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We dimensionally reduce the spacetime action of bosonic string theory, and that of the bosonic sector of
heterotic string theory after truncating the Yang-Mills gauge fields, on a d-dimensional torus including all
higher-derivative corrections to first order in α0. A systematic procedure is developed that brings this action
into a minimal form in which all fields except the metric carry only first-order derivatives. This action is
shown to be invariant under Oðd; d;RÞ transformations that acquire α0-corrections through a Green-
Schwarz type mechanism. We prove that, up to a global prefactor, the first-order α0-corrections are uniquely
determined by Oðd; d;RÞ invariance.
DOI: 10.1103/PhysRevD.101.126018

I. INTRODUCTION

String theory features the T-duality property according
to which there is a nonlinear group action of Oðd; d;ZÞ on
d-dimensional toroidal backgrounds such that all back-
grounds in one orbit are physically equivalent. When
restricting to the massless fields for compactifications on
tori, i.e., when performing dimensional reduction, this
duality implies invariance under the continuous symmetry
group Oðd; d;RÞ. For the two-derivative effective action
this symmetry was first shown explicitly for the (cosmo-
logical) reduction to one dimension by Veneziano and
Meissner in Refs. [1,2] and later generalized to arbitrary d
by Maharana and Schwarz [3].
It was proven by Sen, using closed string field theory,

that the Oðd; d;RÞ symmetry of dimensionally reduced
theories is present to all orders in α0 [4], but it remains as a
highly nontrivial problem to actually display this symmetry
when higher-derivative α0-corrections are included. First
significant progress was due to Meissner who investigated
the dimensional reduction to one dimension including the
four-derivative terms that appear in string theory to first
order in α0 [5] (for earlier work on the heterotic string see
Ref. [6]). He uncovered the expected Oðd; d;RÞ symmetry,
but this required a series of elaborate field redefinitions
(that in particular cannot all originate from covariant field
redefinitions before reduction). Subsequent work consid-
ered the reduction on a single circle [7] and reductions on a

general torus but truncating out all “off-diagonal” field
components [8]. In all these truncations there is a choice of
field variables for which the Oðd; d;RÞ transformations are
undeformed, as is also suggested by string field theory [9].
In particular, this fact was used to classify all higher-
derivative corrections in cosmology that, somewhat sur-
prisingly, only require (higher powers of) first-order time
derivatives [10,11].
Recently, the higher-derivative α0-corrections of string

theory have been the focus of attention in the framework of
double field theory. Double field theory is a formulation
featuring a manifest Oðd; d;RÞ invariance before dimen-
sional reduction by virtue of a generalized spacetime
with doubled coordinates transforming covariantly under
Oðd; d;RÞ [12–15]. While the two-derivative double field
theory can be written naturally in terms of a “generalized
metric” that encodes the metric and B-field [cf. Eq. (2.9)
below], there are obstacles when including higher deriv-
atives that require a deformation of the framework (see
Refs. [16–23]). It was proven in Refs. [24,25] that the
general α0-corrections of bosonic and heterotic string theory
cannot be written in terms of the generalized metric, so that
in particular the Oðd; d;RÞ transformations of double field
theory get α0-deformed. Alternatively, one may set up a
generalized frame formalism for which Oðd; d;RÞ remains
undeformed while the local frame transformations receive
α0-corrections [19,24,25].
In this paper we complete the existing literature by

giving the complete dimensionally reduced action for
bosonic string theory to first order in α0, i.e., including
all four-derivative terms, and prove its Oðd; d;RÞ invari-
ance, presenting results that have recently been announced
in Ref. [26]. In particular, we prove that the first-order
α0-corrections are uniquely determined by Oðd; d;RÞ
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invariance, up to an overall constant whose value depends
on the string theory under consideration. While this
Oðd; d;RÞ invariance is also implied by the existence of
α0-deformed double field theory, whose dimensional reduc-
tion has already been explored in Ref. [22], until now it has
not been systematically investigated whether some of the
unexpected new features arising in double field theory also
show up in the dimensional reduction of conventional
(nonextended) theories, nor has the dimensionally reduced
action been displayed in a sufficiently simplified form that
allows for applications (and comparison with some of the
earlier results cited above). To our surprise we find that
there is no choice of field variables so that the full
dimensionally reduced action can be written in terms of
familiar Oðd; d;RÞ covariant variables (such as the gener-
alized metric); rather, a generalized Green-Schwarz mecha-
nism is required under which the (external) singlet B-field
acquires nontrivial transformations under Oðd; d;RÞ,
hence implying that the Oðd; d;RÞ action gets α0-
deformed. This effect has been invisible in all truncations
investigated so far, but it does mimic the situation in
double field theory before reduction. Intriguingly, the
α0-deformations needed in double field theory can thus
not be blamed entirely on its novel geometric structure,
but such deformations also emerge in completely conven-
tional dimensional reductions.
On a technical level, the present investigation requires

full control over all possible field redefinitions, both
redefinitions that are covariant in the usual sense [i.e.,
GLðdÞ covariant] and covariant with respect to Oðd; d;RÞ.
As one of the main technical results of this paper we present
a fully systematic procedure to test Oðd; d;RÞ invariance,
generalizing that of Refs. [10,11] to higher dimensions.
One first dimensionally reduces the action as usual and then
uses GLðdÞ covariant field redefinitions to bring the action
into a form in which all fields apart from the metric appear
only with first-order derivatives. Next, one employs
Oðd; d;RÞ covariant redefinitions in order to find the
minimal set of Oðd; d;RÞ invariant four-derivative terms,
which then are decomposed under GLðdÞ with the aim to
match with the dimensionally reduced terms. Our analysis
applies to bosonic string theory but also to the bosonic
sector of heterotic string theory after truncating out the
Yang-Mills gauge fields, which still features a gravitational
Chern-Simons form (due to the original Green-Schwarz
mechanism).
The rest of the paper is organized as follows. In Sec. II,

we review the dimensional reduction of the leading two-
derivative action of the bosonic string, and its manifestly
Oðd; d;RÞ symmetric formulation revealed in Ref. [3]. In
order to set up a systematic analysis of its higher-order
corrections, we outline how to organize and fix the
ambiguities related to partial integration and higher-order
field redefinitions. In Sec. III, we present a general counting
of independent higher-derivative terms upon modding out

these ambiguities. At order α0, we construct an explicit
61-dimensional basis of independent Oðd; d;RÞ invariant
four-derivative terms, which is algebraic in first-order
derivatives and the Riemann tensor. Section IV presents
the explicit torus reduction of the four-derivative action of
the bosonic string. In particular, we show how all second-
order derivatives in the reduced action can be eliminated by
suitable field redefinitions. Comparing the result to our
explicit basis, we show in Sec. V that apart from a single
term the entire reduced action can be rewritten in terms
of manifestly Oðd; d;RÞ invariant terms. Restoring
Oðd; d;RÞ invariance of the full action then requires a
Green-Schwarz type mechanism inducing a nontrivial
Oðd; d;RÞ transformation of order α0 of the 2-form Bμν.
In Sec. VI, we embed this structure into a frame formalism
in which the Oðd; d;RÞ symmetry remains undeformed,
while the local frame transformations acquire α0 deforma-
tions. Finally, in Sec. VII, we extend the analysis to the
bosonic sector of heterotic supergravity and present its
dimensionally reduced action in manifestly Oðd; d;RÞ
invariant form. The Appendixes collect a number of explicit
technical results.

II. TWO-DERIVATIVE ACTION AND
SYSTEMATICS OF FIELD REDEFINITIONS

A main goal of this paper is to compute the dimensional
reduction of the bosonic string on a d-dimensional torus
including the first order in α0 and to make the resulting
Oðd; d;RÞ symmetry manifest. In this section, we review
the reduction of the two-derivative action and its manifestly
Oðd; d;RÞ symmetric formulation first exhibited in
Ref. [3]. We then discuss its field equations and the
systematics of nonlinear field redefinitions as a starting
point for the subsequent systematic analysis of the higher-
order corrections.

A. Reduction and Oðd;d;RÞ symmetry

Let us start from the two-derivative effective action for
the bosonic string in Dþ d dimensions, with metric ĝμ̂ ν̂,
antisymmetric Kalb-Ramond field B̂μ̂ ν̂, and dilaton ϕ̂:

Î0 ¼
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂
�
R̂þ ∂ μ̂ϕ̂∂ μ̂ϕ̂ −

1

12
Ĥ2

�
; ð2:1Þ

where indices μ̂ run over the (Dþ d)-dimensional space
and Ĥ2 ¼ Ĥμ̂ ν̂ ρ̂Ĥμ̂ ν̂ ρ̂ with the field strength Ĥμ̂ ν̂ ρ̂ ¼
3∂ ½μ̂B̂ν̂ ρ̂�. To compactify on the spatial torus Td, we use
the index split Xμ̂ ¼ ðxμ; ymÞ; with μ ∈ ⟦1; D⟧; m ∈ ⟦1; d⟧
for curved indices, and fα̂g ¼ fα; ag, with α ∈ ⟦1; D⟧;
a ∈ ⟦1; d⟧ for flat indices, and drop the dependence of all
fields on the internal coordinates ym. For the metric ĝμ̂ ν̂,
we use the vielbein formalism and consider the standard
Kaluza-Klein ansatz

ELOY, HOHM, and SAMTLEBEN PHYS. REV. D 101, 126018 (2020)

126018-2



êμ̂α̂ ¼
�
eμα Að1Þ n

μ En
a

0 Em
a

�
; ð2:2Þ

in terms of the D-dimensional vielbein eμα, Kaluza-Klein

vector fields Að1Þm
μ , and the internal vielbein Em

a. The

metric ĝμ̂ ν̂ ¼ êμ̂α̂ηα̂ β̂ê
β̂
ν̂ then takes the form

ĝμ̂ ν̂ ¼
 
gμν þ Að1Þp

μ GpqA
ð1Þq
ν Að1Þp

μ Gpn

GmpA
ð1Þp
ν Gmn

!
; ð2:3Þ

where gμν ¼ eμαηαβeνβ and Gmn ¼ Em
aδabEn

b denote the
D-dimensional metric and the internal metric, respectively.
Similarly, the 2-form B̂μ̂ ν̂, is parametrized as [3]

B̂μ̂ν̂¼

0
B@Bμν−A

ð1Þm
½μ Að2Þ

ν�mþAð1Þm
μ BmnA

ð1Þn
ν Að2Þ

μn −BnpA
ð1Þp
μ

−Að2Þ
νmþBmpA

ð1Þp
ν Bmn

1
CA;

ð2:4Þ

in terms of D-dimensional scalars Bmn ¼ −Bnm, vector

fields Að2Þ
μm, and a 2-form Bμν. The lower-dimensional

components of Ĥμ̂ ν̂ ρ̂ are defined using the standard
Kaluza-Klein procedure [3]: first converting Ĥ to flat
indices, block decomposing, and finally converting back
to curved indices using the lower-dimensional blocks eμα

and Em
a. This amounts to converting a curved index μ̂ to a

curved index μ using a contraction with eμαêαμ̂ and to m
contracting with Em

aêαμ̂, such that the resulting fields
transform covariantly under internal diffeomorphisms.1

With Eq. (2.3), this leads to

8>>>>><
>>>>>:

Hμνρ ¼ 3∂ ½μBνρ� − 3
2
ðAð1Þm

½μ Fð2Þ
νρ�m þ Fð1Þm

½μν Að2Þ
ρ�mÞ;

Hμνm ¼ Fð2Þ
μνm − BmnF

ð1Þn
μν ;

Hμmn ¼ ∇μBmn;

Hmnp ¼ 0;

ð2:5Þ

where we have defined the Abelian field strengths

(
Fð1Þm
μν ¼ ∂μA

ð1Þm
ν − ∂νA

ð1Þm
μ ;

Fð2Þ
μνm ¼ ∂μA

ð2Þ
νm − ∂νA

ð2Þ
μm:

ð2:6Þ

In terms of these objects, after dimensional reduction, the
action (2.1) then takes the form [3]

I0 ¼
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
Rþ ∂μΦ∂μΦ −

1

12
HμνρHμνρ

þ 1

4
Trð∂μG∂μG−1Þ þ 1

4
TrðG−1∂μBG−1∂μBÞ

−
1

4
Fð1Þm
μν GmnFð1Þμνn −

1

4
HμνmGmnHμν

n

�
; ð2:7Þ

with the rescaled dilaton Φ ¼ ϕ̂ − 1
2
logðdetðGmnÞÞ. In this

form, the action features an explicit GLðdÞ symmetry, as
guaranteed by toroidal reduction. The symmetry enhance-
ment to Oðd; d;RÞ can be made manifest upon regrouping

the vector fields Að1Þm
μ and Að2Þ

μm into a single Oðd; d;RÞ
vector

Aμ
M ¼

 
Að1Þm
μ

Að2Þ
μm

!
; ð2:8Þ

and the scalar fields Gmn, Bmn into an Oðd; d;RÞ matrix
HMN as

HMN ¼
 
Gmn − BmpGpqBqn BmpGpn

−GmpBpn Gmn

!
: ð2:9Þ

Throughout, the fundamental Oðd; d;RÞ indices are raised
and lowered using the constant Oðd; d;RÞ invariant matrix

ηMN ¼
�

0 δmn

δm
n 0

�
; ð2:10Þ

so that H−1 is defined as HMN ¼ ηMPHPQη
QN . In terms of

the fields (2.8) and (2.9), the reduced action (2.7) may be
cast into the manifestly Oðd; d;RÞ invariant form [3]

I0 ¼
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
Rþ ∂μΦ∂μΦþ 1

8
∂μHMN∂μHMN

−
1

4
F μν

MHMNF μνN −
1

12
Hμν ρHμν ρ

�
; ð2:11Þ

where F μν
M ¼ 2∂ ½μAν�M is the Abelian field-strength

associated with the vectors (2.8). In terms of the covariant
objects (2.8) and (2.9), the infinitesimal Oðd; d;RÞ varia-
tions of the fields are given by

�
δΓgμν ¼ 0;

δΓBμν ¼ 0;

�
δΓHMN ¼ ΓM

PHPN þ ΓN
PHMP;

δΓF μν
M ¼ −F μν

NΓN
M;

ð2:12Þ

for ΓM
N ∈ oðd; d;RÞ. The action (2.11) is manifestly

invariant under these transformations. For later conven-
ience, we also rewrite the action in terms of the matrix
SM

N ¼ HMPη
PN ,

1Note that it is not the procedure that is used on B̂, as pointed
out in Ref. [27].
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I0 ¼
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
Rþ ∂μΦ∂μΦþ 1

8
Trð∂μS∂μSÞ

−
1

4
F μν

MSM
NF μν

N −
1

12
Hμν ρHμν ρ

�
: ð2:13Þ

Note that SS ¼ 1, so that S is a constrained field.

