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A zero initial velocity of the axion field is assumed in the conventional misalignment mechanism. We
propose an alternative scenario where the initial velocity is nonzero, which may arise from an explicit
breaking of the Peccei-Quinn (PQ) symmetry in the early Universe. We demonstrate that, depending on the
specifics of the initial velocity and the time order of the PQ symmetry breaking vs inflation, this new
scenario can either enhance or suppress the axion relic abundance relative to the conventional prediction.
As a result, new viable parameter regions for axion dark matter may open up.
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I. INTRODUCTION

Axions are ultralight pseudoscalar particles that are
generically predicted in the Peccei-Quinn (PQ) mechanism
[1–3], a compelling solution for the strong CP problem
in particle physics. Recently, QCD axions and axionlike
particles (ALPs) have attracted substantial interest as a
leading dark matter (DM) candidate alternative to weakly
interacting massive particles [4–7].
Understanding the production mechanism of axions is

critical for determining their potential as a viable DM
candidate and related phenomenology [8,9]. Despite exten-
sive literature on this subject, our understanding is not yet
complete. For instance, for postinflationary PQ symmetry
breaking, axion topological defects (cosmic strings, domain
walls) necessarily form and through their subsequent
decays may contribute to axion relic abundance (Ωa) in
significant ways [10–15]. However, the prediction of such
contributions is still challenging, while a growing effort has
recently been made [16–23]. Meanwhile, our understand-
ing of possible outcomes of the misalignment production
may not be complete either. According to the conventional
misalignment mechanism, the axion field starts with an
initial value θi (θ≡ a=Nfa), away from the true vacuum,
then begins to oscillate around the minimum when its mass
ma ∼ 3H (H, Hubble expansion rate), and behaves like
cold DM after that. In order to solve the equation of motion
for axion evolution, the initial velocity _θi also needs to be
specified, which is implicitly assumed to be zero in the

conventional misalignment, and directly affects the Ωa

prediction. Meanwhile, nonzero _θi is possible and well
motivated. Then how would a nonzero initial velocity of
the axion field influence the axion relic abundance and
phenomenology?.
In this work, we propose and systematically investigate

an alternative misalignment mechanism with an initial
condition _θi ≠ 0. Based on classified benchmark examples
in a UV model-independent approach [24], we demonstrate
the conditions when axion relic density prediction can
significantly differ from the conventional, with potentially
dramatic enhancement or suppression depending on spe-
cifics with _θi and whether the PQ symmetry breaks before,
during, or after inflation. An example model realizing such
an initial condition is illustrated in Appendix B. Another
recent work [25] also considered the possibility of _θi ≠ 0,
focusing on the large _θ > 0 region, demonstrating exam-
ples of interesting UV complete models leading to an
enhanced Ωa.

II. THE ORIGIN OF A NONZERO
INITIAL VELOCITY

The axion originates from the phase of a complex scalar
Φ whose vacuum expectation value fa=

ffiffiffi
2

p
leads to the

spontaneous breaking of the Uð1ÞPQ symmetry [or a
generic global Uð1Þ for ALPs] [26]:

Φ≡ 1ffiffiffi
2

p ðfa þ ϕÞeia=fa ; ð1Þ

where ϕ and a are the radial and angular (axion) modes,
respectively. The conserved Noether charge associated with
the PQ symmetry is R3f2a _θ, where R is the cosmic scale
factor. _θi ≠ 0 thus corresponds to the rotation of the Φ field
and an asymmetry of the global PQ charge. Such a charge
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asymmetry can result from higher-dimensional operators
that explicitly break Uð1ÞPQ in the early Universe, in
analogy to the Affleck-Dine (AD) mechanism for baryo-
genesis [27–30]. This effect, in fact, can be generic for
an approximate global symmetry [28–30]. Alternatively,
_θi ≠ 0 may originate from axion models with a small
dimensionful symmetry-breaking term which introduces a
slope in the axion potential [31]. Such PQ-breaking effects
should be absent today in order not to undermine the
solution to the strong CP problem, which can be realized
by tying its strength to the Hubble rate or a dynamical
field that has a larger value in the early Universe. Although
the specifics of _θi are model dependent, important phe-
nomenological insights can be obtained by studying the
axion evolution with benchmark examples that we will
demonstrate.

III. AXION MISALIGNMENT MECHANISM
WITH A NONZERO INITIAL VELOCITY

We first present Fig. 1 as a cartoon illustration for two
representative possibilities of _θi ≠ 0 initial condition (IC),
with related technical details elaborated later. In conven-
tional misalignment, the axion field starts at rest with the
rescaled field value θi, then rolls down the periodic
potential well, and starts oscillating when ma ∼ 3H (at
tcono ∼ 1=ma). In both cases we show, the field starts with θi
at time ti. The lower panel demonstrates the possibility
where the axion field has a negative moderate initial
velocity to allow it to roll down further in the potential
well so that the field value becomes smaller than θi when
oscillation begins. This would lead to a suppression of the
axion relic density. The upper panel shows the possibility
with a high initial velocity, which may delay the onset of
oscillation (at to) to be later than tcono , thus reducing the

entropy sðtoÞ then and enhancing the relic density of the
axion (Ωa ∝ Ya ≡ na=s).
We now study the dynamics of axion evolution in details.

