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A(1405) as a KN Feshbach resonance in the Skyrme model
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We describe the A(1405) hyperon as a Feshbach resonance of a KN quasibound state coupled by a
decaying channel of zZ in the Skyrme model. A weakly bound KN state is generated in the laboratory

frame, while the T hyperon as a strongly bound state of KN in the intrinsic frame. We obtain a coupling of

KN and 7% channels by computing a baryon matrix element of the axial current. This coupling enables the
decay of the KN bound state to 7Z. It is shown that the Skyrme model supports the A(1405) as a narrow

Feshbach resonance.
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I. INTRODUCTION

The negative parity state of the hyperon of the lowest
mass, A(1405), has brought many discussions over half a
century, because its properties are not easily explained by
the standard quark model [1]. For example, its excitation
energy of about 300 MeV above the ground state A hyperon
with mass 1116 MeV is considerably smaller than the other
light flavored baryons of typical excitation energy about
600 MeV, i.e., N(1535) — N(940) ~600 MeV. In fact,
before the quark model became popular, Dalitz and
Tuan analyzed the antikaon and nucleon (KN) scattering
data and suggested the existence of a quasibound state of
KN corresponding to A(1405) [2,3]. To support such a
bound state, the interaction between K and N must be
sufficiently attractive. The KN bound state turns into a
resonance state by coupling with the open 7% channel of
lower mass. The resonances formed in this way are called
Feshbach resonances, the mechanism of which is a reali-
zation of a general many-body quantum systems [4,5].

Employing the mass of A(1405) at the nominal value of
1405 MeV, a KN potential was proposed to reproduce the
mass in Refs. [6,7] and applied to few-body systems of K
and a few nucleons, resulting in unexpectedly deeply bound
states. On the other hand, a chiral model for the KN was
developed, which predicted a less attractive interaction that
is still sufficient to generate a loosely bound KN state with
a mass spectrum of A(1405) being consistent with exper-
imental data [8]. In contrast with the former approach, the
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chiral model does not generate deeply bound strange
nuclei. Moreover, a unique feature of the chiral models
is that it generates two-pole structure for A(1405); one is of
KN origin while the other zX origin [9—11]. The one of zZ
origin locates at a deep imaginary region on the complex
energy plane, resulting in a broad background structure in
the spectrum.

These different natures originate from the uncertainties
in the basic interaction. The phenomenological interaction
is determined by the nominal mass of the A(1405). The
structure of the interaction such as the ranges and strengths
depends much on the data employed. The chiral model that
is based on spontaneous breaking of chiral symmetry of
QCD still contains parameters for renormalization or
subtraction. In both methods, parameters are adjusted to
reproduce the existing data for the A(1405).

Observing this situation, we have developed an alter-
native approach in the Skyrme model [12,13]. It is a
nonlinear field theory with chiral symmetry for mesons,
where baryons emerge as solitons [14-21]. The model has
been shown to be successful, at least qualitatively, for
meson and baryon spectroscopy and their interactions. The
advantage of this model is that once the two parameters are
fixed from meson properties, the dynamics of baryons are
determined without additional parameters. In this manner
we expect that we better discuss exotic phenomena such as
high-density matter with knowing the origin of the dynam-
ics. This is the reason that we employ the Skyrme model in
the present study.

In our previous publications [12,13], we have inves-
tigated the KN interaction in the Skyrme model using an
analogous method to the bound state approach by Callan
and Klebanov [22,23]. Their method is formulated follow-
ing the 1/N,. expansion with the collective quantization of
solitons and was shown to be successful for the descriptions
of the ground state A and X hyperons. An interesting
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observation is that the K is strongly bound to the hedgehog
soliton in its rest frame (intrinsic frame), and consequently
K is interpreted as a strange quark with spin 1/2 when
quantized. Their method corresponds in many-body phys-
ics to the projection after variation, or the strong coupling
scheme [24]. In our approach, observing that the K in
A(1405) is weakly bound to the nucleon, we have proposed
an alternative method, that is the method of projection
before variation, or the weak coupling scheme. Setting the
two parameters at suitable values, the pion decay constant
and the Skyrme parameter, it has been shown that the K
feels an attractive interaction from the nucleon and is bound
with a binding energy of order 10 MeV, which is identified
with A(1405). Another interesting feature is that when the
KN interaction is expressed in the form of a local potential,
it exhibits an attractive pocket at medium distances

|
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supplemented by a repulsion at short distances. These
features would influence on the properties of high-density
matter with kaons.

