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The aim of this article is to understand the role of dust reference fields, often also called clocks, on
cosmological perturbations around a classical spatially flat Friedmann-Lemaître-Robertson-Walker
(FLRW) universe. We derive the Mukhanov-Sasaki equation for the Brown-Kuchař and Gaussian dust
models, which both consider four dust fields as reference fields. The reduced phase space of Dirac
observables, that is the gauge-invariant part of the theory, is constructed by means of an observable map
applied to all elementary phase space variables of the coupled system, consisting of gravity, a massive
scalar field and the dust degrees of freedom and automatically yields the set of independent physical
variables. The evolution of these observables is governed by a so called physical Hamiltonian which can be
derived once the set of reference fields are chosen and differs for each model. First, the reduced phase space
for full general relativity as well as the corresponding equations of motion are derived for full general
relativity. Then from this, the gauge-invariant versions of the equations of motion for the background are
derived which contain a fingerprint of the dust reference fields. Afterwards we study linear cosmological
perturbations around a FLRW metric using the scalar-vector-tensor decomposition and derive the equation
of motion for the Mukhanov-Sasaki variable in this formalism for a chosen set of variables on the reduced
phase space and expressed in terms of Dirac observables. The Mukhanov-Sasaki equation involves
additional contributions that can be understood as back reactions from the dust reference fields. These
additional dust contributions to the Mukhanov-Sasaki equation were absent if the dust energy and
momentum density as well as their perturbations are vanishing. The nature of the correction terms suggests
that Brown-Kuchař and Gaussian dust reference fields contribute differently. We numerically study the
behavior of the dust contributions to the Mukhanov-Sasaki equation during inflation.
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I. INTRODUCTION

General relativity (GR) can be understood as a gauge
theory where the role of gauge symmetries is played
by diffeomorphisms. Since this gauge group is more
complicated than for other gauge theories in physics, the
construction of corresponding gauge-invariant quantities so
called Dirac observables is also a nontrivial task. At the
level of canonical GR Dirac observables are required to
Poisson commute with the first class constraints that
generate diffeomorphisms on the ADM phase space. A
framework in which such observables can be constructed
systematically is the relational formalism. This formalism
was first studied by Bergmann, Komar, and Kuchař
[1–4] and then conceptually improved by Rovelli [5,6].

Its mathematical structure was analyzed in [7] and then
further developed by Dittrich [8,9] and Thiemann [10]. The
idea of this formalism is to introduce so called reference
fields that provide a physical reference system with respect
to which the dynamics of the remaining degrees of freedom
in a given system is formulated. A primary advantage of
this relational picture is that it can be used to obtain for a
given function on phase space its corresponding gauge-
invariant extension and hence Dirac observable. Moreover,
it provides a conceptually clear way to formulate dynamics
of Dirac observables in a relational manner and thus avoids
the problem of time often referred to in the context of GR.
The observable map introduced in [7,8] allows us to derive
the reduced phase space of GR, that is the phase space of
only the independent physical degrees of freedom if
suitable reference fields are chosen. The class of types
of reference fields for which this has been done so far are
mainly either dust scalar fields or Klein-Gordon scalar
fields, see for instance [11] for an overview and references
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therein. More exotic reference fields can for instance be
found in [10,12]. Given a specific choice of reference fields
the generator for the dynamics of the observables—the
physical Hamiltonian—can be derived. In general it will
differ for each given model and also provide a fingerprint of
the reference fields in the final gauge-invariant equations of
motion. This formalism has been applied to various settings
in GR [9,11,13–20], scalar-tensor theories [21], LTB
spacetimes [22], and loop quantum gravity [12,23–29].
Some of the reasons why these kinds of reference fields
have been chosen in the past is that they ensure that
the physical Hamiltonian is a constant of motion and the
algebra of observables has a very simple structure. The
latter is in particular important once quantization of gravity
comes into play.
However, even within this class of types of reference

fields an important question in the relational formalism is
the way reference fields may impact physical predictions.
By this we mean that although everything is formulated at
the gauge-invariant level, choosing different reference
fields in the relational formalism corresponds to coupling
different additional matter fields to GR which is also
coupled to other nonreference matter fields. Thus, each
model with a specific choice of reference fields can in
principle have characteristic features resulting from this
choice. In this work, we consider this question in the
context of cosmological perturbation theory where the
construction of gauge-invariant quantities plays a pivotal
role. The idea that reference fields must not play any role
except of test fields in for instance cosmological dynamics
is only an idealization that no longer holds if we work in the
relational formalism where the reference fields are actually
coupled as dynamical degrees of freedom to the system
under consideration. Given that the energy density of
reference fields in general evolves at a different rate than
other matter components, there can be a situation in which
even when starting with small energy densities compared to
other matter fields, cosmic evolution results in a significant
increase of the reference field density. As an example,
consider a case of a cosmological spacetime sourced with a
massless scalar field or stiff matter along with dust
reference fields. The energy density of the latter decays
as inverse of the volume of the universe, while for a
massless scalar field energy density decays as inverse of
volume squared. Thus, even if one starts with an energy
density of the dust reference fields which is much smaller
than the initial energy density of the massless scalar field,
due to expansion of the scale factor the former becomes
larger than the latter after a certain time. However, such a
situation can be avoided in the case of an inflationary field
where one can choose appropriate initial conditions for the
dust reference fields such that they behave as approxi-
mately test fields in the entire evolution. In this case certain
sets of initial values for the densities of the reference
fields can be ruled out easily by numerically studying the

background evolution and by demanding suitable initial
conditions such that sufficient inflationary e-foldings occur.
Apart from effects in the background dynamics, more
intricate and subtle effects due to reference fields can
occur in cosmological perturbations. Here the issue is
the way reference fields affect the evolution equations
for cosmological perturbations such as for instance the
Mukhanov-Sasaki variable. Whether or not the correction
due to the reference fields generate an appreciable effect in
cosmological perturbations, and how the choice of different
reference fields can result in distinct effects is a pertinent
issue which we aim to explore in this work.
In this article, we are interested in understanding the role

of the dust reference fields in linearized cosmological
perturbation theory. We consider GR minimally coupled
to a massive scalar field (in a Starobinsky potential) and
coupled in addition to dust reference fields which act as
observers in the framework of the relational formalism. We
consider both the Gaussian and Brown-Kuchař dust as
reference fields. The coupling of matter reference fields
allows to construct the manifestly gauge-invariant quan-
tities at the level of full GR before any perturbations are
considered as it has for instance been done in [14,15,21,22]
and hence obtain the reduced phase space for the full
general relativistic setup. An advantage to use these dust
reference fields compared to geometrical clocks, as it has
been done in [17–19], is that the resulting Hamiltonian
constraint in the extended ADM phase space can be easily
expressed in deparametrized form at the level of full GR. As
a result, the physical Hamiltonian in the reduced phase
space that generates the dynamics of the observables can be
easily derived. Once Hamilton’s equations are available,
one can proceed to consider cosmological perturbations
and one can study their impact on the primordial scalar
power spectrum via the modified Mukhanov-Sasaki equa-
tion in the relational formalism with dust reference fields.
Unlike in conventional cosmological perturbation theory in
which the gauge-invariant perturbed quantities need to be
constructed order by order, cosmological perturbation
theory in the relational formalism is formulated in the
reduced phase space which consists only of gauge-invariant
observables from the very beginning. For a presentation of
the conventional gauges used in linearized cosmological
perturbation theory formulated in the framework of the
relational formalism and Dirac observables, see [17–19].
For a general setup of a perturbative approach to Dirac
observables, see [13] and for an application to cosmology
[30]. In this approach, in the case of the aforementioned
matter reference fields all observables are invariant under
finite gauge transformations and one has no corrections in
the gauge invariance condition that are higher than the
order in perturbation theory that one considers. As a result,
the discussion of the higher-order perturbations in the
relational formalism is more straightforward and trans-
parent to all orders.
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The Gaussian and Brown-Kuchař dust fields introduce
four additional degrees of freedom when coupled with
gravity. Since the number of constraints stays the same, this
results finally in four additional physical degrees of free-
dom in the reduced phase space independently of the
choice of independent variables that we choose to describe
the reduced phase space. These additional degrees of
freedom leave their imprints in the equations of motion
for perturbations. In a scalar-vector-tensor (SVT) decom-
position for the linearized perturbations, these extra degrees
of freedom manifest themselves in two additional degrees
of freedom in the scalar sector and two in the vector sector.
Due to these additional degrees of freedom, the choice of
dust reference fields can in principle produce detectable
deviations from the conventional approach in cosmological
perturbations where usually geometric reference fields are
used. In this work, we derive the modified Mukanov-Sasaki
equation with Gaussian and Brown-Kuchař dust fields as
reference fields. More specifically, on the reduced phase
space chosen a set of independent variables, we find the
equation of motion for the image of the Mukhanov-Sasaki
variable [defined via Eq. (4.24)] in the standard cosmology
theory using the observable map. We then compare the
modified Mukhanov-Sasaki equations for above generali-
zation of the Mukhanov-Sasaki variable in the Gaussian
and Brown-Kuchař models by analyzing the correction
terms arising from dust reference fields in both of the
models. In order to understand the role of different
reference fields, as a first step, we estimate the effect of
the correction terms in the Mukhanov-Sasaki equation. In
particular, we study the way coefficients of different
perturbations evolve during inflation. We find these back-
ground coefficient terms to decay rapidly with expansion of
the universe, especially during inflation. For the reason that
the Brown-Kuchař dust model was originally derived with
a negative dust energy density [14], we consider both cases
when dust energy density takes either positive or negative
sign in our analysis.
This paper is organized as follows. In Sec. II, we begin

with a brief summary of the relational formalism in GR
when gravity is coupled to a single massive scalar field.
The construction of the observable map is discussed in a
concise way in the extended ADM phase space where lapse
and shift are also dynamical variables. Then, we choose
Gaussian and Brown-Kuchař dust fields as reference fields,
construct the reduced phase space with respect to the dust
fields and find the corresponding physical Hamiltonians
relying on earlier work in [11,14]. We discuss equations
of motion for background variables using dust reference
fields in Sec. III. In this section we also present numerical
solutions of equations of motion for some representative
cases for the Starobinsky inflationary potential, including
when the dust energy density is chosen to be negative,
a case which is allowed in Brown-Kuchař formalism. We
find that dust energy density can change the number of

inflationary e-foldings. In Sec. IV, starting from Hamilton’s
equations at the gauge-invariant level, we derive the
equations of motion of the linear perturbations around a
spatially-flat FLRWuniverse. Then, with the help of a SVT
decomposition choosing a set of independent variables on
the reduced phase space, the equations of motion of the
scalar modes and the image of the Mukhanov-Sasaki
variable under the observable map defined using dust
reference fields are derived. From these equations we find
correction terms originating from dust reference fields for
Brown-Kuchař and Gaussian dust models. Our analysis
shows that even though the Mukhanov-Sasaki equation
takes the same form in the Gaussian and the Brown-Kuchař
dust models, there is a difference in the evolution of the
Mukhanov-Sasaki variable because of the different behav-
ior of the perturbed dust energy density δEdust. In our
analysis, this difference is confirmed numerically by
solving the perturbed Hamilton’s equations. Solving back-
ground dynamics numerically, we investigate the evolution
of coefficient terms consisting of background quantities of
different perturbations in the back-reaction terms. Our
analysis shows that all these terms decay rapidly during
inflation. We summarize our main results in Sec. V.
In our paper, we will use ℏ ¼ c ¼ 1 while keeping

Newton’s constant G explicit in equations. For numerical
studies, Newton’s constant is also set to unity. Greek letters
are used to denote the 4-dimensional spacetime indices
while the Latin letters a; b; c… are for the indices of the
tensors on the 3-dimensional hypersurface.

