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In this paper, we studied systematically the semileptonic decays B̄s → Kð�Þlþl− with l− ¼ ðe−; μ−; τ−Þ
by using the perturbative QCD (PQCD) and the “PQCDþ Lattice” factorization approach, respectively.
We first evaluated all relevant form factors Fiðq2Þ in the low-q2 region using the PQCD approach, and we
also took the available lattice QCD results at the end point q2max as additional inputs to improve the
extrapolation of the form factors to the high-q2 region. We calculated the branching ratios and twelve other
kinds of physical observables. From our studies, we find the following points: (a) for B̄s → Klþl− decays,
the PQCD and PQCDþ Lattice predictions for branching ratios BðB̄s → Klþl−Þ, the ratios of the
branching ratios Reμ

K and Rμτ
K , and the longitudinal polarization asymmetry of the leptons PL agree well

within errors; (b) the PQCD and PQCDþ Lattice predictions for the CP-averaged branching ratio BðB̄s →
K�μþμ−Þ are ð3.17þ0.95

−0.78 Þ × 10−8 and ð2.48þ0.56
−0.50 Þ × 10−8 respectively, which agree well with the LHCb

measured value ð2.9� 1.1Þ × 10−8 and the light-cone sum rule prediction; (c) for the ratios Reμ
K� and Rμτ

K� ,
the PQCD and PQCDþ Lattice predictions agree well with each other and have a small error less than
10%; (d) for the direct CP asymmetries ACP of all considered decay modes, they are always very small as
expected: less than 5% in magnitude; (e) for the angular observables P1;2;3 and P0

4;5;6;8, our theoretical
predictions for each kind of lepton are consistent within errors; (f) the theoretical predictions of the angular
observables P3 and P0

6 are less than 10
−2 in size, but the magnitude of P1;2 and P0

4;5 are larger than 0.2; and
(g) the PQCD and PQCDþ Lattice predictions of the binned values of all considered observables in the
two q2 bins ½0.1–0.98� GeV2 and ½1.1–6� GeV2 generally agree with each other and are also consistent with
the light-cone sum rule results within errors. We believe that above predictions could be tested by future
LHCb and Belle-II experiments.

DOI: 10.1103/PhysRevD.102.013001

I. INTRODUCTION

The lepton flavor universality (LFU), as one of the
distinctive hypotheses of the standard model (SM), requires
the same kinds of couplings between the gauge bosons and
the three families of leptons except for mass effects.
However, the recently reported RK and RK� anomalies
bring a primary hint of the LFU violation. The measured
values of the ratios RK and RK� , defined as the ratios of the

branching fractions (BRs) BðB → Kð�Þμþμ−Þ and BðB →
Kð�Þeþe−Þ [1], are clearly smaller than the SM predictions
[2–8]: the deviation is about 2.6σ for RK and 2.3σ for RK�

[9–14]. In addition, the LHCb experiment first observed the
so-called P0

5 anomaly, a sizeable discrepancy at 3.7σ
between the measurement and the SM prediction in one
bin for the angular observables P0

5 [15,16].
If the above mentioned anomalies are indeed the signal

of the LFU violation in b → slþl− decays, it must appear
in the similar process b → dlþl−, because they are the
same kinds of flavor-changing neutral current (FCNC)
transitions at the quark level with the differences of
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
(Vtd vs Vts) and the masses (md vs ms). As a consequence
of the Glashow-Iliopoulos-Maiani mechanism [17], the
flavor structure of the SM theory permits the FCNC to
arise at the loop level only, leaving some space for heavy
new degrees of freedom to contribute to these rare

*2223919088@qq.com
†hu-xueqing@qq.com
‡xiaozhenjun@njnu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 102, 013001 (2020)

2470-0010=2020=102(1)=013001(30) 013001-1 Published by the American Physical Society

https://orcid.org/0000-0002-4104-9615
https://orcid.org/0000-0002-4879-209X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.013001&domain=pdf&date_stamp=2020-07-07
https://doi.org/10.1103/PhysRevD.102.013001
https://doi.org/10.1103/PhysRevD.102.013001
https://doi.org/10.1103/PhysRevD.102.013001
https://doi.org/10.1103/PhysRevD.102.013001
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


processes [18]. With the same quark level b → dμþμ−

transitions, the exclusive B� → π�μþμ− and B0
s →

K̄�0μþμ− decays have been measured recently by the
LHCb experiment [19,20]:

BðB� → π�μþμ−Þ ¼ ð1.83� 0.24ðstat:Þ
� 0.05ðsyst:ÞÞ × 10−8; ð1Þ

BðB0
s → K̄�0μþμ−Þ ¼ ð2.9� 1.0ðstat:Þ � 0.2ðsyst:Þ

� 0.3ðnorm:ÞÞ × 10−8; ð2Þ

and they agree well with those currently available SM
predictions as given, for example, in Refs. [21–29].
In this paper, K�0 denotes a vector K�0ð892Þ meson,

which is reconstructed in the Kþπ− final state experimen-
tally by selecting candidates within 100 MeV=c2 of the
mass [30,31]. In the LHCb experiment, however, no
attempt is made to separate the vector K�0 from the S
wave or other broad contributions which may present in the
selected Kþπ− pair [14]. Fortunately, the S-wave fraction
contribution to the B0 → K̄�0μþμ− mode has been mea-
sured by the LHCb and found to be small [13]. For the Bs

case, the S-wave contamination of the B0
s → K̄�0μþμ−

decay is also unknown now and assumed to be small
compared to that of the B0 → K̄�0μþμ− decay. Specifically,
the S-wave fraction of FSðB̄0 → K̄�0μþμ−Þ ¼ ð3.4�
0.8Þ% in the Kþπ− system [20]. Theoretically, the authors
of Ref. [32] found the S-wave contribution will modify
differential decay widths by about 10% in the process
of B̄0 → K−πþlþl−.
Analogous to the ratios RK and RK� for B → Kð�Þlþl−

decays as defined in Refs. [1–14], we can define the similar
ratios of the BRs Reμ

s;K and Reμ
s;K� for the B̄s → Kð�Þlþl−

decays:

Reμ
s;Kð�Þ ¼

BðB̄s → Kð�Þμþμ−Þ
BðB̄s → Kð�Þeþe−Þ : ð3Þ

Similarly, we can also define the ratios Rμτ
s;K and Rμτ

s;K� in the
following form:

Rμτ
s;Kð�Þ ¼

BðB̄s → Kð�Þτþτ−Þ
BðB̄s → Kð�Þμþμ−Þ : ð4Þ

These new ratios Reμ
s;Kð�Þ and Rμτ

s;Kð�Þ , together with the ratios

RK and RK� , can help us to examine the b → ðs; dÞlþl−

transitions in great details.
Unlike the well-studied B → Kð�Þlþl− decays, the

semileptonic B̄s → Kð�Þlþl− decays have not caught much
attention partially due to their lower branching ratios and
the lack of the relevant experimental measurements. In
recent years, these decays have been studied by several
authors, for example, in Refs. [26–29], and the first

measured branching ratio as listed in Eq. (2) was reported
last year by the LHCb Collaboration [20]. Besides the
measurements for the branching ratios, a precise angular
reconstruction of the polarized K� in B̄s → Kð�Þlþl−

decays was discussed in Ref. [8]. Recently, the predictions
of several angular observables for the B̄s → K�lþl−

decays were provided using the light-cone sum rule
(LCSR) and the lattice QCD method in Ref. [29].
By using the perturbative QCD (PQCD) factorization

approach [33–35], the semileptonic B̄s → Klþlþ decays
have been studied by us in a previous paper [26]. We
considered the next-to-leading order (NLO) contributions
known at 2012 and presented our PQCD predictions of the
branching ratios:

BðB̄0
s → K0lþl−Þ ¼ ð1.63þ0.73

−0.58Þ× 10−8; l¼ ðe;μÞ; ð5Þ

BðB̄0
s → K0τþτ−Þ ¼ð0.43þ0.18

−0.15Þ × 10−8: ð6Þ

In this paper, we will make a systematic study for the
semileptonic decays B̄s → ðK;K�Þlþl− with l ¼ ðe; μ; τÞ,
and present the theoretical predictions of many new
physical observables:
(1) For B̄s → Klþl− decays, besides the branching

ratios, we also calculate their forward-backward
(FB) asymmetry AFBðq2Þ, the longitudinal lepton
polarization asymmetry PLðq2Þ, the direct CP asym-
metry ACP, and the ratios Reμ

s;K and Rμτ
s;K .

(2) For B̄s → K�lþl− decays, we treat them as a four
body decay B̄s → K�ð→ KπÞlþl− described by
four kinematic variables: the lepton invariant mass
squared q2 and three angles ðθK� ; θl;ϕÞ. We define
and calculate the full angular decay distributions, the
transverse amplitudes, the partially integrated decay
amplitudes over the angles ðθK� ; θl;ϕÞ, the FB
asymmetry AFBðq2Þ, the K� polarization fraction
RL;Tðq2Þ and the longitudinal lepton polarization
asymmetry PLðq2Þ, and the ratios Reμ

s;K� and Rμτ
s;K� .

Since we do not know how to calculate the possible
S-wave or other broad contributions related with the
reconstruction of the Kπ pair [13,20], we add a 10%
uncertainty to the PQCD predictions of the branch-
ing ratios as an additional theoretical error [32], but
neglect it in the calculations for other ratios due to
the strong cancellation.

(3) We use both the PQCD factorization approach and
the “PQCDþ Lattice” approach to determine the
values and their q2 dependence of the B̄s → Kð�Þ
transition form factors. We use the Bourrely-
Caprini-Lellouch (BCL) parametrization method
[36,37] to make the extrapolation for all form factors
from the low-q2 region to q2max. We will calculate the
branching ratios and all other physical observables
using the PQCD approach and the PQCDþ Lattice
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approach, respectively, and compare the theoretical
predictions obtained based on different models.

The paper is organized as follows: In Sec. II, we give a
short review for the kinematics of the B̄s → Kð�Þlþl−

decays including the distribution amplitudes of Bs and Kð�Þ
mesons. Section III is devoted to the theoretical framework
including the Hamiltonian and transition form factors based
on the PQCD kT factorization formalism. In Sec. IV, we list
all the observables for both types of decays considered in
this paper. Section V contains the numerical results of
relevant observables and some phenomenological discus-
sions. We conclude and summarize in the last section.

II. KINEMATICS AND THE WAVE FUNCTIONS

We discuss the kinematics of these decays in the large-
recoil (low-q2) region, where the PQCD factorization
approach is applicable to the considered semileptonic
decays involving Kð�Þ as the final state meson. In the rest
frame of B̄0

s meson, we define the B̄0
s meson momentum p1,

the Kð�Þ momentum p2 in the light-cone coordinates, as in
Ref. [38]

p1 ¼
mBsffiffiffi
2

p ð1; 1; 0⊥Þ; p2 ¼
rmBsffiffiffi

2
p ðηþ; η−; 0⊥Þ; ð7Þ

where the mass ratio r ¼ mK=mBs
or m�

K=mBs
, and the

factor η� is defined in the following form:

η� ¼ η�
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
; with η ¼ 1

2r

�
1þ r2 −

q2

m2
Bs

�
; ð8Þ

where q ¼ p1 − p2 is the lepton-pair four-momentum. For
the final state K� meson, its longitudinal and transverse
polarization vector ϵL;T can be written as

ϵL ¼ 1ffiffiffi
2

p ðηþ;−η−; 0⊥Þ; ϵT ¼ ð0; 0; 1Þ: ð9Þ

The momenta of the spectator quarks in Bs andKð�Þ mesons
are parametrized as

k1 ¼
�
0; x1

mBsffiffiffi
2

p ; k1⊥
�
; k2 ¼

mBsffiffiffi
2

p ðx2rηþ; x2rη−; k2⊥Þ:

ð10Þ

We make the approximation in the small k⊥.
For the B̄0

s meson wave function, we use the same
parametrizations as in Refs. [26,39]

ΦBs
¼ iffiffiffiffiffiffiffiffi

2Nc
p ð=pBs

þmBs
Þγ5ϕBs

ðk1Þ: ð11Þ

Here, only the contribution of the Lorentz structure ϕBs
ðk1Þ

is taken into account, since the contribution of the second
Lorentz structure ϕ̄Bs

is numerically small and has been

neglected. We adopted the Bs-meson distribution amplitude
that was the same as the B meson in the SUð3Þf limit
widely used in the PQCD approach

ϕBs
ðx; bÞ ¼ NBs

x2ð1 − xÞ2 exp
�
−
m2

Bs
x2

2ω2
Bs

−
1

2
ðωBs

bÞ2
�
:

ð12Þ

In order to analyze the uncertainties of theoretical pre-
dictions induced by the inputs, one usually takes ωBs

¼
0.50� 0.05 GeV for the B0

s meson. The normalization
factor NBs

depends on the values of the shape para-
meter ωBs

and the decay constant fBs
and is defined

through the normalization relation:
R
1
0 dx ϕBs

ðx; b ¼ 0Þ ¼
fBs

=ð2 ffiffiffi
6

p Þ [26].
For the pseudoscalar K meson, the wave function can be

chosen as the same one in Ref. [40]:

ΦKðp; xÞ≡ iffiffiffi
6

p γ5½=pKϕ
A
KðxÞ þmK

0 ϕ
p
KðxÞ

þ ζmK
0 ð=n=v − 1ÞϕT

KðxÞ�; ð13Þ

where mK
0 and p are the chiral mass and the momentum of

the meson K. The parameter ζ ¼ 1 or −1 when the
momentum fraction of the quark (antiquark) of the meson
is set to be x. The distribution amplitudes (DAs) of the kaon
meson can be found easily in Refs. [41–44]:

ϕA
KðxÞ ¼

3fKffiffiffi
6

p xð1 − xÞ½1þ aK1 C
3=2
1 ðtÞ þ aK2 C

3=2
2 ðtÞ

þ aK4 C
3=2
4 ðtÞ�; ð14Þ

ϕP
KðxÞ ¼

fK
2

ffiffiffi
6

p
�
1þ

�
30η3 −

5

2
ρ2K

�
C1=2
2 ðtÞ

− 3

�
η3ω3 þ

9

20
ρ2Kð1þ 6aK2 ÞC1=2

4 ðtÞ
��

; ð15Þ

ϕT
KðxÞ ¼

fKð1 − 2xÞ
2

ffiffiffi
6

p
�
1þ 6

�
5η3 −

1

2
η3ω3

−
7

20
ρ2K −

3

5
ρ2Ka

K
2

�
ð1 − 10xþ 10x2Þ

�
; ð16Þ

where t ¼ 2x − 1, fK is the decay constant of the kaon
meson and ρK ¼ mK=m0

K is the mass ratio. The Gegenbauer
moments and other parameters are [41–44]

aK1 ¼ 0.06� 0.03; aK2 ¼ 0.25� 0.15;

aK4 ¼ −0.015; η3 ¼ 0.015; ω ¼ −3.0: ð17Þ

The Gegenbauer polynomials that appeared in Eqs. (14) and
(15) are of the following form [41–44]:

STUDY OF BS → Kð�Þlþl− … PHYS. REV. D 102, 013001 (2020)

013001-3



C3=2
1 ðtÞ ¼ 3t; C1=2

2 ðtÞ ¼ 1

2
ð3t2 − 1Þ; C3=2

2 ðtÞ ¼ 3

2
ð5t2 − 1Þ;

C1=2
4 ðtÞ ¼ 1

8
ð3 − 30t2 þ 35t4Þ; C3=2

4 ðtÞ ¼ 15

8
ð1 − 14t2 þ 21t4Þ: ð18Þ

For the light vector meson K�, the longitudinal and transverse polarization components can provide the contribution.
Here we adopt the wave functions of the vector K� as in Ref. [44]:

Φjj
K� ðp; ϵLÞ ¼

iffiffiffi
6

p ½=ϵLmK�ϕK� ðxÞ þ =ϵL=pϕt
K� ðxÞ þmK�ϕs

K� ðxÞ�; ð19Þ

Φ⊥
K� ðp; ϵTÞ ¼

iffiffiffi
6

p ½=ϵTmK�ϕv
K� ðxÞ þ =ϵT=pϕT

K� ðxÞ þmK�iϵωυρσγ5γωϵvTn
ρvσϕa

K� ðxÞ�; ð20Þ

where p and mK� are the momentum and the mass of the K� meson, and ϵL and ϵT correspond to the longitudinal and
transverse polarization vectors of the vector meson, respectively. The ϕK� and ϕT

K� in Eqs. (19) and (20) are the twist-two
DAs [44]:

ϕK� ðxÞ ¼ 3fK�ffiffiffi
6

p xð1 − xÞ½1þ ajj1K�C3=2
1 ðtÞ þ ajj2K�C3=2

2 ðtÞ�; ð21Þ

ϕT
K� ðxÞ ¼ 3fTK�ffiffiffi

6
p xð1 − xÞ½1þ a⊥1K�C3=2

1 ðtÞ þ a⊥2K�C3=2
2 ðtÞ�; ð22Þ

where fK� and fTK� are the longitudinal and transverse components of the decay constants. The Gegenbauer moments in
Eqs. (19) and (20) are the same ones as those in Ref. [44]:

ajj1K� ¼ 0.03� 0.02; ajj2K� ¼ 0.11� 0.09;

a⊥1K� ¼ 0.04� 0.03; a⊥2K� ¼ 0.10� 0.08: ð23Þ

The twist-three DAs ϕs;t
K� and ϕv;a

K� in Eqs. (19) and (20) are defined with the asymptotic form as in Ref. [44]:

