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New perspectives on axion misalignment mechanism
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A zero initial velocity of the axion field is assumed in the conventional misalignment mechanism. We
propose an alternative scenario where the initial velocity is nonzero, which may arise from an explicit
breaking of the Peccei-Quinn (PQ) symmetry in the early Universe. We demonstrate that, depending on the
specifics of the initial velocity and the time order of the PQ symmetry breaking vs inflation, this new
scenario can either enhance or suppress the axion relic abundance relative to the conventional prediction.
As a result, new viable parameter regions for axion dark matter may open up.
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I. INTRODUCTION

Axions are ultralight pseudoscalar particles that are
generically predicted in the Peccei-Quinn (PQ) mechanism
[1-3], a compelling solution for the strong CP problem
in particle physics. Recently, QCD axions and axionlike
particles (ALPs) have attracted substantial interest as a
leading dark matter (DM) candidate alternative to weakly
interacting massive particles [4-7].

Understanding the production mechanism of axions is
critical for determining their potential as a viable DM
candidate and related phenomenology [8,9]. Despite exten-
sive literature on this subject, our understanding is not yet
complete. For instance, for postinflationary PQ symmetry
breaking, axion topological defects (cosmic strings, domain
walls) necessarily form and through their subsequent
decays may contribute to axion relic abundance (€2,) in
significant ways [10-15]. However, the prediction of such
contributions is still challenging, while a growing effort has
recently been made [16-23]. Meanwhile, our understand-
ing of possible outcomes of the misalignment production
may not be complete either. According to the conventional
misalignment mechanism, the axion field starts with an
initial value 6; (0 = a/Nf,), away from the true vacuum,
then begins to oscillate around the minimum when its mass
m, ~3H (H, Hubble expansion rate), and behaves like
cold DM after that. In order to solve the equation of motion

for axion evolution, the initial velocity é,- also needs to be
specified, which is implicitly assumed to be zero in the
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conventional misalignment, and directly affects the Q,
prediction. Meanwhile, nonzero 0, is possible and well
motivated. Then how would a nonzero initial velocity of
the axion field influence the axion relic abundance and
phenomenology?.

In this work, we propose and systematically investigate
an alternative misalignment mechanism with an initial
condition §; # 0. Based on classified benchmark examples
in a UV model-independent approach [24], we demonstrate
the conditions when axion relic density prediction can
significantly differ from the conventional, with potentially
dramatic enhancement or suppression depending on spe-
cifics with 6; and whether the PQ symmetry breaks before,
during, or after inflation. An example model realizing such
an initial condition is illustrated in Appendix B. Another
recent work [25] also considered the possibility of 6, # 0,
focusing on the large 0>0 region, demonstrating exam-
ples of interesting UV complete models leading to an
enhanced Q,.

II. THE ORIGIN OF A NONZERO
INITIAL VELOCITY

The axion originates from the phase of a complex scalar

® whose vacuum expectation value f,/v/2 leads to the
spontaneous breaking of the U(l)py symmetry [or a

generic global U(1) for ALPs] [26]:

1
V2

where ¢ and a are the radial and angular (axion) modes,
respectively. The conserved Noether charge associated with

the PQ symmetry is R?f26, where R is the cosmic scale

O =—2(fo+P)e e, (1)

factor. §; # 0 thus corresponds to the rotation of the @ field
and an asymmetry of the global PQ charge. Such a charge
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asymmetry can result from higher-dimensional operators
that explicitly break U(1)pq in the early Universe, in
analogy to the Affleck-Dine (AD) mechanism for baryo-
genesis [27-30]. This effect, in fact, can be generic for
an approximate global symmetry [28-30]. Alternatively,

0; #0 may originate from axion models with a small
dimensionful symmetry-breaking term which introduces a
slope in the axion potential [31]. Such PQ-breaking effects
should be absent today in order not to undermine the
solution to the strong CP problem, which can be realized
by tying its strength to the Hubble rate or a dynamical
field that has a larger value in the early Universe. Although

the specifics of éi are model dependent, important phe-
nomenological insights can be obtained by studying the
axion evolution with benchmark examples that we will
demonstrate.