The equation of motion (EOM) of the axion field with
rescaled θðtÞ≡ aðtÞ=fa (mod 2π) in Friedmann-
Robertson-Walker cosmology is [32]

θ̈ þ 3H _θ þm2
aðTÞθ ¼ 0: ð2Þ

In the conventional misalignment mechanism, _θðtiÞ≡
_θi ¼ 0, and the axion field freezes at a random initial field
value θi from PQ breaking to QCD phase transition. For
postinflation PQ breaking, Ωa is obtained by averaging
over the randomly distributed θi over all causal patches.
For QCD axion, we will assume maðTÞ ∝ T−4 as found by
instanton calculation [33–37], while a constant ma may
apply for general ALPs.
We start by investigating the axion evolution at early

times well before oscillation starts. The starting time ti is
generally assumed to be at PQ-breaking scale but can be
later times when the axion picks up a nonzero _θi. Allowing
_θðtiÞ ≠ 0 and dropping the potential term in Eq. (A2) which
is negligible for this early regime, we find the following
solution in general cosmology, with background energy
density ρ ∝ R−n:

θðtÞ ¼
8<
:

θi þ _θi
Hi

�
2

6−n

�h
1 −

�
RðtÞ
RðtiÞ

�
n=2−3

i
; ðn ≠ 6Þ;

θi þ _θi
3Hi

ln½ tti�; ðn ¼ 6Þ;
ð3Þ

_θðtÞ ¼ _θi

�
RðtiÞ
RðtÞ

�
3

: ð4Þ

We will assume standard cosmology [i.e., radiation
domination (RD), n ¼ 4; thus, θðtÞ ∝ 1=

ffiffi
t

p
] except when

considering inflationary effects. The energy density of the
axion evolves as ρaðtÞ ¼ 1

2
_θ2ðtÞf2a þ 1

2
maðTÞ2θðtÞ2f2a, and

the relic density can be estimated as

Ωa ¼ maðToÞmaðT ¼ 0Þθ2of2a
s0

sðtoÞρc
; ð5Þ

where θo ≡ θðtoÞ, to implicitly depends on _θi, and s0
and ρc are the current-day entropy and critical density,
respectively.
We now specify two benchmark types of initial condition

of _θi to find the concrete form of solutions given by
Eqs. (3).
Type-I IC: _θi ¼ −δHi, where δ is a constant parameter

independent of θi.—To simplify the discussion, we choose
the convention of δ ≥ 0 without loss of generality [38].
While the detailed UV physics leading to such initial

FIG. 1. Cartoon illustration of the axion field evolution for the
two representative possibilities with _θi ≠ 0, as explained in the
text. The axion starts at θi as blue and then follows the orange
arrows until it starts to oscillate at toðtcono Þ. The green trajectory
represents the sequence of motion. In the conventional misalign-
ment, the field starts with _θi ¼ 0.
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conditions is not our focus here, they may arise from an
AD-like scenario [39], which readily gives j _θðtiÞj ∼HðtiÞ
upon PQ breaking at ti ∼mpl=f2a (assuming PQ breaking
during radiation domination around T ∼ fa) [40]. Applying
this IC to Eq. (3) in RD, we find

θðtÞ ¼ θi − δþ δ

�
RðtiÞ
RðtÞ

�
; Mod½2π�: ð6Þ

Provided a small or moderate _θðtiÞ, the oscillation onset to
in the new scenario is also close to tcono . However, with
sufficiently large _θi, the kinetic energy (KE) could be larger
than the potential energy V at tcono , and oscillation can start
only later when KE ∼ V. Such a delayed to may enhance
Ωa, since Ωa ∼ ρaðtoÞ=sðtoÞ. For high j _θij, we can estimate
to as the earliest time when KE and V become equal
(θo ≈ 2π):

_θiðti=toÞ3=2 ≈ 2πmaðtoÞ: ð7Þ

Combining Eq. (7) and maðtcono Þ ≈ 3Hðtcono Þ, we can find
the critical δc—for δ > δc, a notable delay of to relative
to tcono would occur:

δc ≈ 6πðtcono =tiÞ1=2 ≃ 2 × 1011
�

fa
1011 GeV

�
7=6

; ð8Þ

where we assumed ti around the PQ-breaking time
∼MP=f2a. Note that δc can be much smaller if ti (when
the axion picks up a nonzero velocity) is much later than the
PQ-breaking time.
Next we will discuss the evolution patterns in different δ

parameter regions based on Eqs. (3) and (A1). The two
distinct scenarios of PQ breaking after and before or during
inflation will be considered in order.
IC-I: Postinflationary Uð1ÞPQ breaking.—In each of the

following cases, we consider the field evolution with a
random initial field value θi which upon considering Ωa
will be averaged over postinflationary causal patches as
hθ2oi ¼ hθ2i i ∼ 2.67π2=3 [43,44].

(i) 0 < δ < θi, i.e., with generally small initial KE.—
For generic θi ∼ 1, although the RðtÞ

RðtiÞ term in Eq. (3)
slightly reduces θðtÞ over time, the effect is negli-
gible relative to the constant term and θo ∼ θi.
Therefore, the axion evolution and the prediction
Ωa ∝ θ2o are very similar to the conventional pre-
diction Ωconv

a and remain so after averaging over
causal patches.

