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The strong discrepancy between local and early-time (inverse distance ladder) estimates of the Hubble
constant H0 could be pointing towards new physics beyond the concordance ΛCDM model. Several
attempts to address this tension through new physics rely on extended cosmological models, featuring extra
free parameters beyond the six ΛCDM parameters. However, marginalizing over additional parameters has
the effect of broadening the uncertainties on the inferred parameters (including H0), and it is often the case
that within these models theH0 tension is addressed due to larger uncertainties rather than a genuine shift in
the central value of H0. In this paper I consider an alternative viewpoint: what happens if a physical theory
is able to fix the extra parameters to a specific set of nonstandard values? In this case, the degrees of freedom
of the model are reduced with respect to the standard case where the extra parameters are free to vary.
Focusing on the dark energy equation of state w and the effective number of relativistic species Neff , I find
that physical theories able to fix w ≈ −1.3 or Neff ≈ 3.95 would lead to an estimate of H0 from cosmic
microwave background, baryon acoustic oscillation, and type Ia supernovae data in perfect agreement with
the local distance ladder estimate, without broadening the uncertainty on the former. These two
nonstandard models are, from a model-selection perspective, strongly disfavored with respect to the
baseline ΛCDM model. However, models that predict Neff ≈ 3.45 would be able to bring the tension down
to 1.5σ while only being weakly disfavored with respect to ΛCDM, whereas models that predict w ≈ −1.1
would be able to bring the tension down to 2σ (at the cost of the preference for ΛCDM being definite).
Finally, I estimate dimensionless multipliers relating variations inH0 to variations in w and Neff , which can
be used to swiftly repeat the analysis of this paper in light of future more precise local distance ladder
estimates of H0, should the tension persist. As a caveat, these results were obtained from the 2015 Planck
data release, but these findings would be qualitatively largely unaffected were I to use more recent data.
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I. INTRODUCTION

The Hubble constant H0 measures the current expansion
rate of the Universe, and is undoubtedly one of the single
most important cosmological observables [1,2]. While
several methods for estimating H0 exist, two in particular
have been widely used in the literature. The first and more
direct method relies on a classical distance ladder approach,
by combining Cepheid period-luminosity relations with
absolute distance measurements to local distance anchors,
in turn used to calibrate distances to type Ia supernovae
(SNeIa) host galaxies in theHubble flow [3,4]. Applying this
method to observations from the Hubble Space Telescope
(HST) has provided one of the most precise estimates ofH0

to date, yielding H0 ¼ ð73.24� 1.74Þ km s−1Mpc−1 [4].
Alternatively, it is possible to extrapolate the value ofH0

from cosmological observations, notably measurements of
temperature and polarization anisotropies in the cosmic
microwave background (CMB), in combination with

low-redshift probes of the expansion history, such as baryon
acoustic oscillation (BAO) or SNeIa distance measure-
ments, which help break the geometrical degeneracy
inherent in CMB data alone. However, the positions of
the acoustic peaks in the CMB anisotropy power spectrum
essentially measure an angular scale resulting from the
projection of a physical scale (the sound horizon) at last
scattering. Extracting H0 from CMB measurements
requires assuming a model for the expansion history of
the Universe both prior to and after last scattering, making
this estimate indirect and model dependent. The usual
approach is to assume an underlying ΛCDM model,
featuring a cold dark matter (DM) component and a dark
energy (DE) component in the form of a cosmological
constant with equation of state (EoS) w ¼ −1, which is
highly successful in describing a wide variety of low- and
high-redshift precision cosmological observations [5–14].
Under this assumption, measurements of temperature and
polarization anisotropies from the Planck satellite 2015
data release point towards a value of H0 ¼ ð67.27�
0.66Þ km s−1Mpc−1 [11].*sunny.vagnozzi@ast.cam.ac.uk
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The two independent estimates of H0 are in tension with
each other at a level > 3σ, making this so-called “H0

tension” a fascinating problem for modern cosmology [15].
Several attempts to address this tension have been pursued
in the literature, although no convincing resolution has
been found to date. On the one hand, it is possible that
either or both the Planck and HST measurements might
suffer from systematics which have not been accounted for.
Possible systematics in the Planck data sets have been
studied in e.g., Refs. [16–20], whereas analogous studies in
the case of the HST measurements have been conducted for
instance in Refs. [21–25]; in both cases, no obvious
solution to the dilemma has been found (see also
Refs. [26–41]). It is worth pointing out that local mea-
surements of H0 alternative to those of Ref. [4] exist in the
literature. However, most of these alternative measurements
seem to consistently point towards values of H0 signifi-
cantly higher than the CMB estimate [42–53] (see however
the recent study of Ref. [54]). Future prospects of meas-
uringH0 from gravitational-wave standard sirens are bright
and could help to relieve the tension [55].1

Another perhaps more exciting possibility, widely pur-
sued in recent years, is that the H0 tension might be a sign
of physics beyond the ΛCDM model. Some among the
simplest possibilities in this sense involve invoking a
phantom DE component (with EoS w < −1) or the pres-
ence of extra relativistic species in the early Universe (so
that Neff > 3.046, where Neff is the effective number of
relativistic species) [58,59]. Several other possibilities have
been considered in the literature, including but not limited
to interactions between DM and DE, interactions between
DM and some form of dark radiation, decaying DM,
modified gravity, or an early DE component; see e.g.,
Refs. [60–209] for what is inevitably an incomplete list of
works examining these possibilities. Despite these consid-
erable efforts, a compelling solution to the H0 tension
remains to be found (see e.g., the discussion in Ref. [154]).
Several attempts to address the H0 tension rely on

extended cosmological models, e.g., Refs. [58,59]. In other

words, models where additional parameters whose values
are usually fixed within the concordance ΛCDMmodel are
instead allowed to freely vary. Examples of such param-
eters include the DE EoS w, the effective number of
relativistic species Neff , the curvature density parameter
Ωk, the sum of the neutrino masses Mν, and so on (see
Ref. [210] for a full exploration of extended models with up
to 12 free parameters). However, allowing additional
parameters to vary most often results in larger uncertainties
on the inferred cosmological parameters, includingH0. The
reason is that marginalizing over additional parameters
inevitably broadens the posterior of all cosmological
parameters, particularly if the latter are strongly corre-
lated/degenerate with the additional parameters. As a result,
within extended models oftentimes the Hubble tension is
relaxed mostly because of an increase in the uncertainty on
H0 as inferred from CMB data, and not due to a genuine
shift in the central value.2

While not a problem inherent to extended models
themselves, it is also worth remarking that several works
examining solutions to the H0 tension through extended
models did not explore whether the increased model
complexity invoked to address the tension is actually
warranted by a sufficient improvement in the fit to data.
From a statistical perspective, this question can be
addressed by performing a model comparison by comput-
ing the Bayesian evidence for the extended models and
comparing it to that of a reference model (for instance
ΛCDM). Computing the Bayesian evidence has notori-
ously been computationally expensive, which is why
several works have fallen back on more simplistic model
comparison metrics (such as the Akaike or Bayesian
information criteria). One final drawback is that many
works attempting to address the H0 tension in extended
models simply combined high-redshift measurements
(such as the CMB, BAO and SNeIa observations) with
the local distance ladder H0 measurement (usually in the
form of a Gaussian prior), and estimated the inferred values
for the additional free parameters. However, without prior
knowledge of whether the high-redshift and local distance
ladder measurements are consistent within the given model
to begin with, such an operation is certainly questionable, if
not dangerous altogether.
From the above discussion it is clear that, while attempts

to address the H0 tension through extended models
certainly have many virtues, they are not flawless. In view
of these issues, it is my goal in this work to approach the
question from a different angle, and put forward an
alternative way of thinking of new physics solutions to
the H0 tension. For simplicity, I will focus on new physics

1At the time this project was initiated, the estimates in Ref. [4]
and Ref. [11] were the most up-to-date local distance ladder and
high-redshift measurements respectively. Subsequently, more up-
to-date measurements have appeared on both sides (see e.g.,
Refs. [14,56]), which have actually resulted in the significance of
the tension exceeding the 4σ level. However, at the time this work
appeared on the arXiv, the 2018 Planck likelihood had yet to be
released (it was publicly released concurrently with Ref. [57] two
weeks after this work appeared on the arXiv). In any case, the
results of this work and the significance of the proposed approach
would not change substantially if I were to use the more updated
measurements in Refs. [14,56]. Moreover, I have provided simple
tools to estimate how much my results would change should one
wish to take more updated local measurements of H0 into
account. These tools, to be discussed in Sec. IV, come in the
form of dimensionless multipliers relating variations in H0 to
variations in other parameters; see in particular Eqs. (11)–(12).

2See for instance page 4 of the slides from the talk by Silvia
Galli at the “Advances in Theoretical Cosmology in Light of
Data” Nordita program, available at cosmo-nordita.fysik.su.se/
talks/w3/d2/Galli_nordita.pdf, where this point is made strongly.
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in the form of either phantom dark energy (w < −1) or
extra relativistic species (Neff > 3.046). What happens if a
physical theory is able to fix (or approximately fix) w or
Neff to a specific set of nonstandard values? In this case, the
degrees of freedom of the model are reduced with respect to
the standard case where w and Neff are free to vary, and in
fact the resulting model would have the same number of
degrees of freedom as ΛCDM. The question I then aim to
address is the following: what value of w or Neff would
such a physical theory have to predict in order for the high-
redshift estimate ofH0 from CMB, BAO, and SNeIa data to
perfectly match the local distance ladder estimate, i.e., in
order to formally reduce the H0 tension to ≈0σ?
As I find in Sec. IVA, the answer to the above question is

that such a physical theory should predict w ≈ −1.3 or
Neff ≈ 3.95.3 Note that this approach is very different from
the standard one. Within the latter, I would vary either or
both w and Neff , combine high-redshift CMB data with the
localH0 measurement, verify that the H0 tension decreases
in significance (possibly due to enlarged uncertainties), and
finally infer w and Neff from this data set combination.
Admittedly, the approach I am following is rather

unorthodox, and is in some way a hybrid frequentist-
Bayesian approach. However, it does not come without
virtues. Most importantly, the main recipients of my results
are model builders, to whom I am providing nonstandard
parameter values to test against. In fact, provided a physical
theory is able to fix w ≈ −1.3 or Neff ≈ 3.95, such a
physical theory would be guaranteed to lead to an estimate
of H0 from CMB, BAO, and SNeIa data in perfect agree-
ment with the local distance ladder measurement, possibly
balancing reduced tension with quality of fit, as I will
discuss in Sec. IV C. I find it worth clarifying that the
existence or not of such physical theories at the time of
writing does not in principle undermine the motivation for
this work; rather, addressing the question I raised can
prompt further model-building activity aimed to test against
these parameter values. Nonetheless, as I will show in
Sec. IV D, there already exist physical models which are
able to fix, or approximately fix, w and Neff near their
“sweet spot” values. The existence of such models at the
time of writing further reinforces the motivation behind
this work.
Moving ahead to other virtues of the proposed approach,

because these alleged physical theories would be able to fix
w and Neff which thus do not get marginalized over, the
uncertainty on H0 will not increase significantly (if at all)
with respect to the same value within ΛCDM. In other
words, if a solution to the H0 tension within such
nonstandard models/physical theories is found, it will be

due to a genuine shift in the central value ofH0, and not to a
larger error bar. Finally, the fact that the number of free
parameters in these physical theories remains the same as in
ΛCDMmight play in favor of the models themselves when
computing the Bayesian evidence: the latter is in fact
generally known to disfavor models with extra parameters,
unless the improvement in fit is substantial enough to
warrant the addition of the extra free parameters [211–215].
On the matter of model comparison, one can on very

general grounds expect that in order for a model to be able
to fix w or Neff to nonstandard values which address theH0

tension, such nonstandard values would have to be quite far
from the standard w ¼ −1 and Neff ¼ 3.046. It is then
interesting to additionally address the following two ques-
tions: is there a “sweet spot” between a decrease in
Bayesian evidence and a reduction in the H0 tension,
i.e., are there values of w and Neff which, if predicted/fixed
by a physical theory, will lead to a satisfactory reduction in
the H0 tension while at the same time not leading to a
model which is strongly disfavored with respect to ΛCDM?
The answer is in fact yes, as I will show in Sec. IVA: the
curious reader might want to have a look at Fig. 2 and Fig. 5
for a visual representation of my findings, and to sub-
jectively identify such a sweet spot. The second question I
want to address is how the nonstandard approach I propose
compares to the standard lore of considering extended
models. For concreteness, I will compare my approach to
the case where w and/or Neff are allowed to freely vary, and
show that the nonstandard approach of fixing w and Neff
actually performs surprisingly better from a statistical point
of view. For example, physical theories that predict Neff ≈
3.45 would be able to bring the tension down to 1.5σ while
only being weakly disfavored with respect to ΛCDM,
performing as well as the one-parameter extension of
ΛCDM where Neff is allowed to vary in terms of reduction
of tension, but performing better than the latter in terms of
Bayesian model comparison (and similarly, although less
compellingly, for w).
The rest of this paper is then organized as follows. I

present theoretical foundations necessary to understand the
rest of the work in Sec. II; in particular, I explain why
phantom dark energy or extra radiation can address the H0

tension in Sec. II A, whereas I discuss simple measures to
quantify the strength of the H0 tension, before briefly
discussing Bayesian evidence and model comparison, in
Sec. II B. I discuss the data and methods used in this work
in Sec. III, before presenting my results in Sec. IV. In
particular, I show the results obtained assuming that a
physical theory is able to fix (or approximately fix) w and
Neff to nonstandard values in Sec. IVA, whereas I show the
more standard results obtained allowing w and Neff to vary
freely in Sec. IV B, before providing a critical comparison
of the two approaches in Sec. IV C, and discussing
examples of the aforementioned physical theories in
Sec. IV D. Finally, I provide concluding remarks in Sec. V.

