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We obtain the electromagnetic form factors, the axial form factor, and the parton distribution functions of
the proton from the eigenstates of a light-front effective Hamiltonian in the leading Fock representation
suitable for low-momentum scale applications. The electromagnetic and the axial form factors are found to be
in agreement with the available experimental data. The unpolarized, the helicity, and the transversity valence
quark distributions, after QCD evolution, are consistent with the global QCD analyses. The tensor charge
also agrees the experimental data, while the axial charge is somewhat outside the experimental error bar.
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I. INTRODUCTION

Electromagnetic form factors (FFs) and parton distribu-
tion functions (PDFs) have taught us a great deal about
the internal structure of the proton. The Fourier transform
of these FFs provides information about spatial distribu-
tions of the proton’s constituents [1,2]. Well-known exam-
ples include the charge and magnetization distributions.
Another essential tool to investigate hadron structure is deep
inelastic scattering (DIS), where individual quarks are
resolved. One can extract the PDFs from DIS, which encode
the distribution of longitudinal momentum and polarization
carried by the constituents. With an effective Hamiltonian for
constituent quarks, suitable for low-resolution probes, we
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solve for the proton’s light-front wave functions (LFWFs)
used to produce the FFs and the PDFs. We compare our FFs
with experimental data. We apply QCD evolution to our
initial PDFs to incorporate degrees of freedom relevant to
higher-resolution probes which allows us to compare our
QCD-evolved PDFs with global fits to experimental data.

The matrix element of the electromagnetic current for the
nucleon requires two independent FFs: the Dirac and Pauli
FFs. We refer to Refs. [3—7] for reviews of the experimental
results and models on this subject. The nucleon electro-
magnetic FFs have been theoretically investigated in
Refs. [8-27], while their flavor decomposition has been
reported in Refs. [28-30]. Our work is motivated by the
advent of high precision measurements of both proton and
neutron FFs from ongoing and forthcoming experiments at
Jefferson Lab [31-37].

PDFs reveal the internal structure of the nucleon in terms
of number densities of confined quarks and gluons. At first
approximation (“leading twist”), the spin structure of the
nucleon is described in terms of three independent PDFs: the
unpolarized f;(x), the helicity g;(x), and the transversity
hy(x), where x is the light-front longitudinal momentum
fraction of the nucleon carried by quarks of flavor g. We
provide these PDFs to assist in the analysis and interpretation
of scattering experiments now and in the LHC era.

While the unpolarized and the helicity PDFs are fairly
well determined [38-71], much less information is
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available on the transversity PDF. This distribution is
important since it encodes the correlation between the
transverse polarization of the constituents and the trans-
verse polarization of the nucleon [72—-81]. One of our aims
is to predict the transversity PDF, compare with available
data, and help motivate future challenging experiments.

Here, we adopt an effective light-front Hamiltonian
between quarks and solve for its mass eigenstates at the
scale suitable for low-resolution probes with the theoretical
framework of basis light-front quantization (BLFQ) [82-85].
Our Hamiltonian includes the holographic QCD confine-
ment potential [22] supplemented by the longitudinal con-
finement [85,86] along with the one-gluon exchange (OGE)
interaction [85] to account for the dynamical spin effects. By
solving this Hamiltonian for the LFWFs in the constituent
valence quark Fock space, and fitting the quark mass,
confining strength, and coupling constants, we obtain good
quality descriptions of its electromagnetic and axial FFs,
radii, PDFs, axial and tensor charges.

II. PROTON WAVE FUNCTIONS FROM AN
EFFECTIVE HAMILTONIAN

The structures of hadronic bound states are encoded in
the LFWFs which are obtained as the eigenfunctions of the
light-front (LF) eigenvalue equation: H.x|¥) = M?|¥),
where H g is the effective Hamiltonian of the system with
the mass squared (M?) eigenvalue. In general, |¥) is the
eigenvector in the Hilbert space spanned by all Fock
sectors. At the initial scale where the proton is described
by three active quarks, we adopt the LF effective
Hamiltonian H defined by