(ii) θi < δ < δc, i.e., with moderate initial KE.—In this
case, KE becomes important at early stages of the
field evolution but is not yet sufficient to cause a
notable delay of the to relative to tcono . In this regime,
as δ increases, θo and thusΩa become more sensitive
to δ (oscillatory dependence) due to the periodic

nature of the field potential. In particular, Ωa can be
much suppressed for particular δ values that cause
cancellation among the θi- and δ-dependent terms in
Eqs. (A1), i.e., when

θo ¼ 2πk; k ∈ Z: ð9Þ

However, with a constant δ, such an accidental
cancellation occurs only for certain θi’s, and its
effect is washed out after averaging. Consequently,
the Ωa prediction is comparable to Ωcon

a .
(iii) δ > δc, i.e., with high initial KE.—This case is

similar to the above (ii), yet the difference is that
KE is reshifted to ∼V after tcono , so the oscillation is
delayed. Although ρðtoÞ is the same as in case (ii) at
the onset of axion oscillation, the entropy then is
diluted as sðtoÞ ∼ sðtcono Þðtcono =toÞ3=2 ∝ δ−1 [using
Eqs. (A1) and (7)]. Like in (ii), accidental cancella-
tion Eq. (9) can happen but becomes irrelevant after
averaging. Therefore, Ωa is enhanced relative to
Ωcon

a by a factor of ∼δ=δc.
(iv) δ ¼ θi or δ ≈ θi, the special regime where δ is equal

to or in the close vicinity of θi.—This case is
qualitatively different from the previous ones.
Because of the (almost) cancellation between θi
and δ, the δðRðtiÞRðtÞ Þ term in Eq. (A1) dominates the

evolution which causes a potentially dramatic de-
crease in θðtÞ until oscillation starts around to ∼ tcono ,
with θðtoÞ ¼ θo ≪ θi. ρaðtoÞ would be expected to
be suppressed by ∼θ2o=θ2i relative to the conven-
tional. However, the cancellation between δ and θi
occurs only for patches with peculiar θi, and the
effect disappears after averaging over postinflation-
ary patches.

Detailed illustrations for the field evolution in each
of these cases can be found in Fig. 6 in Appendix A.
A representative example of the Ωa − δ relation is shown in
Fig. 2 based on numerical results. The analytical estimate
of Ωa is summarized later in Eq. (10). The upshot for the
postinflation scenario is that Ωa can be similar to or
enhanced relative to the conventional misalignment due
to _θðtiÞ ≠ 0, while the potential suppression effect in
specific patches is resolved after averaging over postinfla-
tionary causal patches.
IC-I: Before or during inflation Uð1ÞPQ breaking.—

During inflation, the KE in the axion field is rapidly diluted,
while θi or the potential energy freezes in as its value at the
onset of inflation (or at PQ-breaking time if PQ breaks
during inflation). Many of the discussions for the post-
inflationary scenario apply here, but there are key
differences due to inflationary effects. We briefly summa-
rize the results for the same four cases as follows:

(i) 0 < δ < θi.—Similar to the conventional preinfla-
tionary case.
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(ii) θi < δ < δc.—In general, similar to the conven-
tional, but, unlike in the postinflationary scenario,
the accidental cancellation or suppression on Ωa
[i.e., θo ≈ 0 in Eq. (9)] persists without the
averaging.

(iii) δ > δc.—The situation with ρa evolution is similar
to the above (iii), but the enhancement due to the
diluted sðtoÞ is absent due to the intervention of
inflation which cuts short the KE domination time
(unless inflation happens after QCD phase transi-
tion). Therefore, the result is, in general, similar to
the conventional, but accidental suppression is
possible for certain δ.

(iv) δ ¼ θi or δ ≈ θi.—For PQ breaking during infla-
tion, the situation is similar to the conventional,
since the initial KE is quickly depleted by inflation
before it can drive down the θi value. However, if
the PQ breaks before inflation with a moderate
or large separation in their scales, the _θðtiÞ ≠ 0
initial condition can leave a trace despite inflation:
The field value is already driven down to θI ≡
θðtIÞ ≈ RðtiÞ

RðtIÞ θi for θi − δ → 0, where tI is when

inflation starts. θðtIÞ then freezes in as the effective
new initial condition for axion misalignment after
inflation.

