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An intense transient magnetic field is produced in high energy heavy-ion collisions mostly due to the
spectator protons inside the two colliding nuclei. The magnetic field introduces anisotropy in the medium,
and hence the isotropic scalar transport coefficients become anisotropic and split into multiple components.
Here, we calculate the anisotropic transport coefficients’ shear, bulk viscosity, and electrical conductivity,
and the thermal diffusion coefficients for a multicomponent hadron resonance gas (HRG) model for a
nonzero magnetic field by using the Boltzmann transport equation in a relaxation time approximation
(RTA). The anisotropic transport coefficient component along the magnetic field remains unaffected by the
magnetic field, while perpendicular dissipation is governed by the interplay of the collisional relaxation
time and the magnetic time scale, which is inverse of the cyclotron frequency. We calculate the anisotropic
transport coefficients as a function of temperature and magnetic field using the HRG model. The neutral
hadrons are unaffected by the Lorentz force and do not contribute to the anisotropic transports, we estimate
within the HRG model the relative contribution of isotropic and anisotropic transports as a function of
magnetic field and temperature. We also give an estimation of these anisotropic transport coefficients for
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the hadronic gas at finite baryon chemical potential (up).
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I. INTRODUCTION

In the initial stage of heavy ion collisions an intense
transient magnetic field eB ~ (1-10)m2 (for /sy =
200 GeV collisions) is expected to be produced [1-5].
Theoretically, it was also shown that the magnitude of the
magnetic field almost linearly rises with center of mass
energy collisions [2,3].

A general consensus is that the initial large magnetic
field will decay quickly (within a few fm) and become
so weak that its effect may be negligible in any bulk
observables. However, the initial hot and dense phase of
quark gluon plasma (QGP) and later time hadronic phase
both have finite electrical conductivities, this finite
conducting medium will definitely modify the decay of
the magnetic field according to the laws of magnetohy-
drodynamics (MHD) [6-10] or through a transport
simulation [11], a matter which is still under investigation
[3,12,13]. Usually the transport coefficients such as shear,
bulk viscosity, and electrical conductivity are taken as an
input to dynamical models such as relativistic MHD.
Hence, it is important to calculate these transport coef-
ficients in presence of magnetic field. The calculation of
transport coefficients in quark and hadronic matter in the
presence of a magnetic field were carried out in recent
Refs. [14-41], where shear viscosity [14-20], electrical
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conductivity [18-32], and bulk viscosity [33-37] were
calculated in the presence of a magnetic field. The
dynamics of heavy quark in the presence of a magnetic
field within the framework of the Fokker-Planck equation
was studied in [39,40]. In the present work, we carry out
a similar investigation where we consider a multi-
component hadron resonance gas and evaluate the shear
viscosity and electrical conductivity in the presence of a
magnetic field. In principle, one can calculate these
transport coefficients in the presence of a magnetic field
by solving QCD on a space-time lattice, but due to the
current computational limitation and some technical
difficulties it is unlikely to obtain the accurate result
of these quantities in the low-temperature regime.
However, it is well known that the hadron resonance
gas (HRG) model successfully reproduces lattice data just
below the crossover temperature (7°.) [42], and it is
expected that at much lower temperatures HRG, as an
effective model, can be reliably used to calculate trans-
port coefficients of hadronic matter. Since the magnetic
field is nonzero in the hadronic phase it motivates us to
calculate the transport coefficients in the presence of the
magnetic field. In Refs. [43,44], thermodynamical proper-
ties of hadron resonance gas in the presence of the
magnetic field has been investigated.

© 2020 American Physical Society
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Here, we would like to mention that recently in
Refs. [20,30,31] transport coefficients (electrical conduc-
tivity and shear viscosity) for a HRG were studied in the
presence of the magnetic field using the relaxation time
approximation. The relaxation time was obtained from the
constant cross section of hadrons. One of the crucial
differences between the present work and the previous
work [20] is that we give a general framework of using
projection tensors [45] consisting of magnetic and hydro-
dynamical tensor degrees of freedom along which the
viscous correction to a single particle distribution function
can be systematically expanded in a Chapman-Enskog
(CE) series. This is unlike the heuristic basis [46] used in
the previous works. Hence, the present formalism can be
used to systematically derive second and higher order
nonresistive MHD equations in the lines of Ref. [38] but
using a general CE series expansion. Apart from this
important technical difference, in the present study we
have calculated all the transport coefficients, which are
available in a Landau frame, i.e., shear viscosity, bulk
viscosity, and baryon diffusion (as well as electrical
conductivity) for hadronic matter. Additionally, we do
not estimate the relaxation time from the hadronic size
but rather treat this as a free parameter. In the present work,
we have separately explored the contributions of neutral
and electrical charged hadrons to shear viscosity, which
might be important phenomenologically. Due to the
Lorentz force, the transport coefficients for electrically
charged hadrons becomes anisotropic, whereas, the neutral
hadrons only contribute to the isotropic transport processes.
We give some estimate of the relative contribution of such
anisotropic and the isotropic transport coefficients within
the HRG model for zero and nonzero pp.

The article is organized as follows: in Sec. II, we briefly
discuss the thermodynamics of the HRG model. In Sec. III,
we introduce the Boltzmann transport equation in relaxation
time approximation and the ansatz for the off-equilibrium
distribution function required to calculate the transport
coefficients. In the same section we discuss the transport
coefficients obtained from relaxation time approximation
with and without the magnetic field. Next, in Sec. IV we
discuss numerical results obtained for HRG. We give a
summary of our work in Sec. V. At the end, detailed
derivation of various transport coefficients are given in
the Appendixes. Throughout the paper we use the natural
unit, the four vectors are denoted by the greek indices and the
three vectors are denoted by the latin indices unless stated
otherwise.