3See also Ref. [144] where a lower but still fixed value was
invoked to solve theH0 tension, within an approach similar to the
one I am following, and also Ref. [195] for another similar
approach focused on the DE EoS w.
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II. THEORY

Here, I briefly review possible ways of addressing theH0

tension by introducing new physics, with a focus on the
issue of keeping the angular scale of the acoustic peaks in
the CMB fixed. In particular, I will show why a phantom
dark energy component, or extra relativistic species in the
early Universe, go in the right direction towards addressing
the H0 tension. The reader is invited to consult Ref. [154]
for a more detailed discussion on these issues, in particular
regarding the impact of BAO and SNeIa data on these
conclusions. I then move on to briefly discuss measures of
tension and aspects of Bayesian model comparison which
will be useful in this work.

A. Using new physics to solve the H0 tension

Measurements of temperature anisotropies in the CMB
have revealed a series of (damped) acoustic peaks. These
acoustic peaks constitute the fingerprint of BAOs: sound
waves propagating in the baryon-photon plasma prior to
photon decoupling, set up by the interplay between gravity
and radiation pressure [216–220]. The first acoustic peak is
set up by an oscillation mode which had exactly the time to
compress once before freezing as photons decoupled
shortly after recombination.
The first acoustic peak of the CMB carries the imprint of

the comoving sound horizon at last scattering rsðz⋆Þ, given
by the following:

rsðz⋆Þ ¼
Z

∞

z⋆
dz

csðzÞ
HðzÞ ; ð1Þ

where z⋆ ≈ 1100 denotes the redshift of last scattering,
HðzÞ denotes the expansion rate, and csðzÞ is the sound
speed of the photon-baryon fluid. For most of the expan-
sion history prior to last scattering, csðzÞ ≈ 1=

ffiffiffi
3

p
, before

dropping rapidly when matter starts to dominate.
Spatial temperature fluctuations at last scattering are

projected to us as anisotropies on the CMB sky. As a
consequence, the first acoustic peak actually carries infor-
mation on the angular scale θs (usually referred to as the
angular scale of the first peak), given by

θs ¼
rsðz⋆Þ
DAðz⋆Þ

; ð2Þ

where DAðz⋆Þ is the angular diameter distance to the
surface of last scattering, given by

DAðz⋆Þ ¼
1

1þ z⋆

Z
z⋆

0

dz
1

HðzÞ : ð3Þ

Measurements of anisotropies in the temperature of the
CMB, and in particular the position of the first acoustic
peak (which appears at a multipole l ≃ π=θs), accurately

fix θs. Therefore, any modification to the standard cosmo-
logical model aimed at solving the H0 tension should not
modify θs in the process.
To make progress, I will express HðzÞ appearing in

Eqs. (1) and (3) in a more convenient form. I will first
consider for simplicity the ΛCDM model. At early times,
relevant for computing the sound horizon rs through
Eq. (1), I can express the expansion rate as

HðzÞ
H0

≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩcþΩbÞð1þ zÞ3þΩγð1þ0.2271NeffÞð1þ zÞ4

q

∝
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðωcþωbÞð1þ zÞ3þωγð1þ0.2271NeffÞð1þ zÞ4

q
;

ð4Þ

whereΩb,Ωc, andΩγ are the density parameters of baryons,
cold DM, and photons respectively (the latter is essentially
fixed by the temperature of the CMB), and Neff is the
effective number of relativistic species, whose value is fixed
to Neff ¼ 3.046 within the standard cosmological model
[221,222].4 InEq. (4), I have found it convenient toworkwith
the physical density parametersωb ≡Ωbh2,ωc ≡Ωch2, and
ωγ ≡Ωγh2 [where h ¼ H0=ð100 km s−1Mpc−1Þ is the
reduced Hubble constant]. The reason is that early
Universe measurements, and in particular the ratio between
the heights of even and odd acoustic peaks in the CMB, as
well as the overall height of all peaks, are extremely sensitive
to ωb and ωc rather than Ωb and Ωc. Therefore, when
considering the effect of new physics at early times affecting
the soundhorizon rs, it is convenient to keepωb andωc fixed.
On the other hand, late-time measurements (such as

BAO or SNeIa distance measurements) are very sensitive to
the density parameter Ωm ¼ Ωb þ Ωc þΩν (which
includes the contribution of baryons, cold dark matter,
and massive neutrinos), although not at the same level as
that to which the CMB is sensitive to ωb and ωc (in other
words, there is more freedom in altering Ωm than there is in
altering ωb and ωc).

5 With this in mind, at late times,
relevant for computing the angular diameter distance
DAðz⋆Þ through Eq. (3), it is convenient to express the
expansion rate as (note that I am implicitly assuming a flat
Universe)

4Note that this value was recently updated to Neff ¼ 3.045 in
Ref. [223] and Neff ¼ 3.043 in Ref. [224]. Since current
cosmological data does not possess the sensitivity required to
distinguish a change ΔNeff ≈ 0.003, which anyhow does not
affect my conclusions regarding H0, I will stick to the standard
value Neff ¼ 3.046, in order to conform to previous literature.

5In the rest of this work, I will fix the sum of the neutrino
masses to Mν ¼ 0.06 eV, the minimum mass allowed within the
normal ordering, given the current very tight upper limits on Mν
[14,71,225–237], which also mildly favor the normal ordering
[71,235,238–246]. Allowing the neutrino mass to vary would not
affect my results significantly.
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HðzÞ ≈H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ ð1 − ΩmÞ

q
: ð5Þ

Addressing the H0 tension then requires addressing the
following question: can one alter either the early [Eq. (4)]
or late [Eq. (5)] expansion rate in such a way that a value of
H0 higher than the one inferred assuming ΛCDM is now
required in order to keep θs [Eq. (2)] fixed?
One possibility is to lower the sound horizon at last

scattering rsðz⋆Þ in Eq. (1), by increasing the early-time
expansion rate while leaving the late-time expansion rate
unchanged. In fact, it is known that the H0 tension can be
recast as a mismatch in the sound horizon [59,116], which
should be reduced by ≈5% in order to remove the tension.
One way of reducing rs is to raise Neff in Eq. (4) beyond its
canonical value of 3.046.6 This has the effect of leaving
DAðz⋆Þ unchanged (since the late-time expansion rate is
unaffected), which however leads to a decrease in θs (since
rs has decreased, but DA has been left unchanged). To
restore θs to its inferred value, I need to increase H0 in
Eq. (5), in such a way as to decreaseDAðz⋆Þ proportionally
to rsðz⋆Þ. Therefore, allowing for extra relativistic compo-
nents in the early Universe and hence raising Neff results in
a higher inferred value of H0.
Another possibility, however, is to decrease the late-time

expansion rate while leaving the early-time expansion rate
unchanged. This operation will leave rsðz⋆Þ unaltered,
while increasing DAðz⋆Þ. I then need to (re)decrease
DAðz⋆Þ in order to keep θs unchanged, and this can be
achieved by increasing H0. How can I decrease the late-
time expansion rate without changing Ωm (see however
Ref. [267])? From Eq. (5) it is clear that the only residual
freedom consists in altering the DE sector, allowing for a
DE component other than a cosmological constant. I will
for simplicity consider a DE component with constant EoS
w ≠ −1. Then, Eq. (5) is modified to (assuming again a flat
Universe)

HðzÞ ≈H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þ ð1 −ΩmÞð1þ zÞ3ð1þwÞ

q
; ð6Þ

which can also easily be generalized to the case where
a dynamical DE component is present, i.e., a DE compo-
nent whose EoS is time varying. Comparing Eq. (5)
and Eq. (6), it is clear that considering a phantom dark
energy component (i.e., one with w < −1) will lower
the expansion rate in the past with respect to the case
where the dark energy is in the form of a cosmological

constant.7 It is worth noting that phantom DE components
are generally problematic from a theoretical perspective, as
they violate the strong energy condition [279]. It is
generically hard to construct phantom models which are
fully under control, although it is possible to construct
effective phantom components which are theoretically well
behaved (for instance within modified gravity theories or
brane-world models); see e.g., Refs. [280–293].
In summary, in this section I have explained how

purported solutions to the H0 tension involving new
physics should lead to a higher inferred value of H0

without altering the angular scale of the first peak θs.
Two simple ways to achieve this goal are to increase the
expansion rate at early times by increasing Neff [which
decreases rsðz⋆Þ while leaving DAðz⋆Þ unchanged, requir-
ing therefore an increase in H0 to keep θs fixed], or to
decrease the expansion rate at late times by considering a
phantom dark energy component with w < −1 [which
leaves rsðz⋆Þ unchanged while increasing DAðz⋆Þ, requir-
ing therefore an increase in H0 in order to keep θs fixed].

B. Measures of tension and Bayesian evidence

I now move on to discuss simple ways to quantify the
degree of tension between different estimates ofH0. Let me
denote the high-redshift estimate and its uncertainty by
Hcosmo

0 and σcosmo respectively, whereas I denote the local
distance ladder estimate and its uncertainty by Hlocal

0 and
σlocal respectively. Then, the simplest and most intuitive
measure of the degree of tension, used in the majority of
works examining the H0 tension, is in terms of the number
of standard deviations #σ, computed as

#σ ≡ jHcosmo
0 −Hlocal

0 jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2cosmo þ σ2local

p : ð7Þ

The #σ measure defined in Eq. (7) provides a rather
intuitive quantification of the degree of tension between
two different inferred values of H0. Furthermore, it is
essentially equivalent to the one-dimensional (1D) distance
measure used in Refs. [294,295] to examine the σ8 tension.
Notice however that the #σ measure of tension inherently

6It is worth mentioning that well-motivated extensions of the
Standard Model of particle physics in fact predict forms of dark
radiation (for instance hidden photons, sterile neutrinos, thermal
axions, and so on) [247], which would raise Neff above its
standard value of 3.046; see e.g., Refs. [248–266] for examples of
such models.

7On the contrary in the future, i.e., for z → −1, the energy
density of a phantom component is larger than that of a
cosmological constant with the same density parameter.
Note that a more drastic possibility for lowering the late-time
expansion rate is to allow for negative energy density in the
dark energy sector (a possibility pursued for instance in
Refs. [146,268]). This possibility might actually be motivated
from a string theory perspective, given the difficulty faced by
attempts to construct stable de Sitter vacua in string theory,
whereas stable anti–de Sitter vacua emerge quite naturally [269–
273] (see e.g., Refs. [274–278] for cosmological implications
of this difficulty). I will not pursue this possibility further here,
and restrict to the case where the energy density of the dark
energy is positive.
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assumes Gaussian posteriors for both the high-redshift and
local distance ladder estimates of H0, and ignores possible
tensions in other parameter projections. The #σ measure
can also overestimate the tension if strong degeneracies in
other parameter dimensions are present.
While the #σ measure is a simple and reasonable zeroth-

order measure of tension, there are reasons to prefer
alternative measures of tension, as argued in Ref. [296].
In particular Ref. [296] introduced a so-called index of
inconsistency (IOI). I will consider two data sets denoted
by 1 and 2. I will further consider analyzing these two data
sets within the context of a given model, and inferring mean
parameter vectors μð1Þ and μð2Þ and covariance matrices Cð1Þ

and Cð2Þ respectively. Then, defining δ≡ μð2Þ − μð1Þ and
G≡ ðCð1Þ þ Cð2ÞÞ−1, the IOI is defined as

IOI≡ 1

2
δTGδ: ð8Þ

In the work in question, we are actually interested in
quantifying the tension in a single parameter, i.e., H0. In
this case, Eq. (8) simplifies considerably and reduces to

IOI ¼ 1

2

ðHcosmo
0 −Hlocal

0 Þ2
σ2cosmo þ σ2local

: ð9Þ

We clearly see that the IOI is closely related to the more
intuitive #σ measure defined in Eq. (7), with the relation
between the two being IOI ¼ ð#σÞ2=2. As argued in
Ref. [296], the IOI measures the combined difficulty of
each distribution to support/favor the mean of the joint
distribution.
In Ref. [296], besides introducing the IOI, the authors

also provided an empirical scale (inspired by the Jeffreys
scale, and calibrated to the visual separation between
different likelihood contours corresponding to different
IOI values) to qualify the degree of tension between two
data sets given a certain value of IOI. I report this scale in
Table I.
In this work, I will quantify/qualify the tension between

the CMB and local determinations of H0 using both the #σ
measure of Eq. (7) and the IOI as defined in Eq. (8), as well
as the scale presented in Table I. For further discussions
on the utility of the IOI as a measure of tension, and
advantages compared to other types of measures, I refer the

reader to Ref. [296]. See also Refs. [297–303] for works
proposing alternative measures of tension.
Finally, as I discussed in Sec. I, a significant part of this

work will be devoted to computing the Bayesian evidence
(with respect to ΛCDM) of the alternative models I take
into consideration for addressing the H0 tension, as
encapsulated by the Bayes factor of the alternative model
with respect to ΛCDM. I will consider a data set x and two
different models Mi and Mj, described by the parameters
θi and θj. The two models do not necessarily have to be
nested. In fact, in most of the cases I will consider, one
model cannot even be recovered as a particular limit of the
other. If I assume equal prior probabilities for the two
models, the Bayes factor of model Mi with respect to
model Mj, Bij, is given by

Bij ≡
R
dθiπðθijMiÞLðxjθi;MiÞ;R
dθjπðθjjMjÞLðxjθj;MjÞ;

; ð10Þ

where πðθijMiÞ is the prior for the parameters θi and
Lðxjθi;MiÞ is the likelihood of the data given the model
parameters θi. A Bayes factor Bij > 1 (or equivalently
ln Bij > 0) indicates that model Mi is more strongly
supported by data than model Mj.
As with the IOI, the degree of preference corresponding

to a certain model with respect to a reference model
(usually chosen to be ΛCDM) can be qualitatively assessed
once ln Bij is computed. The Jeffreys scale is a well-known
example of a scale used for performing a qualitative
assessment of model preference based on the value of
ln Bij [304]. In this work, I will use the revised version
found in Ref. [305], reported in Table II.
Before moving forward, a discussion on Bayesian

evidence and Bayes factors is in order. As is clear from
Eq. (10), the Bayesian evidence and correspondingly the
Bayes factors (with respect to ΛCDM) for the extended
models where w and Neff are allowed to vary depend
strongly on the choice of prior on w and Neff themselves. In
this sense, since these priors are somewhat arbitrary, the
evidence and Bayes factors themselves are also arbitrary to
some degree. Therefore, they should not be overinterpreted,
or in any case should be interpreted with great caution. In
fact, one can always artificially decrease the evidence for

TABLE I. Scale used to qualitatively interpret the degree of
tension between two data sets based on the measured IOI, as
provided in Ref. [296].