Detailed illustrations for the field evolution in each
of these cases can be found in Fig. 7 in Appendix A.
A representative example of the Ωa − δ relation for this
scenario is illustrated in Fig. 3 based on numerical results.
The upshot for this before or during the inflation scenario is
that Ωa is similar to or suppressed relative to the conven-
tional due to _θðtiÞ ≠ 0, while the potential enhancement
effective in the postinflationary case is wiped out by
inflation.
We now summarize the prediction for Ωa with IC-I for

post- and preinflation cases in order:

Ωpost-I
a ≃

(
Ωcon

a ¼ 0.02hθ2oi
�

fa
1011 GeV

�
7=6

; δ < δc;

Ωcon
a

δ
δc
≃ 0.01hθ2oið δ

1011
Þ; δ ≥ δc;

ð10Þ

and

Ωpre-I
a ¼ Ωcon

a
θ2I
hθ2oi

: ð11Þ

For the last equality in the second line of Eq. (10), we used
Eq. (8) which assumes ti at PQ-breaking scale ti ∼mpl=f2a.
Other ti choices would change the numerics. θI in Eq. (11)
is obtained from Eq. (A1) with t ¼ tI, which as discussed
can lead to a suppression in Ωpre-I

a when θi ≈ δ.
Note that case (iv) of this scenario provides a new

possibility for Ωa to account for ΩDM with fa ≳ 1011 GeV
due to specific relations between θi and _θi even with a
natural θi ∼ 1. On the other hand, one could argue that
this is trading one type of fine-tuning for another type.
Although challenging, it is curious to see if it is possible to
distinguish the two types of fine-tuning combining various
avenues of observational data.
Type-II IC: _θi ¼ −ð1 − γÞθiHi, where γ ≥ 0.—This IC

is inspired by case (iv) with type-I IC. Most results in IC-I
apply, with the replacement of δ → ð1 − γÞθi in Eq. (A1).
The key difference is that here the relation _θi ∝ θi is
assumed to be valid for any θi; therefore, the aforemen-
tioned suppression effect in case (iv) (here γ → 0) is
robust and survives even after averaging patches for
postinflationary PQ breaking. The realization of such
an IC generally requires an explicit PQ-breaking term
in the axion potential effective in the early Universe,
which is beyond the scope of this work but would be
interesting to explore. We highlight this possibility, since
it provides a novel dynamic way to accommodate a large

FIG. 3. The dependence of axion relic abundance on initial
velocity (δ) for type-I IC, before or during inflation PQ breaking
(fa ¼ 1011 GeV, tI ¼ 103ti). The oscillatory dependence in the
large δ region is shown.

FIG. 2. The dependence of axion relic abundance on initial
velocity (δ) for type-I IC, postinflation PQ breaking
(fa ¼ 1011 GeV). The kink around δ ∼ 1020 is due to the change
in the number of relativistic degrees of freedom, g�, which is
accounted for in our numerical calculation.
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fa ≳ 1011 GeV QCD axion as a DM candidate for
postinflation PQ breaking. Despite requiring a special
relation between θi and _θi, this solution is intriguing
considering that, for postinflationary PQ breaking in the
conventional misalignment, there is no way to even
fine-tune to accommodate fa ≳ 1011 GeV, since θi is
averaged to Oð1Þ. We show the Ωa-γ relation for IC-II
in Figs. 4 and 5, for post- and preinflation PQ breaking,
respectively.
The main difference from IC-I in the Ωa prediction, i.e.,

for case (iv) (small γ) in the postinflation scenario, is
demonstrated with the following formula:

Ωpost-I
a ≃

8<
:

Ωcon
a γ2; RðtiÞ

RðtoÞ ≤ γ ≤ 1;

Ωcon
a

�
RðtiÞ
RðtoÞ

�
2
; 0 ≤ γ ≤ RðtiÞ

RðtoÞ ;
ð12Þ

where we can clearly see the suppression relative to the

conventional by a factor of γ2 or ðRðtiÞRðtoÞÞ
2.

IV. CONCLUSION

In this work, we propose a new misalignment mechanism
where the axion initial velocity is nonzero and demonstrate
its impact on axion relic abundance based on systematically
classified benchmark cases with a UV model-independent
approach. While in many cases Ωa remains similar to the
conventional prediction, it may be significantly enhanced
with a large initial velocity _θi or suppressed when _θi and θi
satisfy peculiar relations. As an outcome of this new
scenario, new viable parameter space for the QCD axion
DM opens up, allowing fa both much above (in the special
suppression region identified in IC-II) and much below
(with sufficiently large _θi) the conventional ∼1011 GeV
scale [detailed relations given in Eqs. (10)–(12)]. Detailed
realization of these initial conditions and phenomenological
consequences for both QCD axion and general ALPs are
worth further investigation (an example is given in
Appendix B). Meanwhile, a caveat for the scenario of
postinflationary PQ breaking is that, as in conventional
misalignment, topological defects’ contribution to Ωa may
dominate over the misalignment contribution and is worth
revisiting to advance and complete our understanding of the
axion production mechanism [14,17,20,45,46].
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explained in the introduction.

APPENDIX A: THE DYNAMICS OF AXION
EVOLUTION WITH AN INITIAL VELOCITY

In this section, we illustrate the time evolution of
θðtÞ; j _θðtÞj; ρaðtÞ for the different scenarios of nonzero _θi
in the main text. We will refer to type-I IC to be specific,
while each of the cases may apply to type-II IC by the
substitution of δ → ð1 − γÞθi in the θðtÞ solution as

θðtÞ ¼ θi

�
γ þ ð1 − γÞ

�
RðtiÞ
RðtÞ

��
; Mod½2π�: ðA1Þ

The difference between IC-I and IC-II in predicting Ωa is
explained in the main text. The results shown in Figs. 6
and 7 are obtained by solving the equation of motion

FIG. 4. The dependence of axion relic abundance on initial
velocity (γ) for type-II IC (fa ¼ 1011 GeV), postinflationary PQ
breaking.

