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We investigate the tomographical structure of the pion and kaon in the light-cone quark model. In
particular, we study the parton distribution amplitude (PDA) of the pion and kaon. We obtain the parton
distribution function (PDF) and the generalized parton distributions of the pion and kaon. The valence
quark PDA and PDF of the pion, after QCD evolution, are found to be consistent with the data from the
E791 and the E615 experiments at Fermilab, respectively. Further, we investigate the transverse momentum
distributions (TMDs) of the pion and kaon. We also discuss the unpolarized TMD evolution for the pion
and kaon in this model.

DOI: 10.1103/PhysRevD.102.014021

I. INTRODUCTION

The nonperturbative structure of the hadron is well
described by the distribution of partons inside the hadron
in both position and momentum space. The distribution
amplitudes (DAs) are among the most basic quantities
which not only provide important information on bound
states in QCD but also play an essential role in describing
the various hard exclusive processes [1,2] of QCD via the
factorization theorem [3] analogous to parton distributions
in inclusive processes. DAs are the longitudinal projection
of the hadronic wave functions obtained by integrating out
the transverse momenta of the constituents of the hadron
[4,5]. The lowest moments of the hadronic DAs for a quark
and an antiquark inside a meson also give us the knowledge
of decay constants and transition form factors [6–9].
The parton distribution functions (PDFs) [10,11], which
are accessible in hard inclusive processes such as deep
inelastic scattering (DIS) or Drell-Yan processes, encode
the distribution of longitudinal momentum and polariza-

tion carried by the constituents. The generalized parton
distributions (GPDs) [12–15] reveal the parton distribution
in the direction transverse to the hadron motion providing
the spatial distribution. Unlike the PDFs which are a func-
tion of the longitudinal momentum fraction carried by the
active parton x only, GPDs being a function of x, the
longitudinal momentum transferred ζ, and the total momen-
tum transferred from the initial state to final state of the
hadron t provide us the knowledge of the three-dimensional
(3D) spatial structure of the hadron. One can obtain the form
factors, charge distributions, PDFs, etc., from GPDs under
certain conditions [16–18]. The momentum tomography
of hadrons is described by the transverse momentum–
dependent parton distributions (TMDs) [19–21]. The
TMDs are a function of longitudinal momentum fraction
x and transverse momentum possessed by the parton (k⊥).
Considerable efforts have been made to determine PDFs

and their uncertainties by global fitting collaborations such
as CTEQ [22,23], NNPDF [24,25], ABM [26,27], GRV/
GJR [28,29], MRST/MSTW [11,30], and HERAPDF [31].
The Drell-Yan dilepton production in π−-tungsten reactions
[32,33] is one of the available experiments with access to
the pion PDFs. Several next-to-leading-order (NLO) analy-
ses of this Drell-Yan process have been studied by
Refs. [32,34,35]. Meanwhile, the reanalysis of the data for
the Drell-Yan process including the next-to-leading logarithmic
threshold resummation effects has been performed in Ref. [36].
Experimentally, the internal structure of hadron via

GPDs can be extracted from the hard exclusive processes,
for example, deeply virtual Compton scattering [37–40]
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and deeply virtual meson production [41,42]. GPDs can
also be accessed through the timelike Compton scattering
[43–45], ρ-meson photoproduction [46–48], and exclusive
pion or photon-induced lepton pair-production [49–51].
The heavy charmonia photoproduction is used to extract
the gluon GPDs [52]. The data to access the GPDs of
hadrons have been taken from the experiments at Japan
ProtonAccelerator ResearchComplex (J-PARC),Hall-A and
Hall-B of Jeerson Lab (JLab) with the CLAS Collaboration,
and COMPASS at CERN [51,53–59]. The TMDs can be
measured through the processes, namely, semi-inclusive deep
inelastic scattering (SIDIS) [60–62] and the Drell-Yan (DY)
process [63–66]. The upgraded experiments at JLab,
Deutsches Elektronen-Synchrotron (DESY), electron-ion
collider are valuable in accessing the SIDIS data [67–70],
and the data of DY process are extracted via experiments at
J-PARC, Brookhaven National Laboratory (BNL), CERN,
Fermi National Accelerator Laboratory (FNAL) [33,71–74].
From the theoretical point of view, the pion DAs have

been studied using the Chernyak-Zhitnitsky [75] and
Goloskokov-Kroll [51,76] approaches. Further, the pion
and the kaon DAs have been theoretically calculated using
the Dyson-Schwinger equations [77,78] as well as from
Poincaré-covariant Bethe-Salpeter wave functions [79]. The
pion PDFs have been studied in the Nambu–Jona-Lasinio
(NJL) model [80]. The valence-quark pion and kaon PDFs
incorporated with gluon contributions have been studied in
Ref. [81]. The pion and the kaon DAs and PDFs have been
discussed in the light-front constituent quarkmodel by using
the symmetric quark-bound state vertex function [82] and
chiral constituent quark model [83]. The pion PDF has also
been the subject of detailed analyses in the phenomeno-
logical models in Refs. [84–86], also including anti-de Sitter
(AdS)/QCD models [87–90] and the chiral quark model
[91]. The pion PDFs have also been studied within lattice
QCD [92–99]. Additionally, the first global fit analysis of
PDFs in the pion has been reported in Ref. [100]. Although
the PDFs are expected to be universal, tension exists
regarding the behavior of the pion valence PDF. The
large-x behavior of the pion valence PDF is expected to
fall off linearly or slightly faster from the analyses of the
Drell-Yan data [32,34]. This is supported by the constituent
quark models [84,85], the NJL model [85], and duality
arguments [101]. However, this observation disagrees with
perturbative QCD, where the behavior of the same function
has been predicted to be ð1 − xÞ2 [102–105], a behavior
further supported by the Bethe-Salpeter equation (BSE)
approach [106,107]. Meanwhile, the reanalysis of the data
for the Drell-Yan process [36] including the next-to-leading
logarithmic threshold resummation effects shows a consid-
erably softer valence PDF at high x when compared to the
NLO analysis [32,34]. The pion GPDs have been attempted
using covariant and light-front constituent quark models
[108], NJL and spectral quark models [91]. The skewed and
double quark distributions in the pion using the effective
chiral theory based on the instanton vacuum have been

studied in Ref. [109]. Recently, the GPDs of the pion
for zero skewedness [87] and for nonzero skewedness
[110] have been studied with the AdS/QCD approach.
Furthermore, the studies on pion and kaon GPDs are
explained in the Poincaré covariant Bethe-Salpeter constitu-
ent quark model by considering the support parameter of
pseudoscalar mesons [111].
TMDs contain important information on the 3D internal

structure of hadrons, especially the spin-orbit correlations of
quarkswithin them [112]. The pionTMDs have been studied
by considering theDrell-Yan process with pion beams [113].
The TMD fragmentation functions of elementary particles in
pion andkaon from theNJL-jetmodel have been explained in
Ref. [114] using theMonte Carlo approach. The pion TMDs
are also evaluated in the NJL model with Pauli-Villars
regularization [115]. The transverse structure of the pion
in momentum space inspired by light-front holography has
been reported in Refs. [116,117]. A comparative study of the
pion TMDs beyond leading twist in a light-front constituent
quark model, the bag model, and a spectator model has been
reported in Ref. [118].
Tounderstand the relativistic effects of themotionofquarks

and gluons in the hadrons, light-cone formalism is used and is
a convenient frame to study the applications to the exclusive
processes. The Wigner rotation is taken into account, when
one transforms a composite system from one reference frame
to another. The advantage of using the light-front dynamics is
that the Wigner rotation related to the spin states is unity in
different frames under the Lorentz transformation. The light-
cone quarkmodel (LCQM) finds application in theQCD low-
scale regime. The pion has chiral symmetry constraints,
particularly the explicit chiral and spontaneous symmetry
breaking, leading to the pion structure being the simplest
valence-quark substructure to study. The LCQM is successful
in explaining the electromagnetic form factors of the pion and
kaon.The results of electromagnetic form factors have already
been compared with the experimental data available at the
low-energy scale in Ref. [119,120] and are found to be
consistent with the results evaluated in this model. The decay
constants and charge radii for both particles have also been
predicted in the LCQM. In light of the progress, it therefore
becomes necessary to enhance this model to study several
distributions of partons in the mesons.
In the present work, we have implemented the Melosh-