IOI Strength of inconsistency

IOI < 1 No significant inconsistency
1 < IOI < 2.5 Weak inconsistency
2.5 < IOI < 5 Moderate inconsistency
IOI > 5 Strong inconsistency

TABLE II. Revised Jeffreys scale used to interpret the values of
ln Bij obtained when comparing two competing models through
their Bayesian evidence. A value of ln Bij > 0 indicates that
model i is favored with respect to model j.

ln Bij Strength of preference for model Mi

0 ≤ ln Bij < 1 Weak
1 ≤ ln Bij < 3 Definite
3 ≤ ln Bij < 5 Strong
ln Bij ≥ 5 Very strong
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the extended model by ensuring that the prior is large
enough so as to cover regions where the likelihood is
extremely low. In this sense, it is certainly worth moving
towards model comparison tools which depend weakly or
do not depend at all on priors; see e.g., Ref. [306]. When
varying w and Neff , I will consider flat priors on these two
parameters, with prior edges to be described in the
following section.

III. DATA SETS AND ANALYSIS METHODOLOGY

In the following, I describe the data sets I use and the
methods used to analyze them. I consider a combination of
cosmological data sets given by the following:
(1) Measurements of cosmic microwave background

temperature and polarization anisotropies, as well
as their cross-correlations, from the Planck 2015
data release [11]. In particular, I use a combination
of the high-l TT likelihood, the low-l TT likelihood
based on maps recovered with COMMANDER, and
polarization data in the low-l likelihood. The data is
analyzed using the publicly available Planck like-
lihood [307]. I refer to this data set as “CMB” (note
that this data set is frequently referred to as
PlanckTT þ lowP in the literature). Notice that I
do not make use of the high-l polarization like-
lihood, as the Planck Collaboration advises caution
on the matter given that their 2015 small-scale
polarization measurements might still be contami-
nated by systematics (such as temperature-polariza-
tion leakage).8

(2) BAO distance measurements from the Six-degree
Field Galaxy Survey [308], the main galaxy sample
of the Sloan Digital Sky Survey Data Release 7
[309], and the Baryon Oscillation Spectroscopic
Survey Data Release 12 [12]. I refer to this data
set as “BAO.”

(3) Luminosity distance measurements from the Pan-
theon SNeIa catalogue [23]. I refer to this data set
as “SNe.”

The combination of the CMB, BAO, and SNe data sets is
referred to as cosmo, to reflect the fact that these are
cosmological data sets from which H0 can be estimated
following an inverse distance ladder approach (see for
instance Refs. [55,59,310–317]), in contrast to the distance
ladder approach adopted for the local determination of H0.
Using the cosmo data set, I estimate H0 and compare it to

the local determination from the HST which yields H0 ¼
ð73.24� 1.74Þ km s−1 Mpc−1 [4].9

As per my discussion in Sec. I and Sec. II, I will envisage
the possibility that a physical theory is able to fix selected
parameters (w and Neff ) to nonstandard values. In this case,
the degrees of freedom of the model are reduced with
respect to the standard case where w and Neff are free to
vary, and in fact the resulting model would have the same
number of degrees of freedom as ΛCDM. The rationale is
that such a physical theory could potentially be preferred
(or at least not strongly disfavored) with respect to the
baseline ΛCDM model from the Bayesian evidence point
of view, given that the Bayesian evidence tends to disfavor
models with additional free parameters unless the improve-
ment in fit is high enough. This result can prompt model-
building activity aimed towards testing against these
nonstandard values of w and Neff (and I will discuss
physical theories which can already achieve this goal at
the time of writing in Sec. IV D).
With the above considerations in mind, I consider the

following models:
(1) As a baseline model, I consider the concordance

ΛCDM model, described by the usual six cosmo-
logical parameters: the baryon and cold DM physical
density parameters ωb and ωc, the angular size of the
sound horizon at last scattering θs, the amplitude and
tilt of the primordial power spectrum of scalar
fluctuations As and ns, and the optical depth to
reionization τ. Notice that within this model the DE
EoS is fixed to w ¼ −1 and the effective number of
relativistic species is fixed to Neff ¼ 3.046.

(2) I then consider a class of models, denoted by
w̄CDM, which are described by six free parameters
exactly as in ΛCDM but where I assume that a
physical theory is able to fix w to nonstandard values
such that w ≠ −1. Following my earlier discussion
in Sec. II A, in order to raise H0 I fix w to
nonstandard values in the phantom regime, i.e.,
the region of parameter space where w < −1. Notice
that this model is also described by six free
parameters.

(3) I finally consider a class of models, denoted by
N̄ΛCDM, which are described by six free param-
eters exactly as in ΛCDM but where I assume that a

8At the time this project was initiated, the 2019 legacy Planck
likelihood was not yet available. The new likelihood was publicly
released in Ref. [57] two weeks after this work appeared on the
arXiv. At any rate, I expect the qualitative and most of the
quantitative conclusions reached in this work to be unchanged if I
were to use the 2019 legacy Planck likelihood, so for simplicity I
have chosen not to repeat the analysis using the new likelihood.

9At the time this project was initiated, the H0 measurement in
Ref. [4] was among the most recently available ones. Sub-
sequently, more updated local measurements of H0 have become
available [56], which have actually worsened the H0 tension. In
any case, the conclusions reached in this work would only be
mildly affected if I were to compare the H0 estimate from the
cosmo data set with the more updated local measurements in
Ref. [56]. In any case, I have provided simple tools (to be
discussed shortly below) to estimate how much my results would
change should one wish to take the measurements of H0 in
Ref. [56], or more updated measurements, into account. For more
details, see Eqs. (11)–(12).
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physical theory is able to fix Neff to nonstandard
values such that Neff ≠ 3.046. Following my earlier
discussion in Sec. II A, in order to raise H0 I fix Neff
to nonstandard values such that Neff > 3.046, i.e., I
allow for extra relativistic species in the early
Universe. Notice that this model is also described
by six free parameters.

In addition, I also wish to compare this nonstandard
approach to the usual approach wherein extended models
(with additional parameters varying) are considered.
Therefore, at a later stage I also consider the following
extended models:
(1) The ΛCDMþ w model, where the equation of state

of dark energy w is varied in addition to the six
ΛCDM parameters. This model is described by
seven free parameters.

(2) The ΛCDMþ Neff model, where the effective num-
ber of relativistic species Neff is varied in addition to
the six ΛCDM parameters. This model is described
by seven free parameters.

(3) The ΛCDMþ wþ Neff model, where both the
equation of state of dark energy w and the number
of relativistic species Neff are varied in addition to
the six ΛCDM parameters. This model is described
by eight free parameters.

For the reader’s convenience, I provide a summary of the
models considered in this work (along with a full descrip-
tions of their free parameters) in Table III. Flat priors have
been assumed on all parameters unless otherwise stated.
When varying w and/or Neff, I adopt flat priors on both
parameters, with prior edges given by ½−2;−1=3� and [1;5]
respectively.
I sample the posterior distributions of the parameters

describing the above models by using Markov chain
Monte Carlo (MCMC) methods. The chains are generated
through the cosmological MCMC sampler CosmoMC [318],
and their convergence is monitored through the Gelman-
Rubin parameter R − 1 [319], with R − 1 < 0.01 required
for the chains to be considered converged. For each of these
six (classes of) models discussed above, and using the
cosmo (CMBþ BAOþ SNe) data set, I infer the Hubble
parameter H0 from the generated MCMC chains (notice
that H0 is a derived parameter). I then compare the model-
dependent high-redshift estimate of H0 to the local value

inferred by HST using the distance ladder approach.
I quantify the tension between these two estimates by
computing #σ [Eq. (7)] and the IOI [Eq. (8)]. The obtained
values of the IOI are used to qualify the strength of the
tension between the two estimates of H0 using the scale in
Table I.
Finally, as discussed in Sec. II B, I compute the Bayesian

evidence to assess whether and to what degree the alter-
native model I am considering is favored over the ΛCDM
model. More precisely, I compute the logarithm of the
Bayes factor ln Bij, where reference model j is the baseline
ΛCDM model. Therefore, a preference for ΛCDM will be
reflected in a value ln Bij < 0. Computing the Bayesian
evidence has historically been notoriously computationally
expensive. Recently important developments have been
reported in Ref. [320], where the possibility of estimating
the Bayesian evidence directly from MCMC chains has
been considered, resulting in the development of a method
which is computationally considerably less expensive than
earlier ones.
The method put forward in Ref. [320] estimates the

Bayesian evidence using kth nearest-neighbor distances
between the MCMC samples, with distances computed
using the Mahalanobis distance (which uses the covariance
matrix of the parameters as ametric). Since nearest-neighbor
distances depend on the local density of points in parameter
space, they allow for the estimation of the overall normali-
zation of the posterior distribution (in other words, the
constant relating the number density of MCMC samples to
the target density), which is required to estimate the
Bayesian evidence. I compute the Bayesian evidence
through the method proposed in Ref. [320] using the
publicly available MCEvidence code.10 The values of ln Bij

I obtain are then used to qualify the strength of the preference
for the baseline ΛCDM model using the modified Jeffreys
scale reported in Table II. Alternatively, since the priors
on the extra parameters are separable and the baseline
ΛCDM model is nested within the other three extended
models I consider, a simple way of computing evidence
ratios directly from the MCMC chains would be to use the

TABLE III. Summary of the cosmological models considered in this work. Notice that the w̄CDM and N̄ΛCDM
are actually classes of models (see text above for more discussions).

Model Free parameters # Free parameters Notes

ΛCDM ωb, ωc, θs, As, ns, τ 6 Fixed w ¼ −1, Neff ¼ 3.046
w̄CDM ωb, ωc, θs, As, ns, τ 6 Fixed w < −1, Neff ¼ 3.046
N̄ΛCDM ωb, ωc, θs, As, ns, τ 6 Fixed w ¼ −1, Neff > 3.046
ΛCDM þ w ωb, ωc, θs, As, ns, τ, w 7 Fixed Neff ¼ 3.046
ΛCDM þ Neff ωb, ωc, θs, As, ns, τ, Neff 7 Fixed w ¼ −1
ΛCDM þ wþ Neff ωb, ωc, θs, As, ns, τ, w, Neff 8 None

10The MCEvidence code is publicly available on Github: github
.com/yabebalFantaye/MCEvidence.
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Savage-Dickey density ratio (SDDR), first introduced in the
context of cosmology in Ref. [321]. I have checked that the
evidence ratios obtained through MCevidence are in good
agreement with those estimated through the SDDR.

IV. RESULTS AND DISCUSSION

In the following, I discuss the results obtained using the
methods and data sets described in Sec. II and Sec. III. I
begin in Sec. IVA by discussing how the H0 tension is
reduced within the nonstandard w̄CDM and N̄ΛCDM
models, and how much these models are disfavored
compared to ΛCDM depending on the fixed values of w
and Neff . I then proceed in Sec. IV B by comparing these
results to the more common approach of considering
extended models (and in particular the ΛCDMþ w,
ΛCDMþ Neff , and ΛCDMþ wþ Neff models).