B. GLðdÞ fields redefinitions
Our aim is an extension of the previous construction to

higher orders in α0. As usual, the study of higher-derivative
terms requires one to carefully handle the ambiguities due
to the possible nonlinear field redefinitions. In particular,
the symmetry enhancement to Oðd; d;RÞ will be possible
only after identification of the proper field redefinitions.
In this section, we describe the systematics of higher-order
field redefinitions based on the two-derivative action
(2.11), inspired by Refs. [10,11].
We consider the α0 extension of Eq. (2.11) as a

perturbation series

I ¼ I0 þ I1 þOðα02Þ; ð2:14Þ

with the first-order term I1 ∼Oðα0Þ. In order to organize the
possible ambiguities in I1, we consider field redefinitions
of the form

φ → φþ α0δφ; ð2:15Þ

where φ denotes a generic field. Under such redefinitions of
its fields, the variation of I to order α0 arises exclusively
from the variation of I0 and takes the form

δI0 ¼ α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
h
EΦδΦþ ðEgÞμνδgμν

þ ðEBÞμνδBμν þ ðEGÞmnδG
mn þ ðEBÞmnδBmn

þ ðEAð1Þ ÞμmδAð1Þm
μ þ ðEAð2Þ ÞμmδAð2Þ

μm

i
; ð2:16Þ

proportional to the field equations associated with the two-
derivative action I0

EΦ ¼ −2□Φ − Rþ∇μΦ∇μΦþ 1

12
H2 −

1

8
Trð∇μS∇μSÞ þ 1

4
F μν

MSM
NF μν

N;

ðEgÞμν ¼ Rμν þ∇μ∇νΦ −
1

4
H2

μν þ
1

8
Trð∇μS∇νSÞ −

1

2
FM

μρSM
NF ν

ρ
N þ 1

2
gμνEΦ;

ðEBÞμν ¼
1

2
ð∇ρHρμν −∇ρΦHρμνÞ;

ðEGÞmn ¼
1

2

�
−□Gmn þ∇μΦ∇μGmn − ð∇μG∇μG−1GÞmn þ ð∇μBG−1∇μBÞmn

þ 1

2
GmpF

ð1Þp
μν Fð1ÞμνqGqn −

1

2
HμνmHμν

n

�
;

ðEBÞmn ¼ 1

2

�
ðG−1

□BG−1Þmn −∇μΦðG−1∇μBG−1Þmn þ ðG−1∇μB∇μG−1Þmn

þ ð∇μG−1∇μBG−1Þmn þ 1

2
GmpHμνpFð1Þμνn −

1

2
Fð1ÞμνmGnpHμνp

�
;

ðEAð1Þ Þνn ¼ ∇μFð1ÞμνmGmn −∇μΦFð1ÞμνmGmn −
1

2
Hμν ρHμρn − ðEAð2Þ ÞνmBmn

þ Fð1Þμνm∇μGmn −Hμν
mðG−1∇μBÞmn þ ðEBÞμνðAð2Þ

μn − BnmA
ð1Þm
μ Þ;

ðEAð2Þ Þνm ¼ ∇μHμν
nGnm −∇μΦHμν

nGnm þHμν
n∇μGnm þ 1

2
Hμρ νFð1Þm

μρ þ ðEBÞμνAð1Þm
μ : ð2:17Þ

Here,H2
μν ¼ HμρσHν

ρσ,∇μ denotes the covariant derivative with respect to gμν, and accordingly□ ¼ ∇μ∇μ. At order α0, the
action thus is unique up to contributions proportional to the lowest-order field equations. In the next section, we will show
that by field redefinitions (2.15), the transformation (2.16) together with partial integrations allows one to map all terms at
order α0 to a basis which carries only first derivatives of all fields (except for the two-derivative terms within the Riemann
tensor).
As an example, let us show how a term carrying the factor □Φ can be replaced by terms carrying only products of first

derivatives. Consider a generic term of I1 of the form
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Z ¼ α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−ΦX□Φ; ð2:18Þ

where X is a function of Φ, Rμν ρσ, Hμν ρ, Gmn, Bmn, F
ð1Þm
μν , and Hμνm (and their derivatives) which carries exactly two

derivatives. Redefining the dilaton and the metric as Eq. (2.15) with δgμν ¼ λgμν, Eq. (2.16) yields the transformation

δI0 ¼ α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
□Φð−2δΦþ λðDþ 1ÞÞ þ 1

2
Rð−2δΦþ λðDþ 2ÞÞ þ∇μΦ∇μΦ

�
δΦ −

D
2
λ

�

þ 1

24
H2ð2δΦ − λðDþ 6ÞÞ − 1

16
Trð∇μS∇μSÞð−2δΦþ λðDþ 2ÞÞ þ 1

8
F μν

MSM
NF μν

Nð2δΦ − λðDþ 4ÞÞ
�
: ð2:19Þ

With the particular choice

�
δΦ ¼ 1

2
ðDþ 2ÞX;

λ ¼ X;
ð2:20Þ

the new terms (2.19) cancel the term Z and replace it by

Z0 ¼ α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−ΦX

�
∇μΦ∇μΦ −

1

6
H2 −

1

4
F μν

MSM
NF μν

N

�
; ð2:21Þ

which carries only products of first-order derivatives. In the same fashion, all the four-derivative terms carrying the leading
two-derivative contributions from the field equations (2.17) can be transformed into terms carrying only products of
first-order derivatives. We may summarize the resulting replacement rules as

□Φ → QΦ ¼ ∇μΦ∇μΦ −
1

6
H2 −

1

4
FM

μνSM
NF μν

N ;

Rμν → Qgμν ¼ −∇ððμ∇νÞÞΦþ 1

4
H2

μν −
1

8
Trð∇μS∇νSÞ þ

1

2
FM

μρSM
NF ν

ρ
N

−
1

D
gμν

�
∇ρΦ∇ρΦ −

1

6
H2 −

1

4
FM

ρσSM
NF ρσ

N

�
;

∇μHμρσ → QBρσ ¼ ∇μΦHμρσ;

□Gmn → QGmn ¼ ∇μΦ∇μGmn −∇μGmp∇μGpqGqn −
1

2
HμνmHμν

n þ∇μBmpGpq∇μBqn þ
1

2
Fð1Þp
μν GpmFð1Þμν qGqn;

□Bmn → QBmn ¼ ∇μΦ∇μBmn −∇μBmp∇μGpqGqn −Gmp∇μGpq∇μBqn −
1

2
HμνmFð1ÞμνpGpn þ

1

2
GmpFð1ÞμνpHμνn;

∇μFð1Þμνm → QAð1Þνm ¼ ∇μΦFð1Þμνm þHμν
nGnp∇μBpqGqm þ 1

2
Hμν ρHμρnGnm − Fð1Þμν n∇μGnpGpm;

∇μHμν
m → QAð2Þνm ¼ ∇μΦHμν

m −Hμν
n∇μGnpGpm þ 1

2
Hμν ρFð1Þn

μρ Gnm: ð2:22Þ

Double parenthesis ðð� � �ÞÞ in the second line refer to
traceless symmetrization. The associated field redefinitions
are collected in Table I. As we will show in Sec. IV, all
other four-derivative terms can be mapped into the terms
listed in Table I upon using partial integration and Bianchi
identities.

III. Oðd;d;RÞ INVARIANT BASIS AT ORDER α0

In this section, we present the construction of an
explicit Oðd; d;RÞ invariant basis for the four-derivative

terms in D dimensions. We discuss the general counting
of independent terms for building an action upon modd-
ing out field redefinitions and partial integrations. At
order α0 we find that the number of independent terms is
61 and coincides with the number of terms that can be
built from products of first-order derivatives (and the
Riemann tensor). We confirm the number by an explicit
construction of a 61-dimensional basis which we use
subsequently in order to organize the result of the explicit
torus reduction.
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A. Counting independent terms

Following the general discussion of field redefinition
ambiguities of the last section, we first count the number
of independent terms modulo the two-derivative field
equations (2.22) and Bianchi identities. At this stage we
do not yet restrict to Lorentz scalars; i.e., we keep all
D-dimensional spacetime indices uncontracted. In a second
step we will restrict to Lorentz scalars and account for the
freedom of partial integration. We start by defining the
alphabet whose letters are the Oðd; d;RÞ invariant building
blocks in the various matter sectors (dilaton, scalars,
vectors, 2-forms, metric) before identifying all possible
symmetric words in these letters. We only count manifestly
Oðd; d;RÞ and gauge invariant terms, i.e., neglect possible
Chern-Simons and topological terms which we will have to
treat separately.

1. Dilaton

The independent building blocks carrying the dilaton are
given by powers of derivatives

Bdil ¼ f∇ððμ1 � � �∇μnÞÞΦjn ∈ N�; fμ1;…; μngg; ð3:1Þ

with the double parentheses ðð� � �ÞÞ indicating traceless
symmetrization in order to divide out field equations. We
may encode the set of letters (3.1) into a partition function

Zdil ¼ u

�
1 − q2

ð1 − qÞvD − 1

�
; ð3:2Þ

such that upon expanding (3.2) into a series in q every term
represents a letter with exponents counting the number of
derivatives. We have also added a factor u to keep track of
the dilaton power when combining (3.2) with the other
building blocks of the theory. We use the notation

ð1 − qÞvD ¼ 1 − qvD þ q2ðvD ⊗ vDÞalt − � � � ;
1

ð1 − qÞvD ¼ 1þ qvD þ q2ðvD ⊗ vDÞsym þ � � � ; ð3:3Þ

with the SOðDÞ vectorial representation vD, in order
to describe the tower of traceless symmetrized vectors.
ðvD ⊗ vDÞalt is the antisymmetric tensor product of two
SOðDÞ vectors.

2. Coset scalars

The scalar fields parametrize the SOðd; dÞ=ðSOðdÞ ×
SOðdÞÞ matrix HMN . In order to directly implement all
constraints deriving from the coset structure, it is conven-
ient to turn to the vielbeins

HMN ¼ EM
AδABEN

B ⇒ ∂μHH−1 ¼ 2EPμE−1; ð3:4Þ

TABLE I. Replacement rules for the terms carrying the leading two-derivative contribution from the field
equations descending from the two-derivative action (2.7) and associated field redefinitions. The explicit
replacement rules are given in Eq. (2.22).

Term in the action Field redefinitions Replacement

α0X□Φ
�
δΦ ¼ 1

2
ðDþ 2ÞX

δgμν ¼ gμνX
α0XQΦ

α0XμνRμν
�
δgμν ¼ −XðμνÞ − 1

D gμνXρ
ρ

δΦ ¼ − 1
DXμ

μ

α0XμνQgμν

α0Xμν∇ρHρμν δBμν ¼ −2X½μν� α0XμνQBμν

α0Xmn□Gmn δGmn ¼ 2XðmnÞ α0XmnQGmn

α0Xmn
□Bmn δBmn ¼ −2GmpX½pq�Gqn α0XmnQBmn

α0Xνm∇μFð1Þμνm 8>><
>>:

δAð1Þm
μ ¼ −XμnGnm

δAð2Þ
μm ¼ −XμnGnpBmp

δBμν ¼ ðAð2Þ
½μjmXjν�nGmn − BmnA

ð1Þn
½μ Xν�pGmpÞ

α0XνmQAð1Þ νm

α0Xν
m∇μHμν

m
(
δAð2Þ

μm ¼ −Xμ
nGnm

δBμν ¼ Að1Þm
½μ Xν�nGmn

α0Xν
mQAð2Þ νm
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with the coset currents defined by

E−1∂μE ¼ Qμ þ Pμ ∈ k ⊕ p ¼ soðd; dÞ; ð3:5Þ

where k ¼ soðdÞ ⊕ soðdÞ and p is its (noncompact)
orthogonal complement. In terms of the currents Qμ and
Pμ, global SOðd; dÞ invariance is ensured, and the counting
problem reduces to identifying combinations that are invari-
ant under local SOðdÞ × SOðdÞ transformations, i.e., built
from Pμ’s and covariant derivatives Dμ ¼ ∂μ þ adQμ

.
Moreover, we have integrability conditions

½Dμ; Dν� ¼ Qμν ∝ ½Pμ; Pν�; D½μPν� ¼ 0; ð3:6Þ

and field equations with leading second-order term DμPμ

which implies that a basis of on-shell independent combi-
nations is given by

BP ¼ f∇ððμ1 � � �∇μnPμnþ1ÞÞ ∈ pjn ∈ N; fμ1;…; μnþ1gg;
ð3:7Þ

counted by the partition function

ZP ¼ p

�
1 − q2

ð1 − qÞvD − 1

�
; ð3:8Þ

with the charge p introduced to count the power of Pμ’s.
It remains to count the independent SOðdÞ × SOðdÞ invari-
ant single-trace combinations in the letters (3.7). With Pμ

transforming in the ðd; dÞ representation of SOðdÞ × SOðdÞ,
this amounts to counting ordered monomials and dividing
out transpositions and cyclic shifts of even length.2 The
result then follows from Polya’s counting theorem [28] as

Zsing:trace ¼ −
1

2

X
n

φðnÞ
n

log ð1 − Z2
P;nÞ þ

ZP;2

2ð1 − ZP;2Þ
;

ð3:9Þ

with Euler’s totient function φðnÞ and ZP;n ¼ ZPðpn; qnÞ.

3. Vectors

The (manifestly) gauge invariant building blocks in
terms of the vector field are obtained by derivatives of
its field strength subtracting Bianchi identities and con-
tractions proportional to the field equations

BF ¼ f∇ððμ1 � � �∇μnÞÞF ν1ν2
M − traces& Bianchi jn ∈ Ng;

ð3:10Þ

counted by the partition function (see, e.g., Ref. [29])

ð3:11Þ

where f is a charge for the powers of F μν
M. However,

the letters (3.10) are not Oðd; d;RÞ singlets but rather
carry a fundamental vector index. Oðd; d;RÞ invariant
combinations are built from bilinears of Eq. (3.10) with
the two Oðd; d;RÞ vector indices contracted by products
of the Oðd; d;RÞ invariant ηMN , the scalar matrix HMN ,
and its derivatives. This is most conveniently counted
by using the vielbeins (3.4) to convert the Oðd; d;RÞ
indices of Eq. (3.10) into SOðdÞ × SOðdÞ indices, such
that the flattened field strength F μν

MEM
A decomposes into

ðd; 1Þ ⊕ ð1; dÞ contributions which we denote by FL and
FR, respectively. The flattened letters (3.10) are then
contracted out by arbitrary chains of letters from
Eq. (3.7). This gives rise to three different types of terms:

ð∇ � � �∇FLÞðeven chain of ∇ � � �∇PÞð∇ � � �∇FLÞ;
ð∇ � � �∇FRÞðeven chain of ∇ � � �∇PÞð∇ � � �∇FRÞ;
ð∇ � � �∇FLÞðodd chain of ∇ � � �∇PÞð∇ � � �∇FRÞ:

ð3:12Þ

Upon taking into account the reflection symmetries of the
first two chains, the counting of Oðd; d;RÞ invariant
building blocks in the vector sector yields

ZFF ¼ 1

2

�
ZF ;2

1−ZP;2
þ Z2

F

1−Z2
P

�
þ 1

2

�
ZF ;2

1−ZP;2
þ Z2

F

1−Z2
P

�

þZF
ZP

1−Z2
P
ZF

¼ Z2
F

1−ZP
þ ZF ;2

1−ZP;2
: ð3:13Þ

4. Two-form

Similarly, the independent (manifestly gauge invariant)
building blocks carrying the 2-form Bμν are counted by
powers of derivatives on the field strength Hμνρ upon
subtracting Bianchi identities and contractions proportional
to the field equations

BH ¼ f∇ððμ1 � � �∇μnÞÞH
ν1ν2ν3 − traces& Bianchi jn ∈ Ng;

ð3:14Þ

giving rise to a partition function

2In this counting, we neglect all the identities induced by the
finite size (2d) of the SOðd; dÞ matrices; i.e., formally we count
for d ¼ ∞.
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ð3:15Þ

where h is a charge for the powers of Hμνρ.