Wigner transformation to derive the light-cone spin-flavor
wave functions of the pion and kaon. We have investigated
the DAs of the quark in the pion and kaon at the model
initial energy scale μ0. The QCD evolution is applied on the
low-energy scale model calculated DAs and compared with
the asymptotic result. The moments at different evolution
scales corresponding to pion and kaon are also compared
with different available theoretical predictions. Further, we
evaluate the PDFs for both pseudoscalar mesons in this
model. To compare the model results with the available
experimental data of PDFs, the next-to-next-leading-
order (NNLO) Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
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(DGLAP) evolution is put into consideration by choosing
the appropriate scales. We have studied the GPDs and the
TMDs of pion and kaon from the overlap of light-cone
wave functions (LCWFs). Spin-0 hadrons refer to two
GPDs. The chirally even GPD, Hðx; ζ; tÞ, describes the
distribution for an unpolarized quark, whereas the chirally
odd GPD, ETðx; ζ; tÞ, corresponds to the distribution of a
transversely polarized quark inside the hadron [121].
Meanwhile, there are two leading-twist TMDs in the
case of the pseudoscalar meson: the unpolarized quark
TMD, f1ðx;k2⊥Þ, and the transversely polarized quark
TMD, h⊥1 ðx;k2⊥Þ, also known as the Boer-Mulders function
[20,21]. f1ðx;k2⊥Þ is a T-even distribution, whereas
h⊥1 ðx;k2⊥Þ is naively a T-odd distribution, and such a
distribution is dynamically generated by initial- or final-
state interactions [122,123]. Here, we shall use the
perturbative gluon rescattering in order to generate the
Boer-Mulders function for light mesons.
The manuscript is organized as follows. In Sec. II, we

discuss the details of light-cone quark model. The wave
functions and distribution amplitudes for the pion and kaon
are detailed in Sec. III. Section IV includes the parton
distribution functions for both the pion and kaon mesons
and its DGLAP evolution to the higher energy scales. In
Sec. V, a detailed description and graphical interpretations
of the GPDs are given for the u-quark in the pion and kaon.
In Sec. VI, we present the quark TMDs of both pseudo-
scalar mesons. In this section, the details of the scale
evolution of the unpolarized quark TMD are also presented.
Finally, the results are concluded in Sec. VII.

II. LIGHT-CONE QUARK MODEL

The hadron eigenstate jMðPþ;P⊥; SzÞi in connection
with multiparticle Fock eigenstates jni is defined as [124]

jMðPþ;P⊥; SzÞi ¼
X
n;λi

Z Yn
i¼1

dxid2k⊥iffiffiffiffi
xi

p
16π3

16π3δ

�
1 −

Xn
i¼1

xi

�

× δð2Þ
�Xn

i¼1

k⊥i

�
ψn=Mðxi;k⊥i; λiÞ

× jn; xiPþ; xiP⊥ þ k⊥i; λii; ð1Þ
where P ¼ ðPþ; P−;P⊥Þ is considered as the total momen-
tum of meson and Sz is the longitudinal spin projection. The
momenta ofmesonhavingmassM and its constituents having
masses m1 and m2 in the light-cone frame are defined as

P ¼
�
Pþ;

M2

Pþ ; 0⊥
�
; ð2Þ

k1 ¼
�
xPþ;

k2⊥ þm2
1

xPþ ;k⊥
�
; ð3Þ

k2 ¼
�
ð1 − xÞPþ;

k2⊥ þm2
2

ð1 − xÞPþ ;−k⊥
�
: ð4Þ

The multiparticle Fock states containing n number of con-
stituents are normalized as

hn; k0þi ;k0⊥i; λ0ijn; kþi ;k⊥i; λii

¼
Yn
i¼1

16π3k0þi δðk0þi − kþi Þδð2Þðk0⊥i − k⊥iÞδλ0iλi : ð5Þ

where ith constituent is holding the longitudinal momentum

fraction xi ¼ kþi
Pþ, transverse momentum k⊥i and helicity λi.

The light-cone wave function in the LCQM is written as

ψF
Sz
ðx;k⊥; λ1; λ2Þ ¼ φðx;k⊥ÞχFSzðx;k⊥; λ1; λ2Þ; ð6Þ

where φ and χ correspond to the momentum space and spin
wave functions, respectively, and superscript F stands for the
front form.
The LCWF of the pion (or kaon) can be obtained through

the transformation of the instant-form SU(6) wave func-
tions using Melosh-Wigner rotation. The spin wave func-
tion of the pseudoscalar meson in the instant form (T) can
be written as [120,125]

χT ¼ ðχ↑1χ↓2 − χ↑2χ
↓
1 Þffiffiffi

2
p ; ð7Þ

where χ↑;↓i is the two-component Pauli spinor. One can
relate the light-cone spin states jJ; λiF and the ordinary
instant-form spin states jJ; siT as

jJ; λiF ¼
X
s

UJ
sλjJ; siT; ð8Þ

where UJ is the Melosh-Wigner rotation operator.
The spin space wave function of the pseudoscalar meson

can obtained in the infinite momentum frame by imple-
menting the transformation equation (8) in Eq. (7). The
Melosh-Wigner transformation is used to connect the
instant-form spin states and light front–form spin states as

χ↑i ðTÞ ¼ ωi½ðqþi þmiÞχ↑i ðFÞ − qRi χ
↓
i ðFÞ�; ð9Þ

χ↓i ðTÞ ¼ ωi½ðqþi þmiÞχ↓i ðFÞ þ qLi χ
↑
i ðFÞ�: ð10Þ

Here, we take the instant-form 4-momenta for two quarks
as qμ1¼ðq01;qÞ and qμ2 ¼ ðq02;−qÞ with q0i ¼ ðm2

i þ q2Þ1=2.
In Eqs. (9) and (10), ωi ¼ ½2qþi ðq0i þmiÞ�1=2 and qR;Li ¼
q1i � iq2i . A meson is a bound state of a quark (Q) and an
antiquark (Q̄), viz., QQ̄, where the masses of two partons
are denoted as m1 and m2. For the pion, we consider
m1 ¼ m2 ¼ m, whereas for the kaon, we take m1 ≠ m2

because of its composition.
The light-cone spin wave function of the pseudoscalar P

has the form
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χPðx;k⊥Þ ¼
X
λ1;λ2

κFSzðx;k⊥; λ1; λ2Þχλ11 ðFÞχλ22 ðFÞ; ð11Þ

with Sz and λ being the spin projection of the pion (or kaon)
and quark helicity, respectively. Since for the pion (kaon)
having masses m (m1 and m2) the z-component of
the spin is zero (Sz ¼ 0), the component coefficients
κFSz¼0ðx;k⊥; λ1; λ2Þ in the spinwave function are indicated as

κF0 ðx;k⊥;↑;↓Þ ¼ ½ðqþ1 þm1Þðqþ2 þm2Þ− q2⊥�=
ffiffiffi
2

p
ω1ω2;

κF0 ðx;k⊥;↓;↑Þ ¼ −½ðqþ1 þm1Þðqþ2 þm2Þ− q2⊥�=
ffiffiffi
2

p
ω1ω2;