II1. AXION MISALIGNMENT MECHANISM
WITH A NONZERO INITIAL VELOCITY

We first present Fig. 1 as a cartoon illustration for two
representative possibilities of éi # 0 initial condition (IC),
with related technical details elaborated later. In conven-
tional misalignment, the axion field starts at rest with the
rescaled field value 6;, then rolls down the periodic
potential well, and starts oscillating when m, ~3H (at
15°" ~ 1/m,). In both cases we show, the field starts with 0,
at time #;. The lower panel demonstrates the possibility
where the axion field has a negative moderate initial
velocity to allow it to roll down further in the potential
well so that the field value becomes smaller than 6; when
oscillation begins. This would lead to a suppression of the
axion relic density. The upper panel shows the possibility
with a high initial velocity, which may delay the onset of
oscillation (at t,) to be later than #°", thus reducing the
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FIG. 1. Cartoon illustration of the axion field evolution for the

two representative possibilities with 0, #0, as explained in the
text. The axion starts at €; as blue and then follows the orange
arrows until it starts to oscillate at #,(75"). The green trajectory
represents the sequence of motion. In the conventional misalign-
ment, the field starts with 8; = 0.

entropy s(7,) then and enhancing the relic density of the
axion (Q, «x Y, =n,/s).

We now study the dynamics of axion evolution in details.
The equation of motion (EOM) of the axion field with
rescaled 6(r)=a(t)/f, (mod 2x) in Friedmann-
Robertson-Walker cosmology is [32]

0+ 3HO + m2(T)0 = 0. (2)

In the conventional misalignment mechanism, é(ti) =
9,- = 0, and the axion field freezes at a random initial field
value 6; from PQ breaking to QCD phase transition. For
postinflation PQ breaking, €2, is obtained by averaging
over the randomly distributed 6; over all causal patches.
For QCD axion, we will assume m,,(T) « T~* as found by
instanton calculation [33-37], while a constant m, may
apply for general ALPs.

We start by investigating the axion evolution at early
times well before oscillation starts. The starting time ¢; is
generally assumed to be at PQ-breaking scale but can be
later times when the axion picks up a nonzero 9, Allowing
6(1;) # 0 and dropping the potential term in Eq. (A2) which
is negligible for this early regime, we find the following
solution in general cosmology, with background energy
density p < R™":

o(t) — o+ 1 () 1 - (50)"7] o

91' + 36—}'11111[[—[!},

é@:@@“vé (4)

R(1)

We will assume standard cosmology [i.e., radiation
domination (RD), n = 4; thus, 0(¢) « 1/+/t] except when
considering inflationary effects. The energy density of the
axion evolves as p, (1) = $0°(t) f2 + 1 m,(T)?0(1)*f2, and
the relic density can be estimated as

S0
s(to)pc

Q, = ma(To)mu(T = 0)9% Z ) (5)

where 6, =0(t,), t, implicitly depends on 0;, and s,
and p,. are the current-day entropy and critical density,
respectively.

We now specify two benchmark types of initial condition
of 6; to find the concrete form of solutions given by
Egs. (3).

Type-1 IC: 6",~ = —0H,, where § is a constant parameter
independent of 8;.—To simplify the discussion, we choose
the convention of § > 0 without loss of generality [38].
While the detailed UV physics leading to such initial
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conditions is not our focus here, they may arise from an
AD-like scenario [39], which readily gives |6(z;)| ~ H(1;)
upon PQ breaking at 7; ~ my,/f2 (assuming PQ breaking
during radiation domination around T" ~ f,) [40]. Applying
this IC to Eq. (3) in RD, we find

R(t;)

R(1)

Provided a small or moderate 9([,~), the oscillation onset 7,
in the new scenario is also close to 7;>". However, with