FIG. 5. The dependence of axion relic abundance on initial
velocity (γ) for type-II IC (fa ¼ 1011 GeV and tI ¼ 103ti),
before or during inflationary PQ breaking.
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θ̈ þ 3H _θ þm2
aðTÞθ ¼ 0: ðA2Þ

By solving the above EOM, we can also obtain the
averaged background energy density ρ̄a and pressure P̄a of
the axion field:

ρ̄a ¼
1

2
_a2 þ 1

2
m2

aa2; P̄a ¼
1

2
_a2 −

1

2
m2

aa2: ðA3Þ

The equation of state can then be found by applying

wðtÞ≡ P̄a

ρ̄a
: ðA4Þ

IC-I postinflationary Uð1ÞPQ breaking.—The represen-
tative solutions for this scenario in the following four cases
are illustrated in Fig. 6. θi takes a random initial value
which will be averaged over postinflationary patches forΩa
calculation.

(i) 0 < δ < θi, i.e., with generally small initial KE.—
This is illustrated with green dashed lines (δ ∼ 0,
overlapping with conventional case) in Fig. 6 for
constant ma, while for a QCD axion the evolution
before tcono follows the orange line [overlapping with
green for wðtÞ and θðtÞ].

(ii) θi < δ < δc, i.e., with moderate initial KE.—The
evolution for this case is illustrated with blue lines in
Fig. 6 (for θi away from the cancellation region
θo ¼ 2πk; k ∈ Z). Because of the dominance of KE
over V in early times, both the constant ma and the
QCD cases essentially follow the same evolution
[this also applies to cases (iii) and (iv) below]. We
can see that due to the large θi the field’s equation of
state in the early stage is kinationlike.

(iii) δ > δc, i.e., with high initial KE.—This case is
illustrated with black lines in Fig. 6.

(iv) δ ¼ θi or δ ≈ θi, the special regime where δ is equal
to or in the close vicinity of θi.—This case is
demonstrated in red in Fig. 6 for δ ¼ θi and in
yellow for δ ≈ θi.

IC-I preinflationary Uð1ÞPQ breaking.—The represen-
tative solutions for this scenario in the following four cases
are illustrated in Fig. 6, with the same color codes as in their
postinflationary counterparts.

APPENDIX B: AN EXAMPLE MODEL
GENERATING AN AXION INITIAL VELOCITY

In this section, we demonstrate a simple example of
generating a nonzero initial velocity of the axion starting
from _θðt → 0Þ ¼ 0, as a result of a breaking of axion shift
symmetry in the early Universe. Such a symmetry breaking
is analogous to that realized at late times by the QCD
instanton effect. This is consistent with the expectation that
PQ symmetry, as a global symmetry, is generally consid-
ered approximate or accidental. In particular, we consider
the following effective action involving higher-dimensional
operators [dimension λþ 1, λ > 0, examples for VðΦ2Þ
given in Eq. (B3)]:

S ⊃ −
Z

dx4
ffiffiffiffiffiffi
−g

p �
∂μΦ†

i ∂μΦi þ λ1

�
Φ†

1Φ1 −
f2a
2

�
2

þ gf

�
Φ2

Λ2

�
λ

Φ1 þ H:c:

�
;

with

FIG. 6. The time evolution of the axion field with type-I IC in
the postinflation PQ-breaking scenario (for an individual θi,
before averaging). Green and orange, case (i); blue, case (ii);
black, case (iii); red, case (iv). In addition, we assume the axion
mass m2

a ∝ R8 as the QCD axion in the orange curve; others are
assumed as constant. Details are also given in the text.

FIG. 7. The time evolution of the axion field with type-I IC, in
the preinflationary PQ-breaking scenario. Color codes are the
same as in Fig. 6. In addition, we assume the axion massm2

a ∝ R8

as the QCD axion in orange and purple curves; others are
assumed as constant. Details given in the text.
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Φ1 ¼
1ffiffiffi
2

p ðfa þ ϕÞeia=fa ; ðB1Þ

where i ¼ f1; 2g and Φ2 and ϕ are CP-even real scalars.
The angular mode of Φ1 is identified as the axion. For
simplicity, we assume the effective coupling gf is real. The
gf term explicitly breaks the axion shift symmetry, con-
sidering the motivated possibility that Φ2 may be displaced
from its true vacuum (Φ2 ¼ 0) at the end of inflation. Λ2 is
the cutoff scale of this effective action, and Λ2 ≫ fa. The
effective potential of the axion then takes the following
form:

L ⊃ −
ffiffiffi
2

p
gffa

�
Φ2

Λ2

�
λ

cos

�
a
fa

þ α0

�
: ðB2Þ

With a nonzero initial field value, the dynamics of the field
Φ2 provides a variety of possibilities to generate a non-
trivial axion velocity at tosc (the onset of axion oscillation).
For instance, we consider that VðΦ2Þ takes the following
power-law form, which can occur in, e.g., quintessence
models [47–50]:

VðΦ2Þ ¼ gNΦN
2 ; ðB3Þ

where gN is a constant parameter. We simply assume that
this term dominates the potential in the early Universe.
With the dominant background energy density generically
parametrized as ρ ∝ R−m, we find ρΦ2