5. Metric

For the external metric gμν, we count derivatives of its
Weyl tensor Cν1ν2ν3ν4, subtracting traces and Bianchi
identities, giving rise to the letters

BC ¼ f∇ððμ1 � � �∇μnÞÞCν1ν2ν3ν4 − traces& Bianchi jn ∈ Ng;
ð3:16Þ

which are counted as

ð3:17Þ

where c is a charge for the powers of the Weyl tensor
(or equivalently, the Riemann tensor).

B. Spacetime singlets and partial integration

Putting everything together, we have identified the
manifestly Oðd; d;RÞ and gauge invariant building blocks
in the various sectors,

Z0 ¼ Zdil þ ZH þ ZC þ Zsing:trace þ ZFF; ð3:18Þ
with the different terms defined in Eqs. (3.2), (3.15), (3.17),
(3.9), and (3.13), respectively. From these objects, we can
construct the most general Oðd; d;RÞ and gauge invariant
terms as arbitrary polynomials in the letters of Eq. (3.18),
counted as

Zinv ¼ exp

�X
k

1

k
Z0;k

�
: ð3:19Þ

So far, we have been counting combinations in all
possible SOðDÞ representations, without restricting to
SOðDÞ Lorentz scalars. In order to count the independent
spacetime actions, we first project Zinv to Lorentz scalars.
Next, in order to subtract the ambiguities from partial

integrations, we extract from Zinv all possible SOðDÞ
vectors J μ each of which gives rise to an ambiguity
d � J of the spacetime Lagrangian. On the other hand,
currents with (off-shell) vanishing divergence d � J ¼ 0 do
not define ambiguities; these are of the form J ¼ �d � J 2

for a 2-form J 2, unless �J 2 is of a vanishing divergence
thus defined by a 3-form J 3, etc. To summarize, a basis of
independent spacetime Lagrangians, after dividing out the
freedom of partial integrations, is given by

ZLag ¼ Zinvð1 − uqÞvD jSOðDÞsinglets; ð3:20Þ

in the notation of Eq. (3.3).3

C. Some examples

1. Evaluation in D= 10

As a first test of the counting formula (3.20), we may
evaluate it to order α0 inD ¼ 10 dimensions, i.e., for d ¼ 0,
upon truncating out the vector and scalar sectors which do
not exist at d ¼ 0. Then, in Eq. (3.18) only the contribu-
tions from metric, 2-form, and dilaton are taken into
account. Evaluating Eq. (3.20) gives rise to the following
types of terms at the four-derivative order

fR2½1�;∇2H2½1�; RH2½1�; H4½3�; H2∇2Φ½1�;∇2Φ∇2Φ½1�g;
ð3:21Þ

where the multiplicities [n] indicate the number of inde-
pendent terms of the same type. This precisely reproduces
the counting from Ref. [30] [cf. their Eq. (2.36)]. Let us
recall that our counting only includes manifestly gauge
invariant terms, so it does not account for the possible ten-
dimensional gravitational Chern-Simons couplings.

2. Evaluation in D= 1

Upon reduction to only one dimension, we can evaluate
the counting formulas to all orders in closed form. In
particular ZH ¼ ZF ¼ 0, while

Zdil ¼ uq; ZP ¼ pq; Zsing:trace ¼
p2q2

1 − p2q2
; ð3:22Þ

and

ZC ¼ −cq2 → −p2q2; ð3:23Þ

reflecting the fact that in D ¼ 1 the Einstein equations
pose a constraint on the energy-momentum tensor. For
Eqs. (3.18) and (3.19), we thus find

3Here, we have inserted a dilaton charge u, since all terms
carry a global dilaton power e−Φ such that partial integration
brings in an extra dilaton derivative.
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Z0 ¼
p4q4

1 − p2q2
þ uq ⇒ Zinv ¼

Y
n>1

1

1 − p2nq2n
×

1

1 − uq
;

ð3:24Þ
upon removing total derivatives (3.20) and thus

ZLag ¼ ð1 − quÞZinv ¼
Y
n>1

1

1 − p2nq2n
; ð3:25Þ

which precisely reproduces the counting from Ref. [11].

D. Basis at order α0

Evaluating the counting formula (3.20) in generic
dimension D we infer that at order α0 there are 61

independent manifestly Oðd; d;RÞ invariant four-derivative
terms. While the general counting only determines the
number of independent terms without selecting a particular
basis, it turns out that at order α0 there is a distinguished
explicit basis which is built from polynomials in terms
carrying only first-order derivatives (and the Riemann
tensor). Indeed, truncating the partition functions (3.2),
(3.15), (3.17), (3.8), (3.11) to first order in derivatives, we
may count from Eq. (3.19) the number of independent
terms that carry first derivatives only, and find precisely 61
terms at order α0.4

The basis at order α0 can thus be given in terms of
polynomials in Rμν ρ

σ , Hμν ρ, F μν
M, ∇μSM

N , and ∇μΦ.
Schematically, its elements take the form

fR2½1�; H4½3�; ð∇ΦÞ4½1�; ð∇SÞ4½5�;F 4½12�; RH2½1�; RF 2½2�; H2ð∇ΦÞ2½2�; H2ð∇SÞ2½2�; H2F 2½8�; ð∇ΦÞ2ð∇SÞ2½2�;
ð∇ΦÞ2F 2½4�; ð∇SÞ2F 2½10�; H∇ΦF 2½2�; H∇SF 2½3�;∇Φ∇SF 2½3�g: ð3:26Þ

We give the explicit expressions for all the basis elements in Appendix A. In the following we will exhibit the Oðd; d;RÞ
invariance of the dimensionally reduced action by expanding the reduced action in the basis (3.26).

IV. COMPACTIFICATION OF THE FOUR-DERIVATIVE ACTION

The first-order α0 extension of the action of the bosonic string (2.1) has been known for some time [30] and is given up to
field redefinitions by

Î1 ¼
1

4
α0
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂
�
R̂μ̂ ν̂ ρ̂ σ̂R̂

μ̂ ν̂ ρ̂ σ̂ −
1

2
Ĥμ̂ ν̂ λ̂Ĥρ̂ σ̂

λ̂R̂μ̂ ν̂ ρ̂ σ̂ −
1

8
Ĥ2

μ̂ ν̂Ĥ
2μ̂ ν̂ þ 1

24
Ĥμ̂ ν̂ ρ̂Ĥ

μ̂
σ̂
λ̂Ĥν̂

λ̂
τ̂Ĥρ̂

τ̂
σ̂

�
: ð4:1Þ

In this section, we compactify separately all of its terms on a d-torus, using the ansätze (2.3) and (2.4). We fix the freedom of
partial integration and possible field redefinitions by converting all terms into polynomials of first-order derivatives (and the
Riemann tensor). To do so, we systematically use partial integration and Bianchi identities to bring all terms carrying
second-order derivatives into a form corresponding to the first column of Table I, which can then be converted to the desired
form by means of field redefinitions as discussed in Sec. II B. In the next section, we then compare the result to the
Oðd; d;RÞ basis of Sec. III D.
The reduction of the 3-form field strength Ĥμ̂ ν̂ ρ̂ is given in Eq. (2.5). For the reduction of the Riemann tensor, we follow

the results of Ref. [31] and give the lower-dimensional components in flat indices as

R̂αβγδ ¼ Rαβγδ −
1

2

h
−GmnF

ð1Þm
α½γ Fð1Þ n

δ�β þ GmnF
ð1Þm
αβ Fð1Þ n

γδ

i
;

R̂αβγd ¼
h
∇½αF

ð1Þp
β�γ −

1

2
ðGmn∇½αGnpFð1Þm

β�γ − Fð1Þm
αβ Gmn∇γGnpÞ

i
Epd;

R̂αβcd ¼
1

2

h
Fð1Þγm
α Fð1Þ q

γβ −∇αGmnGnp∇βGpq
i
Em½cEjqjd�;

R̂αbγd ¼
1

4

h
2∇α∇γGmq − 2∇αGmnGnp∇γGpq −∇γGmnGnp∇αGpq þ Fð1Þm

γε Fð1Þ ε q
α

i
EmbEqd;

R̂abγd ¼ −
1

2
Fð1Þm
γε ∇εGnpEm½aEjnjb�Epd;

R̂abcd ¼ −
1

2
∇εGmn∇εGpqEmaEpbEn½cEjqjd�: ð4:2Þ

4At order α02 this pattern breaks down. The general counting (3.20) reveals 1817 independent terms at order α02, whereas there
are only 1212 independent polynomials that can be constructed in terms of first-order derivatives. This general case differs from the
situation encountered in the reduction to D ¼ 1 dimensions where one can always find a basis carrying no more than first-order time
derivatives [10].
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A. Reduction of the various terms

We reduce the action (4.1) term by term.

1. Reduction of Ĥ2
μ̂ ν̂Ĥ

2μ̂ ν̂

Upon compactification, we obtain

Ĥ2
μ̂ ν̂Ĥ

2μ̂ ν̂ ¼ H2
μνH2 μν þ 4H2

μνHμ
ρmHνρm − 2H2 μνHμνmHν

nm þ 4HμνmHμρmHνσnHρσn

− 4HμρpHν
ρpHμmnHν

nm þHμmnHν
mnHμ

pqHνqp þ 2HμνλHρσ
λHμνmHρσ

m

þ 8HμνρHμνmHσ
mnHσ

ρn − 8HμρmHμmnHν
npHν

ρp þHμνmHρσ
mHμνnHρσ

n

− 4HμνmHρ
mnHρ

npHμνp þ 4HμmnHνnpHνpqHμqm þ 4HmnpHμνρHmnρHμνp

þ 8HmnpHμνqHμpqHνmn þ 2HmnpHμqrHμmnHpqr þ 2HmnpHmnqHμν
pHμνq

þ 4HmnpHmnqHμprHμqr þHmnrHmnsHpqsHpqr: ð4:3Þ

Using Eq. (2.5), this takes the form

Ĥ2
μ̂ ν̂Ĥ

2μ̂ ν̂ ¼ H2
μνH2 μν þ 4Trð∇μBG−1∇μBG−1∇νBG−1∇νBG−1Þ

þ Trð∇μBG−1∇νBG−1ÞTrð∇μBG−1∇νBG−1Þ þHμνmGmnHρσnHμν
pGpqHρσ

q

þ 4HμνmGmnHμρ
nHρσpGpqHνσ

q − 2H2 μνTrð∇μBG−1∇νBG−1Þ
þ 4H2 μνHμρmGmnHν

ρ
n − 4Trð∇μBG−1∇νBG−1ÞHμρmGmnHν

ρ
n

þ 2HμνλHρσ
λHμνmGmnHρσn − 8HμρmðG−1∇μBG−1∇νBG−1ÞmnHνρ

n

− 8HμνρHμνmðG−1∇σBG−1ÞmnHρσn − 4HμνmðG−1∇ρBG−1∇ρBG−1ÞmnHμν
n; ð4:4Þ

where all terms carry first-order derivatives only, i.e., are already of the desired form.

2. Reduction of Ĥμ̂ ν̂ ρ̂Ĥ
μ̂
σ̂
λ̂Ĥν̂

λ̂
τ̂Ĥρ̂

τ̂
σ̂

Upon compactification, we obtain

Ĥμ̂ ν̂ ρ̂Ĥ
μ̂
σ̂
λ̂Ĥν̂

λ̂
τ̂Ĥρ̂

τ̂
σ̂ ¼ HμνρHμ

σ
λHν

λ
τHρ

τ
σ þ 6HμνλHρσ

λHμρmHνσ
m

− 12HμνρHμσmHν
mnHρ

σ
n þ 4HμνρHμmnHν

npHρp
m þ 3HμνmHρσ

mHμρ
nHνσn

− 12HμνmHρ
mnHν

npHμρp þ 3HμmnHν
npHμ

pqHνpm þ 4HmnpHm
μνHρ

μnHρνp

þ 12HmnpHμmqHνn
qHμν

p þ 6HmnrHpq
rHmp

μHnqμ þHmnpHm
q
rHn

r
sHp

s
q: ð4:5Þ

Using Eq. (2.5), this takes the form

Ĥμ̂ ν̂ ρ̂Ĥ
μ̂
σ̂
λ̂Ĥν̂

λ̂
τ̂Ĥρ̂

τ̂
σ̂ ¼ HμνρHμ

σ
λHν

λ
τHρ

τ
σ þ 3HμνmGmnHρσnHμρ

pGpqHνσ
q

þ 6HμνλHρσ
λHμρmGmnHνσn þ 3Trð∇μBG−1∇νBG−1∇μBG−1∇νBG−1Þ

− 12HμνρHμσmðG−1∇νBG−1ÞmnHρ
σ
n − 12HμνmðG−1∇ρBG−1∇νBG−1ÞmnHμρ

n

þ 4HμνρTrð∇μBG−1∇νBG−1∇ρBG−1Þ; ð4:6Þ

where again all terms carry first-order derivatives only, i.e., are already of the desired form.
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3. Reduction of R̂μ̂ ν̂ ρ̂ σ̂R̂
μ̂ ν̂ ρ̂ σ̂

Splitting the Dþ d indices μ̂ as μ̂ → fμ; mg, we obtain

R̂μ̂ ν̂ ρ̂ σ̂R̂
μ̂ ν̂ ρ̂ σ̂ ¼ R̂μνρσR̂

μνρσ þ 4R̂μνρmR̂
μνρm þ 2R̂μνmnR̂

μνmn

þ 4R̂μmνnR̂
μmνn þ 4R̂mnμpR̂

mnμp þ R̂mnpqR̂
mnpq: ð4:7Þ

Upon using Eq. (4.2), the reduction of the first term of the action (4.1) then yields

α0

4

Z
dDþdX

ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂R̂μ̂ ν̂ ρ̂ σ̂R̂

μ̂ ν̂ ρ̂ σ̂

→
α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
RμνρσRμνρσ −

3

2
RμνρσFð1Þm

μν GmnF
ð1Þn
ρσ þ 3

2
Trð∇μG−1∇μG∇νG−1∇νGÞ

þ 5

8
Trð∇μG−1∇νG∇μG−1∇νGÞ þ 1

8
Trð∇μG−1∇νGÞTrð∇μG−1∇νGÞ

þ 3

8
Fð1Þm
μν GmnF

ð1Þn
ρσ Fð1ÞμνpGpqFð1Þρσ q þ 1

8
Fð1Þm
μν GmnF

ð1Þ n
ρσ Fð1ÞμρpGpqFð1Þνσ q

þ 1

2
Fð1Þm
μν GmnFð1Þμ ρ nFð1Þp

ρσ GpqFð1Þνσ q −
1

2
Trð∇μG−1∇νGÞFð1Þm

μρ GmnFð1Þν ρ n

−
3

2
Fð1Þm
μν ð∇ρG∇ρG−1GÞmnF

ð1Þμν n þ 1

2
Fð1Þm
μν ð∇ρG∇μG−1GÞmnF

ð1Þρνn

þ Trð∇μ∇νG−1G∇μ∇νG−1GÞ þ 3Trð∇μ∇νG−1∇μG∇νG−1GÞ − 6∇ρF
ð1Þm
μν ∇μGmnFð1Þν ρ n

þ Fð1Þm
μν ðG∇μ∇ρG−1GÞmnF

ð1Þρν n − 2∇ρF
ð1Þm
μν Gmn∇μFð1Þν ρ n

�
: ð4:8Þ

Apart from the Riemann tensor, only the five last terms contain second-order derivatives. Using partial integration and
Bianchi identities, it is possible to transform those terms so that all second-order derivatives appear as the leading two-
derivative contribution from the field Eqs. (2.17), i.e., appear within the first column of Table I. Details are given in
Appendix B. Specifically, the remaining second-order derivative terms combine into