0(f) =0, — 5+ 5( > . Mod[27]. (6)

sufficiently large 6;, the kinetic energy (KE) could be larger
than the potential energy V at 715°", and oscillation can start
only later when KE ~ V. Such a delayed 7, may enhance
Q.. since Q, ~ p,(1,)/s(t,). For high |6;|, we can estimate
t, as the earliest time when KE and V become equal
@, ~2n):

éi(ti/to)3/2 ~ Zﬂma(t()>' (7)

Combining Eq. (7) and m,(£5°") ~ 3H(15°"), we can find
the critical 6,—for & > §., a notable delay of ¢, relative
to 5" would occur:

. fa 7/6
(Scva67l'(t(C)0 /ti)1/222x 1011 <m s (8)

where we assumed ¢; around the PQ-breaking time
~Mp/f%. Note that §, can be much smaller if #; (when
the axion picks up a nonzero velocity) is much later than the
PQ-breaking time.

Next we will discuss the evolution patterns in different &
parameter regions based on Eqgs. (3) and (Al). The two
distinct scenarios of PQ breaking after and before or during
inflation will be considered in order.

IC-1: Postinflationary U(1)pq breaking.—In each of the
following cases, we consider the field evolution with a
random initial field value 8; which upon considering €,
will be averaged over postinflationary causal patches as
(02) = (62) ~2.677%/3 [43,44].

(i) 0 <o <0, ie., with generally small initial KE.—
For generic 8; ~ 1, although the % term in Eq. (3)
slightly reduces 6(z) over time, the effect is negli-
gible relative to the constant term and 6, ~ 6,.
Therefore, the axion evolution and the prediction
Q, « 02 are very similar to the conventional pre-
diction Q™ and remain so after averaging over
causal patches.

(i) 9; < 6 < 4., i.e., with moderate initial KE.—In this
case, KE becomes important at early stages of the
field evolution but is not yet sufficient to cause a
notable delay of the ¢, relative to £#;°". In this regime,
as ¢ increases, 6, and thus , become more sensitive
to 0 (oscillatory dependence) due to the periodic

nature of the field potential. In particular, Q, can be
much suppressed for particular § values that cause
cancellation among the 6;- and 5-dependent terms in
Egs. (A1), i.e., when

0, =2rk, kezZ (9)

However, with a constant &, such an accidental
cancellation occurs only for certain 6,’s, and its
effect is washed out after averaging. Consequently,
the Q, prediction is comparable to Q"

(iii) & > 6., i.e., with high initial KE.—This case is
similar to the above (ii), yet the difference is that
KE is reshifted to ~V after £5°", so the oscillation is
delayed. Although p(z,) is the same as in case (ii) at
the onset of axion oscillation, the entropy then is
diluted as s(t,) ~ s(1<) (12" /1,)%? « 5~' [using
Egs. (A1) and (7)]. Like in (ii), accidental cancella-
tion Eq. (9) can happen but becomes irrelevant after
averaging. Therefore, Q, is enhanced relative to
Q" by a factor of ~5/6,.

(iv) 6 = 0, or 6 = 0, the special regime where § is equal
to or in the close vicinity of 6;—This case is
qualitatively different from the previous ones.
Because of the (almost) cancellation between 6,

and 6, the 5(%) term in Eq. (A1) dominates the
evolution which causes a potentially dramatic de-
crease in O(t) until oscillation starts around ¢, ~ £5°",
with 0(¢,) = 0, < 0;. p,(t,) would be expected to
be suppressed by ~62/6? relative to the conven-
tional. However, the cancellation between 6 and 6,
occurs only for patches with peculiar 6;, and the
effect disappears after averaging over postinflation-
ary patches.

Detailed illustrations for the field evolution in each
of these cases can be found in Fig. 6 in Appendix A.
A representative example of the , — d relation is shown in
Fig. 2 based on numerical results. The analytical estimate
of Q, is summarized later in Eq. (10). The upshot for the
postinflation scenario is that Q, can be similar to or
enhanced relative to the conventional misalignment due

to 6(7;) # 0, while the potential suppression effect in
specific patches is resolved after averaging over postinfla-
tionary causal patches.