In this paper, we introduce a coupling of KN to 7%
to enable the KN bound state to decay and investigate
whether the bound KN state survives as a Feshbach
resonance. In terms of the low-energy method of chiral
symmetry, the one-pion emission decay is computed by the
baryon matrix element of the axial current. Details of
technical issues in performing such a computation are
developed.

II. ACTIONS AND ANSATZ

Let us start with the SU(3) Skyrme model action given
by [21]

1 1
= /d“x{—Fitr(&,,U@ﬂUT) + Wtr[(ﬁﬂU)UT, (0,U)U > + LSB} + Ty (1)

The first and second terms are the original Skyrme model actions and the third term is the symmetry-breaking term due to

finite masses of the pseudoscalar mesons,

V3

1
Lgg = —F2(m2 +2m%)w(U + U' = 2) + — F2(m2 — m%)tr[Ag(U + U")). (2)

48

24

In this paper, we treat the pion as a massless particle while the kaon as a massive one. The last term in Eq. (1) is the
contribution of the chiral anomaly called the Wess-Zumino-Witten (WZW) action given by [18,19]

N,
WZ = 24072

with N, the number of colors, N. = 3. In (1), the only
apparent SU(3)-breaking term is the kaon mass term of
finite my # 0. In general, different meson decay constants
are also the source of the breaking, F, # Fg. One way to
take it into account is discussed in, for instance, [25]. We
will come back to this point when we discuss numerical
results later.

The KN system is described by employing an ansatz [22]

U(x) = £(x) Uk (x)¢(), (4)

where &(x) is for the pion field embedded in the upper 2 x 2
components,

E(x) = ( v lé(x) ?) U(x) = exp [2ic - 2(x)/F,],
(5)

with F, ~ 186 MeV the pion decay constant, and Uy for
the kaon field defined by

Bxe P [(UT0,U) (U0, U)(U9,U) (U 0,U) (U, U)), (3)

- [2;@ (K:)(x) K(()x) )} :

k= () )
X) = .
K°(x)
The Skyrme model describes the nucleon as solitons of
the pion field. The model accommodates a static classical

solution with a specific symmetry, that is called the
hedgehog solution:

Uy(x) =explit-XF(r)], (7)

where F(r) is a soliton profile function of radius r = |x]|
and * =x/|x|. Such a classical solution does not corre-
spond to the physical nucleons with spin and isospin
quantum numbers. They are generated in the collec-
tive coordinate method, where the variables for spin and
isospin rotations of the hedgehog solution are quantized.
Therefore, the nucleon is regarded as a rotating hedgehog:

Up(x) = A(t)Up(x)A(1)". (8)
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Due to the symmetry of the hedgehog solution, rotations in
spin and isospin spaces are related leading to the constraint
of equal spin (J) and isospin (/) values, J = I.

In the present study for the decay A(1405) — 7, we
need the kaon field that plays dual roles. One is for
A(1405) where the physical K of isospin 1/2 is bound
to the nucleon, the rotating hedgehog in the laboratory
frame. Hence we have proposed an ansatz [12]:

Upn(x) = A(1)EA(t) UgA(1)EyA(1)T, )

which is used for the construction of the A(1405). The
other is for ¥ where the K is bound to the hedgehog
soliton in its intrinsic rest frame. The total configuration of
the hedgehog soliton with a bound K is then rotated
simultaneously:

Uck(x) = A(1)éqUgépA(t)", (10)

where the subscript CK is from Callan-Klebanov [22]. This
equation can be written also

Uck = (AEuAT)(AUKAT)(ALAT), (11)

which explicitly indicates that the hedgehog and kaon are
rotating in the same way by the rotation matrix A(z). In
terms of the two-component isospinor the kaon field is
rotated as

K — A(DK. (12)

In short, the difference between (9) and (10) [or (11)] is in
the quantization of the kaon, while the quantization of the
nucleon is the same. In (9) the kaon is physical while in
(10) the kaon behaves like a strange quark after quantiza-
tion [22].