— 2
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where ), x, =1, and >, p,, = 0. m,, is the mass of
the quark, and « is the strength of the confinement. x,
represents the LF momentum fraction carried by quark a.
Meanwhile, p | is the relative transverse momentum, while
F| =T, — Iy related to the holographic variable [22], is
the transverse separation between two quarks. The last term
in the effective Hamiltonian represents the OGE interaction
where 02, = —¢* = —(1/2)(kl, — k,)* — (1/2)(k}, — k;)?
is the average momentum transfer squared. C, = —2/3 is
the color factor, g,, is the metric tensor and a; is the
coupling constant. Here, u,_(k,) is the solution of the Dirac
equation, with the subscript s, representing spin and k, is
the momentum of quark a.

Following BLFQ, we expand |¥) in terms of the two
dimensional harmonic oscillator (“2D-HO”) basis in the
transverse direction and the discretized plane-wave basis
in the longitudinal direction [82,83]. Each single-quark
basis state is identified using four quantum numbers,
a = {k, n, m, A}. The longitudinal momentum of the particle
is characterized by the quantum number k. The longitudinal
coordinate x~ is confined to a box of length 2L with
antiperiodic boundary conditions for fermions. As a result,
the longitudinal momentum p* = 2zk/L is discretized,
where the dimensionless quantity k=1.3.3,.... All
many-body basis states are selected to have the same total
longitudinal momentum P+ = >, p;", where the sumis over
the quarks. We rescale P* using K =), k; such that
P = 2% K. For a given quark i, the longitudinal momentum
fraction x is defined as x; = pj/P* = k;/K.

The quantum numbers, n and m, denote radial excitation
and angular momentum projection, respectively, of the
particle within the 2D-HO basis, ¢,,,(p,) [82,83]. The
2D-HO basis should form an efficient basis for systems
subject to QCD confinement. For the quark spin, 4 is
used to label the helicity. Our multibody basis states have
fixed values of the total angular momentum projection
My =32 (m; + &)

The valence wave function in momentum space is then

expanded as:
ﬁ (|pll‘> i
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where y({@;}) is the LFWF in the BLFQ basis obtained by
diagonalizing Eq. (1) numerically. b = 0.6 GeV is the HO

scale parameter and tan(@) = p,/p;. Here L s the
associated Laguerre function. We truncate the infinite basis
by introducing limit K, such that, >, k; = K. In the
transverse direction, we also truncate by limiting N, =
>:(2n; +|m;|+ 1) for multiparticle basis state to
N, < N« The basis truncation corresponds to having a
UV regulator Ayy ~ by/Npax. Since we are modeling the
proton at a low-resolution scale, we select N,,,, = 10 and
K.« = 16.5. To attempt to simulate the effect of higher
Fock spaces and the other QCD interactions, we use a
different quark mass in the kinetic energy, mq/kg and the
OGE interaction, my,ogg- Note that our approach features
an effective one-gluon exchange interaction that describes
short distance physics and approximately accounts for the
processes where constituent quarks emit and absorb a gluon
during which the system fluctuates between the |gqq),
lggqg), and higher Fock sectors. According to the mass
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evolution in renormalization group theory, the dynamical
one-gluon exchange would also generate contributions to
the quark mass arising from higher momentum scale
leading to a decrease in the quark mass from the gluon
dynamics. This leads to the suggestion that the mass in the
one-gluon exchange interaction would be lighter than the
kinetic mass which we associate with the long-range
physics in our effective Hamiltonian. This treatment is
also noted and adopted in the literature [87-89].

We set our parameters {4/kg."q/0GE.-K. 0 } ={0.3GeV,
0.2GeV,0.34GeV, 1.1} to fit the proton mass and the flavor
Dirac FFs [30]. The value of y? per degree of freedom (d.o.f.)
for the fit of the down quark Dirac FF is 5.9, whereas for the
up quark Dirac FF the value of the y?/d.o.f. is 10.1. For
numerical convenience, we use a small gluon mass regulator
(g = 0.05 GeV) in the OGE interaction. We find that our
results are insensitive to p, > 0.01 GeV.