ϕt
K� ¼ 3fTK�

2
ffiffiffi
6

p t2; ϕs
K� ¼ 3fTK�

2
ffiffiffi
6

p ð−tÞ; ϕv
K� ¼ 3fK�

8
ffiffiffi
6

p ð1þ t2Þ; ϕa
K� ¼ 3fK�

4
ffiffiffi
6

p ð−tÞ; ð24Þ

III. THEORETICAL FRAMEWORK

A. Effective Hamiltonian for b → dl+l− decays

For the considered b → dlþl− transitions, the effective Hamiltonian in the framework of the SM can be written in the
following form [29,45–47]:

Heff ¼ −
GFffiffiffi
2

p VtbV�
td

�
C1ðμÞOc

1ðμÞ þ C2ðμÞOc
2ðμÞ þ

X10
i¼3

CiðμÞOiðμÞ

þ λu½C1ðμÞðOc
1ðμÞ −Ou

1ðμÞÞ þ C2ðμÞðOc
2ðμÞ −Ou

2ðμÞÞ�
�
; ð25Þ

where GF ¼ 1.16638 × 10−5 GeV−2 is the Fermi constant, λu ¼ VubV�
ud=ðVtbV�

tdÞ is a ratio of the CKM elements, and
CiðμÞ and OiðμÞ are the Wilson coefficients and the four-fermion operators at the renormalization scale μ. In the SM, a
suitable basis of the operators OiðμÞ for the b → dlþl− transition is given by the current-current operators Ou;c

1;2, the QCD
penguin operatorsO3–6, the electromagnetic penguin operatorO7, and the chromomagnetic penguin operatorO8, as well as
the semileptonic operators O9;10:
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Oc
1 ¼ ðd̄αcβÞV−Aðc̄βbαÞV−A; Oc

2 ¼ ðd̄αcαÞV−Aðc̄βbβÞV−A;
Ou

1 ¼ ðd̄αuβÞV−AðūβbαÞV−A; Ou
2 ¼ ðd̄αuαÞV−AðūβbβÞV−A;

O3 ¼ ðd̄αbαÞV−A
X
q

ðq̄βqβÞV−A; O4 ¼ ðd̄αbβÞV−A
X
q

ðq̄βqαÞV−A;

O5 ¼ ðd̄αbαÞV−A
X
q

ðq̄βqβÞVþA; O6 ¼ ðd̄αbβÞV−A
X
q

ðq̄βqαÞVþA;

O7 ¼
emb

8π2
d̄σμνð1þ γ5ÞbFμν; O8 ¼

gmb

8π2
d̄σμνTað1þ γ5ÞbGa

μν;

O9 ¼
αem
2π

ðd̄γμð1 − γ5ÞbÞðl̄γμlÞ; O10 ¼
αem
2π

ðd̄γμð1 − γ5ÞbÞðl̄γμγ5lÞ; ð26Þ

where Ta denotes the generators of the SUð3ÞC group
and mb is the running b-quark mass in the MS scheme;
Fμν and Ga

μν are the electromagnetic and chromomagnetic
tensors, respectively. The labels V � A refer to the
Lorentz structure γμð1� γ5Þ. In Fig. 1, we show the
typical Feynman diagrams for the semileptonic decays
B̄0
s → Kð�Þlþl− in the PQCD approach. The dominant

contribution to the b → dlþl− transitions is given by O7

and O9;10, as well as Ou;c
1;2. The operator O7 corresponds

to the γ-penguin diagram, as shown in Fig. 2(a). The
operators O9;10 describe the sum of the contributions
from the Z and γ penguin in Fig. 2(a) and the W box

diagrams in Fig. 2(b). The current-current operators Ou;c
1;2

involve a long-distance contribution, which originates in
the real uū, dd̄, and cc̄ intermediate states, namely, the
ðρ;ω;ϕÞ and J=ψ family in Fig. 2(c), coupled to the
lepton pair via the virtual photon. This contribution is
proportional to C9 and can be absorbed into an effective
Wilson coefficient Ceff

9 [48].
Here we neglect the contribution from the subleading

chromomagnetic penguin, and the quark-loop and annihi-
lation diagrams because these effects are highly suppressed
[29]. Hence, the decay amplitude for b → dlþl− loop
transition can be decomposed as

Aðb → dlþl−Þ ¼ GF

2
ffiffiffi
2

p αem
π

VtbV�
td

�
Ceff
9 ðq2Þ½d̄γμð1 − γ5Þb�½l̄γμl� þ C10½d̄γμð1 − γ5Þb�½l̄γμγ5l�

− 2mbCeff
7

�
d̄iσμν

qν

q2
ð1þ γ5Þb

�
½l̄γμl�

�
; ð27Þ

where Ceff
7 ðμÞ and Ceff

9 ðμÞ are the effective Wilson coef-
ficients, defined as in Refs. [26,49]

Ceff
7 ðμÞ ¼ C7ðμÞ þ C0

b→dγðμÞ; ð28Þ

Ceff
9 ðμ; q2Þ ¼ C9ðμÞ þ YpertðŝÞ þ Yresðq2Þ: ð29Þ

The analytic expressions for all Wilson coefficients in the
NLO approximation can be found easily in Ref. [50].
The numerical values of the NLO Wilson coeffi-
cients CiðμÞ at three different renormalization scales

(a) (b)

FIG. 1. The typical Feynman diagrams for the semileptonic
decays B̄0

s → Kð�Þlþl− in the PQCD approach with the FCNC
contributions due to the operators Oi as defined in Eq. (26) and
denoted as black squares in this figure.

(a)

(b) (c)

FIG. 2. Typical Feynman loop diagrams: the γ penguin (a) with
O7, the zðγÞ penguin (a) and W box (b) with O9;10, and the loops
(c) with Ou;c

1;2.
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μ ¼ ðmb=2; mb; 3mb=2Þ are listed in Table I. Note that the
Wilson coefficient C10 is independent of the μ scale and
C9ðμÞ is relatively sensitive to the choice of μ.
The term C0

b→dγ in Eq. (28) is the absorptive part of
b → dγ and was given in Ref. [49]

C0
b→dγðμÞ ¼ iαs

�
2

9
η14=23½GIðxtÞ − 0.1687� − 0.03C2ðμÞ

�
;

ð30Þ

where η ¼ αsðmWÞ=αsðμÞ, xt ¼ m2
t =m2

W and

GIðxtÞ ¼
xtðx2t − 5xt − 2Þ

8ðxt − 1Þ3 þ 3x2t ln xt
4ðxt − 1Þ4 : ð31Þ

Besides the ordinary Wilson coefficient C9ðμÞ, the effec-
tiveWilson coefficientCeff

9 ðq2Þ in Eq. (29) also contains two
additional effective terms YpertðŝÞ and Yresðq2Þ. The term
YpertðŝÞ describes the short distance contribution from the
soft-gluon emission and the one-loop contribution of the
four-quark operators O1 −O6. The term Yresðq2Þ includes
the contributions of the virtual resonances described by the
Breit-Wigner form prescribed in Refs. [47,51–54].

YpertðŝÞ ¼ 0.124ωðŝÞ þ gðm̂c; ŝÞC0 þ λu½gðm̂c; ŝÞ − gðm̂u; ŝÞ�ð3C1 þ C2Þ

−
1

2
gðm̂d; ŝÞðC3 þ 3C4Þ −

1

2
gðm̂b; ŝÞð4C3 þ 4C4 þ 3C5 þ C6Þ

þ 2

9
ð3C3 þ C4 þ 3C5 þ C6Þ; ð32Þ

Yresðq2Þ ¼ −
3π

α2em

�
C0 ·

X
V¼J=Ψ;Ψ0…

mVBðV → lþl−ÞΓV
tot

q2 −m2
V þ imVΓV

tot

− λugðm̂u; ŝÞð3C1 þ C2Þ ·
X

V¼ρ;ω;ϕ

mVBðV → lþl−ÞΓV
tot

q2 −m2
V þ imVΓV

tot

�
; ð33Þ

where C0¼3C1þC2þ3C3þC4þ3C5þC6, ŝ ¼ q2=m2
b, and m̂q ¼ mq=mb. In the above expressions, ωðŝÞ is the soft-

gluon correction to the matrix element of operator O9 and was given in Refs. [47,55]

ωðŝÞ ¼ −
2

9
π2 þ 4

3

Z
ŝ

0

lnð1 − uÞ
u

du −
2

3
lnðŝÞ lnð1 − ŝÞ − 5þ 4ŝ

3ð1þ 2ŝÞ lnð1 − ŝÞ

−
2ŝð1þ ŝÞð1 − 2ŝÞ
3ð1 − ŝÞ2ð1þ 2ŝÞ ln ŝþ

5þ 9ŝ − 6ŝ2

6ð1 − ŝÞð1þ 2ŝÞ : ð34Þ

The loop coefficient functions gðm̂q; ŝÞ in Eqs. (32) and (33) describe the one-loop ðqq̄Þ contributions to the four-quark
operators O1 −O6, and can be written as the well-known expression [56–59]:

gðm̂q; ŝÞ ¼ −
8

9
lnðm̂qÞ þ

8

27
þ 4

9
x −

2

9
ð2þ xÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j1 − xj

p
×

8<
:

2 arctan 1ffiffiffiffiffiffi
x−1

p ; x > 1

ln
			 1þ ffiffiffiffiffiffi

1−x
p

1−
ffiffiffiffiffiffi
1−x

p
			 − iπ ; x < 1;

ð35Þ

where x≡ 4m̂2
q=ŝ.

In Ref. [59], the authors employed the dispersion
approach to compute the charm-loop effect in a form of
the correction to the Wilson coefficient C9. By fitting the
whole dispersion relation to the operator-product expansion

(OPE) result at q2 ≪ 4m2
c, the authors found that there

exists a destructive interference between the J=ψ and
ψð2SÞ states. According to their opinion, a reliable pre-
diction for the charm-loop effect above ψð2SÞ based on
QCD is hard to make. Although the actual effect,

TABLE I. The values of the Wilson coefficients CiðμÞ in NLO level at three different renormalization scales μ ¼ ðmb=2; mb; 3mb=2Þ.
μnCiðμÞ C1 C2 C3ð%Þ C4ð%Þ C5ð%Þ C6ð%Þ C7 C8 C9 C10

mb=2 −0.276 1.131 2.005 −4.845 1.375 −5.841 −0.329 −0.165 4.450 −4.410
mb −0.175 1.076 1.258 −3.279 1.112 −3.634 −0.302 −0.148 4.232 −4.410
3mb=2 −0.129 1.053 0.966 −2.608 0.964 −2.786 −0.287 −0.139 4.029 −4.410
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depending on the interference of many charmonium states,
cannot be reliably constrained by OPE, it could be
considered as small in this region.
The term Yres in Eq. (33) denotes the long-distance

resonance contributions from those Bs → Kð�ÞV →
Kð�ÞðV → lþl−Þ transitions, where V stands for the
possible intermediate resonance states decaying to lep-
ton pairs:
(1) The charmless light vector mesons V ¼ ðρ;ω;ϕÞ.

The kinematic region where the light resonances
(ρ;ω;ϕ) contribute is typically not excluded from
the experimental analyses because their effects on
branching fractions and other physical observables
might be substantial [60].

(2) The cc̄ charmonia Vcc̄ ¼ ψð1S; 2S; 3770; 4040;
4160; 4415Þ. The two lowest charmonium states
ψð1SÞ and ψð2SÞ (i.e., J=ψ and ψ 0), whose masses
are below the open charm threshold (DD̄), have tiny
width and can induce large breaking of quark-
hadron duality. Hence, the narrow charmonia reso-
nance regions are routinely rejected in the theoretical
and experimental analysis. For the four higher
charmonium resonances, however, they are broad
and overlapping throughout the high-q2 regions.
One usually makes the integration over the full
high-q2 range.

As reported in Ref. [61], a resonance above ψð2SÞ
compatible with the ψð4160Þ has been observed by LHCb
in the B → Kμþμ− decay. Consequently, nearly all avail-
able contributions about the JPC ¼ 1−− charmonium res-
onances above the open charm threshold should be taken
into account [62]. In Table II, we list the properties of all
considered intermediate resonance states: their mass, width,
and branching fractions of the leptonic decay channel V →
lþl− [30]. For the case l ¼ τ, only the fraction of
J=ψð2SÞ → τþτ− does not vanish, which equals 3.1 ×
10−3 from Ref. [30].

B. Bs → K;K� transition form factors

The Bs → K transition can be induced by the vector
current Vμ and the tensor currents Tμν:

hKðp2ÞjVμjBsðp1Þi ¼ f1ðq2Þpμ
1 þ f2ðq2Þpμ

2; ð36Þ

hKðp2ÞjTμνjBsðp1Þi ¼ i
2

mBs
þmK

½pμ
2q

ν − qμpν
2�FTðq2Þ;

ð37Þ

where Vμ ¼ d̄γμb and Tμν ¼ d̄σμνb, and q ¼ p1 − p2 is
the momentum carried off by the lepton pairs and
σμν ¼ i½γμ; γν�=2.
The Bs → K transition form factors Fþðq2Þ and F0ðq2Þ

can be written as a combination of the auxiliary form
factors f1ðq2Þ and f2ðq2Þ in Eq. (36):

Fþðq2Þ ¼
1

2
½f1ðq2Þ þ f2ðq2Þ�; ð38Þ

F0ðq2Þ ¼ Fþðq2Þ þ
1

2
½f1ðq2Þ − f2ðq2Þ�

q2

m2
Bs
−m2

K
: ð39Þ

We also have the relation Fþð0Þ ¼ F0ð0Þ in order to smear
the pole at q2 ¼ 0.
Using the well-studied wave functions as given in Sec. II,

we calculated the three Bs → K form factors f1ðq2Þ;
f2ðq2Þ, and FTðq2Þ in the PQCD factorization approach:

f1ðq2Þ ¼ 16πm2
Bs
CF

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ

×

��
−x2r2ϕA

Kðx2Þ þ r0ϕP
Kðx2Þ −

ηþ 2x2rffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p r0ϕT
Kðx2Þ

�
·H1ðt1Þ

þ
��

x1ðηþ
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
Þ − rþ x1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
�
rϕA

Kðx2Þ

− x1

�
1þ ηffiffiffiffiffiffiffiffiffiffiffiffi

η2 − 1
p

�
r0ϕP

Kðx2Þ
�
·H2ðt2Þ

�
; ð40Þ

TABLE II. The masses, decay widths and branching fractions
of the dilepton decays of the vector charmonium states [30].

V
Mass
[GeV]

ΓV
tot

[MeV]
BRðV → lþl−Þ
with l ¼ e, μ

ρð770Þ 0.775 149.1 4.63 × 10−5

ωð782Þ 0.782 8.490 7.38 × 10−5

ϕð1020Þ 1.019 4.249 2.92 × 10−4

J=ψð1SÞ 3.096 0.093 5.96 × 10−2

ψð2SÞ 3.686 0.294 7.96 × 10−3

ψð3770Þ 3.773 27.2 9.60 × 10−6

ψð4040Þ 4.039 80 1.07 × 10−5

ψð4160Þ 4.191 70 6.90 × 10−6

ψð4415Þ 4.421 62 9.40 × 10−6
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f2ðq2Þ ¼ 16πm2
Bs
CF

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ

×

��
ð1þ x2rηÞϕA

Kðx2Þ − 2x2r0ϕP
Kðx2Þ −

1 − 2x2rη

r
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p r0ϕT
Kðx2Þ

�
·H1ðt1Þ

þ
�
−
x1
2

�
1þ ηffiffiffiffiffiffiffiffiffiffiffiffi

η2 − 1
p

�
ϕA
Kðx2Þ þ

�
2þ x1

r
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
�
r0ϕP

Kðx2Þ
�
·H2ðt2Þ

�
; ð41Þ

FTðq2Þ ¼ 8πm2
Bs
CFð1þ rÞ

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ

×

��
ϕA
Kðx2Þ − x2r0ϕP

Kðx2Þ −
1þ x2rη

r
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p r0ϕT
Kðx2Þ

�
·H1ðt1Þ

þ
�
−
x1
2

�
1þ ηffiffiffiffiffiffiffiffiffiffiffiffi

η2 − 1
p

�
ϕA
Kðx2Þ þ

�
2þ x1

r
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
�
r0ϕP

Kðx2Þ
�
·H2ðt2Þ

�
: ð42Þ

where CF ¼ 4=3 is a color factor, r0 ¼ m0
K=mBs

, r ¼ mk=mBs
, η is defined in Eq. (8), and the function HiðtiÞ in the

following form:

HiðtiÞ ¼ hiðx1; x2; b1; b2Þ · αsðtiÞ exp ½−SabðtiÞ�; for i ¼ ð1; 2Þ: ð43Þ

The explicit expressions of the hard functions h1;2ðx1; x2; b1; b2Þ, the hard scales t1;2, and the Sudakov factors SabðtiÞwill be
given in the Appendix.
For the vector meson K� with polarization vector ϵ�, the relevant form factors for Bs → K� transitions are Vðq2Þ and

A0;1;2ðq2Þ of the vector and axial-vector currents, and T1;2;3ðq2Þ of the tensor currents. In the PQCD factorization approach,
these seven form factors of Bs → K�lþl− decays can be calculated and written in the following form:

Vðq2Þ ¼ 8πm2
Bs
CFð1þ rÞ

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ

×

��
−x2rϕv

K� ðx2Þ þ ϕT
K� ðx2Þ þ

1þ x2rηffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p ϕa
K� ðx2Þ

�
·H1ðt1Þ

þ
��

rþ x1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
�
ϕv
K�ðx2Þ −

x1 − 2rη

2
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p ϕa
K�ðx2Þ

�
·H2ðt2Þ

�
; ð44Þ

A0ðq2Þ ¼ 8πm2
Bs
CF

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ ×
��

ð1þ x2rð2η − rÞÞϕK�ðx2Þ

þ ð1 − 2x2Þrϕt
K� ðx2Þ þ

ð1 − rηÞ − 2x2rðη − rÞffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p ϕs
K� ðx2Þ

