % (W)z] : (75)

and D,y = (0, + g0, [y*.v"] - %gA/‘jG“)y/, where @,
denotes the spin connection. The set {y*} is constituted
by gamma matrices, satisfying {y*,y"} = 2¢"*1, and @ =
w'y, is the spinor conjugate. Dirac matrices in curved
spaces, y“ = e,y", are computed when one employs tetrads
e;. The term i3 Aoy describes the coupling between the
spin-1/2 fermionic field and the Yang-Mills field, where g
is the SU(2) coupling constant and ¢“ denotes the set of
Pauli matrices. In addition (a, b, ¢ = 1, 2, 3),

1
SYM = /d4x£YM = —/d4XZF;HFCW/, (76)

where Fy, = awA;] + gef,hA;fA,’j is the Yang-Mills tensor
field strength and Aj represents the Yang-Mills gauge
potential.

With the action (73) and the MGD, one derives the MGD

Yang-Mills-Einstein-Dirac system of equations of motion,
with MGD decoupling

G;w - Abgﬂl/ - (1 + Z.:)T/,w = syw (778')
lihy*D,, — mcl + A(I — yryr) ]y = 0, (77b)
FlihD,y* + mcl + AL - gyr)] = 0, (77¢)

I
Ve

where {(6) ~ 6~! governs the MGD decoupling. The spin-
1/2 fermionic stress-energy tensor is given by

: he _
0,(VZIF ™) +ae ALFH == 2oy, (T14)

pr = ihgle/_/(y(ﬂDr) + D(;ﬂ/r))l/] - 25;4#1(1/_"//)2
— AFS,F + 5, Fo Fe, (78)

In addition, owing to the tiny phenomenological bound for
the term [ in Eq. (29) [19] that compounds the MGD metric
component (44b), the off-diagonal components of Eq. (78)
are equal to zero.

The Yang-Mills field has the usual form, emulating a
non-Abelian monopole,

0 . sin(29)
. sing  *5cos @
1—f(r .
Ai = Ty 0 —cosg “rl(z—z'g)sin(p . (79)
0 0 —sin’9

with its temporal component being equal to zero.
The following two spinor Ansditze,

0

.Et a(r)
1) =2 —i— . 80
va(r.1) exp( lfl) iay(r) sin de™ (80a)

—iay(r)cos 9

a(r)

Et 0
1) = —2exp(—it . (80b
wo(r,1) exp( lh) iay(r) cos 9 (80b)

iy (r) sin de'®

where a;, &, : [0, 0) — R, were proposed to study coupled
systems [58,59].

Substituting Egs. (80a) and (80b) into the MGD Yang-
Mills-Einstein-Dirac system of equations of motion (77a)—
(77d), the coupled system of ODEs is obtained in terms of
the MGD metric (8). For the analysis that follows, one

i i i ] 2 A2
denotes the dimensionless radius, x = % and I
h heg™My,

[and by “(-)”” the derivative with respect to x], with M, =

Vhe/G & 1.2209 x 10> MeV/c? = 2.176 x 107% kg
being the Planck mass, and the following rescaled quan-
tities [59,60]:

Er—E=—s>, g+ §=gVhc, (81a)
mc
_ mM ~  AmPc
M—>M=—-—, A A=——, 81b
7 ~A= g B
. me\3
(25%) d Ao = 2(7) gag . (810)
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Hence, the MGD Yang-Mills-Einstein-Dirac coupled system of ODEs reads, with respect to the metric (8),

&(x) + LJ%%] (%) +’;(3%) + [\//T+ 8 (&W( *) W%] a(x) =0,  (82a)
& (x) + [4\/%+j& (x) —j:f)\c/)%) + [ A 8/102()3;(11()6) \/Ei]a —0, (82b)
3ex? [(f 2(’24_ DREAVAIC )x< D) E(;;)C) #(x) + B(x)) + 164(@ () —a§(x))2] —M(x),  (82)
[ i) + a3+ o) - a0+ PO <o
F(0VAB +A0) + 19 (1 - £2(0) — 230 () = 0. (82¢)

As Planckian compact stellar distributions are not studied
in this work, the fermion mass is considered to be
negligible when compared to the Chandrasekhar mass
M3m™2. The SU(2) Yang-Mills running constant g is
usually inversely proportional to the energy scale of the
system. Since the energy scale of compact stellar distri-
butions that interest us has the coupling constant g of the
order of unity, 7 must also be of this order [60].