A. Fixing w and Neff to nonstandard values

I begin by considering the baselineΛCDMmodelwherew
and Neff are fixed to their standard values of −1 and 3.046
respectively.Within thismodel, the high-redshift value ofH0

inferred from the cosmo (CMBþ BAOþ SNe) data set is
H0 ¼ ð67.7� 0.6Þ km s−1Mpc−1. Comparing this value to
the local distance ladder determination from HST [4], I find
that the level of tension between the two, computed using
Eq. (7), is #σ ≈ 3.0. The index of inconsistency, computed
using Eq. (8), is IOI ≈ 4.5. According to the scale of
Ref. [296] reported in Table I, this value indicates a moderate
level of inconsistency.
I then move on to the w̄CDM class of models, where a

physical theory is assumed to be able to fix the DE EoS w to
nonstandard values such that w < −1 (see Table III). The
rationale, as explained in Sec. II, is that one of the simplest
possible ways to address the H0 tension is by invoking a
phantom DE component. For concreteness, I have consid-
ered six cases where w is fixed to the values −1.05, −1.1,
−1.15, −1.2, −1.25, and −1.3 respectively. The normalized
posterior distributions for the high-redshift estimate of H0

obtained using the cosmo CMBþ BAOþ SNe data set
combination for these six models are shown in Fig. 1
(including theΛCDM case wherew ¼ −1). Overlain on the
same figure is the 1σ region determined by the local
distance ladder measurement of HST [4], corresponding
to the green shaded area.
I find that if a physical theory were able to fix w ¼ −1.3,

the high-redshift estimate of H0 inferred from the
CMBþ BAOþ SNe data set combination is H0 ¼
ð73.2� 0.7Þ km s−1Mpc−1. This value is basically in com-
plete agreement with the local distance ladder estimate of
H0 ¼ ð73.24� 1.74Þ km s−1Mpc−1. The level of tension is
estimated to be #σ < 0.1, with the index of inconsistency
being IOI ≈ 0. The uncertainty on the high-redshift estimate
of H0 is almost as small as that obtained for the baseline
ΛCDMmodel. This is expected, given that I am not varying

w and hence not marginalizing over it, which would have
resulted in a broadening of the constraints on the other
parameters. Therefore, barring model comparison consid-
erations (which I will address shortly below), within the
w̄CDM model with w ≈ −1.3, the H0 tension is genuinely
addressed due to a shift in the mean value ofH0, and not due
to a significantly larger uncertainty (as often happens in
extended models).
Moving on to model comparison considerations, one

expects that as w moves away from its standard cosmo-
logical constant value w ¼ −1, the Bayesian evidence for
the corresponding nonstandard w̄CDMmodel decreases; in
other words, the support for the w̄CDM model with respect
to ΛCDM should decrease. To quantify this decrease in
support, I have computed ln Bij, with the two competing
models being Mi ¼ w̄CDM and Mj ¼ ΛCDM respec-
tively, and made use of the scale in Table II to interpret the
strength of the support for ΛCDM. Given the definition of
ln Bij and the choice of models i and j, a preference for
ΛCDM would be reflected in a value of ln Bij < 0.
I find, as expected, that Bayesian evidence model

comparison considerations always favor ΛCDM since
ln Bij < 0 over the entire range of w parameter space

FIG. 1. Normalized posterior distributions of H0 (in
km s−1 Mpc−1) for different choices of w, where w is the dark
energy equation of state fixed to nonstandard values within the
w̄CDM model (see Table III). The models considered have
values of w fixed to −1 (i.e., ΛCDM, black curve), −1.05 (red),
−1.1 (dark blue), −1.15 (green), −1.2 (purple), −1.25 (light
blue), and−1.3 (yellow). Thegreen shaded region is the1σ credible
region for H0 determined by the local distance ladder measure-
ment of HST [4], yielding H0 ¼ ð73.24� 1.74Þ km s−1 Mpc−1.
When fixing w ¼ −1.3, the high-redshift estimate of H0 is
H0 ¼ ð73.2� 0.7Þ km s−1 Mpc−1, basically in agreement with
the local distance ladder measurement.
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considered. In particular, I find that for −1.07≲ w≲ −1,
ΛCDM is weakly preferred over w̄CDM, while the pref-
erence becomes definite for −1.14≲ w≲ −1.07, strong for
−1.18≲ w≲ −1.14, and very strong for w≲ −1.18. For
w ¼ −1.3 (which as we saw earlier leads to the high-
redshift estimate of H0 agreeing perfectly with the local
distance ladder estimate) I find ln Bij ¼ −14.9.
A graphical representation of the results discussed so far

for the w̄CDM model is shown in Fig. 2 and Fig. 3. In
Fig. 2, I plot − ln Bij (left y axis, blue dashed line; note that
− ln Bij which is a positive quantity is being plotted!) and
the tension measured in #σ (right y axis, red dot-dashed
line) as a function of the fixed value of w in the w̄CDM
class of models. The figure shows how the tension
measured in #σ rapidly decreases as w moves towards
−1.3, at the cost however of adopting a model which is
significantly disfavored with respect to ΛCDM (as quanti-
fied by the rapidly increasing value of − ln Bij). From the
same figure we see that, even accepting a w̄CDM model
which is weakly disfavored with respect to ΛCDM (blue
shaded region, − ln Bij < 1), the tension cannot be reduced
below the 2σ level. Similarly, even accepting a w̄CDM
model which is definitely disfavored with respect to

ΛCDM (pink shaded region, − ln Bij < 3), the tension
can at best be brought down to the 1.5σ level (which
however some might argue is good enough for the H0

tension to be considered solved).
As one sees from the reddot-dashed curve in Fig. 2, aswell

as the shift in themean of the posterior distributions in Fig. 1,
H0 responds approximately linearly to changes inwwhen the
latter is fixed. In other words, consider a w̄CDMmodel, and
defineΔw≡ 1þ w to be the variation in (the fixed value of)
w from the cosmological constant value ofw ¼ −1. Then, at
least for the CMBþ BAOþ SNe data set combination, the
variation in the central value of H0 from its ΛCDM value,
ΔH0 (in units of km s−1Mpc−1), should be approximately
linearly related toΔw:ΔH0 ≈mwΔw, wheremw is a quantity
frequently referred to in the literature as a dimensionless
multiplier, relating variations in different parameters due to a
fundamental degeneracy between the two. From my earlier
results I numerically estimate mw ≈ −18.5, and therefore

ΔH0¼H0−H0jΛCDM≈−18.5Δw¼−18.5ð1þwÞ; ð11Þ

where H0jΛCDM is the value of H0 inferred within ΛCDM.
Thevalue−18.5 is essentially a reflection of thedirection and
strength of the H0-w correlation, which I will later show in
Fig. 7. The relation in Eq. (11) is useful especially in light of
the fact that local distance ladder measurements of H0 are
continuously updated to reflect improvements in analysis
techniques.However, Eq. (11) can always beused to estimate
the required fixed value of w to restore agreement with the
updated local measurement. For instance, if I were to use the

FIG. 3. Index of inconsistency [see Eq. (8)] as a function of w,
when the latter is fixed to nonstandard values in the phantom
region (w < −1) within the w̄CDM model (see Table III for
further details). The scale of Ref. [296] used to quantify the
strength of the inconsistency is reflected in the colored regions
(blue: no significant inconsistency; pink: weak inconsistency;
green: moderate inconsistency; grey: strong inconsistency); see
Table I for further details.

FIG. 2. Bayesian evidence in favor of ΛCDM and tension
between the high-redshift and local distance ladder estimates of
H0 as a function of w, when the latter is fixed to nonstandard
values in the phantom region (w < −1) within the w̄CDM model
(see Table III for further details). The blue dashed curve (scale on
the left y axis) shows − ln Bij [see Eq. (10))], withMi ¼ w̄CDM
andMj ¼ ΛCDM. Therefore, a value − ln Bij > 0 indicates that
ΛCDM is favored over the alternative model from the Bayesian
evidence point of view. The Jeffreys scale used to quantify the
strength of the evidence for ΛCDM (see Table II) is reflected in
the colored regions (orange: weak preference for the extended
model; blue: weak preference for ΛCDM; pink: definite prefer-
ence for ΛCDM; green: strong preference for ΛCDM; grey: very
strong preference for ΛCDM). The red dot-dashed curve quan-
tifies the statistical significance of the H0 tension through #σ
[see Eq. (7)].
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more updated measurement of Ref. [56] which yields
H0 ¼ ð74.03� 1.42Þ km s−1Mpc−1, using Eq. (11) I would
find that a physical theory would need to fix w ≈ −1.35 in
order to restore perfect agreement between the high-redshift
and local measurements ofH0, i.e., a slightly more phantom
value compared to what was required for the earlier meas-
urement ofRef. [4] which I took as the baselinemeasurement
in this work. Of course, the coefficient −18.5 in Eq. (11) is
specific for the CMBþ BAOþ SNe data set combination,
and should eventually be updated if future high-redshift data
were to be used, which might change the direction and
strength of the correlation in question. One should also keep
in mind that the dimensionless multipliers only account for
shifts in the central values of the H0 posterior, but do not
account for the fact that uncertainties in the local value ofH0

are continuously shrinking.
In Fig. 3, I plot the index of inconsistency as a function

of the fixed value of w in the w̄CDM class of models. One
sees that for −1.07≲ w≲ −1, the inconsistency between
the high-redshift and local measurements is moderate,
whereas the inconsistency becomes weak for −1.15≲ w≲
−1.07 and insignificant for −1.3≲ w≲ −1.15.
I now perform a totally analogous analysis within the

N̄ΛCDM model, where a physical theory is assumed to be
able to fix the effective number of relativistic speciesNeff to
nonstandard values such that Neff > 3.046 (see Table III).
The rationale, as explained in Sec. II, is that the other
simple possible ways to address the H0 tension besides
invoking a phantom dark energy component is to allow for
extra radiation in the early Universe. For concreteness, I
have considered five cases where Neff is fixed to the values
3.15, 3.35, 3.55, 3.75, and 3.95 respectively. The normal-
ized posterior distributions for the high-redshift estimate of
H0 obtained using the cosmo CMBþ BAOþ SNe data set
combination are shown in Fig. 4 (including theΛCDM case
where Neff ¼ 3.046). Overlain on the same figure is the 1σ
region determined by the local distance ladder measure-
ment of HST [4], corresponding to the green shaded area.
I find that if a physical theory were able to fix

Neff ¼ 3.95, the high-redshift estimate of H0 inferred
from the CMBþ BAOþ SNe data set combination is
H0 ¼ ð73.1� 0.6Þ km s−1Mpc−1. This value is basically
in complete agreement with the local distance ladder
estimate of H0 ¼ ð73.24� 1.74Þ km s−1Mpc−1. The level
of tension is estimated to be #σ < 0.1, with the IOI ≈ 0. In
this case, the uncertainty on the high-redshift estimate of
H0 is as small as that obtained for the baseline ΛCDM
model, analogously to what I found assuming that a
physical theory were able to fix w ¼ −1.3, meaning that
the H0 tension is addressed (again barring model com-
parison considerations to be addressed shortly) due to a
genuine shift in the mean value ofH0 and not an increase in
the error bars.
Analogously to what I did for the w̄CDM model, I now

compute ln Bij, with the two competing models being

Mi ¼ N̄ΛCDM and Mj ¼ ΛCDM respectively, meaning
that a preference for ΛCDM is reflected in a value of
ln Bij < 0. The results I find are quite similar to those
for the w̄CDM model, with a small twist. In the range
3.046≲ Neff ≲ 3.25, the evidence for the N̄ΛCDM model
is actually slightly higher than that ofΛCDM, and reaches a
maximum for Neff ≈ 3.15, with ln Bij ≈ 0.2. Given that
according to the scale in Table II a value of ln Bij ≈ 0.2
indicates only a weak preference for the N̄ΛCDM model, I
choose not to discuss this feature further.11 For Neff ≳ 3.25,
ΛCDM is always favored over the N̄ΛCDM model from

FIG. 4. Normalized posterior distributions of H0 (in
km s−1 Mpc−1) for different choices of Neff , where Neff is the
effective number of relativistic species fixed to nonstandard
values within the N̄ΛCDM model (see Table III). The models
considered have values of Neff fixed to 3.046 (i.e., ΛCDM,
black curve), 3.15 (red), 3.35 (dark blue), 3.55 (green), 3.75
(purple), and 3.95 (light blue). The green shaded region is
the 1σ region determined by the local distance ladder measure-
ment of HST [4], yielding H0 ¼ ð73.24� 1.74Þ km s−1 Mpc−1.
When fixing Neff ¼ 3.95, the high-redshift estimate of H0 is
H0 ¼ ð73.1� 0.6Þ km s−1 Mpc−1, in complete agreement with
the local distance ladder measurement.