�
·H1ðt1Þ

þ
��

x1ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
�
ηþ r
2

− rη2
�
þ
�
x1
2
− x1rηþ r2

��
ϕK� ðx2Þ

−
�
x1ð1 − rηÞ þ 2rðr − ηÞffiffiffiffiffiffiffiffiffiffiffiffi

η2 − 1
p − x1r

�
ϕs
K� ðx2Þ

�
·H2ðt2Þ

�
; ð45Þ

A1ðq2Þ ¼ 16πm2
Bs
CF

r
1þ r

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ

×

�h
ð1þ x2rηÞϕv

K� ðx2Þ þ ðη − 2x2rÞϕT
K� ðx2Þ þ x2r

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
ϕa
K� ðx2Þ

i
·H1ðt1Þ

þ
��

rη −
x1
2

�
ϕv
K� ðx2Þ þ

�
r

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
þ x1

2

�
ϕa
K� ðx2Þ

�
·H2ðt2Þ

�
; ð46Þ
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A2ðq2Þ ¼
ð1þ rÞ2ðη − rÞ
2rðη2 − 1Þ A1ðq2Þ − 8πm2

Bs
CF

1þ r
η2 − r

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ

×

�h
½ηð1 − x2r2Þ þ rðx2ð2η2 − 1Þ − 1Þ�ϕK� ðx2Þ þ ½1þ 2x2r2 − ð1þ 2x2Þrη�ϕt

K� ðx2Þ

þ rð1 − 2x2Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
ϕs
K� ðx2Þ

i
·H1ðt1Þ

þ
���

rη −
1

2

�
x1

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
− ½rðrη − 1 − x1η2Þ þ

x1ðrþ ηÞ
2

��
ϕK�ðx2Þ

þ
h
x1ðrη − 1Þ þ ðx2 − 2Þr

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q i
ϕs
K�ðx2Þ� ·H2ðt2Þ

�
; ð47Þ

T1ðq2Þ ¼ 8πm2
Bs
CF

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ ×
��

ð1 − 2x2Þrϕv
K�ðx2Þ

þ ð1þ 2x2rη − x2r2ÞϕT
K� ðx2Þ þ

1þ 2x2r2 − ð1þ 2x2Þrηffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p ϕa
K� ðx2Þ

�
·H1ðt1Þ

þ
���

1 −
x1
2

�
r −

x1ðrη − 1Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
�
ϕv
K� ðx2Þ þ

�
rðη − rÞffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p þ x1
2

�
rþ rη − 1ffiffiffiffiffiffiffiffiffiffiffiffi

η2 − 1
p

��
ϕa
K� ðx2Þ

�
·H2ðt2Þ

�
; ð48Þ

T2ðq2Þ ¼ 16πm2
Bs
CF

r
1 − r2

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ

×

�h
ð1 − ð1þ 2x2Þrηþ 2x2r2Þϕv

K� ðx2Þ

þ ½x2rηð2η − rÞ − x2rþ η − r�ϕT
K�ðx2Þ þ ð1 − 2x2Þr

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
ϕa
K� ðx2Þ

i
·H1ðt1Þ

þ
��

x2
2

�
1þ ηffiffiffiffiffiffiffiffiffiffiffiffi

η2 − 1
p

�
ðrη − 1Þ þ

�
rþ x1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

p
�
ðη − rÞ

�
ϕv
K�ðx2Þ

þ
��

1 −
x1
2

�
r

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
þ x1

2
ð1 − rηÞ

�
ϕa
K� ðx2Þ

�
·H2ðt2Þ

�
; ð49Þ

T3ðq2Þ ¼
ð1 − rÞ2ðηþ rÞ
2rðη2 − 1Þ T2ðq2Þ − 8πm2

Bs
CF

1 − r2

η2 − 1

Z
dx1dx2

Z
b1db1b2db2ϕBs

ðx1Þ

×

��
η2 − ð1þ 2x2Þrηþ 2x2r2

η − r
ϕK�ðx2Þ þ ð1þ x2rηÞϕt

K� ðx2Þ þ x2r
ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q
ϕs
K� ðx2Þ

�
·H1ðt1Þ

þ
��

r −
x1
2



ηþ

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q ��
ϕK� ðx2Þ þ



x1 þ 2r

ffiffiffiffiffiffiffiffiffiffiffiffi
η2 − 1

q �
ϕs
K� ðx2Þ

�
·H2ðt2Þ

�
; ð50Þ

where r ¼ mK�=mBs
, the twist-two DAs ðϕK� ;ϕT

K� Þ and other four twist-three DAs are defined in Eqs. (19), (20), and (24),
and the functions H1;2ðt1;2Þ are the same ones as those defined in Eq. (43) for Bs → K transition, but with a replacement of
r ¼ mK=mBs

by r ¼ mK�=mBs
.

IV. OBSERVABLES FOR Bs → Kð�Þl+l− DECAYS

A. Observables for Bs → Kl+l− decays

Within the SM operator basis, the decay amplitude of Bs → Klþl− decay can be written in the following form [63]:

AðB̄0
s → Klþl−Þ ¼ GFαemffiffiffi

2
p

π
VtbV�

td½δVpμ
1ðl̄γμlÞ þ δAp

μ
1ðl̄γμγ5lÞ þ δPðl̄γ5lÞ� ð51Þ
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with

δA ¼ C10Fþðq2Þ;

δV ¼ Ceff
9 Fþðq2Þ þ Ceff

7

2ðmb −mdÞ
mBs

þmK
FTðq2Þ;

δP ¼ −mlC10

�
Fþðq2Þ þ

m2
Bs
−m2

K

q2
½Fþðq2Þ − F0ðq2Þ�

�
;

ð52Þ

where pμ
1 denotes the four-momentum of the Bs meson and

ml is the lepton mass.
Based on the matrix elements of the operators in terms of

the form factors, we obtain the double differential decay
rate for B̄s → Klþl− with respect to q2 and θl with lepton
flavor l [64],

d2Γ
dq2d cos θl

¼ alðq2Þ þ blðq2Þ cos θl þ clðq2Þ cos2 θl:

ð53Þ

The angle θl is defined as the angle between the B̄s
direction and the l− direction in the lþl− rest frame. The
corresponding angular coefficients al, bl, and cl can be
written as [63,64]

alðq2Þ ¼ N
�
q2jδPj2 þ

λ

4
ðjδAj2 þ jδV j2Þ þ 4m2

lm
2
Bs
jδAj2

þ 2mlðm2
Bs
−m2

K þ q2ÞReðδPδ�AÞ
�
; ð54Þ

blðq2Þ ¼ 0; ð55Þ

clðq2Þ ¼ −
N λβ2l
4

ðjδAj2 þ jδV j2Þ; ð56Þ

with the factor N ,

N ¼ G2
Fα

2
emjVtbV�

tdj2
29π5m3

Bs

βl
ffiffiffi
λ

p
; ð57Þ

where βl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m̂2

l

q
with m̂l ¼ ml=

ffiffiffiffiffi
q2

p
, αem ¼ 1=137

is the fine structure constant, ml means the lepton mass,
and λ ¼ λðm2

Bs
; m2

K; q
2Þ is the Källen function: λða; b; cÞ ¼

a2 þ b2 þ c2 − 2ðabþ bcþ caÞ.
Integration over the polar angle θl leads to the expres-

sion for the differential decay rate,

dΓ
dq2

¼ 2alðq2Þ þ
2

3
clðq2Þ: ð58Þ

We see that the linear dependence on cos θl is lost after
integration over θl, consequently, the lepton forward-
backward asymmetry AFB will also become zero,

AFBðq2Þ ¼
R
1
0

d2Γ
dq2d cos θl

d cos θl −
R
0
−1

d2Γ
dq2d cos θl

d cos θl

dΓ=dq2

¼ blðq2Þ
dΓ=dq2

¼ 0: ð59Þ

Another observable of interest that we calculate is the
longitudinal polarization asymmetry PLðq2Þ of the leptons
defined as [46]

PLðq2Þ ¼
1

dΓ=dq2

�
dΓhl¼−1

dq2
−
dΓhl¼þ1

dq2

�
; ð60Þ

where hl ¼ þ1ð−1Þ implies a right-handed (left-handed)
charged lepton l− in the final state. For the B̄s → Klþl−

decay, the lepton polarization is given by [46]

PLðq2Þ ¼
1

3
·
G2

Fα
2
emjVtbV�

tdj2
256π5m3

Bs

·
β2lλ

3=2 · RefδVδ�Ag
dΓ=dq2

: ð61Þ

For the CP-conjugated mode B0
s → K̄lþl−, the decay

amplitude and physical observables are obtained by making
the substitution A → Ā, i.e., by making the complex
conjugation of the CKM factor involved for the B̄0

s decay
modes. Analogous to Ref. [65], we also define the direct
CP asymmetry of the considered Bs → Klþl− decays in the
following form:

ACPðq2Þ ¼
dΓðB̄s →Klþl−Þ=dq2−dΓ̄ðBs → K̄lþl−Þ=dq2
dΓðB̄s →Klþl−Þ=dq2þdΓ̄ðBs → K̄lþl−Þ=dq2 :

ð62Þ

B. Observables for Bs → K�l+l−
For a four body decay, Bs → K�ð→ πKÞlþl−, the decay

distribution can be completely described in terms of four
kinematic variables [7,65,66]: the lepton invariant mass
squared (q2) and three angles θK� , θl, and ϕ. The angle θK�

is the angle between the direction of flight of K and the Bs
meson in the rest frame of K�, θl is the angle made by l−

with respect to the Bs meson in the dilepton rest frame and
ϕ is the azimuthal angle between the two planes formed by
dilepton and πK. The full angular decay distribution of
B̄s → K�ð→ π−KþÞlþl− is given by [8,29,67],

d4Γ
dq2d cos θK�d cos θldϕ

¼ 9

32π
Iðq2; θK� ; θl;ϕÞ; ð63Þ

where the functions Iðq2; θK� ; θl;ϕÞ are of the following
form [8]:
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Iðq2; θl; θK� ;ϕÞ ¼
X
i

Iiðq2ÞfiðθK� ; θl;ϕÞ

¼ Is1 sin
2 θK� þ Ic1 cos

2 θK� þ ðIs2 sin2 θK� þ Ic2 cos
2 θK� Þ cos 2θl

þ I3 sin2 θK� sin2 θl cos 2ϕþ I4 sin 2θK� sin 2θl cosϕ

þ I5 sin 2θK� sin θl cosϕþ Is6 sin
2 θK� cos θl þ I7 sin 2θK� sin θl sinϕ

þ I8 sin 2θK� sin 2θl sinϕþ I9 sin2 θK� sin2 θl sin 2ϕ: ð64Þ

For the CP-conjugated mode Bs → K̄�ð→ πþK−Þlþl−,
the corresponding expression of the angular decay distri-
bution is

d4Γ̄
dq2d cos θK�d cos θldϕ

¼ 9

32π
Īðq2; θK� ; θl;ϕÞ: ð65Þ

The function Īðq2; θK� ; θl;ϕÞ is obtained from Eq. (64) by
the substitution [8]:

I1;2;3;4;7 → Ī1;2;3;4;7; I5;6;8;9 → −Ī5;6;8;9; ð66Þ

where Īi are obtained by making the complex conjugation
for all weak phases in Ii. The minus sign in Eq. (66) is a
result of the convention that, under the previous definitions

of three angles, a CP transformation interchanges the
lepton and antilepton, leading to the modification θl →
θl − π and ϕ → −ϕ.
The angular coefficients Ii of the distributions in the

above equation can be written in terms of the trans-
verse amplitudes [16,68]. For the massless case there
are six such complex amplitudes: AR;L

0 , AR;L
k , and AR;L

⊥ .

For the massive case, an additional complex amplitude
At is required. In Table III, we show the expressions
for those angular coefficients Iiðq2Þ and the corre-
sponding angular factor fiðθK� ; θl;ϕÞ as those defined
in Refs. [16,68].
The seven transversity amplitudesAR;L

0 ,AR;L
k ,AR;L

⊥ , and
At, in turn, can be expressed in terms of the relevant Bs →
K�lþl− form factors [6,8]:

AL;R
⊥ ¼ −Nl

ffiffiffiffiffiffiffiffiffiffiffi
2NK�

p ffiffiffi
λ

p �
ðCeff

9 ∓ C10Þ
Vðq2Þ

mBs
þmK�

þ 2m̂bCeff
7 T1ðq2Þ

�
; ð67Þ

AL;R
k ¼ Nl

ffiffiffiffiffiffiffiffiffiffiffi
2NK�

p
½ðCeff

9 ∓ C10ÞðmBs
þmK�ÞA1ðq2Þ þ 2m̂bCeff

7 ðm2
Bs
−m2

K�ÞT2ðq2Þ�; ð68Þ

TABLE III. The explicit expressions of the angular coefficients Iiðq2Þ and fi that appeared in Eq. (64).

i Iiðq2Þ fi

1s ð3
4
− m̂2

lÞ½jAL
k j2 þ jAL⊥j2 þ jAR

k j2 þ jAR⊥j2� þ 4m̂2
lRe½AL⊥AR�⊥ þAL

kA
R�
k � sin2 θK�

1c jAL
0 j2 þ jAR

0 j2 þ 4m̂2
l½jAtj2 þ 2Re½AL

0A
R�
0 �� cos2 θK�

2s 1
4
β2l½jAL

k j2 þ jAL⊥j2 þ jAR
k j2 þ jAR⊥j2� sin2 θK� cos 2θl

2c −β2l½jAL
0 j2 þ jAR

0 j2� cos2θK� cos 2θl
3 1

2
β2l½jAL⊥j2 − jAL

k j2 þ jAR⊥j2 − jAR
k j2� sin2 θK� sin2 θl cos 2ϕ

4
ffiffi
1
2

q
β2lReðAL

0A
L�
k þAR

0A
R�
k Þ sin 2θK� sin 2θl cosϕ

5
ffiffiffi
2

p
βlReðAL

0A
L�⊥ −AR

0A
R�⊥ Þ sin 2θK� sin θl cosϕ

6s 2βlReðAL
kA

L�⊥ −AR
kA

R�⊥ Þ sin2 θK� cos θl

7
ffiffiffi
2

p
βlImðAL

0A
L�
k −AR

0A
R�
k Þ sin 2θK� sin θl sinϕ

8
ffiffi
1
2

q
β2lImðAL

0A
L�⊥ þAR

0A
R�⊥ Þ sin 2θK� sin 2θl sinϕ

9 β2lImðAL�
k AL⊥ þAR�

k AR⊥Þ sin2 θK� sin2 θl sin 2ϕ
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AL;R
0 ¼ Nl

ffiffiffiffiffiffiffiffi
NK�

p

2mK�
ffiffiffiffiffi
q2

p
�
ðCeff

9 ∓ C10Þ
�
ðm2

Bs
−m2

K� − q2ÞðmBs
þmK� ÞA1ðq2Þ −

λ

mBs
þmK�

A2ðq2Þ
�

þ 2mbCeff
7

�
ðm2

Bs
þ 3m2

K� − q2ÞT2ðq2Þ −
λ

m2
Bs
−m2

K�
T3ðq2Þ

��
; ð69Þ

At ¼ 2Nl

ffiffiffiffiffiffiffiffi
NK�

p ffiffiffi
λ

p
ffiffiffiffiffi
q2

p C10A0ðq2Þ; ð70Þ

where the factors Nl and NK� are of the following form:

Nl ¼ iαemGF

4
ffiffiffi
2

p
π

VtbV�
td; NK� ¼ 8βl

ffiffiffi
λ

p
q2

3 × 256π3m3
Bs

; ð71Þ

with λ≡ðm2
Bs
−m2

K� −q2Þ2−4m2
K�q2, βl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

l=q
2

q
,

and m̂b ¼ mb=q2.
Analogous to Ref. [69], one can write down three

partially integrated decay distributions, integrating all but
one angle at a time. For the CP-conjugated process, we can
do the similar operation using the corresponding decay
distributions.
(1) The θK� distribution:

d2Γ
dq2d cos θK�

¼ aθK� ðq2Þ þ cθK� ðq2Þ cos2 θK� ;

aθK� ðq2Þ ¼
3

8
ð3Is1 − Is2Þ;

cθK� ðq2Þ ¼
3

8
ð3Ic1 − 3Is1 − Ic2 þ Is2Þ: ð72Þ

(2) The θl distribution:

d2Γ
dq2d cos θl

¼ aθlðq2Þ þ bθlðq2Þ cos θl
þ cθlðq2Þ cos2 θl;

aθlðq2Þ ¼
3

8
ðIc1 þ 2Is1 − Ic2 − 2Is2Þ;

bθlðq2Þ ¼
3

4
ðIs6Þ;

cθlðq2Þ ¼
3

4
ðIc2 þ 2Is2Þ: ð73Þ

(3) The ϕ distribution:

d2Γ
dq2dϕ

¼ aϕðq2Þ þ ccϕðq2Þ cos 2ϕþ csϕðq2Þ sin 2ϕ;

aϕðq2Þ ¼
1

8π
ð3Ic1 þ 6Is1 − Ic2 − 2Is2Þ;

ccϕðq2Þ ¼
1

2π
I3;

csϕðq2Þ ¼
1

2π
I9: ð74Þ

From the full angular distributions as defined in Eq. (64),
we set various coefficients apart and combine them into
diverse quantities normalized to the differential decay rate
and other observables [69]. Analogous observables are
constructed for the CP-conjugated mode, after making the
replacements as shown in Eq. (65) and (66).
(1) The differential decay rate:

dΓ
dq2

¼ 1

4
ð3Ic1 þ 6Is1 − Ic2 − 2Is2Þ; ð75Þ

(2) The lepton forward-backward asymmetry:

AFBðq2Þ ¼
bθlðq2Þ
dΓ=dq2

¼ 3Is6
3Ic1 þ 6Is1 − Ic2 − 2Is2

; ð76Þ

(3) The K� polarization fraction:

RL;Tðq2Þ ¼
dΓL=dq2

dΓT=dq2
; ð77Þ

where ΓL and ΓT represent the longitudinal and
transverse K� polarization decay rates,

dΓL

dq2
¼ 2

3
½aθK� ðq2Þ þ cθK� ðq2Þ� ¼

1

4
ð3Ic1 − Ic2Þ; ð78Þ

dΓT

dq2
¼ 4

3
aθK� ðq2Þ ¼

1

2
ð3Is1 − Is2Þ: ð79Þ

Alternatively, one can define the quantity FK�
L which

is a measure of the longitudinally polarized K�’s in
the whole ensemble of Bs → K�ll decays, which is
linked to RL;Tðq2Þ as

FK�
L ðq2Þ ¼ RL;Tðq2Þ

1þ RL;Tðq2Þ
¼ 1

4
·
3Ic1 − Ic2
dΓ=dq2

¼ 3Ic1 − Ic2
3Ic1 þ 6Is1 − Ic2 − 2Is2

; ð80Þ

where FK�
L is a number obtained by integrating

FK�
L ðq2Þ over the proper phase space.