The MGD of the Schwarzschild metric (8) having
temporal and radial coefficients (44a) and (44b) separately
satisfies the effective Einstein field equations on the brane
(77a) with MGD decoupling. Now we must verify whether
the MGD metric and the Ansdtze (80a) and (80b), together
with the Yang-Mills field (79), satisfy the whole Yang-
Mills-Einstein-Dirac coupled system (82a)—(82e). For the
system, there will be constraints in the form of the spinor
field coefficients @ (r) and a,(r) in Egs. (80a) and (80b).
Integrating the system (82a)—(82e) numerically, one can
use boundary conditions with respect to the center of
compact distribution [60]:

1
X oay, +—ax, & (x) X ax,  (83)

@ (x) o

W(x) %= i,

o (84)

OERRS

The parameter . indicates lim,_ a;(x). The coefficients
ay, o, and M5 in Egs. (83) and (84) are obtained by
the solution and integration of the system (82a)—(82e),
whereas f,, E, and a;, are completely arbitrary para-
meters, but, of course, the values of physical interest
must generate regular compact solutions in the asymptoti-
cally flat limits lim,,A(x)=1=Ilim,, , B(x) and

im,_ f(x) = £1 [60]. The ADM mass of the stellar
configuration corresponds to M, = lim,_ . M = "13‘2” .
P

Dzhunushaliev and Folomeev [59,61] showed that one
can derive stellar configurations with Chandrasekhar mass
order for 4 < 0 such that |4| > &. It also happens for the
MGD Yang-Mills-Dirac stars, where one can take 1~ 1
and small values of £. Otherwise, choosing £~ 1 implies
Planckian stars. Typical masses ~M3/m and radii ~m™'
are regarded for the stellar configurations studied here.
For fermion mass m = 1 GeV corresponding to nucleons,
the MGD Yang-Mills-Dirac star mass equals ~10'°Kg,
which is much smaller than the Chandrasekhar mass
~M3/m* > Mg, where Mg = 1.989 x 10 Kg denotes
the solar mass. On the other hand, for m ~ 10719 eV, the
MGD Yang-Mills-Dirac star mass equals =M and its
radius = 10 km, which is feasible for eventual gravitational
wave observations.

After numerical integration, the MGD Yang-Mills-Dirac
compact stellar configuration ADM mass parameter,
M, ="M a5 a function of the central value a;,, has the

MZ >
profile 111ustrated in Fig. 1 for the MGD-decoupling
parameter { = 0.1. Two different values of the Yang-
Mills coupling constant are considered, as well as two
different values of the finite brane tension. In fact, as the
most precise current bound on the variable brane tension
is ¢ % 2.81 x 10° MeV* [8], Fig. 1 takes this lower brane
tension limit and the distinct case 6 ~ 10'> MeV* to study
the physical differences among these cases. It is worth
emphasizing that the general-relativistic limit corresponds
to a rigid brane, making ¢ — oo and { — O.

In Fig. 1, each plot has a peak in the MGD Yang-
Mills-Dirac stellar mass at some value of central value
a;. of the spinor field component. For the brane tension
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mM
2
MP
25
20
15+
10 S — 003, 0-102Mev s
/, .
S - £0.1, g~10">MeV
oSt /s £20.03, g~10°MeV
4
// £20.1, 0~10°MeV
0.0 0.1 0.2 0.3 0.4 0.5 0.6 Qo
FIG. 1. ADM mass of MGD Yang-Mills-Dirac stars as a

function of the central value of the spinor field a; component
ay. for two values £ = 0.03 and ¢ = 0.1, and 1 = —1. Two values
of the brane tension ¢ =~ 2.8 x 10° MeV* and ¢ ~ 10'> MeV* are
analyzed for the MGD-decoupling parameter value { = 0.1.