II. FORMALISM

A. Thermodynamics

Here, we start with a brief discussion of the HRG model
to define the thermodynamical quantities like entropy
density s, enthalpy per particle h, etc., which are used

for the calculations of different transport coefficients. All
thermodynamic quantities are derived from the grand
canonical partition function Z of the hadronic matter with
volume V at temperature 7 and chemical potential of ith
species p;:

InZ = VZ/ 3glr In[1 + r;efPi=#), (1)

where p; = B;up with B; as the baryon number of the
hadronic species and up as the baryon chemical potential.
Note that g;, p? = {p;> + m?}'/? are degeneracy factors
and energy of the hadrons of species i with mass
m;; r; = £ stands for fermion or bosons, respectively.
The total degeneracy factor of a particular species of hadron
is obtained as g; = ¢} x ¢!, where g}, g/ are the spin and
iso-spin degeneracy factors, respectively.

Once the partition function is defined, the thermo-
dynamic quantities pressure (P), energy density (¢), and
net baryon density (p) are calculated from the following
standard definitions:

T
P :—an,
T2 0
~ iz
““voar"
T O
N A 2
P=Vou™ (2)

Using Eq. (2), we can further define the entropy density s
and the enthalpy per particle & by using the relations

s=Y (e+P—wp)/T,

i

h=(e+P)/p. (3)
where p; is the baryon density of hadron species i.

III. BOLTZMANN TRANSPORT EQUATION

The calculation of all the transport coefficients consi-
dered here are based on relaxation time approximation of
the collision kernel of the Boltzmann equation, hence, it is
worthwhile to discuss the method for the sake of complete-
ness. The general form of the Boltzmann equation in the
presence of external fields in the relaxation time approxi-
mation is given by [16,18,19,46],

i _ l’P

PrOufi aF" Py =

(4)

where F* is the electromagnetic field strength tensor.
For our case, only the magnetic field is present, hence F** =
—B*" with B*" = ¢"?*B,U,. Note that B is the magnetic
field strength and b* is the unit four vector defined as
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bt = %. So, for a small deviation of the distribution

function from the equilibrium, Eq. (4) can be written as
follows:

U- Bz,
Oufa= (=) 1= 2% g, 7 ori. (9

The equilibrium distribution function for i"* hadron species
is fio = (e#U'P=#) 4 1)1 where r = £1 depending on the
statistics. In all proceedlng calculations, hydrodynamic
four-velocity u* is defined in the Landau frame such that
u, T =5, [dpplf; = eu?, where T is the energy-
momentum tensor, and € is the energy density.

Here, we construct §f; as a linear combination of the
thermodynamic forces times appropriate tensorial coeffi-
cients so that §f; turns out to be a Lorentz scalar,

5f; = AiX + BIX, + C*X,,, (6)

where X, = represents the thermodynamic forces.
Replacing the above form of Jf; in the Boltzmann transport
equation and comparing the coefficients of the thermo-
dynamic forces, we get the unknown coefficients A;, BY,
and C!" in the expression for &f;. Using the 5f; in the
thermodynamic flows, we obtain the transport coefficients
as discussed in detail in Appendix B.

Subsequently, the dissipative quantities like current
density (J%), stress tensor (7#*), bulk viscous pressure (IT),
and particle diffusion current (##) can be written as follows:

J5, = o"E,
T = nﬂWﬂ V, 5
I =¢"o,u,
' ="V, (u/T), (7)

where the tensor coefficients o,
the rest can be written as

&’ pi(p ) afp
uraff i Am/(
d 15Z /(27: 30 ¢
dp, )
=330 [ e

) 1 baryons (ﬁl)z
KH :__Zg/<2n' oKi y (8)

is given in Eq. (A11) and

3 )? Pt

where the coefficients C(Wkvab , Cre and Kmrv gre given
in Egs. (B6), (B26), and (B37), respectively. Note that here
diffusion current refers to baryon diffusion, and hence the
sum is over all baryons (antibaryons).

A. Transport coefficients without a magnetic field

After the short discussion on the thermodynamical
quantities, we discuss here about the transport coefficients
of a relativistic system of particles in the absence of any
external magnetic fields. The electrical conductivity (o),
shear viscosity (#), bulk viscosity ({), and the diffusion
coefficient (k) for a HRG are given in terms of the
temperature and the relaxation time of hadrons,

g (AR B
o = zgl qi 3T/ ) ( )2 csz( zsz)
|

n= 2 Lflo( riin)

15T
é, th/ d p’
/ &p Pz l’ (h—P?)in(l )

cfl()( —rifio)

where ¢, stands for the electric charge of hadrons type i, 7,.
is the relaxation time of hadrons, which is taken to be the
same for all hadrons for the sake of simplicity. The Q; is a
function of the speed of sound along with other thermo-
dynamic quantities, the details of which are given in
Appendix B. The derivation of the transport coefficients
given in Eq. (9) can be found in Refs. [47,48] as well as in
Appendix B. Similar expressions can also be obtained in
Kubo relation [49,50].

In the present article, we aim to calculate the transport
coefficients of HRG in the presence of a magnetic field; the
values of these coefficients without the magnetic fields are
obtained by taking the limit of a vanishing magnetic field.
The expression for the transport coefficients in the presence
of magnetic fields are given in the next few subsections,
and the corresponding detailed derivation for the same is
given in Appendix B.

B. Electrical conductivity in a magnetic field

In the presence of a magnetic field, the transport
coefficients involve another time scale, cyclotron time
7,3 = p¥/(eB), along with the usual relaxation time 7.,
which usually depends on the rate of contact collisions
between the constituents. The index i refers to a type of
hadronic species.