κF0 ðx;k⊥;↑;↑Þ ¼ ½ðqþ1 þm1ÞqL2 − ðqþ2 þm2ÞqL1 �=
ffiffiffi
2

p
ω1ω2;

κF0 ðx;k⊥;↓;↓Þ ¼ ½ðqþ1 þm1ÞqR2 − ðqþ2 þm2ÞqR1 �=
ffiffiffi
2

p
ω1ω2;

ð12Þ

where qþ1 ¼ q01 þ q31 ¼ x1M, qþ2 ¼ q02 þ q32 ¼ x2M, and
k⊥ ¼ q⊥, with

M2 ¼ m2
1 þ k2⊥
x1

þm2
2 þ k2⊥
x2

: ð13Þ

Here, xi (i ¼ 1, 2) is the light-cone quarkmomentum fraction
in light-front dynamics with the constraint

Xn
i¼1

xi ¼ 1: ð14Þ

This leads to x1 þ x2 ¼ 1 for the case of the meson. If we
assume the momentum fraction of one parton x1 ¼ x, then
for the other parton, it becomes x2 ¼ 1 − x.
The component coefficients κFSz¼0ðx;k⊥; λ1; λ2Þ in the

spin wave function given in Eq. (12) must satisfy the
following normalization conditions for the pion (or kaon):X

λ1;λ2

κF�0 ðx;k⊥; λ1; λ2ÞκF0 ðx;k⊥; λ1; λ2Þ ¼ 1: ð15Þ

The momentum space wave functions φπðKÞðx;k⊥Þ in
Eq. (6) are adopted using Brodsky-Huang-Lepage pre-
scription. For the pion, we have

φπðx;k⊥Þ ¼ Aπ exp

�
−

1

8β2π

k2⊥ þm2

xð1 − xÞ
�
; ð16Þ

and for the kaon, we have

φKðx;k⊥Þ

¼ AK exp

"
−

k2⊥þm2
1

x þ k2⊥þm2
2

1−x
8β2K

−
ðm2

1 −m2
2Þ2

8β2K

�
k2⊥þm2

1

x þ k2⊥þm2
2

1−x

�
#
;

ð17Þ

where Aπ and AK are the normalization constants for the
pion and kaon, respectively.
The two-particle Fock state expansion can be described

in terms of LCWFs ψSzðx;k⊥; λ1; λ2Þ defined in Eq. (6),
and we have

jπðKÞðPþ;P⊥;SzÞi

¼
Z

d2k⊥dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1−xÞp

2ð2πÞ3 ½ψ
πðKÞ
Sz

ðx;k⊥;↑;↑ÞjxPþ;k⊥;↑;↑i

þψπðKÞ
Sz

ðx;k⊥;↑;↓ÞjxPþ;k⊥;↑;↓i
þψπðKÞ

Sz
ðx;k⊥;↓;↑ÞjxPþ;k⊥;↓;↑i

þψπðKÞ
Sz

ðx;k⊥;↓;↓ÞjxPþ;k⊥;↓;↓i�: ð18Þ

III. WAVE FUNCTIONS AND
DISTRIBUTION AMPLITUDES

The constituent quark masses and the harmonic scale β
are only two input parameters required to compute the pion
and the kaon distribution functions. The parameters used in
the present work are listed in Table I. Comparison between
the momentum space wave function of the pion φπðx;k⊥Þ
and the kaon φKðx;k⊥Þ is shown in Fig. 1. The pion wave
function shows symmetry over x ¼ 0.5, whereas, due to
dissimilar quark masses, the kaon wave function appears to
be asymmetrical along x.
LCWFs give unique access to light-cone distributions

by integrating out the transverse momentum [4]. Among
those, the DAs control the exclusive processes at large
momentum transfer. In the light-front formalism, the
leading-twist DAs for pseudoscalar mesons are defined
through the correlation [126–129]

h0jΨ̄ðzÞγþγ5Ψð−zÞjPþðPÞi

¼ ikþfP

Z
1

0

dxeiðx−1=2Þkþz−ϕðxÞ
			
zþ;z⊥¼0

; ð19Þ

where P represents pseudoscalar meson and the decay
constant is denoted by fP. Substituting the pseudoscalar
meson states and the quark eld operators in the above
Eq. (19), one has [126,130]

TABLE I. The valence quark masses and harmonic scale β
parameters in the pion and the kaon.

Meson Mass in GeV β in GeV

πðud̄Þ m ¼ 0.2 0.410
K ðus̄Þ m1 ¼ 0.2, m2 ¼ 0.556 0.405
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fπðKÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p ϕðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2xð1 − xÞp Z

d2k⊥
16π3

½ψπðKÞ
0 ðx;k⊥;↑;↓Þ

− ψπðKÞ
0 ðx;k⊥;↓;↑Þ�; ð20Þ

with the normalization condition at any scale:

Z
1

0

dxϕðx; μÞ ¼ 1: ð21Þ

Using the LCWFs given in Eq. (6), we compute the DAs of
the pion and the kaon at the model scale. Next, the leading-
order (LO) QCD evolution of the DAs is carried using the
Efremov-Radyushkin-Brodsky-Lepage (ERBL) equations
[4,5]. In a Gegenbauer basis, one has [131]

ϕπðKÞðx; μÞ ¼ 6xð1 − xÞ
X∞
n¼0

C
3
2
nð2x − 1ÞanðμÞ; ð22Þ

with

anðμÞ ¼
2ð2nþ 3Þ

3ðnþ 1Þðnþ 2Þ
�
αsðμÞ
αsðμ0Þ

�γ
ð0Þ
n
2β0

×
Z

1

0

dxC
3
2
nð2x − 1ÞϕπðKÞðx; μ0Þ; ð23Þ

where C
3
2
nð2x − 1Þ is a Gegenbauer polynomial. The strong

coupling constant αsðμÞ is given by

αsðμÞ ¼
4π

β0 lnð μ2

Λ2
QCD

Þ
: ð24Þ

The factor γð0Þn
2β0

defines the anomalous dimensions

γð0Þn ¼ −2cF
�
3þ 2

ðnþ 1Þðnþ 2Þ − 4
Xnþ1

m¼1

1

m

�
; ð25Þ

and

β0 ¼
11

3
cA −

2

3
nF; ð26Þ

where cA ¼ 3 and nF correspond to the number of active
flavors. The color factor cF¼ 4

3
, andΛQCD¼0.226GeV [88].

In Figs. 2(a) and 2(b), we show the evolution of the pion
and the kaon DAs, respectively, from the initial scale μ20 to
μ2 ¼ 10 GeV2, which is the scale relevant to the E791 data
[132]. As can be seen, the pion DA is close to the

FIG. 1. The solid black curve represents the wave function
φπðx; k⊥Þ for the pion, and dashed red curve represents the
kaon wave function φKðx; k⊥Þ as a function of x with fixed
k⊥ ¼ 0.2 GeV.