III. FORM FACTORS AND PDFs
OF THE PROTON

In the LF formalism, the flavor Dirac F{(Q?) and Pauli
F3(Q?%) FFs in the proton can be expressed in terms of
overlap integrals as [90]

9002 — T+ 1
Fi(e%) = [)‘I'{x<.ﬁ;,,ai}q'{x,~,ﬁl,-,i,-}’

i

2M
q9(02) — T |
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i

with [, =32, [THS6E162°5(1 = Xx)8 (5 puj).
For the struck quark of flavor ¢, x'y = x5 p', = p1 +
(1 -x,)q, and X'; = x;; p',; = p1; — x;q4, for the specta-
tors (i = 2, 3). We consider the frame where the momentum
transfer ¢ = (0,0,4,), thus 0> = —¢*> = ¢%.

Under charge and isospin symmetry, the proton FFs
can be obtained from the flavor FFs [28]: F? = e, F'+
e Fd, where e,(eq) =3%(—1), with the normalizations
F4(0) = 2, F4(0) = k, and F¢(0) = 1, F4(0) = x,; where
Ku(q) 18 the anomalous magnetic moment of the up(down)
quark. In our approach, we obtain x, = 1.481 £ 0.029 and
kg = —1.367 = 0.025, while the extracted values from the
experimental data of the proton and the neutron anomalous
magnetic moments are: k@ = 2k, +k, = 1.673 and

€X

Kg" =k, + 2k, = —2.033. The nucleon Sachs FFs are
again written in terms of Dirac and Pauli FFs as

Q2
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FIG. 1. Proton Sach’s FFs G%,(Q?) (upper panel), and G,(Q?)
(lower panel) as functions of Q2. The gray and cyan bands
are BLFQ results, when {mgg, moge} = {0.3,0.2} GeV and
{mgg, moge} = {0.3,0.3} GeV respectively, reflecting our a;
uncertainty of 10%. The experimental data are taken from
Refs. [91-96] and [93,97].

and the electromagnetic radii are defined by (r%) =

dG (02 2\ 6 dGy(Q*
_6 jg(zz ) |Q2:O and <rM> - = GM(O)% |Q2:0.

In Fig. 1, we show the Q> dependence of the proton
electric and the magnetic Sach’s FFs. Overall, we obtain a
reasonable agreement between theory and experiment for
the proton electric FFs. At large Q?, the magnetic form
factor is also in good agreement with the data. However,
our magnetic form factor at low Q7 exhibits a small
deviation from the data. We observe that mgg # mogg
describes the form factors better than mygg = mogg. It
should be noted that the neglected higher Fock components
|¢gqqqq) can have a significant effect on the magnetic form
factor [17].

We present our computed radii in Table I and compare
with measured data [98,99] as well as with recent lattice
QCD calculations [27]. Here again, we find reasonable
agreement with experiment.

The axial form factor, which is identified with the matrix
elements of axial-vector local operator, can also be
expressed in terms of LFWFs

GZ(QZ) - /D(A)‘P};;-ﬁlivli}lpgxivﬁhsﬂ'i}' (5)

Here, A = 1(—1) depends on the struck quark helicity
A1 =% (—%). Experimental information about the axial FFs
is very limited. Until now, there are only two sets of
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TABLE I.  Proton radii, axial and tensor charges, first moments
of transversity distributions. Our results are compared with the
extracted data and recent lattice QCD calculations.

Quantity  BLFQ Extracted data Lattice

rg fm  0.802709:2  0.8334£0.010 [98]  0.742(13) [27]
ry fm 08347009 0.851 £0.026 [99]  0.710(26) [27]
ry fm  0.68070979  0.667 £0.12 [100]  0.512(34) [101]
aa 1415008 1.2723 £0.0023 [99]  1.271(13) [102]
g} —-0.201002  —0.257030 [74]  —0.204(11) [103]
g 0.9410:0 0.391018 [74] 0.784(28) [103]
(x)4=d  0.2297901 0.203(24) [104]

experiments: (anti)neutrino scattering off protons or nuclei
and charged pion electroproduction [105,106]. Figure 2
shows the results obtained for the axial form factor, G, =
GY — G4 as a function of Q?, where we compare our BLFQ
results with the experimental data [106,107] and with
lattice results [108]. Considering the theoretical and exper-
imental uncertainties, the agreement is good. At Q% = 0,
the axial form factor is the axial charge, g4 = G4(0). g4 is
quoted in Table I, where we see our value differs somewhat
from extracted data [99] and lattice [102]. We also evaluate

the axial radius from: (r3) = g%dct?—é?z)bzzo. As can be
seen from the Table I, the BLFQ result is in good agreement
with the extracted data from the analysis of neutrino-
nucleon scattering experiment [100,109].