II. REVIEW OF THE RELATIONAL FORMALISM
WITH DUST REFERENCE FIELDS

In this section, we will first give a brief overview of the
relational formalism in GR considering generic reference
fields and then specialize the formalism to the case where
dust fields are chosen as reference fields. In particular, we
discuss the Gaussian and the Brown-Kuchař dust field
models. As the relational formalism and also dust reference
fields have been extensively studied in the literature
[1–11,14,15,17,18,20,31], we will sketch the basic ideas
on how to derive the physical Hamiltonian that generates
the dynamics on the reduced phase space in each of the dust
models and also give the resulting Hamilton’s equations.
Finally, we will end this section with a comparison between
the two dust reference frames.

A. The relational formalism in the context
of dust reference fields

The main idea in the relation formalism is that the value
of any field at one particular spacetime coordinate does not
have any physical meaning due to the diffeomorphism
invariance of GR. Instead, the real physical observable is
the value of one field when another field (the reference
field) takes some particular value. Furthermore, in order to
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describe the dynamics of any observables in GR, one also
has to choose an appropriate temporal reference field, with
respect to which the evolution of the system is unfolded. In
principle, these reference fields can be chosen either from
some additional matter degrees of freedom, like scalar or
dust fields as for instance done in [14,22,32], or from the
geometrical degrees of freedom of GR itself (see [17–19]).
Although the latter ansatz avoids introduction of extra
degrees of freedom into the system, it is more complicated
to formulate the Hamiltonian constraint in deparametrized
form and thus one also runs into difficulty when trying to
extract the physical Hamiltonian for the reduced system. As
a result, in the following, we will focus on the first ansatz in
which the dust fields are introduced as reference fields. This
allows to easily derive a well-defined physical Hamiltonian.
The only price to pay is the appearance of some additional
gauge-invariant degrees of freedom. This is because, as
compared to the conventional approach, we consider four
additional degrees of freedom from the beginning pertain-
ing to dust reference fields. Moreover, a single massive
scalar field will also be included to source the inflationary
phase at late times. In this section, we will first focus on the
relational formalism when gravity is coupled to a scalar
field, then proceed with details when the particular dust
field models are considered in the framework in the next
two subsections.
The system under consideration in our work consists of a

generic scalar field φ and dust fields on a four-dimensional
globally hyperbolic spacetime ðM; gÞ. Thus, the total
action is given by

S ¼ Sgeo þ Sscalar þ Sdust; ð2:1Þ

with the geometrical sector given explicitly by

Sgeo ¼
1

κ

Z
M

d4x
ffiffiffiffiffiffi
−g

p
Rð4Þ; ð2:2Þ

where κ ¼ 16πG and Rð4Þ denotes the four-dimensional
Ricci scalar and g ¼ detðgÞ. In addition, the action of the
scalar field is given by

Sscalar ¼
1

2λφ

Z
M

d4x
ffiffiffiffiffiffi
−g

p ð−gμν∂μφ∂νφ − VðφÞÞ; ð2:3Þ

where λφ is a coupling constant allowing for a dimension-
less φ and VðφÞ denotes the potential term of the scalar
field. In this section, we will consider the relational
formalism in the extended ADM phase space of the
gravitational and the scalar field sectors for a generic
reference field at the moment. As expected, the speciali-
zation to dust fields as reference fields allows us to
explicitly consider the additional contributions to the
Hamiltonian and diffeomorphism constraints since only
the total constraint consisting of the contributions of

gravity, the scalar field and the dust fields is required to
vanish. For the reason that on the one hand coupling the
dust puts the original first class system into a second class
one and on the other hand we will choose two different dust
models as reference fields, first we briefly review the phase
space formulation of gravity plus a scalar field only and
exclude the dust fields in our discussion in Sec. II B. Then
we present the basics of the construction of observables via
an observable map and the evolution of observables in II C
for generic reference fields and finally continue with a
discussion on the Gaussian and Brown-Kuchař dust models
in II D and II E.

B. ADM formulation for gravity plus a scalar field

It is well-known that starting from the actions (2.2) and
(2.3), the Hamiltonian of the system can be derived from
the ADM formalism, which uses that a globally hyperbolic
spacetime M has the topology M ≃ R × σ, where σ is a
spatial 3-dimensional manifold, see [33,34] for a generali-
zation of the Geroch theorem. Given this M foliates into
spatial hypersurfaces Σt ¼ XtðσÞ, where Xt is an embed-
ding of σ into M for a fixed value of t ∈ R. Such an
embedding can be conveniently parametrized by its corre-
sponding deformation vector field ∂Xμ

∂t ¼ NðXÞnμ þ NμðXÞ,
here nμ is a normal unit vector to Σt and Nμ is tangential,
whereas N and Nμ are called the lapse function and shift
vector respectively. The foliation is then used to perform a
3þ 1 decomposition of the action. Given the embedding,
the inverse metric gμν can be decomposed into a normal
and tangential part as gμν ¼ −nμnν þ qμν. Here qμν is the
tangential part that by means of the embedding can be
expressed in terms the inverse ADM-metric qab on σ using
qμν ¼ qabXμ

aXν
b. Moreover, the unit normal vector in the

ADM frame is related with lapse and shift via nμ ≔
ð1N ;− Na

N Þ where Na ¼ Xa
μNμ involves the inverse of the

embedding denoted by Xa
μ.

As a result, in the Hamiltonian formalism, the extended
ADM phase space Γext, which is obtained by pulling back
the embedded quantities onto the spatial manifold σ,
consists of 22 degrees of freedom, which are lapse N,
shift Na, the ADMmetric qab and the scalar field φ, as well
as their respective conjugate momenta denoted by π, πa,
pab and πφ. The only nonvanishing Poisson brackets of
these canonical variables are

fqabðt; x⃗Þ; pcdðt; y⃗Þg ¼ κδcðaδ
d
bÞδ

3ðx⃗ − y⃗Þ;
fφðt; x⃗Þ; πφðt; y⃗Þg ¼ δ3ðx⃗ − y⃗Þ;
fNðt; x⃗Þ; πðt; y⃗Þg ¼ κδ3ðx⃗ − y⃗Þ;

fNaðt; x⃗Þ; πbðt; y⃗Þg ¼ κδabδ
3ðx⃗ − y⃗Þ: ð2:4Þ

Then, the resulting Hamiltonian is a linear combination of
the primary and secondary constraints which reads [17]
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Hext ¼
1

κ

Z
σ
d3xðNcþ Naca þ λπ þ λaπaÞ; ð2:5Þ

in which λ and λi are Lagrange multipliers. The
Hamiltonian constraint c and the spatial diffeomorphism
constraint ca (collectively denoted by cμ) consist of two
contributions, that is cμ ¼ cgeoμ þ cscalarμ with

cgeo ¼ 1ffiffiffi
q

p
�
pabpab −

1

2
p2

�
−

ffiffiffi
q

p
Rð3Þ; ð2:6Þ

cscalar ¼ κ

2

�
λφffiffiffi
q

p π2φ þ
ffiffiffi
q

p
λφ

ðqab∂aφ∂bφþ VÞ
�
; ð2:7Þ

cgeoa ¼ −2qabDcpbc; ð2:8Þ
cscalara ¼ κπφ∂aφ: ð2:9Þ

In the Hamiltonian (2.5), π and πa are four primary first-
class constraints while c and ca are four secondary first-
class constraints, yielding for gravity coupled to a massive
scalar field a total of 6 physical degrees of freedom in phase
space or equivalently 3 physical degrees of freedom in the
configuration space. The whole system is fully constrained
with vanishing Hamiltonian on the constraint surface.
Often one starts directly with the reduced ADM phase

space where the primary constraints have already been
reduced and lapse and shift are treated as Lagrange multi-
pliers. However, this is not possible if we are interested
in gauge-invariant versions for the degrees of freedom for
the latter. For instance in the longitudinal gauge used in
cosmological perturbation theory where one of the Bardeen
potentials is associated with the lapse perturbation, see
[17,18]. For this it is necessary to discuss the relational
formalism at the level of the extended phase space which
allows a setting closer to the conventional approach based
on the Lagrangian framework. In this approach, one can
naturally express lapse and shift degrees of freedom in
terms of the physical gauge-invariant degrees of freedom in
the reduced phase space.