(4) The direct CP asymmetry can also be defined in the
same way as for Bs → Klþl− decays:

SU-PING JIN, XUE-QING HU, and ZHEN-JUN XIAO PHYS. REV. D 102, 013001 (2020)

013001-12



ACPðq2Þ ¼
dΓðB̄s → K�lþl−Þ=dq2 − dΓ̄ðBs → K̄�lþl−Þ=dq2
dΓðB̄s → K�lþl−Þ=dq2 þ dΓ̄ðBs → K̄�lþl−Þ=dq2 : ð81Þ

The above observables are constructed from Eqs. (63)
and (64) by integrating over the angles in various ranges.
These observables which have a form factor dependence in
the leading order are called form factor dependent observ-
ables and generally plagued by the large uncertainties of the
form factors. To avoid this problem, a lot of work has been
done to construct observables which are theoretically clean
in the low-q2 region. Such observables are free from this
dependence at the leading order and are called form factor
independent (FFI) observables. In this paper, we study both
kinds of observables.
As a necessary and sufficient condition, such FFI observ-

able must be invariant under the symmetry transformations

of the transverse amplitudes A’s; we then say that the
observable respects the symmetries of the angular distribu-
tion. Fortunately, there exists a systematic procedure to
construct all such possible observables as discussed
in Ref. [68].
We start defining the following complex vectors [70]:

nk ¼
�
AL
k

AR�
k

�
; n⊥ ¼

�
AL⊥
−AR�⊥

�
; n0 ¼

�
AL
0

AR�
0

�
: ð82Þ

With these vectors we can construct the products jnij2 ¼
n†i ni and n†i nj,

jnkj2 ¼ jAL
k j2 þ jAR

k j2 ¼
2Is2 − I3

β2l
; n†⊥nk ¼ AL�⊥ AL

k − AR⊥AR�
k ¼ βlIs6 − 2iI9

2β2l
; ð83Þ

jn⊥j2 ¼jAL⊥j2 þ jAR⊥j2 ¼
2Is2 þ I3

β2l
; n†0nk ¼ AL�

0 AL
k þ AR

0A
R�
k ¼ 2I4 − iβlI7ffiffiffi

2
p

β2l
; ð84Þ

jn0j2 ¼jAL
0 j2 þ jAR

0 j2 ¼ −
Ic2
β2l

; n†0n⊥ ¼ AL�
0 AL⊥ − AR

0A
R�⊥ ¼ βlI5 − 2iI8ffiffiffi

2
p

β2l
: ð85Þ

We examine the following (clean) FFI observables [68]:

P1 ¼
jn⊥j2 − jnkj2
jn⊥j2 þ jnkj2

¼ I3
2Is2

; P2 ¼
Reðn†⊥nkÞ

jnkj2 þ jn⊥j2
¼ βl

Is6
8Is2

; ð86Þ

P3 ¼
Imðn†⊥nkÞ

jnkj2 þ jn⊥j2
¼ −

I9
4Is2

; P4 ¼
Reðn†0nkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jnkj2jn0j2

q ¼
ffiffiffi
2

p
I4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−Ic2ð2Is2 − I3Þ
p ; ð87Þ

P5 ¼
Reðn†0n⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jn⊥j2jn0j2

p ¼ βlI5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2Ic2ð2Is2 þ I3Þ

p ; ð88Þ

P6 ¼
Imðn†0nkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jnkj2jn0j2

q ¼ −
βlI7ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−2Ic2ð2Is2 − I3Þ
p ; ð89Þ

P8 ¼
Imðn†0n⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jn⊥j2jn0j2

p ¼ −
ffiffiffi
2

p
I8ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−Ic2ð2Is2 þ I3Þ
p : ð90Þ

The primed observables are also defined in the following form [29]:

P0
4 ≡ P4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − P1

p
¼ I4ffiffiffiffiffiffiffiffiffiffiffiffi

−Ic2Is2
p ; P0

5 ≡ P5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ P1

p
¼ βlI5

2
ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p ; ð91Þ

P0
6 ≡ P6

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − P1

p
¼ −

βlI7
2

ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p ; P0
8 ≡ P8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ P1

p
¼ −

I8ffiffiffiffiffiffiffiffiffiffiffiffi
−Ic2Is2

p : ð92Þ
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These primed observables P0
4;5;6;8 are clean and good

approximations to P4;5;6;8 due to the fact that P1 ≃ 0 in
the SM. From the experimental perspective, fitting the
primed observables will be simpler and more efficient
despite the fact that the whole analysis can be performed
directly in terms of the observables P4;5;6;8.
Since most observables are written in terms of the ratios,

Ol
i ðq2Þ ¼ N l

i ðq2Þ=Dl
i ðq2Þ with N and D being generi-

cally a numerator and a denominator, the integrated
quantities are defined as in Ref. [69]:

hOl
i i ¼

R q2max

4m2
l
N l

i ðq2Þdq2R q2max

4m2
l
Dl

i ðq2Þdq2
: ð93Þ

We also check the physical observables Reμ
K;K� and Rμτ

K;K� , as
defined in Eqs. (3) and (4), since the theoretical uncer-
tainties are largely canceled in the ratio of the branching
ratios of Bs → Kð�Þlþl− decays.

In the region q2 < 4m2
μ, where only the eþe− modes are

allowed, there is a large enhancement of Bs → K�eþe− due
to the 1=q2 scaling of the photon penguin contribution [71].
In order to remove the phase space effects in the ratio Reμ

K�

and keep consistent with the other analysis [72], here we
also use the lower cut of 4m2

μ for both the electron and
muon modes in the definition of the ratio Reμ

K� as in
Ref. [72]:

Reμ
K� ¼

R q2max

4m2
μ
dq2 dBðBs→K�μþμ−Þ

dq2R q2max

4m2
μ
dq2 dBðBs→K�eþe−Þ

dq2

: ð94Þ

V. NUMERICAL RESULTS AND DISCUSSIONS

In the numerical calculations we use the following input
parameters (here masses and decay constants are in units of
GeV) [30,31]:

Λf¼4

MS
¼ 0.250; τB0

s
¼ 1.509ps; mb ¼ 4.8; mW ¼ 80.38;

mK ¼ 0.498; mK� ¼ 0.892; mBs
¼ 5.367; mτ ¼ 1.777;

fBs
¼ 0.23; fK ¼ 0.16; fK� ¼ 0.217; fTK� ¼ 0.185; ð95Þ

For the CKM matrix elements and angles, we use the values as given in PDG 2018 [30]:

Vtb ¼ 1.019� 0.025; Vud ¼ 0.97420� 0.00021;

Vtd ¼ jVtdj · e−iβ; jVtdj ¼ ð8.1� 0.5Þ × 10−3; sinð2βÞ ¼ 0.691� 0.017;

Vub ¼ jVubj · e−iγ; jVubj ¼ ð3.94� 0.36Þ × 10−3; γ ¼ ð73.5þ4.2
−5.1Þ°: ð96Þ

A. The form factors

For the considered semileptonic decays, the differential
decay rates and other physical observables strongly rely on
the value and the shape of the relevant form factors
F0;þðq2Þ and FTðq2Þ for Bs → Klþl− decays, and the
form factors Vðq2Þ, A0;1;2ðq2Þ and T1;2;3ðq2Þ for Bs →
K�lþl− decays. These form factors have been calculated
in rather different theories or models, such as the relativistic
quark model (RQM) [73], the LCSR [28,74], and the
covariant confined quark model (CCQM) [75]. For the
heavy B=Bs to light meson (such as K; π; η0; ρ; K�, etc.)
transitions, on the other hand, the relevant form factors at
the low-q2 region have been evaluated successfully by
employing the PQCD factorization approach, for example,
in Refs. [26,27,33–35,41,42,76].
Since the PQCD predictions for the considered form

factors are reliable only at the low-q2 region, we usually
calculate explicitly the values of the relevant form factors at
the low-q2 region, say 0 ≤ q2 ≤ m2

τ, and then make an
extrapolation for all relevant form factors from the low-q2

region to the large-q2 region by using the pole model
parametrization [77,78] or other different methods.

In Refs. [79–81], we developed a new method: the so-
called PQCDþ Lattice approach. Here we still use the
PQCD approach to evaluate the form factors at the low-q2

region, but take those currently available lattice QCD
results for the relevant form factors at the high-q2 region
as the lattice QCD input to improve the extrapolation of the
form factors up to q2max. In Refs. [80,81], we used the BCL
parametrization method [36,37] instead of the traditional
pole model parametrization since the BCL method has
better convergence.
In Tables IV and V, we list the values of the lattice QCD

results for the relevant Bs → K� transition form factors at

TABLE IV. The values for the lattice QCD results of the relevant
Bs → K transition form factors at three reference points of q2:
q2 ¼ 17.9; 21.2 GeV2 and q2max¼ðmBs

−mKÞ2≈23.8GeV2 [82].

q2 Point

FF 17.9 21.2 23.8

F0ðq2Þ 0.48(5) 0.63(5) 0.80(5)
Fþðq2Þ 0.98(7) 1.64(10) 2.76(16)

SU-PING JIN, XUE-QING HU, and ZHEN-JUN XIAO PHYS. REV. D 102, 013001 (2020)

013001-14



three reference points of q2 [82,83] used in this paper. The
systematic uncertainties are included.
In this work, we will use both the PQCD factorization

approach and the PQCDþ Lattice approach to evaluate all
relevant form factors over the whole range of q2.
(1) In the PQCD approach, we use the definitions and

formulas as given in Eqs. (38)–(42), and (44)–(50) to
calculate the values of all relevant form factors
F0;þ;Tðq2Þ, Vðq2Þ, A0;1;2ðq2Þ, and T1;2;3ðq2Þ in the
low-q2 region: 0 ≤ q2 ≤ m2

τ . We then make the
extrapolation for these form factors to the large-q2

region up to q2max by using the proper parametriza-
tion method.

(2) In the PQCDþ Lattice approach, we take the lattice
QCD results for the form factors at some large-q2

points as inputs and then make a combined fit to the
PQCD and the lattice QCD results at the low- and
high q2-region.

(3) For both approaches, we always use the same
z-series parametrization as in Refs. [29,74] to make
the extrapolation:

zðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ð97Þ

where t� ¼ ðmBs
�mKð�Þ Þ2 and t0 ¼ tþð1−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − t−=tþ
p Þ. Form factors are parametrized as

Fiðq2Þ ¼ Piðq2ÞΣkα
i
k½zðq2Þ − zð0Þ�k; ð98Þ

where Piðq2Þ ¼ ð1 − q2=m2
R;iÞ−1 is a simple pole

corresponding to the d̄b resonance with appropriate
JP in the spectrum and mR;i is the resonance mass:
mR → ∞ for F0ðq2Þ (no pole), 5.279 GeV for
A0ðq2Þ couple to Bð0−Þ, 5.325 GeV for Fþ;Tðq2Þ,
Vðq2Þ and T1ðq2Þ couple to B�ð1−Þ, and 5.724 GeV
for the rest of the form factors couple to B1ð1þÞ.

In Table VI, as a comparison, we show the center values of
all relevant form factors in this work and other theoretical
predictions as given in Refs. [26,28,44,73,84–89] at the scale
q2 ¼ 0. The PQCD factorization approach is applied in
Refs. [44,86] and in Ref. [26] with the inclusion of the NLO
corrections. The CCQM is used in Ref. [75]. Calculations
are based on LCSRs in Refs. [28,74] with hadronic input
parameters and in Ref. [84] with the inclusion of the
one-loop radiative corrections. In Ref. [73], the authors
used the relativistic quark model based on the quasipotential
approach. In Ref. [85], the authors used the quark model and
relativistic dispersion approach. In Ref. [87], the light-cone
quark model is utilized based on the basis of the soft
collinear effective theory. The authors of Ref. [88] employed
the LCSR in the framework of the heavy quark effective
theory. In Ref. [89], the authors evaluated the transition form
factors in the six-quark effective Hamiltonian approach. One
can see that there is no significant difference between the
theoretical predictions for the Bs → Kð�Þ transition form
factors evaluated at q2 ¼ 0 in various models or approaches.
In Table VII, we list the PQCD predictions for the form

factors Fþ;0;Tðq2Þ, Vðq2Þ, A0;1;2ðq2Þ, and T1;2;3ðq2Þ with
the corresponding pole and resonance masses, and the
fitting parametrization constants (α0; α1; α2Þ in Eq. (98) for
Bs → Kð�Þ transitions. It is simple to figure out the relation
Fið0Þ ¼ αi0 by substituting q2 with zero on both sides
of Eq. (98). The theoretical errors of the form factors as

TABLE V. The values for the lattice QCD results of the relevant
Bs → K� transition form factors at three reference points of q2:
q2 ¼ 12, 16 GeV2 and q2max ¼ ðmBs

−mK� Þ2 ≈ 20 GeV2 [83].

q2 Vðq2Þ A0ðq2Þ A1ðq2Þ A2ðq2Þ T1ðq2Þ T2ðq2Þ T3ðq2Þ
12 0.56(9) 0.84(9) 0.37(3) 0.46(3) 0.61(4) 0.39(3) 0.43(4)
16 1.02(8) 1.33(8) 0.45(3) 0.60(5) 0.90(6) 0.47(3) 0.67(5)
20 1.99(13) 2.38(16) 0.58(3) 0.85(12) 1.48(10) 0.60(3) 1.10(7)

TABLE VI. The theoretical predictions for the center values of the form factors of the Bs → Kð�Þ transitions at
q2 ¼ 0 obtained by using rather different theories or models.

F0;þð0Þ FTð0Þ Vð0Þ A0ð0Þ A1ð0Þ A2ð0Þ T1;2ð0Þ T3ð0Þ
This paper 0.22 0.22 0.24 0.21 0.19 0.19 0.21 0.16
PQCD[26] 0.26 0.28 � � � � � � � � � � � � � � � � � �
PQCD[86] � � � � � � 0.20 0.24 0.15 0.11 0.18 0.16
PQCD[44] 0.24 � � � 0.21 0.25 0.16 � � � � � � � � �
CCQM[75] � � � � � � 0.24 0.18 0.21 0.21 0.21 0.14
LCSR[28] 0.336 0.320 � � � � � � � � � � � � � � � � � �
LCSR[74] � � � � � � 0.296 0.314 0.230 � � � 0.239 � � �
LCSR[84] 0.30 � � � 0.311 0.360 0.233 0.181 0.260 0.136
RQM[73] 0.284 0.236 0.291 0.289 0.287 0.286 0.238 0.122
RDA[85] 0.31 0.31 0.38 0.37 0.29 0.26 0.32 0.23
SCET[87] 0.290 0.317 0.323 0.279 0.232 0.210 0.271 0.165
HQEFT[88] 0.296 0.288 0.285 0.222 0.227 0.183 0.251 0.169
SQEH[89] 0.260 � � � 0.227 0.280 0.178 � � � � � � � � �
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shown in Table VII are the two major errors from the
uncertainties of the parameter ωBs

¼ 0.50� 0.05 GeV and
the Gegenbauer moments in the distribution amplitudes
aKi ðaK�

i Þ of the light pseudoscalar (vector) mesons. The
additional theoretical uncertainties from other input param-
eters, such as the decay constants fBs

; fK; fK� ; fTK� , are very
small and have been neglected.
In Table VIII, we list the PQCDþ Lattice predictions for

the form factors Fþ;0ðq2Þ, Vðq2Þ, A0;1;2ðq2Þ, and T1;2;3ðq2Þ
by taking into account the lattice QCD results for the form
factors at some points of q2 as listed in Tables IV and V
from Refs. [82,83], in a similar way as what we did in
Refs. [79–81]. The errors are obtained in the same way as
those in Table VII. The additional form factors A12ðq2Þ and
T23ðq2Þ can be defined as the linear combinations of A1ðq2Þ
and A2ðq2Þ, T2ðq2Þ and T3ðq2Þ, together the with kinematic
variable λ as given in Eqs. (10) and (11) from Ref. [83]. In
Figs. 3 and 4, we show the q2 dependence of the form
factors Fþ;0;Tðq2Þ, Vðq2Þ, A0;1;2ðq2Þ, and T1;2;3ðq2Þ in the
PQCD (the red curves) and PQCDþ Lattice (the blue
curves) approaches for Bs → Kð�Þ transitions. The error

bars of the initial PQCD and relevant lattice QCD results as
listed in Tables IV and V are blackened, in order to show
them clearly.