∝ R−n, where
n ¼ ð N

N−2Þm. By solving the time evolution of Φ2 in this
potential, we find

Φ2ðtÞ∝ t1−N=ðN−2Þ ∀ N>2; n≠m;
6−n
m

>0: ðB4Þ

Plugging this solution into Eq. (B2), we obtain the axion
potential at early times:

VΛðaÞ ¼ Λ4

�
t2
t

�
p
cos

�
a
fa

þ α0

�
; ðB5Þ

where Λ4 ≡ ffiffiffi
2

p
gffaðM2=Λ2Þλ with an initial field value

of Φ2ðt2Þ ¼ M2, p≡ −λð1 − N=ðN − 2ÞÞ > 0. With the
VΛðaÞ given above, we can write down the parametrized
equation of motion for the axion field:

äþ 6

m
1

t
_a −

Λ4

fa

�
t2
t

�
p
sin

�
a
fa

þ α0

�

þm2
aðTÞfa sin

�
a
fa

�
¼ 0: ðB6Þ

A key feature of this model with positive p is that the effect
of the potential VΛðaÞ is suppressed or negligible after

t ∼ 1=ma. Consequently, the conventional axion dynamics
is restored after the QCD phase transition. Therefore, the
axion has enough time to enter into QCD vacuum and
behaves just like the standard QCD axion at late times. We
also find that the constraint of solving the strong CP
problem is weaker than the DM relic density constraint. To
see this, we know the following constraint from neutron
electric dipole moment measurements:

θðt0Þ < θQCD ≃ 10−10: ðB7Þ

We also know that the axion energy density today is

ρaðt0Þ ¼ m2
af2ahθ2ðt0Þi ¼ 3.49 × 10−5 GeV2hθ2ðt0Þi;

where we substituted mafa ¼ 5.7 × 10−3 GeV2 [33].
Therefore, Eq. (B7) implies an upper bound on axion relic
abundance today. Putting all numerics together, we find
Ωa ≲ 1022, which is a much more forgiving bound than the
DM overclosure bound. Therefore, the strong CP con-
straint can be satisfied as long as Ωa ≤ ΩDM, and the
implied constraints on model parameters can be found in
Eqs. (10)–(12) in the main text.
The example we demonstrated provides a class of

models parametrized by p, λ, and m, that can generate
diverse possibilities of initial conditions for the axion field
including a sizable initial velocity. In the following, we will
show a choice of parameters that can generate our IC-I (iv)
and IC-II.

1. Example: p= 2, λ = 10, m = 4

Here we consider p ¼ 2, λ ¼ 10, m ¼ 4, and, conse-
quently, N ¼ 12 and n ¼ 4.8. In this case, the equation
of motion of axion in the very early Universe can be
approximately as the following (the choice of α0 ¼ π leads
to c > 0, while α0 ¼ 0 leads to c < 0, and QCD axion
potential is negligible during this early era of interest):

äþ 3

t
_aþ c

t2
a ¼ 0; ðB8Þ

where we define jcj≡ Λ4t22=f
2
a. The solution is

aðtÞ ¼ c1tnþ þ c2tn− ; ðB9Þ

where

n� ¼ 1

2

�
−2�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − 4c

p �
: ðB10Þ

In general, c is suppressed by PQ-scale fa and high-energy
physics scale Λ2. Therefore, we expect −1 ≤ c ≤ 1 and,
consequently, −1 ≤ nþ ≲ 0.414. Assuming that, initially at
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t2, aðt2Þ ∼ πfa and _aðt2Þ ¼ 0, we find that the nþ term will
dominate at late times, and the axion follows the relation

_aðtÞ
aðtÞ ≃ nþ

1

t
¼ nþ

m
2
HðtÞ: ðB11Þ

To give a numerical benchmark example, we consider

M2 ∼ 105 GeV; gN ∼ 1 GeV−8;

Λ ∼ 10
ffiffiffiffiffiffiffiffiffiffiffi
mafa

p
; ma ∼ 10−15 GeV;

t2 ∼ 10−2tcono ; α0 ¼ π:

This implies

c ¼ Λ4
t22
f2a

∼ 1 → nþ ∼ −1; ðB12Þ

therefore,

_aðtcono Þ
aðtcono Þ ¼

_θðtcono Þ
θðtcono Þ ∼ nþ

m
2
Hðtcono Þ ∼ −Hðtcono Þ: ðB13Þ

This gives our IC-I-(iv) and IC-II.

[1] R. D. Peccei and H. R. Quinn, Phys. Rev. Lett. 38, 1440
(1977).

[2] R. D. Peccei and H. R. Quinn, Phys. Rev. D 16, 1791
(1977).

[3] F. Wilczek, Phys. Rev. Lett. 40, 279 (1978).
[4] S. Weinberg, Phys. Rev. Lett. 40, 223 (1978).
[5] L. F. Abbott and P. Sikivie, Phys. Lett. 120B, 133

(1983).
[6] M. Dine and W. Fischler, Phys. Lett. 120B, 137 (1983).
[7] J. Preskill, M. B. Wise, and F. Wilczek, Phys. Lett. 120B,

127 (1983).
[8] I. G. Irastorza and J. Redondo, Prog. Part. Nucl. Phys. 102,

89 (2018).
[9] D. J. E. Marsh, Phys. Rep. 643, 1 (2016).