(a) (b)

FIG. 2. (a) Left panel: pion DA at initial scale μ20 ¼ 0.246 GeV2 (solid black curve), which is evolved to μ2 ¼ 1 GeV2 (dashed red
curve) and μ2 ¼ 10 GeV2 (dotted cyan curve). The model results are compared with the asymptotic result ðϕðxÞ ¼ 6xð1 − xÞÞ (dot-
dashed purple curve) and the experimental data of E791 (orange data points) [132]. (b) Right panel: the kaon DA at initial scale (solid
black curve), which is evolved to μ2 ¼ 1 GeV2 (dashed red curve) and μ2 ¼ 10 GeV2 (dotted cyan curve) and compared with the
asymptotic result (dot-dashed purple curve).
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asymptotic DA already at μ2 ¼ 1 GeV2, and the DA
approaches toward the asymptotic DA with increasing
evolution scale; however, the effect is small. The evolved
pion DA in this model shows a good agreement with the
E791 data. Unlike the pion, the evolved kaon DA is still
distinct from the asymptotic DA at μ2 ¼ 1 GeV2 or even at
μ2 ¼ 10 GeV2. However, the trend of evolution is same as
the pion DA.
It is useful to compute the moments in order to

quantitatively compare with other theoretical predictions.
The nth moment is defined as

hzni ¼
Z

1

0

dxznϕðx; μÞ; ð27Þ

where z can be ξ ¼ ð2x − 1Þ or x−1. Our predictions for the
moments of the pion DA are compared to other theoretical
approaches in Table II. From the table, it is important to
note that the LCQM DAs have their moments larger than
their asymptotic values in the case of the pion, and the value
goes on decreasing when evolving toward the latter from
below. LCQM moments show a similar behavior as the
moments obtained in other theoretical approaches except
the light-front (LF) holographic model, and our moments
for the pion DA are closer to the asymptotic results
compared to other approaches. The moments of the kaon
DA are compared to other theoretical predictions in
Table III. In this case, the even moments in LCQM model
are lower than their asymptotic values, while the predicted
odd moments are greater than zero, which is their asymp-
totic value. Further, the inverse moment shows the higher
value compared to the asymptotic one. We notice a similar
trend as observed in LF holographic model [89] where the
exception lies in the inverse moment.

IV. PARTON DISTRIBUTION FUNCTIONS

The pion (kaon) PDF gives the probability of finding the
quark in the pion (kaon) where the quark carries a
longitudinal momentum fraction x ¼ kþ=Pþ. At fixed
light-front time, the PDF can be expressed as [146]

fPðxÞ ¼ 1

2

Z
dz−

4π
eik

þz−=2

× hPþðPÞ; SjΨ̄ð0ÞΓΨðz−ÞjPþðPÞ; Sijzþ¼z⊥¼0:

ð28Þ

Since the spin is zero in both the cases S ¼ 0, we deal with
the unpolarized parton distribution function which comes
from the above relation by substituting Γ ¼ γþ. The over-
lap form of the PDF is obtained by putting the pion (kaon)
states, Eq. (18) in Eq. (28). We have

fπðKÞðxÞ ¼
Z

d2k⊥
16π3

½jψπðKÞ
0 ðx;k⊥;↑;↑Þj2

þ jψπðKÞ
0 ðx;k⊥;↑;↓Þj2

þ jψπðKÞ
0 ðx;k⊥;↓;↑Þj2

þ jψπðKÞ
0 ðx;k⊥;↓;↓Þj2�: ð29Þ

Using the LCWFs given in Eq. (6), we evaluate the quark
distribution functions, fπðKÞðxÞ, at the initial scale and plot
them as a function of x in Fig. 3. Because of equal
constituent quark (antiquark) mass, the distribution in
the pion appears to be symmetric over x ¼ 0.5, while in
the kaon, the light quark distribution is maximum at a
slightly lower value of the quark momentum fraction in the

TABLE II. Comparison of first two possible moments and inverse moment in this model with the available theoretical results for
pionic DA.

Pion DA μ (GeV) hξ2i hξ4i hx−1i
Asymptotic ∞ 0.200 0.085 3.00
LCQM (this work) 1, 2 0.212, 0.21 0.094, 0.092 3.05, 3.05
LF holographic (B ¼ 0) [89] 1, 2 0.180, 0.185 0.067, 0.071 2.81, 2.85
LF holographic (B ≫ 1) [89] 1, 2 0.200, 0.200 0.085, 0.085 2.93, 2.95
LF holographic [133] ∼1 0.237 0.114 4.0
Platykurtic [134] 2 0.220þ0.009

−0.006 0.098þ0.008
−0.005 3.13þ0.14

−0.10
LF quark model [130] ∼1 0.24 [0.22] 0.11 [0.09]
Sum rules [135] 1 0.24 0.11
Renormalon model [136] 1 0.28 0.13
Instanton vacuum [137,138] 1 0.22, 0.21 0.10, 0.09
Non-local condensates sum rules [139] 2 0.248þ0.016

−0.015 0.108þ0.05
−0.03 3.16þ0.09

−0.09
Sum rules [75] 2 0.343 0.181 4.25
Dyson-Schwinger (rainbow-ladder, dynamical chiral symmetry breaking) [140] 2 0.280, 0.251 0.151, 0.128 5.5, 4.6
Lattice [141] 2 0.28(1)(2)
Lattice [142] 2 0.2361(41)(39)
Lattice [143] 2 0.27� 0.04
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longitudinal direction. The peak is broader in the case of the
pion as compared to the kaon. The distribution peak has
higher amplitude in the case of the kaon as compared to
the pion.
We now have our PDFs for the light mesons at scales

relevant to constituent quark masses which are several
hundred MeV. At the model scales, both PDFs for the
valence quark (antiquark) are normalized to 1:

Z
1

0

fðxÞdx ¼
Z

1

0

fð1 − xÞdx ¼ 1: ð30Þ

Meanwhile, within the two-body approximation, one can
write the momentum sum rule:

Z
1

0

xfðxÞdxþ
Z

1

0

xfð1 − xÞdx ¼ 1: ð31Þ

This states that the valence quark and antiquark together
carry the entire light-front momentum of the meson, which
is appropriate for a low-resolution model.

A. QCD evolution for pion PDF

The valence quark distributions at high μ2 scale can be
determined with the initial input by performing the QCD
evolution. We adopt the NNLO DGLAP equations
[147–149] of QCD, to evolve our PDFs from our model
scales to higher scales μ2 needed for the comparison with
experiment. The scale evolution allows quarks to emit and
absorb gluons, which the emitted gluons allow generating
quark-antiquark pairs as well as additional gluons. In this
picture, the higher scale reveals the gluon and sea quark
components of the constituent quarks through QCD.
We explicitly evolve our initial PDFs from the LCQM

model for the pion to the relevant experimental scales μ2 ¼
16 GeV2 using the Higher Order Perturbative Parton
Evolution toolkit to numerically solve the NNLO DGLAP
equations [150]. While applying the DGLAP equations
numerically, we impose the condition that the running
coupling αsðμ2Þ saturates in the infrared at a cutoff value
of max αs ¼ 1 [151–154].
In Fig. 4, we compare our result for the valence

quark PDF of the pion with the FNAL-E-0615 [74] and

TABLE III. Comparison of first four possible moments and inverse moment in this model with the available theoretical results for
kaonic DA.

Kaon DA μ (GeV) hξ1i hξ2i hξ3i hξ4i hx−1i
Asymptotic ∞ 0 0.200 0 0.085 3.00
LCQM (this work) 1, 2 0.033, 0.028 0.183, 0.187 0.019, 0.016 0.073, 0.076 3.027, 3.037
LF holographic (B ¼ 0) [89] 1, 2 0.055, 0.047 0.175, 0.180 0.021, 0.018 0.062, 0.067 2.55, 2.62
LF holographic (B ≫ 1) [89] 1,2 0.094, 0.081 0.194, 0.195 0.039, 0.034 0.080, 0.081 2.60, 2.66
Lattice [141] 2 0.036(2) 0.26(2)
LF quark model [130] ∼1 0.06 [0.08] 0.21 [0.19] 0.03 [0.04] 0.09 [0.08]
Sum rules [144] 1 0.036 0.286 0.015 0.143 3.57
Dyson-Schwinger (RL, DB) [145] 2 0.11, 0.040 0.24, 0.23 0.064, 0.021 0.12, 0.11
Instanton vacuum [138] 1 0.057 0.182 0.023 0.070

FIG. 3. The black solid curve represents the PDF fπðxÞ in the
pion, and the red dashed curve represents the kaon PDF fKðxÞ for
the u-quark at the model scale.