IC-I: Before or during inflation U(1)pq breaking.—
During inflation, the KE in the axion field is rapidly diluted,
while 0, or the potential energy freezes in as its value at the
onset of inflation (or at PQ-breaking time if PQ breaks
during inflation). Many of the discussions for the post-
inflationary scenario apply here, but there are key
differences due to inflationary effects. We briefly summa-
rize the results for the same four cases as follows:

(1) 0 <0 < 0;.—Similar to the conventional preinfla-

tionary case.
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FIG. 2. The dependence of axion relic abundance on initial
velocity (6) for type-I IC, postinflation PQ breaking
(f, = 10'' GeV). The kink around & ~ 10% is due to the change
in the number of relativistic degrees of freedom, g,, which is
accounted for in our numerical calculation.

(i) 0; < 6 < 6..—In general, similar to the conven-
tional, but, unlike in the postinflationary scenario,
the accidental cancellation or suppression on €,
[iie., 6,~0 in Eq. (9)] persists without the
averaging.

(iii) 6 > 6..—The situation with p, evolution is similar
to the above (iii), but the enhancement due to the
diluted s(z,) is absent due to the intervention of
inflation which cuts short the KE domination time
(unless inflation happens after QCD phase transi-
tion). Therefore, the result is, in general, similar to
the conventional, but accidental suppression is
possible for certain .

(iv) 0 =6; or 6 = 0;.—For PQ breaking during infla-
tion, the situation is similar to the conventional,
since the initial KE is quickly depleted by inflation
before it can drive down the 6; value. However, if
the PQ breaks before inflation with a moderate
or large separation in their scales, the 6(r;) # 0
initial condition can leave a trace despite inflation:

The field value is already driven down to 6; =
H(II)z%Gi for 6; —5 — 0, where 7; is when
inflation starts. 6(¢;) then freezes in as the effective
new initial condition for axion misalignment after
inflation.

Detailed illustrations for the field evolution in each
of these cases can be found in Fig. 7 in Appendix A.
A representative example of the €, — o relation for this
scenario is illustrated in Fig. 3 based on numerical results.
The upshot for this before or during the inflation scenario is

that Q, is similar to or suppressed relative to the conven-
tional due to (z;) # 0, while the potential enhancement
effective in the postinflationary case is wiped out by
inflation.

We now summarize the prediction for €, with IC-I for
post- and preinflation cases in order:
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FIG. 3. The dependence of axion relic abundance on initial
velocity (6) for type-I IC, before or during inflation PQ breaking
(f, = 10" GeV, t;, = 10%t;). The oscillatory dependence in the
large 6 region is shown.

con __ 2 fa 7/6
onst—l ~ { Qa - 0'02<‘90> (1011 GeV) , 0< 56,
Q" & = 0.01{65) (35m). 5>

< Ue»

(10)

and

! — g 01 (11)
’ ©0s)

For the last equality in the second line of Eq. (10), we used
Eq. (8) which assumes #; at PQ-breaking scale #; ~ m,,;/ 12
Other ¢; choices would change the numerics. 8; in Eq. (11)
is obtained from Eq. (A1) with ¢ = ¢;, which as discussed

can lead to a suppression in Q5! when 6, ~ 6.
Note that case (iv) of this scenario provides a new
possibility for Q, to account for Qpy with £, > 10'! GeV

due to specific relations between 6; and éi even with a
natural @; ~ 1. On the other hand, one could argue that
this is trading one type of fine-tuning for another type.
Although challenging, it is curious to see if it is possible to
distinguish the two types of fine-tuning combining various
avenues of observational data.

