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Higher-order tree-level processes in strong laser fields, i.e., cascades, are in general extremely difficult to
calculate, but in some regimes the dominant contribution comes from a sequence of first-order processes,
i.e., nonlinear Compton scattering and nonlinear Breit-Wheeler pair production. At high intensity the field
can be treated as locally constant, which is the basis for standard particle-in-cell codes. However, the
locally-constant-field (LCF) approximation and these particle-in-cell codes cannot be used when the
intensity is only moderately high, which is a regime that is experimentally relevant. We have shown that
one can still use a sequence of first-order processes to estimate higher orders at moderate intensities
provided the field is sufficiently long. An important aspect of our new “gluing” approach is the role of the
spin and polarization of intermediate particles, which is more nontrivial compared to the LCF regime.
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I. INTRODUCTION

Consider a single high-energy electron that collides with
a high-intensity laser field. Many electrons, positrons and
photons can be produced in such collisions [1-3]. One can
approximate the laser by a pulsed plane wave, and, thanks
to the simplicity of the Volkov solution to the Dirac
equation in such fields, one can derive compact expressions
for e.g., nonlinear Compton scattering e~ — e~ +y for
arbitrary pulse shapes and parameter values. After the first
photon emission the photon can decay via nonlinear Breit-
Wheeler pair production [4,5] y — e~ + e or the electron
can emit a second photon. The first gives one part of the
nonlinear trident process [6—18] e~ — ¢~ + ¢~ + e™, and
the second gives one part of double nonlinear Compton
scattering [19-26] ¢~ — ¢~ +y +y. Since all the proc-
esses we consider here are in general nonlinear in the
interaction with the laser, we will drop “nonlinear” from
here on. These two second-order processes are significantly
harder to calculate than the first-order processes. In fact,
even in a plane wave, it is a challenge to calculate all
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contributions to the total or integrated probability e.g., for a
long pulse. So, at third and higher orders one definitely
needs some way to approximate the exact result.

One regime that allows for such an approximation is the
high-intensity regime. More precisely, the classical non-
linearity parameter ay = E/w should be large.' Exactly
how large it has to be depends on the values of the other
parameters in the system [27-30], but assuming it is large
enough, then one can make an expansion in 1/a,. The
formation length is small in this regime, so the field can be
treated as approximately constant during particle produc-
tion. So, in for example trident, photon emission would
happen at one constant value of the field strength, and the
photon would propagate a macroscopic distance and then
decay into a pair at another constant field strength. We call
this the two-step part and refer to the rest as one-step terms.
In the production of N particles we use “N-step” to refer to
the corresponding cascade part. This is the basis of particle-
in-cell (PIC) codes [31-34].

In most of the standard PIC codes so far, whether or not
to produce a particle is determined based on probabilities
or rates that are summed or averaged over the spin or
polarization at each step. However, it is known (see
[13,17,18]) how the spin and polarization of intermediate
particles in trident and double Compton can be included.
For constant fields this is achieved with single sums for

'All energies are given in units of the electron mass m = 1, and
the electron charge e is absorbed into the field strength ¢eE — E.
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each intermediate particle. For example, in trident one
would have a single sum over two different polarization
vectors of the intermediate photon. Recently, spin effects
have started to be included in PIC codes [35,35-38]. See
also [39,40] for further improvements on standard locally-
constant-field (LCF) and PIC methods.

However, if a, is not large, then one cannot use this LCF
approach. In this paper we provide a generalization of the
LCF approach to ay ~ 1. For ay ~ 1 one can in general
expect important corrections to the N-step. However, if the
field has ay ~ 1 and a sufficiently long pulse length, then
the N-step again gives the dominant contribution, because
the intermediate particles can propagate macroscopic dis-
tances, while in the corrections to the N-step at least some
of the particles are forced to stay close. So, the pulse-length
scaling favors the N-step, because the corrections have
subleading scaling. Note that what we here (with ay ~ 1)
mean by the N-step is different from its LCF approxima-
tion, and its relation to the product of nonlinear Compton
and Breit-Wheeler is more complicated than in the LCF
regime and what is put into standard PIC codes. Thus,
while things are simpler for a long pulse, we still have new
features compared to the LCF regime. For arbitrarily
polarized fields the role of the spin and polarization of
intermediate particles is significantly different from the
LCF case. Our motivation for considering long pulses with
moderately high intensity comes from upcoming experi-
ments such as LUXE [41,42] and FACET-II [43].

This paper is organized as follows. In Sec. II we
introduce some notation and basic definitions. In Sec. III
we first study the relation between the dominant contri-
bution to trident for long pulses and the incoherent product
of nonlinear Compton scattering and Breit-Wheeler pair
production. Then we study how this generalizes to other
higher-order processes. We present two equivalent formu-
lations of the gluing approach. In Sec. IV we test the gluing
approach on trident in a circularly polarized field. In Sec. V
we show how higher-order processes can be approximated
with a saddle-point method; we show in particular how
the intricate pattern in the spectrum at low energy can be
understood in terms of a large number of complex saddle
points.

II. FORMALISM

In order to introduce notation we present the dominant
contribution to the trident probability [P. The vector
potential is given by a,(¢), where ¢ = kx = wx™ =
o(x° +x*) and a, = {a;,a,}. We also use the notation

* =20, = 1% £ ¢, The initial electron has momentum
Py» the two electrons in the final state have momenta py,
and p,,, and the positron has p;,. Because the field only
depends on one space-time coordinate, x, we have a delta
function &% (p — py — p» — p3)8(k[p — p1 — P2 — p3)
which can be used to perform e.g., the integral over the

positron momentum components. In Sec. III we will show
how to approximate higher-order processes by incoherently
gluing together a sequence of nonlinear Compton and
Breit-Wheeler steps. To do that we need the spin, polari-
zation and longitudinal momentum dependence of these
first-order building blocks. However, we can integrate the
first-order building blocks over the transverse momenta
(P ) without losing necessary information for building
higher orders. This is related to the fact that after integrating
over the transverse momenta of the final-state particles, the
probability no longer depends on the transverse momentum
of the initial particle.