FIG. 4. The QCD evolution for the pion PDF in LCQM from
the initial scale μ20 ¼ 0.246 GeV2 evolved to μ2 ¼ 16 GeV2

(solid black curve) compared with FNAL-E615 experimental
data (cyan data points) [74] and modified FNAL-E615 data (blue
data points) [36]. The dashed black curve denotes the valence
quark PDF obtained from BLFQ [154].
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FNAL-E-0615 modified data [36]. Also, the theoretical
result of the valence quark PDF evaluated by using the basis
light-front quantization (BLFQ) [154] is taken for com-
parison with our result. We notice that our result does not fit
to FNAL-E-0615 experiment. Meanwhile, our result fits to
the modified E615 data after being reanalyzed to take into
account soft gluon resummation [36]. We are able to fit the
reanalyzed data using an initial scale μ20 ¼ 0.246 GeV2

(similar to the initial scale used in Refs [88,89,131]). At the
initial scale, this model consists of only valence quarks; no
sea quark or gluon contributes. The behavior of the pion
PDF at large x is still an unresolved issue. However, our
observation at large x agrees with perturbative QCD, where
the behavior of the PDF has been predicted to be ð1 − xÞ2
[102–105], a behavior further supported by the BSE
approach [106,107].

V. GENERALIZED PARTON DISTRIBUTIONS

We calculate the GPDs of the quark for the pion and
kaon in LCQM. GPDs have support region xϵ½−1; 1�
[12,155]. However, for present calculations, we restrict
ourself to only the DGLAP region i.e., ζ < x < 1. At
leading twist, there are two independent GPDs for spin-
0hadrons. One of them is chirally even, and the other is
chirally odd. The correlation to evaluate chiral-even GPD,

Hðx; ζ ¼ 0; tÞ, which corresponds to unpolarized quark in
an unpolarized meson, is defined through the bilocal
operator of light-front correlation functions of the vector
current [12]

HPðx; 0; tÞ ¼
Z

dz−

4π
eixP

þz−=2

× hPþðP0ÞjΨ̄ð0ÞγþΨðzÞjPþðPÞijzþ¼z⊥¼0;

ð32Þ
while the chiral-odd GPD, ETðx; ζ ¼ 0; tÞ, corresponding
to transversely polarized quark in an unpolarized meson is
defined through the correlation functions of the tensor
current

iϵij⊥qi⊥
MP

EP
T ðx; 0; tÞ

¼
Z

dz−

4π
eixP

þz−=2

× hPþðP0ÞjΨ̄ð0Þiσiþγ5ΨðzÞjPþðPÞijzþ¼z⊥¼0: ð33Þ
By inserting the initial and the final states of the pion
½πþðPÞ and πþðP0Þ� and kaon ½KþðPÞ and KþðP0Þ� from
Eq. (18) in the above equations, we obtain the quark GPDs
Hðx; 0; tÞ and ETðx; 0; tÞ in the overlap form of LCWFs as

HπðKÞðx; 0; tÞ ¼
Z

d2k⊥
16π3

½ψπðKÞ�
0 ðx;k0⊥;↑;↑ÞψπðKÞ

0 ðx;k⊥;↑;↑Þ þ ψπðKÞ�
0 ðx;k0⊥;↑;↓ÞψπðKÞ

0 ðx;k⊥;↑;↓Þ

þ ψπðKÞ�
0 ðx;k0⊥;↓;↑ÞψπðKÞ

0 ðx;k⊥;↓;↑Þ þ ψπðKÞ�
0 ðx;k0⊥;↓;↓ÞψπðKÞ

0 ðx;k⊥;↓;↓Þ�; ð34Þ

−
iq2
MP

EπðKÞ
T ðx; 0; tÞ ¼

Z
d2k⊥
16π3

½ψπðKÞ�
0 ðx;k0⊥;↑;↑ÞψπðKÞ

0 ðx;k⊥;↓;↑Þ þ ψπðKÞ�
0 ðx;k0⊥;↓;↑ÞψπðKÞ

0 ðx;k⊥;↑;↑Þ

þ ψπðKÞ�
0 ðx;k0⊥;↑;↓ÞψπðKÞ

0 ðx;k⊥;↓;↓Þ þ ψπðKÞ�
0 ðx;k0⊥;↓;↓ÞψπðKÞ

0 ðx;k⊥;↑;↓Þ�; ð35Þ

where the final-state struck quark momentum is written as

k0⊥ ¼ k⊥ − ð1 − xÞq⊥: ð36Þ

Also, it is noticeable here that we choose the quark polarization along the y direction, i.e., i ¼ 2. By substituting the
respective wave functions for the pion and kaon from Eqs. (6), (12), (16), and (17), we get the explicit expressions of GPDs.
For the case of the pion, we have

Hπðx; 0; tÞ ¼
Z

d2k⊥
16π3

½ððxM0π þmÞðð1 − xÞM0π þmÞ − k02⊥ÞððxMπ þmÞðð1 − xÞMπ þmÞ − k2⊥Þ

þ ðM0π þ 2mÞðMπ þ 2mÞ�φ
π�ðx;k0⊥Þφπðx;k⊥Þ

ω0
1ω

0
2ω1ω2

; ð37Þ

Eπ
Tðx; 0; tÞ ¼ 2Mπð1 − xÞ

Z
d2k⊥
16π3

½ðM0π þ 2mÞðxð1 − xÞMπ2 þmðMπ þmÞ − k2⊥Þ�
φπ�ðx;k0⊥Þφπðx;k⊥Þ

ω0
1ω

0
2ω1ω2

; ð38Þ

with
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Mπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k2⊥
xð1 − xÞ

s
; M0π ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ k02⊥
xð1 − xÞ

s
; ð39Þ

in the initial and final states, respectively. Meanwhile, the explicit expressions of the kaon GPDs are given by [156]

HKðx; 0; tÞ ¼
Z

d2k⊥
16π3

½ððxM0K þm1Þðð1 − xÞM0K þm2Þ − k02⊥ÞððxMK þm1Þðð1 − xÞMK þm2Þ − k2⊥Þ

þ ðM0K þm1 þm2ÞðMK þm1 þm2Þ�
φK�ðx;k0⊥ÞφKðx;k⊥Þ

ω0
1ω

0
2ω1ω2

; ð40Þ

EK
T ðx; 0; tÞ ¼ 2MKð1 − xÞ

Z
d2k⊥
16π3

½ðM0K þm1 þm2ÞððxMK þm1Þðð1 − xÞMK þm2Þ − k2⊥Þ�

×
φK�ðx;k0⊥ÞφKðx;k⊥Þ

ω0
1ω

0
2ω1ω2

; ð41Þ

with

MK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ k2⊥
x

þm2
2 þ k2⊥
1 − x

r
;

M0K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

1 þ k02⊥
x

þm2
2 þ k02⊥
1 − x

r
; ð42Þ

in the initial and the final states, respectively. Here,
t ¼ −q2⊥ is denoted as the total momentum transferred
to the meson. The detailed discussion on graphical repre-
sentation of the GPD in case of a kaon has been already
explained in Ref. [157].
We use the parameters mentioned in Table I to calculate

the GPDs Hðx; 0; tÞ and ETðx; 0; tÞ of the u-quark in light
pseudoscalar mesons. To understand the dependence of the
u-quark GPD on x and −t, we illustrate the 3D graphical
representation ofH and ET GPDs in Fig. 5 for the pion (left
panel) and the kaon (right panel). The unpolarized quark
distribution in the pion with respect to the longitudinal
momentum fraction x is maximum at the central value
(x ¼ 0.5) when the momentum transferred to the pion is
zero. Unlike the unpolarized GPDH, the peak of the chiral-
odd GPD ET in pion appears below the central value of x
when the momentum transfer is zero. As the value of
momentum transferred −t increases, the peak shifts toward
higher values of x, and the magnitude of distribution
becomes lower. Unlike pion GPD H, the kaon case has
the maximum at lower x (< 0.5) when t ¼ 0. This is
because of the presence of strange quark having larger
mass, while with increasing −t, the peaks along x get
shifted to larger values of x same as pion unpolarized GPD.
This is a model-independent behavior of GPDs which has
been observed in other phenomenological models for the
pion [110] as well as for the nucleon [158–161]. We also
observe that, similar to the unpolarized quark GPD H, the
transversely polarized quark GPD ET is broader in pion

than that in kaon. At large x, the kaon GPDs fall faster
compare to the GPDs in the pion.