Type-11 IC: 0; = —(1 — y)0,H;, where y > 0.—This IC
is inspired by case (iv) with type-I IC. Most results in IC-I
apply, with the replacement of § — (1 —y)60; in Eq. (A1).
The key difference is that here the relation 9,- x 0, is
assumed to be valid for any 6;; therefore, the aforemen-
tioned suppression effect in case (iv) (here y — 0) is
robust and survives even after averaging patches for
postinflationary PQ breaking. The realization of such
an IC generally requires an explicit PQ-breaking term
in the axion potential effective in the early Universe,
which is beyond the scope of this work but would be
interesting to explore. We highlight this possibility, since
it provides a novel dynamic way to accommodate a large
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FIG. 4. The dependence of axion relic abundance on initial
velocity (y) for type-IT IC (f, = 10'" GeV), postinflationary PQ
breaking.

f.> 10" GeV QCD axion as a DM candidate for
postinflation PQ breaking. Despite requiring a special
relation between 6; and 9,», this solution is intriguing
considering that, for postinflationary PQ breaking in the
conventional misalignment, there is no way to even
fine-tune to accommodate f, > 10'! GeV, since 6; is
averaged to O(1). We show the Q,-y relation for IC-II
in Figs. 4 and 5, for post- and preinflation PQ breaking,
respectively.

The main difference from IC-I in the Q, prediction, i.e.,
for case (iv) (small y) in the postinflation scenario, is
demonstrated with the following formula:

con,,2 R(t;)
Q7 ,

ngst—l ~

where we can clearly see the suppression relative to the
R(t:)\2
R<[n>) :

conventional by a factor of y or (

| Preinflation /-0 oy T A /LI
0.100 I Conventional Z
S 0.001 o y2
S L
9i=1
10°F L/ /RG] TS
0t = )

10—7 1 | 1 | 1 |

107 0.01 1 100
FIG. 5. The dependence of axion relic abundance on initial

velocity (y) for type-Il IC (f, = 10! GeV and ¢, = 10°t,),
before or during inflationary PQ breaking.

IV. CONCLUSION

In this work, we propose a new misalignment mechanism
where the axion initial velocity is nonzero and demonstrate
its impact on axion relic abundance based on systematically
classified benchmark cases with a UV model-independent
approach. While in many cases €2, remains similar to the
conventional prediction, it may be significantly enhanced

with a large initial velocity 9; or suppressed when 0; and 6
satisfy peculiar relations. As an outcome of this new
scenario, new viable parameter space for the QCD axion
DM opens up, allowing f, both much above (in the special
suppression region identified in IC-II) and much below

(with sufficiently large 6,) the conventional ~10'" GeV
scale [detailed relations given in Egs. (10)—(12)]. Detailed
realization of these initial conditions and phenomenological
consequences for both QCD axion and general ALPs are
worth further investigation (an example is given in
Appendix B). Meanwhile, a caveat for the scenario of
postinflationary PQ breaking is that, as in conventional
misalignment, topological defects’ contribution to Q, may
dominate over the misalignment contribution and is worth
revisiting to advance and complete our understanding of the
axion production mechanism [14,17,20,45,46].
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Note added—Recently, Ref. [25] (as also noted in the
introduction) came out which has overlap with our results.
The two papers are complementary to each other as
explained in the introduction.

APPENDIX A: THE DYNAMICS OF AXION
EVOLUTION WITH AN INITIAL VELOCITY

In this section, we illustrate the time evolution of
0(1). |6

0(1)|, p. (1) for the different scenarios of nonzero 6
in the main text. We will refer to type-I IC to be specific,
while each of the cases may apply to type-II IC by the
substitution of § — (1 —y)0; in the 6(¢) solution as

R(1;)
R(1)
The difference between IC-1 and IC-II in predicting €, is

explained in the main text. The results shown in Figs. 6
and 7 are obtained by solving the equation of motion

o(t) = 6, [y—i—(l—y)( )] ModP2z]. (A1)
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FIG. 6. The time evolution of the axion field with type-I IC in
the postinflation PQ-breaking scenario (for an individual 69;,
before averaging). Green and orange, case (i); blue, case (ii);
black, case (iii); red, case (iv). In addition, we assume the axion
mass mﬁ  R® as the QCD axion in the orange curve; others are
assumed as constant. Details are also given in the text.