So, we perform the integrals over p;, and p,, and we
are left with the longitudinal momentum spectrum

P /01 ds,ds,0(s3)P(s), (1)

where s; = kp;/kp is the ratio of the longitudinal momen-
tum of particle i and the initial electron. For the initial
electron we use by = kp and for the intermediate photon
q; = 1 — s;. In this paper we are interested in the two-step
part of P. This comes from a term that on the amplitude
level has two light-front time x™ integrals, so on the
probability level we have four light-front time integrals.
We use ¢ and ¢, for the photon emission step and ¢; and
¢4 for the pair production step. We find

o /4¢ 0(04,)0(03;)

t[rlG)gl +r2043]/(2by)

Pia(s) =
d 877 b} 41621043

KoK
{ o123 Wi uWsy + WisWoy + WiuWos
2ib,
+3 Caerreo) -
ri6s

2ib
x [K“( 0 +1+D2> +1} —DlDz}
2043
+ (51

< 5), (2)

where d*¢ =dg,...dgy, 0 :=¢;— ;. ri=(1/s))—
(1/50), ra = (1/s2) + (1/53), kij = (s:/5;) + (s;/s,), and
where sy = 1 is inserted for symmetry reasons. The sin-
gularities at 6,; = 0 and 0,3 = 0 are regulated by ¢, 4 —
¢4 +ic and ¢y 3 — ¢ 3 —ie with € > 0 or equivalent
integration contours. The field enters the exponent in
0;; = QijM%j via the “effective mass” [44] M, which is
obtained from the light-front time average of the Lorentz
momentum as

M? = (z)*, (3)
where

2ap — a*

ﬂﬂ:pﬂ_aﬂ—i_w u
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and

(F)yy = / " apF(). (5)

0ij Jg,
The prefactor depends on the field through

A= a(g;) — <a>ij7 (6)

which enters via Dy = Ay, - Ay, Dy = Az - Ayz, and

w

o— vpoc
;= b—oe" P2 Dk, WisWig

= WiWjp — WpW; = Z-(w;x Wj)’ (7)
where

Wi =Ap, Wy =A, W3 =Ay, wy=A45 (8)
and where ¢ is the Levi-Civita tensor. Note that W;; = 0 for

linear polarization.
The step function combination can be expressed as

6(042)6(65:)
= ttos = e {1-0( 22 o)) )

where o;; = (¢; + ¢;)/2. Replacing 6(60,4,)0(65,) with
O(643 — 051) gives the same result to leading order in the
pulse length or in a 1/a, expansion. It is natural to make
this replacement because the second term in (9) scales
linearly in the volume and is therefore naturally combined
with the other one-step terms.

Note that we derived (2) in [6] without reference to
the first-order processes, nonlinear Compton and Breit-
Wheeler. We showed in [6] that for linear polarization (2)
can be obtained from the incoherent product of these first-
order processes with a single sum over the polarization of
the intermediate photon. In Sec. III we will consider
arbitrary polarization, where things are more nontrivial.

III. GLUING APPROACH

In this section we present our new gluing approach,
where higher-order processes are approximated by linking
together the spin- and polarization-dependent probabilities
of nonlinear Compton scattering and Breit-Wheeler pair
production. This is a generalization of the case in [25],
where we considered processes with only intermediate
electrons. We expect this to give a good approximation for
sufficiently long pulses and/or large a,. To treat the spin
and polarization we use the following basis. For fermions
we choose

001 0 0O 0 0 1
0 0 0 0 1 . 0O 0 1 0
V= ) V= )
1 0 0 O 0O -1 0 O
01 0 0 -1 0 0 O
0 0 0 —i 0O 01 0
5 0O 0 i O 3 0 0 0 -1
7/ = }/‘ =
0O ¢ 0 O -1 0 0 O
—-i 0 0 0, 0O 1 0 O
(10)
and (cf. [45,46])
1 P1—ip2
1 0 1 2p_
Uy = —— , U= ——
2p_ 2p_ 2p_ 0
—p1—ip2 1
(11)
1 p1—ip;
1 0 1 2p_
vy = —— V) =
2p_ —2p_ 2p_ 0
p1+ips -1
(12)

These spinors are convenient because of their simple
2 .

dependence on p,,” so all integrals over p;,  are

Gaussian. A general spin state can be expressed as

u = cos (g) uy + sin <g> euy, (13)
v = CoS <§> vy + sin <g> etvy. (14)

We assume that p and 4 do not depend on the momentum p,
and then we integrate over all the transverse momentum
components. It turns out that the results can be expressed
neatly in terms of the following vector:

1, 1
= — TE = = — IZ =
ni=su u(p=0) SV v(p =0)

= {cos Asinp, sinAsinp, cosp}, (15)

where the spin matrix is given by

*Recall that p_ is independent on p; while p, = (1+ p2)/
(4p_), which also means that factors of py = p_ + p, could
lead to more complicated expressions.
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=iy (16)

We also have

(7 + D1+ pr¢), (17)

un =

| =

where y° = iy’y'y?y* and the spin 4-vector a, is a linear

combination of three basis vectors a'/p =0 with the
components of n as coefficients:

3

a, = Znia,(f) (18)

with (cf. [35])

a’ =X, - Ekﬂ,

a/(42) = _]f_;kw

W = = (19)
where £v = v, Jv = v, and a?al) = —§;;. Thus, n is the

Stokes vector with respect to the spin basis given by a(®).
For a photon with momentum [/, we choose a polariza-
tion vector with e_ =0, e, =1,¢,/(21_) and

o fw@n()e) @

We again keep p and A constant while integrating over the
transverse momenta. Similar to the fermion case, we find
that the polarization dependence can be expressed in terms
of another three-dimensional unit vector:

n = ¢€;{01,07,03}¢;

= {cos Asinp,sindsinp, cosp}, (21)

where the Pauli matrices are as usual given by
A A (1 0
7o) 27 o) P o 1)

The meaning of this vector is of course different from the
fermion case and it transforms differently under e.g., a
rotation of the transverse coordinates. However, the role
this vector plays in linking together the first-order processes
is basically the same as in the fermion case. n is the Stokes

vector with respect to the two polarizations given by el =

{1,0} and e(f) = {0, 1}. Spin and polarization effects have

been studied in many papers; see for example [35,35-38,
47-56].

A. Averaging approach

With these vectors we find that the probability of
nonlinear Compton scattering and Breit-Wheeler pair
production can be expressed as

P:([P’>—|—n0'P0—|—n1‘Pl+n2-P2
+ny-Py-n; +ng-Ppy-ny+n;-Ppp-my

+ Po1pijoiny jnyy, (23)

with two n;’s for the fermions and one for the photon
(cf. Sec. 87 in [57] for ordinary Compton scattering). (P)
gives the spin and polarization averaged probability, P;
gives the dependence on the spin or polarization of one
particle when averaging over the spin or polarization of the
other two particles, P;; describes the correlation between
the spin or polarization of two particles, and P, describes
the correlation between the spin and polarization of all three
particles.