C. Observable map and physical evolution
in the relational formalism

The relational formalism can be formulated in both the
reduced ADM phase space and extended ADM phase
space. The latter where lapse and shift are still dynamical
degrees of freedom has the advantage that the observable
map can also be applied to lapse and shift degrees of
freedom and hence is closer to the Lagrangian formulation
where diffeomorphisms act on all degrees of freedom of the
metric. Let us as before assume that our system consists of
gravity and a minimally coupled massive scalar field, then
the secondary constraints are ctot ¼ c and ctota ¼ ca. In the
next subsection when we introduce the dust reference
fields, of course their contributions have to be added to
the total constraints. Any Dirac observable satisfies the

condition that it has to Poisson commute with the first class
constraints of the system under consideration, which in the
case of GR are the constraints that generate diffeomor-
phisms on the extended ADM phase space. The generator
consists of a linear combination of the primary constraints
π, πa and secondary constraints c, ca and is given by

Gb ¼ 1

κ
ðc½b� þ ca½ba� þ π½ _bþ ba∂aN −Na∂ab�

þ πa½ _ba þ qacðb∂cN −N∂cbÞ þ bc∂jNa −Nc∂cba�Þ
ð2:10Þ

which was first introduced in [35]. Here b is a general
smearing function and ba a generic vector valued smearing
function. Hence, we aim at constructing observables O that
at least weakly commute with the generator in (2.10), that is
fO;Gbg ≈ 0. Note that for quantities that do not depend on
lapse and shift degrees of freedom this requirement reduces
to the one that they have to (weakly) Poisson commute
with the secondary constraints c, ca, which is exactly the
condition one uses in the case of the reduced ADM phase
space. The additional terms in Gb only affect the lapse and
shift degrees of freedom and are designed in such a way that
they generate diffeomorphisms for these variables.
The relational framework allows to construct for a given

phase space function its associated observable, also often
called its gauge-invariant extension once a set of reference
fields has been chosen. The number of necessary reference
fields is chosen by the number of gauge generators which
are four in the case of GR.We denote the reference fields by
Tμ, μ ¼ 0;…3 one for the temporal and three for spatial
diffeomorphisms, which we write in compact notation as
cμ ¼ ðc; caÞ. Further let us introduce the multi-index I with
constraints cI ¼ ðcμ;πμÞ and reference fields TI ¼ ðTμ; _TμÞ.
As far as the primary constraints are concerned no
independent reference fields need to be chosen but the
observable formula takes this automatically into account in
terms of _Tμ. Furthermore, the observable map relies on the
assumption that the reference fields are at least weakly
canonically conjugate to the constraints. This might not be
satisfied for a given choice of reference fields but can
always be achieved if the reference fields satisfy the
following condition at least locally,

detðAI
JÞ ≠ 0 with AI

Jðt; x⃗; y⃗Þ ¼
1

κ
fTIðt; x⃗Þ; cJðt; y⃗Þg:

ð2:11Þ

Explicitly the matrix AI
J reads

AI
Jðt; x⃗; y⃗Þ≃

1

κ

� fTμðt; x⃗Þ; cνðt; y⃗Þg 0

f _Tμðt; x⃗Þ; cνðt; y⃗Þg fTμðt; x⃗Þ; cνðt; y⃗Þg

�
:

ð2:12Þ
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The requirement that the inverse matrix denoted by BI
J

exists boils down to the condition for the reference fields
that detðfTμðt; x⃗Þ; cνðt; y⃗ÞgÞ ≠ 0, μ; ν ¼ 0;…; 3. This pro-
perty can be applied to weakly abelianize the first-class
constraints cI by defining a new equivalent set of con-
straints c̃I via

c̃Iðt; x⃗Þ ¼
Z

d3yBI
Jðt; x⃗; y⃗ÞcJðt; y⃗Þ satisfying

fTIðt; x⃗Þ; c̃Jðt; y⃗Þg ≈ κδμνδðx⃗ − y⃗Þ: ð2:13Þ

Given this we now introduce the gauge fixing conditions
for the reference fields of the form GI ¼ ðGμ; _GτÞ with
Gμ ¼ τμ − Tμ, where τμ is for each μ a function on M but
not a dynamical variable on phase space. With this we can
construct an observable map for a function f that does not
depend on the reference field degrees of freedom on the
extended ADM phase space, which maps f to its gauge-
invariant extension Of;Tμ , that is f ↦ Of;TμðτμÞ with

Of;TμðτμÞ ¼ f þ
X∞
n¼1

1

n!κn
Yn
k¼1

Z
σ
d3xkGJðxkÞ

× ffðxÞ; c̃JðxkÞgðnÞ; ð2:14Þ

where ff; ggðnÞ denotes the iterated Poisson bracket with

ff; ggð0Þ ¼ f and ff; ggðnÞ ¼ fff; ggðn−1Þ; gg: ð2:15Þ

Of;TðτÞ is the image of f under the observable map. It is the
value of f in the gauge in which the reference fields Tμ take
the values of τμ. As shown in [8,10,35] the observable
Of;TðτÞ commutes with all constraints by construction and
is indeed a Dirac observable. This observable map can also
be applied to the reference field degrees of freedom, for Tμ

we get Of;TμðτμÞ ¼ τμ which demonstrates that the refer-
ence fields are no dynamical degrees of freedom in the
reduced phase space. The independent elementary variables
of the reduced phase space are just given by the observables
of all but the clock degrees of freedom excluding also lapse
and shift degrees of freedom. The Poisson algebra of the
observables can be shown to be given by

fOf;Tμ ;Og;Tμg ≃Off;gg�;Tμ ; ð2:16Þ

where ff; gg� denotes the Dirac bracket associated with the
second class system of the constraints ðGμ; c̃μÞ. If we apply
the observable map in (2.14) on lapse and shift variables
these are automatically mapped to functions on the reduced
phase space, whereas their momenta are mapped to the
primary constraints, which we will discuss for the dust
models under consideration in Secs. II D and II E.
Besides the kinematics that is encoded in the observable

algebra in (2.16), of further interest is the dynamics of the

observables. Since by construction they commute with all
constraints the dynamics can obviously not be generated by
Hext. Instead their dynamics is described as an evolution
with respect to physical time τ0 and generated by a so called
physical Hamiltonian Hphys. In this work we will only
consider reference fields that lead to a deparamatrization of
the Hamiltonian constraint. In this case, the Hamiltonian
constraint can be written linearly in the temporal reference
field momentum P0, that is

c̃ ¼ P0 þ hðqab; pab;φ; πφ; T0
;aÞ; ð2:17Þ

where the function h can depend on all phase space
variables but the reference field momenta and the spatial
reference fields Ta and if it depends on the temporal
reference field T0, then only via its spatial derivatives. That
this is satisfied for the dust reference fields considered here
will be shown below. Then the physical time evolution of
Of;TμðτμÞ can be easily formulated as

dOf;Tμ

dτ0
ðτμÞ ¼ fOf;TμðτμÞ;Hphysg; with

Hphys ≔
Z
S
d3τOh;Tμðτ⃗Þ; ð2:18Þ

where S denotes the spatial reference field manifold with
coordinates τj, j ¼ 1; 2; 3.
A crucial property of the class of deperamatrized models

is that the physical Hamiltonian does not depend on the
physical time τ0, which is ensured by the restrictions we
made for the function h in (2.17). As shown in [7,8,10] the
multiparameter family of maps Oτμ∶f ↦ Of;TμðτμÞ is a
homomorphism from the commutative algebra of functions
on phase space to the commutative algebra of weak Dirac
observables, both with pointwise multiplication, that is

Of;TμðτμÞ þOg;TμðτμÞ ≃Ofþg;TμðτμÞ and

Of;TμðτμÞOg;TμðτμÞ ≃Ofg;TμðτμÞ:

This can be used to easily obtain the physical Hamiltonian
Hphys once the observables for the elementary phase space
variables have been constructed using

Hphys ¼
Z
S
d3τHðτ⃗Þ;

H ≔ Oh;Tμ ¼ hðOqab;Tμ ; Opab;Tμ ; Oφ;Tμ ; Oπφ;Tμ ; OT;a;TμÞ:

This finishes the brief review on the relational formalism
and the construction of observables for generic reference
fields. In the next two subsections we will present two dust
models that will be used as reference fields in the remaining
part of the article, these are the Gaussian and the Brown-
Kuchař dust models.
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D. The relational formalism with Gaussian dust

The Gaussian dust was first proposed and discussed in
[36]. The action of the Gaussian dust is given by

SG ¼ −
Z

d3x
ffiffiffiffiffiffi
−g

p �
ρ

2
½gμνT;μT;ν þ 1� þ gμνT;μWjS

j
ν

�
;

ð2:19Þ

which involves eight dynamical dust fields T, Sj, ρ, Wj
with j ¼ 1, 2, 3. The equations of motion of Wj, ρ impose
the following conditions on the metric

gμνT;μT;ν þ 1 ¼ 0; gμνT;μS
j
ν ¼ 0: ð2:20Þ

The system Stot ¼ Sgeo þ Sscalar þ SG is no longer first class
but a second class system. In the extended phase space,
besides the 22 degrees of freedom coming from the geo-
metrical and matter sectors, there are 16 additional degrees
of freedom due to the dust fields which are T, ρ, Si,Wj and
their respective conjugate momenta. As shown in [11] there
are 8 second class constraints which can be used to remove
the dynamical fields ρ and Wj and their momenta com-
pletely from the second class reduced phase space. So the
remaining canonical variables from the dust fields are Tμ ¼
ðT; SjÞ and their respective conjugate momenta P, Pj that
will be used as reference fields for the Hamiltonian and
spatial diffeomorphism constraints respectively. Finally,
the Hamiltonian and diffeomorphism constraints of the
coupled system take the form

ctot ¼ cþ cdust; ð2:21Þ

ctota ¼ ca þ cdusta ; ð2:22Þ

where c ¼ cgeo þ cscalar, ca ¼ cgeoa þ cscalara are given in
(2.6)–(2.9) and the dust contributions are given by

cdust ¼ P
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ qabT;aT;b

q
þ qabT;aPjS

j
;bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ qabT;aT;b

q ; ð2:23Þ

cdusta ¼ PT;a þ PjS
j
;a: ð2:24Þ

In order to satisfy the condition that the reference fields
ðT; SjÞ are at least weakly canonically conjugate to the
constraints ctot, ctota we solve the constraints ctot and ctota for
the dust momenta ðP; PjÞ yielding the following equivalent
set of constraints

c̃tot ¼ Pþ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ qabT;aT;b

q
− qabT;acb≕Pþ hG;

ð2:25Þ

c̃totj ¼ Pj þ Saj ð−hGT;a þ caÞ; ð2:26Þ

where Saj is the inverse of S
j
;a with Sj;aSak ¼ δjk and Sj;aSbj ¼

δba and hG is defined by hG ≔ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ qabT;aT;b

q
−

qabT;acb, where the superscript “G” stands for
Gaussian dust.
Since the constraints c̃I ¼ ðc̃totμ ; πμÞ mutually Poisson

commute we can separate the construction of the observ-
ables in two steps: first with respect to spatial diffeo-
morphisms c̃j and then with respect to the remaining
constraints. The symplectic reduction of the spatial diffeo-
morphism constraints is implemented by pulling back all
tensors by the diffeomorphism x ↦ σj ¼ SjðxÞ, which
as shown in [14,37] is a canonical transformation for
ðqab; pab; N; π; Na; πa;φ; πφ; T; PÞ. The canonical conju-
gate momenta to Sj become c̃totj ¼ Saj c

tot
a and thus this

canonical pair drops out of the partially reduced phase
space. Let us denote the transformed quantities by
ðq0ij; p0ij; N0; π0; N0j; π0j;φ