6+ 3HO + m2(T)6 = 0. (A2)

By solving the above EOM, we can also obtain the
averaged background energy density p, and pressure P, of
the axion field:

1 L) 2 Lo, 15,

p, = =a*> +-m2a?, P,==a — 5 M’

2 2 2 (A3)

The equation of state can then be found by applying

P
w(t) =—2. (A4)
Pa
SO0 | b 1
| |
- | |
B [ | s
g | =
lmZ 292 I ¢ l‘ ~
zmale N RRURC) | — NS I:L
Zmakior /f)o,\ s ——| -1
0; |
' R(ti) |T |
| - |
S R(t <, | =
—dm, 2
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| I
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FIG. 7. The time evolution of the axion field with type-I IC, in
the preinflationary PQ-breaking scenario. Color codes are the
same as in Fig. 6. In addition, we assume the axion mass m2 « R®
as the QCD axion in orange and purple curves; others are
assumed as constant. Details given in the text.

IC-1 postinflationary U(1)pq breaking.—The represen-
tative solutions for this scenario in the following four cases
are illustrated in Fig. 6. 6; takes a random initial value
which will be averaged over postinflationary patches for Q,
calculation.

(1) 0 <6 <4, ie., with generally small initial KE.—
This is illustrated with green dashed lines (6 ~ 0,
overlapping with conventional case) in Fig. 6 for
constant m,, while for a QCD axion the evolution
before #;°" follows the orange line [overlapping with
green for w(r) and 0(1)].

(i) 0; <0 < 6., i.e., with moderate initial KE.—The
evolution for this case is illustrated with blue lines in
Fig. 6 (for 6; away from the cancellation region
0, = 2rk,k € 7). Because of the dominance of KE
over V in early times, both the constant m, and the
QCD cases essentially follow the same evolution
[this also applies to cases (iii) and (iv) below]. We
can see that due to the large 6; the field’s equation of
state in the early stage is kinationlike.

(iii) 0 > &, i.e., with high initial KE.—This case is
illustrated with black lines in Fig. 6.

(iv) 6 = 6; or 6 ~ 0,, the special regime where 0 is equal
to or in the close vicinity of @;—This case is
demonstrated in red in Fig. 6 for § =6, and in
yellow for 6 = 6;.

IC-I preinflationary U(1)pq breaking.—The represen-
tative solutions for this scenario in the following four cases
are illustrated in Fig. 6, with the same color codes as in their
postinflationary counterparts.

APPENDIX B: AN EXAMPLE MODEL
GENERATING AN AXION INITIAL VELOCITY

In this section, we demonstrate a simple example of
generating a nonzero initial velocity of the axion starting
from 6(r — 0) = 0, as a result of a breaking of axion shift
symmetry in the early Universe. Such a symmetry breaking
is analogous to that realized at late times by the QCD
instanton effect. This is consistent with the expectation that
PQ symmetry, as a global symmetry, is generally consid-
ered approximate or accidental. In particular, we consider
the following effective action involving higher-dimensional
operators [dimension A+ 1, 1 > 0, examples for V(®,)
given in Eq. (B3)]:

2\ 2
§>— / dxﬁ/——g[aﬂ@jaﬂqz-ul (cp}q)l —f?)
@,\*
—|—gf — q)l —|—HC N
Ay

with
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1 :
O, = —(f, + p)ei/e, Bl
where i = {1,2} and ®, and ¢ are CP-even real scalars.