VI. TRANSVERSE MOMENTUM-DEPENDENT
PARTON DISTRIBUTIONS

TMDs provide the distribution of partons in momentum
space and are functions of longitudinal momentum fraction
x ¼ kþ=Pþ and transverse momentum k⊥ carried by the
struck quark. To evaluate the pion and the kaon TMDs, the
unintegrated quark-quark correlator can be defined as
[113,162]

Φ½Γ�Pðx;k⊥; SÞ ¼
1

2

Z
dz−

2π

d2z⊥
ð2πÞ2 e

ik:z=2

× hPþðPÞ; SjΨ̄ð0ÞΓL†ð0jnÞ
× LΨðzÞjPþðPÞ; Sijzþ¼0: ð43Þ

where in the light-front gauge, Aþ ¼ 0, the gauge link is
given by

LAþ¼0ðz⊥jnÞ¼P exp

�
−ig

Z
∞

z⊥
dη⊥ ·A⊥ðη− ¼ n ·∞;z⊥Þ

�
:

ð44Þ

At the leading twist, there are two independent TMDs for
pseudoscalar mesons. The unpolarized quark TMD,
f1ðx; k⊥Þ, describes the momentum distribution of unpo-
larized quarks within the meson, while the polarized quark
TMD, h⊥1 ðx; k⊥Þ (the Boer-Mulders TMD) describes the
spin-orbit correlations of transversely polarized quarks
within the pion. The unpolarized and the Boer-Mulders
TMDs are expressed as [163,164]

fP1 ðx;k⊥Þ ¼ TrðΦ½γþ�Þ; ð45Þ
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h⊥P
1 ðx;k⊥Þ ¼

ϵijkj⊥MP

k2⊥
TrðΦ½iσiþγ5�Þ: ð46Þ

By taking the gauge link unity and Γ ¼ γþ, we get the explicit expressions of the unpolarized pion TMD fπ1ðx;k2⊥Þ and
unpolarized kaonTMDfK1 ðx;k2⊥Þ using the states of respectivemesons. The overlap formof unpolarizedTMDf1ðx;k2⊥Þ reads

fπðKÞ1 ðx;k2⊥Þ¼
1

16π3
½jψπðKÞ

0 ðx;k⊥;↑;↑Þj2þjψπðKÞ
0 ðx;k⊥;↑;↓Þj2þjψπðKÞ

0 ðx;k⊥;↓;↑Þj2þjψπðKÞ
0 ðx;k⊥;↓;↓Þj2�: ð47Þ

On the other hand, to generate the nonzeroBoer-Mulders function, one needs to take into account the gauge link. Physically, this
is equivalent to taking into account the initial- or the final-state interactions of the active quark with the target remnant. This has
been referred collectively as gluon rescattering karnelGðx;k − k0Þ [113,117,165], and one defines the Boer-Mulders function
in such a way that

k2⊥h⊥1 ðx;k2⊥Þ ¼ MP

Z
d2q⊥
16π3

iGðx;q⊥Þ½kRðψ�πðKÞ
0 ðx;k0⊥;↓;↑ÞψπðKÞ

0 ðx;k0⊥;↑;↑Þ

þ ψ�πðKÞ
0 ðx;k0⊥;↓;↓ÞψπðKÞ

0 ðx;k⊥;↑;↓ÞÞ − kLðψ�πðKÞ
0 ðx;k0⊥;↑;↑ÞψπðKÞ

0 ðx;k0⊥;↓;↑Þ
þ ψ�πðKÞ

0 ðx;k0⊥;↑;↓ÞψπðKÞ
0 ðx;k⊥;↓;↓ÞÞ�; ð48Þ

FIG. 5. Upper panel: the chiral-even GPD Hðx; 0; tÞ for (a) pion and (b) kaon, respectively. Lower panel: the chiral-odd GPD
ETðx; 0; tÞ for (c) pion and (d) kaon, respectively.
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where perturbative Abelian gluon rescattering kernel is given by [165,166]

iGðx;q⊥Þ ¼
cFαs
2π

1

q2⊥
; ð49Þ

with q⊥ ¼ k⊥ − k0⊥ and αs being the fixed coupling constant. Using the LCWFs for the pion and kaon given in Eqs. (6), (12),
(16), and (17), the explicit expressions for the pion TMDs read

fπ1ðx;k2⊥Þ ¼
1

16π3
½ððxMπ þmÞðð1 − xÞMπ þmÞ − k2⊥Þ2 þ ðMπ þ 2mÞ2� jφ

πðx;k⊥Þj2
ω2
1ω

2
2

; ð50Þ

h⊥π
1 ðx;k2⊥Þ ¼

Mπ

k2⊥
cFαs
2π

Z
d2q⊥
16π3

1

q2⊥
½k2⊥ððxð1 − xÞM0π2 þmðM0π þmÞÞ − k02⊥ÞðMπ þ 2mÞ

− ðk2⊥ − k⊥ · q⊥ÞðM0π þ 2mÞðxð1 − xÞMπ2 þmðMπ þmÞ − k2⊥Þ�
φπ�ðx;k0⊥Þφπðx;k⊥Þ

ω0
1ω

0
2ω1ω2

; ð51Þ

while for the kaon, we have

fK1 ðx;k2⊥Þ ¼
1

16π3
½ððxMK þm1Þðð1 − xÞMK þm2Þ − k2⊥Þ2 þ ðMK þm1 þm2Þ2�

jφKðx;k⊥Þj2
ω2
1ω

2
2

; ð52Þ

h⊥K
1 ðx;k2⊥Þ ¼

MK

k2⊥
cFαs
2π

Z
d2q⊥
16π3

1

q2⊥
½k2⊥ððxM0K þm1Þðð1 − xÞM0K þm2Þ − k02⊥ÞðMK þm1 þm2Þ

− ðk2⊥ − k⊥ · q⊥ÞðM0K þm1 þm2ÞððxMK þm1Þðð1 − xÞMK þm2Þ − k2⊥Þ�

×
φK�ðx;k0⊥ÞφKðx;k⊥Þ

ω0
1ω

0
2ω1ω2

: ð53Þ

In Figs. 6(a) and 6(b), to get the combined information,
we show the three-dimensional picture of distribution xf1
of an unpolarized quark in the unpolarized pion and kaon
with respect to the longitudinal momentum fraction and
squared of the quark transverse momentum, respectively.
The probability of finding the quark in pion is more than
compared to kaon, if the momentum fraction carried by that
quark is higher in the longitudinal direction. As we increase
the k2⊥, the momentum distribution starts lowering down in
both cases. The distribution decreases when the transverse
momentum carried by the quark increases. The probability
to find the quark in the pion and kaon starts decreasing and
eventually becomes zero by the increase in the quark
transverse momentum. We illustrate the Boer-Mulders
function generated by the perturbative rescattering kernel
with αs ¼ 0.3 in Figs. 6(c) and 6(d) for the pion and the
kaon, respectively. In the perturbative limit, the coupling is
weak; however, there is no concordance in the literature on
what value of αs should be taken in the perturbative kernel.
For example, while αs ¼ 0.3 has been used in Ref. [167],
much larger values of αs, αs ¼ 1.2 and αs ¼ 0.911, have
been preferred for use in Refs. [113,166], respectively. The
use of such large values of αs contradicts the weak coupling
hypothesis leading to the perturbative kernel. On the other

hand, taking αs ∼ 1 may perhaps be considered as a
phenomenological way to account for nonperturbative
effects to some extent. In this model, we observe that
the Boer-Mulders TMD exhibits a similar behavior as
unpolarized TMD for both the pion and the kaon.
In Figs. 7 and 8, we show the unpolarized and the Boer-

Mulders TMDs in momentum plane (kx, ky) by choosing
different values of x. We observe that the symmetric
distribution peak appears to be narrow in the transverse
momentum plane, while having the lower quark momen-
tum fraction in the case of the pion and kaon. The
unpolarized distributions are found to be wider compared
to the polarized distributions.