0; π̃0φ; T 0; P0Þ in order to distin-
guish them from the original variables. Here the primed
variables are all invariant under spatial diffeomorphisms.
Note that due to the pullback these are scalars on the
original manifold σ but tensors on the dust manifold that we
denote by S. The indices i; j; k… ¼ 1, 2, 3 refer to tensor
indices on S. Furthermore, we also have to pullback c̃tot

leading to c̃0tot ¼ c̃totðq0ij; p0ij;φ0; π̃0φ; T 0
;j; P

0Þ. To obtain the
final observables we apply the observable map in (2.14) for
the remaining constraints with the gauge fixing conditions
G0 ¼ τ − T, Gj ¼ σj − Sj, where the latter is only relevant
for _Gj being involved in the symplectic reductions with
respect to π0j. In order to keep our notation simple we
denote the final observables just by capital letters and get

Qij ≔ Oq0jk;T
ðτ; σ⃗Þ; Pij ≔ Op0jk;Tðτ; σ⃗Þ;

Φ ≔ Oφ0;Tðτ; σ⃗Þ; ΠΦ ≔ Oπ0φ;Tμðτ; σ⃗Þ: ð2:27Þ

If we apply the observable map in (2.14) also to lapse and
shift degrees of freedom one can easily find that

ON0;Tðτ; σ⃗Þ ¼ 1; ON0j;Tðτ; σ⃗Þ ¼ 0;

Oπ0;Tðτ; σ⃗Þ ¼ π0; Oπ0j;T
ðτ; σ⃗Þ ¼ π0j: ð2:28Þ

As discussed above the physical Hamiltonian HG
phys for the

Gaussian dust model is given by

HG
phys ¼

1

κ

Z
S
d3σOh0G;T ¼ 1

κ

Z
S
d3σC; C ≔ Oc0;T

ð2:29Þ
with c0 being the spatially diffeomorphism invariant version
of c ¼ cgeo þ cscalar given in (2.6)–(2.7). To obtain C we
only need to replace the dynamical variables in those
equations with their respective observables defined in
(2.27). More specifically,
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C ¼ 1ffiffiffiffi
Q

p GijmnPijPmn −
ffiffiffiffi
Q

p
Rð3Þ

þ κ

2

�
λφΠ2

Φffiffiffiffi
Q

p þ
ffiffiffiffi
Q

p
λφ

ðQij∂iΦ∂jΦþ VÞ
�
; ð2:30Þ

where

Gijmn ¼
1

2
ðQimQjn þQinQjm −QijQmnÞ: ð2:31Þ

The elementary Poisson brackets of the canonical variables
on the reduced phase space can be obtained from (2.16).
The Gaussian dust model has the property that all original
variables but the dust degrees of freedom Poisson commute
with all gauge fixing constraints. As a consequence, for
these variables the Dirac bracket in (2.16) reduces to the
usual Poisson bracket and this allows us to easily compute
the observable algebra. The only nonvanishing Poisson
brackets are given by

fQijðτ; σ⃗Þ; Pklðτ; σ⃗0Þg ¼ κδkðiδ
l
jÞδ

3ðσ⃗ − σ⃗0Þ; ð2:32Þ

fΦðτ; σ⃗Þ;ΠΦðτ; σ⃗0Þg ¼ δ3ðσ⃗ − σ⃗0Þ: ð2:33Þ

Given this physical Hamiltonian we can also compute
the physical time evolution of a generic function on the
reduced phase space

dF
dτ

ðQij; Pij;Φ;ΠΦÞ ¼ fF;HG
physg; ð2:34Þ

yielding for the elementary canonical observables in the
Gaussian dust model the following equations of motion:

_Φ ¼ λφΠΦffiffiffiffi
Q

p ; ð2:35Þ

_ΠΦ ¼ −
ffiffiffiffi
Q

p
V;Φ

2λφ
þ ∂j

� ffiffiffiffi
Q

p
Qij

λφ
∂iΦ

�
; ð2:36Þ

_Qij ¼
2ffiffiffiffi
Q

p GijmnPmn; ð2:37Þ

_Pij ¼ Qij

2
ffiffiffiffi
Q

p GklmnPklPmn þ 1ffiffiffiffi
Q

p ðtrPPij − 2PikPj
kÞ

þ 1

2

ffiffiffiffi
Q

p
QijRð3Þ −

ffiffiffiffi
Q

p
Rij

−
κ

ffiffiffiffi
Q

p
4λφ

ðQijDkΦDkΦ − 2DiΦDjΦþQijVÞ

þ κλφQij

4
ffiffiffiffi
Q

p Π2
Φ: ð2:38Þ

In the next section we will discuss a second so called
Brown-Kuchař dust model that will also be used as
reference fields in the remaining part of the paper.

E. The relational formalism with
Brown-Kuchař dust

The Brown-Kuchař dust was first proposed and dis-
cussed in [37]. The action of the Brown-Kuchař dust is
given by

SBK ¼ −
1

2

Z
M
d4x

ffiffiffiffiffiffi
−g

p
ρ½gμνUμUν þ 1�; ð2:39Þ

where ρ is the energy density of the dust fields and the unit
timelike dust velocity field can be expressed in terms of
the elementary fields as U ¼ −dT þWjdSj. Similar to the
Gaussian dust, the dynamical fields of the Brown-Kuchař
dust consist of T, Sj, ρ,Wj and their respective conjugate
momenta P, Pj, πρ and πWj

. A detailed analysis of the
Hamiltonian structure of the whole system in [14] yields
altogether 8 first-class constraints and 8 second-class
constraints, leaving after the reduction of the 8 second
class constraints 30 dynamical degrees of freedom in the
phase space, which are the same elementary variables as
in the Gaussian dust model. As before, ρ, Wj and their
respective momenta can be expressed in terms of the
remaining variables and the system becomes first class
with the following form of Hamiltonian and diffeomor-
phism constraints [10,37]

ctot ¼ cþ cdust ¼ cþ P
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ qabUaUb

q
; ð2:40Þ

ctota ¼ ca þ cdusta ¼ ca þ PT;a þ PjS
j
;a; ð2:41Þ

where c and ca are given in (2.6)–(2.9), Ua ≔ T;a þWjS
j
;a

and the contribution of the dust to the total constraint was
taking into account that has been derived in [10,37].
Compared to the Gaussian dust contribution in (2.23)–

(2.24), the difference between two dust fields lies in the
specific form of cdust. More substantial differences can be
seen when the Hamiltonian constraint ctot is rewritten in
deparametrized form. As in the case of the Gaussian dust
model we can solve ctot for P and ctota for Pj leading to

c̃tot ¼ P − sgnðPÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 − qabcacb

q
≕P − sgnðPÞhBK;

ð2:42Þ

c̃totj ¼ Pj þ Saj ð−hGT;a þ caÞ; ð2:43Þ

where sgnðPÞ denotes the sign of P and hBK ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 − qabcacb

p
. Here the superscript “BK” is introduced

to denote the Brown-Kuchař model. For the Hamiltonian
constraint, the Brown-Kuchař mechanism has been used in
order to write it in deparametrized form, see [14]. Similar to
the Gaussian dust model the spatial diffeomorphism con-
straint does not deparametrize but this does not make the
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construction of the observables more difficult. The latter
can be constructed in the same way as it was already
discussed in Sec. II D for the Gaussian dust model (as in
Gaussian dust case, we denote the final observables by
capital letters). The only difference to the former model is
that h0GD needs to be replaced by h0BK in the observable
map (2.14) that involve c̃0tot. The details of the construction
can be found in [14]. Following the same line of argument
as in the Gaussian dust case, the physical Hamiltonian is the
observable associated with h0BK, which yields1

HBK
phys ¼

1

κ

Z
S
d3σOh0BK;T

¼ 1

κ

Z
S
d3σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 −QijCiCj

q
≕

1

κ

Z
S
d3σHðσÞ:

ð2:44Þ

Here C ¼ Cgeo þ Cscalar, Ci ¼ Cgeo
i þ Cscalar

i , where H ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 −QijCiCj

q
denotes the physical Hamiltonian density,

and

Cgeo ¼ 1ffiffiffiffi
Q

p GijmnPijPmn −
ffiffiffiffi
Q

p
Rð3Þ ð2:45Þ

Cscalar ¼ κ

2

�
λφΠ2

Φffiffiffiffi
Q

p þ
ffiffiffiffi
Q

p
λφ

ðQij∂iΦ∂jΦþ VÞ
�

ð2:46Þ

Cgeo
i ¼ −2DkPk

i ; Cscalar
i ¼ κΠΦ∂iΦ; ð2:47Þ

with

Gijmn ¼
1

2
ðQimQjn þQinQjm −QijQmnÞ: ð2:48Þ

The application of the observable map in (2.14) to lapse and
shift degrees of freedom leads for the Brown-Kuchař model
to the following observables:

ON0;Tðτ; σ⃗Þ ¼
C
H

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQijCiCj

H2

s
; ON0j;Tðτ; σ⃗Þ ¼ 0;

Oπ0;Tðτ; σ⃗Þ ¼ π0; Oπ0j;T
ðτ; σ⃗Þ ¼ π0j: ð2:49Þ

As expected for the Brown-Kuchař model, the lapse and
shift degrees of freedom can be completely expressed in
terms of the physical variables and the primary constraints2

On the reduced phase space that is spanned by the physical
degrees of freedom the only nonvanishing Poisson brackets
are

fQijðτ; σ⃗Þ; Pklðτ; σ⃗0g ¼ κδkðiδ
l
jÞδ

3ðσ⃗ − σ⃗0Þ; ð2:50Þ

fΦðτ; σ⃗Þ;ΠΦðτ; σ⃗0Þg ¼ δ3ðσ⃗ − σ⃗0Þ: ð2:51Þ

As a result, the evolution of a generic phase space function
FðQij; Pij;Φ;ΠΦÞ are governed by Hamilton’s equation
generated by HBK

phys

dF
dτ

ðQij; Pij;Φ;ΠΦÞ ¼ fF;Hphysg: ð2:52Þ

Hamilton’s equations of the canonical variables can thus be
computed in a straightforward way, here we simply list the
results as follows [14]:

_Φ ¼ λφNΠΦffiffiffiffi
Q

p þ Ni∂iΦ; ð2:53Þ

_ΠΦ ¼ −
N

ffiffiffiffi
Q

p
V;Φ

2λφ
þ ∂j

�
N

ffiffiffiffi
Q

p
Qij

λφ
∂iΦþ ΠΦNj

�
;

ð2:54Þ

_Qij ¼
2Nffiffiffiffi
Q

p GijmnPmn þ 2∂ðiNjÞ − 2Γk
ijNk; ð2:55Þ

_Pij ¼ N

�
Qij

2
ffiffiffiffi
Q

p GklmnPklPmn þ 1ffiffiffiffi
Q

p ðQ · PPij − 2PikPj
kÞ þ

1

2

ffiffiffiffi
Q

p
QijRð3Þ −

ffiffiffiffi
Q

p
Rij

�

−
ffiffiffiffi
Q

p
QijDkDkN þ

ffiffiffiffi
Q

p
DiDjN þDkðNkPijÞ −DkNiPjk −DkNjPik

−
κ

ffiffiffiffi
Q

p
N

4λφ
ðQijDkΦDkΦ − 2DiΦDjΦþQijVÞ þ NκλφQij

4
ffiffiffiffi
Q

p Π2
Φ −

κ

2
HNiNj: ð2:56Þ

1Here, we choose sgnðPÞ to be negative so that the Hamiltonian (2.44) is bounded from below.
2In [14,15] a shift vector in terms of physical degrees of freedom is defined as Nj ¼ − QjkCk