At this point we would like to discuss general features of
meson fields beyond static classical solutions. The kaon
field introduced here is a quantum fluctuation or vibration
of order N? in the 1/N, expansion of QCD. Here N, is the
number of colors and the classical solutions are of order N_.
The collective rotation A(z) is then of order 1/N, as is

characterized by the rotation velocity Q ~ ATA. In this
regard, the nature of the kaon field here differs from meson
fields that were discussed many times in extended soliton
models with vector mesons [26—28]. There, some compo-
nents of the vector mesons appear at the classical level of
order N, such as the time component of the @ meson, while
others induced by rotations such as spatial components of
the @ meson of order 1/N,. These mesons are regarded as
mean fields around the slowly rotating hedgehog.

Now Callan-Klebanov’s method for A and X follows the
scheme of 1/N, expansion, first obtain the hedgehog
soliton, next find a kaon bound state and then rotate the
system of the soliton and bound kaon. In our ansatz (9) for

A(1405), the order in the last two steps is reversed based on
the following physical intuition. The two different schemes
are understood by comparing the time for the rotating
hedgehog to turn around once, Afy, and the time of the
bound kaon to go around the soliton (nucleon) once, Atg.
The time Aty for the nucleon of spin J = 1/2 is estimated
if we know the angular velocity Q of the rotating hedgehog
for the nucleon by Aty ~27/Q. Using the relation J =
ZQ = 1/2 and the moment of inertia value Z ~ 1 fm of the
rotating hedgehog, we estimate Q ~ 1/2 fm~! and hence
Aty ~ 10 fm. The time Azg for A(1405) is estimated by
using a typical binding energy of the K that is of order
10 MeV, while that for X is estimated by using a typical
binding energy of order 100 MeV. We find the relation

Aty < Atg ~ several ten fm (13)

for the K of A(1405) (the K goes around more slowly than
the hedgehog rotates), implying that the K is treated as a
particle moving around the rotating hedgehog in the
laboratory frame. On the other hand, we find

Aty > Aty ~a few fm (14)

for the K of T (the K goes around faster than the hedgehog
rotation), implying that the K is treated as a particle moving
around the static hedgehog in the intrinsic (rotating) frame.

III. COUPLING TO THE n~ CHANNEL

A. Definitions

The decay of A(1405) — zX is regarded as a baryon
transition accompanied by one-pion emission, which is
described by the amplitude

(72| Ling| A(1405)). (15)

To the leading order of chiral expansion in powers of small
momentum, the interaction Lagrangian with one pion L,
is written as

2 a
»Cim = F—aﬂﬂ'a.ﬂ;’ . (16)

The isospin axial current J5 with the isospin index a is
the one with the one-pion pole term subtracted and is
computed in the Skyrme model in the present study. We
note that it is normalized in accordance with the isospin; for
instance, for the effective interaction with the nucleon,
J5 = Wny,ys(t/2)wy. For the transition of A(1405) —
w2 we need the isovector axial current in the form

JEC = Wy aa05)» (17)

where w§ and w1405 are the Dirac spinors for X and
A(1405), respectively, with a an isospin index for . Here
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75 is not needed due to the negative parity of A(1405). The
baryon matrix element computed in the Skyrme model is
then identified with the coupling constant for the effective
Lagrangian

2 _
EA(1405)—>;12 = JA(1405)7% F—a’l”a‘//‘zlhl///\(mos)- (18)
The coupling constant g, (j40s),x is then defined to be the
matrix element

IA(1405) 7 = <ZO|J2’3‘A(1405)>, (19)

the estimation of which is the main purpose of the
present paper.

B. The axial current
The axial current is derived from the action Eq. (1) as the
Noether current associated with the axial transformation:
U — gaUgy, ga = €02, (20)

where A = 4% (a = 1,2,3,...,8) and @ are the Gell-Mann
matrices and SU(3) parameters, respectively. The result is

e = (1,%)]

a iF;
J5 (%) :1—6tf[ (R — L))

g R R R ~ [ L, L)

a

N, A
— F;zeﬂmﬂtr E (LuLaLﬁ + R,,RaRﬂ) s (21)

where R, = UJ,U" and L, = U'0,U. The current here is
regarded as an operator acting on the quantized soliton
states written in terms of the collective coordinates of
rotations and on the second-quantized states of the kaon as
we will see below.