For Compton scattering we find that the probability that
an electron with longitudinal momentum s, and spin vector
n, scatters into a state with s; and n; by emitting a photon
with momentum ¢, and polarization n, is given by

io do, ir
PC=: R expd 0, \RC, (24
87Tb0S(2) / 621 P {Zbo 21} ( )

where RC is given, with the same notation as in (23), by

K 21b0
RS =2 |24+ 14D, -1 2
(R%) 2{r9++1] , (25)
Rg_ﬂ{1+[1+s—°]lzx}-v, (26)
So S
R§:—1{1+[1+s—‘]ﬁx}-v, (27)
S So
C K
Ry =w- Sk+§5k20'2 W, (28)
RC _ﬂ{sokX—SIXk—ﬂlzﬁ}
SoS 2
2lb0 K A~ A~
“04 D, |1, +2KK 2
Pl e
RC :ﬂ —sOSk-V—l-s](Skz X
70k 5051

+ G [1 +i—(j ﬁ—Z%D] +1] —1>l€]}, (30)
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R;(':l.k — I {_slsk -V + 50012 [X
S051
1 S 2lb0 A~
—|14+—||—+D 11 -1k 31
+(2[+50]{79+ 1+] )]} B
q1 o ~ 41
RC .. =—"— kS, - X —50S; - Xk ——S
701 kij 5051 {Sl k SoOk 5 Ok

+ 5k2 [S()EV - S1Vla}
ij
K

SkiK J}

+wy - {5k20'2 |:12,ij +

K

K .
+ S [5 1L+ kikj:| T30 Sko'zij} W,

(32)

where r = (1/s;) - (1/s0), &= (so/s1) + (51/50), K=
(s0/s1) = (51/50), kK ={0,0,1}, Sy;; = 61161 + 51363
0,3 = 0,3 = 09

(33)

|
o o =
o - o
© o o

and

X:%(Wz‘l'wl), V:%O'z'
The corresponding expressions for Compton scattering by a
positron can be obtained either (i) by replacing a — —a and
n — —n for the two spin vectors or (ii) by replacing s, <>
—s) [except in the overall factor of 1/s3 in (24)], ng3 <> ny3
and ny; < —ny;.

For Breit-Wheeler we find that the probability that a
photon with g; and n, decays into an electron with s, and
n, and a positron with s; and n3 is given by

(wa—wp).  (34)

j d¢ ir
peW = 2 [ SP2 el g, LRBY, (35
8700q2 ) 0n P\ 20y (35)
where
2ib
RBW) =5 1Z20 4 14 p | 41

( >2[r0++1+, (36)
RZBW:@{H {1 —S—Z}léx} v, (37)

$2 53
RV —@{1— {1 —si]léx} v, (38)

83 $2

K
RV = —w, - {Sk +§5k262} "W, (39)

REY :ﬂ{_szﬁx+s3xﬁ _dig lz}
§283 2
21b0 K ~ A~
—+D| |1, +zkk]|, 40
q
R];zvf]/{ = —;3 {SZSk -V - S35k2 |:X

:G [1—i—j {%JrD] +1] —1)12”, (41)

-V -— 5251{2 |:X

I PO ) B R TR
2 A\ r9

(42)
a1 o ~
R?gkij = E {Sg,kSk - X - SZSk - Xk +?Sk
+ 51{2 [SzkAV - S3Vl€]}
ij
K ~ A
— Wi - {5k262 |:12,ij + Eklk]:|
K - K
+Sk EIZ,ij+kikj +§62'Sk62ij * Wy,
(43)

where r = (1/sy) + (1/s3), k= (s2/53) + (s3/52), and
& = (s,/s3) — (s3/s,). These expressions for PBY can
be obtained from (24)—(32) by replacing s, — —s3,
S1 = 82, g1 = —q1, Moz = N33, Do = —N3;, N = Ny,
n, — —n, and n,; 3 — N, 3, and finally multiplying with
an overall —1. The sign change for one of the components
of n, can be understood as a consequence of the fact that,
when changing an incoming photon to an outgoing one,
one takes the complex conjugate of the polarization vector
€,, which in (20) corresponds to 4 — —/, which in turn
changes the sign of n,, in (21).

The goal is now to link together these first-order terms to
approximate higher-order processes for sufficiently long
pulses or large a,. It might seem like we have a quite large
number of terms compared to the familiar LCF case, but
note that the idea is that these are all the terms we need
to construct the Nth step for any higher-order process for
ap 2 1 and arbitrary field polarization.

We start with trident. In this case we only have an
intermediate photon, but no intermediate fermions, which
means that to obtain the probability summed and averaged
over the spins of initial- and final-state particles we only
need to consider four terms, namely (25), (28), (36) and
(39). It turns out to be convenient to write all spin and
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polarization sums as averages, so as our initial ansatz
we take

4

2
[Fbglue = 3 <[P>CPBW> + (1 < 2)’ (44)

where we have a factor of 2° because we have replaced
sums with averages over the spins for the three particles in
the final state, we have similarly included a factor of 2
for the intermediate photon, the factor of 1/2 is because
we have two identical particles in the final state and the
(1 <> 2) term makes the probability symmetric with respect
to these two particles. Here and in the following we have, to
avoid clutter, omitted the arguments of P and Pgy in (...),
which are of course different. Apart from the different
momenta and n we have chosen ¢, and ¢, for the first
factor/step in (...), ¢h; and ¢, for the second factor, etc. In
this gluing approach we also include step functions, e.g.,
0(643 — 051), so the different steps happen in the right
chronological order, but this is done in exactly the same
way as in [6] so we leave it implicit in the following. The
average or sum over the spins (and polarization in the
general case) of initial- and final-state particles simply
corresponds to sums over two antiparallel vectors, e.g.,
n; = £n/, where nj is an arbitrary vector. So, we have
(1) = 1 and (n) = 0. However, things are nontrivial for the
spins of intermediate particles. We can still use (1) = 1 and
(n) = 0 which give