The nonzero Lorentz force, due to the magnetic fields,
gives rise to an anisotropic transport phenomenon (as the
force along the magnetic field is zero and nonzero in other
directions). It is obvious that if the collision time 7,. is much
smaller than the cyclotron time ;3 the effect of the
magnetic field is negligible, i.e., the system is almost
isotropic when 7./7;3 < 1, and it becomes anisotropic
when 7./7;5 ~ 1 or greater. We also note that along the
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magnetic field the Lorentz force does not work, so the
parallel component of any transport coefficient (denoted
by ||) remains the same as without the magnetic field, given
in Eq. (9). Here, we need a little bit more clarification.
In linear theory, any thermodynamic fluxes are proportional
to the corresponding thermodynamic forces, and the
proportionality constants are known as transport coeffi-
cients. If the system is isotropic, the transport coefficients
are scalar, but for an anisotropic medium, the transport
coefficients are components of a tensor. The decomposi-
tions of the transport coefficient tensor in terms of the
available basis (u*, ¢**, b*, b**) are not unique, and we
choose here a particular combination such that the decom-
position has a component parallel to the magnetic field,
which is denoted with a subscript ||. Whereas, the remain-
ing components can have two or more components usually
denoted with a subscript 1. and x. The x-component is
basically a Hall component, which was absent for B = 0
while L-component at B = 0 will still exist, and it will be
exactly equal to ||-component, which restores the isotropic
property of the medium at B = 0. For electrical conduc-
tivity, the expressions of parallel (o), perpendicular (¢, ),
and cross (o) components for hadron resonance gas are
given below:

d 1 1
Zgzs% 3 p (|p )2 csz( riin)a
d 1 1 C
Zgz ,2_ P (|p'|)2 1+ (:C/TiB)Zin(l =rifio)s
B p Pz |I3i|2 (TE/TiB)
Ox = Zgz 125 ( ) (p?)Q 1+ (Tc/TiB)zin(l - riin)'
(10)

As mentioned earlier, the detailed derivation is given in
Appendix A. To compare our results for electrical con-
ductivities (10) to some of the earlier findings [18,19,21]
where the conductivities are denoted with o ; ,, we found
the following relations hold:

o| = oy + 03,
0| = 0y,

oy = 0. (11)

C. Shear viscosity in a magnetic field

The most general form of the §f; in the presence
of a magnetic field where only shear stress is present is
given by

Zc

) PPV (12)

= [c0Pluyop + €1 (Plyap + Plyap)

+iC2(Pluyap = Pluyap) T €3(Pluyap + Plinyap)
+ iC4(P%W/>aﬂ - P<2> A AGS (13)
where V5 = (8U" + aU/’) the form of projectors P{,,

will be given in Appendlx B forn =-2,-1,0, 1, 2. Using
this expression for Jf;, the shear viscous coefficients
turnout to be

d pl p,
15T | i tfio(1 = rifio)
d p, Ip | 2
15T (Tc/TiB)Zin(l —rifio)
d pz Ip, 7.
A1 =7 f,
15T 1 + (2Tc/718)2 flO( rlflo)
d pl |pz Tc/TiB
15T (Tc/TiB)2 in(l - riin)
d pl |p |4 z/TlB
A1 =7 Fa).
22157 | el iy T 2lafear 0 =)
(14)

The coefficients 7, 7y, ', are even functions of
magnetic field B. The two coefficients 7, 7, may have
either sign, and they are odd functions of B. The later two
coefficients are also called transverse viscosity coefficients
[45]. We note the expressions for shear viscosities given in
Eq. (14) are identical to those given in Refs. [16,18,19,46].

D. Bulk viscosity in a magnetic field

Similarly, for bulk viscosity we restrict ourselves to only
the divergence of the fluid four velocity and neglect the
other thermodynamic forces,

3
8fi=> e, Co,U,. (15)

n=1

Using this dfi, the bulk viscous coefficients turn out to be

>
C|| 1= Zgl : (2n)p flz Q2f10( = rifi) (16)

The bulk viscous coefficients remain unchanged under
the influence of the magnetic field as was also shown in
Ref. [38] using Grad’s 14 moment approximation. The
detailed derivation of Eq. (17) is given in Appendix B.
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E. Net baryon diffusion coefficient
in a magnetic field

For the case of diffusion, we keep only the term
containing the spacial derivative of /T in the expression
for of;,

ofi = K’”Piyau(ﬂi/T)- (18)

Using this &f; the diffusion coefficients turn out to be

K :barzy:ons&/ crnl t.(h=B;pio)fio(1—-7ifin)
” 3]’1 (2ﬂ)3(P0)2 c L1 1! 1J 1

i i

baryons 3= =2
[ &PF, |Fi .(h—B;p,
K, = 2 : gl/ Di |pz| Tc( lplO)in(]_riin)

3h) (@ep(p0)? 1+ (%)

baryons > > T,
. i g,/ &Ep; |pil? TC(E)(h_BipiO)f-o(l—r~f-0)
T 2] Cappy ax@p JeUTrde)

i

(19)

where £ is the enthalpy density as defined in Eq. (3), and
the sum runs over baryons only. Due to the anisotropy
induced by the magnetic field, we have three diffusion
coefficients. Here again, the details can be found in
Appendix B.

IV. RESULTS

In the formalism section, we have summarized the
analytic expressions for the anisotropic components of
the shear viscosity, bulk viscosity, thermal diffusion, and
the electrical conductivity for a finite magnetic field. In this
section, we will explore the temperature and magnetic field
dependence of these transport coefficients for HRG model
calculations.