B. Observables for Bs → Kl+l−
From the differential decay rates as given in Eq. (58), it is

conventional to make the integration over the range of
4m2

l ≤ q2 ≤ ðmBs
−mKÞ2. In order to be consistent with

the choices made by experiment collaborations in their data
analysis, however, we have to cut off the regions of the
dilepton mass squared around the charmonium resonances
J=ψð1SÞ and ψð2SÞ: i.e., 8.0 < q2 < 11.0 GeV2 and
12.5 < q2 < 15.0 GeV2 for l ¼ ðe; μ; τÞ cases. The
PQCD and PQCDþ Lattice predictions for the BRs and
the longitudinal polarization asymmetry PL of the semi-
leptonic decays B̄s → Klþl− and Bs → K̄lþl− at three
different renormalization scales μ ¼ ð0.5mb;mb; 1.5mbÞ
are listed in Tables IX and X, respectively, where the total
theoretical errors are the combinations of the uncertainties
of all relevant input parameters: ωBs

, aKi and Vij. The direct
CP asymmetries ACP are obtained by making integration

TABLE VII. The PQCD predictions for the form factors of Bs → Kð�Þ transitions. Form factors Fþ;0;Tðq2Þ, Vðq2Þ,
A0;1;2ðq2Þ, and T1;2;3ðq2Þ are fitted by using Eq. (98).

PQCD BðJPÞ α0 α1 α2

FBs→K
þ B�ð1−Þ 0.22þ0.04

−0.06 ðωBs
Þ � 0.005ðaKi Þ −1.21þ0.36

−0.23 � 0.02 0.06þ1.74
−1.09 � 0.14

FBs→K
0

no pole 0.22þ0.04
−0.06 ðωBs

Þ � 0.005ðaKi Þ −1.31þ0.40
−0.24 � 0.03 −0.22þ1.73

−1.11 � 0.13

FBs→K
T

B�ð1−Þ 0.22þ0.04
−0.06 ðωBs

Þ � 0.005ðaKi Þ −1.37þ0.40
−0.29 � 0.03 7.05þ1.85

−1.08 � 0.15

VBs→K� B�ð1−Þ 0.24þ0.05
−0.04 ðωBs

Þ � 0.005ðaK�
i Þ −1.87þ0.31

−0.42 � 0.03 7.56þ1.22
−1.41 � 0.13

ABs→K�
0

B0ð0−Þ 0.21þ0.04
−0.03 ðωBs

Þ � 0.003ðaK�
i Þ −1.43þ0.25

−0.29 � 0.02 8.28þ1.38
−1.03 � 0.11

ABs→K�
1

B1ð1þÞ 0.19þ0.04
−0.03 ðωBs

Þ � 0.003ðaK�
i Þ −0.64þ0.13

−0.14 � 0.01 0.35þ1.04
−1.02 � 0.10

ABs→K�
2

B1ð1þÞ 0.19þ0.04
−0.03 ðωBs

Þ � 0.003ðaK�
i Þ −1.42þ0.28

−0.31 � 0.03 2.77þ1.68
−1.07 � 0.12

TBs→K�
1

B�ð1−Þ 0.21þ0.04
−0.03 ðωBs

Þ � 0.003ðaK�
i Þ −1.52þ0.24

−0.34 � 0.03 9.10þ1.35
−1.46 � 0.13

TBs→K�
2

B1ð1þÞ 0.21þ0.04
−0.03 ðωBs

Þ � 0.003ðaK�
i Þ −0.44þ0.13

−0.08 � 0.01 4.38þ1.33
−1.93 � 0.16

TBs→K�
3

B1ð1þÞ 0.16þ0.03
−0.02 ðωBs

Þ � 0.002ðaK�
i Þ −0.99þ0.19

−0.27 � 0.02 8.12þ1.04
−1.81 � 0.11

TABLE VIII. The PQCDþ Lattice predictions for the form factors of Bs → Kð�Þ transitions. All form factors are
fitted by using Eq. (98).

PQCDþ Lattice BðJPÞ α0 α1 α2

FBs→K
þ B�ð1−Þ 0.22þ0.04

−0.06 ðωBs
Þ � 0.005ðaKi Þ −0.89þ0.23

−0.36 � 0.02 −0.44þ0.37
−0.44 � 0.03

FBs→K
0

No pole 0.22þ0.04
−0.06 ðωBs

Þ � 0.005ðaKi Þ −0.50þ0.08
−0.15 � 0.01 5.07þ0.27

−0.31 � 0.02

VBs→K� B�ð1−Þ 0.24þ0.05
−0.03 ðωBs

Þ � 0.005ðaK�
i Þ −0.13þ0.11

−0.07 � 0.01 10.14þ0.47
−0.49 � 0.04

ABs→K�
0

B0ð0−Þ 0.21þ0.03
−0.03 ðωBs

Þ � 0.003ðaK�
i Þ −3.38þ0.17

−0.15 � 0.02 −4.13þ0.43
−0.49 � 0.04

ABs→K�
1

B1ð1þÞ 0.19þ0.04
−0.03 ðωBs

Þ � 0.004ðaK�
i Þ −0.65þ0.27

−0.15 � 0.02 −2.66þ0.43
−0.32 � 0.03

ABs→K�
2

B1ð1þÞ 0.19þ0.04
−0.03 ðωBs

Þ � 0.004ðaK�
i Þ −1.35þ0.58

−0.55 � 0.04 −3.12þ1.96
−1.43 � 0.15

TBs→K�
1

B�ð1−Þ 0.21þ0.04
−0.03 ðωBs

Þ � 0.003ðaK�
i Þ −1.85þ0.30

−0.19 � 0.02 −3.23þ1.26
−1.32 � 0.12

TBs→K�
2

B1ð1þÞ 0.21þ0.04
−0.03 ðωBs

Þ � 0.003ðaK�
i Þ −0.65þ0.29

−0.16 � 0.02 −2.85þ0.73
−0.55 � 0.05

TBs→K�
3

B1ð1þÞ 0.16þ0.03
−0.02 ðωBs

Þ � 0.002ðaK�
i Þ −1.00þ0.19

−0.15 � 0.02 2.82þ1.26
−1.08 � 0.09
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FIG. 3. The q2 dependence of the form factors Fþ;0;Tðq2Þ in the PQCD (red) and PQCDþ Lattice (blue) approaches for Bs → K
transition, while the red (blue) shaded band shows the major theoretical uncertainty.

FIG. 4. The q2 dependence of the form factors Vðq2Þ, A0;1;2ðq2Þ, and T1;2;3ðq2Þ in the PQCD (red) and PQCDþ Lattice (blue)
approaches for Bs → K� transition, while the red (blue) shaded band shows the major theoretical uncertainty.
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over q2 forACPðq2Þ as defined in Eqs. (62) and (81) and are
also listed in these two tables. To reduce the large
theoretical uncertainties, we also check the physical
observables Reμ

K and Rμτ
K , as defined in Eqs. (3) and (4),

i.e., the ratio of the branching ratios of Bs → Klþl−

decays. As a comparison, the previous PQCD predictions
as given in Ref. [26] for the decay rates and the ratios Reμ

K
and Rμτ

K are listed in last column of Table s IX and X.

TABLE IX. The PQCD predictions for the branching ratios (in units of 10−8), the longitudinal polarization
asymmetry PL and the ratios ðReμ

K ; Rμτ
K Þ of the decays B̄s → Klþl− (the first row) and Bs → K̄lþl− (the second

row) at three different renormalization scales. The direct CP asymmetries ACP (in units of 10−2) are also listed.

Mode Observables μ ¼ 0.5mb μ ¼ mb μ ¼ 1.5mb PQCD[26]

l ¼ e BðB̄s → Klþl−Þ 1.17þ0.68
−0.56 1.24þ0.70

−0.60 1.26þ0.71
−0.61 1.63þ0.73

−0.58
BðBs → K̄lþl−Þ 1.21þ0.68

−0.59 1.32þ0.73
−0.64 1.63þ0.74

−0.66 � � �
PLðB̄s → Klþl−Þ −0.986� 0.002 −0.979� 0.002 −0.972� 0.002 � � �
PLðBs → K̄lþl−Þ −0.980� 0.002 −0.954� 0.008 −0.937� 0.004 � � �

ACP −1.7� 0.9 −3.1� 0.4 −3.8� 0.6 � � �
l ¼ μ B 1.17þ0.68

−0.56 1.24þ0.71
−0.60 1.25þ0.71

−0.61 1.63þ0.73
−0.58

1.21þ0.68
−0.69 1.32þ0.73

−0.64 1.35þ0.74
−0.66 � � �

PL −0.974� 0.002 −0.966� 0.002 −0.959� 0.002 � � �
−0.964� 0.003 −0.938� 0.005 −0.920� 0.004 � � �

ACP −1.7� 0.9 −3.1� 0.4 −3.8� 0.6 � � �
l ¼ τ B 0.380þ0.202

−0.157 0.382þ0.204
−0.158 0.377þ0.203

−0.156 0.43þ0.18
−0.15

0.382þ0.202
−0.158 0.386þ0.206

−0.159 0.382þ0.204
−0.158 � � �

PL −0.347� 0.002 −0.348� 0.002 −0.346� 0.002 � � �
−0.348� 0.002 −0.349� 0.002 −0.348� 0.001 � � �

ACP −0.3� 0.2 −0.5� 0.2 −0.7� 0.2 � � �
Reμ
K 0.996� 0.002 0.996� 0.002 0.996� 0.002 1

0.996� 0.002 0.996� 0.002 0.996� 0.002 � � �
Rμτ
K 0.332� 0.045 0.325� 0.045 0.322� 0.045 0.26

0.320� 0.046 0.303� 0.046 0.296� 0.046 � � �

TABLE X. The PQCDþ Lattice predictions for the branching ratios (in unit of 10−8), the longitudinal polarization
asymmetry PL and the direct CP asymmetry ACP (in unit of 10−2), as well as the ratios ðReμ

K ; Rμτ
K Þ of the decays

B̄s → Klþl− (the first row) and Bs → K̄lþl− (the second row) at three different renormalization scales.

Mode Observables μ ¼ 0.5mb μ ¼ mb μ ¼ 1.5mb PQCD [26]

l ¼ e BðB̄s → Klþl−Þ 0.95þ0.26
−0.31 1.01þ0.29

−0.33 1.03þ0.28
−0.35 1.63þ0.73

−0.58
BðBs → K̄lþl−Þ 0.99þ0.27

−0.33 1.10þ0.31
−0.38 1.14þ0.32

−0.40 � � �
PLðB̄s → Klþl−Þ −0.983� 0.007 −0.975� 0.005 −0.967� 0.006 � � �
PLðBs → K̄lþl−Þ −0.977� 0.008 −0.949� 0.013 −0.930� 0.010 � � �

ACP −2.0� 0.5 −4.3� 1.4 −5.0� 0.8 � � �
l ¼ μ B 0.95þ0.25

−0.31 1.01þ0.27
−0.33 1.03þ0.28

−0.34 1.63þ0.73
−0.58

0.99þ0.27
−0.33 1.10þ0.31

−0.38 1.13þ0.32
−0.40 � � �

PL −0.968� 0.008 −0.960� 0.007 −0.953� 0.008 � � �
−0.958� 0.009 −0.929� 0.012 −0.911� 0.014 � � �

ACP −2.0� 0.5 −4.3� 1.4 −5.1� 0.8 � � �
l ¼ τ B 0.365þ0.072

−0.075 0.368þ0.072
−0.076 0.365þ0.072

−0.075 0.43þ0.18
−0.15

0.366þ0.072
−0.075 0.370þ0.073

−0.076 0.368þ0.073
−0.076 � � �

PL −0.234� 0.020 −0.235� 0.018 −0.233� 0.019 � � �
−0.234� 0.020 −0.237� 0.019 −0.236� 0.019 � � �

ACP −0.1� 0.1 −0.3� 0.1 −0.4� 0.1 � � �
Reμ
K 0.996� 0.002 0.996� 0.002 0.996� 0.002 1

0.996� 0.002 0.996� 0.002 0.996� 0.002 � � �
Rμτ
K 0.395� 0.081 0.384� 0.080 0.381� 0.080 0.26

0.375� 0.084 0.350� 0.085 0.341� 0.085 � � �
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In order to show the major theoretical uncertainties from
different sources explicitly, for instance, we show the
PQCD predictions for BðB̄s → Kμþμ−Þ with the four kinds
of errors:

BðB̄s → Kμþμ−Þ ¼ ð1.24þ0.69
−0.58ðωBs

Þ � 0.15ðaKi Þ
� 0.06ðVijÞþ0.01

−0.07ðμÞÞ × 10−8; ð99Þ
where the dominant theoretical error comes from ωBs

¼
0.50� 0.05, the second one from the Gegenbauer moments
aK1 ¼ 0.06� 0.03 and aK2 ¼ 0.25� 0.15 as given in
Eq. (17), the third one from the CKM elements Vij in
Eq. (96), and the last error from the renormalization scale
μ ¼ ð1� 0.5Þmb. The possible errors from other input
parameters are very small and have been neglected.
From Tables IX and X, it is easy to find the CP-averaged

decay rates and the direct CP asymmetries ACP for the
considered semileptonic decays:

BðB̄s → Klþl−ÞjCP-av:

¼
� ð1.28þ0.52

−0.48Þ × 10−8; PQCD;

ð1.06þ0.22
−0.29Þ × 10−8; PQCDþ Lattice;

; ð100Þ

ACPðB̄s → Klþl−Þ

¼
�−ð3.1þ0.8

−1.5Þ × 10−2; PQCD;

−ð4.3þ1.6
−2.7Þ × 10−2; PQCDþ Lattice;

ð101Þ

for the case of l ¼ ðe; μÞ, and

BðB̄s → Kτþτ−ÞjCP-av:

¼
� ð0.38þ0.14

−0.12Þ × 10−8; PQCD;

ð0.37þ0.05
−0.06Þ × 10−8; PQCDþ Lattice;

ð102Þ

ACPðB̄s → Kτþτ−Þ

¼
�
−ð0.5� 0.3Þ × 10−2; PQCD;

−ð0.3� 0.2Þ × 10−2; PQCDþ Lattice;
ð103Þ

for the case of τ lepton.
In Fig. 5, we show the q2 dependence of the theoretical

predictions of the differential branching fraction dB=dq2

and the longitudinal lepton polarization PLðq2Þ for the
decays B̄s → Klþl− with l ¼ ðμ; τÞ, evaluated by using
the PQCD (the red solid curves) and the PQCDþ Lattice
(the blue dashed curves) approach, with the choice of the
scale μ ¼ mb and q2max ¼ 23.71 GeV2. The shaded bands
indicate the theoretical error of our predictions due to the
uncertainties of the input parameters. The two vertical grey
blocks are the experimental veto regions [1] in order to
remove contributions from B̄s → J=ψð1SÞð→ lþl−ÞK (the
left-hand band) and B̄s → ψ 0ð2SÞð→ lþl−ÞK (the right-
hand band) for the q2 dependence of dB=dq2 and PL. The
figure for the electron mode is almost identical with the one
for muon, and therefore not shown here.

FIG. 5. The PQCD or “PQCDþ Lattice” predictions for the q2-dependence of dB=dq2 and PLðq2Þ for the decays B̄s → Klþl− with
l ¼ μ, τ. For details see the text.
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From the numerical results as listed in Tables IX and X,
one can see the following points:
(1) The theoretical predictions from both PQCD and

PQCDþ Lattice approaches have a relatively weak
dependence on the choice of the renormalization
scale μ. The variations of the central values due to
the μ dependence are about 10% in magnitude and
smaller than the combined errors from the uncer-
tainties of other input parameters.

(2) Because of the term proportional to λu in the
effective Hamiltonian Heff in Eq. (25), the PQCD
and PQCDþ Lattice predictions for the considered
observables for B̄s → Klþl− and its CP conjugated
mode have a relatively small differences, roughly
(5–15)% in magnitude. For the CP-averaged
branching ratios, the PQCD and PQCDþ Lattice
predictions agree well within 1 standard deviation.
As generally expected, the direct CP asymmetries
ACP are very small: less than 5%.

(3) For the ratio Reμ
K , we find Reμ

K ¼ 0.996ð2Þ in both the
PQCD and PQCDþ Lattice approaches. For the
ratio Rμτ

K , the PQCD prediction is about 0.33 and
a little smaller than the PQCDþ Lattice predic-
tion Rμτ

K ≈ 0.39, and they also show a weak μ
dependence: less than 9% in magnitude for 0.5mb ≤
μ ≤ 1.5mb.

(4) For the case of l− ¼ ðe−; μ−Þ, the PQCD and
PQCDþ Lattice predictions for the values of PL
are very similar and close to −1 in value. For the τ−

lepton, however, the PQCD and PQCDþ Lattice

predictions for PL show a moderate difference:
−0.35 against −0.24.

C. Observables for Bs → K�l+l−
Analogous to the cases of Bs → Klþl− decays, we

follow the same procedure to calculate the physical
observables of Bs → K�lþl− by using the PQCD and
PQCDþ Lattice approaches, respectively. For Bs →
K�lþl− decays, however, many more physical observables
are defined and studied.
In Table XI we listed the PQCD and PQCDþ Lattice

predictions for the branching ratios BðB̄s → K�lþl−Þ
and BðBs → K̄�lþl−Þ with l ¼ ðe; μ; τÞ, the lepton
forward-backward asymmetries AFB, the longitudinal
polarization asymmetries FK�

L of the leptons, the direct
CP asymmetries ACP, and the ratios of the branching
ratios Reμ

K� and Rμτ
K� with the choice of the scale μ ¼ mb.