H whereas in (2.49) we present the
Dirac observable associated to the shift vector which is just zero. Note that there is no contradiction in the two results because the
Nj from [14,15] is not the Dirac observable of the shift vector but has been defined as follows: Consider fF;HðσÞg ¼
C
H fF;Cg − QjkCk

H fF;Cjg. Then Nj was defined as being the coefficient in front of the Poisson bracket of fF;Cjg.
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Let us briefly comment on the negative dust energy density
that was originally chosen for the dust reference fields in
[15]. Whether one chooses a positive or negative dust
energy density crucially depends on the part of phase space
that one wants to include in the deparameterized model. For
instance, if Minkowski flat space should be part of the
phase space with the standard model matter, then the
physical Hamiltonian needs to be positive and conse-
quently the energy density of the dust negative in order
that the total Hamiltonian constraint can be satisfied, see
[14] for more details. However, in the case of cosmology
the gravitational contribution is negative and therefore both
options negative and positive dust energy density are
consistent with the constraint, hence in our work here
we will discuss both cases.
Summarizing this section, we have given a review on

Hamilton’s equations in the relational formalism when
Gaussian dust and Brown-Kuchař dust serve as the refer-
ence fields. Both Gaussian and Brown-Kuchař dust fields
introduce four additional physical degrees of freedom to the
original system, which is composed of 3 physical degrees
of freedom in the configuration space. The most important
results in this section are Hamilton’s equations (2.35)–
(2.38) in the Gaussian dust model and Hamilton’s equa-
tions (2.53)–(2.56) in the Brown-Kuchař dust model.
Comparing the two sets of equations, one can find that
Hamilton’s equations in the Brown-Kuchař dust model can
reduce to those in the Gaussian dust model when the lapse
is set to unity and shift vanishes. As a result, if we consider
a spatially flat FLRW universe, the two sets of equations
predict the same background dynamics, the difference will
only occur at the level of the perturbations.

III. THE BACKGROUND DYNAMICS IN A
SPATIALLY FLAT FLRW UNIVERSE
WITH DUST REFERENCE FIELDS

In this section, based on Hamilton’s equations given in
the last section, we consider the background dynamics of a
spatially flat FLRW universe with a Klein-Gordon scalar
field in the relational formalism using a dust reference field.
Due to the homogeneity and isotropy, the image of the
spatial background metric under the observable map carries
only one physical degree of freedom which can be para-
metrized by Q̄ij ¼ AðτÞδij, where AðτÞ is the image of the
squared scale factor under the observable map, namely,
AðτÞ ¼ Oa2;TμðτÞ. The image of the conjugate momentum
of the background ADM-metric under the observable map
can be written as P̄ij ¼ PðτÞδij. In addition there is another
physical degree of freedom encoded in Φ̄ with its canoni-
cally conjugate momentum Π̄Φ. To avoid confusion with
the later used perturbed quantities, some of the background
quantities are denoted with a bar on the top. In terms of
AðτÞ, PðτÞ and Φ̄ðτÞ, Π̄ΦðτÞ, the physical Hamiltonians in
(2.29) and (2.44) can now be reduced to

H̄phys ¼ V0C̄ ¼ V0

�
−
3P2

ffiffiffiffi
A

p

2κ
þ λφΠ̄2

Φ

2A3=2 þ
A3=2VðΦ̄Þ

2λφ

�
;

ð3:1Þ

where V0 is the volume of the fiducial cell chosen to define
symplectic structure or the finiteness of spatial integral in
(2.52). The background phase space variables satisfy the
following Poisson brackets

fAðtÞ; PðtÞg ¼ κ

3V0

; fΦ̄ðtÞ; Π̄ΦðtÞg ¼ 1

V0

ð3:2Þ

with all remaining Poisson brackets vanishing.
It is straightforward to find the equations of motion of the

background variables by evaluating the Poisson bracket
between dynamical variables and the physical Hamiltonian.
This results in the following Hamilton’s equations:

_A ¼ −P
ffiffiffiffi
A

p
; _P ¼ P2

4
ffiffiffiffi
A

p þ κλφΠ̄2
Φ

4A5=2 −
κ

ffiffiffiffi
A

p
V

4λφ
; ð3:3Þ

_̄Φ ¼ λφΠ̄Φ

A3=2 ; _̄ΠΦ ¼ −
A3=2V;Φ̄

2λφ
: ð3:4Þ

With the above Hamilton’s equations (3.3)–(3.4), one can
easily find the Klein-Gordon and Raychaudhuri equations
for Φ̄ and A, which are given by

̈Φ̄þ 3H _̄Φþ 1

2
V;Φ̄ ¼ 0; ð3:5Þ

Ä
2A

−H2 ¼ −
4πG
3

ðρþ 3pÞ; ð3:6Þ

where H ¼ _A
2A is the Hubble rate and ρ and p denote the

total energy density and pressure. These are given respec-
tively, by

ρ ¼ ρΦ þ ρdust; p ¼ pΦ þ pdust; ð3:7Þ

with

ρΦ ¼ 1

2λφ
ð _̄Φ2 þ VÞ; pΦ ¼ 1

2λφ
ð _̄Φ2 − VÞ;

ρdust ¼
Ēdust

A3=2 ¼
−C̄
A3=2 ; pdust ¼ 0: ð3:8Þ

Here we have used C̄tot ¼ 0 ¼ Ēdust þ C̄. Note that Ēdust is a
constant of motion as can be shown using Hamilton’s
equations (3.3)–(3.4). We have

Ēdust ¼ 3P2
ffiffiffiffi
A

p

2κ
− A3=2ρ̄Φ ¼ −C̄: ð3:9Þ
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The gauge-invariant Friedmann equation can be derived
from C̄ ¼ −Ēdust by rearranging the terms and using the
definitions in (3.8), the result is

H2 ¼ 8πG
3

ðρΦ þ ρdustÞ: ð3:10Þ

Finally, from Eq. (3.5), one can find the continuity equation
for the scalar field, that is,

_ρΦ þ 3HðρΦ þ PΦÞ ¼ 0: ð3:11Þ

Similarly, from Eqs. (3.6) and (3.10), it can be shown that
the continuity equation also holds individually for the
dust field.
Although these equations have the same forms as their

counterparts in conventional cosmology without dust
reference fields, they are actually expressed in terms of
the physical observables in the relational formalism. These
physical observables are directly constructed from the
observable map of the corresponding gauge-variant quan-
tities. We want to emphasize that the similarity is only
restricted to the forms of the equations. When implement-
ing these equations, there are substantial differences in the
way the physical Hamiltonian in (3.1) is treated. In
particular we have a true Hamiltonian here that is not
vanishing on the constraint surface and both AðτÞ and Φ̄ðτÞ
as well as their corresponding momenta are independent
physical degrees of freedom. Without the dust reference
field one ends up with one independent physical degree of
freedom once the symplectic reduction with respect to C̄tot

has been performed.
We now proceed with the numerical solutions of the

background dynamics by integrating the Klein-Gordon
equation, the Friedmann equation and the continuity equa-
tion of the dust field. In the numerics, we use Planck units
and initial conditions are chosen at τ ¼ 0. The parameter

space of the solutions consists of four variables, namely,

ðA0; Φ̄0;
_̄Φ0; ρ0;dustÞ. The self-interaction of the scalar field

is taken to be the Starobinsky potential

V ¼ 3m2

16πG
ð1 − e−

ffiffiffiffiffiffi
16πG
3

p
Φ̄Þ2; ð3:12Þ

where the mass is fixed to 2.49 × 10−6 from Planck results
[38]. In the following, we will give three examples of our
numerical solutions which mainly focus on the situations
when the inflaton initially climbs up the inflationary
potential with a positive velocity. The situation in which
the inflaton rolls down the inflationary potential with a
negative velocity from the start will be commented on in the
concluding remarks.
The first example is given in Fig. 1, where the initial

conditions are set in Planck units to

A0 ¼ 1.50× 103; Φ̄0 ¼ 0.540; _̄Φ0 ¼ 10−5;

ρ0;Φ ¼ 5.01× 10−11; ρ0;dust ¼ 10−12; Ēdust ¼ 5.81×10−8:

ð3:13Þ

Under these initial conditions, as shown in Fig. 1, the
universe is initially dominated by the kinetic energy of the
scalar field (given by _̄Φ2

=2) and inflation takes place when
the first slow-roll parameter

ϵH ¼ 4πG
H2

ðρΦ þ pΦ þ ρdustÞ; ð3:14Þ

becomes less than unity. The total inflationary e-foldings
turns out to be 61.6. For these initial conditions, during the
evolution of the universe, the contribution from the dust
fields is always subdominant. Furthermore, the energy
density of the dust field decays rather quickly during
slow-roll as it is inversely proportional to the volume of

FIG. 1. In this figure, with the initial conditions given in (3.13), evolution of the energy density of dust fields (blue line), the kinetic
energy of the scalar field (red dashed line) and the potential energy (black dot-dashed line) of the scalar field is depicted in the left panel.
The right panel shows the evolution of the first slow-roll parameter ϵH until the end of inflation. The vertical lines in these graphs
indicate the onset of inflation at dust time τ ¼ 2.90 × 105. The inflation ends at τ ¼ 5.22 × 107, yielding 61.6 inflationary e-foldings.
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the universe. In order to study the impact of the dust fields
on the background dynamics, we also obtained numerical
solutions with almost the same initial conditions as in
(3.13) but in absence of dust reference fields. In this case,
the inflationary e-foldings turns out to be approximately
68.0 which shows the dust fields with positive energy
density can diminish the number of inflationary e-folds.
The reason for this is tied to an increase in the Hubble
friction while the field climbs up the Starobinsky potential
in presence of positive dust energy density resulting in a
slightly smaller value of the inflaton field at the onset of
inflation.
In addition to positive dust energy density, we also

obtained numerical solutions with a negative dust energy
density for the Brown-Kuchař dust. Such negative energy
densities, though not common in cosmology, can occur in
situations such as phantom fields [39,40] which have been
also considered earlier in the relational formalism [32]. It is
obvious that the slow-roll inflation can only take place
when the magnitude of the negative dust energy density is
small enough. If the dust field with negative energy density
plays the dominant role, there will be a recollapse of the
universe leading to a big-crunch singularity. These results
are explicitly shown in Figs. 2–3. In Fig. 2, the initial
conditions are chosen to be