6~ 102 MeV* and £ = 0.03, the maximal mass equals
2.32M, at &, = 0.318, whereas for £ = 0.1 the maximal
mass is equal to 1.50M, for &, = 0.279. On the other
hand, for the most strict bound ¢~ 2.81 x 10° MeV*,
when &= 0.03 the maximal mass equals 2.22M at
&, = 0.332, whereas for £ = 0.1 the maximal mass is
1.40M ., for &;. = 0.270. One realizes that the bigger the
brane tension is, the bigger the maximal mass at smaller
values of &;,. MGD Dirac stars were studied in a similar
context, where a maximal mass was identified to a
transition point, splitting stable and unstable MGD Dirac
compact stellar configurations [63].

Figure 1 was motivated by the sign of the binding energy,
which is defined as the difference between the energy of ny
free particles and the total energy of the system. The
number n; corresponds to a Noether charge, computed
when the four-current density j” = |/=gyy”y is taken into

account as ny = [ /d°x [60], where /0 = r*sin9 L)

In dimensionless variables,

_8EM} [ ai(x) + @ ()
g = /) VA x2dx. (85)

As in the temporal component (44a) of the MGD metric,
the denominator equals the Schwarzschild one, and the
particle number in Eq. (85) is the same as in the
Schwarzschild metric. As accomplished in Ref. [60], stellar
distributions having negative binding energy are unstable.
Hence, the plots in Fig. 1 have a range of variables o,
compatible with positive values of the binding energy. The
higher the value of & is, the narrower the range of the
variable a,.

Figure 1 also illustrates how the maximal MGD Yang-
Mills-Dirac stellar mass increases as a function of the
central value a;. of the spinor component a;. For

decrements of &, the maxima of the total ADM mass
M™* increase. It is worth emphasizing that Fig. 1 shows
the dependence of M™* on ¢ for small values of &:

0.403(1 +¢) M},
VE m’

Outer solutions for the Yang-Mills field f with respect to
the dimensionless radius x of the stellar distributions are
shown in Fig. 2. Two values, £ = 0.03 and &£ = 0.1, are
employed in the analysis for a;, = 0.15 and 1 = —1. The
brane tension value ¢ ~ 10'> MeV* is adopted, and { = 0.1
governs the MGD decoupling. Figure 2 illustrates the fine
dependence of the Yang-Mills field f on the & parameter.

The spinor field components «;(x) and a,(x) as a
function of dimensionless radius x are illustrated in
Figs. 3 and 4, respectively, for the MGD-decoupling
parameters { = 0.01 and ¢ = 0.1 and two different values
£ =0.03 and £ = 0.1, with the central value of the spinor
field a; component, a;. = 0.15, adopted for 1= —I.
Again, the brane tension value ¢ ~ 10'> MeV* is chosen.
The SU(2) Yang-Mills field does not induce significant
modifications on the stellar configurations concerning its
coupling to the fermionic fields. Therefore, qualitatively the
spinor field profiles in Figs. 3 and 4 do not significantly
change when compared to the MGD Dirac stellar distri-
butions in Ref. [63] and their GR limit [59].

The £ <« 1 regime can be further studied. For these
values, there is a relation between the spinor field compo-
nents, asserting that @, < &, as seen in Figs. 3 and 4.
Hence, Eq. (82a) yields in this regime

M™ (86)

A=-1, a1, =0.15, {=0.1

f(x)
1.0
05}
‘ X
0.01 1 100 10%
-0.5}
£=0.1
— £=0.03
-1.0}
— £=0.01

FIG. 2. Linear-log plot of the Yang-Mills field f(x) as a
function of dimensionless stellar radius x for & =0.03 and
& = 0.1, with the central value of the spinor field a; component,
a. = 0.15, adopted for 1= —1. The brane tension o~
10" MeV* is taken, and ¢ = 0.1 rules the MGD decoupling.
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A=-1, =0.01

-~
~

0.30 -

0.25 |- N e - djy,for £=0.03

'~ — dj, for £=0.1
0.20 +
hS — dp, for £&=0.03

e S N - dp,for§=0.1

0.10 -

0.05 -

.
~.
~.
~.e

10 15 20 25

FIG. 3. Spinor field components a; (x) and a,(x) as a function
of dimensionless radius x for £ = 0.03 and & = 0.1, with the
central value a;, = 0.15 adopted for 1 = —1. The brane tension
o ~ 10'> MeV* is taken and ¢ = 0.01 rules the MGD decoupling.