11This slight preference for a N̄ΛCDMmodel withNeff ¼ 3.15
might well be due to the fact that Planck temperature and large-
scale polarization data alone appear to favor a value of Neff
slightly higher than the canonical 3.046 (see Ref. [11] where
Neff ¼ 3.13� 0.32 from the PlanckTT+lowP data set combina-
tion was reported). This preference disappears when small-scale
polarization data is included, especially because small-scale
polarization data helps to break various parameter degeneracies
involving Neff , and consequently leads to a better determination
of this parameter. However, in this work I have made the
conservative choice of not including small-scale polarization
data, because of possible residual systematics in the 2015 Planck
data set (see Sec. III).
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the point of view of Bayesian evidence. In particular, I find
that the preference is weak for 3.25≲ Neff ≲ 3.5, definite
for 3.5≲ Neff ≲ 3.75, and strong for 3.75≲ Neff ≲ 3.9. For
larger values, the preference for ΛCDM becomes very
strong. For w ¼ 3.95 (which as we saw earlier leads to the
high-redshift estimate of H0 agreeing perfectly with the
local distance ladder estimate) I find ln Bij ¼ −5.5.
The results discussed above are visually summarized in

Fig. 5 and Fig. 6 (completely analogous to their counter-
parts for the w̄CDM model, Fig. 2 and Fig. 3). Figure 5
shows how the tension measured in #σ rapidly decreases as
Neff moves towards 3.95, at the cost however of adopting a
model which is disfavored with respect to ΛCDM (as
quantified by the rapidly increasing value of − ln Bij,
except within the region 3.046≲ Neff ≲ 3.25 where the
N̄ΛCDM model is actually weakly favored). In general,
the results for the N̄ΛCDM model are slightly more

encouraging than for the w̄CDM model. In fact, from
the same figure we see that accepting a N̄ΛCDM model
which is weakly disfavored with respect to ΛCDM (blue
shaded region, − ln Bij < 1), the tension can be brought
almost to the 1.5σ level (which depending on personal taste
might be enough for the H0 tension to be considered
solved), whereas accepting a N̄ΛCDM model which is
definitely disfavored with respect to ΛCDM (pink shaded
region, − ln Bij < 3), the tension can be brought down to
the 0.8σ level.
Analogously to what I did for the w̄CDM model, I can

estimate the dimensionless multiplier relating variations in
H0 to variations in the fixed value ofNeff , which reflects the
direction and strength of the H0-Neff correlation, which I
will later show in Fig. 8: ΔH0 ≈mNΔNeff . I numerically
estimate mN ≈ 6.2, and hence

ΔH0 ¼ H0 −H0jΛCDM ≈ 6.2ΔNeff ¼ 6.2ðNeff − 3.046Þ;
ð12Þ

where H0jΛCDM is the value of H0 inferred within ΛCDM.
As with Eq. (11), Eq. (12) is useful in light of continuous
updates in the local distance ladder measurement of H0.
For instance, using the latest value of H0 reported in
Ref. [56] and Eq. (12), I find that a physical theory would
need to fix Neff ≈ 4.15 in order to restore perfect agreement
between the high-redshift and local measurements of H0.
Again, the caveat is that the coefficient 6.2 should be
updated if future CMB, BAO, or SNe data sets are used.
As previously, one should keep in mind that the dimen-
sionless multipliers only account for shifts in the central
values of the H0 posterior, but do not account for the fact
that uncertainties in the local value of H0 are continuously
shrinking.
In Fig. 3, I plot the index of inconsistency as a function

of the fixed value of Neff in the N̄ΛCDM class of models.
One sees that for 3.046≲ Neff ≲ 3.25, the inconsistency
between the two measurements is moderate, whereas the
inconsistency becomes weak for 3.25≲ Neff ≲ 3.55 and
insignificant for 3.55≲ Neff ≲ 3.95.
In conclusion, in this part of the work I have examined

the possibility of addressing theH0 tension assuming that a
physical theory is able to fix (or approximately fix) w and
Neff to nonstandard values within the w̄CDM and N̄ΛCDM
models. I have found that it is not possible to completely
remove the tension (i.e., obtain a high-redshift estimate of
H0 that is in perfect agreement with the local distance
ladder estimate) without resulting in a model which is
strongly disfavored against ΛCDM from a Bayesian
evidence standpoint. In particular, the H0 tension is
completely removed if a physical theory is able to fix w ¼
−1.3 [H0 ¼ ð73.2� 0.7Þ km s−1 Mpc−1] or Neff ¼ 3.95
[H0 ¼ ð73.1� 0.6Þ km s−1 Mpc−1], leading however to
two models which are both strongly disfavored from the

FIG. 5. As in Fig. 2 but for the N̄ΛCDM model.

FIG. 6. As in Fig. 3 but for the N̄ΛCDM model.
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Bayesian evidence standpoint with respect to ΛCDM
(ln Bij ¼ −14.9 and ln Bij ¼ −5.5 respectively).

B. Extended models

How does my nonstandard approach adopted so far
compare to the more standard approach where extended
models with additional free parameters are considered?
Notice that within the standard approach typically a prior
on H0 consistent with the local distance ladder measure-
ment is also added to the standard high-redshift data. This
contributes to “pushing” H0 towards higher values, further
reducing the H0 tension. However, it is not always clear
whether including such a prior is a consistent and legitimate
operation to begin with.
To address this question, I consider the three extended

models described in Sec. III: ΛCDMþ w, ΛCDMþ Neff ,
and ΛCDMþ wþ Neff . I estimate H0 within these three
models by combining the cosmo CMBþ BAOþ SNe data
setwith a prior onH0 consistentwith the local distance ladder
measurement of Ref. [4]. I compare the value inferred forH0

to its local distance ladder value, and assess the statistical
preference (if any) for these extendedmodels againstΛCDM
by computing their Bayesian evidence.12

I begin by considering the one-parameter ΛCDMþ w
extension where I allow the dark energy equation of state
w to vary freely. Considering the cosmo CMBþ BAOþ
SNe data set in combination with a prior on H0 based
on the local distance ladder measurement, I infer H0 ¼
ð69.4� 1.0Þ km s−1Mpc−1. On the other hand, I find a value
of the dark energy equation of state of w ¼ −1.06� 0.04,
which lies in the phantom regime at > 1σ. This is expected,
given that the prior on H0 tends to “pull” w within
the phantom regime, due to the strong anticorrelation
between H0 and w I extensively discussed in Sec. II. In
Fig. 7 I show the two-dimensional (2D) joint and 1D
marginalized posterior distributions of H0 and w, which
clearly show the strong anticorrelation between the two
parameters.
We see that within the ΛCDMþ w model, the tension

with the local measurement of H0 is reduced to the level of
≈1.9σ, but not completely removed. As anticipated earlier,
this reduction is partially attributable to the increase in the
error bar due to the extended parameter space (i.e.,
marginalizing over the extra parameter w), and not to a
genuine shift in the central value of the posterior of H0 (as
in the case of the w̄CDM model when w ¼ −1.3), which
has only moved up to H0 ¼ 69.4 km s−1 Mpc−1. When
comparing this model against ΛCDM, I find that

ln Bij ¼ −5.3, corresponding to a very strong preference
for ΛCDM.
I now repeat this analysis within the ΛCDMþ Neff

model, where I allow the effective number of relativistic
species Neff to vary freely. Combining the cosmo CMBþ
BAOþ SNe data set with the local H0 prior, I find H0 ¼
ð70.3� 1.2Þ km s−1Mpc−1 and Neff ¼ 3.43� 0.19, which
corresponds to a ≈2σ detection of extra relativistic species,
again expected given the strong correlation betweenH0 and
Neff discussed in Sec. II (see also the triangular plot
in Fig. 8).
As in the ΛCDMþ w case, the tension with the local

distance ladder measurement of H0 is reduced (this time to
the level of ≈1.4σ), but not completely removed, and this is
again partially attributable to the increase in the error bar
due to the extended parameter space. Moreover, Bayesian
evidence considerations again disfavor the ΛCDMþ Neff
model with respect to ΛCDM. In fact, I find ln Bij ¼ −4.6,
corresponding to a strong preference for ΛCDM.
I finally consider the two-parameter extension

ΛCDMþ wþ Neff , where I allow both the dark energy
equation of state w and the effective number of relativistic
species Neff to freely vary. Combining the cosmo CMBþ
BAOþ SNe data set with the local prior on H0, I find

FIG. 7. Triangular plot showing the 2D joint and 1D margin-
alized posterior distributions for the Hubble constant H0 and the
dark energy equation of state w, obtained within the ΛCDMþ w
model (see Table III) and combining the cosmo CMBþ BAOþ
SNe data set with a Gaussian prior on H0 ¼ ð73.24�
1.74Þ km s−1 Mpc−1 consistent with the local distance ladder
measurement. The plot clearly shows the strong anticorrelation
between H0 and w (see Sec. II for further discussions), which
explains why adding the local prior on H0 pushes w into the
phantom (w < −1) regime.

12Note that a fair comparison with ΛCDM should be made
using the same data sets. In other words when computing ln Bij
using MCEVIDENCE, the ΛCDM MCMC chains I utilize are
obtained by combining the cosmo CMBþ BAOþ SNe data set
with the same prior on H0.
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H0 ¼ ð70.3� 1.2Þ km s−1Mpc−1, w ¼ −1.01� 0.05, and
Neff ¼ 3.40� 0.24. This time, both w and Neff are con-
sistent with their standard values of w ¼ −1 andNeff within
2σ (see also the triangular plot in Fig. 9).
Within the ΛCDMþ wþ Neff model, the tension with

the local measurements of H0 is reduced to the level of
≈1.4σ, but once more the reduction is partially attributable
to the increase in the error bar due to marginalization over
two extra parameters. Bayesian evidence considerations
also disfavor this model with respect to the baseline ΛCDM
model. In fact, I find ln Bij ¼ −6.5, which indicates a very
strong preference for ΛCDM.

C. Discussion

I will now provide a critical discussion of the results
obtained in Sec. IVA and Sec. IV B, comparing the two
approaches for addressing the H0 tension: assuming that a
physical theory is able to fix w and Neff to nonstandard
values versus considering extended models. A visual
comparison of the posterior distributions for the six
representative cases discussed earlier is presented in
Fig. 10, alongside the 1σ region for H0 based on the local
distance ladder measurement. As is very clear from the
figure, the three extended models considered in Sec. IV B

only partially address the tension, mostly through a broad-
ening of the posterior distribution due to marginalization
over one or two additional parameters (and partially helped
by including a prior on H0 based on the local distance
ladder value, which contributes to “pulling” the value ofH0

up). On the other hand, the w̄CDM model with w ¼ −1.3
and the N̄ΛCDM model with Neff ¼ 3.95 genuinely
address the tension by shifting the posterior distribution
to overlap with the local distance ladder measurements.
However, for both the extended and nonstandard models,
all of this comes at the price of considering models which
are strongly disfavored against ΛCDM from the Bayesian
evidence point of view.
Within the w̄CDM and N̄ΛCDM models, it is not

possible to lower the H0 tension at a level ≲1σ while at
the same time dealing with a model which is not strongly
disfavored against ΛCDM from a Bayesian evidence point
of view. My analysis also reveals that the situation is
somewhat less dramatic if a physical theory were able to fix
Neff rather than w to nonstandard values (see, for instance,
the difference Δ ln Bij ≈ 10 between the values of ln Bij

obtained whenw ¼ −1.3 versusNeff ¼ 3.95, and discussed
above). The reason is that low-redshift measurements of the

FIG. 8. Triangular plot showing the 2D joint and 1D margin-
alized posterior distributions for the Hubble constant H0 and the
effective number of relativistic species Neff , obtained within the
ΛCDMþ Neff model (see Table III) and combining the cosmo
CMBþ BAOþ SNe data set with a Gaussian prior on H0 ¼
ð73.24� 1.74Þ km s−1 Mpc−1 consistent with the local distance
ladder measurement. The plot clearly shows the strong correla-
tion between H0 and Neff (see Sec. II for further discussions),
which explains why adding the local prior on H0 leads to a
detection of extra relativistic species (Neff > 3.046).

FIG. 9. Triangular plot showing the 2D joint and 1D margin-
alized posterior distributions for the Hubble constantH0, the dark
energy equation of state w, and the effective number of relativistic
species Neff , obtained within the ΛCDMþ wþ Neff model (see
Table III) and combining the cosmo CMBþ BAOþ SNe data set
with a Gaussian prior on H0 ¼ ð73.24� 1.74Þ km s−1 Mpc−1

consistent with the local distance ladder measurement. The plot
clearly shows the strong anticorrelation between H0 and w, and
the strong correlation betweenH0 and Neff (see Sec. II for further
discussions).
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expansion history (BAO and SNe) exquisitely constrain the
dark energy equation of state to be very close to that of a
cosmological constant, leaving very little freedom in
modifying the late-time dynamics and in particular the
equation of state of dark energy without resulting in a bad
fit to the data. On the other hand, there is significantly more
freedom available in modifying the early expansion history
through Neff which is unconstrained by low-redshift data
(recall that in addition I have made the conservative choice
of not including small-scale polarization data, which would
help to constrain Neff but could still be contaminated by
systematics).
Concerning the three extended models I considered

(ΛCDMþ w, ΛCDMþ Neff , and ΛCDMþ wþ Neff ),
one sees that all three are strongly/very strongly

disfavored with respect to ΛCDM, yielding lnBij ¼
−5.3, ln Bij ¼ −4.6, and ln Bij ¼ −6.5 respectively.
Aside from not being able to satisfactorily solve the H0

tension, the three models are penalized by the presence of
extra parameters, which are not justified by the improve-
ment in fit.
One interesting point of discussion could then be the

following. I assume that a certain amount of residual
tension between the two measurements of H0 is tolerable.
For instance, most of the works that aimed to address the
H0 tension considered the tension solved if it drops below
the 1.5σ–2σ level. In this work, my initial aim was to
determine what values of w and Neff a physical theory
should be able to predict to bring the tension down to
essentially 0σ, which is perhaps rather ambitious! Let me
instead be more open and choose 2σ as a threshold for
considering the tension solved to a satisfactory extent.
Then, from Fig. 2 and Fig. 4, we see that this can be
achieved at the expense of considering models where w ≈
−1.07 or, better still, Neff ≈ 3.5, which are “only” weakly
disfavored with respect to ΛCDM (− ln Bij < 1). The 2σ
threshold is of course a subjective threshold, and I have
introduced it simply for the sake of argument. The take
away message is that even if a theory were able to fix w and
Neff to nonstandard values which are not strongly disfa-
vored from the Bayesian evidence point of view, this might
be sufficient to lower the H0 tension to a level where the
tension might be considered at least partially addressed.
In fact, let me take one step forward and compare the