[10] P. Sikivie, Phys. Rev. Lett. 48, 1156 (1982).
[11] A. Vilenkin, Phys. Rep. 121, 263 (1985).
[12] R. L. Davis, Phys. Lett. B 180, 225 (1986).
[13] G. R. Vincent, M. Hindmarsh, and M. Sakellariadou, Phys.

Rev. D 56, 637 (1997).
[14] M. Kawasaki, K. Saikawa, and T. Sekiguchi, Phys. Rev. D

91, 065014 (2015).
[15] A. Vilenkin and T. Vachaspati, Phys. Rev. D 35, 1138

(1987).
[16] V. B. Klaer and G. D. Moore, J. Cosmol. Astropart. Phys. 10

(2017) 043.
[17] M. Gorghetto, E. Hardy, and G. Villadoro, J. High Energy

Phys. 07 (2018) 151.
[18] M.Kawasaki, T. Sekiguchi,M.Yamaguchi, and J. Yokoyama,

Prog. Theor. Exp. Phys. 2018, 091E01 (2018).
[19] C. J. A. P. Martins, Phys. Lett. B 788, 147 (2019).
[20] M. Buschmann, J. W. Foster, and B. R. Safdi, Phys. Rev.

Lett. 124, 161103 (2020).
[21] M. Hindmarsh, J. Lizarraga, A. Lopez-Eiguren, and J.

Urrestilla, Phys. Rev. Lett. 124, 021301 (2020).
[22] C. J. A. P. Martins, Phys. Lett. B 788, 147 (2019).
[23] A. Hook, Proc. Sci., TASI2018 (2019) 004 [arXiv:1812

.02669], https://old.inspirehep.net/search?ln=en&p=f+a

+anson+hook+and+t+tasi&of=hb&action_search=Search&
sf=earliestdate&so=d.

[24] We gave an example UV model in Appendix B.
[25] R. T. Co, L. J. Hall, and K. Harigaya, arXiv:1910.14152

[Phys. Rev. Lett. (to be published)].
[26] Without loss of generality, we focus on the simplest scenario

where domain wall number N ¼ 1.
[27] I. Affleck and M. Dine, Nucl. Phys. B249, 361 (1985).
[28] M. Dine, L. Randall, and S. D. Thomas, Phys. Rev. Lett. 75,

398 (1995).
[29] M. Dine, L. Randall, and S. D. Thomas, Nucl. Phys. B458,

291 (1996).
[30] M. Kamionkowski and J. March-Russell, Phys. Lett. B 282,

137 (1992).
[31] P. W. Graham, D. E. Kaplan, and S. Rajendran, Phys. Rev.

Lett. 115, 221801 (2015).
[32] We assume that by ti of our consideration the radial mode

has settled into its true vacuum and, therefore, does not
influence axion evolution through coupled equations of
motion.

[33] G. Grilli di Cortona, E. Hardy, J. Pardo Vega, and G.
Villadoro, J. High Energy Phys. 01 (2016) 034.

[34] C. Bonati, M. D’Elia, G. Martinelli, F. Negro, F. Sanfilippo,
and A. Todaro, J. High Energy Phys. 11 (2018) 170.

[35] P. Petreczky, H.-P. Schadler, and S. Sharma, Phys. Lett. B
762, 498 (2016).

[36] F. Burger, E.-M. Ilgenfritz, M. P. Lombardo, and A. Trunin,
Phys. Rev. D 98, 094501 (2018).

[37] M. Gorghetto and G. Villadoro, J. High Energy Phys. 03
(2019) 033.

[38] The late time evolution of the field with δ < 0 is nearly the
same as their δ > 0 counterpart

[39] M. Dine and A. Kusenko, Rev. Mod. Phys. 76, 1 (2003).
[40] The specifics of initial velocity depend on the radial mode in

the UV model. The AD mechanism can generate an initial
velocity with a varying ratio to the Hubble rate; see, e.g.,
[39,41,42].

CHIA-FENG CHANG and YANOU CUI PHYS. REV. D 102, 015003 (2020)