Before discussing the results for HRG with physical
masses of hadrons, let us first consider the simpler massless
case for QGP. Here, we also compare the result obtained
from our numerical implementation of the HRG model to
that of a lattice QCD (LQCD) result for a sanity check. In
the massless limit (also known as the Stefan-Boltzmann
(SB) limit) the thermodynamical quantities like pressure
(P) and energy density (¢), varies as T%, and the entropy
density (s) varies as T°, more explicitly,

¢(4)

Pgp :9—2T4,
T
3¢(4
€sp = g 7[(2 )T4’
474
Ssp = 3 71'2 )T37 (20)

where {(4) stands for zeta function. Here, the subscript SB
stands for the SB limit. In this limit the interaction measure

T~ 102%F

"""""
-
-

103 (c)

PR TR NI R -
1 012 0.14 0.16 0.18

T (GeV)

100%E 1 v 1,
0.06 0.08 O.

FIG. 1. (a) Normalized entropy density s/77, (b) shear viscosity
n/(z.T*), and (c) electrical conductivity o/ (z,T?) as functions of
T for massless QGP (horizontal lines) and HRG.

(€ — 3P)/T* becomes zero, and we consider the HRG to be
a noninteracting gas. It is clear that in the SB limit
P/T*,¢/T*, and s/T? are constants for a given degeneracy.
For example, a 3 flavor quark gluon plasma with the
degeneracy factor g =16+2(24+12) =47.5 yields
P/T* =52, ¢/T* =156, and s/T° = 20.8. However,
for the physical masses of hadrons all these thermodynamic
quantities have a smaller value than their corresponding SB
values and approach SB values from below as m/T — co.
This is shown in the top panel of Fig. 1(a) for the
normalized entropy density where the result obtained from
the HRG model is shown by the blue dotted line; the
corresponding sgg /7" is shown by the blue horizontal solid
line. For comparison, we also show the LQCD (shown by
the green band) result from Ref. [51] in the temperature
range of 120-180 MeV. It is clear from Fig. 1(a) that the
normalized entropy density obtained from the Lattice QCD
calculation and HRG matches very well in the temperature
range considered here, also both results approach SB values
as temperature increases.

Now, let us discuss the shear viscosity and the electrical
conductivity of a massless gas without any magnetic field
as given in Eq. (9). In the massless limit the corresponding
expressions are [19]
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FIG.2. The anisotropic component of the shear viscosities 7, , | for HRG and isotropic value for massless QGP are plotted against the
axes of (a) temperature (7') of the medium and (b) external magnetic field (B).

44(4)
572
,6(2)

o = gqq WTCTZ,

Y

=g
(21)

where g,q% = 12 x (¥ +¢ 4+ <) = 8¢? for 3 flavor QGP.
We note that similar to the thermodynamic quantities in the
SB limit the normalized shear viscosity and electrical
conductivity n/(z,T*) and ¢/(z,T?) are constants. These
normalized SB values 7gz/(7.T*) and ogz/(7,T?) are
shown by the red dash-dotted and black dash horizontal
lines in Figs. 1(b) and 1(c), respectively. For a HRG, both
n/(z.T*) and ¢/(z.T?) have smaller values compared to
their corresponding SB values and approach SB values
from below in the large temperature limit as shown by the
red dot and black dash-dotted lines in Figs. 1(b) and 1(c),
respectively.

The striking similarity between the temperature depend-
ence of thermodynamic quantity s/7° and the transport
coefficients like n/(z,T*), 6/ (z.T?), clearly shows that we
may gain information about the degrees of freedom of the
system under consideration. Alternatively, we might get
information about relaxation time 7. if the temperature
dependence of 7 and ¢ are known from other means.

Next, we explore the role of B and T on shear viscosity
as shown in Fig. (2). For reference, we have also shown the
values of /(z,T*) for a massless QGP (black dotted line)
and that of HRG with B = 0 (shown by the red solid line).
The 5, /7, T* of charged hadrons for eB = 10m2 and 7, =
5 fm is shown by the dash-dotted line in Fig. 2(a). Since
HRG is composed of both charged and neutral hadrons, it is
interesting to study the relative contribution of the charged
and uncharged hadrons to the total shear viscosity. Neutral
hadrons only contribute to isotropic shear viscosity since,
for neutral hadrons, # has a single component, which is

essentially 7 =n). It is clear from Fig. 2(a) that the
anisotropic shear viscous coefficients from the charged
hadrons contribution is quite smaller than that of the
isotropic shear viscosity, which also contains contributions
from the neutral hadrons. However, the above fact is only
true for large magnetic fields [in Fig. 2(a) B = 10m2]. For
smaller magnetic fields, the n, /7, T* becomes comparable
or even larger than the isotropic /7, T* as shown in
Fig. 2(b). The || (red solid line) and L (blue dash-double-
dotted line) components of shear viscosity are plotted
against B-axis in Fig. 2(b). The neutral hadrons contribution,
which is independent of B, is shown by a dashed line
while the charged hadrons contribution is shown by a dash-
dotted line. The blue dash-double-dotted line is basically a
summation of the dash (neutral hadrons) and dash-dotted
(charge hadrons) lines. To get some numerical estimate, we
note that for B = 0 the charged hadron contribution in the
viscosity is more than 50% than the neutral hadrons. As B
increases, the charge hadron contribution decreases and for
eB > 10m2, this contribution reduces to ~4%—8%.

Let us now consider the electrical conductivity, where
gluons in the QGP phase and the neutral hadrons in the
HRG phase play no role due to the charge neutrality. The
results for the electrical conductivity as a function of 7" and
B are plotted in Figs. 3(a) and 3(b). For comparison, here
also we show the massless SB limit for QGP (horizontal
black dotted line) and HRG (red solid line) for B = 0. We
found that the 7 and B dependence of the electrical
conductivity and the shear viscosity are very similar in
nature. They mostly differ due to the different contribution
from the neutral hadrons. For example, the neutral hadrons
do not contribute to the electrical conductivity but play a
role in the transport phenomenon related to the shear
viscosity. At this point, we would like to add a few
comments: (i) we note that both n/(z,T*) and ¢/(z.T?)
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FIG. 3. Anisotropic component of the electrical conductivity (¢, ) for eB = 10m2 and its isotropic value (o)) for B = 0 are plotted as
functions of (a)temperature (7') and (b) the external magnetic field (B).

have the largest values for massless QGP, (ii) in the
presence of the magnetic field, the transport coefficient
becomes anisotropic and among the various components
the || component is the largest and equal to the correspond-
ing isotropic value of the transport coefficient (i.e., for
B = 0), and (iii) there is a small difference in the temper-
ature dependence of the isotropic and the anisotropic
transport coefficients.