N̄ΛCDM model with the extended ΛCDMþ Neff model.
Of the three extended models, the latter was able to reduce
the tension the most (down to the 1.4σ level), while at the
same time being least disfavored from the Bayesian
evidence point of view (albeit leading to ln Bij ¼ 4.6
and still being strongly disfavored with respect to
ΛCDM). The question then is: what is the price to pay
to construct a N̄ΛCDM model which fares as well (or
better) than ΛCDMþ Neff? In other words, what is the
minimum − ln Bij for a N̄ΛCDM model which reduces the
H0 tension below the 1.4σ level? We immediately read off
the answer from Fig. 5: a minimum − ln Bij of ≈1.3, which
is obtained by considering Neff ≈ 3.55, is required to lower
the H0 tension below 1.4σ within the N̄ΛCDM model.
This is somewhat surprising and interesting: we have found
a (class of) nonstandard models which performs equally
well in terms of lowering the statistical significance of the
H0 tension compared to a similar extended model, but is
less disfavored from the Bayesian evidence point of view
with respect to ΛCDM (the N̄ΛCDM model with Neff ¼
3.55 is “only” definitely disfavored with − ln Bij ¼ 1.3, as
opposed to the ΛCDMþ Neff model which is strongly
disfavored with − ln Bij ¼ 4.6).
I can repeat the same exercise for the w̄CDM model,

which as argued earlier faces more difficulties compared to

FIG. 10. Normalized posterior distributions of H0, for a
selection of models discussed in the text: the baseline ΛCDM
model where w ¼ −1 and Neff ¼ 3.046 (black curve), the w̄CDM
model with w fixed to w ¼ −1.3 (magenta curve), the N̄ΛCDM
model with Neff fixed to Neff ¼ 3.95 (cyan curve), the ΛCDMþ
w one-parameter extension of ΛCDMwhere w is free to vary (red
curve), the ΛCDM þ Neff one-parameter extension of ΛCDM
where Neff is free to vary (blue curve), and the ΛCDMþ wþ
Neff two-parameter extension of ΛCDM where both w and Neff
are free to vary (green curve). The green shaded region is
the 1σ credible region for H0 determined by the local
distance ladder measurement of HST [4], yielding H0 ¼
ð73.24� 1.74Þ km s−1 Mpc−1. The former three posteriors are
obtained using the cosmo CMBþ BAO þ SNe data set combi-
nation, whereas the latter three include in addition a Gaussian
prior on H0 based on the local distance ladder measurement,
which further helps to pull the posteriors towards higher values of
H0. Within the w̄CDM model with w ¼ −1.3 and the N̄ΛCDM
model with Neff ¼ 3.95, the high-redshift estimate is in complete
agreement with the local distance ladder measurement (i.e., the
tension is brought down to 0σ), whereas within the three extended
models the tension is only partially addressed, and partly due to
an increase in the uncertainty.
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the N̄ΛCDMmodel since low-redshift data tends to favor a
value for w very close to the standard −1. This makes it
really difficult to lower w significantly into the phantom
regime without resulting in a very low value of the
Bayesian evidence. I address the same question as earlier:
what is the minimum − ln Bij for a w̄CDM model which
reduces theH0 tension below the 1.4σ level? Again, we can
read off the answer from Fig. 2: a minimum − ln Bij of ≈4,
which is obtained by considering w ≈ −1.15, is required to
lower the H0 tension below 1.4σ within the w̄ΛCDM
model. Again, this is a very surprising result: despite the
difficulties, the w̄CDM model with w ¼ −1.15 and
− ln Bij ¼ 4.0 still performs better than the ΛCDMþ
Neff model (for which, recall, − ln Bij ¼ 4.6) from the
Bayesian evidence point of view, while lowering the H0

tension down to the same level of significance.
What is the take away message from these two exercises?

All things being equal (i.e., theH0 tension being lowered to
the same statistical significance, which I took to be 1.4σ in
the above example, or 2σ earlier), it is more efficient from
the Bayesian evidence point of view to consider physical
theories which are able to fix Neff and w to nonstandard
values (for Neff ¼ 3.95 and w ¼ −1.3 I obtained ln Bij ¼
−1.3 and ln Bij ¼ −4.0 respectively, as opposed to
ln Bij ¼ −4.6 for ΛCDMþ Neff ). In addition, these non-
standard models lower the H0 tension by actually shifting
the posterior distribution without broadening it, leading to a
somewhat more appealing resolution. On the other hand,
when choosing between a physical theory able to fix w or
Neff to nonstandard values, my analysis reveals that the
latter is preferable.
Finally, it is worth remarking that the comparison I have

made above also somewhat penalizes the nonstandard
models compared to the extended ones. In fact, when
inferring H0 within the extended models I have also
included a prior on H0 based on the local distance ladder
measurement, which of course helps to raise H0 towards
the local value. On the other hand, such a prior was not
included when inferringH0 within the nonstandard w̄CDM
and N̄ΛCDM models; including it would only strengthen
the conclusion I reached above.

D. Models predicting fixed values for the extra
parameters

So far, I have discussed the H0 tension in light of
possible models which would allegedly be able to fix extra
beyond-ΛCDM parameters (such as w or Neff ) to non-
standard values. I have found that models that fix the
effective number of relativistic species to Neff ≈ 3.95 or the
dark energy equation of state to w ≈ −1.3 can completely
remove the H0 tension at the cost of a worse fit to CMB,
BAO, and SNeIa data, whereas less extreme values can
improve the fit while still reducing the H0 tension con-
siderably. Throughout this discussion, however, there has

been an elephant in the room in the form of the following
question: do such models exist in first place? In general,
most models will predict a range of values for the extra
parameters, whose precise value will depend on specific
theory parameters (such as the values of the Lagrangian
couplings, or the specific form of the kinetic term or
potential of a dark energy field). Given that the existence or
not of such models does not undermine the motivation for
the present work (which should rather be seen as providing
model builders with parameter values to test against), in the
following I will briefly discuss a number of theoretical
models which are able to fix, or approximately fix, w and
Neff near their “sweet spot” values. The existence of such
models further reinforces the motivation behind this work,
adding value to the proposed exercise and making the
exercise itself more compelling.
I begin by discussing theoretical models which are able

to approximately fix w ≈ −1.3. An example of one such
model is the vector-like dark energy model constructed in
Ref. [322]. This model is constructed out of a “cosmic
triad,” i.e., a set of three identical one-forms pointing in
mutually orthogonal spatial directions, in such a way as to
respect isotropy. Another field-based model of phantom
dark energy that predicts w ≈ −1.29 is the phantom Dirac-
Born-Infeld model constructed in Ref. [323], with the
Hamiltonian bounded from below in the comoving frame
(although not in every frame). Other works have argued that
phantom dark energy models could naturally arise from
string theory, due to the correlation between winding and
momentum modes in conjunction with an exponentially
falling angular frequency. An example is Ref. [324], where
a concrete string theory model predicting w ≈ −4=3 was
constructed.
Modifications of general relativity also provide a route

towards constructing stable effective phantom components.
In this context, in Ref. [325] it was argued that a coupled
phantom model where dark matter is coupled to a phantom
dark energy component with w ¼ −4=3 could cure the
coincidence problem, behave as an attractor at late times,
and avoid the big rip singularity. In Ref. [326], a phantom
DE model with finite-time future singularity not of the big
rip type, where at late times the DE EoS w ¼ −4=3 behaves
as a stable fixed point (attractor), was constructed. The type
of singularity achieved in this model, as well as the model
itself, could be motivated by the finite action principle
proposed by Barrow and Tipler [327,328].
Rather than arising from a fundamental action principle

(either in the context of additional fields or modifications
to general relativity), models with w ≈ −1.3 could have a
more profound symmetry-based motivation, or mimic
something else altogether. An example was given in
Refs. [329,330] in terms of the so-called phantom duality,
a symmetry mapping models with equation of state
w → −ð2þ wÞ. This duality implies that domain walls
(well-motivated topological defects) whose effective EoS is
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w ¼ −2=3 are dual to phantom models with
w ¼ −4=3 ≈ −1.3. In Refs. [329,330], the phantom duality
was argued to be quite fundamental and closely related to
the scale factor duality in pre-big-bang models, itself
motivated by superstring cosmology scale factor duality
symmetries. The phantom duality provides a fundamental
motivation for considering phantom models with
w ¼ −4=3. Returning to the possibility of models with w ≈
−1.3 mimicking something else altogether, a possibility in
this sense was presented in Ref. [331]. There it was argued
that a component with w ¼ −4=3 would naturally arise in
extra-dimensional models such as the Randall-Sundrum
model. This component would mimic Λð4Þ, the four-
dimensional cosmological constant induced by the projec-
tion of the five-dimensional Randall-Sundrum Friedmann
equations on the brane, where this component with w ¼
−4=3 would reside.
Finally, the so-called quantum bias model for dark

energy [332,333], where the time-dependent information
capacity in discarded degrees of freedom could drive
cosmic acceleration, generically predicts a phantom dark
energy component. The model does not unambiguously
predict a value for w at present time as the latter depends on
the free parameter d̄. However, for d̄ ≈ 3 one recovers
w ≈ −1.3, where d̄ ≈ 3 could be strongly motivated from
first principles given that we appear to live in three spatial
dimensions.13

So far I have discussed models which are able to fix w.
Let me now discuss models which are able to fix, or
approximately fix, Neff ; one could subjectively argue that
such models are less exotic than the dark energy models I
discussed above. A value of Neff ≈ 4 indicates at face value
an almost fully thermalized extra relativistic species. One
interesting possibility in this sense is the possibility of a
fully thermalized sterile neutrino. This could be motivated
by a series of short-baseline anomalies in reactor neutrino
experiments, such as the MiniBooNE anomaly [334]. In
fact, the best-fit mass-squared splitting and mixing angle
for a sterile neutrino explanation of the MiniBooNE
anomaly leads to almost complete thermalization (i.e.,
Neff ≈ 4), as shown in e.g., Refs. [335–341].
Moving to other models predicting less extreme values

of Neff , a single thermally decoupled pseudo-Nambu-
Goldstone boson (pNGB) can lead to rather specific
predictions for Neff depending on the temperature at which
the pNGB freezes out (see e.g., Fig. 1 of Ref. [342]). For
example, freeze-out occurring just after the QCD phase
transition would predict Neff ≈ 3.4, whereas freeze-out
occurring between 100 and 1 MeV would predict
Neff ≈ 3.7. As an additional example, the model studied
by Weinberg in Ref. [343], featuring an extra Goldstone
boson possibly associated to a dark matter particle number
Uð1Þ0 symmetry, predicts Neff ≈ 3.45.

As I discussed earlier, models with extra Abelian
symmetries generally predict a higher value of Neff . One
example of such a model which also predicts a rather
specific value of Neff is the Abelian Lμ − Lτ extension of
the Standard Model studied in Ref. [344], which predicts
Neff ≈ 3.25 across most of its parameter space.14 The
Majoron, a light weakly coupled neutrinophilic scalar
associated to the spontaneous breaking of lepton number
symmetry, also leads to very specific predictions for Neff.
For example, a single Majoron associated to a Dirac
neutrino mass-generation mechanism predicts Neff ¼
3.15 across a wide range of parameter space as shown
for instance in Ref. [156], while Neff ¼ 3.35 if the neutrino
mass-generation mechanism is Majorana. Allowing for
more than one Majoron and the neutrino mass generation
being either Dirac or Majorana, the predictions for Neff
could lie anywhere between 3.15 and 4.05, with the specific
value depending on the number of Majorons and mass-
generation mechanism (see e.g., Table 3 of Ref. [345]).
However, it is important to stress that once these two are
fixed (as a well-motivated theory does), the value of Neff is
a prediction, i.e., it does not vary as a function of other
parameters.
Finally, turning to other models predicting Abelian

extensions of the Standard Model, mirror dark matter with
kinetic mixing parameter ϵ ∼ 3 × 10−9 (with this specific
value motivated by solving the small-scale structure prob-
lems of collisionless cold dark matter while explaining
galactic scaling relations and being consistent with null
results from direct detection experiments [346]) predicts
Neff ≈ 3.55, as shown in Ref. [347]. This was also shown in
a more general setting in Ref. [348].

V. CONCLUSIONS

The persistingH0 tension might be an indication for new
physics beyond the concordance ΛCDM model. Most of
the solutions considered so far (many of which invoke new
physics in the dark sector of the Universe) involve extended
cosmological models, i.e., extensions of the baseline
ΛCDM model where additional parameters are allowed
to vary. Two rather economical solutions in this direction
involve either a phantom dark energy component (i.e., a
dark energy component with equation of state w satisfying
w < −1) or extra relativistic species in the early Universe
(i.e., Neff > 3.046). Importantly, in these and several other
extended models, the H0 tension is only partially relieved,
partly thanks to a broadening of the H0 posterior distri-
bution due to marginalization over additional free param-
eters rather than a genuine shift in the mean of the
distribution itself (see e.g., Fig. 10).

13From a private communication with the author Luke Butcher.