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
Trð□G−1G□G−1GÞ − 2∇μΦTrð□G−1G∇μG−1Þ

þ 2Trð□G−1G∇νG−1∇νGÞ þ 1

2
Trð□GG−1∇νG∇νG−1Þ − 5

4
Fð1Þm
μν □GmnFð1Þμνn

þ ðRμν þ∇μ∇νΦÞðTrð∇μG−1∇νGÞ − 2Fð1Þm
μρ GmnF

ð1Þρ n
ν Þ

þ 2∇μFð1Þ m
μν Gmnð∇ρFð1Þρν n −∇ρΦFð1Þρν nÞ

þ ð−2∇μΦFð1Þm
μν Gmn þ 3Fð1Þm

μν ∇μGmnÞ∇ρFð1Þρν n
�
; ð4:9Þ

and can be eliminated by field redefinitions according to the rules defined in Table I. The explicit induced field redefinitions
are collected in Eq. (B4). The final result of the reduction (4.8) then takes the form

α0

4

Z
dDþdX

ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂R̂μ̂ ν̂ ρ̂ σ̂R̂

μ̂ ν̂ ρ̂ σ̂

→
α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
RμνρσRμνρσ −

1

2
RμνρσFð1Þm

μν GmnF
ð1Þ n
ρσ þ 1

2
Trð∇μG∇μG−1∇νBG−1∇νBG−1Þ

þ Trð∇μBG−1∇μBG−1∇νBG−1∇νBG−1Þ þ 1

8
Trð∇μG−1∇νG∇μG−1∇νGÞ

−
1

8
Trð∇μG−1∇νGÞTrð∇μG−1∇νGÞ − 1

4
Trð∇μBG−1∇νBG−1ÞTrð∇μG−1∇νGÞ
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þ 1

4
HμνmGmnHρσnHμν

pGpqHρσ
q þ

1

8
Fð1Þm
μν GmnF

ð1Þ n
ρσ Fð1ÞμρpGpqFð1Þνσ q

−
1

2
Fð1Þm
μν GmnFð1Þμρ nFð1Þp

ρσ GpqFð1Þνσ q −HμνmGmnHμρ
nF

ð1Þp
ρσ GpqFð1Þνσ q

þ 1

8
Fð1Þm
μν HρσmFð1ÞμνnHρσ

n þ
1

4
H2 μνTrð∇μG−1∇νGÞ −

1

2
H2

μνFð1Þμρ mGmnFð1Þ ν
ρ
n

þ 1

2
Trð∇μBG−1∇νBG−1ÞFð1ÞμρmGmnFð1Þ ν

ρ
n þ 1

2
Trð∇μG−1∇νGÞHμρ

mGmnHν
ρn

þ 1

2
Trð∇μG−1∇νGÞFð1ÞμρmGmnFð1Þ ν

ρ
n þ 1

2
Hμν λHρσ

λHμνmGmnHρσn

− 2Hμν ρHμνmðG−1∇σBG−1ÞmnHρσn −
1

2
Hμν ρHμνmðG−1∇σGÞmnF

ð1Þ n
ρσ

−
1

4
Fð1Þm
μν ð∇ρBG−1∇ρBÞmnF

ð1Þμνn −
1

4
Hμνmð∇ρG−1∇ρGG−1ÞmnHμν

n

−HμνmðG−1∇ρBG−1∇ρBG−1ÞmnHμν
n −

1

2
Fð1Þm
μν ð∇ρG∇νG−1GÞmnF

ð1Þμρn

− 2HμρmðG−1∇μBG−1∇νBG−1ÞmnHνρ
n −HμρmðG−1∇μBG−1∇νGÞmnF

ð1Þνρn
�
: ð4:10Þ

4. Reduction of R̂μ̂ ν̂ ρ̂ σ̂Ĥ
μ̂ ν̂ λ̂Ĥρ̂ σ̂

λ̂

Let us finally consider the reduction of the term RHH. The index split gives

R̂μ̂ ν̂ ρ̂ σ̂Ĥ
μ̂ ν̂ λ̂Ĥρ̂ σ̂

λ̂ ¼ R̂μνρσĤ
μνλĤρσ

λ þ R̂μνρσĤ
μν

mĤ
ρσm − 4R̂μνρmĤ

μνλĤρ
λ
m

− 4R̂μνρmĤ
ρnmĤμν

n þ 2R̂μνmnĤ
μνρĤρ

mn þ 4R̂μmνnĤ
μρmĤν

ρ
n

þ 4R̂μmνnĤ
μmpĤνn

p − 4R̂μmnpĤ
μνmĤν

np þ R̂mnpqĤ
μmnĤμ

pq

þ 2R̂μνmnĤ
μν

pĤ
mnp þ 4R̂μmnpĤ

μm
qĤ

npq þ R̂mnpqĤ
mn

rĤ
pqr: ð4:11Þ

Then, using Eqs. (2.5) and (4.2), the reduction of the corresponding term in the action (4.1) gives

−
1

8
α0
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂R̂μ̂ ν̂ ρ̂ σ̂Ĥ

μ̂ ν̂ λ̂Ĥρ̂ σ̂
λ̂

→
α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

2
RμνρσHμνλHρσ

λ −
1

2
RμνρσHμν

mGmnHρσ
n

−
1

4
Trð∇μG−1∇νB∇μG−1∇νBÞ − Trð∇μB∇μG−1G∇νG−1∇νBG−1Þ

−
1

2
Trð∇μG−1G∇νG−1∇μBG−1∇νBÞ þ 1

4
Fð1Þm
μν GmnF

ð1Þn
ρσ Hμν

pGpqHρσ
q

þ 1

4
Fð1Þm
μν GmnF

ð1Þn
ρσ Hμρ

pGpqHνσ
q −

1

2
Fð1Þm
μν HρσmFð1ÞρνnHμσ

n þ
1

4
HμνλHρσ

λF
ð1Þm
μρ GmnF

ð1Þn
νσ

þ 1

4
HμνλHρσ

λF
ð1Þm
μν GmnF

ð1Þn
ρσ −HμνρFð1Þm

μν ðG∇σG−1ÞmnHρσn −HμνρFð1Þm
μσ ðG∇νG−1ÞmnHρ

σ
n

−
1

2
HμνρFð1Þm

μσ ∇νBmnF
ð1Þσ n
ρ − Fð1Þm

μν ð∇ρB∇νG−1ÞmnHμρ
n þ

1

2
Fð1Þm
μν ð∇ρBG−1∇νBÞmnF

ð1Þμρn

− Fð1Þm
μν ðG∇ρG−1∇ρBG−1ÞmnHμν

n − Fð1Þm
μν ðG∇ρG−1∇νBG−1ÞmnHμρ

n
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−
1

2
Hμνmð∇ρG−1∇νGG−1ÞmnHμρ

n −Hμρmð∇μG−1∇νGG−1ÞmnHνρ
n

−
1

2
HμνρTrð∇μG−1G∇νG−1∇ρBÞ þ Trð∇μ∇νG−1∇μBG−1∇νBÞ −Hμρ

m∇μ∇νGmnHν
ρn

− 2∇μF
ð1Þm
νρ ð∇ρBG−1ÞmnHμν

n þ 2Hμνλ∇μF
ð1Þm
νρ Hρ

λm

�
: ð4:12Þ

Apart from the Riemann tensor, the four last terms contain second-order derivatives. Just as for the Riemann squared term
(4.8), upon partial integration, one can transform these terms such that all second-order derivatives appear as the leading
two-derivative contribution from the field Eqs. (2.17). Details are given in Appendix B. Specifically, the remaining second-
order derivative terms combine into

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ

α0

4

�
1

2
Trð□G−1∇νBG−1∇νBÞ − Trð□BG−1∇νB∇νG−1Þ

−
1

2
Fð1Þm
μν ð□BG−1ÞmnHμν

n −
1

4
Hμν

m□GmnHμνn −∇μHμνρFð1Þm
νσ Hσ

ρm

−
1

2
∇μHμν

mð2∇ρGmnHνρn −HνρσFð1Þρσm þ 2ðG−1∇ρBÞmnF
ð1Þ n
νρ Þ

−
1

2
∇μFð1Þμνmð2ð∇ρBG−1ÞmnHνρn −HνρσHρσ

mÞ
�
; ð4:13Þ

and can be eliminated by field redefinitions according to the rules defined in Table I. The explicit induced field redefinitions
are collected in Eq. (B9). The final result of the reduction (4.12) then takes the form

−
1

8
α0
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂R̂μ̂ ν̂ ρ̂ σ̂Ĥ

μ̂ ν̂ λ̂Ĥρ̂ σ̂
λ̂

→
α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

2
RμνρσHμνλHρσ

λ −
1

2
RμνρσHμν

mGmnHρσ
n þ

1

4
Trð∇μG−1∇νB∇μG−1∇νBÞ

−
1

2
Trð∇μG∇μG−1∇νBG−1∇νBG−1Þ − 1

2
Trð∇μBG−1∇μBG−1∇νBG−1∇νBG−1Þ

−
1

2
Trð∇μG−1G∇νG−1∇μBG−1∇νBÞ − 1

8
HμνmGmnHρσnHμν

pGpqHρσ
q þ

1

4
Fð1Þm
μν GmnF

ð1Þ n
ρσ Hμρ

pGpqHνσ
q

þ 1

2
Fð1Þm
μν HρσmFð1ÞρνnHμσ

n −
1

8
Fð1Þm
μν HρσmFð1ÞμνnHρσ

n þ
1

4
HμνλHρσ

λF
ð1Þm
μρ GmnF

ð1Þn
νσ −

1

4
HμνλHρσ

λHμνmGmnHρσn

þHμνρHμνmðG−1∇σBG−1ÞmnHρσn þ
1

2
HμνρHμνmðG−1∇σGÞmnF

ð1Þm
ρσ

−HμνρFð1Þm
μσ ðG∇νG−1ÞmnHρ

σ
n þ

1

2
HμνρFð1Þm

μσ ∇νBmnF
ð1Þσ n
ρ

þ 1

4
Fð1Þm
μν ð∇ρBG−1∇ρBÞmnF

ð1Þμνn þ 1

2
HμνmðG−1∇ρBG−1∇ρBG−1ÞmnHμν

n

þ 1

4
HμνmðG−1∇ρG∇ρG−1ÞmnHμν

n − Fð1Þm
μν ðG∇ρG−1∇νBG−1ÞmnHμρ

n

þ Fð1Þm
μν ð∇ρB∇νG−1ÞmnHμρ

n −
1

2
Fð1Þm
μν ð∇ρBG−1∇νBÞmnF

ð1Þμρn

−
1

2
Hμνmð∇ρG−1∇νGG−1ÞmnHμρ

n þHμρmðG−1∇μBG−1∇νBG−1ÞmnHνρ
n

− Fð1Þm
μρ ð∇μGG−1∇νBG−1ÞmnHνρ

n −
1

2
HμνρTrð∇μG−1G∇νG−1∇ρBÞ

�
: ð4:14Þ

In the next section, we will match the result of the explicit reduction against the basis (3.26) in order to establish the
Oðd; d;RÞ invariance of the reduced action.
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B. Field redefinitions

By partial integration and suitable field redefinitions, we have thus cast the reduced action at order α0 into a form which is
polynomial in first-order derivatives and the Riemann tensor. As an illustration and for potential applications requiring the
dictionary between the lower-dimensional fields and the fields featuring in the original action (2.1), let us list the full set of
induced field redefinitions, put together from Eqs. (B4) and (B9):

δΦ ¼ 1

4

�
−Fð1Þm

μν GmnFð1Þμνn þ 1

2
Trð∇μG−1∇μGÞ

�
;

δgμν ¼
1

4
½2Fð1Þm

μρ GmnF
ð1Þρn
ν − Trð∇ðμG−1∇νÞGÞ�;

δBμν ¼
1

8

��
−2∇ρFð1Þm

ρμ þ 2∇ρΦFð1Þm
ρμ þ 1

2
HμρσHρσ

pGpm

þ Fð1Þp
μρ ð∇ρGG−1Þpm þHμρpðG−1∇ρBG−1Þpm

�
ðAð2Þ

νm − BmnA
ð1Þn
ν Þ

− Að1Þm
μ ðG∇ρG−1ÞmnHνρn − Að1Þm

μ ∇ρBmnF
ð1Þn
νρ þ 2Fð1Þm

μρ Hρ
νm

þ 1

2
Að1Þm
μ HνρσGmnFð1Þρσn

�
− ðμ ↔ νÞ;

δGmn ¼ 1

4

�
−2□Gmn þ 2∇μΦ∇μGmn −

1

2
GmpHμνpGnqHμν

q −
3

2
Fð1Þm
μν Fð1Þμνn

− ðG−1∇μG∇μG−1Þmn þ ðG−1∇μBG−1∇μBG−1Þmn

�
;

δBmn ¼
1

4

�
ð∇μB∇μG−1GÞmn þ ðG∇μG−1∇μBÞmn −

1

2
HμνmFð1ÞμνpGpn þ

1

2
GmpFð1ÞμνpHμνn

�
;

δAð1Þm
μ ¼ 1

4

�
−2∇νFð1Þm

νμ þ 2∇νΦFð1Þm
νμ þ 1

2
HμνρHνρ

nGnm þ Fð1Þn
μν ð∇νGG−1Þnm þHμνnðG−1∇νBG−1Þnm

�
;

δAð2Þ
μm ¼ 1

4

�
2∇νFð1Þ n

νμ Bnm − 2∇νΦFð1Þn
νμ Bnm −

1

2
HμνρHνρ

nðG−1BÞnm − Fð1Þn
μν ð∇νGG−1BÞnm

−HμνnðG−1∇νBG−1BÞnm þHμνnð∇νG−1GÞnm − Fð1Þn
μν ∇νBnm −

1

2
HμνρFð1ÞνρnGnm

�
; ð4:15Þ

where we used the convention of Eq. (2.15).