Substituting the ansatz (4) for (21), and expanding in
powers of the kaon field K up to the second order, we find

Jua — ppa®) | pra) | o3, (22)

where superscripts (0) and (2) stand for the order of the
kaon field. For our purpose, we need the second-order
term J,;,a.(z) which contains two kaon fields, K and K.
Moreover, in the nonrelativistic approximation that we
employ for baryons, the time component y = 0 is domi-
nant. The explicit form of the relevant piece of the first term
of (21) is

J3(0) = un(Eene - geneh) (KK~ KKT). (23)

The computation of the second and third terms of (21)
is tedious, but possible and is given in Appendix A. As
anticipated in the previous section, the dual roles of
the kaon fields in (23) are implemented by identifying
one of the K’s in (23) with that for A(1405) and the
other one for X, when computing the matrix element

<ZO|JZ;’O: 3|A(1405)). Explicitly, we follow the relation

K - A(t)Kcg for Z,
K" — Kf, for A(1405). (24)

The presence of collective coordinate A(r) in the first
equation is inferred from (12) and is regarded as a
coordinate operator.

Following the standard method for field quantization, the
kaon fields are expanded in terms of a complete set of wave
functions with the corresponding creation or annihilation
operators as their coefficients. The field K[, is regarded as
an annihilation operator for the antikaon for A(1405) and is
expanded by the wave functions in the laboratory frame:

Kiy(1.x) = di-(1.x)ag- + ro(t.x)ago +---, (25

where ¢’s and a’s are the wave functions and the corre-
sponding annihilation operators, respectively. Here we have
shown only the terms of the lowest s wave for the antikaon
that are necessary for our purpose:

P (ex) = (1, O)J%_k*(r)e“EEHQ
TT

Pho(t.x) = (0, —1)——=Kk*(r)etiEm (26)

1
Var
where k(r) is the s-wave radial function of the antikaon
bound to the nucleon with Egy being the corresponding
energy including its rest mass. The minus sign in the second
component for (ﬁ;(o reflects the proper isospin transforma-
tion of K.

For %, the kaon is bound to the hedgehog with quantum
numbers of the grand spin, the sum of isospin and orbital
angular momentum, 7 = I + L. As discussed in Ref. [22],
such a bound kaon is interpreted as a strange quark in p
wave. Therefore,

Kek(t,x) = r/)sT(t,x)aIT + r/m(t,x)aL +-, (27)

with

1. x( 01 )s(r)e—fECK’, (28)
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where the p-wave nature is in the combination 7 - X, s(r)
the corresponding radial function and Eck the energy. Once
again the minus sign in the lower component of the second
line of (28) reflects properly the spin transformation rule.
The functions k(r) and s(r) are obtained by solving the
Klein-Gordon-like eigenvalue equations [12,13,22,23].
Their normalization needs to be treated properly to reflect
the structure of the Klein-Gordon-like equations, as shown
in Appendix B.

C. Baryon states

The isosinglet state of A(1405) is formed by the two
isospin 1/2 states of the nucleon and the kaon:

N(1405) = [31pK) = 4R
1

3 i 0= (o). 29)

The proton (p) and neutron (n) wave functions with spin
up and down ,,, (A) are given by the collective
coordinate A:

N N
“Yar TVa

A:ao—i—ir-a:izr( NT NL>. (30)
Ypr VYo

The X state is given by a combination of diquarklike
wave functions of spin and isospin 1 and of the strange
quark. For neutral spin up X,

2005 = 1/2)) = \@dwg = 1)sy) - \@wug — 0)sy)
2 1

= \/;Wi{o(A)amO) - \/%‘I/SO(A)QEHOX

(31)

where the vector-isovector diquark wave functions are
labeled by its spin J5 and isospin /5, wﬁ 1,» and the relevant
ones here are given as

wiy(A) = g (a + iaz)(ag + ia3), (32)

3i
l//gO(A) = \/;; (Clo2 - a12 - 022 + a32>. (33)