A0 ¼ 1.50 × 103; Φ̄0 ¼ 0.540; _̄Φ0 ¼ 10−5;

ρ0;Φ ¼ 5.01 × 10−11; ρ0;dust ¼ −10−13;

Ēdust ¼ −5.81 × 10−9: ð3:15Þ

From Fig. 2, we find the slow-roll inflation can still take
place for the negative dust energy density as long as the
scalar field is the dominant component of the universe at all
times. The total number of the inflationary e-foldings turns
out to be 68.8 which is larger than the one from the case of
the positive dust energy density. This can be understood
from noting that in the presence of negative energy density,

Hubble rate decreases and hence the Klein-Gordon field
experiences less Hubble friction while climbing up to the
turnaround point. If the initial conditions are chosen such
that the field rolls down the potential, the dust field with
negative energy density yields a lower number of e-foldings
than model without dust or with positive dust energy
density when starting from the same value of scalar field
at the onset of inflation. In such a case, dust with positive
energy density increases the number of e-foldings because
of an increase in Hubble friction.
On the other hand, the most dramatic situation occurs in

the Brown-Kuchař model where the negative energy
density causes a recollapse of the universe resulting in a
big crunch singularity. An example is the following choice
of initial conditions:

A0 ¼ 1.50 × 103; Φ̄0 ¼ 0.540; _̄Φ0 ¼ 10−5;

ρ0;Φ ¼ 5.01 × 10−11; ρ0;dust ¼ −10−11;

Ēdust ¼ −5.81 × 10−7: ð3:16Þ

The numerical solutions under the above initial conditions
are shown in Fig. 3. In this case, the magnitudes of the
energy densities of the dust and scalar fields become equal to
each other at the recollapse of the universe. The volume of
the universe shrinks rapidly after τ ¼ 2 × 105 and a big
crunch singularity is reached with a divergence in the energy
densities. Such cases provide a constraint on appropriate
values of the initial dust energy density. In order to extract
physically meaningful predictions from the Brown-Kuchař
dust model, one should avoid the singular solutions as shown
in Fig. 3 by choosing the absolute value of the dust energy
density comparatively smaller than the scalar field.
In summary, we find that the initial energy density of the

dust fields can effectively change the number of infla-
tionary e-folds. In the case when the inflaton initially
climbs up the inflationary potential before slow-rolling
down, if dust energy density is positive it has the effect

FIG. 2. With the initial conditions given by (3.15) with a negative energy density for dust, the slow-roll phase can still take place if the
universe is dominated by the scalar field at all times. The inflation occurs at τ ¼ 2.95 × 105 and ends at τ ¼ 5.81 × 107. In this case, the
total number of the inflationary e-folding is 68.8. The vertical lines mark the onset of inflation in each subfigure.
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of reducing inflationary e-foldings. On the contrary, the
negative dust energy density can prolong the inflationary
phase if the dust energy density plays a subdominant role
all the times. Meanwhile, a too large negative dust energy
can lead to the recollapse of the universe resulting in a big-
crunch singularity. Apart from the initial conditions (3.13),
(3.15), and (3.16), we also obtained numerical solutions
with the initial conditions in which the inflaton is initially
rolling down the inflationary potential. In this case, positive
dust energy density can lead to a larger period of the
inflationary phase while the negative dust energy density
has an opposite effect.

IV. MANIFESTLY GAUGE-INVARIANT
PERTURBATIONS IN A SPATIALLY FLAT FLRW
UNIVERSE WITH DUST REFERENCE FIELDS

In this section, we investigate linear perturbations in the
relational formalism with Gaussian and the Brown-Kuchař
dust. In the previous section, we found that the corrections
to the background dynamics due to the dust fields can be
quantified by formally adding the dust contributions to the
Friedmann and Raychaudhuri equations. Now we would
like to understand the impact of the dust fields on the
cosmological perturbations via an analysis of their mod-
ifications to the Mukhanov-Sasaki equation in above two
models. Here, it is important to note that this Mukhanov-
Sasaki equation was derived choosing a set of physical vari-
ables on the reduced phase space that involve the analogue
of the Mukhanov-Sasaki variable in standard cosmological
perturbation theory that can be constructed in the relational
formalism using the observable map with dust reference
fields. In the following, we will focus on scalar perturba-
tions only. First we will use Hamilton’s equations from the
last section to derive the resulting Mukhanov-Sasaki
equations for the Gaussian and Brown-Kuchař models.
Finally, we numerically understand the way coefficients
of various perturbation terms in the modification to the
above Mukhanov-Sasaki equation behave during inflation

sourced by a Starobinsky potential. We find that these
coefficients decay rapidly during inflation.

A. Linear perturbations of the
spatially-flat FLRW universe

In the relational formalism with Gaussian and Brown-
Kuchař dust fields, there are seven physical degrees of
freedom in configuration space. Six of these arise from Qij
and one from the scalar field Φ. As a result, the perturba-
tions of the metric and scalar fields contain altogether three
scalar modes, two vector modes and two tensor modes. In
the following, we will focus on the scalar modes, espe-
cially, the analogue of the comoving curvature perturba-
tions in the standard perturbation theory of cosmology.
Our strategy is as follows. We will first find Hamilton’s
equations for the perturbations in the reduced phase space
and then project these equations onto the scalar sector.
After finding the equations of motion for each individual
manifestly gauge-invariant scalar mode, we choose a set of
independent variables on the reduced phase space and
derive the corresponding Mukhanov-Sasaki equation for
the Mukhanov-Sasaki variable defined using (4.24). We
will present the derivations only for the Brown-Kuchař
model in detail since the equations of motion for the
Gaussian dust model can be understood as a special case of
the Brown-Kuchař model when we specialize lapse and
shift to for the reduced phase space to N ¼ 1 and Ni ¼ 0.
In the relational formalism with Brown-Kuchař dust

reference fields, the lapse function and the shift vector can
be expressed in terms of the canonical variables on the
reduced phase space, therefore, we only needs to consider
the physical degrees of freedom, that is the perturbations of
the metric and the scalar field around the FLRW back-
ground. This means that the perturbations can be para-
metrized as

Qij ¼ Q̄ij þ δQij; ð4:1Þ

FIG. 3. With the initial conditions given by (3.16), in the left panel, we show the behavior of the energy density of the dust field and the
kinetic/potential energy of the scalar field. The volume of the universe depicted in the right panel indicates that, instead of the slow-roll
phase, the recollapse of the universe takes place when the magnitude of the negative dust energy density is large enough.
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Pij ¼ P̄ij þ δPij; ð4:2Þ

Φ ¼ Φ̄þ δΦ; ð4:3Þ

ΠΦ ¼ Π̄Φ þ δΠΦ: ð4:4Þ

From Hamilton’s equations of the manifestly gauge-
invariant canonical variables in (2.53), it is straightforward
to find the evolution equations of their perturbations, which
turn out to be [14,15]

δ _Φ ¼ λφδΠΦ

A3=2 −
λφΠ̄Φ

2A5=2 δQii; ð4:5Þ

δ _ΠΦ ¼ 1

2λφ

�
−

ffiffiffiffi
A

p

2
V;ΦδQii − A3=2V;ΦΦδΦþ 2

ffiffiffiffi
A

p
ΔδΦ

�

þ Π̄Φ∂iδNi; ð4:6Þ

δ _Qij ¼
2ffiffiffiffi
A

p Ḡijmn

�
AδPmn þ P

2
δmkδnlδQkl

�
þ 2∂ðiδNjÞ;

ð4:7Þ

δ _Pij ¼ −
2P
A

Ḡijmn∂ðmδNnÞ −
Pffiffiffiffi
A

p ḠijmnδPmn

−
1ffiffiffiffi
A

p Ḡij
mnδRmn −

1ffiffiffiffi
A

p
�
5P2

4A
þ κ

2
p̄s

�
δQij

þ δijffiffiffiffi
A

p
�
3P2

8A
−
κρ̄s
4

�
δQkk

þ δij
κ

4λφ

�
2λ2φΠ̄Φ

A5=2 δΠΦ −
ffiffiffiffi
A

p
V;ΦδΦ

�
: ð4:8Þ

Here we have used the fact that Q̄ij ¼ Aδij, P̄ij ¼ Pδij,
N̄ ¼ 1, N̄i ¼ 0 and δN ¼ 0, the latter comes from the fact
that in the Brown-Kuchař model the perturbations of N
have nontrivial contribution only from second order on.
Besides, in the above formulas, δQii ¼ δijδQij and

Ḡijmn ¼
1

2
ðδimδjn þ δinδjm − δijδmnÞ;

Ḡ−1
ijmn ¼

1

2
ðδimδjn þ δinδjmÞ − δijδmn;

Ḡijmn ≔ Ḡijmn: ð4:9Þ

Now as usually done in cosmological perturbation theory
we can decompose the metric perturbations as well as their
momenta into scalar, vector, and tensor (SVT) modes as

δQij ¼ 2A

�
ψδij þ E;hiji þFði;jÞ þ

1

2
hTTij

�
; ð4:10Þ

δPij ¼ 2P
�
pψδ

ij þ p;hiji
E þ pði;jÞ

F þ 1

2
pij
h

�
; ð4:11Þ

where we used that any symmetric rank 2 tensor Tij that
describes perturbations around a flat FLRW metric can be
decomposed into two scalar components, two transversal
vector components, and two transversal traceless tensor
components as

Tij ¼
1

3
δijT þ 2∂<i∂j>TS þ 2∂ðiTjÞ þ TTT

ij ; ð4:12Þ

where ∂<i∂j> ≔ ∂ði∂jÞ − 1
3
δijAΔ with Δ ≔ δjk∂j∂k.