V. Oðd;d;RÞ INVARIANCE AND A
GREEN-SCHWARZ TYPE MECHANISM

We have now set up all the elements allowing one to
systematically exhibit the Oðd; d;RÞ invariance of the
dimensionally reduced theory at order α0. Having brought
the reduced action into a form that is polynomial in first
derivatives (and the Riemann tensor), we have fully fixed
the ambiguities due to field redefinitions and partial
integration. We can then compare the result to the dis-
tinguished manifestly Oðd; d;RÞ invariant basis con-
structed in Sec. III D, after breaking up the latter under
GLðdÞ.5 Different terms of the Oðd; d;RÞ basis (3.26) do

not share common terms in the decomposition under
GLðdÞ; i.e., every GLðdÞ invariant term we have obtained
in the reduction in the previous section has a unique
ancestor within the Oðd; d;RÞ basis (3.26). It becomes
thus a straightforward—albeit lengthy—task to recombine
(if possible) any collection of GLðdÞ terms into Oðd; d;RÞ
invariant expressions.
The dimensionally reduced action is given by the sum of

Eqs. (4.4), (4.6), (4.10), and (4.14). Upon combining these
terms into the Oðd; d;RÞ invariant expressions of the basis
(3.26), we can bring it into the form

I1 ¼ I1 þO1; ð5:1Þ

where I1 is the part of I1 that can be organized into a linear
combination of manifestly Oðd; d;RÞ invariant basis ele-
ments as

5See Appendix C for the GLðdÞ expressions of the relevant
Oðd; d;RÞ terms.
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I1 ¼
1

4
α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
RμνρσRμνρσ −

1

2
RμνρσHμνλHρσ

λ −
1

8
H2

μνH2 μν þ 1

24
HμνρHμ

σ
λHν

λ
τHρ

τ
σ

−
1

2
RμνρσF μνMSM

NF ρσ
N þ 1

16
Trð∇μS∇νS∇μS∇νSÞ − 1

32
Trð∇μS∇νSÞTrð∇μS∇νSÞ

þ 1

8
F μν

MF ρσMF
μρNF νσ

N −
1

2
F μν

MSM
NF μρ

NF νσPSP
QF ρσQ

þ 1

8
F μν

MSM
NF ρσNF μρPSP

QF νσ
Q þ 1

8
H2

μνTrð∇μS∇νSÞ − 1

2
H2

μνF μ
ρ
MSM

NF νρ
N

þ 1

4
F μρMSM

NF ν
ρNTrð∇μS∇νSÞ þ

1

4
HμνλHρσ

λF μρ
MSM

NF νσN

−
1

2
HμνρF μσ

MðS∇νSÞMNF ρ
σ
N −

1

2
F μν

MðS∇ρS∇νSÞMNF μρ
N

�
; ð5:2Þ

whereas the remaining part of the action O1 is not manifestly Oðd; d;RÞ invariant, but given by

O1 ¼ −
1

8
α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−ΦHμνρTr

�
∇μG−1G∇νG−1∇ρB −

1

3
∇μBG−1∇νBG−1∇ρBG−1

�
: ð5:3Þ

This suggests the definition

Ωμνρ ¼ −
3

4
Trð∂ ½μG−1G∂νG−1∂ρ�BÞ þ

1

4
Trð∂ ½μBG−1∂νBG−1∂ρ�BG−1Þ; ð5:4Þ

such that O1 takes the form

O1 ¼
1

6
α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−ΦHμνρΩμνρ: ð5:5Þ

The 3-form (5.4) descends from the nonvanishing coho-
mologyH4 of Oðd; d;RÞ=ðOðdÞ × OðdÞÞ [32,33]; although
it is not Oðd; d;RÞ invariant, its exterior derivative is6

4∂ ½μΩνρσ� ¼
3

8
TrðS∂ ½μS∂νS∂ρS∂σ�SÞ: ð5:6Þ

For Γ ∈ oðd; d;RÞ this implies that dδΓΩ ¼ δΓdΩ ¼ 0; i.e.,
the Oðd; d;RÞ variation of Ωμνρ is closed and can locally be
integrated to a 2-form Xμν such that

δΓΩμνρ ¼ 3∂ ½μXνρ�: ð5:7Þ

This observation together with the particular form of (5.5)
suggests a Green-Schwarz type mechanism in order to
restore Oðd; d;RÞ invariance of the D-dimensional action.
Specifically, the term (5.5) can be absorbed into a defor-
mation of the two-derivative action (2.11) upon redefining

H̃μνρ ≡Hμνρ − α0Ωμνρ; ð5:8Þ

such that the kinetic term now produces

−
1

12
H̃μνρH̃μνρ ¼ −

1

12
HμνρHμνρ þ

α0

6
HμνρΩμνρ þOðα02Þ:

ð5:9Þ

In view of Eq. (5.7), the deformed field strength (5.8)
remains Oðd; d;RÞ invariant, if we impose on Bμν a
nontrivial Oðd; d;RÞ transformation for Γ ∈ oðd; d;RÞ as

δΓBμν ¼ α0Xμν ⇒ δΓH̃μνρ ¼ 0: ð5:10Þ

The resulting theory is then fully Oðd; d;RÞ invariant to
first order in α0. In order to compute an explicit expression
for Xμν, we start from a general oðd; d;RÞ matrix para-
metrized as

ΓM
N ¼

�
amn bmn

cmn −anm

�
; ð5:11Þ

with cmn and bmn antisymmetric. Further defining the
oðd; d;RÞ matrices

AðaÞMN ¼
�
amn 0

0 −anm

�
; BðbÞMN ¼

�
0 bmn

0 0

�
;

CðcÞMN ¼
�

0 0

cmn 0

�
; ð5:12Þ

the oðd; d;RÞ algebra takes the form6See Appendix C for the GLðdÞ expression.
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8>><
>>:

½Aða1Þ;Aða2Þ� ¼Að½a1;a2�Þ;
½AðaÞ;BðbÞ� ¼Bðabþ batÞ;
½AðaÞ;CðcÞ� ¼ −Cðcaþ atcÞ;

8>><
>>:

½Bðb1Þ;Bðb2Þ� ¼ 0;

½BðbÞ;CðcÞ� ¼AðbcÞ;
½Cðc1Þ;Cðc2Þ� ¼ 0:

ð5:13Þ

The action of these generators on Gmn and Bmn is obtained
from Eq. (2.9) as

�
δΓG ¼ aGþ Gat −GcB − BcG;

δΓB ¼ aBþ Bat − BcB −GcGþ b;
ð5:14Þ

which, together with Eq. (5.4), yields the general
Oðd; d;RÞ variation of Ωμνρ,

δΓΩμνρ ¼ −
3

2
½Trðc∂ ½μG∂νG−1∂ρ�GÞ

þ Trðc∂ ½μB∂νG−1∂ρ�BÞ�: ð5:15Þ

Pulling out one derivative, we extract the explicit form of
Xμν from Eq. (5.7):

Xμν ¼
1

2
Trðc∂ ½μðGþ BÞG−1∂ν�ðGþ BÞÞ: ð5:16Þ

According to Eq. (5.10), the 2-form thus acquires new
transformations only along the nilpotent oðd; d;RÞ gen-
erators cmn. This is consistent with the fact that all the
other oðd; d;RÞ generators have a geometric origin and
by construction represent manifest symmetries of the
dimensionally reduced action. Moreover, with the ex-
pression (5.16), one can verify that the algebra of
oðd; d;RÞ transformations (5.13) closes on Bμν. Crucially,
the deformed oðd; d;RÞ action (5.10) cannot be absorbed

into a redefinition of the fields but represents a genuine
deformation of the Oðd; d;RÞ transformation rules.
We may also consider the behavior of Eq. (5.5) under the

Z2 invariance of bosonic string theory that sends B̂ → −B̂.
On the Oðd; d;RÞ matrix (2.9) this symmetry acts as [15]

H → ZTHZ; Z≡
�
1 0

0 −1

�
: ð5:17Þ

The matrix Z is not Oðd; d;RÞ valued since the metric
(2.10) transforms as

η → ZηZT ¼ −η ⇒ S → −ZSZ: ð5:18Þ

Thus, the Oðd; d;RÞ invariant defined by the right-hand
side of Eq. (5.6) is Z2 odd. This ensures Z2 invariance of
the action (5.5) since Bμν and its field strengthHμνρ are also
Z2 odd.
Let us summarize the previous discussion. The

bosonic string effective action, including its first-order
α0-corrections, upon compactification on a d-torus exhibits
a global Oðd; d;RÞ symmetry, provided the Oðd; d;RÞ
transformations of the two-derivative action acquire α0-
corrections according to Eq. (5.10). The full α0-corrected
transformations are given by

� δΓgμν ¼ 0;

δΓBμν ¼ α0
2
Trðc∂ ½μðGþ BÞG−1∂ν�ðGþ BÞÞ;�

δΓHMN ¼ ΓM
PHPN þ ΓN

PHMP;

δΓF μν
M ¼ −F μν

NΓN
M;

ð5:19Þ

for ΓM
N ∈ oðd; d;RÞ parametrized as Eq. (5.11). To order

α0, the Oðd; d;RÞ invariant action is given by

I ¼
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
Rþ ∂μΦ∂μΦ −

1

12
H̃μνρH̃μνρ þ 1

8
Trð∂μS∂μSÞ − 1

4
FM

μνSM
NF μν

N

þ 1

4
α0
�
RμνρσRμνρσ −

1

2
RμνρσHμνλHρσ

λ þ
1

24
HμνρHμ

σ
λHν

λ
τHρ

τ
σ −

1

8
H2

μνH2 μν þ 1

16
Trð∇μS∇νS∇μS∇νSÞ

−
1

32
Trð∇μS∇νSÞTrð∇μS∇νSÞ þ 1

8
F μν

MSM
NF ρσNF μρPSP

QF νσ
Q −

1

2
F μν

MSM
NF μρ

NF νσPSP
QF ρσQ

þ 1

8
F μν

MF ρσMF
μρNF νσ

N −
1

2
RμνρσF μνMSM

NF ρσ
N þ 1

8
H2

μνTrð∇μS∇νSÞ − 1

2
H2

μνF μ
ρ
MSM

NF νρ
N

þ 1

4
HμνλHρσ

λF μρ
MSM

NF νσN −
1

2
F μν

MðS∇ρS∇νSÞMNF μρ
N þ 1

4
F μρMSM

NF ν
ρNTrð∇μS∇νSÞ

−
1

2
HμνρF μσ

MðS∇νSÞMNF ρ
σ
N

��
þOðα02Þ; ð5:20Þ

with the deformed field-strength H̃μνρ defined in Eq. (5.8). This constitutes the main result of this paper.
Let us comment on the relation to Ref. [8], where a similar analysis of the first-order α0-corrections is performed,

however, restricted to the scalar sector, i.e., setting Að1Þm
μ ¼ Að2Þ

μm ¼ Bμν ¼ 0, gμν ¼ ημν. Their result is given in their Eq. (74):
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I1 ¼
1

8
α0
Z

dDxe−Φ
�
−Trð∇μ∇νS∇μ∇νSÞ þ 1

16
Trð∇μS∇νSÞTrð∇μS∇νSÞ

þ Trð∇μS∇μS∇νS∇νSÞ þ 1

8
Trð∇μS∇νS∇μS∇νSÞ

�
: ð5:21Þ

Upon partial integration, this can be rewritten as

I1 ¼
1

8
α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
−Trðð□S −∇μΦ∇μSÞð□S −∇νΦ∇νSÞÞ þ ðRμν þ∇μ∇νΦÞTrð∇μS∇νSÞ

þ 1

16
Trð∇μS∇νSÞTrð∇μS∇νSÞ þ Trð∇μS∇μS∇νS∇νSÞ þ 1

8
Trð∇μS∇νS∇μS∇νSÞ

�
: ð5:22Þ

As discussed in Sec. II B, we can then remove the second-order derivative terms by performing the [Oðd; d;RÞ covariant]
field redefinitions 8>><

>>:
δΦ ¼ 1

16
Trð∇μS∇μSÞ;

δgμν ¼ − 1
8
Trð∇μS∇νSÞ;

δS ¼ − 1
2
ð□S −∇μΦ∇μSÞ þ 1

2
S∇μS∇μS;

ð5:23Þ

in the convention of Eq. (2.15), to bring the result into the equivalent form

I1 ¼
1

4
α0
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
1

16
Trð∇μS∇νS∇μS∇νSÞ − 1

32
Trð∇μS∇νSÞTrð∇μS∇νSÞ

�
: ð5:24Þ

This precisely coincides with the truncation of Eq. (5.2) to the scalar fields. Our result reproduces also the first-order α0
expressions of Refs. [5,10] for the reduction to D ¼ 1 dimensions.
Let us finally point out that considering the most generic manifestly diffeomorphism invariant four-derivative action7 [30]

I1 ¼ α0
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂ðγ1R̂μ̂ ν̂ ρ̂ σ̂R̂

μ̂ ν̂ ρ̂ σ̂ þ γ2Ĥ
μ̂ ν̂ λ̂Ĥρ̂ σ̂

λ̂R̂μ̂ ν̂ ρ̂ σ̂ þ γ3Ĥμ̂ ν̂ ρ̂Ĥ
μ̂
σ̂
λ̂Ĥν̂

λ̂
τ̂Ĥρ̂

τ̂
σ̂

þ γ4Ĥ
2
μ̂ ν̂Ĥ

2μ̂ ν̂ þ γ5ðĤ2Þ2 þ γ6Ĥ
2
μ̂ ν̂∂ μ̂ϕ̂∂ ν̂ϕ̂þ γ7Ĥ

2∂ μ̂ϕ̂∂ μ̂ϕ̂þ γ8∂ μ̂ϕ̂∂ μ̂ϕ̂∂ ν̂ϕ̂∂ ν̂ϕ̂Þ; ð5:25Þ

the only choice of coefficients that give rise to an Oðd; d;RÞ invariant action after reduction on a generic d-dimensional
torus is

γ2 ¼ −
γ1
2
; γ3 ¼

γ1
24

; γ4 ¼ −
γ1
8
; γ5 ¼ 0; γ6 ¼ 0; γ7 ¼ 0; γ8 ¼ 0; ð5:26Þ

corresponding to the action (4.1). Indeed, as the definition
of Φ imposes

∂μϕ̂ ¼ ∂μΦþ 1

2
TrðG−1∂μGÞ; ð5:27Þ

the terms proportional to γ6, γ7, and γ8, respectively, in
Eq. (5.25) produce terms carrying a factor TrðG−1∂μGÞ.
However, there is no Oðd; d;RÞ invariant term in the basis
(3.26) that contains such a factor, as shown in Appendix C.

Moreover, these terms cannot cancel each other, as they
come with different contraction structures. This imposes
γ6 ¼ γ7 ¼ γ8 ¼ 0. The computations detailed in Secs. II
and IV finally imply the remaining coefficients of
Eq. (5.26). Only with this choice do the GLðdÞ terms
combine into the Oðd; d;RÞ invariant terms of the basis
(3.26). Up to field redefinition, the action (4.1) thus is the
unique four-derivative correction exhibiting Oðd; d;RÞ
invariance upon dimensional reduction.