With our LFWFs, the proton’s valence quark PDFs at

leading twist are given by

_ P "
flli = /D‘P{xf’ﬁli,/l,»}lp{xﬂah.,{i}5(x —x),
g(l] - /D(A)\P{x;’ﬁﬁ-i’li}l{l{xhﬁh,ﬂu[}(s(x - X1>7
= [y ¥l iy (1 DB =x0). (0

where the 4| = —4; and 4, ; = 4,5. At the model scale
relevant to constituent quark masses which are several
hundred MeV, the unpolarized PDFs for the valence
quarks are normalized as [ f4(x)dx =2, [} f¢(x)dx = 1.
We also have the following momentum sum rule:
Jaxfu(x)dx + [} xfd(x)dx = 1. We observe that at the
model scale f%/f¢ — 3 and g%/g? — -7, while the ratio
for transversity PDFs, h%/h¢ — —4 at x — 1 region.
Next, to evolve our PDFs from our model scale, defined
as p3, to a higher scale u?, we adopt the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) equations [110-112]
of QCD. This scale evolution allows quarks to emit
and absorb gluons, with the emitted gluons capable of

2 . :
I BLFQ
= Exp. data
1.5h 4 Reduced data |1
@ Lattice
[ Dipole fit

15 2

0 0.5

1
Q? [GeV?]

FIG. 2. Axial-vector form factor G, = G% — G4 as function
of Q%. The gray band is the BLFQ result. The extracted data are
taken from the Refs. [106,107] and the lattice data from [108].
The dashed line represents the dipole fit of the experimental
data [106].

producing quark-antiquark pairs as well as additional
gluons. In this picture, the sea quark and gluon components
of the constituent quarks are revealed at the higher scale
through QCD. While applying the DGLAP equations
numerically [113], we impose the condition that the
running coupling a;(u?) saturates in the infrared at a cutoff
value of max a;, = 1 [114,115], consistent with our fit value
discussed above. Allowing y3 to be different for different
order of pertubative evolution, we determine them by
requiring the result after evolutions to produce the total
first moments of the valence quark unpolarized PDFs from
the NNPDF3.0 global fit [38]. We find that ,u(z) increases
when we progress to higher orders and the difference
of ,u(% between the leading order (LO), next-to-leading
order (NLO), and next-to-next-to-leading order (NNLO)
decreases. Also going to higher orders, the evolved PDF fits
better to the NNPDF3.0 data for the second moment
demonstrated in Table II.

Figure 3 shows our results for the valence quark
unpolarized and spin dependent PDFs of the proton, where

TABLE II. Lowest two moments of the valence quark distri-
butions at different scales using the LO, NLO, and NNLO
perturbative evolution. BLFQ results are compared with
NNPDF3.0 [38].

Orders (u(z)) Moments 1 GeV? 4 GeV? 10 GeV?
LO (x,) 0.4673 0.3939 0.3607
(0.055 GeV?) (x2) 0.1314 0.1006 0.0877
NLO (x,) 0.4751 0.3948 0.3612
(0.146 GeV?) (x2) 0.1402 0.1057 0.0920
NNLO (x,) 0.4721 0.3933 0.3607
(0.195 GeV?) (x2) 0.1410 0.1068 0.0935
NNPDF3.0 (x,) 0.4741 0.3932 0.3607

(x2) 0.1451 0.1091 0.0955
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we compare the valence quark distribution after QCD
evolution at NNLO with the global fits by MMHT14
[39], NNPDF3.0 [38] and CTEQ15 [40] Collaborations.
The error bands in our evolved distributions are due to the
spread in the initial scale p3 = 0.195 +0.020 GeV? and
the uncertainties in the coupling constant, @, = 1.1 £ 0.1.
Our unpolarized valence PDFs for both up and down
quarks are found to be in good agreement with the global
fits. Meanwhile, we evolve the spin dependent PDFs from
our model scale to the relevant experimental scale u> =
3 GeV? and find that the down quark helicity PDF agrees
well with measured data from COMPASS Collaboration
[52]. However, for the up quark, our helicity PDF tends to
overestimate the data below x ~ 0.3.