Poiue = 23[<PC><PBW> + P;(/: -(nn) - le/sw + (1< 2)]
(45)

where n is the polarization vector of the intermediate
photon. The question now is what to do with (nn). If one
sums over n = +n"”), where n(”) is some reference or basis
vector, then the matrix (nn) clearly depends on the choice
of n"), We want P g1y to be equal to P, in (2), which we can
write as

P, = 2 [(PO)(PBY) + PS - PBY + (1 < 2)].  (46)

For linear polarization a,(¢) =0 we have Pf’lBW =
Pf’zBW = (0 and then we can obtain [’, by summing over
two real polarization vectors with A =0 and p =0, x,
which correspond to n = fe3. So, for linear polarization
there is a choice of n(") that gives the desired result.
However, this does not work for more general field

polarization where Pg '1BW, Pﬁ'ZBW # 0, because then we
would not be able to obtain e.g., the term with
MW, Wys in P,. If one instead tried to sum over
circular polarizations, with p = z/2 and 1 = +x/2, then
one would have n; = 0 and would again be missing terms.
The fact that we in general do not recover all terms in this

way is because we already have a sum over the photon

FIG. 1. These diagrams illustrate double nonlinear Breit-
Wheeler pair production.

polarization on the amplitude level, so on the probability
level we have in general a double sum, over ¢ and ¢ say,
and the naive gluing approach only takes into account the
two terms where ¢ = ¢'.

However, by comparing (45) and (46) we immediately
see that by simply replacing (nn) — 1 we obtain all terms
in P, for any polarization. We thus propose the following
improved gluing approach: Include a factor of 2 for each
intermediate particle and then simplify with the rules
(1) =1, (n) =0 and (nn) - 1. We have showed in [25]
that this procedure also works for double nonlinear
Compton scattering, where we have a vector n for an
intermediate electron rather than a photon. We have in fact
showed [25] that this procedure also works for triple and
quadruple nonlinear Compton scattering, where an electron
interacts nonlinearly with the background field and emits
three and four photons, respectively. These processes
only have intermediate electrons and are hence built from
(25)—(27) and (29). We will consider the general case in the
next section.

As an example of a process that involves both an
intermediate photon and an intermediate fermion we
consider double Breit-Wheeler pair production, i.e., the
decay of an initial photon into two electron-positron pairs
as illustrated in Fig. 1. There are two different contributions
to this process, where the intermediate photon is emitted by
either an electron or a positron. We have checked that both
can be obtained from

26
Péﬁ? =5 [(PewPcPpw) + (PpwPePew)]
+ permutations, (47)

where P, is the probability of positron Compton scattering,
we have 2% because we have two intermediate particles and
we sum over the spins of the final-state particles and
average over the initial polarization, and we have a factor
of 1/22 because there are two pairs of identical particles in
the final state. The brackets in (47) are calculated using
(I)=1, (n) =0 and (nn) =1 for all seven spin or
polarization vectors.

In Fig. 2 we have (one part of) a process with two
cascade branches. (The two photons can of course also be
emitted by the same fermion, but that is another example
of a single-branch cascade.) We have checked that the
absolute squared of the diagram in Fig. 2 can be obtained
from
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Do
l2

p3

FIG. 2. This diagram illustrates one part of the process where
one photon is emitted by the electron and another photon is
emitted by the positron. This is an example with two cascade
branches.

26
= (PowPcPl). (48)

So, our gluing approach is not restricted to single-branch
cascades.

B. Matrix approach

Consider higher-order nonlinear Compton scattering
(emission of more than one photon with nonlinear inter-
action with the background field). For this single-branch
cascade we can replace the (...) “operator” with a matrix
formulation. From the 3D spin unit vector n we define a
4D vector

N = {1,n}. (49)

Summing over the photon polarization we find that
the probability of single Compton scattering can be
expressed as

[FDC:<|]:D>+n0'P0+P1'n1+n0'P01'n1
:N] 'Mlo'No, (50)

with Ny and N; for the initial- and final-state electron,
respectively, and where P is defined in [25]. The last
step defines a 4 x 4 matrix M in terms of Py, P, and Py,.
As an illustration of this matrix formulation, consider
triple nonlinear Compton scattering. The (...) approach
described in [25] can be expressed in terms of the 4D
approach according to

({P) +ng-Py+P;-ny +ny- Py -my
[(P) +n;-Py+ P, -n,+n; Py -ny]
[(P) 4+ mn, - Py+ Py -n3 +n, - Py - ns))
= {10} -M;((3) - M;y(2) - Mjo(1) - {1.0},  (51)

where Ny = N; = {1, 0} means that we are averaging and
summing over the spin of the initial- and final-state
electron, and M;y(i) depends on the light-front time
integration variables and longitudinal momenta associated
with the emission of photon i. This seems like a simple
formulation for a single-branch cascade, and it is similar to

the Miiller-matrix formulation of the evolution of Stokes
vectors in optics; see also [50] for perturbative QED with
no background field. However, in cascades with more than
one branch, a 4 x 4 matrix would not describe the most
general spin and polarization dependence; instead the
dimensionality increases with the number of branches.
We will now demonstrate that these two formulations
are equivalent. The spin- and polarization-dependent parts
factorize because for a fermion propagator we can express

prl= > un (52)

P=po-Pot+7
and
E v, (53)
P=po-Pot+7

where the spinors u and v are given by (13) and (14). And
for the photon propagator we have

1 _
Kby + k) = - > g, (54

P=Po:Po+7

L/u/ = 9w —

where the polarization vector ¢, is given by (20). Consider a
Compton scattering step, where a photon is emitted by an
electron. From the amplitude we have, regardless of
whether or not the particles come from the initial, some
intermediate or the final state,

X = W(Pu s dns D)L P2 20 (P Pons Ao B). - (55)

where
w(p,p. A ¢) = K(p, p)u(p,p, )o(p,¢),  (56)
_ ke
K=1+ 2%p’ (57)
and

s _ 2
(p:exp{—i<px+/ 2615#)}. (58)

From the complex conjugate of the amplitude we have

V=W (P Pis s G )L 5 250 (P Pis Ao i)» (59)

where p{ and A can be different from p; and 4; for
intermediate particles. We will integrate X')) over the
transverse momenta. Assume first that we are dealing with
a final-state step, where no more particles are produced by
these particles (but more particles can be produced at a later
light-front time by a different cascade branch). We have
three cases: (i) We use the overall momentum conservation
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delta function to perform the p;- integral, which means
pik = p; — I+, where p;; depends on the other, indepen-
dent momenta. Only this step depends on [+, so we have