IV. CALCULATION OF THE MATRIX ELEMENT

After establishing the axial current and the wave func-
tion, we demonstrate how the matrix element (18) is
computed. The procedure is rather straightforward, though
actual computation is quite long and tedious. Therefore, we

will show the outline briefly. Let us consider the transition
to the neutral £ (a = 3). Replacing the kaon fields as in
(24) and the time derivatives by the eigenenergies of the
relevant terms of (26) and (28), we find

J(s)’3 (x,A) = —(Epn + Ecx) ;Ltr(éﬂ‘ﬁf - §T3§T)AKCKKEH’
(34)

where we have indicated that the current is a function of x
and the collective coordinate A. Using the rotating hedge-
hog configuration & = A&, AT with

F F
§H:cos§+i1-£‘sin§, (35)
we obtain
in(F/2
I3 (x,A) = —(Epy + Ecx) SHI(47/)tr(T3T R -T2
x AKcx KLy (36)

where 7- & = At - AT,

For the transition amplitude, we need to take the matrix
element of the interaction Lagrangian (16) with the initial
A(1405) and the final Xz, with a finite pion momentum
g = (E;.q), E; = \/m> + ¢*. Performing necessary trace
algebra for the relevant 2 x 2 matrices, we integrate over
the space-time d*x and collective coordinates du(A), where

n 2r
/ du(A) = A do,do, A dOysin? 0, sin6,,  (37)

and the relation between the three angles and the SU(2)
rotation matrix is given by
ag = cos 0y,

a; = sin#,; sin @, cos 65,

a, = sin @, sin 6, sin 63,

az = siné; cos 0,.

The time integral leads to the & function for energy
conservation. After these manipulations, we arrive at a
rather compact expression:

(7°(q)Z°|Lin A (1405))

—F% / d*xdu(A) (x|0°7> (x)]0) (Z|J23 (x, A)|A(1405))

2 )
= i6(E; + Eck — Egn) F—/ drr? jo(qr)
0

b
« E,(Egy + Ecx)

5 sin Fs(r)k*(r). (38)
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The presence of the spherical Bessel function jo(gr) = sin(gr)/(gr) indicates that the decaying pion is in the s wave as it

should be.

So far we have shown the result for the second-order derivative term. The computation goes similarly for the Skyrme and

WZW terms. The results are summarized as follows:

(7°(@)Z°| Lint|A(1405))

= Fi / dxdp(A) (7|07 (x)[0) (Z]I§7 (x, A) FHEVAV A (1405))

. 2 [ .
=i6(E; + Eck — EEH)F—/ drr? jo(qr)(Zs + Iy + Lywzw). (39)

T

where

E,(Egy + Eck)

(5¢% - sZ)} + %s(r)k*(r) {— )

45%ginF

3 (=c*+ 5S2):|

I, = 5 sin F's(r)k*(r),
E, + Eg 2 in> F
7, =~ BT D ke 2sin P (P42
3 3 r
Ex ., [4c*sinF
—I—?s(r)k (r) [§ 2
Eg 5¢2  7s?

4sin FF'
T = (st () 20

Here we have introduced the notation ¢ = cos(F/2) and
s = sin(F/2).

V. RESULTS AND DISCUSSIONS

In this section, we present and discuss our numerical
results for the decay of A(1405) — #zX. The formulas that
are derived in the previous sections determine the coupling
constant gy (1405),x as defined in the effective Lagrangian
(18). The decay width is then computed by the formula

2 lg| Es +my

A(1405)n274(E2 YE,) x 3. (41)

FA(1405)—>;:2 =49

The factor 3 is for isospin sum. For kinematic parameters
we employ the physical values that are fixed by the
experiment as summarized in Table I. Here we take the
mass of A(1405) slightly higher than the nominal value,
that is, 1420 MeV, considering the recent discussions of the
two-pole structure of A(1405), and the KN quasibound

TABLE L Kinematical inputs for the decay of A(1405) in units
of MeV.

m mg my MA(1405) lq| E, Es
138 495 1193 1420 166 216 1204

L (r)ke (1) [ZF’ (‘T +5

2sin? F

+ s'(r)k*(r) "

+ 2SR () [ZF’ (7762 - 5%2)} ,

() 2sin’ F) .

" (40)

[
state is considered to locate at around the higher-mass
region [29].