The transversity distribution at y> = 2.4 GeV? is also
shown in Fig. 3. We compare our prediction with the global

0.6
N BLFQ

0.4H MMTH14
= I \NPDF3
. 0.2f CTEQ15
= ol 12=10 GeV?

04f v COMPASSd|

A COMPASSu )
x 02 A4 A
- A
o LAt \
x 0 i
—02} u?=3 GeV? down t
0.6 + +
Radici 18
0.4H Anselmino 13
I Anselmino 09

0.2t
8 0
-
X 005} H’=24GeV?

0
0.1} down 1
-0.15¢
10° 107 10™ 10°
X

FIG. 3. Top panel: comparison for xf;(x) in the proton from
BLFQ (gray bands) and global fits: MMHT 14 [39] (cyan bands),
NNPDF3.0 [38] (red bands), and CTEQ15 [40] (blue line).
Second panel: comparison for xg; (x) in the proton from BLFQ
(black bands) and measured data from COMPASS [52]. Lower
two panel: Comparison for x/ (x) in the proton from BLFQ (gray
bands) and global analyses by Radici et al. [81] (cyan bands) and
Anselmino et al. [74] (pink bands), and [116] (red bands).

analysis by Radici et al. [81], the global analysis by
Anselmino et al. [74,116]. Our down quark transversity
distribution is in accord with the fits. The up quark
distribution in our approach deviates in the low x region,
while it shows resonable agreement at large x with the
global fits.

Transversity has recently received increasing attention
because of the importance of a precise determination of its
integral, the so-called tensor charge gry. We compare our
results at 4> = 2.4 GeV? with extracted data as well as with
lattice data in Table I. Again we observe that BLFQ predicts
the tensor charges quite well for down quark in comparison
with the global QCD analysis [74]. However, for the up
quark it deviates from the extracted data but our value is
closer to recent lattice data [103] and our approach yields
comparable agreement with results from phenomenological
models as well as other lattice calculations [117—-120]. We
also provide the first moments of transversity distribution,
(x)4= in the Table I, which agree reasonably well with
lattice data [104].

IV. CONCLUSIONS

We present a model for the proton that provides
observables from the low resolution constituent quark scale
to high resolution experiments. Specifically, we begin with
an effective LF Hamiltonian incorporating confinement and
one gluon exchange interaction for the valence quarks
suitable for low-resolution properties. Using basis LF
quantization, the LFWFs obtained as the eigenvectors of
this Hamiltonian were then used to generate the proton
electromagnetic and axial form factors and the initial PDFs
for different quark polarizations. We have obtained rea-
sonable agreement with the experimental data for the
Sach’s FFs, the axial form factor as well as the electro-
magnetic radii for the proton. The unpolarized, helicity and
transversity PDFs at higher scale relevant to global QCD
analyses have been computed based on the NNLO DGLAP
equations. The initial low-resolution scale is the only
adjustable parameter involved in QCD scale evolution
and we obtain it by fitting the first moments of unpolarized
PDFs from global QCD analyses. We then find the
unpolarized, the helicity, and transversity PDFs agree with
results from the corresponding global fits or experimental
data in Refs. [38—40], Ref. [52], and Refs. [81,116],
respectively. The axial charge and the tensor charge also
show reasonable agreement with the extracted data or the
lattice results. It should also be noted that basis truncation
may play a role that should be examined in future research.
The effective LFWFs can be used to study other parton
distributions, such as the generalized parton distributions,
the transverse momentum dependent parton distributions
and the Wigner distributions. The presented results affirm
the utility of our model and motivate application of
analogous effective Hamiltonians to the other hadrons.
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