14Note, however, that this model does not produce extra
relativistic species in the usual sense, but rather injects extra
energy into the Standard Model neutrinos through the decay of a
light and weakly coupled Z0 vector boson.
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In this work, I have considered an alternative approach.
Focusing on the dark energy equation of state w and the
effective number of relativistic species Neff , I have asked
the following questions: what value of w or Neff would a
physical theory have to predict (so that the parameter itself
can effectively be considered fixed) in order for the high-
redshift estimate ofH0 from CMB, BAO, and SNeIa data to
perfectly match the local distance ladder estimate, i.e., in
order to formally reduce theH0 tension to ≈0σ? How much
would Bayesian evidence considerations (dis)favor such a
model with respect to ΛCDM? How does this approach
compare, statistically speaking, to the standard one wherein
the additional parameters are allowed to vary? Addressing
these questions can prompt further model-building activity
and provide model builders with nonstandard parameter
values to test against.
I have found (see Fig. 1 and Fig. 4) that a perfect match

between the high-redshift estimate of H0 and the local
distance ladder measurement (i.e., reducing the tension to
essentially 0σ) can be achieved if a physical model is able
to fix w ≈ −1.3 or Neff ≈ 3.95. Both are highly nonstandard
values for these parameters, and in fact Bayesian evidence
considerations strongly disfavor the resulting nonstandard
models with respect to the baseline ΛCDM model
(ln Bij ¼ −14.9 and ln Bij ¼ −5.5 respectively); see
Fig. 2 and Fig. 5. I then compared my approach to the
more standard case where an attempt to address the H0

tension is performed by allowing w and/or Neff to freely
vary. Such extensions are able to lower the H0 tension
down to the 1.4–1.9σ level. However, they too are strongly
disfavored with respect to ΛCDM from Bayesian evidence
considerations.
An interesting and somewhat more fair comparison is

between extended (w and Neff varying) and nonstandard
models (w and Neff fixed to nonstandard values) which
reduce the H0 tension to the same level of statistical
significance (for instance, reducing the tension to the
1.5–2σ level will subjectively be considered by most to
be a satisfying enough resolution to the H0 tension). In this
case I have found (see Sec. IV C) that perhaps somewhat
surprisingly the nonstandard models fare considerably
better from the Bayesian evidence point of view. For
instance, while the ΛCDMþ Neff extension is able to
bring the tension down to the 1.4σ level at the expense of a
value ln Bij ¼ −4.6 strongly favoring ΛCDM, the tension
can be brought down to the same level either if a physical
model is able to fix w ≈ −1.15 (which leads to
ln Bij ¼ −4.0) or even more efficiently if Neff ≈ 3.55
(which leads to ln Bij ¼ −1.3).
While the examples I have considered are limited,

they appear to point to a perhaps unexpected fact:
from the statistical point of view the H0 tension does
not seem to favor extensions to ΛCDM (a similar con-
clusion was already reached, through a different approach,
in Refs. [97,108]), but would rather prefer models which

are able to fix (or approximately fix) the extra parameters to
nonstandard values. Such a conclusion can be particularly
interesting for model builders, with my results providing
parameter values to test against. For instance, a well-
motivated microphysical model making a definite prediction
that w ≈ −1.3 or Neff ≈ 3.95 would also predict perfect
agreement between the high-redshift and local distance
ladder estimates of H0. Examples of models making pre-
dictions near the “sweet spots” considered were discussed in
Sec. IVD. It is worth remarking, however, that neither of the
approaches considered in this work has led to a fully
satisfying resolution of the H0 tension. None of the models
considered here (be they extended or nonstandard) are able to
bring the tension below the 1σ level while not being
excessively penalized by Bayesian evidence considerations.
In this sense, a compelling solution to the H0 tension with
either approach remains to be found (see e.g., Ref. [154]).
One caveat of this work is that I have made use of the

2015 Planck likelihood [11] and compared results to the
2016 local distance ladder measurement ofH0 [4], whereas
the new 2019 legacy Planck likelihood was released in
Ref. [57] two weeks after this work appeared on the arXiv,
and new local distance ladder measurements of H0 (which
have increased the significance of the tension) are avail-
able [56]. Nonetheless, in Sec. IV [see in particular
Eqs. (11)–(12)] I have provided tools to estimate how
much my results would change if one wished to adopt the
same approach with a more updated value of H0. In
particular, I have numerically estimated dimensionless
multipliers relating variations in H0 to variations in w
and Neff . These suggest that my earlier results, valid for the
H0 measurement in Ref. [4], would only slightly change
when using the more updated measurement in Ref. [56]; in
particular, one would need w ≈ −1.35 and Neff ≈ 4.1 in
order to address the increased tension. I expect however
that the earlier considerations comparing the statistical
performance of the nonstandard models against the corre-
sponding extended models are robust to such changes. It
would nonetheless be worth reexamining my approach
when the new Planck likelihood becomes available, or
making forecasts in light of future CMB data, for instance
from the Simons Observatory [349,350].
In conclusion, in this work I have revisited the issue of

addressing the H0 tension by invoking new physics,
adopting an alternative approach where I considered what
would happen if a physical theory were able to fix a
beyond-ΛCDM parameter to a specific value; in this case,
the extra parameter is effectively fixed, and the model has
the same number of parameters as ΛCDM. While the
approach considered has not been able to address the H0

tension in a statistically satisfactory way, I have demon-
strated that from a purely statistical point of view the
nonstandard models considered fare as well, if not better,
than their extended counterparts. The findings reported in
this work might also have intriguing repercussions from the
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model-building perspective, providing model builders with
nonstandard values for the dark energy equation of state w
and the effective number of relativistic species Neff to test
against.

ACKNOWLEDGMENTS

It is a pleasure to thank Andrzej Drukier and Katherine
Freese for raising a very interesting question which led me
to develop the present work, Suhail Dhawan and Eleonora

Di Valentino for many interesting discussions while this
project was developed, Miguel Escudero for illuminating
discussions regarding models able to fix Neff to nonstand-
ard values, and the anonymous referee for very useful
suggestions which helped me express my aims more
clearly. I am supported by the Isaac Newton Trust and
the Kavli Foundation through a Newton-Kavli fellowship,
and acknowledge a College Research Associateship at
Homerton College, University of Cambridge.

[1] E. Hubble, A relation between distance and radial velocity
among extra-galactic nebulae, Proc. Natl. Acad. Sci.
U.S.A. 15, 168 (1929).

[2] W. L. Freedman and B. F. Madore, The Hubble constant,
Annu. Rev. Astron. Astrophys. 48, 673 (2010).

[3] W. L. Freedman et al. (HST Collaboration), Final results
from the Hubble Space Telescope key project to measure
the Hubble constant, Astrophys. J. 553, 47 (2001).

[4] A. G. Riess et al., A 2.4% Determination of the local value
of the Hubble constant, Astrophys. J. 826, 56 (2016).

[5] A. G. Riess et al. (Supernova Search Team Collaboration),
Observational evidence from Supernovae for an accelerat-
ing universe and a cosmological constant, Astron. J. 116,
1009 (1998).

[6] S. Perlmutter et al. (Supernova Cosmology Project Col-
laboration), Measurements of Omega and Lambda from 42
high redshift Supernovae, Astrophys. J. 517, 565 (1999).

[7] J. Dunkley et al., The Atacama cosmology telescope:
Cosmological parameters from the 2008 power spectra,
Astrophys. J. 739, 52 (2011).

[8] P. A. R. Ade et al. (Planck Collaboration), Planck 2013
results. XVI. Cosmological parameters, Astron. Astro-
phys. 571, A16 (2014).

[9] P. A. R. Ade et al. (POLARBEAR Collaboration), Meas-
urement of the Cosmic Microwave Background Polariza-
tion Lensing Power Spectrum with the POLARBEAR
Experiment, Phys. Rev. Lett. 113, 021301 (2014).

[10] K. T. Story et al. (SPT Collaboration), A measurement of
the cosmic microwave background gravitational lensing
potential from 100 Square degrees of SPTpol data, As-
trophys. J. 810, 50 (2015).

[11] P. A. R. Ade et al. (Planck Collaboration), Planck 2015
results. XIII. Cosmological parameters, Astron. Astrophys.
594, A13 (2016).

[12] S. Alam et al. (BOSS Collaboration), The clustering
of galaxies in the completed SDSS-III baryon oscillation
spectroscopic survey: Cosmological analysis of the DR12
galaxy sample, Mon. Not. R. Astron. Soc. 470, 2617
(2017).

[13] M. A. Troxel et al. (DES Collaboration), Dark Energy
Survey Year 1 results: Cosmological constraints from
cosmic shear, Phys. Rev. D 98, 043528 (2018).

[14] N. Aghanim et al. (Planck Collaboration), Planck 2018
results. VI. Cosmological parameters, arXiv:1807.06209.

[15] E. Di Valentino, Crack in the cosmological paradigm, Nat.
Astron. 1, 569 (2017).

[16] D. N. Spergel, R. Flauger, and R. Hložek, Planck data
reconsidered, Phys. Rev. D 91, 023518 (2015).

[17] G. E. Addison, Y. Huang, D. J. Watts, C. L. Bennett,
M. Halpern, G. Hinshaw, and J. L. Weiland, Quantifying
discordance in the 2015 Planck CMB spectrum, Astro-
phys. J. 818, 132 (2016).

[18] N. Aghanim et al. (Planck Collaboration), Planck inter-
mediate results. LI. Features in the cosmic microwave
background temperature power spectrum and shifts in
cosmological parameters, Astron. Astrophys. 607, A95
(2017).

[19] M. Lattanzi, C. Burigana, M. Gerbino, A. Gruppuso, N.
Mandolesi, P. Natoli, G. Polenta, L. Salvati, and T.
Trombetti, On the impact of large angle CMB polarization
data on cosmological parameters, J. Cosmol. Astropart.
Phys. 02 (2017) 041.

[20] Y. Huang, G. E. Addison, J. L. Weiland, and C. L. Bennett,
Assessing consistency between WMAP 9-year and Planck
2015 temperature power spectra, Astrophys. J. 869, 38
(2018).

[21] M. Rigault et al. (Nearby Supernova factory Collabora-
tion), Evidence of environmental dependencies of Type Ia
Supernovae from the nearby Supernova factory indicated
by local Hα, Astron. Astrophys. 560, A66 (2013).

[22] M. Rigault et al., Confirmation of a star formation bias in
Type Ia Supernova distances and its effect on measurement
of the Hubble constant, Astrophys. J. 802, 20 (2015).

[23] D. M. Scolnic et al., The complete light-curve sample of
spectroscopically confirmed SNe Ia from Pan-STARRS1
and cosmological constraints from the combined pantheon
sample, Astrophys. J. 859, 101 (2018).

[24] D. O. Jones et al., Should Type Ia Supernova distances be
corrected for their local environments?, Astrophys. J. 867,
108 (2018).

[25] M. Rigault et al. (Nearby Supernova Factory Collabora-
tion), Strong dependence of Type Ia Supernova standardi-
zation on the local specific star formation rate, arXiv:
1806.03849.

NEW PHYSICS IN LIGHT OF THE H0 TENSION: AN … PHYS. REV. D 102, 023518 (2020)

023518-19

https://doi.org/10.1073/pnas.15.3.168
https://doi.org/10.1073/pnas.15.3.168
https://doi.org/10.1146/annurev-astro-082708-101829
https://doi.org/10.1086/320638
https://doi.org/10.3847/0004-637X/826/1/56
https://doi.org/10.1086/300499
https://doi.org/10.1086/300499
https://doi.org/10.1086/307221
https://doi.org/10.1088/0004-637X/739/1/52
https://doi.org/10.1051/0004-6361/201321591
https://doi.org/10.1051/0004-6361/201321591
https://doi.org/10.1103/PhysRevLett.113.021301
https://doi.org/10.1088/0004-637X/810/1/50
https://doi.org/10.1088/0004-637X/810/1/50
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1051/0004-6361/201525830
https://doi.org/10.1093/mnras/stx721
https://doi.org/10.1093/mnras/stx721
https://doi.org/10.1103/PhysRevD.98.043528
https://arXiv.org/abs/1807.06209
https://doi.org/10.1038/s41550-017-0236-8
https://doi.org/10.1038/s41550-017-0236-8
https://doi.org/10.1103/PhysRevD.91.023518
https://doi.org/10.3847/0004-637X/818/2/132
https://doi.org/10.3847/0004-637X/818/2/132
https://doi.org/10.1051/0004-6361/201629504
https://doi.org/10.1051/0004-6361/201629504
https://doi.org/10.1088/1475-7516/2017/02/041
https://doi.org/10.1088/1475-7516/2017/02/041
https://doi.org/10.3847/1538-4357/aaeb1f
https://doi.org/10.3847/1538-4357/aaeb1f
https://doi.org/10.1051/0004-6361/201322104
https://doi.org/10.1088/0004-637X/802/1/20
https://doi.org/10.3847/1538-4357/aab9bb
https://doi.org/10.3847/1538-4357/aae2b9
https://doi.org/10.3847/1538-4357/aae2b9
https://arXiv.org/abs/1806.03849
https://arXiv.org/abs/1806.03849


[26] V. Marra, L. Amendola, I. Sawicki, and W. Valkenburg,
Cosmic Variance and the Measurement of the Local
Hubble Parameter, Phys. Rev. Lett. 110, 241305 (2013).

[27] R. C. Keenan, A. J. Barger, and L. L. Cowie, Evidence for
a 300 megaparsec scale under-density in the local galaxy
distribution, Astrophys. J. 775, 62 (2013).