Finally, we discuss the diffusion coefficient x. Similar to
the electrical conductivity in the presence of a magnetic
field, the thermal diffusion coefficient also has three
components: K|, K, and k.. As usual, the K| by con-
struction is independent of the magnetic field, but x; and
Kk, are functions of the magnetic field. In Fig. 4, we show
the diffusion coefficients as a function of temperature for
B = 10m2 and pup = 300. From Fig. 4, we see that «, and

10"t =5fm, eB=10m, u =300 MeV 3
0% E
10° :
I E 3
I—U C ]
= 10*%F E
0 ]
10°g/ E
v —L 3

6|/ |
10777 [ B R BN B R B
0.06 0.08 0.1 0.12 0.14 0.16 0.18

T (GeV)

FIG. 4. Temperature dependence of the diffusion coefficients
K|.1x in the presence of the magnetic field.

Kk, are always smaller than x| for the temperature range
considered here. A nonzero Hall diffusion coefficient x,
can be attributed to the nonzero pp because for finite yp the
particles and the antiparticles flow, due to the Hall effect, do
not cancel out. Similarly, one can get nonzero Hall shear
viscosities 7, 75 and the Hall electrical conductivity for
nonvanishing y 5. All of these Hall-like transport coefficients
vanish for a net-baryon free medium because the contribu-
tion from the particles and the antiparticles are exactly equal
and opposite. Figure 5 demonstrate this yz dependent Hall
viscosity (17,), Hall conductivity (o, ), and the Hall diffusion
(ky) for T =150 MeV, eB = 10m2, and 7, = 5 fm. It is
clearly seen that both 7, (black dashed line), o, (blue dash-
dotted line), and «,, (blue dash-double-dotted line) increase

P
107 1, =5fm, eB=10m’, T =150 MeV
@ - e ]
S 10_2§ /’_,,—/’— E
) C =77 ]
© 10°% -7 e T3
3 T T
= L - - ]
T 10%g 7 =TT E
S E . - E
g . |E'/ '/,/ ]
£ VD
2 10°F — - 0, /(1,T) -
0 0.1 0.2 0.3 0.4
g (GeV)
FIG. 5. Baryon chemical potential (uz) dependence of (nor-

malized) Hall viscosity (1) [black dashed line], conductivity
(o, )[blue dash-dotted line], and the diffusion coefficients
(blue dash-double-dotted line).
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monotonically from zero at g = 0. The growing tendency
can be understood from the 1z dependent of the net baryon
density of the HRG system, which is roughly proportional to
sinh(u/T) for the Maxwell-Boltzmann distribution, which
at high temperatures fairly well describes the Fermi-Dirac or
Bose-Einstein distribution functions.

The present methodology is semiclassical (as we con-
sider the quantum statistical distribution function) in nature
and does not include the Landau quantization- a quantum
aspect, which is visible in the strong magnetic field. This
effect is separately addressed in Ref. [52], but the complete
understanding is still missing and we need further theo-
retical research in this direction. The physics of the
anisotropic dissipation of the relativistic fluid in a magnetic
field is also applicable for nonrelativistic fluid, such as
different condensed matter and biological systems.

V. SUMMARY

In high energy heavy-ion collisions, large transient
magnetic fields are produced predominantly in the
perpendicular direction to the reaction plane. This magnetic
field breaks the isotropy of the system and, as a result, the
transport coefficients become anisotropic. We evaluate the
anisotropic transport coefficients of the HRG and massless
QGP by using the relaxation time approximation method.
We use a unique tensorial decomposition of the anisotropic
thermodynamic forces, which reduces the computational
complexity for evaluating anisotropic transport coeffi-
cients. Along with the usual relaxation time, which appears
in the collision kernel of the Boltzmann equation and
controls the rate of reaching equilibrium for systems that
are initially away from the equilibrium in magnetic fields,
we have another timescale equal to the inverse of the
cyclotron frequency. The measure of anisotropy turned out
to be a function of the ratio of these two time scales. It is not
surprising that we found the anisotropy increases with the
magnetic field, and due to the specific choice of tensorial
decomposition the || components of the anisotropic trans-
port coefficients turned out to be the same with the isotropic
case (i.e., for B = 0). We estimate the relative contribution
of electrically charged and neutral hadrons to the various
transport coefficients using the HRG model. Since the
neutral hadrons are unaffected by the Lorentz force, they do
not contribute in the anisotropic transport phenomenon. We
have shown that the charged hadron contribution in the
viscosity is more than 50% than the neutral hadrons. As B
increases, the charged hadron contribution decreases and
for eB > 10m2 this contribution reduces to 4%—8%. In case
of diffusion constant, we need to consider a medium
with finite up. In this study we show the result for
up = 300 MeV. We also find that nondissipative Hall-like
shear viscosity and conductivity increases monotonically
with up from zero at yp = 0. It turned out that there are
three diffusion coefficients in nonzero magnetic fields and
among them the || component is the largest one. It is

interesting to note that in calculating the diffusion coef-
ficients we do not explicitly take into account the electric
charge of the hadrons, but we observe the anisotropic
diffusion coefficients due to the imbalance of particle and
antiparticle numbers. We also sketch chemical potential
dependence of Hall transport coefficients- how they grow
from their vanishing values for (net) baryon free matter?
These anisotropic pictures of dissipations might have a
broad implication in other research fields where relevant
impositions of systems might have to be considered.
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APPENDIX A: ELECTRICAL CONDUCTIVITY
IN THE PRESENCE OF A MAGNETIC FIELD

Electrical conductivity in the absence of the magnetic
field for a quasiparticle system having degeneracy g,
electric charge ¢, and four momentum p* = (p°, p) is
[21,46,50],

d3
_ngﬂ/ p p 7 t.fo(l =rfy),  (Al)

where r = & stands for the fermion/boson, and 7, is the
thermal relaxation time. In this section we are dealing with
only one hadron species.