A. TMD evolution

The unpolarized TMD evolution is factorized in the
framework of Collins-Soper-Sterman formalism [168]. It
includes the perturbative affects in the larger energies and
momentum transfer regimes, in addition to the nonpertur-
bative affects and the regime of low transverse momentum.
The unpolarized TMD scale evolution is executed in b⊥
space, which can be done by taking the Fourier trans-
formation of f1ðx;k2⊥Þ [116,169–172]. We have
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f̃1ðx;b2⊥Þ ¼
Z

∞

0

dk⊥k⊥J0ðk⊥b⊥Þf1ðx;k2⊥Þ: ð54Þ

The TMD evolution of f̃1ðx;b2⊥Þ is given as

f̃1ðx;b2⊥; μÞ ¼ f̃1ðx;b2⊥ÞRðμ; μ0;b⊥Þe−gkðb⊥Þ ln μ
μ0 ; ð55Þ

where the μ2-evolution operation is directed by the non-
perturbative Sudakov factor gkðb⊥Þ and TMD evolution
factor Rðμ; μ0;b⊥Þ. We have

gkðb⊥Þ ¼ g2
b2⊥
2

; ð56Þ

where g2 is a free parameter and can be extracted from
the experimental data. For the present work, the parameter
g2 has been taken from Ref. [173] and is given as
g2 ¼ 0.13 GeV2. Further, we have

Rðμ; μ0;b⊥Þ ¼ exp

�
ln

μ

μ0

Z
μb

μ

dμ0

μ0
γKðμ0Þ

þ
Z

μ

μ0

dμ0

μ0
γF

�
μ0;

μ2

μ02

��
; ð57Þ

with γK and γF being the anomalous dimensions, which are
given as [168]

γKðμ0Þ ¼ αsðμ0Þ
cF
π
; ð58Þ

and

γF

�
μ0;

μ2

μ02

�
¼ αsðμ0Þ

cF
π

�
3

2
− ln

μ2

μ02

�
: ð59Þ

The parameter μb used in Eq. (57) can be expressed in
terms of parton impact parameter b⊥ as

μb ¼
C1

b�ðb⊥Þ
; ð60Þ

FIG. 6. Upper panel: The unpolarized TMD multiplied by x, i.e., xf1ðx;k2⊥Þ for (a) pion and (b) kaon, respectively. Lower panel: The
Boer-Mulders TMD multiplied by x i.e.xh⊥π

1 ðx;k2⊥Þ for (c) pion and (d) kaon, respectively.
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(a) (b) (c)

(d) (e) (f)

FIG. 8. Upper panel: The Boer-Mulders TMD h⊥π
1 ðx;k2⊥Þ at dierent values of x: (a) x ¼ 0.1, (b) x ¼ 0.2, and (c) x ¼ 0.6. Lower

panel: The unpolarized TMD h⊥K
1 ðx;k2⊥Þ at dierent values of x: (d) x ¼ 0.1, (e) x ¼ 0.2, and (f) x ¼ 0.6.

(a) (b) (c)

(d) (e) (f)

FIG. 7. Upper panel: The unpolarized TMD fπ1ðx;k2⊥Þ at dierent values of x: (a) x ¼ 0.1, (b) x ¼ 0.2, and (c) x ¼ 0.6. Lower panel:
The unpolarized TMD fK1 ðx;k2⊥Þ at dierent values of x: (d) x ¼ 0.1, (e) x ¼ 0.2, and (f) x ¼ 0.6.
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where

b�ðb⊥Þ ¼
b⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2⊥

b2max

q ; bmax ¼
C1

μ0
: ð61Þ

Here, C1 is a constant, and we choose its value as C1 ¼
2e−γE [168] with γE ¼ 0.577 being the Euler constant.
In Fig. 9(a), we provide the graphical representation of

unpolarized pion and kaon TMD evolution k⊥f1 with
respect to x by choosing the different scale values μ2 ¼ 1

and 10 GeV2. It can be clearly seen that when the TMD
evolution is implemented the distribution peaks become
broader and the magnitude goes on decreasing with an
increase in μ2. It would be important to mention here that
for the case of the pion and kaon the TMD is evolved from
the model scale μ20 ¼ 0.246 GeV2. There is a negligible
effect of evolution at μ ¼ μ0: it simply provides the TMD
function multiplied by k⊥. With growing μ2, the width of
TMD peaks increases, and its values experience the rapid
decrease in magnitude. In Fig. 9(b), we observe the broad
peak in the case of the pion as compared to the kaon. With
the evolution of f1, the magnitude of distribution
decreases. Further, we see the clear asymmetry in the
case of the kaon because of the heavy spectator anti-
quark mass.

VII. CONCLUSION

We present various quark distributions in the pion and
the kaon in the light-cone quark model for the valence
quarks suitable for low-resolution properties. The light-
cone wave functions in this model have been obtained by
transforming the instant-form wave functions through the
Melosh-Wigner rotation. We have obtained reasonable
agreement with the experimental data for the pion DA,
which is also very close to asymptotic the DA after LO
QCD evolution following ERBL equation. Because of
unequal quark masses, we observed distinctly different
behavior of the kaon DA than the asymptotic DA. The

initial scale PDFs have been evaluated using the overlaps of
the LCWFs. We then applied QCD evolution to our initial
pion PDF in order to incorporate degrees of freedom
relevant to higher-resolution probes, which allows us to
compare our QCD-evolved PDF with experimental data.
The pion PDF at higher scale relevant to the E-615
experiment has been computed based on the NNLO
DGLAP equations. The initial low-resolution scale is the
only adjustable parameter involved in QCD scale evolution.
Good agreement with the reanalysis E-615 data was
observed when we evolved the pion PDF from the initial
scale μ20 ¼ 0.246 GeV2.
Further, we have evaluated GPDs in DGLAP region

for zero skewedness, i.e., 0 < x < 1, which provides us
with the three-dimensional structure of the hadron. For both
the pseudoscalar mesons, depending upon the total momen-
tum transferred to the composite system, we observe the
change in distribution with respect to active quark longi-
tudinal momentum fraction. The transverse structure of the
pion and kaon has also been examined. To evaluate the
Boer-Mulders function, we used the perturbative gluon
rescattering kernel. To observe the combined effect, we
have presented the 3D picture of TMDwith respect to x and
k2⊥. We observed that as the active quark carries larger
longitudinal momentum the broadening in the transverse
momentum plane also increases. Furthermore, we have
presented the effect of μ2 dependence on unpolarized pion
and kaon TMDs. We have observed that the magnitudes of
the distributions decrease and became wider as μ2

increases.
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Rev. D 80, 054021 (2009).
[109] M. V. Polyakov and C. Weiss, Phys. Rev. D 60, 114017

(1999).
[110] N. Kaur, N. Kumar, C. Mondal, and H. Dahiya, Nucl.