Z=N / Prxy, (60)

where A is a normalization factor, which we will come
back to. (ii) If we have already used the overall delta
function for a different step, then we have integrals over
both /* and p;-. These momenta also appear in some other
step(s) because of the momentum conservation, but only
via their sum p,, = p;- + I*. So, we change variable from
Pk to py, and then [+ only appears in this step and we
again have (60). (iii) If we initially have an integral over p,-
and where the photon momentum is fixed by momentum
conservation [+ = p- — p-. then we just change variable
from p; to I*. So, in all cases we have (60). After
performing the integral over [+ we find that the result is
independent of all the other transverse momenta. This
means that this step factors out and we can treat the step that
produced the p,, electron as if it were a final step. After
performing all the transverse momentum integrals we find
that all steps have factorized. The different steps are linked
via matrix multiplication. For an initial electron we have
uy(p, A)ig(p, 4), with u from the amplitude and # from its
complex conjugate, which we can write in terms of the
basis spinors as (omitting the spinor indices)

uﬁ:N(O)~(u¢ﬁT,u¢ﬁ¢,M¢ﬁT’M¢ﬁ¢)» (61)
where
NO = <coszg : cosg sing e i, cosg sing e, sin? g) :
(62)

For an outgoing electron we have i, (p, A)ug(p, 4), with &
from the amplitude and u from its complex conjugate, so

ﬁu:N(O)~(ﬁ¢uT,f4¢ul,ﬁluT,ﬁlu¢). (63)

Similarly, for an outgoing photon we have €,¢,, with the
first term from the amplitude and the second term from its
complex conjugate:

E‘GZN(O) . (E‘T€T,ET€¢,E‘¢€T,E‘¢€¢>, (64)
where ¢, is given by (p=0,4=0) and ¢ by
(p ==,2=0). For an intermediate particle we have a
double spin sum, one for the amplitude and a second
for its complex conjugate. We can without loss of general-
ity sum over the spin basis with 1 =0, i.e., Zr,s=T,¢ u, .
We can make this a single sum by summing over

(wpity,upity, uyity, uy it ). We order the sums for the other
two particles also as (11,11, )1, ). The most general
case is thus given by a 4 x4 x4 matrix Z;, ; , where
ij=1,...,4 and the {first, second, third} index for the
{photon, incoming electron, outgoing electron}. We want
to express the spin and polarization of the particles in
terms of their Stokes vectors (as above) rather than N©,
and for this it is natural to transform the indices using

1 0 0 1

T::l 01 —-i O ’ (65)
20 1 @i O
1 0 0 -1

which obeys 2777 =1 (77 is the conjugate transpose).
Using this matrix we define

— 77 77

Milimin ’]j[ injn (66)

jljmjn ij im :
If one of these particles is in the initial or final state, then
we have

27N = (1,cos Asinp,sinAsinp,cosp) = N (67)

and N©27 = N, which is the Stokes vector as defined
above. For single Compton scattering we have
1

Ni NG Mii,i, N7, (68)
where N/, N and N" are the Stokes vectors for the photon
and the initial- and final-state electron, respectively. So, the
building block M for constructing the gluing estimate of
higher orders is naturally interpreted in terms of the Stokes-

vector-dependent first-order process. For double Compton
scattering, for example, we would have

N2 N N7 M

llz lll In

ity im, i,,Mill g N?ZO . (69)

We can find similar expressions for photon emission
by a positron and pair production. Because an incoming
positron has » instead of » in the amplitude, for the
positron spin sums we order the terms according to
(11,4114 L)) instead of (£1.1). 1. 11). so that
we have the same N®) and 7 for all particles.

To show that this matrix formulation is equivalent to the
average (...) approach, start with the gluing ansatz

(..M-NN-M..), (70)

where N is the Stokes vector of some intermediate particle.
Using the prescription (1) =1, (n) =0 and (nn) = 1 we
also have (N,Nj4) = 6,4, so the (...) approach reduces to
the matrix formulation.
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We now return to the normalization factor A/ in (60).
We use the same normalization as in [6]. So, in particular,
the amplitude is given by

éS(Pm — Pou) 0|HbHdHanT|O (71)

where b, d and a are the mode operators (with the
momentum and spin arguments suppressed) for electrons,
positrons and photons, respectively, and U is the evolution
operator. The delta function is given by 6(P) = (2x)3 x
5(P_)8*(Py). Py, is the momentum of the initial particle
and P, is the sum of the (— and L components of the)
momenta of all the final-state particles. The initial state is
given by

jin) = / dPy f(Py)B'0). (72)

where B is the mode operator for an electron, a positron or a
photon, and dP;, = O(P™)dP"d?P" /(2P (27)3) (which is
Lorentz invariant). The mode operators are normalized
such that (in|in) = 1 implies

/ aP,If2 = 1. (73)

We assume for simplicity that the wave packet is sharply
peaked, which means

Jo

where p’ is the momentum of one of the final-state
particles. For each of the rest of the outgoing particles
we have a momentum integral | dP. For each intermediate
particle we have i [d*xd*P =i [dg5=dxtdP_ .
The integral over x~* gives a delta function which we
use to perform the integral over P_ . The P, integral is
elementary and independent of the field:

dp, (1,P,) pALt
—iPAx , 75
/ 27 P2 —m? +l€€ (75)

where Ax™ is the difference between two x* variables and
(1, P,) means that the numerator is either independent of
or linear in P,. Using P> =4P_P, — P}, the integral
either gives a term with an “instantaneous” §(Ax™) or one
with a time-ordering 6(Ax™); cf. [22]. Only the step-
function term contributes to the cascade or gluing estimate.
Apart from the terms that we have already included in X
and ), each propagator gives a factor of 1/(2kP). There is
one x* integral more than there are propagators and, since

> 0(kp')
B kPin 4

(74)

o 1
AP, f—M
lﬂf k+

d*x = dx*dx~d?x*/2, it gives an overall factor of 1/4,
which we combine with 1/(kP;,kp’) in (74). Thus, each
external and intermediate particle gives a factor of 1/(2kP).
So, in order for

= /HdkP,H(kp’)qubi“timeordering” H Z;

all steps

(76)

to give the probability with the correct normalization,
where kP; = bys; are all the independent longitudinal
momentum variables of the outgoing particles and time
ordering denotes the product of step functions that give
light-front time ordering, we need

e? 1 1 1
=, 77
N (27)3 2kp,, 2kp,, 2kl (77)