where @, = 1\/|A|@ [61]. Substituting Eq. (87) into

Egs. (82c) and (82d), the notation x, = %x and M, =

%M yields

am E(1
* = 82 (M - 4&&) a2, (88)
dx, VA

Since Eq. (88) lacks the explicit appearance of the
parameter £, one can employ Eq. (88) to determine the

ADM (rescaled) mass M, , = lim,_ ., M, = , /<21

LR with

respect to E. Figure 5 represents the numerical solutions for
three different values of the brane tension. For each value of
the brane tension, the maximal mass of the MGD Yang-
Mills-Dirac stellar configuration is given by

A=-1,=0.1

0.25 |-

S dj, for £=0.03

0.20 +
RN — dj, for £=0.1

N, — dj, for {=0.03

0.15 |
----- - dy,for§=0.1

0.10 |-

0.05 |-

FIG. 4. Spinor field components a; (x) and a,(x) as a function
of dimensionless radius x for £ = 0.03 and £ = 0.1, where o, =
0.15 is adopted for A = —1. The brane tension o ~ 10'2 MeV* is
taken, and ¢ = 0.1 rules the MGD decoupling.

W/EmM
Al M3

0.5}

0.4}

03}
— 0~10"2Mev*

02¢ — g~109MeV*4
01} g~10%Mev4
0.0 02 04 06 08 1.0 12 [cdlE]
FIG. 5. Dimensionless total ADM mass M, ., of MGD Yang-

Mills-Dirac stellar configurations as a function of the energy of
the stationary part of the spinor fields E. Brane tension values
o ~ 102 MeV* (black line), 6 ~ 10° MeV* (gray line), and ¢ ~
106 MeV* (light gray line) are taken, and ¢ = 0.1 rules the MGD
decoupling.

e
M ~0.403(1 +¢) %—” (89)
m

It is worth emphasizing that when 1 = —1, Eq. (86) is
immediately recovered. In addition, our results lead to the
ones in the general-relativistic limit in Ref. [60].

The brane tension values o ~ 102 MeV* (black line
in Fig. 5) is nearer the general-relativistic limit, whereas
o~ 2.81 x 10° MeV* represents the phenomenological
current bound [8], which is more realistic for astro-
physical applications. When & ~ 10'> MeV*, the maximal
mass reads MTS =0.436 at log(E) = 0.56; for o~
10° MeV*, one has M7 = 0.419 at log(E) = 0.54, and
when ¢ =& 2.81 x 10° MeV#, the maximal mass is given by
MT& =0.402 at log(E) = 0.59. The bigger the brane
tension is, the bigger the peak corresponding to the stellar
maximal mass.

As accomplished with the ADM mass of the MGD Yang-
Mills-Dirac stellar configurations, their effective radius can
be also studied. For it, the same analog approach will be
employed here as that for the GR limit in Refs. [60,74],
defining the effective radius of MGD Yang-Mills-Dirac
stellar configurations as

1 h
R=— [ rj%*sin8drdQ =
Ilf R3

2 | 2
G s x3dx
ngme Jo /A

(90)

It depends on the parameter £ in the regime £ < 1 as

max ~o |i~|i
R & 1,078(1 +§)ﬁmc. (91)

024011-10



MINIMAL GEOMETRIC DEFORMATION OF ...

PHYS. REV. D 102, 024011 (2020)

This result leads to the ones in the general-relativistic limit
in Ref. [60].