Phys. B934, 80 (2018).
[111] A. V. Dyck, T. V. Cauteren, J. Ryckebusch, and B. C.

Metsch, arXiv:0808.0429v2.
[112] R. Angeles-Martinez et al., Acta Phys. Pol. B 46, 2501

(2015).
[113] B. Pasquini and P. Schweitzer, Phys. Rev. D 90, 014050

(2014).
[114] H. H. Matevosyan, W. Bentz, I. C. Cloët, and A.W.

Thomas, Phys. Rev. D 85, 014021 (2012).
[115] S. Noguera and S. Scopetta, J. High Energy Phys. 11

(2015) 102.
[116] A. Bacchetta, S. Cotogno, and B. Pasquini, Phys. Lett. B

771, 546 (2017).

KAUR, KUMAR, LAN, MONDAL, and DAHIYA PHYS. REV. D 102, 014021 (2020)

014021-16

https://doi.org/10.1103/PhysRevLett.97.262002
https://doi.org/10.1103/PhysRevLett.99.242501
https://doi.org/10.1103/PhysRevC.92.055202
https://doi.org/10.1088/1742-6596/678/1/012045
https://doi.org/10.1088/1742-6596/678/1/012045
https://doi.org/10.1016/j.physletb.2009.08.065
https://doi.org/10.1016/j.physletb.2009.08.065
https://doi.org/10.1016/j.physletb.2010.08.034
https://doi.org/10.1016/j.physletb.2010.08.034
https://doi.org/10.1016/S0370-2693(02)01320-5
https://doi.org/10.1016/S0370-2693(02)01320-5
https://doi.org/10.1088/1126-6708/2007/02/093
https://doi.org/10.1140/epja/i2016-16105-3
https://doi.org/10.1140/epja/i2016-16105-3
https://doi.org/10.1103/PhysRevLett.25.316
https://doi.org/10.1103/PhysRevLett.25.902.2
https://doi.org/10.1103/PhysRevD.89.094025
https://doi.org/10.1103/PhysRevD.89.094025
https://doi.org/10.1103/PhysRevD.41.83
https://doi.org/10.1103/PhysRevLett.94.012002
https://doi.org/10.1103/PhysRevLett.94.012002
https://doi.org/10.1103/PhysRevLett.103.152002
https://doi.org/10.1103/PhysRevLett.103.152002
https://doi.org/10.1016/j.physletb.2009.01.060
https://doi.org/10.1016/j.physletb.2009.01.060
https://doi.org/10.1016/j.physletb.2012.09.056
https://doi.org/10.1016/j.physletb.2012.09.056
https://doi.org/10.1103/PhysRevLett.55.2649
https://doi.org/10.1103/PhysRevLett.55.2649
https://doi.org/10.1016/0370-2693(81)90137-4
https://doi.org/10.1016/0370-2693(81)90137-4
https://doi.org/10.1103/PhysRevD.60.014012
https://doi.org/10.1103/PhysRevD.39.92
https://doi.org/10.1103/PhysRevD.39.92
https://doi.org/10.1016/0370-1573(84)90126-1
https://doi.org/10.1016/0370-1573(84)90126-1
https://doi.org/10.1140/epjc/s10052-013-2278-0
https://doi.org/10.1140/epjc/s10052-013-2278-0
https://doi.org/10.1103/PhysRevLett.111.092001
https://doi.org/10.1103/PhysRevD.98.054029
https://doi.org/10.1103/PhysRevD.98.054029
https://doi.org/10.1103/PhysRevD.97.094014
https://doi.org/10.1103/PhysRevD.97.094014
https://www.actaphys.uj.edu.pl/R/33/7/1791
https://www.actaphys.uj.edu.pl/R/33/7/1791
https://www.actaphys.uj.edu.pl/R/33/7/1791
https://www.actaphys.uj.edu.pl/R/33/7/1791
https://www.actaphys.uj.edu.pl/R/33/7/1791
https://doi.org/10.1103/PhysRevD.93.074021
https://doi.org/10.1063/1.4949465
https://doi.org/10.1063/1.4949465
https://doi.org/10.1103/PhysRevD.97.074015
https://doi.org/10.1103/PhysRevD.97.074015
https://doi.org/10.1103/PhysRevD.50.210
https://doi.org/10.1103/PhysRevD.50.210
https://doi.org/10.1016/0370-2693(93)91302-4
https://doi.org/10.1016/0370-2693(93)91302-4
https://doi.org/10.1016/S0550-3213(99)00426-5
https://doi.org/10.1016/S0550-3213(99)00426-5
https://doi.org/10.1088/0954-3899/42/9/095005
https://doi.org/10.1103/PhysRevD.89.054033
https://doi.org/10.1103/PhysRevD.92.019902
https://doi.org/10.1103/PhysRevD.92.019902
https://doi.org/10.1103/PhysRevD.98.034010
https://doi.org/10.1103/PhysRevD.98.034010
https://doi.org/10.1103/PhysRevLett.120.182001
https://doi.org/10.1103/PhysRevLett.120.182001
https://doi.org/10.1103/PhysRevD.77.034023
https://doi.org/10.1103/PhysRevD.77.034023
https://doi.org/10.22323/1.042.0140
https://doi.org/10.22323/1.042.0140
https://doi.org/10.1016/0550-3213(88)90445-2
https://doi.org/10.1016/0550-3213(88)90445-2
https://doi.org/10.1103/PhysRevD.92.114513
https://doi.org/10.1103/PhysRevD.93.039904
https://doi.org/10.1103/PhysRevD.99.014508
https://doi.org/10.1016/j.ppnp.2018.01.007
https://doi.org/10.1103/PhysRevD.68.034025
https://doi.org/10.1103/PhysRevD.68.034025
https://doi.org/10.1103/PhysRevD.100.114512
https://doi.org/10.1103/PhysRevD.100.114512
https://arXiv.org/abs/2001.04960
https://doi.org/10.1103/PhysRevLett.121.152001
https://doi.org/10.1103/PhysRevLett.121.152001
https://doi.org/10.1140/epja/i2003-10006-6
https://doi.org/10.1103/PhysRevLett.43.246
https://doi.org/10.1103/PhysRevLett.43.246
https://doi.org/10.1103/PhysRevLett.42.940
https://doi.org/10.1103/PhysRevLett.42.940
https://doi.org/10.1103/PhysRevD.74.094018
https://doi.org/10.1103/PhysRevD.74.094018
https://doi.org/10.1103/PhysRevD.69.051501
https://doi.org/10.1103/PhysRevC.63.025213
https://doi.org/10.1103/PhysRevC.63.025213
https://doi.org/10.1103/PhysRevD.101.054014
https://doi.org/10.1103/PhysRevD.80.054021
https://doi.org/10.1103/PhysRevD.80.054021
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1016/j.nuclphysb.2018.07.003
https://doi.org/10.1016/j.nuclphysb.2018.07.003
https://arXiv.org/abs/0808.0429v2
https://doi.org/10.5506/APhysPolB.46.2501
https://doi.org/10.5506/APhysPolB.46.2501
https://doi.org/10.1103/PhysRevD.90.014050
https://doi.org/10.1103/PhysRevD.90.014050
https://doi.org/10.1103/PhysRevD.85.014021
https://doi.org/10.1007/JHEP11(2015)102
https://doi.org/10.1007/JHEP11(2015)102
https://doi.org/10.1016/j.physletb.2017.05.072
https://doi.org/10.1016/j.physletb.2017.05.072


[117] M. Ahmady, C. Mondal, and R. Sandapen, Phys. Rev. D
100, 054005 (2019).
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