The fundamental matrix for a Compton-scattering step
can be expressed compactly as

ia ~

MC = 7MC 78
Sﬂbosmenm (78)
2 03 ~
M?lml” 2qa’§ +C1 KW +0) Wm6(1)3
Smsn
2ib
+ L; °tw, w} {5083 +662],
nm
R 2,512 &%
M%min - 2qS ; +C2—§Wn' 3 W, 1052
+w,-061-W |:003—|-5012:|
n 1 m |0 D) 0 |

~ 2jo93 K| 2ib
Mgimin = q 2 + C3 + = 0 +w, W, |oc 03
28,8, 2 |r0,,,

K
03 12
—Wn-oz-wm{iao +00],

~C qu’%z K 12
M4imi,, = 2smsn + C4 + 2wn oy: Wmld2
+ W, 03 "Wy, |:00 +5 2 012:| (79)
where r = (1/s,) = (1/sn), k = (Su/$n) + (u/Sm)s K =
(sm/sn) - (S,,/Sm),
1 0 0 0 0 0 0 1
0 0 0 O 0 0 0 O
o) = , oP = ,etc.,
00 0 O 0 0 0 0
0 0 0 1 1 0 0 0
(80)
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000 0 00 0 0
01 0 0 001 0
o)t = , olr= ,etc.,
0010 01 0 0
000 0 000 0
(81)
0 Lv, Lv, 0
. Ly, 0 0 -ZX, )
ltv, 00 0 —ix, |
0 Lx; 41X, 0
0 Lv, Lv, 0
C AL 0wk 83
T lLv, 0 0o Lx, [’ (83)
0 -LX, -Lx; 0
0 IX, 41X, 0
LX, 0 0 —Lv,
Ci=| " . (84
lix, 0 0 -y, (84)
0 Lv, LZv, 0
0 -Lv, Ly, 0
| F 0 O T (85)
Y s, 0 0 ax, |’
0 Ly, -LX, 0

with X and V obtained from (34) by replacing w; — w,, and
w, — Ww,,. For single Compton scattering, N le i MS, i Ni!
is equivalent to (23)—(32). The corresponding matrices for
positron Compton and Breit-Wheeler, MPC and MBY, can
be obtained from M€ using the same replacement rules as
explained for (24)—(32).

C. Spin dependence

The spin and polarization treatment above is needed in
order to sum over the intermediate particles. The same
treatment can also be used in order to study the dependence
on the spin or polarization of initial- and final-state
particles. In this section we consider the dependence of
the two-step part of trident on the spin of the initial electron,
described by the vector n as in Sec. III. Spin effects in
single and double nonlinear Compton scattering have been
studied in e.g., [24,35,36]. By either a direct calculation or
by simply omitting the average over n in (PcPgy), i.c., by
using the expressions presented in Sec. Il A, we find

Pwo = (P)+n-P, (86)

where the first term gives the spin average, which we
calculated in [6], and the second term gives the spin
dependence, where P =P, + P,

£ilr1©21+1204]/(2b))

. io? 4 0(051)0(01)
P =—s|d¢——
87°by 41021043

H C
X {—KﬁW:MX + <0'1—2—0'3—2
2 S S

2ib
iy "B (20 L1 py) 41| )y
2 \rbys

+ (51 52), (87)

and

i / 45 2030008) 10, +r.00)/200)
Y 41021043

1 K 2ib

— )W |22+ 14D, ) +1
S1 2 \nby

1

{1
X —
2
1 2lb0 Kz'; ~
—|=(—+1 1+Dy)—1]| =Wy ¢k
[2<Sl+ ><’"1921+ * ]> ]2 34}
+ (51 < 52

): (88)

<>

where X =1 (wy +wy), ¥ =1(wy —w),
Hy = w303 Wy = W3 Wy — Wi Wy, (89)
Co =W3:61 W4 = W3 Wy + W3Wy, (90)

and W34 = w; - io, - wy. Note that only the photon emis-
sion part of the integrand depends on the spin.

Consider a constant field a, = 5/£a0¢. To obtain
the dominant contribution we replace 6(6,,)0(65,) —
9(643 - 0'21). We find

_ az(aoAéb)z Ai(&))
Pls)=e, 2q V&
x { {m - i] ATG) Ail(@)}, 1)

S &

where & = [r;/y]*>. So the maximum and minimum
probability is obtained with spin orthogonal to the field
and the propagation direction. For y <« 1 we find

r  a*(apAd)? { 16}
————exp ,

P=-- -
2797 e

(92)

so the spin dependence is smaller than the average by a
factor of y/27 < 1 in this regime. We recognize this factor
from Eq. (24) in [18].
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Thus, while our spin or polarization treatment is par-
ticularly suitable for summing over spin and polarization
states of intermediate particles, we can also consider initial-
and final-state particles.

IV. TRIDENT IN A CIRCULARLY
POLARIZED FIELD

In [7] we demonstrated that our gluing method indeed
gives a good approximation for trident in a long pulse with
ap~1 and linear polarization. Since the expressions
presented above are valid for any field polarization, we
will demonstrate this fact here for trident in a circularly
polarized field,

a(¢) sin(¢h), cos(¢p), 0ye=#/ 77, (93)

ag {

V2
For linear polarization the two-step part can be obtained by
summing over a certain polarization basis for the inter-
mediate photon, which means that the polarization aspect
of the gluing approach is similar to the standard LCF case.
For other field polarizations it is in general not possible to
obtain the two-step by such a simple sum over two constant
polarization vectors, and for such cases our gluing approach
is indispensable.

In the following we compare the two-step part with the
one-step terms, i.e., the rest of the probability. All the
relevant definitions are given in [7]. As shown in [7], for a
very short pulse (7 ~1), low to moderate intensity
(ag < 1), and “low” energy (by < 1), the exchange part
of the one-step (i.e., the cross term between the two terms
on the amplitude level that are related by exchanging the
two identical particles in the final state) can be comparable
to the other terms. This is in fact what one should expect if
all parameters are on the order of one. This provides a
numerical challenge as the exchange term is numerically
difficult to compute. Fortunately, the exchange term
becomes comparably small for long pulses (7 > 1) and/
or high intensity (ag> 1). So, since we focus on a
relatively long pulse with 7 = 80, we have approximated
the exchange term by its LCF version. We expect this to be
good enough for ay = 1 and very good for higher a.