VI. FRAME FORMULATION

In the previous section we have shown that invariance
under rigid Oðd; d;RÞ transformations requires an α0-
deformation of the transformation rules that resembles a

7As in Eq. (3.21) above, we restrict to manifestly diffeo-
morphism invariant terms. The potential gravitational Chern-
Simons coupling which appears for the heterotic string is
discussed in detail in Sec. VII below.
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Green-Schwarz mechanism. We will now make this anal-
ogy more precise by introducing a frame formalism for
which the Oðd; d;RÞ symmetry remains undeformed, while
the local frame transformations acquire α0-deformations.
This formulation uses the standard Green-Schwarz mecha-
nism, albeit with composite gauge fields.
We introduce a frame field E≡ ðEM

AÞ with inverse
E−1 ≡ ðEA

MÞ from which the scalar matrix (2.9) encoding
G and B can be reconstructed via

HMN ¼ EM
AEN

BκAB; ð6:1Þ

where flat indices are split as A ¼ ða; āÞ, and κAB is a
block-diagonal matrix with components κab and κā b̄.
Furthermore, we constrain the frame field by demanding
that the “flattened”Oðd; d;RÞmetric is also block-diagonal
according to

ηAB ≡ EA
MEB

NηMN ¼
�
κab 0

0 −κā b̄

�
; ð6:2Þ

with a relative sign in the space of barred indices reflecting
the signature of the Oðd; d;RÞmetric. In this formalism κab
and κā b̄ need not be Kronecker deltas, and in particular can
be spacetime dependent, and so there is a local GLðdÞ ×
GLðdÞ frame invariance, with transformation rules

δΛEA
M ¼ ΛA

BEB
M; ΛA

B ¼
�Λa

b 0

0 Λ̄ā
b̄

�
: ð6:3Þ

We could partially gauge fix κAB ¼ δAB, which reduces the
frame transformations to SOðdÞ × SOðdÞ, but in the fol-
lowing another gauge fixing is convenient: we identify the
components of κ with the metric G according to

κ ¼
�
2G 0

0 2G

�
; ð6:4Þ

where we used matrix notation. A frame field satisfying the
constraint (6.2) and leading to the familiar form of HMN is
then given by

E≡ ðEM
AÞ≡ 1

2

�
1þ BG−1 1 − BG−1

G−1 −G−1

�
: ð6:5Þ

In order to derive composite connections from the frame
field we define the Maurer-Cartan forms

ðE−1∂μEÞAB ≡
�
Qμa

b Pμa
b̄

P̄μā
b Q̄μā

b̄

�
: ð6:6Þ

From this definition one finds that under GLðdÞ × GLðdÞ
transformations (6.3) the Pμ transform as tensors, and the
Qμ transform as connections:

δΛQμa
b ¼ −DμΛa

b; δΛQ̄μā
b̄ ¼ −DμΛ̄ā

b̄; ð6:7Þ

withDμΛa
b ¼ ∂μΛa

b þ ½Qμ;Λ�ab and a similar formula for
the barred expression. We can evaluate these connections
for the gauge choice (6.5),

�
Qμ ¼ − 1

2
∂μðG − BÞG−1;

Q̄μ ¼ − 1
2
∂μðGþ BÞG−1;

ð6:8Þ

using again matrix notation.
Having constructed composite gauge fields from the

frame field we can consider the familiar Chern-Simons 3-
forms built from them:

CSμνρðQÞ≡ Tr

�
Q½μ∂νQρ� þ

2

3
Q½μQνQρ�

�
: ð6:9Þ

These Chern-Simons forms transform under Eq. (6.7) as

δΛCSμνρðQÞ ¼ ∂ ½μTrð∂νΛQρ�Þ; ð6:10Þ

with the barred formulas being analogous. Evaluating the
Chern-Simons form with Eq. (6.8) one recovers precisely
the expression (5.4) encountered in the previous section, up
to a global factor of 3. Therefore, we can define a 3-form
curvature with the Chern-Simons modification,

H̃μνρ ≡Hμνρ −
3

2
α0ðCSμνρðQÞ − CSμνρðQ̄ÞÞ; ð6:11Þ

which then reproduces the term proportional to ΩH
encountered in the Oðα0Þ action.
We have thus succeeded to find a formulation for which

the Oðd; d;RÞ invariance is manifestly realized without
deformation. Rather, the GLðdÞ × GLðdÞ gauge symmetry
is deformed by having a 2-form transforming according to
the Green-Schwarz mechanism,

δBμν ¼
1

2
α0Trð∂ ½μΛQν�Þ −

1

2
α0Trð∂ ½μΛ̄Q̄ν�Þ: ð6:12Þ

Performing a partial gauge fixing to SOðdÞ × SOðdÞ,
together with appropriate field redefinitions, this Green-
Schwarz mechanism relates to the reduction of α0-deformed
double field theory [22]. This formulation is related to the
one of the previous section as follows: if one fully gauge
fixes GLðdÞ × GLðdÞ, the Oðd; d;RÞ transformations
acquire deformations through compensating frame trans-
formations, and hence the singlet Bμν starts transforming
nontrivially under Oðd; d;RÞ.
Let us close this section by discussing how the Z2

invariance (5.17) of bosonic string theory is realized in this
frame formulation. The Z2 acts on the frame field as
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E → ZTEZ̃; Z̃≡
�
0 1

1 0

�
: ð6:13Þ

The matrix Z̃ exchanges the two GL(d) factors and hence
exchanges the role of unbarred and barred indices. Indeed,
under the transformation (6.13) the Maurer-Cartan forms
(6.6) transform as Pμ ↔ P̄μ and Qμ ↔ Q̄μ, as one may
verify by a quick computation and as is suggested by the
explicit form (6.8). Thus, the relative sign in Eq. (6.11)
implies that the total Chern-Simons form is Z2 odd, which
together with Bμν → −Bμν implies Z2 invariance of the
action.

VII. GRAVITATIONAL CHERN-SIMONS FORM
OF THE HETEROTIC SUPERGRAVITY

In this section, we repeat the above analysis of the first-
order α0-corrections for the case of the heterotic string. In
the absence of the Yang-Mills field in ten dimensions, the
bosonic part of the four-derivative effective action of the
heterotic string takes the form [30]

Î1 ¼
1

4
α0
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂
�
−Ĥμ̂ ν̂ ρ̂Ω̂ðω̂Þ

μ̂ ν̂ ρ̂

þ 1

2

�
R̂μ̂ ν̂ ρ̂ σ̂R̂

μ̂ ν̂ ρ̂ σ̂ −
1

2
Ĥμ̂ ν̂ λ̂Ĥρ̂ σ̂

λ̂R̂μ̂ ν̂ ρ̂ σ̂

−
1

8
Ĥ2

μ̂ ν̂Ĥ
2μ̂ ν̂ þ 1

24
Ĥμ̂ ν̂ ρ̂Ĥ

μ̂
σ̂
λ̂Ĥν̂

λ̂
τ̂Ĥρ̂

τ̂
σ̂

��
; ð7:1Þ

whereDþ d ¼ 10. Apart from terms proportional to the α0
corrections of the bosonic string (4.1), the action features

the gravitational Chern-Simons form Ω̂ðω̂Þ
μ̂ ν̂ ρ̂, defined as

Ω̂ðω̂Þ
μ̂ ν̂ ρ̂ ¼ Trðω̂½μ̂∂ ν̂ω̂ρ̂�Þ þ

2

3
Trðω̂½μ̂ω̂ν̂ω̂ρ̂�Þ; ð7:2Þ

in terms of the spin connection

ω̂μ̂ α̂
β̂ ¼ ∇μ̂êν̂β̂êα̂ν̂: ð7:3Þ

With the Oðd; d;RÞ invariant form of the bosonic string
discussed in Secs. IVand Vabove, it thus remains to reduce
the first term of Eq. (7.1). We follow the same systematics
outlined above.
In the flat basis, after dimensional reduction, the non-

vanishing components of the spin connection are given by

ω̂α;βγ ¼ ωα;βγ;

ω̂α;βa ¼
1

2
eαμeβνηabEm

bFð1Þm
μν ;

ω̂α;ab ¼ eαμQ̃μa
cηcb;

ω̂a;αβ ¼ −
1

2
eαμeβνηabEm

bFð1Þm
μν ;

ω̂a;bα ¼ eαμP̃μa
cηcb: ð7:4Þ

Here, P̃μa
b and Q̃μ a

b are, respectively, the symmetric and
antisymmetric parts of the GLðdÞ Maurer-Cartan form
J̃μ ab ¼ Ea

m∂μEm
b ¼ P̃μ a

b þ Q̃μ a
b and verify the integra-

bility relations

∂ ½μJ̃ν�ab ¼ −ðJ̃½μJ̃ν�Þab

⇔

�∂ ½μP̃ν�ab ¼ −ðP̃½μQ̃ν�Þab − ðQ̃½μP̃ν�Þab;
∂ ½μQ̃ν�ab ¼ −ðQ̃½μQ̃ν�Þab − ðP̃½μP̃ν�Þab:

ð7:5Þ

Defining the low-dimensional components of Ω̂ðω̂Þ in the
same way as we did for Ĥ in Eq. (2.5), we obtain

Ωðω̂Þ
μνρ ¼ ΩðωÞ

μνρ −
1

3
TrðJ̃½μJ̃νJ̃ρ�Þ −

1

2
Fð1Þm
½μjσ Gmn∇jνF

ð1Þσn
ρ� þ 1

4
Fð1Þm
½μjσ ∇σGmnF

ð1Þn
jνρ�

−
1

4
eασ∇½μjeταF

ð1Þm
jνρ� GmnF

ð1Þτn
σ ;

Ωðω̂Þ
μνm ¼ 1

6
RμνρσFð1ÞρσnGnm −

1

12
Fð1Þn
μν ð∇ρGG−1∇ρGÞnm −

1

6
Fð1Þρn
½μ ð∇ν�GG−1∇ρGÞnm

−
1

24
GmnFð1ÞρσnFð1Þp

μν GpqF
ð1Þq
ρσ −

1

12
GmnFð1ÞρσnFð1Þp

½μjρ GpqF
ð1Þq
jν�σ −

1

6
∇½μj∇ρGmnF

ð1Þ n
jν�ρ

þ 1

6
∇ρGmn∇½μF

ð1Þn
ν�ρ þ 1

6
∇½μð∇ν�eσαeαρF

ð1Þσn
ρ GnmÞ;

Ωðω̂Þ
μmn ¼ 1

12
Fð1Þp
ρσ Gp½mj∇μðFð1Þρσ qGqjn�Þ −

1

6
Fð1Þp
μν ∇ρGp½mGn�qFð1Þρν q

þ 1

6
ð∇νGG−1∇μ∇νGÞ½mn�: ð7:6Þ
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We can now focus on the reduction of the action. Splitting the ten-dimensional indices μ̂ into ðμ; mÞ, we obtain

Ĥμ̂ ν̂ ρ̂Ω̂ðω̂Þ
μ̂ ν̂ ρ̂ ¼ HμνρΩðω̂Þ

μνρ þ 3HμνmΩðω̂Þ
μνm þ 3HμmnΩðω̂Þ

μmn þHmnpΩðω̂Þ
mnp: ð7:7Þ

Using the explicit expressions of Eqs. (2.5) and (7.6), the reduced Chern-Simons form then takes the form

−
1

4
α0
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂Ĥμ̂ ν̂ ρ̂Ω̂ðω̂Þ

μ̂ ν̂ ρ̂

→
α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−HμνρΩðωÞ

μνρ þ 1

3
HμνρTrðJ̃μJ̃νJ̃ρÞ −

1

2
RμνρσFð1Þm

μν Hρσm

−
1

4
HμνρFð1Þm

μσ ∇σGmnF
ð1Þ n
νρ þ 1

8
Fð1Þm
μν GmnF

ð1Þ n
ρσ Fð1Þρσ pHμν

p þ
1

4
Fð1Þm
μν HρσmFð1ÞμρpGpqFð1Þνσ q

−
1

4
Hμνmð∇ρG−1∇ρGÞmnF

ð1Þμνn −
1

4
Fð1Þm
μν ð∇ρBG−1∇ρGÞmnF

ð1Þμνn þ 1

2
Hμνmð∇ρG−1∇μGÞmnF

ð1Þνρn

þ 1

2
Fμν

ð1Þmð∇ρGG−1∇μBÞmnF
ð1Þρνn þ 1

4
Hμνρeασ∇μeταF

ð1Þm
νρ GmnF

ð1Þτn
σ −

1

2
Hμν

mGmn∇μð∇νeσαeαρF
ð1Þσp
ρ GnpÞ

þ 1

2
Trð∇μ∇νG∇μG−1∇νBG−1Þ − 1

2
HμνmðG−1∇ρGÞmn∇μFð1Þνρn þ 1

2
HμνmðG−1∇μ∇ρGÞmnF

ð1Þνρn

þ 1

2
HμνρFð1Þm

μσ Gmn∇νF
ð1Þσn
ρ −

1

4
Fð1Þm
μν ∇ρBmn∇ρFð1Þμνn

�
: ð7:8Þ

Only the last six terms carry second-order derivatives. Following the systematics of Sec. IV, these terms can be transformed
by means of partial integration and Bianchi identities such that all second-order derivatives appear as the leading two-
derivative contribution from the field Eqs. (2.17), i.e., appear within the first column of Table I. Details are given in
Appendix B 3. Specifically, the remaining second-order derivative terms combine into

α0

8

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
∇μHμν

mF
ð1Þσm
ρ ∇νeσαeαρ − Trð□BG−1∇νG∇νG−1 −□G∇νG−1∇νBG−1Þ

−∇μFð1Þμνmð∇ρGG−1ÞmnHνρn −
1

2
HμνmðG−1□GÞmnF

ð1Þμνn

−
1

2
Hμνρ∇σFð1ÞσμmGmnFð1Þνρn −∇μFð1Þμνm∇ρBmnF

ð1Þn
νρ

�
; ð7:9Þ

and can be eliminated by field redefinitions according to the rules defined in Table I. These take the explicit form [in the
convention of Eq. (2.15)]

δBμν ¼
1

8
Að1Þm
½μ ∇ν�eσαeαρGmnF

ð1Þσn
ρ þ 1

8
Að2Þ
½μjm∇ρGmnHjν�ρn −

1

8
BmnA

ð1Þn
½μ ∇ρGmpHν�ρp

−
1

16
Að2Þ
½μjmHjν�ρσFð1Þρσm þ 1

16
BmnA

ð1Þ n
½μ Hν�ρσFð1Þρσm −

1

8
Að2Þ
½μjmðG−1∇ρBÞmnF

ð1Þn
jν�ρ

þ 1

8
BmnA

ð1Þn
½μj ðG−1∇ρBÞmpF

ð1Þp
jν�ρ ;

δGmn ¼ 1

4
ð∇μG−1∇μBG−1ÞðmnÞ −

1

8
Fð1ÞμνðmGnÞpHμνp;

δBmn ¼
1

4
ð∇μG∇μG−1GÞ½mn�;

δAð1Þm
μ ¼ −

1

8
∇νGmnHμνn þ

1

16
HμνρFð1Þνρm þ 1

8
ðG−1∇νBÞmnF

ð1Þn
μν ;

δAð2Þ
μm ¼ −

1

8
∇μeσαeαρGmnF

ð1Þσn
ρ −

1

8
Bmn∇νGnpHμνp þ

1

16
HμνρBmnFð1Þνρn þ 1

8
ðBG−1∇νBÞmnF

ð1Þn
μν : ð7:10Þ
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After applying these field redefinitions, the resulting reduced action no longer carries any second-order derivative (except
within the Riemann tensor) and turns into