In numerical calculations, here we use the mean value of
decay rate ΓB0

s
¼ 1.509 × 1012 s−1 [30]. For the branch-

ing ratios, the extra error from the S-wave pollution
up to 10% should also be added [32]. In Table XII we
listed the PQCD and PQCDþ Lattice predictions for the
values of those angular observables Pi (i ¼ 1, 2, 3) and
P0
j (j ¼ 4, 5, 6, 8) in l ¼ ðe; μ; τÞ mode. The total errors

of all theoretical predictions in Tables XI and XII are
estimated in the same way as that for the case of B̄s →
Klþl− decays.
From Table XI, it is easy to find the CP-averaged

branching ratio BðB̄s → K�lþl−Þ for l ¼ ðe; μ; τÞ:

TABLE XI. The PQCD and PQCDþ Lattice predictions for the branching ratios (in unit of 10−8) of the
semileptonic decays Bs → K�lþl−, the lepton forward-backward asymmetry AFB, the K� polarization fraction
FK�
L , the direct CP asymmetry ACP (in unit of 10−2), and the ratios Reμ

K� and Rμτ
K� . The theoretical errors from the

input parameters are combined in quadrature.

PQCD PQCDþ Lattice

Mode Observables B̄s → K�lþl− Bs → K̄�lþl− B̄s → K�lþl− Bs → K̄�lþl−

l ¼ e B 3.74þ1.38
−1.16 3.68þ1.33

−1.14 3.00þ0.91
−0.76 2.99þ0.94

−0.78
AFB −0.244ð9Þ −0.235ð17Þ −0.183ð10Þ −0.176ð10Þ
FK�
L 0.373(2) 0.393(5) 0.408(7) 0.432(9)

ACP 0.8� 0.3 0.2� 0.4

l ¼ μ B 3.20þ1.26
−1.00 3.14þ1.19

−0.98 2.48þ0.67
−0.59 2.47þ0.70

−0.61
AFB −0.285ð17Þ −0.275ð14Þ −0.222ð6Þ −0.214ð6Þ
FK�
L 0.434(12) 0.457(16) 0.494(16) 0.522(18)

ACP 1.0� 0.5 0.2� 0.5

l ¼ τ B 0.71þ0.35
−0.21 0.72þ0.36

−0.21 0.49� 0.09 0.50� 0.09
AFB −0.235ð33Þ −0.232ð33Þ −0.196ð5Þ −0.194ð5Þ
FK�
L 0.420(13) 0.418(13) 0.480(5) 0.478(5)

ACP −0.7� 0.3 −1.0� 0.2
Reμ
K� 0.993(2) 0.993(2) 0.992(2) 0.992(2)

Rμτ
K� 0.227(30) 0.238(35) 0.205(20) 0.211(22)

SU-PING JIN, XUE-QING HU, and ZHEN-JUN XIAO PHYS. REV. D 102, 013001 (2020)

013001-20



BðB̄s → K�eþe−ÞjCP-av:

¼
� ð3.71þ0.98

−0.82 � 0.37Þ × 10−8; PQCD;

ð3.00þ0.66
−0.55 � 0.30Þ × 10−8; PQCDþ Lattice;

ð104Þ

BðB̄s → K�μþμ−ÞjCP-av:

¼
� ð3.17þ0.89

−0.71 � 0.32Þ × 10−8; PQCD;

ð2.48þ0.50
−0.43 � 0.25Þ × 10−8; PQCDþ Lattice;

ð105Þ

BðB̄s → K�τþτ−ÞjCP-av:

¼
� ð0.72þ0.25

−0.17 � 0.07Þ × 10−8; PQCD;

ð0.50� 0.06� 0.05Þ × 10−8; PQCDþ Lattice:

ð106Þ

where the second errors come from the 10% S-wave
pollution as estimated in Ref. [32].
In Fig. 6, we show the PQCD and the PQCDþ Lattice

predictions of q2 dependence of the differential decay rate
dB=dq2, the forward-backward asymmetry AFBðq2Þ, the
longitudinal polarization FK�

L ðq2Þ for Bs→K�lþl− decays
with l ¼ ðμ; τÞ, q2max ¼ 20.02 GeV2, and the renormaliza-
tion scale μ ¼ mb. The red (blue) lines (dashed lines)
correspond to the predictions obtained using the PQCD
(PQCDþ Lattice) approach, while the shaded narrow
bands (red and blue) indicate the uncertainty of our
predictions due to the variations of the input parameters.

For the cases of the decays Bs → K�μþμ−, the two vertical
grey blocks show the experimental veto regions [1] in order
to remove the contributions from the resonance J=ψð1SÞ
(left-hand band) and ψ 0ð2SÞ (right-hand band) to the form
factor dependent observables. For the case of the decay
Bs → K�τþτ−, on the other hand, there is one vertical grey
block which shows the experimental veto region [1] for the
resonance ψ 0ð2SÞ only.
In Figs. 7 and 8, we show the q2 dependence of the

angular observables Pi (i ¼ 1, 2, 3) and P0
j (j ¼ 4, 5, 6, 8)

for the considered semileptonic decays Bs → K�lþl− with
l ¼ ðμ; τÞ, respectively. Since the relevant figures for the
electron mode are very similar with those for the muon
mode, we do not draw them in Figs. 6–8. The symbols in
these two figures have the same meaning as those in Fig. 5.
From the numerical predictions as given in Tables XI and

XII and in Figs. 6–8, we find the following points about the
physical observables of the B̄s → K�lþl− (l ¼ e, μ, τ)
decays:
(1) For the considered decay modes, the PQCD and

PQCDþ Lattice predictions for BðB̄s → K�lþl−Þ
with l ¼ ðe; μ; τÞ do agree well with each other
within the errors. The PQCDþ Lattice predictions
of BðB̄s → K�lþl−Þ have smaller errors than those
of the PQCD predictions. Both PQCD and PQCDþ
Lattice predictions of BðB̄s → K�μþμ−Þ do agree
well with the LCSR prediction ð2.85� 0.72Þ × 10−8

[29] and with the currently available LHCb mea-
sured value ð2.9� 1.1Þ × 10−8 [20]. For the electron
and muon modes, on the other hand, we have to wait
for the future experimental measurements.

TABLE XII. The PQCD and PQCDþ Lattice predictions for the angular observables Pi (i ¼ 1, 2, 3) and P0
j

(j ¼ 4, 5, 6, 8) of the decays B̄s → K�lþl− (the first row) and Bs → K̄�lþl− (the second row). The total
uncertainties of the input parameters are combined in quadrature.

e Mode μ Mode τ Mode

Obs. PQCD PQCDþ Lattice PQCD PQCDþ Lattice PQCD PQCDþ Lattice

−P1 0.34� 0.12 0.37� 0.05 0.44� 0.12 0.52� 0.04 0.62� 0.12 0.68� 0.02
0.33� 0.11 0.36� 0.05 0.44� 0.12 0.52� 0.04 0.62� 0.12 0.68� 0.02

−P2 0.27� 0.01 0.21� 0.01 0.34� 0.03 0.30� 0.01 0.36� 0.05 0.35� 0.01
0.26� 0.01 0.21� 0.01 0.35� 0.03 0.31� 0.01 0.36� 0.05 0.35� 0.01

−P3 × 103 0.17� 1.17 0.34� 0.21 0.19� 1.43 0.45� 0.29 0.35� 0.99 0.91� 0.13
1.27� 0.99 2.84� 0.51 1.68� 1.15 4.11� 0.52 0.38� 1.08 0.98� 0.14

P0
4 1.06� 0.07 1.06� 0.04 1.10� 0.07 1.11� 0.03 1.27� 0.05 1.29� 0.01

1.00� 0.01 0.99� 0.04 1.07� 0.07 1.07� 0.03 1.27� 0.05 1.29� 0.01

−P0
5 0.57� 0.06 0.48� 0.02 0.61� 0.07 0.52� 0.02 0.58� 0.10 0.54� 0.01

0.57� 0.05 0.48� 0.02 0.61� 0.06 0.53� 0.02 0.57� 0.10 0.54� 0.01

−P0
6 × 103 0.76� 0.15 0.96� 0.09 0.68� 0.13 0.87� 0.08 0.11� 0.03 0.12� 0.01

0.77� 0.14 0.96� 0.08 0.70� 0.13 0.87� 0.07 0.11� 0.02 0.12� 0.01

−P0
8 × 102 0.61� 0.06 0.67� 0.07 −0.36� 0.27 −0.57� 0.26 0.27� 0.07 0.37� 0.03

1.33� 0.09 1.70� 0.06 2.20� 0.27 2.83� 0.26 0.30� 0.07 0.39� 0.03
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(2) For the ratio Reμ
K� , the theoretical predictions from

both PQCD and PQCDþ Lattice approaches are
almost the same one, with a tiny ∼1% error because
of the great cancellation of the errors in the ratio of
the branching ratios. For the ratio Rμτ

K� , however, the
remaining error of the theoretical predictions from
both PQCD and PQCDþ Lattice approaches are
still around 10%. These two ratios should be
measured in the future experiments.

(3) For the direct CP asymmetries ACP of the consid-
ered decays, they are always very small as expected:
less than 2% in magnitude. For physical observables
AFB and FK�

L , the differences between the central
values of the PQCD and PQCDþ Lattice are about
20% in magnitude, while the errors of the theoretical
predictions are less than 10%.

(4) For the angular observables Pi and P0
j, the PQCD

and PQCDþ Lattice predictions for each mode
are consistent within errors. The values of P3 and
P0
6;8 are close to zero: ∼10−2 for P0

8 and ∼10−3 for P3

and P0
6. For the remaining P1;2 and P0

4;5, their
magnitudes are small: −1 < ðP1;2; P0

5Þ < −0.2 while
P0
4 ∼ 1.

(5) One can see from the curves in Figs. 7 and 8 that
most angular observables Pi and P0

j have weak q2

dependence in the major region of q2 due to the large
cancellation of q2 dependence in the ratios.

For the semileptonic decays B̄s → K�lþl− (l ¼ e, μ),
some regions of q2 do correspond to some resonance states,
such as the charmonium J=Ψ;ψð2SÞ, etc., and should be
removed for the sake of data analysis. Following Ref. [29],

FIG. 6. The theoretical predictions for the q2 dependence of dB=dq2, AFBðq2Þ, and FK�
L ðq2Þ for the decays B̄s → K�lþl− with

l ¼ ðμ; τÞ in the PQCD and PQCDþ Lattice approaches. For more details see the text.
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we here also present the binned value of the observables as
a function of lepton-pair momentum q2 covering two q2

regions: ½0.1–0.98� GeV2 and ½1.1–6� GeV2 and consider
the mass effect in the final state. We employ the PQCD

and PQCDþ Lattice approach to evaluate the form
factors and compare the resultant results. Analogous to
Ref. [29], we also define the q2-binned observables in the
following form:

hP1ibin ¼
R
bin dq

2ðI3Þ
2
R
bin dq

2ðIs2Þ
; hP2ibin ¼

R
bin dq

2ðβlIs6Þ
8
R
bin dq

2ðIs2Þ
; hP3ibin ¼ −

R
bin dq

2ðI9Þ
4
R
bin dq

2ðIs2Þ
; ð107Þ

hP0
4ibin ¼

R
bin dq

2ðI4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
R
bin dq

2ðIc2Is2Þ
q ; hP0

5ibin ¼
R
bin dq

2ðβlI5Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðRbin dq2ðIc2Is2ÞÞ

q ; ð108Þ

hP0
6ibin ¼ −

R
bin dq

2ðβlI7Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðRbin dq2ðIc2Is2ÞÞ

q ; hP0
8ibin ¼ −

R
bin dq

2ðI8Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðRbin dq2ðIc2Is2ÞÞ

q ; ð109Þ

FIG. 7. The theoretical predictions for the q2 dependence of the angular observables Pi (i ¼ 1, 2, 3) for the decays B̄s → K�lþl−
(l ¼ μ, τ) in the PQCD and PQCDþ Lattice approaches. For details see the text.
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hBibin ¼
Z
bin

dq2
dBðBs → K�lþl−Þ

dq2
; ð110Þ

hRK�ibin ¼
hBRibinðl ¼ μÞ
hBRibinðl ¼ eÞ ; ð111Þ

hAFBðlÞibin ¼
R
bin dq

2bθlðq2ÞR
bin dq

2dΓ=dq2
¼ 3

R
bin dq

2Is6
4Γbin

; ð112Þ

hFK�
L ibin ¼

3
R
bin dq

2ðIc1 − Ic2ÞR
bin dq

2½3ðIc1 þ 2Is1Þ − ðIc2 þ 2Is2Þ�
: ð113Þ

FIG. 8. The theoretical predictions for the q2 dependence of the angular observables P0
j (j ¼ 4, 5, 6, 8) for the decays B̄s → K�lþl−

(l ¼ μ, τ) in the PQCD and PQCDþ Lattice approaches. For details see the text.

SU-PING JIN, XUE-QING HU, and ZHEN-JUN XIAO PHYS. REV. D 102, 013001 (2020)

013001-24



In Table XIII, we listed the PQCD and PQCDþ
Lattice predictions for the binned values of all eleven
physical observables considered in this paper for the
B̄s → K�μþμ− and the Bs → K̄�μþμ− decays. The theo-
retical errors from the input parameters are combined in
quadrature in the tabulated error estimates. As a com-
parison, we also insert an extra row of the results from
the LCSR approach [29] into the table, for each physical
observable. It is necessary to note that there exist three
differences between our predictions and the LCSR
results as given in Ref. [29]:

(1) The sign definition of the forward-backward asym-
metry AFB in Ref. [29] is opposite to ours as given
in Eq. (76).

(2) Our choices of the q2 bin are ½0.1–0.98� GeV2 and
½1.1–6� GeV2, instead of the ½0.1–1� GeV2 and
½1–6� GeV2 in Ref. [29], because we try to remove
the possible contribution from the light reso-
nance ϕð1020Þ.

(3) The authors in Ref. [29] considered the nonfactor-
izable corrections like weak annihilation and spec-
tator scattering in the bin ½1–6� GeV2 while these

TABLE XIII. The binned values of observables for the process B̄s → K�μþμ− and Bs → K̄�μþμ− at μ ¼ mb scale
using the PQCD and PQCDþ Lattice factorization approaches. The uncertainties shown are due to errors in
determination of form factors and CKM parameters. The LCSR predictions for Bs → K�μþμ− decay as given in
Ref. [29] were added as a comparison. For details see the text.

B̄s → K�μþμ− Bs → K̄�μþμ−

Decay Mode Observables/Bin [0.1–0.98] GeV2 [1.1–6] GeV2 [0.1–0.98] GeV2 [1.1–6] GeV2

hP1i PQCD 0.004(2) −0.157ð16Þ 0.023(2) −0.163ð16Þ
PQCDþ Lattice 0.003(2) −0.279ð25Þ 0.021(3) −0.292ð28Þ
LCSR [29] 0.012(129) −0.081ð111Þ 0.011(135) −0.075ð108Þ

hP2i PQCD 0.127(2) −0.127ð6Þ 0.139(2) −0.223ð5Þ
PQCDþ Lattice 0.128(2) −0.101ð18Þ 0.141(2) −0.155ð16Þ
LCSR [29] 0.118(13) 0.112(80) 0.112(13) 0.142(79)

hP3i × 102 PQCD 0.1� 0.1 0.4� 0.2 0.2� 0.2 0.5� 0.2
PQCDþ Lattice 0.1� 0.1 0.8� 0.2 0.2� 0.2 0.9� 0.2
LCSR [29] 0.1� 0.2 0.4� 1.0 0.1� 0.7 0.3� 1.0

hP0
4i PQCD −0.131ð2Þ 0.817(14) −0.603ð2Þ 0.849(13)

PQCDþ Lattice −0.131ð3Þ 0.854(7) −0.604ð3Þ 0.890(9)
LCSR [29] −0.593ð58Þ 0.464(165) −0.650ð60Þ 0.379(172)

hP0
5i PQCD 0.711(3) −0.608ð3Þ 0.394(2) −0.650ð4Þ

PQCDþ Lattice 0.715(2) −0.486ð40Þ 0.392(2) −0.524ð39Þ
LCSR [29] 0.547(53) −0.286ð133Þ 0.543(55) −0.273ð140Þ

hP0
6i × 102 PQCD −0.4� 0.2 −0.2� 0.2 −0.3� 0.2 −0.2� 0.2

PQCDþ Lattice −0.3� 0.5 −0.2� 0.2 −0.3� 0.2 −0.2� 0.2
LCSR [29] −10.4� 1.7 −9.5� 1.1 −6.9� 0.5 −7.8� 0.4

hP0
8i PQCD 0.042(2) 0.050(2) 0.044(2) 0.057(2)

PQCDþ Lattice 0.041(2) 0.053(2) 0.045(2) 0.062(2)
LCSR [29] 0.015(16) 0.040(17) 0.044(16) 0.034(19)

hBi × 109 PQCD 1.44� 0.47 4.65þ1.52
−1.39 1.72þ0.69

−0.49 4.99þ2.09
−1.65

PQCDþ Lattice 1.43þ0.48
−0.42 4.64þ1.54

−1.41 1.71þ0.66
−0.48 4.98þ2.13

−1.71
LCSR [29] 3.81� 0.46 7.80� 1.79 4.41� 0.57 8.39� 1.89

hRK� i PQCD 0.983(1) 0.995(1) 0.984(1) 0.996(1)
PQCDþ Lattice 0.982(1) 0.996(1) 0.984(1) 0.997(1)
LCSR [29] 0.940(9) 0.998(4) 0.942(8) 0.998(4)

hAFBðlÞi PQCD 0.110(2) −0.067ð5Þ 0.076(2) −0.087ð5Þ
PQCDþ Lattice 0.110(2) −0.034ð4Þ 0.077(2) −0.053ð3Þ
LCSR [29] −0.060ð8Þ −0.029ð22Þ −0.056ð8Þ −0.036ð22Þ

hFK�
L i PQCD 0.297(5) 0.741(11) 0.543(8) 0.738(10)

PQCDþ Lattice 0.297(10) 0.769(16) 0.543(13) 0.769(16)
LCSR [29] 0.453(68) 0.853(39) 0.464(65) 0.851(39)
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effects in our analysis are very small and have been
neglected.