015003-8

https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevD.16.1791
https://doi.org/10.1103/PhysRevD.16.1791
https://doi.org/10.1103/PhysRevLett.40.279
https://doi.org/10.1103/PhysRevLett.40.223
https://doi.org/10.1016/0370-2693(83)90638-X
https://doi.org/10.1016/0370-2693(83)90638-X
https://doi.org/10.1016/0370-2693(83)90639-1
https://doi.org/10.1016/0370-2693(83)90637-8
https://doi.org/10.1016/0370-2693(83)90637-8
https://doi.org/10.1016/j.ppnp.2018.05.003
https://doi.org/10.1016/j.ppnp.2018.05.003
https://doi.org/10.1016/j.physrep.2016.06.005
https://doi.org/10.1103/PhysRevLett.48.1156
https://doi.org/10.1016/0370-1573(85)90033-X
https://doi.org/10.1016/0370-2693(86)90300-X
https://doi.org/10.1103/PhysRevD.56.637
https://doi.org/10.1103/PhysRevD.56.637
https://doi.org/10.1103/PhysRevD.91.065014
https://doi.org/10.1103/PhysRevD.91.065014
https://doi.org/10.1103/PhysRevD.35.1138
https://doi.org/10.1103/PhysRevD.35.1138
https://doi.org/10.1088/1475-7516/2017/10/043
https://doi.org/10.1088/1475-7516/2017/10/043
https://doi.org/10.1007/JHEP07(2018)151
https://doi.org/10.1007/JHEP07(2018)151
https://doi.org/10.1093/ptep/pty098
https://doi.org/10.1016/j.physletb.2018.11.031
https://doi.org/10.1103/PhysRevLett.124.161103
https://doi.org/10.1103/PhysRevLett.124.161103
https://doi.org/10.1103/PhysRevLett.124.021301
https://doi.org/10.1016/j.physletb.2018.11.031
https://arXiv.org/abs/1812.02669
https://arXiv.org/abs/1812.02669
https://old.inspirehep.net/search?ln=en&p=f%2Ba%2Banson%2Bhook%2Band%2Bt%2Btasi&of=hb&action_search=Search&sf=earliestdate&so=d
https://old.inspirehep.net/search?ln=en&p=f%2Ba%2Banson%2Bhook%2Band%2Bt%2Btasi&of=hb&action_search=Search&sf=earliestdate&so=d
https://old.inspirehep.net/search?ln=en&p=f%2Ba%2Banson%2Bhook%2Band%2Bt%2Btasi&of=hb&action_search=Search&sf=earliestdate&so=d
https://old.inspirehep.net/search?ln=en&p=f%2Ba%2Banson%2Bhook%2Band%2Bt%2Btasi&of=hb&action_search=Search&sf=earliestdate&so=d
https://old.inspirehep.net/search?ln=en&p=f%2Ba%2Banson%2Bhook%2Band%2Bt%2Btasi&of=hb&action_search=Search&sf=earliestdate&so=d
https://arXiv.org/abs/1910.14152
https://doi.org/10.1016/0550-3213(85)90021-5
https://doi.org/10.1103/PhysRevLett.75.398
https://doi.org/10.1103/PhysRevLett.75.398
https://doi.org/10.1016/0550-3213(95)00538-2
https://doi.org/10.1016/0550-3213(95)00538-2
https://doi.org/10.1016/0370-2693(92)90492-M
https://doi.org/10.1016/0370-2693(92)90492-M
https://doi.org/10.1103/PhysRevLett.115.221801
https://doi.org/10.1103/PhysRevLett.115.221801
https://doi.org/10.1007/JHEP01(2016)034
https://doi.org/10.1007/JHEP11(2018)170
https://doi.org/10.1016/j.physletb.2016.09.063
https://doi.org/10.1016/j.physletb.2016.09.063
https://doi.org/10.1103/PhysRevD.98.094501
https://doi.org/10.1007/JHEP03(2019)033
https://doi.org/10.1007/JHEP03(2019)033
https://doi.org/10.1103/RevModPhys.76.1


[41] K. Akita, T. Kobayashi, and H. Otsuka, J. Cosmol. As-
tropart. Phys. 04 (2017) 042.

[42] K. Akita and H. Otsuka, Phys. Rev. D 99, 055035
(2019).

[43] L. Visinelli and P. Gondolo, Phys. Rev. D 80, 035024 (2009).
[44] A. Diez-Tejedor and D. J. E. Marsh, arXiv:1702.02116.
[45] C.-F. Chang and Y. Cui, Phys. Dark Universe 29, 100604

(2020).

[46] C.-F. Chang and Y. Cui (to be published).
[47] P. Salati, Phys. Lett. B 571, 121 (2003).
[48] A. R. Liddle and R. J. Scherrer, Phys. Rev. D 59, 023509

(1998).
[49] D. J. H. Chung, L. L. Everett, and K. T. Matchev, Phys. Rev.

D 76, 103530 (2007).
[50] V. Poulin, T. L. Smith, D. Grin, T. Karwal, and M.

Kamionkowski, Phys. Rev. D 98, 083525 (2018).

NEW PERSPECTIVES ON AXION MISALIGNMENT MECHANISM PHYS. REV. D 102, 015003 (2020)

015003-9

https://doi.org/10.1088/1475-7516/2017/04/042
https://doi.org/10.1088/1475-7516/2017/04/042
https://doi.org/10.1103/PhysRevD.99.055035
https://doi.org/10.1103/PhysRevD.99.055035
https://doi.org/10.1103/PhysRevD.80.035024
https://arXiv.org/abs/1702.02116
https://doi.org/10.1016/j.dark.2020.100604
https://doi.org/10.1016/j.dark.2020.100604
https://doi.org/10.1016/j.physletb.2003.07.073
https://doi.org/10.1103/PhysRevD.59.023509
https://doi.org/10.1103/PhysRevD.59.023509
https://doi.org/10.1103/PhysRevD.76.103530
https://doi.org/10.1103/PhysRevD.76.103530
https://doi.org/10.1103/PhysRevD.98.083525