−
1

4
α0
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂Ĥμ̂ ν̂ ρ̂Ω̂ðω̂Þ

μ̂ ν̂ ρ̂

→
α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−HμνρΩðωÞ

μνρ þ 1

3
HμνρTrðJ̃μJ̃νJ̃ρÞ

−
1

2
RμνρσFð1Þm

μν Hρσm þ 1

8
HμνλHρσ

λF
ð1Þm
μν Hρσm −

1

4
HμνρFð1Þm

μσ ∇σGmnF
ð1Þn
νρ

−
1

4
HμνρHμσm∇σGmnHνρn −

1

4
HμνρFð1Þm

μσ ð∇σBG−1ÞmnHνρn

þ 1

4
HμνρHμσmðG−1∇σBÞmnF

ð1Þ n
νρ þ 1

8
Fð1Þm
μν GmnF

ð1Þ n
ρσ Fð1ÞρσpHμν

p

þ 1

8
HμνmGmnHρσ nFð1ÞρσpHμν

p −
1

4
Hμνmð∇ρG−1∇ρGÞmnF

ð1Þμνn

−
1

4
Fð1Þ m
μν ð∇ρBG−1∇ρGÞmnF

ð1Þμν n −
1

4
Hμνmð∇ρG−1∇ρBG−1ÞmnHμν

n

−
1

4
HμνmðG−1∇ρBG−1∇ρBÞmnF

ð1Þμνn −
1

2
HμνmðG−1∇μBG−1∇ρBÞmnF

ð1Þνρ n

þ 1

2
Fð1Þm
μν ð∇μGG−1∇ρBÞmnF

ð1Þνρn −
1

2
Fð1Þm
μν ð∇μG∇ρG−1ÞmnHνρ

n

þ 1

2
HμνmðG−1∇μB∇ρG−1ÞmnHνρ

n −
1

2
Trð∇μB∇μG−1∇νG∇νG−1Þ

þ 1

2
Trð∇μBG−1∇μB∇νG−1∇νBG−1Þ

�
: ð7:11Þ

The terms appearing in this expression can finally be compared to the GLðdÞ decompositions of the Oðd; d;RÞ basis as
collected in Appendix C. This allows one to recast the result into the form

−
1

4
α0
Z

dDþdX
ffiffiffiffiffiffi
−ĝ

p
e−ϕ̂Ĥμ̂ ν̂ ρ̂Ω̂ðω̂Þ

μ̂ ν̂ ρ̂

→
α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−HμνρΩðωÞ

μνρ þ 1

16
TrðS∇μS∇μS∇νS∇νSÞ

þ 1

16
F μν

MF ρσMF μνPSP
QF ρσ

Q −
1

4
RμνρσFM

μνF ρσM þ 1

16
HμνλHρσ

λFM
μνF ρσM

−
1

8
F μν

Mð∇ρS∇ρSÞMNF μν
N −

1

4
F μν

Mð∇μS∇ρSÞMNF νρ
N

−
1

4
HμνρF μσ

M∇σSM
NF νρN þ 1

3
HμνρTrðJ̃μJ̃νJ̃ρÞ

�
; ð7:12Þ

manifestly Oðd; d;RÞ invariant, except for the last term
which carries the GLðdÞ Chern-Simons form

ΩðJ̃Þ
μνρ ¼ TrðJ̃½μJ̃νJ̃ρ�Þ: ð7:13Þ

This form is closed by virtue of the integrability rela-
tions (7.5). It can thus locally be integrated into a Wess-
Zumino-Witten (WZW) 2-form

ΩðJ̃Þ
μνρ ¼ 3∂ ½μθWZW

νρ� ; ð7:14Þ

such that the last term in Eq. (7.12) can be absorbed into a
field redefinition

δBμν ¼
1

2
θWZW
μν : ð7:15Þ

As ΩðJ̃Þ
μνρ is Oðd; d;RÞ invariant, this does not affect the

behavior of Bμν under Oðd; d;RÞ transformations. Putting
everything together, the reduced action for the bosonic part
of heterotic supergravity (in the absence of the ten-dimen-
sional Yang-Mills field) is obtained by combining Eqs. (5.2)
and (7.12) into
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I ¼
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ
�
Rþ ∂μΦ∂μΦ −

1

12
H̃μνρH̃μνρ þ 1

8
Trð∂μS∂μSÞ − 1

4
FM

μνSM
NF μν

N

−
1

4
α0
�
HμνρΩðωÞ

μνρ −
1

16
TrðS∇μS∇μS∇νS∇νSÞ − 1

16
F μν

MF ρσMF μνPSP
QF ρσ

Q

þ 1

4
RμνρσFM

μνF ρσM −
1

16
HμνλHρσ

λFM
μνF ρσM þ 1

8
F μν

Mð∇ρS∇ρSÞMNF μν
N

þ 1

4
F μν

Mð∇μS∇ρSÞMNF νρ
N þ 1

4
HμνρF μσ

M∇σSM
NF νρN

�

þ 1

8
α0
�
RμνρσRμνρσ −

1

2
RμνρσHμνλHρσ

λ þ
1

24
HμνρHμ

σ
λHν

λ
τHρ

τ
σ

−
1

8
H2

μνH2 μν þ 1

16
Trð∇μS∇νS∇μS∇νSÞ − 1

32
Trð∇μS∇νSÞTrð∇μS∇νSÞ

þ 1

8
F μν

MSM
NF ρσNF μρPSP

QF νσ
Q −

1

2
F μν

MSM
NF μρ

NF νσ PSP
QF ρσQ

þ 1

8
F μν

MF ρσMF
μρNF νσ

N −
1

2
RμνρσF μνMSM

NF ρσ
N

þ 1

8
H2

μνTrð∇μS∇νSÞ − 1

2
H2

μνF μ
ρ
MSM

NF νρ
N þ 1

4
HμνλHρσ

λF μρ
MSM

NF νσN

−
1

2
F μν

MðS∇ρS∇νSÞMNF μρ
N þ 1

4
F μρMSM

NF ν
ρNTrð∇μS∇νSÞ

−
1

2
HμνρF μσ

MðS∇νSÞMNF ρ
σ
N

��
: ð7:16Þ

Let us finally note that one could have started equiv-
alently from the ten-dimensional action formulated in terms
of the gravitational Chern-Simons form built from the
Christoffel connection

Ω̂ðΓ̂Þ
μ̂ ν̂ ρ̂ ¼ Γ̂τ̂

½μ̂jσ̂∂ jν̂Γ̂σ̂
ρ̂�τ̂ þ

2

3
Γ̂τ̂
½μ̂jσ̂Γ̂

τ̂
jν̂jη̂Γ̂

η̂
jρ̂�σ̂: ð7:17Þ

This form is invariant under Lorentz transformations and
related to Eq. (7.2) by [17]

Ω̂ðΓ̂Þ
μ̂ ν̂ ρ̂ ¼ Ω̂ðω̂Þ

μ̂ ν̂ ρ̂ þ ∂ ½μ̂ð∂ ν̂jêσ̂ α̂êβ̂
σ̂ ω̂jρ̂�α̂β̂Þ

þ 1

3
Trð∂ ½μ̂êê−1∂ ν̂êê−1∂ ρ̂�êê−1Þ; ð7:18Þ

with the difference given by two closed terms that can be
absorbed by a ten-dimensional field redefinition. Dimen-
sional reduction of the resulting ten-dimensional action then
induces a lower-dimensional action inwhich the TrðJ̃3Þ term
from Eq. (7.12) is no longer present. The field redefinition
required in order to absorb the closed terms of Eq. (7.18)
precisely corresponds to the lower-dimensional field redefi-
nition we have encountered in Eq. (7.15).

VIII. CONCLUSIONS

In this paper we have set up a systematic procedure for
analyzing the higher-derivative corrections of the bosonic

and the heterotic string upon toroidal compactification. In
particular, we have discussed how to control the ambigu-
ities that arise due to nonlinear field redefinitions and
partial integration. This establishes the basis for analyzing
the realization of Oðd; d;RÞ invariance of the dimension-
ally reduced action. At first order in α0, we have presented
the explicit reduction of the bosonic string and cast the
result into a manifestly Oðd; d;RÞ invariant form upon
identification of the necessary field redefinitions. In par-
ticular, the analysis confirms that at order α0, the Oðd; d;RÞ
invariance of the dimensionally reduced action fixes all the
couplings in higher dimensions (up to an overall factor).
The analysis has revealed the need for a Green-Schwarz
type mechanism by which the lower-dimensional 2-form
[which is originally singlet under Oðd; d;RÞ] acquires a
nontrivial transformation of order α0. This is a genuine
deformation which cannot be eliminated by further field
redefinitions.
We have also extended the analysis to the bosonic sector

of the heterotic string (in the absence of the ten-dimensional
vector fields). In particular, we have given the complete set
of nonlinear field redefinitions (4.15) and (7.10) which
translate between the original ten-dimensional fields and
the Oðd; d;RÞ -covariant lower-dimensional fields. This
dictionary allows one to exploit the Oðd; d;RÞ symmetry as
a solution generating method for the heterotic string [34,35]
to first order in α0. Examples of such solutions have been
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constructed in Refs. [36–38]. It would be very interesting to
extend the analysis to also include the ten-dimensional
vector fields [39], resulting in an Oðd; dþ K;RÞ extension
of the present results with the larger group broken down by
the non-Abelian gauge couplings [27].
In principle, the method we have outlined is fully

systematic and could be applied to higher-order α0-correc-
tions. In practice, the number of terms quickly explodes and
calls for complementary techniques to be combined with
the present approach. As noted above, already at order α02
the number of manifestly Oðd; d;RÞ invariant terms in
lower dimensions amounts to 1817. Nevertheless, it
would be interesting to compare the resulting structures
to related work in Refs. [40,41]. It would also be interesting
to investigate the effect of α0-corrections on the more
general Yang-Baxter type deformations recently explored
in Ref. [42].
Finally, it will be interesting to further study the

simplifications arising in the resulting actions upon reduc-
tion to particularly low dimensions D. For D ¼ 1, all terms
other than the scalar couplings disappear from Eqs. (5.20)
and (7.16), and we recover the lowest-order result of
Refs. [5,10,11]. At D ¼ 2, the 3-form couplings disappear
and the vector fields may be integrated out. Particularly
interesting is the three-dimensional case. At D ¼ 3, the
2-form may be integrated out. With a field equation of
the type

∇μðe−ΦHμνρÞ ¼ Oðα0Þ; ð8:1Þ

this introduces an integration constant which in particular
turns the coupling (5.4) into a three-dimensional analogue
of the Wess-Zumino-Witten model (cf. Ref. [32]).
Furthermore, in D ¼ 3, the (Abelian) vector fields may
be dualized into scalars. While this dualization is still
possible in the presence of α0-corrections, the symmetry
enhancement to Oðdþ 1; dþ 1;RÞ encountered for the
two-derivative action breaks down at order α0 and is
replaced by the appearance of the relevant automorphic
forms [43,44].
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APPENDIX A: BASIS AT ORDER α0

In this Appendix, we explicitly spell out the Oðd; d;RÞ
invariant basis schematically given in Eq. (3.26), whose
existence we have deduced in Sec. III D and which we have
used in order to bring the reduced action into manifestly
Oðd; d;RÞ invariant form. The basis is built from 61 terms
which we list according to their different structures.

R2:

fRμνρσRμνρσg ðA1Þ

H4:

fðH2Þ2; H2 μνH2
μν; HμνρHμ

α
βHν

β
γHρ

γ
αg ðA2Þ

ð∇ΦÞ4:

f∇μΦ∇μΦ∇νΦ∇νΦg ðA3Þ

ð∇SÞ4:

fTrð∇μS∇μS∇νS∇νSÞ;Trð∇μS∇νS∇μS∇νSÞ;TrðS∇μS∇μS∇νS∇νSÞ
Trð∇μS∇μSÞTrð∇νS∇νSÞ;Trð∇μS∇νSÞTrð∇μS∇νSÞg ðA4Þ

F 4:

fF μν
MF μν

MF ρσ
NF ρσ

N;F μν
MSM

NF μν
NF ρσ

PF ρσ
P;F μν

MSM
NF μν

NF ρσ
PSP

QF ρσ
Q;

F μν
MF ρσMF

μνNF ρσ
N;F μν

MSM
NF ρσNF

μνPF ρσ
P;F μν

MSM
NF ρσNF

μνPSP
QF ρσ

Q;

F μν
MF ρσMF

μρNF νσ
N;F μν

MSM
NF ρσNF

μρPF νσ
P;F μν

MSM
NF ρσNF

μρPSP
QF νσ

Q;

F μν
MF μρ

MF νσNF ρσN;F μν
MSM

NF μρ
NF νσPF ρσP;F μν

MSM
NF μρ

NF νσPSP
QF ρσQg ðA5Þ
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RH2:

fRμνρσHμνλHρσ
λg ðA6Þ

RF 2:

fRμνρσF μνMF ρσ
M; RμνρσF μνMSM

NF ρσ
Ng ðA7Þ

H2ð∇ΦÞ2:

fH2
μν∇μΦ∇νΦ; H2∇μΦ∇μΦg ðA8Þ

H2ð∇SÞ2∶

fH2
μνTrð∇μS∇νSÞ; H2Trð∇μS∇μSÞg ðA9Þ

H2F 2:

fH2F μν
MF μν

M;H2F μν
MSM

NF μν
N;H2

μνF μρMF ρ
ν
M;H

2
μνF μρMSM

NF ρ
ν
N;

Hμν
λHλρσF μνMF ρσ

M;Hμν
λHλρσF μνMSM

NF ρσ
N;Hμν

λHλρσF μσMF ρν
M;

Hμν
λHλρσF μσMSM

NF ρν
Ng ðA10Þ

ð∇ΦÞ2ð∇SÞ2:

f∇μΦ∇νΦTrð∇μS∇νSÞ;∇μΦ∇μΦTrð∇νS∇νSÞg ðA11Þ

ð∇ΦÞ2F 2∶

f∇ρΦ∇ρΦF μν
MF μν

M;∇ρΦ∇ρΦF μν
MSM

NF μν
N;

∇μΦ∇νΦF ρμ
MF ρν

M;∇μΦ∇νΦF ρμ
MSM

NF ρν
Ng ðA12Þ

ð∇SÞ2F 2:

fTrð∇ρS∇ρSÞF μν
MF μν

M;Trð∇ρS∇ρSÞF μν
MSM

NF μν
N;

Trð∇μS∇νSÞF μρ
MF ν

ρ
M;Trð∇μS∇νSÞF μρ

MSM
NF ν

ρ
N;

F μν
M∇ρSM

N∇ρSN
PF μν

P;F μν
M∇ρSM

N∇ρSN
PSP

QF μν
Q;

F μν
M∇νSM

N∇ρSN
PF μρ

P;F μν
M∇νSM

N∇ρSN
PSP

QF μρ
Q;

F μν
M∇ρSM

N∇νSN
PF μρ

P;F μν
M∇ρSM

N∇νSN
PSP

QF μρ
Qg ðA13Þ

H∇ΦF 2:

fHμνρ∇σΦF μν
MF ρσM;H

μνρ∇σΦF μν
MSM

NF ρσNg ðA14Þ

H∇SF 2:

fHμνρF μσ
M∇νSM

NSN
PF ρ

σ
P;H

μνρF μν
M∇σSM

NF ρσN;H
μνρF μν

M∇σSM
NSN

PF ρσPg ðA15Þ

∇Φ∇SF 2:

f∇ρΦF μν
M∇ρSM

NF μν
N;∇μΦF μρ

M∇νSM
NF νρ

N;∇μΦF μρ
M∇νSM

NSN
PF νρ

Pg ðA16Þ
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APPENDIX B: PARTIAL INTEGRATION AND
EXPLICIT FIELD REDEFINITIONS

In this Appendix, we give some details about the compu-
tations of the dimensionally reduced actions presented in
Sec. IVA, and Sec. VII, respectively.We show explicitly how
to eliminate all second-order derivatives by partial integration
up to terms appearing in the first column of Table I, amenable
to subsequent elimination by field redefinitions.