For deriving the expression of the electrical conductivity
in the presence of a magnetic field, let us start with
Ohm’s law,

J'=06"E;. (A2)
Here, J' = Ji, + Ji, with Ji, Ji, are the ideal and the
dissipative parts of the three electric current density,
respectively. Note that ¢/ is the electrical conductivity
tensor, E”’s are the electric field components in the jth
direction, and i, j runs from 1 to 3.

Now, the dissipative part of the current density according
to the microscopic definition can be expressed as

&p p

%=W/@)of

Here, 6f is a deviation of the distribution function f from
. oy . _ ]
its equilibrium part f, = I

(A3)
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Comparing the Ohm’s law and the microscopic defini-
tion of the dissipative current density we get

. : &p p'

To find the df, we use relativistic Boltzmann equation
(RBE) [18,19,21.46],

of p’of  dp;of _
o pPoxi ' dr dpi 11o1]; (A3)
where I[5f] is the linearized collision integral. Use of the
relaxation time approximation (RTA) corresponds to

1[5f] = —T—, and we also note that the term d;t/ on the
lhs of the EClbOVC equation represents the force due to the
electric E and the magnetic field B. So, Eq. (AS5) can be

written as (assuming vanishing %ft and af o)

g P g\Of_ _of
q<E+p°XB>5‘13 7,
Lof (B _=\Of &f
EZ+(SxB)Z="

— aﬁ+<pox )81‘5
p 9fo

P = 1) 1)
p op .
Since the second term of lhs is (E0 B) %i =0, so we

have considered the df term
Now, we assume §f = —¢ o o where ¢p = p - Fwith F =
(le + mb + n(& x b) where & and b are unit vectors along

E and B.
So, Eq. (A6) becomes

1
—s[~qEe + qBb x (1 + mb + n(é x b))]
P’

~

= (le + mb + n (e x b))/z.. (A7)
Now, comparing coefficients of e, b, and (e x l;) and
solving for /, m, and n we get
B ( qErc> 1
C/TB)
qETc C/T ) 7
e ()
p /TB)
E
< q OTC> (T /TB) (AS)
p /TB)

where 73 = po/(eB) is inverse of cyclotron frequency.

Hence, ¢ can be expressed as

D= e ey O el + (20 20)bib )
(A9)
and
o =~ = F(1 = o)
= 6f = ﬁ%{&, ~ (z/B)eijebi
+ (x/78)?bib, E ffo(1 = fo). (A10)

Now, using the above expression of §f in Eq. (A4),
we get

d3p p p’ 7,
Ij _ 2
= 9ap / (2r (o)

(Tc/TB)zbibj}fo(l - fo)

516i; — (t./7B)€i b

= 5ij60 - €ijkbk61 + bibjO-Zv (All)
where,
&Pp 2
_ Qﬁ/ ‘pl TC(TC/TB)
0,= Fo(l1=10), Al2
@ (PO 1+ (a0 (A1
and n =
from ¢" by using relations [18,19,21,46],
p [ &p |pI
o|=00+toy= ng 2 )3 | |2 cfo( rfo)
3= 2
B[ &P Ipl 2
= 1—
) =0p)=4gq / 21+( C/TB)ZfO( rfo)
3= 2 2
zﬂ d |p| /TB)
= 1-— .
=01=499q / 2 1 +(TC/TB)2fO< rfO)
(A13)

APPENDIX B: STRUCTURE OF RBE IN RTA

In the presence of a magnetic field, RBE with RTA can
be written as [16,18,19,46],

of U-p
5! Frp 22— _
Pro.f + qF*p, o .

of, (B1)

where F* is a field strength tensor, which carry only
magnetic field term F* = —Bb*" with B* = e"?*B,U,,.
Note that B is the magnetic field strength, and b* is the unit
four vector. So, for a small deviation of the distribution
function from the equilibrium, Eq. (B1) can be written as
follows:
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U-p qBrz, 0
0, fo= | — 1 ——b"p,—|6f. (B2
p ﬂfO ( T, >|: Up puapﬂ f ( )
Equilibrium distribution function is f, = W where

chemical potential y has space-time dependency.
So, the left hand side of the above equation can be
written as,

,fo = P*U,Dfo+ p"V,fo

8f° ((U p)DT + p*V,T)

! a(uj;on (@-p(F) <rv(5))

9o

where U* is four velocity of particle D= U"0,,, V¥ = A0,
with AW =g -UrU", ¢"=diag(l,—1,—1,—1). Now,
using the energy-momentum conservation (0, Ty =0),
current conservation (8 N” 0) equations, and the Gibbs-
Duhem relation we get

8/4f0 :M{QVUUU_PMPU |:v/4 U, _%AMDVGU
U.