IV. CONCLUSIONS AND PROSPECTS

MGD Yang-Mills-Dirac stellar configurations, con-
sisting of nonlinear spinor fields minimally coupled to
gravity in an SU(2) Yang-Mills background on a fluid
brane with finite tension were studied and discussed. Two
feasible fermionic fields Ansdtze were employed as com-
patible spinor solutions to the MGD metric. These spinor
fields, which compose the MGD Yang-Mills-Dirac stars,
have components plotted in Figs. 3 and 4, respectively, for
the MGD-decoupling parameter { = 0.01 and { = 0.1 and
two different values £ = 0.03 and & = 0.1 for a specific
value of the central value a;. = 0.15. The spinor self-
interaction parameter 4 = —1 was adopted throughout the
analysis. In fact, for these values and small values of &,
stellar configurations with mass of the order of the
Chandrasekhar mass can be derived, also avoiding
Planckian compact MGD Yang-Mills-Dirac stellar configu-
rations. The SU(2) Yang-Mills field was shown not to have
a significant influence on the stellar configurations, mainly
regarding the coupling to the fermionic fields. However,
Fig. 2 reveals a fine dependence of the Yang-Mills field f
on the £ parameter. Hence, the spinor field profiles in
Figs. 3 and 4 do not significantly change when compared to
the MGD Dirac stellar distributions in Ref. [63] or the GR
limit in Ref. [60]. In addition, Fig. 5 showed the total ADM
mass of MGD Yang-Mills-Dirac stellar configurations as a
function of the energy of the stationary part of the spinor
fields. The lower the brane tension is, the lower the peak
corresponding to the MGD Yang-Mills-Dirac stellar maxi-
mal mass.

The MGD Yang-Mills-Dirac stars are qualitatively sim-
ilar to their general-relativistic limit counterparts. In fact,
the MGD parameter [ in Eq. (29) attains small values [19].
However, even small, it does affect the solutions found by
solving the system (82a)—(82e). The MGD-decoupling
parameter { ~ ¢~! also affects, for instance, the results in
Egs. (77a), (82c), (82d), (86), and (88), making the
maximal mass and the maximal radius, respectively, in
Eqgs. (89) and (91) vary according to the most strict bound
for the brane tension ¢ Z 2.81 x 10° MeV* [8]. In the
general-relativistic limit, when ¢ — oo, and consequently
{ — 0, the GR results in Ref. [60] are recovered.

Although relatively similar, from the qualitative point of
view, to some results in the GR limit of Ref. [60], the MGD
Yang-Mills-Dirac stars’ stellar configurations studied here

bring a more realistic model, making them more feasible
and the eventual gravitational wave observations in LIGO
and eLISA more reliable. Indeed, the MGD Yang-Mills-
Dirac stars’ stellar configurations take into account a finite
brane tension whose current values comply with the CMB
anisotropy and also with well established cosmological
models. For example, the same procedure implemented in
the MGD context in Refs. [21,22], which predicts the
highest frequencies of gravitational wave (GW) radiation
emitted by MGD star mergers and their GW windows to be
experimentally detectable in LIGO and eLISA, can be
studied for MGD Yang-Mills-Dirac stars. A very important
result is the numerical solution in Fig. 5 for three different
values of brane tension. The maximal masses of the MGD
Yang-Mills-Dirac stellar configurations, as a function of the
energy, are smaller for smaller values of the brane tension.
In fact, for any finite value of the brane tension, the MGD
Yang-Mills-Dirac stellar configuration maximal mass is
smaller than the GR limit studied in Ref. [60]. This
difference can be observationally explored in current
experiments on GWs determining specific physical signa-
tures of MGD Yang-Mills-Dirac stars.

Beyond the scope of this work, as a relevant perspective,
one can add mass to the Yang-Mills gauge potential to
generate MGD Proca stars. Their GR limit were studied in
Refs. [60,75] with a static, regular, asymptotically flat
metric [76]. Current proposals assert that a massive spin-1
gauge field can constitute dark matter. Hence, MGD Proca
stars can play an important role in modeling realistic stellar
configurations that are in full compliance with current
cosmological models. Although the MGD Yang-Mills-
Dirac stellar configurations have been scrutinized here
from a first quantized setup, second quantized quantum
effects are also worthy of investigation. Spin-1/2 fermions
were used in this work, but higher spin fermions may be
also useful to couple to Yang-Mills field and gravity. In
addition to the spin-3/2 Rarita-Schwinger field that was
proposed in Ref. [62], other fermionic fields, including
flagpole, mass dimension 1 spinor fields [77], might serve
as a useful Ansdtze alternative to the ones in Egs. (80a)
and (80Db).
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