Our main results in this paper are shown in Table II,
where various contributions to the coupling constants and
the resulting decay widths are given for three sets of
the Skyrme model parameters, A, B and C. In set A, the
decay constant F, is taken at an average of the pion and
kaon decay constants, considering the difference in the
two constants, while in set B it is set at the pion decay
constant. Set C is from Ref. [20]. In all cases, the Skyrme
parameter e is determined such that the NA mass splitting
is reproduced.

As seen from Table II, the present model predictions of
the decay width I" are small as compared to the exper-
imental data and scatter in a range from the minimum value
to the maximum value that is about 3 times larger than the
minimum value. The experimental data is taken from PDG
where they quote the average number 50.5 + 2.0 MeV
[29]. There are, however, discussions about the two-pole
structure of A(1405) having the KN and #X origin. The
KN originated one locates relatively higher in mass at
around 1420 MeV and has a narrower width, while the 7Z
originated one locates lower with a wider width. Our
present result is to be compared with the former KN
dominant one, whose width is expected to be around
20 MeV [29]. Thus the corresponding coupling constants
are shown in parentheses.
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TABLE II.

Results for the three sets of Skyrme model parameters. Contributions of the coupling constant from the second-order,

fourth-order and WZW terms are shown separately as g,, g4 and gwzw, respectively. The experimental data for A(1405) are taken from
the averaged value from PDG and the corresponding coupling constant g, (;40s),s is evaluated by them. The numbers in the parentheses

are those expected for the KN dominant pole. The data for e are also shown when identifying them with the coupling of p — 7z decay

[30].

F, (MeV) e B.E. (MeV) 92 94 Gwzw GA(1405)z% I' MeV)
Set A 205 4.67 20.6 0.0545 0.0385 0.0938 0.187 2.3
Set B 186 4.82 32.2 0.0609 0.0439 0.1180 0.223 33
Set C 129 5.45 81.3 0.0437 0.0520 0.2371 0.333 7.4
Data 186 5.75 30 0.87(~0.55) 50.5(~20)

The reason that the model predictions scatter in a rather
wide range is that the amplitude is proportional to 1/F, and
that the overlap integral in the matrix element is sensitive to
the structure of the kaon wave functions of A(1405) and of
2. It is not difficult to see that these factors may change the
coupling constant by a few times. Then a possible reason
for small values may be explained by the overlap integral;
in the present approach the two limits are employed for the
construction of the wave functions of A(1405) and X, the
weak coupling and strong coupling limits. The matrix
elements for the transition amplitudes computed by the
integral of the two wave functions are therefore suppressed.
In a realistic situation, both wave functions are between the
two limits and therefore the overlap integral would gain
some strength. We also consider that the suppression is
related to the bound state approach where the kaon is
regarded as a heavy meson and is, as well as hyperons, not
treated as flavor SU(3) multiplets. Physically, the transition
from KN to zX requires an exchange of a (heavy) strange
quark from K to X. It is natural to consider that such a
heavy particle exchange is suppressed.

Aside from the quantitative aspect, it is worth emphasiz-
ing as the main conclusion of the present study that the
resulting decay width turns out to be narrow. This enables
the KN bound state to remain as a Feshbach resonance,
seemingly a natural consequence that the Skyrme model
supports.

The final remark is the relevance of the present analysis
with the two-pole structure of A(1405) in the chiral unitary
approach [9-11]. The Skyrme model is a realization of
chiral symmetry with baryon structure described by sol-
itons. Therefore, it shares common features in meson-
baryon dynamics with the chiral unitary approach. To show
this explicitly in the present approach we need the 7% — zX
interaction, the derivation of which requires terms of meson
fluctuations of fourth order, zzKK soliton; kaons here are
used to generate the X baryon as a KN bound state.
Although the inclusion of such higher-order terms seems
rather formidable, we expect to have an energy-dependent
X potential, generating a X resonance as obtained in the
chiral unitary approach. Hence what we can conclude at
this point is that the A(1405) resonance is dominated by the

Feshbach molecule of KN complemented by a broad
structure due to the #Z dynamics, the feature of the chiral
approach with the inclusion of the internal structure of the
nucleon.
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APPENDIX A: EXPLICIT EXPRESSIONS OF THE
AXITAL CURRENT

In this Appendix, we show the explicit form of the axial
current:

.F2
Pyt = Eulae (R — L]

e {[R Ry, R = (L L, L]

N A
- _Ceﬂyaﬂtr E (LL/L(IL/} + RL/R(IRﬂ) .