On the theoretical side, from the numerical results as
listed in Table XIII, one can find the following points:
(1) For binned values of observables hP1;2i and

hAFBðlÞi, the differences between the PQCD and
PQCDþ Lattice predictions are around (20–40)%
of the central values. For other eight physical
observables, however, the PQCD and PQCDþ
Lattice predictions agree very well within errors.
The source of the difference comes from a little
different q2 dependence of the form factors of these
two factorization approaches.

(2) The differences between our results and LCSR
predictions [29] are generally not large in magnitude
and could be understood if one takes the three
differences between our approaches and the LCSR
as specified in the previous paragraph. Current
differences will be tested in the future when the
experimental measurements become available.

(3) For observables hP3i and hP0
6;8i, their SM values are

tiny, about 10−3 to 10−2 in magnitude, because they
are basically driven by the NLO contributions. It is
noted that the observable P0

6 stems from the absorp-
tive part of b → dγ, a small imaginary number. Since
these observables are not protected from hadronic
uncertainties in general, their values are more
sensitive to the choice of the method of calculating
the form factors or to the variations of the input
parameters being used in calculations.

(4) In this paper, the possible long-distance charm-loop
effects have been taken into account. The modifi-
cation induced to C9 is encoded in a shift where the
factorizable charm loop and nonfactorizable soft
gluon are taken into account. We also use a phe-
nomenological model to account for light resonan-
ces like ρð770Þ and ωð782Þ in the low-q2 region. It is
interesting to note that such a particular effect is
difficult to estimate and can be large in size, casting
some doubts on the possibility to exploit the
bins between J=ψ and ψð2SÞ for comparison with
experiments.

VI. SUMMARY AND CONCLUSIONS

In the framework of the SM, here we studied the
rare semileptonic decays B̄s → Kð�Þlþl− with l− ¼
ðe−; μ−; τ−Þ by using the PQCD and PQCDþ Lattice
factorization approaches and provided the theoretical pre-
dictions for the thirteen kinds of physical observables: the
branching ratios BðB̄s → Kð�Þlþl−Þ, BðBs → K̄ð�Þlþl−Þ
and their CP averages, the ratios of the branching ratios
Reμ
K;K� and Rμτ

K;K� , the lepton FB asymmetry AFBðlÞ, the
longitudinal polarization asymmetry of the leptons PL and
the quantityFK�

L , the angular observablesPiwith (i¼1, 2, 3),

and P0
j with (j ¼ 4, 5, 6, 8). In the PQCD factorization

approach, specifically, we first evaluated the relevant form
factors F0;þ;Tðq2Þ, Vðq2Þ, A0;1;2ðq2Þ and T1;2;3ðq2Þ in the
low-q2 region and then extrapolate them to the whole q2

region using the BCL parametrization method. In the
PQCDþ Lattice approach, we also take those currently
available lattice QCD results for the relevant form factors at
the end point q2max as additional input to improve the
extrapolation of the form factors from the low-q2 region
to the whole range of q2.
Based on our numerical calculations and the phenom-

enological analysis, we find the following main points:
(1) For all physical observables considered in this paper,

the PQCD and PQCDþ Lattice predictions do agree
well within 1 standard deviation. The theoretical
errors of the PQCDþ Lattice predictions for the
branching ratios become much smaller than those of
the PQCD predictions.

(2) For B̄s → ðK;K�Þμþμ− decays, for example, the
PQCD and PQCDþ Lattice predictions for the CP-
averaged branching ratios are the following:

BðB̄s → Kμþμ−ÞjCP-av:

¼
� ð1.28þ0.52

−0.48Þ × 10−8; PQCD;

ð1.06þ0.22
−0.29Þ × 10−8; PQCDþ Lattice;

ð114Þ

BðB̄s → K�μþμ−ÞjCP-av:

¼
� ð3.17þ0.95

−0.78Þ × 10−8; PQCD;

ð2.48þ0.56
−0.50Þ × 10−8; PQCDþ Lattice:

ð115Þ

Our theoretical predictions for the BðB̄s → K�μþμ−Þ
do agree well with the measured one ð2.9� 1.1Þ ×
10−8 as reported by the LHCb Collaboration [20].

(3) For the ratios Reμ
K� and Rμτ

K� , the PQCD and PQCDþ
Lattice predictions agree very well and have a small
error less than 10% due to the cancellation of the
theoretical uncertainties in the ratios of the branch-
ing ratios. For the direct CP asymmetries ACP,
they are always very small: less than 5% in magni-
tude. For physical observables AFB and FK�

L , the
differences between the central values of the PQCD
and PQCDþ Lattice are about ð10 ∼ 30Þ% in mag-
nitude, while the errors of the theoretical predictions
are less than 10%.

(4) For the angular observables P1;2;3 and P0
4;5;6;8, the

PQCD and PQCDþ Lattice predictions for each
lepton l− are consistent within errors. The theoretical
predictions of P3 and P0

6;8 are tiny, say less than 10
−2

in absolute value, and thus hardly to be measured.
For the remaining P1;2 and P0

4;5, on the other hand,
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their magnitudes are larger than 0.2 and therefore
could be measured by future LHCb and Belle-II
experiments.

(5) For the sake of data analysis, we also defined eleven
q2-binned observables and presented our theoretical
predictions of the binned values of all considered
observables with the choice of two q2 bins
½0.1–0.98� GeV2 and ½1.1–6� GeV2. The PQCD
and PQCDþ Lattice predictions generally agree
with each other and are also consistent with most
LCSR results within errors.

In general, we believe that most physical observables
considered in this paper could be measured in the future
LHCb or Belle-II experiments. Any clear deviations from
above SM predictions might be a signal of new physics
beyond the SM.

ACKNOWLEDGMENTS

This work was supported by the National Natural Science
Foundation of China under Grants No. 11775117 and
No. 11235005.

APPENDIX: RELEVANT FUNCTIONS

The threshold resummation factor StðxÞ is adopted
from [76]:

St ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c; ðA1Þ

and here we set the parameter c ¼ 0.3. The hard functions
h1 and h2 come form the Fourier transform and can be
written as

h1ðx1; x2; b1; b2Þ ¼ K0ðβ1b1Þ½θðb1 − b2ÞI0ðα1b2ÞK0ðα1b1Þ
þ θðb2 − b1ÞI0ðα1b1ÞK0ðα1b2Þ�Stðx2Þ;

ðA2Þ

h2ðx1; x2; b1; b2Þ ¼ K0ðβ2b1Þ½θðb1 − b2ÞI0ðα2b2ÞK0ðα2b1Þ
þ θðb2 − b1ÞI0ðα2b1ÞK0ðα2b2Þ�Stðx2Þ;

ðA3Þ

where K0 and I0 are modified Bessel functions, and

α1 ¼ mBs

ffiffiffiffiffiffiffiffiffiffiffiffi
x2rηþ

p
; α2 ¼ mBs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1rηþ − r2 þ r2d

q
;

β1 ¼ β2 ¼ mBs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1x2rηþ

p
; ðA4Þ

where r ¼ mKð�Þ=mBs
; rd ¼ md=mBs

.
The factor exp½−SabðtÞ� contains the Sudakov logarith-

mic corrections and the renormalization group evolution
effects of both the wave functions and the hard scattering
amplitude with SabðtÞ ¼ SBðtÞ þ SMðtÞ [76],

SBðtÞ ¼ s

�
x1

mBsffiffiffi
2

p ; b1

�
þ 5

3

Z
t

1=b1

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA5Þ

SMðtÞ ¼ s
�
x2

mBsffiffiffi
2

p rηþ; b2

�
þ s

�
ð1 − x2Þ

mBsffiffiffi
2

p rηþ; b2

�

þ 2

Z
t

1=b2

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA6Þ

with the quark anomalous dimension γq ¼ −αs=π. The
explicit expressions of the functions sðQ; bÞ can be found,
for example, in Appendix A of Ref. [34]. The hard scales ti
in the above equation are chosen as the largest scale of the
virtuality of the internal particles in the hard b-quark decay
diagrams,

t1 ¼ maxfα1; 1=b1; 1=b2g; t2 ¼ maxfα2; 1=b1; 1=b2g:
ðA7Þ

[1] J.-T. Wei et al. (Belle Collaboration), Measurement of the
Differential Branching Fraction and Forward-Backword
Asymmetry for B → Kð�Þlþl−, Phys. Rev. Lett. 103,
171801 (2009).

[2] A. Ali, P. Ball, L. T. Handoko, and G. Hiller, A comparative
study of the decaysB → ðK;K�Þlþl− in standardmodel and
supersymmetric theories, Phys. Rev. D 61, 074024 (2000).

[3] M. Beneke, T. Feldmann, and D. Seidel, Systematic
approach to exclusive B → Vlþl−, Vγ decays, Nucl. Phys.
B612, 25 (2001).

[4] C. H. Chen and C. Q. Geng, Exclusive decays of B →
Kð�Þlþl− in the PQCD, Phys. Rev. D 63, 114025 (2001).

[5] A. Ali, G. Kramer, and G. h. Zhu, B → Kþlþl− decay in
soft-collinear effective theory, Eur. Phys. J. C 47, 625
(2006).

[6] U. Egede, T. Hurth, J. Matias, M. Ramon, and W. Reece,
New observables in the decay mode B̄d → K̄�0lþl−,
J. High Energy Phys. 11 (2008) 032.

[7] C. Bobeth, G. Hiller, and G. Piranishvili, CP asymmetries
in bar B→ K̄�ð→ K̄πÞl̄l and untagged B̄s, Bs→ϕð→
KþK−Þl̄l decays at NLO, J. High Energy Phys. 07
(2008) 106.

[8] W. Altmannshofer, P. Ball, A. Bharucha, A. J. Buras,
D. M. Straub, and M. Wick, Symmetries and asymmetries

STUDY OF BS → Kð�Þlþl− … PHYS. REV. D 102, 013001 (2020)

013001-27

https://doi.org/10.1103/PhysRevLett.103.171801
https://doi.org/10.1103/PhysRevLett.103.171801
https://doi.org/10.1103/PhysRevD.61.074024
https://doi.org/10.1016/S0550-3213(01)00366-2
https://doi.org/10.1016/S0550-3213(01)00366-2
https://doi.org/10.1103/PhysRevD.63.114025
https://doi.org/10.1140/epjc/s2006-02596-4
https://doi.org/10.1140/epjc/s2006-02596-4
https://doi.org/10.1088/1126-6708/2008/11/032
https://doi.org/10.1088/1126-6708/2008/07/106
https://doi.org/10.1088/1126-6708/2008/07/106


of B → K�μþμ− decays in the Standard Model and beyond,
J. High Energy Phys. 01 (2009) 019.

[9] T. Aaltonen et al. (CDF Collaboration), Measurement of
the Forward-Backward Asymmetry in the B → Kð�Þμþμ−

Decay and First Observation of the B0
s → ϕμþμ− Decay,

Phys. Rev. Lett. 106, 161801 (2011).
[10] J. P. Lees et al. (BABAR Collaboration), Measurement of

branching fractions and rate asymmetries in the rare decays
B → Kð�Þlþl−, Phys. Rev. D 86, 032012 (2012).

[11] R. Aaij et al. (LHCb Collaboration), Test of lepton univer-
sality using Bþ → Kþlþl− decays, Phys. Rev. Lett. 113,
151601 (2014).

[12] V. Khachatryan et al. (CMS Collaboration), Angular analy-
sis of the decay B0 → K�0μþμ− from pp collisions atffiffiffi
s

p ¼ 8 TeV, Phys. Lett. B 753, 424 (2016).
[13] R. Aaij et al. (LHCb Collaboration), Measurements of the

S-wave fraction in B0 → Kþπ−μþμ− decays and the B0 →
K�ð892Þ0μþμ− differential branching fraction, J. High
Energy Phys. 11 (2016) 047.

[14] R. Aaij et al. (LHCb Collaboration), Test of lepton univer-
sality with B0 → K�0lþl− decays, J. High Energy Phys. 08
(2017) 055.

[15] R. Aaij et al. (LHCb Collaboration), Measurement of
Form-Factor-Independent Observables in the Decay B0 →
K�0μþμ−, Phys. Rev. Lett. 111, 191801 (2013).

[16] R. Aaij et al. (LHCb Collaboration), Angular analysis of the
B0 → K�0μþμ− decay using 3 fb−1 of integrated luminosity,
J. High Energy Phys. 02 (2016) 104.

[17] S. L. Glashow, J. Iliopoulos, and L. Maiani, Weak inter-
actions with Lepton-Hadron symmetry, Phys. Rev. D 2,
1285 (1970).

[18] M. Ciuchini, A. M. Coutinho, M. Fedele, E. Franco, A.
Paul, L. Silvestrini, and M. Valli, On flavourful Easter eggs
for new physics hunger and Lepton flavour universality
violation, Eur. Phys. J. C 77, 688 (2017).

[19] R. Aaij et al. (LHCb Collaboration), First measurement of
the differential branching fraction and CP asymmetry of the
B� → π�μþμ− decay, J. High Energy Phys. 10 (2015) 034.

[20] R. Aaij et al. (LHCb Collaboration), Evidence for the decay
B0
s → K̄�0μþμ−, J. High Energy Phys. 07 (2018) 020.

[21] J. J. Wang, R. M. Wang, Y. G. Xu, and Y. D. Yang, The
rare decays Bþ

u → πþlþl−; ρþlþl− and B0
d → lþl− in the

R-parity violating supersymmetry, Phys. Rev. D 77, 014017
(2008).

[22] A. Ali, A. Ya. Parkhomenko, and A. V. Rusov, Precise
calculation of the dilepton invariant-mass spectrum and the
decay rate in B� → π�μþμ− in the SM, Phys. Rev. D 89,
094021 (2014).

[23] W. S. Hou, M. Kohda, and F. Xu, Rates and asymmetries of
B → πlþl− decays, Phys. Rev. D 90, 013002 (2014).

[24] C. Hambrock, A. Khodjamirian, and A. Rusov, Hadronic
effects and observables in B → πlþl− decay at large recoil,
Phys. Rev. D 92, 074020 (2015).

[25] J. A. Bailey et al. (Fermilab Lattice and MILC Collabora-
tions), B → πlþl− form Factors for New-Physics Searches
from Lattice QCD, Phys. Rev. Lett. 115, 152002 (2015).

[26] W. F. Wang and Z. J. Xiao, The semileptonic decays
B=Bs → ðπ; KÞðlþl−;lν; νν̄Þ in the perturbative QCD
approach beyond the leading-order, Phys. Rev. D 86,
114025 (2012).

[27] W. F. Wang, Y. Y. Fan, M. Liu, and Z. J. Xiao, Semileptonic
decays B=Bs → ðη; η0; GÞðlþl−;lν̄; νν̄ in the perturbative
QCD approach beyond the leading order, Phys. Rev. D 87,
097501 (2013).

[28] A. Khodjamirian and A. V. Rusov, Bs → Klνl and BðsÞ →
πðKÞlþl− decays at large recoil and CKMmatrix elements,
J. High Energy Phys. 08 (2017) 112.

[29] B. Kindra and N. Mahajan, Predictions of angular observ-
ables for B̄s → K�ll and B̄ → ρll in the standard model,
Phys. Rev. D 98, 094012 (2018).

[30] M. Tanabashi et al. (Particle Data Group), Review of
particle physics, Phys. Rev. D 98, 030001 (2018).

[31] S. Aoki et al. (Flavour Lattice Averaging Group), FLAG
Review 2019, Eur. Phys. J. C 80, 113 (2020).

[32] M. Döring, U. G. Meißner, and W. Wang, Chiral dynamics
and S-wave contributions in semileptonic B decays, J. High
Energy Phys. 10 (2013) 011.

[33] Y. Y. Kim, H. N. Li, and A. I. Sanda, Penguin enhancement
and B → Kπ decays in perturbative QCD, Phys. Rev. D 63,
054008 (2001).

[34] C. D. Lu, K. Ukai, and M. Z. Yang, Branching ratio and CP
violation of B → ππ decays in the perturbative QCD
approach, Phys. Rev. D 63, 074009 (2001).

[35] H. N. Li, QCD Aspects of exclusive B meson decays, Prog.
Part. Nucl. Phys. 51, 85 (2003), and references therein.

[36] C. Bourrely, I. Caprini, and L. Lellouch, Model-independent
description of B → πlν decays and a determination of jVubj,
Phys. Rev. D 79, 013008 (2009); Erratum, Phys. Rev. D 82,
099902 (2010).

[37] D. Leljak, B. Melic, and M. Patra, On lepton flavour
universality in semileptonic Bc → ηc; J=Ψ decays, J. High
Energy Phys. 05 (2019) 094.

[38] Y. Y. Fan, W. F. Wang, S. Cheng, and Z. J. Xiao, Semi-
leptonic decays B → Dð�Þlν in the perturbative QCD fac-
torization approach, Chin. Sci. Bull. 59, 125 (2014).

[39] Z. J. Xiao, W. F. Wang, and Y. Y. Fan, Revisiting the pure
annihilation decays Bs → πþπ− and B0 → KþK−: The data
and the pQCD predictions, Phys. Rev. D 85, 094003 (2012).