The angular mode of @, is identified as the axion. For
simplicity, we assume the effective coupling g is real. The
gy term explicitly breaks the axion shift symmetry, con-
sidering the motivated possibility that ®, may be displaced
from its true vacuum (®, = 0) at the end of inflation. A, is
the cutoff scale of this effective action, and A, > f,. The
effective potential of the axion then takes the following

form:
<fa ’ “°>

With a nonzero initial field value, the dynamics of the field
@, provides a variety of possibilities to generate a non-
trivial axion velocity at ¢,,,. (the onset of axion oscillation).
For instance, we consider that V(®,) takes the following
power-law form, which can occur in, e.g., quintessence
models [47-50]:

L£LD- \/—gffa< ) (B2)

V(®y) = gy, (B3)
where gy is a constant parameter. We simply assume that
this term dominates the potential in the early Universe.
With the dominant background energy density generically
parametrized as p o« R™™, we find pg, < R™", where
n = (325)m. By solving the time evolution of @, in this
potential, we find

6—n

Oyt NN VN2 n#Em, - 0. (B4)
m

Plugging this solution into Eq. (B2), we obtain the axion

potential at early times:

:A4(2>pcos <f +ao)

where A* = /2g,f, (MZ/AZ) with an initial fleld value
Vala) given above, we can write down the parametrized
equation of motion for the axion field:

Lo61,. A*
“7?“‘ﬁ<‘> (*)

coissn(2) <o

Vala) (B5)

(B6)

A key feature of this model with positive p is that the effect
of the potential V,(a) is suppressed or negligible after

t ~ 1/m,. Consequently, the conventional axion dynamics
is restored after the QCD phase transition. Therefore, the
axion has enough time to enter into QCD vacuum and
behaves just like the standard QCD axion at late times. We
also find that the constraint of solving the strong CP
problem is weaker than the DM relic density constraint. To
see this, we know the following constraint from neutron
electric dipole moment measurements:

g(to) < HQCD >~ 10_]0 (B7)

We also know that the axion energy density today is

palte) = m2f2(0(15)) = 3.49 x 105 GeV2(62 (1)),
where we substituted m,f, = 5.7 x 1073 GeV? [33].
Therefore, Eq. (B7) implies an upper bound on axion relic
abundance today. Putting all numerics together, we find
Q, < 10?%, which is a much more forgiving bound than the
DM overclosure bound. Therefore, the strong CP con-
straint can be satisfied as long as Q, < Qpy, and the
implied constraints on model parameters can be found in
Egs. (10)—(12) in the main text.

The example we demonstrated provides a class of
models parametrized by p, 4, and m, that can generate
diverse possibilities of initial conditions for the axion field
including a sizable initial velocity. In the following, we will
show a choice of parameters that can generate our IC-I (iv)
and IC-IL

1. Example: p=2, A=10, m =4

Here we consider p =2, A =10, m = 4, and, conse-
quently, N =12 and n = 4.8. In this case, the equation
of motion of axion in the very early Universe can be
approximately as the following (the choice of oy = x leads
to ¢ > 0, while ay = 0 leads to ¢ <0, and QCD axion
potential is negligible during this early era of interest):

a+%d+t52a:0, (BS)
where we define |c| = A*#3/f2. The solution is
a(t) = c ™ + ¢y, (B9)
where
i:%(—Zi\/‘l——élc). (B10)

In general, ¢ is suppressed by PQ-scale f, and high-energy
physics scale A,. Therefore, we expect —1 < ¢ <1 and,
consequently, —1 < n, < 0.414. Assuming that, initially at
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ty, a(ty) ~ nf, and a(t,) = 0, we find that the n, term will
dominate at late times, and the axion follows the relation

~—

e, - =n. = H().
alt n+t ”+2 (1)

dEt 1 m (B11)

~—

To give a numerical benchmark example, we consider

My~ 105 GeV,  gy~1GeVs,
A~10y/m f,,  my~10"15 GeV,
l2 ~ IO_ZZEOH, Qy = T.

This implies

2
c=AZ~1on ~-1; (B12)
therefore,
a(rem) 0™ om
= ~n,—H(") ~ —H(15°"), B13
a(tgon) G(ZEOH) ny 2 ( 0 ) ( 0 ) ( )

This gives our IC-I-(iv) and IC-II.
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