4872 (A1)

The term from the second derivative term has been already
given in (23) for y = 0:

J24(2nd) = ﬁtr(i*r“f — &8N (KK — KKT).  (A2)

For the term from the fourth derivative (Skyrme) term, we
find

0,a ! af i, 0 .
5 (th) = = o (a0 a2
4244 [ai,(o)’ [0{5]), ao.(l)]]
+ 22400, [a”, @ ])) = (£ < &), (A3)
where - -
a9 — <UHaiUH 0> (A4)
’ 0 0
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0 ~Uy0;(E'AK
oV = o o n0i(E'AK k) ’ (A5)
Kiu&0,0}; — 0:(Kiu&') 0
0 —EAD,(K
a(()]) _ ( . EAOD,( CK))’ (A6)
—00Kgyé 0
S - .
a(()Z) _ EAK kK" — EAK ok Ky &' . 0 ‘ ' (A7)
0 —KiyAKck + KLgAK ok
For the term from the WZW term, we find

0a N 1 (0) o0 4(2) | a(0) 4(2) 0) | a(2) 4(0) 50)

Js (WZW):WM (ﬂz ﬂj B+ b ﬂj b’ +bi ﬂj Py )
+220(80 Y + pUBYBY + BUB B + € < €7 (A8)

where
A =uto,u, = ( 0“ 0>, (A9)
0 —£70, (6K
P < £70,(¢ ))7 (A10)
K'E0, - 0,(K'¢) 0
0 (EK)KTE— ETKD, (KTENE 0
ﬂilz)_(f L(EK)KTE—ETKO,(KTET)E ) (A1)
0 —2K'E79,(6K) + 0,(K'K)

APPENDIX B: NORMALIZATION CONDITIONS

In this Appendix, we show the normalization conditions
for the kaon and s-quark wave functions which are
consistent with the solutions of the Klein-Gordon equation
and with the canonical commutation relations. First, in the
CK approach, the normalization is given by [22,23]

4 / drP sy ()5 (P ()@, + 0p) + 24(7)] = S,
4 / drr 5y ()5 (P F () @0 + B) = 22(7)] = Sum:
) +22(r)] = 0,

4 / drr s () (P () (@, — oy (B1)

4ﬂ/drr2k*
47r/d zk*

dr | drr*ki(r {f(a)n -®

[ﬂwn T o) +2(p + 4}

1
Ko0) |00+ 80 = 2001+ ) +

where s,,(r) and 5, (r) are the wave functions of the s and 5
quark in the m mode, respectively, and w,, and @,, the
corresponding eigenenergies. The radial-dependent func-
tions f(r) and A(r) are given, respectively, by

1 sin? F
f()_1+(eF) [2 3 +F’2}, (B2)
N.E sin’ F

In the EH approach, the normalization conditions are
given by

1d
_ﬁ5<r2p2):| = 5nm7 (B4)
d
E(FZ,DZ):| = 5nm’
1d
m) +2{p1 + 41} —pg(r p2)| =0, (B5)

014046-8



A(1405) AS A KN FESHBACH ...

PHYS. REV. D 102, 014046 (2020)

where
. o

pi(r) = - S

Ay {1 +—(e;,,)2 <%sin2F + F’2>]

in?(F/2 1 /5 ,
_sm S\/ ) [1 + oF ) <r2s1n2F+F2>],
(B6)
Pl = i [Th eI+ 3)|. 69

N.

- 1 sin’F
=52

27 2

where k,,(r) and w, are the wave functions and the
corresponding eigenenergies, respectively, and the tilded
variables are for the kaon.

These normalization conditions Eqgs. (B2) and (B6) are
obtained in order to satisfy the canonical quantization
condition

BY, BY = -

A (r) F', (B3)

[k (r. 1), 7, (F', 1)] = i8,, 6 (r = 7)., (BY)

where 7, (r',t) is the canonical momentum conjugate
to k,,(r, 1).
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