+[1——( hp)]p”TVM<%>}, (B4)

where Q = (U-p)*(G—7) +(U-p)[(y) = 1)h—y"T) -

tm? and h = mS}/S}. The expressions for y', y”, y”, and

U-p)DU mV ,U"), B3
+5pw (U p)DU* + pV,UY) B3 S are
|
_ (83/55)% = (85/5))* +427'8983/(S5)* + 271 S§/S)
(53/53)% = (85/82) + 32718583/ (83)* +227'85/8, =272
7/// _ + Z_2
(537817 = (SU/SE + 3271381 /(58 + 2 T5Y/8% 2
" $1/54 1527151/} — $151/(53) s
(SY/SLT = (SV/SV7 + 3 SIS/ (8L + 267153/ -
| 0
where z=m/T and S%(z) = >, (—r)*'e*/Tk~K ,(kz), Py = byb,,
K, (x) denoting the modified Bessel function of order n. 1 )
P, = 3 (A;w - b,b, + lb;w),
1. Shear Viscosit o1 .
y Pl =5 (B = byb, = iby,),

In presence of a magnetic field, the general expression of
of for shear viscosity is considered as

4

6f = Z Cn C(n)/waﬁpﬂpyvaﬁ (B6)
n=0
= [coPlyap + 1P luyap + Plyap)
2P lyas = Prayap) + (Pl + Playep)
+ ic4(P%/w>aﬁ - P&Ep)aﬁ)]pﬂpvvaﬂ’ <B7)
_1,0U, , 0Uy (m) ( ) (m)
where Vflﬂ - %(Ox/j + Wi) and P(mx)a/;’ pwaﬂ + Pu;mﬂ

The fourth rank projection tensor is defined in terms of
the second rank projection tensor as [45],

Z Z Pml mzé(m my +ms),

my=—1 my=—

(B8)

/wuv

and the second rank projection tensor is defined as

where A¥ = ¢* — utu”. The second rank projection tensor
satisfies the following properties,

PPS) = 8 PLY, (BY)
(P = PL™ = P, (B10)

1
S P =6, P =1 (B11)

m=-1

Substituting the above expression on the right hand side of
the Boltzmann transport Eq. (B2), we get

_U-p 1_@17#1/[, 9 Sf
Tc U-p YopH
U-p
= - 1— C pypro
( e > |: ”8[)"} Zc (n) (1/3/)(7p p
U-p 4
- (_ 7 > {p PV Y enCluyappo

n=0

qBTCbIW
U-p

(B12)
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B 4
I dd by 8P+ Aipryver Y c,,c(n)aﬂpg] — T, + T, (B13)
n=0
where
U-p 4 5 4
Tl = <_ e ) |:papﬁvp0' Z Cnc(n)aﬁp6:| and, T2 = qu/wpv(AZp/j + Aﬂpa)VpG Z Cnc(n)aﬁpa- (B14)
n=0 n=0

Now,

U-p
_ _ a . f\/po 0 1 —1 . 1 _ 2 -2
T = ( rc )1’ PPV (0Pl e + 1 (Plapps + Plapos) +1€2(Plagy e = Pl o) + €3 (Plap 0 + Pl o)

. 2 -2
+ica(Plapy =~ Plapyoo)) (B15)
and
4 4
T2 = quﬂpr(AZp/} + Aﬁpa)v/m Z Cn C(n)a[)’/)o’ = 2quﬂprAZpﬂV/)0' Z Cnc(n)a/}po" (B16)
n=0 n=0
Since, C(”)(lﬂﬂff = C(ﬂ)ﬂfllm :
So,
v VAV 0 — . | — 2 —2
Ty = 24Bb" p NG PPV [Py 10+ €1 (Plagyg  Plag) Ti€2(Plagyn = Plae) + €3 (Plopys + Prag,)
. )
* lc4(P<"ﬁ>ﬂ P(flﬂ)ﬂff)] (B17)

s Q - Q) l Q _ Q —_
Ty = 2BV p, p,[i(PXW)ab — p-2uw)ap) | 5 (PVw)ap _ p=1{w) ﬂ)][coP? o T €1 <P2aﬂ>,m + P<alﬂ>/m)

. 1 . 2 2
+i02(Plagype = Plagype) T €3(Plappe + P <aﬂ)pﬂ)+lc4(P @pipe ~ Plapypo))

_ 2qBVMPﬂPy[Co . 0+ECI(P/1”(;W _ —1 (uv) ) -~ ( ) + P—I(Mv)) + o5(P2 (/w> _P;3<MD>) — cq(P? ( v) +Pp0< ))]
Y 1 v 1 ) 2w, .
= 2qBV”"pﬂpD[P,l;¢<;” ) <%cl _§C2> +P;5;” ) <—§cl —Ecz> +Pﬁ§;" >(1c3 —c4) + Pp(f(” >(—zc3 —cy)] (B18)

The left hand side of the RBE equation, neglecting the terms that include the spatial gradients of temperature and chemical
potential in terms of the projection operator P’ZW turns out to be

)ap’
Sfo(l =rfo)

T1+T2:— T

PPV P ap + Pluyas + Pluyas T Plyas + Playas) (B19)

|
Now, equating the right hand side with the left hand side of =~ Using the above expressions, the shear viscosities turns out
the relativistic Boltzmann Eq. (B2) with the help of to be
Egs. (B18), (B17), and (B3) we get

2 [ &p
o Lol = o 0 =15 | G lpte D)
2 TWU-p) 5 . 4
o 1 (U-p)fol = rfo)z. =15 mm\ c1. (B22)
27((U- p)* + (¢B.)?) >
o _ L (@B)fo(l = rf)z Ny :B/#mﬁcz, (B23)
> T2T[(U- p) + (¢Br.)Y] 2 [ &P _’Po
_ 1 (U-p)fo(l =rfo)z. 0 = |p\ 3, (B24)
C3 ZT[(U- )2 n (26]BTC)Z] ’ 1 (2]_[3) 3
_ ( ) O(I_rfO)T% / :i dl_; =14 B25
“ETU - p + aBe)] (B20) " 15/ ey pe Pl (B25)
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2. Bulk viscosity