In Figs. 3 and 4 we show the two sections s; = s, and
s, = s3 for different values of a, and y and for a long pulse
with 7 = 80. These plots contain curves for the six
different contributions to the one-step part, as defined in
[6,7]. However, here it is enough to note that P, is the
exchange term, which is negligible, and P32~! is a part of
the one-step that can be obtained with our gluing method.
These plots show that our gluing method (which gives the
two-step part of this process) gives indeed a good approxi-
mation. The one-step terms have some oscillations in the
momentum spectrum, making the two-step approximation
better for the integrated probability. Note that, while the
LCF version breaks down when q, is not large, here we see

that our generalized two-step is good also at moderate
intensities, ag ~ 1. Comparing the exact result and the LCF
approximation, we note that at low b, the LCF approxi-
mation is significantly smaller, then as b, increases it
temporarily becomes much larger, and finally for large b, it
again becomes smaller. This is because at large b, the LCF
approximation is much larger than the exact result for the
two-step term but smaller than the exact value for the one-
step terms. At moderately large b, this makes the total
probability larger in the LCF approximation, but above a
certain b value, due to the dominance of the one-step, the
exact total probability surpasses its LCF approximation. Of
course, this happens sooner for lower a,, where the two-
step loses importance faster. So, our gluing approach works
in a significantly larger region of parameter space com-
pared to LCF. These results also confirm the fact that our
gluing method works for arbitrary field polarization.

At high energies, by > 1, we enter a different regime,
where the dominant contribution to trident comes from the
one-step part. Interestingly, the dominant contribution in
this regime comes from a one-step term (P32~!) that can be
obtained with the gluing method’; it is obtained in the same
way as the two-step but by including the second step-
function combination in (9) rather than the first. So, at least
for trident we can greatly increase the parameter region
where the gluing approximation works by including all of
0(04,)0(63;) in (9) rather than just the 0(o43 — 065 ) term. If
we compare plots in Fig. 4 with equal b, (not y), that is
diagonally in Fig. 4, we see that b, determines the ratio of
the one-step (~P32~!) and the two-step peaks and that the
width of this peak decreases with a.

A comparison of the distributions in Figs. 3 and 4 with
the corresponding ones in [7] shows that, at larger b, the
distributions look very similar for linear and circular
polarization (apart from the spikes in the linear case coming
from the saddle points or fast variations in the effective
mass), while for low by they are quite different. To
understand this, note that we have defined a; in the circular
case (93) such that the integral of a’>(¢) over one period is
the same as in the linear case (neglecting the variation of the
pulse envelope). This means that, given a value of a,
the maximum field strength is lower in the circular case. At
low b, this means a stronger exponential suppression for
circular polarization and a higher discrepancy from LCF. At
large b, on the other hand, the formation length is large
and the average intensity is more relevant, which explains
why the linear and circular cases are more similar. Note also
that the shape of the dominant one-step term (P3~!) in
Figs. 3 and 4 looks remarkably similar to the linear case,
even for low by,

*There is another one-step term (P4!) which is also visible in
the high-b plots. This term happens to be quite small compared
to P32~1, but it does remain also for larger b,. Unlike P22, PLL
stays quite close to its LCF approximation.
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FIG. 3. Sections of the spectrum for ay = 1, 2,4, y = 1/2,1,2,4,8 and 7 = 80. Solid lines are exact and dashed lines show LCF.
Pl + Pl +P2=1 4 Pl 4+ P12 + P22 gives the one-step part, i.e., the difference between the exact result and the two-step part. The

dominant one-step term P32~! can in fact be obtained in the same way as the two-step, but by including the second rather than the first

step-function combination in (9).

For completeness, in Figs. 5 and 6 we show the full 3D  varies more slowly in a circularly polarized field. At low y
spectrum for different values of a, and y. The overall  the distribution is significant in a limited region at the
shapes resemble those for linear polarization in [7], except ~ center of the s; triangle. As y increases, the peak grows and
that the circular ones are much smoother. This is what one  starts to fill a large part of the triangle. As we reach high
can expect, e.g., because the (¢-dependent) effective mass  values of b, the distribution starts again to concentrate, this
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FIG. 4. Sections of the spectrum for ay = 1, 2, 4, y = 16, 32, 64, 128, 256 and 7 = 80.
time into two sharp peaks located close to the s; = 1 and An important question is how the probability scales

s, = 1 corners. These peaks become progressively taller, with a, and what b values allow us to maximize it.
but also thinner, so the total probability will grow, but only ~ Scaling the integrated probability by 1/a3 allows us to
slowly, as seen in Fig. 7. Note also the peak close to s3 = 1 compare the probabilities for ay = 1, 2, 4, 8 in Fig. 7. It
for ay = 1 and y = 8, where the positron takes most of the ~ shows that the probability reaches a maximum at a finite
initial longitudinal momentum (compared to the peaks at by (cf. similar plots for nonlinear Breit-Wheeler pair
s; = 1 and s, = 1 where one of the electrons takes most of ~ production in [58]). Even with the LCF-inspired scaling

the momentum).

P/ aé, the height increases with a0. The position of the
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FIG. 5. The spectrum for 7 = 80, ay = 1, 2, 4, 8 from left to right, and y = 1/2, 1,2, 4,8 from top to bottom.
peak can be seen in the two insets. The aj; =8 peak  a greater or comparable probability, unless we increase b,

corresponds to the smallest b, value but to the largest y.  to an extremely high value. However, for low a, or a
Increasing b above this value will not help in achieving  shorter pulse, one can beat the peak by going into the
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FIG. 6. The same as Fig. 5 but with y = 16, 32, 64, 128, 256 from top to bottom.
slow-growth region of higher b, This can be seen  in the one-step will be able to provide us with a much

explicitly in Fig. 7 for ay = 1. If the pulse energy is  larger probability than the peak we find in the two-
small, at even moderately high b, values, the growth  step term.
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V. SADDLE-POINT APPROXIMATION

In this section we will present a method that can be used
for a first approximation of the higher-order processes
considered above. In [25] we used a saddle-point approach
to obtain an approximation for y < 1 of the spectrum for
Compton scattering with a remarkably good agreement
with the exact numerical result, including small and fast
oscillations. In this section we use the same method for
trident. Saddle-point and semiclassical methods are of
course often used for various strong-field processes; see
[59,60] for two recent studies of Breit-Wheeler pair
production. For the field we consider here

a(¢) = agsin(¢)e=#/T7, (94)

we can perform the integrals in ©;; and A analytically in
terms of error functions. We consider linear polarization
which is simpler in this approach and also leads to a richer
spectrum. The saddle points are determined by these two
equations