Furthermore, we introduced the trace T ≔ QjkTjk, TS is
the longitudinal scalar component, Ti denotes the longi-
tudinal transversal components, and TTT

ij are the transversal
traceless components whose explicit forms can for instance
be found in [17,41]. The individual manifestly gauge-
invariant scalar perturbations relevant for us are explicitly
given by

ψ ¼ δijδQij

6A
; pψ ¼ δijδPij

6P
; ð4:13Þ

E ¼ 3

4A
Δ−2∂<i∂j>δQij; ð4:14Þ

pE ¼ 3

4P
Δ−2∂<i∂j>δPij: ð4:15Þ

The reason why such a SVT decomposition is of advantage
is because in linear order the equations of the scalar,
vector and tensor sector decouple and can thus be solved
independently.
Using (4.5)–(4.8), we can derive the equations of the

motion of the manifestly gauge-invariant individual scalar
perturbations, which turn out to be

δ _Φ ¼ λφ
A3=2 ðδΠΦ − 3Π̄ΦψÞ; ð4:16Þ

δ _ΠΦ ¼ 1

2λφ
ð−3A3=2V;Φψ − A3=2V;ΦΦδΦþ 2

ffiffiffiffi
A

p
ΔδΦÞ

þ Π̄Φ

AC̄
ΔδEdust

== ; ð4:17Þ

_ψ ¼ −
Pffiffiffiffi
A

p pψ þ P

2
ffiffiffiffi
A

p ψ þ ΔδEdust
==

3AC̄
; ð4:18Þ

_E ¼ 2Pffiffiffiffi
A

p ðEþ pEÞ þ
δEdust

==

AC̄
; ð4:19Þ
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_pψ ¼ P

4
ffiffiffiffi
A

p pψ −
Pψ

8
ffiffiffiffi
A

p þ κλφ
4PA5=2 ðΠ̄ΦδΠΦ − Π̄2

ΦpψÞ −
1

3P
ffiffiffiffi
A

p
�
Δψ −

1

3
Δ2E

�

þ κ
ffiffiffiffi
A

p

8Pλφ
ð2pψV − V;ΦδΦÞ − κ

ffiffiffiffi
A

p
ψ

4P
ð3ρΦ þ 2pΦÞ þ

1

6AC̄
ΔδEdust

== ; ð4:20Þ

_pE ¼ 1

2P
ffiffiffiffi
A

p
�
ψ −

1

3
ΔE

�
−
�

P

2
ffiffiffiffi
A

p þ κλφΠ̄2
Φ

2PA5=2 þ
κ

2PA
Ēdust

�
ðEþ pEÞ −

δEdust
==

AC̄
: ð4:21Þ

Here ρΦ and pΦ are the background energy density and pressure given by (3.8), and δEdust
== is the longitudinal scalar

projection of the dust contributions to the spatial diffeomorphism constraint and δEdust the perturbation of the dust
contribution to the Hamiltonian constraint defined as

δEdust
== ≡ −Δ−1∂iδCi=κ ≡ C̄Δ−1∂iδNi=κ ¼ −Π̄ΦδΦþ 4AP

κ

�
2

3
ΔðEþ pEÞ þ pψ −

ψ

2

�
; ð4:22Þ

δEdust ≡ −δC=κ ¼ −
4

ffiffiffiffi
A

p

κ
Δ
�
ψ −

1

3
ΔE

�
−
A3=2

2λφ
ðV;ΦδΦþ 3ψVÞ

−
λφΠ̄Φ

A3=2

�
δΠΦ −

3

2
Π̄Φψ

�
þ 3

ffiffiffiffi
A

p
P2

2κ
ðψ þ 4pψÞ: ð4:23Þ

Comparing the corresponding equations of motion of the
perturbations in theGaussian dustmodel [20]one realizes that
these can then be obtained from above equations by simply
removing the terms proportional to δEdust

== in (4.16)–(4.21).
Now we can proceed to find the Mukhanov-Sasaki

equation. The strategy we follow here is as follows: In
the conventional approach without the dust reference fields
the perturbation of the scalar field δφ is not gauge-invariant
as this is also true for ψ, E in contrast to our δΦ, ψ , E here.
Therefore, in the conventional case one chooses a specific
combination of δφ, ψ , E and background quantities in order
to obtain the conventional Mukhanov-Sasaki variable that
is invariant under linearized diffeomorphisms. In order to
compare our approach to the conventional one and thus be
able to analyze the corrections of the reference fields, we
define a Mukhanov-Sasaki variable in terms of our already
gauge-invariant perturbations in the following way [42]

Q ¼ δΦþ Z
�
ψ −

Δ
3
E
�
; ð4:24Þ

where Z ¼ 2λφ
ΠΦ
AP. In contrast to the conventional treat-

ment note that in our case each individual term in (4.24) is

already manifestly gauge-invariant. For both the Brown-
Kuchař and Gaussian dust model, a straightforward cal-
culations using the corresponding Hamilton’s equations
results in the following equation of motion for Q:

Q̈þ 3

2

_A
A

_Q −
�
Δ
A
þ 3

2

_A
A

_Z
Z
þ Z̈
Z

�
Q ¼ FBK=G

dust : ð4:25Þ

where FBK=G
dust is the additional term accounting for the

contributions from the dust reference fields either in the
Brown-Kuchař or Gaussian dust model. In order to find
the explicit form of FBK=G

dust , one can start from the equations
of motion of the scalar perturbations given in (4.16)–(4.21)
which are valid for the Brown-Kuchař dust fields. When
dropping the terms proportional to δEdust

== in (4.16)–(4.21),
one can recover the equations of motion of the scalar modes
in the Gaussian dust model. Based on the definition of the
Mukhanov-Sasaki variable in (4.24), it is straightforward to
compute the left-hand side of Eq. (4.25), the result of which
gives the correction term which explicitly takes the
form [20]

FBK=G
dust ¼

�
−
3κλφΠ̄Φ

2A3
þ κ2λ2φΠ̄3

Φ

2A5P2
þ κ2λφΠ̄ΦĒdust

2A7=2P2
þ κV;Φ

2AP

�
δEdust

== þ κλφΠ̄Φ

2A5=2P
δEdust

þ Ēdust

�
−
κλφΠ̄Φ

2A5=2P
ΔE −

3κQ

4A3=2 þ δΦ
�

3κ

2A3=2 −
κ2λφΠ̄2

Φ

2A7=2P2
−
κ

ffiffiffiffi
A

p
V;Φ

2λφPΠ̄Φ
−
κ2Ēdust

2A2P2

��
: ð4:26Þ
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Note that the dust correction takes the same form in the
Brown-Kuchař and the Gaussian dust models. The extra
terms proportional to δEdust

== in (4.16)–(4.21) in the Brown-
Kuchař dust model do not give rise to new correction terms
in FBK

dust because they cancel each other. However, even
though the form of the Mukhanov-Sasaki equation is
identical in the Brown-Kuchař and Gaussian dust models,
the evolution of the Mukhanov-Sasaki variables will be
different. The reason is because δEdust is not a constant of
motion in the Gaussian dust model unless δEdust

== vanishes.
That this behavior is completely consistent with the
perturbed constraint algebra will be discussed at the end
of this section. Further, the Mukhanov-Sasaki equa-
tion (4.25) is not in a closed form as FBK=G

dust also depends
on E and δΦ. The latter two scalar modes are explicitly
dependent on δEdust

== in the Brown-Kuchař dust model as
shown in (4.16) and (4.19). Thus, Q behaves differently in
the Brown-Kuchař and the Gaussian dust models even
when one chooses same initial conditions for the perturba-
tions. Our following discussion of numerical results con-
firms that the Mukhanov-Sasaki variable has a different

evolution for the two dust models. Moreover, it is also
worthwhile to point out that the explicit expression of these
correction terms are tied to the chosen set of independent
physical variables on the reduced phase space that involve
the form of the Mukhanov-Sasaki variable defined using
(4.24). Besides, the third term in (2.52) does not contribute
to the dynamics of the linear perturbations. Instead, it only
affects the higher order perturbations.
An important question is about the impact of dust

correction terms FBK=G
dust . To answer this question com-

pletely we need to compute the power spectrum of the
perturbations by solving the coupled system of equations of
motion for all gauge-invariant perturbations with suitable
initial conditions. In our future work, we will undertake this
task by a detailed phenomenological investigation on
implications from differences in two models. However, a
glimpse on the behavior of these terms can be obtained by
understanding the way the coefficients of different pertur-
bation terms in FBK

dust and FG
dust behave. For this, let us

introduce the background quantities Fi with i ¼ 1;…; 5 to
denote the coefficients of the perturbations that only
depend on the background variables, where

FIG. 4. With the same initial conditions of the background given in (3.13), the evolution of the background-dependent coefficients in
(4.27) are shown in the preinflationary and the slow-roll phases. The vertical lines in the subfigures mark the onset of inflation. All the
coefficients decay exponentially in the slow-roll phase. In particular, since δEdust is in general not a constant of motion in the Gaussian
dust model, we show the behavior of F2δEdust in two dust models for the particular wave number k ¼ 0.1 and k ¼ 10. In the figure, δEG

denotes δEdust in the Gaussian dust model and δEBK in the Brown-Kuchař dust model. In the figure, the k dependence of δEdust is omitted
to keep our notation compact.
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F1 ¼ Z

�
−
3κλφΠ̄Φ

2A3
þ κ2λ2φΠ̄3

Φ

2A5P2
þ κ2λφΠ̄ΦĒdust

2A7=2P2
þ κV;Φ

2AP

�
; F2 ¼

κλφΠ̄ΦZ

2A5=2P
; F3 ¼ −

κλφΠ̄ΦZ

2A5=2P
Ēdust;

F4 ¼ −
3κZ

4A3=2 Ē
dust; F5 ¼

�
3κ

2A3=2 −
κ2λφΠ̄2

Φ

2A7=2P2
−
κ

ffiffiffiffi
A

p
V;Φ

2λφPΠ̄Φ
−
κ2Ēdust

2A2P2

�
ZĒdust:

Using these we find

ZFBK=G
dust ¼ F1δEdust

== þ F2δEdust þ F3ΔEþ F4Qþ F5δΦ:

ð4:27Þ

In the above formula, an additional overall factor of Z is
multiplied to remove the singularity at the turnaround point
_Φ ¼ 0 where both Π̄Φ and Z vanish. The behavior of the Fi
coefficients for representative initial conditions leading to
inflation is shown in Fig. 4. More specifically, choosing the
same initial conditions as in Fig. 5, we find that all these
coefficients quickly decay at the onset of inflation. In parti-
cular, as δEdust will in general vary over time in the Gaussian
dust model, we compare F2δEdust in the two dust models for
wave numbers k ¼ 0.1 and k ¼ 10 (see Fig. 4). A compari-
son of these terms with other background coefficient terms
on the left-hand side of theMukhanov-Sasaki equation (4.25)

shows that during inflation contributions coming from
FBK=G
dust quickly become far less significant. If the amplitude

of perturbations remains constant or decays during inflation
then above results suggest that the role of dust clocks in the
Mukhanov-Sasaki equation for the chosen set of indepen-
dent variables on the reduced phase space involving the
Mukhanov-Sasaki variable defined in (4.24) becomes neg-
ligible during the inflationary phase.
Although the Mukhanov-Sasaki equation takes the same

form in two dust models, since FBK=G
dust involves other

independent scalar modes, such as E and δΦ, one has to
solve the equations of motion given in (4.16)–(4.21) before
we can compare the evolution of Mukhanov-Sasaki vari-
ables for the two considered dust clocks. To understand the
qualitative behavior of some interesting quantities, we
numerically solved the equations of motion (4.16)–(4.21)
for one representative wave number k ¼ 0.1 with the initial
magnitudes of all the scalar modes set equal to 10−6 at an