[28] R. Wojtak, A. Knebe, W. A. Watson, I. T. Iliev, S. Heß, D.
Rapetti, G. Yepes, and S. Gottlöber, Cosmic variance of the
local Hubble flow in large-scale cosmological simulations,
Mon. Not. R. Astron. Soc. 438, 1805 (2014).

[29] I. Odderskov, S. Hannestad, and T. Haugbølle, On the local
variation of the Hubble constant, J. Cosmol. Astropart.
Phys. 10 (2014) 028.

[30] A. E. Romano, Hubble trouble or Hubble bubble?, Int. J.
Mod. Phys. D 27, 1850102 (2018).

[31] P. Fleury, C. Clarkson, and R. Maartens, How does the
cosmic large-scale structure bias the Hubble diagram?,
J. Cosmol. Astropart. Phys. 03 (2017) 062.

[32] H.-Y. Wu and D. Huterer, Sample variance in the local
measurements of the Hubble constant, Mon. Not. R.
Astron. Soc. 471, 4946 (2017).

[33] J. B. Muñoz and M. Kamionkowski, Large-distance lens
uncertainties and time-delay measurements of H0, Phys.
Rev. D 96, 103537 (2017).

[34] B. L. Hoscheit and A. J. Barger, The KBC void: Consis-
tency with Supernovae Type Ia and the kinematic SZ effect
in a ΛLTB model, Astrophys. J. 854, 46 (2018).

[35] D. Camarena and V. Marra, Impact of the cosmic variance
on H0 on cosmological analyses, Phys. Rev. D 98, 023537
(2018).

[36] T. Shanks, L. Hogarth, and N. Metcalfe, Gaia Cepheid
parallaxes and ’Local Hole’ relieve H0 tension, Mon. Not.
R. Astron. Soc. 484, L64 (2019).

[37] C. A. P. Bengaly, U. Andrade, and J. S. Alcaniz, How does
an incomplete sky coverage affect the Hubble constant
variance?, Eur. Phys. J. C 79, 768 (2019).

[38] W. D. Kenworthy, D. Scolnic, and A. Riess, The local
perspective on the Hubble tension: Local structure does not
impact measurement of the Hubble constant, Astrophys. J.
875, 145 (2019).

[39] S. A. Vallejo-Peña and A. E. Romano, Coordinate inde-
pendent approach to the calculation of the effects of local
structure on the luminosity distance, J. Cosmol. Astropart.
Phys. 03 (2020) 023.

[40] M. Martinelli and I. Tutusaus, CMB tensions with
low-redshift H0 and S8 measurements: Impact of a
redshift-dependent Type-Ia Supernovae intrinsic luminos-
ity, Symmetry 11, 986 (2019).

[41] E. Di Valentino, S. Gariazzo, O. Mena, and S. Vagnozzi,
Soundness of dark energy properties, arXiv:2005.02062.

[42] G. Efstathiou,H0 revisited, Mon. Not. R. Astron. Soc. 440,
1138 (2014).

[43] W. Cardona, M. Kunz, and V. Pettorino, Determining H0

with Bayesian hyper-parameters, J. Cosmol. Astropart.
Phys. 03 (2017) 056.

[44] S. M. Feeney, D. J. Mortlock, and N. Dalmasso, Clarifying
the Hubble constant tension with a Bayesian hierarchical
model of the local distance ladder, Mon. Not. R. Astron.
Soc. 476, 3861 (2018).

[45] S. Dhawan, S. W. Jha, and B. Leibundgut, Measuring
the Hubble constant with Type Ia Supernovae as near-
infrared standard candles, Astron. Astrophys. 609, A72
(2018).

[46] B. Follin and L. Knox, Insensitivity of the distance
ladder Hubble constant determination to Cepheid calibra-
tion modelling choices, Mon. Not. R. Astron. Soc. 477,
4534 (2018).

[47] A. Gómez-Valent and L. Amendola, H0 from cosmic
chronometers and Type Ia Supernovae, with Gaussian
Processes and the novel Weighted Polynomial Regression
method, J. Cosmol. Astropart. Phys. 04 (2018) 051.

[48] S. Birrer et al., H0LiCOW—IX. Cosmographic analysis of
the doubly imaged quasar SDSS 1206þ 4332 and a new
measurement of the Hubble constant, Mon. Not. R. Astron.
Soc. 484, 4726 (2019).

[49] C. R. Burns et al. (CSP Collaboration), The Carnegie
Supernova Project: Absolute calibration and the Hubble
constant, Astrophys. J. 869, 56 (2018).

[50] T. Collett, F. Montanari, and S. Rasanen, Model-
Independent Determination of H0 and ΩK0 from Strong
Lensing and Type Ia Supernovae, Phys. Rev. Lett. 123,
231101 (2019).

[51] D. Camarena and V. Marra, Local determination of the
Hubble constant and the deceleration parameter, Phys.
Rev. Research 2, 013028 (2020).

[52] K. C. Wong et al., H0LiCOW XIII. A 2.4% measurement
of H0 from lensed quasars: 5.3σ tension between early and
late-Universe probes, arXiv:1907.04869.

[53] W. L. Freedman et al., The Carnegie-Chicago Hubble
Program.VIII. An independent determination of theHubble
constant based on the tip of the red giant branch, arXiv:
1907.05922.

[54] L. Lombriser, Consistency of the local Hubble constant
with the cosmic microwave background, Phys. Lett. B 803,
135303 (2020).

[55] S.M.Feeney,H. V. Peiris,A. R.Williamson,S. M.Nissanke,
D. J. Mortlock, J. Alsing, and D. Scolnic, Prospects for
Resolving the Hubble Constant Tension with Standard
Sirens, Phys. Rev. Lett. 122, 061105 (2019).

[56] A. G. Riess, S. Casertano, W. Yuan, L. M. Macri, and D.
Scolnic, Large magellanic cloud cepheid standards provide
a 1% foundation for the determination of the Hubble
constant and stronger evidence for physics beyondΛCDM,
Astrophys. J. 876, 85 (2019).

[57] N. Aghanim et al. (Planck Collaboration), Planck 2018
results. V. CMB power spectra and likelihoods, arXiv:
1907.12875.

[58] E. Di Valentino, A. Melchiorri, and J. Silk, Reconciling
Planck with the local value of H0 in extended parameter
space, Phys. Lett. B 761, 242 (2016).

[59] J. L. Bernal, L. Verde, and A. G. Riess, The trouble with
H0, J. Cosmol. Astropart. Phys. 10 (2016) 019.

[60] Z. Berezhiani, A. D. Dolgov, and I. I. Tkachev, Reconcil-
ing Planck results with low redshift astronomical mea-
surements, Phys. Rev. D 92, 061303 (2015).

[61] Q.-G. Huang and K. Wang, How the dark energy can
reconcile Planck with local determination of the Hubble
constant, Eur. Phys. J. C 76, 506 (2016).

SUNNY VAGNOZZI PHYS. REV. D 102, 023518 (2020)

023518-20

https://doi.org/10.1103/PhysRevLett.110.241305
https://doi.org/10.1088/0004-637X/775/1/62
https://doi.org/10.1093/mnras/stt2321
https://doi.org/10.1088/1475-7516/2014/10/028
https://doi.org/10.1088/1475-7516/2014/10/028
https://doi.org/10.1142/S021827181850102X
https://doi.org/10.1142/S021827181850102X
https://doi.org/10.1088/1475-7516/2017/03/062
https://doi.org/10.1093/mnras/stx1967
https://doi.org/10.1093/mnras/stx1967
https://doi.org/10.1103/PhysRevD.96.103537
https://doi.org/10.1103/PhysRevD.96.103537
https://doi.org/10.3847/1538-4357/aaa59b
https://doi.org/10.1103/PhysRevD.98.023537
https://doi.org/10.1103/PhysRevD.98.023537
https://doi.org/10.1093/mnrasl/sly239
https://doi.org/10.1093/mnrasl/sly239
https://doi.org/10.1140/epjc/s10052-019-7284-4
https://doi.org/10.3847/1538-4357/ab0ebf
https://doi.org/10.3847/1538-4357/ab0ebf
https://doi.org/10.1088/1475-7516/2020/03/023
https://doi.org/10.1088/1475-7516/2020/03/023
https://doi.org/10.3390/sym11080986
https://arXiv.org/abs/2005.02062
https://doi.org/10.1093/mnras/stu278
https://doi.org/10.1093/mnras/stu278
https://doi.org/10.1088/1475-7516/2017/03/056
https://doi.org/10.1088/1475-7516/2017/03/056
https://doi.org/10.1093/mnras/sty418
https://doi.org/10.1093/mnras/sty418
https://doi.org/10.1051/0004-6361/201731501
https://doi.org/10.1051/0004-6361/201731501
https://doi.org/10.1093/mnras/sty720
https://doi.org/10.1093/mnras/sty720
https://doi.org/10.1088/1475-7516/2018/04/051
https://doi.org/10.1093/mnras/stz200
https://doi.org/10.1093/mnras/stz200
https://doi.org/10.3847/1538-4357/aae51c
https://doi.org/10.1103/PhysRevLett.123.231101
https://doi.org/10.1103/PhysRevLett.123.231101
https://doi.org/10.1103/PhysRevResearch.2.013028
https://doi.org/10.1103/PhysRevResearch.2.013028
https://arXiv.org/abs/1907.04869
https://arXiv.org/abs/1907.05922
https://arXiv.org/abs/1907.05922
https://doi.org/10.1016/j.physletb.2020.135303
https://doi.org/10.1016/j.physletb.2020.135303
https://doi.org/10.1103/PhysRevLett.122.061105
https://doi.org/10.3847/1538-4357/ab1422
https://arXiv.org/abs/1907.12875
https://arXiv.org/abs/1907.12875
https://doi.org/10.1016/j.physletb.2016.08.043
https://doi.org/10.1088/1475-7516/2016/10/019
https://doi.org/10.1103/PhysRevD.92.061303
https://doi.org/10.1140/epjc/s10052-016-4352-x


[62] T. Tram, R. Vallance, and V. Vennin, Inflation model
selection meets dark radiation, J. Cosmol. Astropart. Phys.
01 (2017) 046.

[63] P. Ko and Y. Tang, Light dark photon and fermionic dark
radiation for the Hubble constant and the structure for-
mation, Phys. Lett. B 762, 462 (2016).

[64] T. Karwal and M. Kamionkowski, Dark energy at early
times, the Hubble parameter, and the string axiverse, Phys.
Rev. D 94, 103523 (2016).

[65] S. Kumar and R. C. Nunes, Probing the interaction
between dark matter and dark energy in the presence of
massive neutrinos, Phys. Rev. D 94, 123511 (2016).

[66] D.-M. Xia and S. Wang, Constraining interacting dark
energy models with latest cosmological observations,
Mon. Not. R. Astron. Soc. 463, 952 (2016).

[67] P. Ko and Y. Tang, Residual non-Abelian dark matter and
dark radiation, Phys. Lett. B 768, 12 (2017).

[68] Z. Chacko, Y. Cui, S. Hong, T. Okui, and Y. Tsai, Partially
acoustic dark matter, interacting dark radiation, and large
scale structure, J. High Energy Phys. 12 (2016) 108.

[69] V. Prilepina and Y. Tsai, Reconciling large and small-scale
structure in twin Higgs models, J. High Energy Phys. 09
(2017) 033.

[70] G.-B. Zhao et al., Dynamical dark energy in light of the
latest observations, Nat. Astron. 1, 627 (2017).

[71] S. Vagnozzi, E. Giusarma, O. Mena, K. Freese, M.
Gerbino, S. Ho, and M. Lattanzi, Unveiling ν secrets with
cosmological data: Neutrino masses and mass hierarchy,
Phys. Rev. D 96, 123503 (2017).

[72] S. Kumar and R. C. Nunes, Echo of interactions in the dark
sector, Phys. Rev. D 96, 103511 (2017).

[73] P. Agrawal, F.-Y. Cyr-Racine, L. Randall, and J. Scholtz,
Dark Catalysis, J. Cosmol. Astropart. Phys. 08 (2017)
021.

[74] M. Benetti, L. L. Graef, and J. S. Alcaniz, Do joint CMB
and HST data support a scale invariant spectrum?, J.
Cosmol. Astropart. Phys. 04 (2017) 003.

[75] L. Feng, J.-F. Zhang, and X. Zhang, A search for sterile
neutrinos with the latest cosmological observations, Eur.
Phys. J. C 77, 418 (2017).

[76] M.-M. Zhao, D.-Z. He, J.-F. Zhang, and X. Zhang, Search
for sterile neutrinos in holographic dark energy cosmol-
ogy: Reconciling Planck observation with the local meas-
urement of the Hubble constant, Phys. Rev. D 96, 043520
(2017).

[77] E. Di Valentino, A. Melchiorri, E. V. Linder, and J. Silk,
Constraining dark energy dynamics in extended parameter
space, Phys. Rev. D 96, 023523 (2017).

[78] S. Gariazzo, M. Escudero, R. Diamanti, and O. Mena,
Cosmological searches for a noncold dark matter compo-
nent, Phys. Rev. D 96, 043501 (2017).

[79] Y. Dirian, Changing the Bayesian prior: Absolute neutrino
mass constraints in nonlocal gravity, Phys. Rev. D 96,
083513 (2017).

[80] E. Di Valentino, A. Melchiorri, and O. Mena, Can
interacting dark energy solve the H0 tension?, Phys.
Rev. D 96, 043503 (2017).
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