6621 N 8@21 N
8621 o 8021 a

0 (95)

and similar for o453 and 043. Note that these are exactly
the same saddle-point equations as in [25] for Compton
scattering. So, we can reuse the saddle points we already
have, and we refer to [25] for the details on how to obtain
them. For a field with many oscillations there is a large
number of saddle points to include, which all lie in the
complex plane. For one-dimensional integrals one can
deform the original integration contour to a sum over
steepest descent contours that go through some saddle
points but not necessarily all saddle points. For multidi-
mensional integrals like the ones we have here, it is much
more nontrivial to construct the higher-dimensional version
of steepest descent contours and it is in general a nontrivial
question which saddle points one should actually include.
(These questions are also considered in Monte Carlo and
Lefschetz thimble approaches to e.g., the sign problem in

QCD [61].) We should of course not include the saddle
points that give exponentially large contributions, but by
including the other saddle points we have found a good
agreement with the exact numerical result. For a pulsed
oscillating field we in general have to obtain these saddle
points numerically. To do so we need starting points. As
explained in [25] we obtain the saddle points by using the
corresponding ones for a monochromatic field (which are
easier to find) as starting points. The saddle points move
continuously through the complex plane as we decrease the
pulse length 7 (or change a,), and in some cases it can be
useful to consider a couple of intermediate values of 7°
between the monochromatic case 7 = oo and the actual
value of 7. As explained in [25], each pair of ¢ and € have a
set of saddle points which are characterized by two
integers, n and m, where increasing n and m correspond,
respectively, to increasing Reo and Ref (see [25] for the
exact definition of n and m). There are two sets of saddle
points. Here the dominant contribution comes from the
ones that are continuously connected to

1
{0,0} = {I’lﬂ', 2iarcsinh [} + 21’)’“7:} (96)
do

in the monochromatic limit 7 — oo.

A new aspect compared to the first-order processes is
that now we have step functions for the ¢ integrals, which
lead to restrictions on which saddle points to include. For
P332 we have (643 — 65;) and therefore we should only
include saddle points with ny3 > n,;. For ny3 = n,; the step
function removes one-half of a Gaussian integral, which
gives an overall factor of 1/2 compared to the cases with
n4 > ny. For P32 we have a more complicated step

function, (o4 — 09, —‘%2;92“). For saddle points with

043 — 0y = ‘H“Lzeﬂl > 0 one can again diagonalize the
quadratic fluctuations around the saddle point such that
the step functions simply remove one-half of one of the

Gaussian integrals. For saddle points with 643 — 0y =

M = 0 the step function restricts two Gaussian inte-

grals and we have integrals on the form

0 o2y 1 c
/ dxdye=®" by~ — — arccos
0

2m 2v/ab
x/oo dxdyeax'=by*—cxy (97)

where the factor in front of the integral in the second line
gives the relative factor compared to the case without a step
function.

Note that to find the saddle points numerically, we only
have to specify a, and 7, so we have
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FIG. 8. The saddle-point approximation of the spectrum for
ap=1,7 =80 and y = 0.5, 1.

2 1+ [1 =&y ][1 + Ko3] Z
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i
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where prefactor and ©;; depend on a, and 7 via the
numerically obtained saddle points (the Gaussian integrals,
obtained from expanding to second order around the saddle
points, are performed analytically and then evaluated by
inserting the numerical saddle points) but not on the
momenta s; or by.

The saddle-point approximation can be expected to be
good when y is sufficiently small. As can be seen by
comparing Fig. 8 with the corresponding exact results in
[7], this saddle-point approximation captures many of the
features of the exact result even for y = 0.5, which is not
particularly small. The most easily seen difference is the
slightly higher peak in the saddle-point approximation. For
x =1 we start to see a bit larger differences also in the
shape of the spectrum, but the saddle-point result still gives
a good first approximation. Producing the data for the
saddle-point approximation in Fig. 8 is of course much
faster than obtaining the exact results. So, the saddle-point
method can be used to quickly test and find interesting
parameter values, for which one can then produce more
accurate results with an exact integration, e.g., with the
methods described in [7].

VI. CONCLUSIONS

For sufficiently large a, or a sufficiently long pulse, i.e.,
sufficiently large 7', one can expect the dominant contri-
bution to trident to come from the incoherent product of

nonlinear Compton scattering and Breit-Wheeler pair
production. The nontrivial problem is how to treat the
polarization of the intermediate photon. For constant-
crossed fields it was already known [13,17,18] that the
two-step can be obtained by summing the incoherent
product over two suitable polarization vectors. In [6] we
showed that this simple sum can be generalized to
inhomogeneous fields for ay~1 (the two-step in LCF
and constant-crossed fields corresponds to the leading-
order term in an expansion in 1/a, < 1). In this paper we
have studied how to generalize this to general (e.g.,
circular) field polarization. This turns out to be nontrivial.
We have managed to find such a generalization, and it is not
simply a (single) sum over the polarization of the inter-
mediate photon. This gluing generalization involves a 3D
unit (Stokes) vector describing the photon polarization. In
[25] we provided a similar gluing generalization to double
nonlinear Compton scattering, where the intermediate
particle is an electron instead of a photon. In that case
the spin of the intermediate electron enters via another 3D
unit vector (and the two-step is again not simply a sum over
two independent spins). Interestingly, although the 3D unit
vectors for the photon polarization and electron spin are
different objects and transform differently, they enter the
construction of gluing estimate in basically the same way.
Now, if this gluing approach only worked for the second-
order processes, trident and double Compton, it would
perhaps not have been so useful, because we have calcu-
lated all contributions to the probability independently of
this gluing approximation and so we anyway know what
the two-step is and what the gluing approach has to give.
However, in this paper we have generalized to higher orders
and showed that the N-step part of Nth-order processes
with N > 2 (which can be obtained in a spin- and
polarization-basis independent way with Dirac traces of
¥ + 1, etc.) can be obtained with the same gluing approach.
Thus we have provided basic building blocks with which to
construct estimates of general higher-order processes, for
sufficiently large 7 and/or a.
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