FIG. 5. With the initial conditions for the background given by (3.13), the coupled equations of motion in (4.16)–(4.21) are evolved
from t ¼ 0 for the particular comoving wave number k ¼ 0.1 with all the initial magnitudes of the scalar modes set to 10−6. In the top
panels, we compare the behavior of δEdust

== and δEdust in the Gaussian and Brown-Kuchař dust models. In the bottom panels, the relative

difference of the Mukhanov-Sasaki variable between two dust models are depicted near t ¼ 106. In the figure, the k dependence ofRQ is
omitted for a simpler notation.
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initial time t ¼ 0 and evolved till t ¼ 2.0 × 106. Results for

the perturbations of the dust energy density δEdust and dust
momentum energy density δEdust

== are presented in Fig. 5.
From the top left panel, we see that the perturbation of the
dust momentum density is a constant of motion in both
Gaussian and Brown-Kuchař dust models. However, the
perturbation of the dust energy density is not a constant of
motion in the Gaussian dust model unless for a vanishing
δEdust

== . A straightforward calculation shows that in the
Gaussian dust model

d
dτ

δEG ¼ Δ
A
δEdust

== ; ð4:28Þ

while in the Brown-Kuchař dust model, using the equa-
tions of motion (4.16)–(4.21), one can find d

dτ δE
BK ¼ 0

which is consistent with the behavior of δEBK in the above
figure.
It is to be noted that these results are consistent with

the constraint algebra. Considering full GR the Poisson
bracket of two Hamiltonian constraints yields a result that
contains the spatial diffeomorphism constraint again. Since
in the Gaussian dust model the physical Hamiltonian Hphys
is the integral over the dust manifold of the Hamiltonian
density C, where C is the contribution of all but the dust
fields to the Hamiltonian constraint. Given this from the
constraint algebra we know that the evolution of the dust
energy density ϵ ¼ −C=κ governed by Hphys needs to be
proportional to Cj, that is the contribution to the spatial
diffeomorphism constraint of all but the dust fields. At the
level of linearized perturbation theory this carries over to
the fact that d

dτ δE
dust has to involve δEdust

== where the
additional scale factors and partial derivatives are included
in (4.28) because of the projections we work with as well as
due to the inverse metric and partial derivative that are also
involved in the corresponding term in the constraint
algebra. On the other hand in the Brown-Kuchař dust
model the physical Hamiltonian density is a Kuchař density
and therefore commutes with itself and thus d

dτ E
BK

vanishes.
In the bottom panels of the Fig. 5, we plot the relative

difference in Q from the two dust models for the comoving
wave number k ¼ 0.1. The relative difference in the figure
is defined as RQ ¼ ðQBK −QGÞ=QG, where the k depend-
ence ofRQ is omitted in our notation to keep it more simple
and compact. Since the behavior of Q is oscillatory in
nature, the relative difference is found to be oscillatory with
a nonvanishing magnitude. In Fig. 5, we have shown this
behavior for two different time intervals which shows that
even for a very small value of δEdust

== , the relative difference

in Q is significant for the region near t ¼ 106, the
magnitude ofRQ can be as high as 2%, and this magnitude
increases at larger times.

V. CONCLUSIONS AND OUTLOOK

The aim of this paper is to consider in the relational
formalism two sets of reference fields, namely the Brown-
Kuchař dust and the Gaussian dust models and compare
their characteristic properties in linear cosmological per-
turbation theory in the context of the Mukhanov-Sasaki
equation resulting from both of the models. For this
purpose, we briefly reviewed the framework of the rela-
tional formalism in the extended ADM phase space, which
in our work consists of gravity, one massive minimally
coupled Klein-Gordon scalar field and the dust reference
fields. By means of an observable map that can be con-
structed in the relational formalism once reference fields
are chosen for both dust models, the reduced phase space
that encodes the physical degrees of freedom in terms of
manifestly gauge-invariant Dirac observables was con-
structed building on earlier works in [11,14,15]. An
advantage of these reference fields is that they allow us
to rewrite the Hamiltonian constraint in a deparametrized
form. As a result, the associated physical Hamiltonian that
generates the equations of motion of these observables is a
constant of motion and can be understood as the energy of
the system on the reduced phase space. Hence, at the level
of the reduced phase space, GR can be mapped to a
conventional Hamiltonian system with a generator of the
dynamics that does not vanish on the constraint surface and
where all constraints of the system have already been
reduced. In the Brown-Kuchař model lapse N and shift
vector Ni are nonconstant functions unlike in the case for
Gaussian dust where N ¼ 1 and Ni ¼ 0. A comparison
between Hamilton’s equations in the Brown-Kuchař and
the Gaussian dust models shows that the latter can be
obtained from the former by setting the lapseN to unity and
the shift vector Ni to vanish on the reduced phase space.
To explore the consequences of dust reference fields on

cosmological perturbations, we first analyzed the reduced
phase space of a spatially flat FLRW universe and pre-
sented the gauge-invariant Friedmann (3.10) and
Raychaudhuri (3.6) equations in the relational formalism.
In this symmetry reduced case, we have only one temporal
reference dust field because the spatial diffeomorphism
constraints are trivially satisfied. As a result the physical
Hamiltonians in the Brown-Kuchař and the Gaussian dust
models agree, yielding the same background dynamics.
Depending on the classical solutions of GR that one wants
to study in the reduced phase space within the Brown-
Kuchař model, the energy density of the dust fields needs to
be chosen negative for some cases. We find numerical
solutions of the background dynamics for both positive and
negative dust energy densities in the Brown-Kuchař model
with different initial conditions for a Starobinsky infla-
tionary potential, whereas we considered positive dust
energies for the Gaussian dust model only. Our results
show that the presence of the dust fields does not prevent
the occurrence of the slow-roll inflation as long as the initial
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energy density of the dust fields is sufficiently small in
comparison with that of the scalar field. During the slow-
roll phase, the energy density of the dust fields decays
exponentially with the expansion of the universe.
In our numerical investigations, we first set the initial

conditions in the preinflationary era at the bottom of the
potential such that the inflaton rolls up the potential before
slow rolling down. We find that the presence of the dust
reference fields does affect the number of inflationary
e-foldings by changing the magnitude of Hubble friction
in the Klein-Gordon equation (3.5). More specifically,
when the inflaton climbs up the inflationary potential
before the onset of inflation larger Hubble damping due
to positive dust energy density leads to a lower value of the
field at the onset of inflation and thus results in a smaller
number of inflationary e-foldings. In contrast, the negative
dust energy density has an opposite effect. In case one
chooses initial conditions at the top of the potential such
that the inflaton rolls down, due to an increase in the
Hubble friction the positive dust energy density increases
the number of e-foldings, whereas the negative dust energy
density decreases the inflationary e-folds. When the initial
dust energy density takes a negative sign, one necessary
condition for the slow-roll to take place is that the energy
density of the scalar field should be larger than the
magnitude of the dust energy density at all times, especially
at the turnaround point when the inflaton starts to roll down
the potential. Otherwise, instead of the slow-roll, a recol-
lapse of the universe happens, resulting in a big crunch
singularity.
The equations of motion of the linear perturbations are

derived from Hamilton’s equations generated by the physi-
cal Hamiltonian of the Brown-Kuchař model. It turns out
that the final equations of motion for the manifestly gauge-
invariant observables in the Gaussian dust model can be
simply obtained from (4.5)–(4.8) when all terms that
involve the observables associated with the shift vector
N̄i and its perturbations δNi are removed. The reason for
this is that in the Gaussian dust model in the reduced phase
space of full GR, we have Ni ¼ 0 and thus allowing only a
vanishing background and vanishing perturbations for the
shift vector degrees of freedom. By means of a standard
SVT decomposition commonly used in conventional cos-
mological perturbation theory, the manifestly gauge-invari-
ant linear perturbations in the relational formalism can be
decomposed into three scalar modes, two vector modes and
two tensor modes, all of which are now physical modes.
Given these manifestly gauge-invariant quantities in the
scalar sector we chose an independent set of variables and
constructed the image of the Mukhanov-Sasaki variable
under the observable map in the reduced phase space and
derived the corresponding Mukhanov-Sasaki equation in
the relational formalism.
We found that in both of the models for this chosen set of

variables in the reduced phase space the Mukhanov-Sasaki
equation for the analogue of the Mukhanov-Sasaki variable

defined in (4.24) differs from the conventional one by an
additional termFBK=G

dust that will be absent if no dust reference
fields are considered. Moreover, due to the specific combi-
nation of the scalar modes used to define the Mukhanov-
Sasaki variable, the Mukhanov-Sasaki equation turns out to
take the same form in the two dust models. However, several
differences between the two dust models are also observed.
First, although the perturbation of the dust momentum
density δEdust

== is always a constant of motion in the two
dust models, the perturbation of the dust energy density
δEdust is not a constant of motion for a nonvanishing δEdust

== in

the Gaussian dust model. However, δEdust is a constant of
motion in the Brown-Kuchař dust model due to the extra
terms related with δEdust

== in the equations of motion. As
explained above exactly this different behavior in the two
dust models is expected in order to ensure that they are
consistent with the perturbed constraint algebra. Secondly,
although the Mukhanov-Sasaki equation takes the same
form in the two dust models, the dust correction term also
involves the other physical scalar modes which shows that
the Mukhanov-Sasaki equation not in a closed form. From
our numerical solutions of the linear perturbations, we find
that the Gaussian dust and the Brown-Kuchař dust models
can have different physical results. As a first step toward
understanding the imprints of chosen reference fields in
more detail, we estimated the evolution of the background
coefficients in front of the linear perturbations involved in
FBK=G
dust . We found that these coefficients decay rapidly during

inflation. The form of FBK=G
dust for our chosen set of variables

on the reduced phase space has a rather complicated form.
The choice of variables is guided by the aim of comparing
the reduced phase space obtained from the dust reference
fields with the conventional case where a convenient gauge
for the Mukhanov-Sasaki equation is the spatially flat gauge.
It will be interesting to investigate whether there are other
sets of variables on the reduced phase space that allow to
simplify the explicit form of FBK=G

dust in these other variables.
While we do not expect that the decay of background
coefficients of these corrections during inflation depends on
the chosen set of gauge-invariant variables as long as it
involves the Mukhanov-Sasaki variable we used in this work
here, such variables can simplify extracting the primordial
power spectrum of perturbations in the Brown-Kuchař and
Gaussian dust models and their comparison. The way dust
reference fields affect the power spectrum of perturbations
for different initial states is an open question which is worthy
to be explored in a future work.
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