As mentioned earlier in the text, in the presence
of a magnetic field there are three components of the
bulk viscosity and the form of §f which corresponds to
them is

3
5f = yCluud U

n=1

= (Clpgu +CZ(P;141/ +P};I./l) +C3(P/£u _P/:ul )aﬂUU'

(B26)

So, the right hand side of RBE becomes

: B
_Ueply By, 9 sy
Te (U]J) (9 a
:_Up 1— qBTC b’”’pyi
Tc (Up) ap”
x {1 (B"b) + ¢y (A" = b*BY) + ic3b" }0,U,
U
=== Fer(h) + (A
T

c

brbY) +icsb}0,U,

=L e (@0, + (e

Cc

1= )b brA, U, +ic3sh"0,U,}.
(B27)

Equating the coefficients of o0*U,, b*b*0,U, and
b*9,U, from Egs. (B27) and (B3) we get

7cQ fo(l =7fy)

) = W-p) T (B28)
¢y = (ZT]ch)fo(1 ; rfo) (B29)
c; = 0. (B30)

Thus, the bulk viscosity can be derived from the relation

I = [A* —/ @p " prof (B31)
et
Note that IT is known as bulk pressure. Therefore,
1 &p
= (2”)3 0 A;wp p {Cl (babﬂ)
CQ(A"/’ — bbP) + cgb"/’}aaUﬁ. (B32)

So, the components of bulk viscosity in the presence of a
magnetic field are

) dp
G=¢L= %/myﬂ(l —rfo)  (B33)
=0, (B34)

where Q is already addressed in an earlier subsection. Since
without magnetization, there will be no magnetic field
dependent component of bulk viscosity, so its numerical
results have not been explored.

3. Diffusion coefficient

The §f for the thermal diffusion components in presence
of the magnetic field can be written as

5f = K" p,0,a, (B35)

where o) = 4.
The second order tensor K#* can be broken down into the
new projectors:

P, = PY = b,b,,

Py = (P + P) = (8 = bub,),

ww — P

Py, = (P, —P,)) =ib,,. (B36)
Using these projectors the §f becomes
of = [KHPMV + KLP + K P | p 0¥ ag
[KHb b, + KJ_( b b ) + Kx(l yv)}pﬂayao-
(B37)

Now, with this 6f the right hand side of the Boltzmann
transport equation becomes

. B
_U-p[, 4 ch’““p,,a]5f
176 (U-p) op*
:_U-p 1— gBtc bﬂ,,pvi]
Tc L (U'P) op*

X [K”babﬁ + KL(Aaﬁ - babﬁ) + K>< (lbaﬁ)]paaﬁao
U-pl B
_ p pa_ qb7c byyp 6a:|
Tc L (U-p)
X [K”babﬂ + KJ_ (Aaﬂ - babﬂ) + KX (ibaﬂ)]ﬁﬂao

U-p
= T [Kllbab/}+Kl( af — bab/)’)+K (lba//’)] "aﬂao
C

+ quv[baDKHbab/)’ =+ baDKJ_(Aa/;' - bab/?’)

—i—b“”KX(ibaﬂ)]p“aﬂao. (B38)
Using relation Eq. (B9), we have
baupl/j _ _l'anng(ﬁ — _l'[Plow _ P—lau}Pgﬂ =0; (B39)
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b¥PLy = —iP*®PL = —i[P\® — p71@|[Pl 1 P} = [P}t — P¥| = —iP}"; (B40)
b Py = —iP*® P, = —i[P'® — PTI®|[Pl — P = —i[P} + P;"] = —iP}". (B41)

Using the above expressions in Eq. (B38), the rhs of RBE becomes

U-p gBt 0 U-p . ;
i l—ﬁb’”’p Vo ]5f———[K||PﬁP”+K¢P P'+K P10 ag+qBlK|0-p* —iK Py p* —iK | Pyp*l0Pag
. .

—aﬁao{K”( v p)PI [UTP :|Pv/)‘p - [U P :|Pvﬂp }
U- U
:6ﬂa0{K” <— - p) bybﬂpy— [ - P x:| (Ayﬂ_bybﬂ)py

P +igBK, ibyﬂpv}

c

U- U- U

.
~ %Pk, +igBK, ibyﬂp”}. (B42)

c

><:| Au/}py

So, from Egs. (B42) and (B3) the RBE becomes

fol1=rfo) {1 - (U};p)]p"vﬂao - 8ﬂa0{ {K” (— v p) + (UT' Pg + iqBKX>]bybﬁp”

Te

U- U
— |: . pKX + quKJ_:| lbyﬂpb} - |: z P ><:| pﬂvya()‘ (B43)

Equating the coefficients for different tensorial terms, we get

[UT‘,pKl + i(]BKx} = fo(1 = rfo) [1 - (Uh p)}
U-p
-
Y"Pi. yigBK, —o. (B44)
I -
Equating the above three equations, we get o — — 1 / &’p | 52K
l 3 (27[) PIEAY
B tefo(l = 1fo) (U-p) 1 |P|2
Ky =- U-p {1 — } (B45) =3 ( ) 2 t.(h=po)fo(l=rfo)
1 &p
KJ_:_3/(27[) |PPK
KL__TC(U'P)fo(l—”fo) [1_(U‘P)]’ (B46) 5
(U PP+ (qBrc) h SR AT i Ul ”‘;)m ~rfo)
3h 27)* py 1+()
L[ &p .
qBtefo(1 = rfo) (U-p) K ==% |PI*K
S G =d e L o/ ot

1 dp PG (h=po)
“3n) (27) p} l—l—()

fo(l=rfy). (B48)

So, the thermal diffusion coefficient x’s become
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