[40] Y. Y. Fan,W. F. Wang, S. Cheng, and Z. J. Xiao, Anatomy of
B → Kηð0Þ decays in different mixing schemes and effects of
next-to-leading order contributions in the perturbative QCD
approach, Phys. Rev. D 87, 094003 (2013).

[41] D. C. Yan, P. Yang, X. Liu, and Z. J. Xiao, Anatomy of
Bs → PV decays and effects of next-to-leading order con-
tributions in the perturbative QCD factorization approach,
Nucl. Phys. B931, 79 (2018).

[42] D. C. Yan, X. Liu, and Z. J. Xiao, Anatomy of Bs → VV
decays and effects of next-to-leading order contributions in
the perturbative QCD factorization approach, Nucl. Phys.
B935, 17 (2018).

[43] P. Ball, V. M. Braun, and A. Lenz, Higher-twist distribution
amplitudes of the K meson in QCD, J. High Energy Phys. 05
(2006) 004.

[44] A. Ali, G. Kramer, Y. Li, C. D. Lu, Y. L. Shen, W. Wang,
and Y. M. Wang, Charmless non-leptonic Bs decays to PP,
PV and VV final states in the pQCD approach, Phys. Rev. D
76, 074018 (2007).

[45] R. H. Li, C. D. Lu, W. Wang, and X. X. Wang, B → S
transition form factors in the PQCD approach, Phys. Rev. D
79, 014013 (2009).

SU-PING JIN, XUE-QING HU, and ZHEN-JUN XIAO PHYS. REV. D 102, 013001 (2020)

013001-28

https://doi.org/10.1088/1126-6708/2009/01/019
https://doi.org/10.1103/PhysRevLett.106.161801
https://doi.org/10.1103/PhysRevD.86.032012
https://doi.org/10.1103/PhysRevLett.113.151601
https://doi.org/10.1103/PhysRevLett.113.151601
https://doi.org/10.1016/j.physletb.2015.12.020
https://doi.org/10.1007/JHEP11(2016)047
https://doi.org/10.1007/JHEP11(2016)047
https://doi.org/10.1007/JHEP08(2017)055
https://doi.org/10.1007/JHEP08(2017)055
https://doi.org/10.1103/PhysRevLett.111.191801
https://doi.org/10.1007/JHEP02(2016)104
https://doi.org/10.1103/PhysRevD.2.1285
https://doi.org/10.1103/PhysRevD.2.1285
https://doi.org/10.1140/epjc/s10052-017-5270-2
https://doi.org/10.1007/JHEP10(2015)034
https://doi.org/10.1007/JHEP07(2018)020
https://doi.org/10.1103/PhysRevD.77.014017
https://doi.org/10.1103/PhysRevD.77.014017
https://doi.org/10.1103/PhysRevD.89.094021
https://doi.org/10.1103/PhysRevD.89.094021
https://doi.org/10.1103/PhysRevD.90.013002
https://doi.org/10.1103/PhysRevD.92.074020
https://doi.org/10.1103/PhysRevLett.115.152002
https://doi.org/10.1103/PhysRevD.86.114025
https://doi.org/10.1103/PhysRevD.86.114025
https://doi.org/10.1103/PhysRevD.87.097501
https://doi.org/10.1103/PhysRevD.87.097501
https://doi.org/10.1007/JHEP08(2017)112
https://doi.org/10.1103/PhysRevD.98.094012
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1140/epjc/s10052-019-7354-7
https://doi.org/10.1007/JHEP10(2013)011
https://doi.org/10.1007/JHEP10(2013)011
https://doi.org/10.1103/PhysRevD.63.054008
https://doi.org/10.1103/PhysRevD.63.054008
https://doi.org/10.1103/PhysRevD.63.074009
https://doi.org/10.1016/S0146-6410(03)90013-5
https://doi.org/10.1016/S0146-6410(03)90013-5
https://doi.org/10.1103/PhysRevD.79.013008
https://doi.org/10.1103/PhysRevD.82.099902
https://doi.org/10.1103/PhysRevD.82.099902
https://doi.org/10.1007/JHEP05(2019)094
https://doi.org/10.1007/JHEP05(2019)094
https://doi.org/10.1007/s11434-013-0049-9
https://doi.org/10.1103/PhysRevD.85.094003
https://doi.org/10.1103/PhysRevD.87.094003
https://doi.org/10.1016/j.nuclphysb.2018.04.007
https://doi.org/10.1016/j.nuclphysb.2018.08.002
https://doi.org/10.1016/j.nuclphysb.2018.08.002
https://doi.org/10.1088/1126-6708/2006/05/004
https://doi.org/10.1088/1126-6708/2006/05/004
https://doi.org/10.1103/PhysRevD.76.074018
https://doi.org/10.1103/PhysRevD.76.074018
https://doi.org/10.1103/PhysRevD.79.014013
https://doi.org/10.1103/PhysRevD.79.014013


[46] S. R. Singh and B. Mawlong, 331-Z0 mediated FCNC
effects on b → dμþμ− transitions, Int. J. Mod. Phys. A
33, 1850225 (2018).

[47] P. Nayek, P. Maji, and S. Sahoo, Study of semileptonic
decays B → πlþl− and B → ρlþl− in nonuniversal
Z model, Phys. Rev. D 99, 013005 (2019).

[48] R. Khosravi, Form factors and branching ratios of the FCNC
B → a1lþl− decays, Eur. Phys. J. C 75, 220 (2015).

[49] C. H. Chen and C. Q. Geng, Baryonic rare decays of
ΛðbÞ → Λlþl−, Phys. Rev. D 64, 074001 (2001).

[50] G. Buchalla, A. J. Buras, and M. E. Lautenbacher, Weak
decays beyond leading logarithms, Rev. Mod. Phys. 68,
1125 (1996).

[51] C. S. Lim, T. Morozumi, and A. I. Sanda, A prediction for
dΓðb → sll̄Þ=dq2 including the long distance effects, Phys.
Lett. B 218, 343 (1989).

[52] N. G. Deshpande, J. Trampetic, and K. Panose, Resonance
background to the decays b → slþl−, B → K�lþl− and
B → Klþl−, Phys. Rev. D 39, 1461 (1989).

[53] A. Ali, T. Mannel, and T. Morozumi, Forward backward
asymmetry of dilepton angular distribution in the decay
b → slþl−, Phys. Lett. B 273, 505 (1991).

[54] P. J. O’Donnell and H. K. K. Tung, Resonance contributions
to the decay b → slþl−, Phys. Rev. D 43, R2067 (1991).

[55] M. Jezabek and J. H. Kuhn, Lepton spectra from heavy
quark decay, Nucl. Phys. B320, 20 (1989).

[56] B. Grinstein, M. J. Savage, and M. B. Wise, B → Xseþe− in
the six quark model, Nucl. Phys. B319, 271 (1989).

[57] M. Misiak, The b → seþe− and b → sγ decays with next-
to-leading logarithmic QCD corrections, Nucl. Phys. B393,
23 (1993); B439, 461(E) (1995).

[58] A. J. Buras and M. Munz, Effective Hamiltonian for B →
Xseþe− beyond leading logarithms in the NDR and HV
schemes, Phys. Rev. D 52, 186 (1995).

[59] A. Khodjamirian, T. Mannel, A. A. Pivovarov, and Y.-M.
Wang, Charm-loop effect in B → Kð�Þlþl− and B → K�γ,
J. High Energy Phys. 09 (2010) 089.

[60] D. P. Du, A. X. El-Khadra, S. Gottlieb, A. S. Kronfeld, J.
Laiho, E. Lunghi, R. S. Van de Water, and R. Zhou
(Fermilab Lattice and MILC Collaborations), Phenomenol-
ogy of semileptonic B-meson decays with form factors from
lattice QCD, Phys. Rev. D 93, 034005 (2016).

[61] R. Aaij et al. (LHCb Collaboration), Observation of a
Resonance in Bþ → Kþμþμ− Decays at Low Recoil, Phys.
Rev. Lett. 111, 112003 (2013).

[62] C. D. Lu and D. X. Zhang, Reexamination of long distance
effects in b → slþl−, Phys. Lett. B 397, 279 (1997).

[63] C. Bobeth, G. Hiller, D. van Dyk, and C. Wacker, The decay
B → Klþl− at low Hadronic recoil and model-independent
ΔB ¼ 1 constraints, J. High Energy Phys. 01 (2012) 107.

[64] C. Bobeth, G. Hiller, and G. Piranishvili, Angular distri-
butions of B̄ → K̄lþl− decays, J. High Energy Phys. 12
(2007) 040.

[65] S. Descotes-Genon, T. Hurth, J. Matias, and J. Virto,
Optimizing the basis of B → K�ll observables in the full
kinematic range, J. High Energy Phys. 05 (2013) 137.

[66] S. Descotes-Genon, J. Matias, M. Ramon, and J. Virto,
Implications from clean observables for the binned analysis

of B → K�μþμ− at large recoil, J. High Energy Phys. 01
(2013) 048.

[67] D. Becirevic and E. Schneider, On transverse asymmetries
in B → K�lþl−, Nucl. Phys. B854, 321 (2012).

[68] J. Matias, F. Mescia, M. Ramon, and J. Virto, Complete
anatomy of B̄d → K̄�0ð→ KπÞlþl− and its angular distri-
bution, J. High Energy Phys. 04 (2012) 104.

[69] D. Becirevic, M. Fedele, I. Nisandzic, and A. Tayduganov,
Lepton flavor universality tests through angular observables
of B̄ → Dð�Þlν̄ decay modes, arXiv:1907.02257.

[70] U. Egede, T. Hurth, J. Matias, M. Ramon, and W. Reece,
New physics reach of the decay mode B̄ → K̄�0lþl−,
J. High Energy Phys. 10 (2010) 056.

[71] B. Aubert et al. (BABAR Collaboration), Direct CP,
Lepton Flavor and Isospin Asymmetries in the Decays
B → Kð�Þlþl−, Phys. Rev. Lett. 102, 091803 (2009).

[72] G. Hiller and F. Kruger, More model-independent analysis
of b → s processes, Phys. Rev. D 69, 074020 (2004).

[73] R. N. Faustov and V. O. Galkin, Charmless weak Bs decays
in the relativistic quark model, Phys. Rev. D 87, 094028
(2013).

[74] A. Bharucha, D. M. Straub, and R. Zwicky, B → Vlþl− in
the Standard Model from light-cone sum rules, J. High
Energy Phys. 08 (2016) 098.

[75] A. Issadykov, Bs → K�0 decay form factors from covariant
confined quark model, EPJ Web Conf. 204, 08003 (2019).

[76] T. Kurimoto, H. N. Li, and A. I. Sanda, Leading power
contributions to B → π; ρ transition form-factors, Phys. Rev.
D 65, 014007 (2001).

[77] H. Y. Cheng, C. K. Chua, and C.W. Hwang, Covariant
light-front approach for s-wave and p-wave mesons: its
application to decay constants and form factors, Phys. Rev.
D 69, 074025 (2004).

[78] W. Wang, Y. L. Shen, and C. D. Lü, Covariant light-front
approach for Bc transition form factors, Phys. Rev. D 79,
054012 (2009).

[79] Y. Y. Fan, Z. J. Xiao, R. M. Wang, and B. Z. Li, The B →
Dð�Þlνl decays in the pQCD approach with the Lattice QCD
input, Sci. Bull. 60, 2009 (2015).

[80] X. Q. Hu, S. P. Jin, and Z. J. Xiao, Semileptonic decays
Bc → ðηc; J=ψÞlν̄l in the “PQCDþ Lattice” approach,
Chin. Phys. C 44, 023104 (2020).

[81] X. Q. Hu, S. P. Jin, and Z. J. Xiao, Semileptonic decays

B=Bs → ðDð�Þ; Dð�Þ
s Þlνl in the PQCD factorization approach

with the lattice QCD input, Chin. Phys. C 44, 053102
(2020).

[82] J. M. Flynn, T. Izubuchi, T. Kawanai, C. Lehner, A. Soni,
R. S. Van de Water, and O. Witzel, B → πlν and Bs → Klν
form factors and jVubj from 2þ 1-flavor lattice QCD with
domain-wall light quarks and relativistic heavy quarks,
Phys. Rev. D 91, 074510 (2015).

[83] R. R. Horgan, Z. Liu, S. Meinel, and M. Wingate, Lattice
QCD calculation of form factors describing the rare decays
B → K�lþl− and Bs → ϕlþl−, Phys. Rev. D 89, 094501
(2014).

[84] P. Ball and R. Zwicky, Bd;s → ρ;ω; K�;ϕ decay form-
factors from light-cone sum rules revisited, Phys. Rev. D
71, 014029 (2005).

STUDY OF BS → Kð�Þlþl− … PHYS. REV. D 102, 013001 (2020)

013001-29

https://doi.org/10.1142/S0217751X18502251
https://doi.org/10.1142/S0217751X18502251
https://doi.org/10.1103/PhysRevD.99.013005
https://doi.org/10.1140/epjc/s10052-015-3446-1
https://doi.org/10.1103/PhysRevD.64.074001
https://doi.org/10.1103/RevModPhys.68.1125
https://doi.org/10.1103/RevModPhys.68.1125
https://doi.org/10.1016/0370-2693(89)91593-1
https://doi.org/10.1016/0370-2693(89)91593-1
https://doi.org/10.1103/PhysRevD.39.1461
https://doi.org/10.1016/0370-2693(91)90306-B
https://doi.org/10.1103/PhysRevD.43.R2067
https://doi.org/10.1016/0550-3213(89)90209-5
https://doi.org/10.1016/0550-3213(89)90078-3
https://doi.org/10.1016/0550-3213(93)90235-H
https://doi.org/10.1016/0550-3213(93)90235-H
https://doi.org/10.1016/0550-3213(95)00029-R
https://doi.org/10.1103/PhysRevD.52.186
https://doi.org/10.1007/JHEP09(2010)089
https://doi.org/10.1103/PhysRevD.93.034005
https://doi.org/10.1103/PhysRevLett.111.112003
https://doi.org/10.1103/PhysRevLett.111.112003
https://doi.org/10.1016/S0370-2693(97)00186-X
https://doi.org/10.1007/JHEP01(2012)107
https://doi.org/10.1088/1126-6708/2007/12/040
https://doi.org/10.1088/1126-6708/2007/12/040
https://doi.org/10.1007/JHEP05(2013)137
https://doi.org/10.1007/JHEP01(2013)048
https://doi.org/10.1007/JHEP01(2013)048
https://doi.org/10.1016/j.nuclphysb.2011.09.004
https://doi.org/10.1007/JHEP04(2012)104
https://arXiv.org/abs/1907.02257
https://doi.org/10.1007/JHEP10(2010)056
https://doi.org/10.1103/PhysRevLett.102.091803
https://doi.org/10.1103/PhysRevD.69.074020
https://doi.org/10.1103/PhysRevD.87.094028
https://doi.org/10.1103/PhysRevD.87.094028
https://doi.org/10.1007/JHEP08(2016)098
https://doi.org/10.1007/JHEP08(2016)098
https://doi.org/10.1051/epjconf/201920408003
https://doi.org/10.1103/PhysRevD.65.014007
https://doi.org/10.1103/PhysRevD.65.014007
https://doi.org/10.1103/PhysRevD.69.074025
https://doi.org/10.1103/PhysRevD.69.074025
https://doi.org/10.1103/PhysRevD.79.054012
https://doi.org/10.1103/PhysRevD.79.054012
https://doi.org/10.1007/s11434-015-0959-9
https://doi.org/10.1088/1674-1137/44/2/023104
https://doi.org/10.1088/1674-1137/44/5/053102
https://doi.org/10.1088/1674-1137/44/5/053102
https://doi.org/10.1103/PhysRevD.91.074510
https://doi.org/10.1103/PhysRevD.89.094501
https://doi.org/10.1103/PhysRevD.89.094501
https://doi.org/10.1103/PhysRevD.71.014029
https://doi.org/10.1103/PhysRevD.71.014029


[85] D. Melikhov and B. Stech, Weak form-factors for heavy
meson decays: An update, Phys. Rev. D 62, 014006 (2000).

[86] R. H. Li, C. D. Lu, and W. Wang, Transition form factors
of B decays into p-wave axial-vector mesons in the
perturbative QCD approach, Phys. Rev. D 79, 034014
(2009).

[87] C. D. Lu, W. Wang, and Z. T. Wei, Heavy-to-light form
factors on the light cone, Phys. Rev. D 76, 014013 (2007).

[88] Y. L. Wu, M. Zhong, and Y. B. Zuo, Bs;Ds → π; K; η; ρ;
K�;ω;ϕ transition form factors and decay rates with
extraction of the CKM parameters jVubj; jVcsj; jVcdj, Int.
J. Mod. Phys. A 21, 6125 (2006).

[89] F. Su, Y. L. Wu, C. Zhuang, and Y. B. Yang, Charmless
Bs → PP;PV; VV decays based on the six-quark effective
Hamiltonian with strong phase effects II, Eur. Phys. J. C 72,
1914 (2012).

SU-PING JIN, XUE-QING HU, and ZHEN-JUN XIAO PHYS. REV. D 102, 013001 (2020)

013001-30

https://doi.org/10.1103/PhysRevD.62.014006
https://doi.org/10.1103/PhysRevD.79.034014
https://doi.org/10.1103/PhysRevD.79.034014
https://doi.org/10.1103/PhysRevD.76.014013
https://doi.org/10.1142/S0217751X06033209
https://doi.org/10.1142/S0217751X06033209
https://doi.org/10.1140/epjc/s10052-012-1914-4
https://doi.org/10.1140/epjc/s10052-012-1914-4