1. R̂μ̂ ν̂ ρ̂ σ̂R̂
μ̂ ν̂ ρ̂ σ̂

Let us begin with the terms appearing in the reduction of
R̂μ̂ ν̂ ρ̂ σ̂R̂

μ̂ ν̂ ρ̂ σ̂, as presented in Sec. IVA. We give the explicit
expression of the five last terms in Eq. (4.8) after integra-
tion by parts (and use of Bianchi identities). Up to
boundary terms (which we ignore), the first two terms
can be rewritten as

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−ΦTrð∇μ∇νG−1G∇μ∇νG−1GÞ

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ½Trðð□G−1 −∇μΦ∇μG−1ÞGð□G−1 −∇νΦ∇νG−1ÞGÞ

þ 2Trðð□G−1 −∇μΦ∇μG−1ÞG∇νG−1∇νGÞ − Trðð□G −∇μΦ∇μGÞG−1∇νG∇νG−1Þ
þ Trð∇μG−1∇νG∇μG−1∇νGÞ þ ðRμν þ∇μ∇νΦÞTrð∇μG−1∇νGÞ� ðB1Þ

and

3α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−ΦTrð∇μ∇νG−1∇μG∇νG−1GÞ

¼
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ

α0

4

�
3

2
Trðð□G −∇μΦ∇μGÞG−1∇νG∇νG−1Þ − 3

2
Trð∇μG−1∇νG∇μG−1∇νGÞ

�
; ðB2Þ

respectively. The last three terms can be manipulated similarly and their sum takes the following form:

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ½Fð1Þm

μν ðG∇μ∇ρG−1GÞmnF
ð1Þρνn − 2∇ρF

ð1Þm
μν Gmn∇μFð1Þνρn − 6∇ρF

ð1Þm
μν ∇μGmnFð1Þνρn�

¼
Z

dDx
ffiffiffiffiffiffi
−g

p
e−Φ

α0

4
½2ð∇μFð1Þm

μν −∇μΦFð1Þm
μν ÞGmnð∇ρFð1Þρνn −∇ρΦFð1ÞρνnÞ

− 2ðRμν þ∇μ∇νΦÞFð1Þm
μρ GmnF

ð1Þρn
ν −

5

4
Fð1Þm
μν ð□G −∇ρΦ∇ρGÞmnF

ð1Þμνn

þ Fð1Þm
μν ð∇ρG∇μG−1GÞmnF

ð1Þνρn þ Fð1Þm
μν ð∇μG∇ρG−1GÞmnF

ð1Þνρn

þ 3Fð1Þm
μν ∇μGmnð∇ρFð1Þρνn −∇ρΦFð1ÞρνnÞ þ RμνρσFð1Þm

μν GmnF
ð1Þn
ρσ �; ðB3Þ

again up to boundary contributions. In the form (B1)–(B3), all the remaining second-order derivatives are of the form
appearing in the first column of Table I. They can thus be reabsorbed into field redefinitions as discussed in Sec. II B.
Explicitly, this induces the order α0 field redefinitions

δΦ ¼ 1

8
½−2Fð1Þm

μν GmnFð1Þμνn þ Trð∇μG−1∇μGÞ�;

δgμν ¼
1

4
½2Fð1Þm

μρ GmnF
ð1Þρn
ν − Trð∇ðμG−1∇νÞGÞ�;

δBμν ¼
1

8
ð−2∇ρFð1Þm

ρμ þ 2∇ρΦFð1Þm
ρμ þHμρσHρσ

pGpm þ Fð1Þp
μρ ð∇ρGG−1Þpm

þ 2HμρpðG−1∇ρBG−1ÞpmÞðAð2Þ
νm − BmnA

ð1Þn
ν Þ − ðμ ↔ νÞ;

δGmn ¼ 1

4
½−2□Gmn þ 2∇μΦ∇μGmn −GmpHμνpGnqHμν

q −
3

2
Fð1Þm
μν Fð1Þμνn

− ðG−1∇μG∇μG−1Þmn þ 2ðG−1∇μBG−1∇μBG−1Þmn�;
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δAð1Þm
μ ¼ 1

4
½−2∇νFð1Þm

νμ þ 2∇νΦFð1Þm
νμ þHμνρHνρ

nGnm þ Fð1Þn
μν ð∇νGG−1Þnm

þ 2HμνnðG−1∇νBG−1Þnm�;

δAð2Þ
μm ¼ 1

4
½2∇νFð1Þn

νμ Bnm − 2∇νΦFð1Þn
νμ Bnm −HμνρHνρ

nðG−1BÞnm − Fð1Þn
μν ð∇νGG−1BÞnm

− 2HμνnðG−1∇νBG−1BÞnm�: ðB4Þ

2. R̂μ̂ ν̂ ρ̂ σ̂Ĥ
μ̂ ν̂ λ̂Ĥρ̂ σ̂

λ̂

Here, we consider the four last terms in the reduction (4.12) of RHH. After partial integration, they can be brought into
the form

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−ΦTrð∇μ∇νG−1∇μBG−1∇νBÞ

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−Trð∇μB∇μG−1∇νB∇νG−1Þ þ 1

2
Trð∇μB∇νG−1∇μB∇νG−1Þ

− Trðð□B −∇μΦ∇μBÞG−1∇νB∇νG−1Þ þ 1

2
Trðð□G−1 −∇μΦ∇μG−1Þ∇νBG−1∇νBÞ

�
; ðB5Þ

−
α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−ΦHμρ

m∇μ∇νGmnHν
ρn

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−ð∇μHμν

m −∇μΦHμν
mÞ∇ρGmnHνρn −

1

2
Fð1Þm
μν ð∇ρB∇ρG−1ÞmnHμν

n

−
1

4
Hμν

mð□G−1 −∇ρΦ∇ρG−1ÞmnHμνn − Fð1Þm
νρ ð∇μB∇ρG−1ÞmnHμν

n

�
; ðB6Þ

−
α0

2

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ∇μF

ð1Þm
νρ ð∇ρBG−1ÞmnHμν

n

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−ð∇μHμν

m −∇μΦHμν
mÞðG−1∇ρBÞmnF

ð1Þn
νρ

− ð∇μFð1Þμνm −∇μΦFð1ÞμνmÞð∇ρBG−1ÞmnHνρn þ
1

2
Fð1Þm
μν ð∇ρBG−1∇ρBÞmnF

ð1Þμνn

−
1

2
Fð1Þm
μν ð∇ρB∇ρG−1ÞmnHμν

n −
1

2
Fð1Þm
μν ðð□B −∇ρΦ∇ρBÞG−1ÞmnHμν

n

þ Fð1Þm
νρ ð∇ρB∇μG−1ÞmnHμν

n − Fð1Þm
νρ ð∇μB∇ρG−1ÞmnHμν

n

þ Fð1Þm
μν ð∇ρBG−1∇νBÞmnF

ð1Þρμn
�
; ðB7Þ

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ2Hμνλ∇μF

ð1Þm
νρ Hρ

λm

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
1

2
ð∇μHμν

m −∇μΦHμν
mÞHνρσFð1Þρσm −HμνρFð1Þm

νσ ∇μBmnF
ð1Þσn
ρ

− ð∇μHμνρ −∇μΦHμνρÞFð1Þm
νσ Hσ

ρm þ 1

2
ð∇μFð1Þμνm −∇μΦFð1ÞμνmÞHνρσHρσ

m

þ 1

2
HμνρFð1Þm

νσ ∇σBmnF
ð1Þn
ρμ þ Fð1Þm

μν HρσmFð1ÞρνnHνσ
n −

1

4
Fð1Þm
μν HρσmFð1ÞμνnHρσ

n

−
1

4
Fð1Þm
μν HρσmFð1ÞρσnHμν

n

�
; ðB8Þ

ELOY, HOHM, and SAMTLEBEN PHYS. REV. D 101, 126018 (2020)

126018-26



respectively. Again, all leftover terms carrying second-order derivatives can be converted to products of first-order
derivatives by means of the rules of Table I. This induces the explicit field redefinitions

δBμν ¼
1

8

�
−Að1Þm

μ ðG∇ρG−1ÞmnHνρn − Að1Þm
μ ∇ρBmnF

ð1Þn
νρ þ 2Fð1Þm

μρ Hρ
νm

þ 1

2
Að1Þm
μ HνρσGmnFð1Þρσn −

1

2
HμρσHρσ

mGmnðAð2Þ
νn − BnpA

ð1Þp
ν Þ

−HμρmðG−1∇ρBG−1ÞmnðAð2Þ
νn − BnpA

ð1Þp
ν Þ

�
− ðμ ↔ νÞ;

δGmn ¼ 1

4

�
1

2
GmpHμνpGnqHμν

q − ðG−1∇μBG−1∇μBG−1Þmn

�
;

δBmn ¼
1

4

�
ð∇μB∇μG−1GÞmn þ ðG∇μG−1∇μBÞmn

−
1

2
HμνmFð1ÞμνpGpn þ

1

2
GmpFð1ÞμνpHμνn

�
;

δAð1Þm
μ ¼ 1

4

�
−HμνnðG−1∇νBG−1Þnm −

1

2
HμνρHνρ

nGnm

�
;

δAð2Þ
μm ¼ 1

4

�
Hμνnð∇νG−1GÞnm − Fð1Þn

μν ∇νBnm þHμνnðG−1∇νBG−1BÞnm

−
1

2
HμνρFð1ÞνρnGnm þ 1

2
HμνρHνρ

nðG−1BÞnm
�
: ðB9Þ

3. Ĥμ̂ ν̂ ρ̂Ω̂ðω̂Þ
μ̂ ν̂ ρ̂

Finally, we give the result for the last six terms in Eq. (7.8). After partial integration they are rewritten as

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

2

�
Hμν

mGmn∇μð∇νeσαeαρF
ð1Þσp
ρ GnpÞ

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
1

2
ð∇μHμν

p −∇μΦHμν
p þHμν

m∇μGmnGnpÞ∇νeσαeαρF
ð1Þσp
ρ

�
; ðB10Þ

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ

1

2
Trð∇μ∇νG∇μG−1∇νBG−1Þ

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

2
Trðð□B −∇μΦ∇μBÞG−1∇νG∇νG−1Þ

þ 1

2
Trðð□G −∇μΦ∇μGÞ∇νG−1∇νBG−1Þ − Trð∇μB∇μG−1∇νG∇νG−1Þ

�
; ðB11Þ

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

2
HμνmðG−1∇ρGÞmn∇μFð1Þνρn þ 1

2
HμνmðG−1∇μ∇ρGÞmnF

ð1Þνρn
�

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

2
ð∇μFð1Þμνm −∇μΦFð1ÞμνmÞð∇ρGG−1ÞmnHνρn

−
1

4
HμνmðG−1ð□G −∇ρΦ∇ρGþ∇ρG∇ρG−1GÞÞmnF

ð1Þμνn −
1

2
Hνρmð∇μG−1∇ρGÞmnF

ð1Þμνn

−
1

2
Fð1Þm
νρ ð∇μBG−1∇ρGÞmnF

ð1Þμνn −
1

4
Fð1Þm
μν ð∇ρBG−1∇ρGÞmnF

ð1Þμνn
�
; ðB12Þ

DUALITY INVARIANCE AND HIGHER DERIVATIVES PHYS. REV. D 101, 126018 (2020)

126018-27



α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ

1

2
HμνρFð1Þm

μσ Gmn∇νF
ð1Þσn
ρ

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

4
Hμνρð∇σFð1Þσμm −∇σΦFð1Þσμm þ Fð1Þσμpð∇σGG−1ÞpmÞGmnF

ð1Þn
νρ

−
1

4
Fð1Þm
μν HρσmFð1ÞμρpGpqFð1Þνσq þ 1

8
Fð1Þm
μν HρσmFð1ÞμνpGpqFð1Þρσq

�
; ðB13Þ

α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

4

�
Fð1Þm
μν ∇ρBmn∇ρFð1Þμνn

¼ α0

4

Z
dDx

ffiffiffiffiffiffi
−g

p
e−Φ
�
−
1

2
ð∇μFð1Þμνm −∇μΦFð1ÞμνmÞ∇ρBmnF

ð1Þn
νρ

�
: ðB14Þ

Again, the remaining terms carrying second-order derivatives can be eliminated by field redefinitions as discussed in Sec. II
B. The explicit form of the induced field redefinitions has been given in Eq. (7.10) in the main text.

APPENDIX C: GLðdÞ EXPRESSIONS OF SOME Oðd;d;RÞ TERMS

In this Appendix, we present the GLðdÞ decomposition of some of the Oðd; d;RÞ invariant terms that are relevant for the
identifications made in Secs. V and VII.

Trð∇μS∇νSÞ ¼ 2Trð∇ðμG∇νÞG−1Þ þ 2Trð∇μBG−1∇νBG−1Þ; ðC1Þ

Trð∇μS∇νS∇μS∇νSÞ ¼ 2Trð∇μG−1∇νG∇μG−1∇νGÞ þ 4Trð∇μB∇νG−1∇μB∇νG−1Þ
þ 8TrðG−1∇μBG−1∇νG∇μG−1∇νBÞ
þ 2TrðG−1∇μBG−1∇νBG−1∇μBG−1∇νBÞ; ðC2Þ

Trð∇μS∇μS∇νS∇νSÞ ¼ 2Trð∇μG−1∇μG∇νG−1∇νGÞ þ 4TrðG−1∇μBG−1∇νG∇νG−1∇μBÞ
þ 4Trð∇μG−1∇μB∇νG−1∇νBÞ þ 4TrðG−1∇μB∇μG−1∇νGG−1∇νBÞ
þ 2TrðG−1∇μBG−1∇μBG−1∇νBG−1∇νBÞ; ðC3Þ

TrðS∇μS∇νS∇ρS∇σSÞ ¼ 2½Trð∇μG−1∇νG∇ρG−1∇σBÞ − Trð∇σG−1∇μG∇νG−1∇ρBÞ
þ Trð∇ρG−1∇σG∇μG−1∇νBÞ − Trð∇νG−1∇ρG∇σG−1∇μBÞ
− Trð∇μBG−1∇νBG−1∇ρB∇σG−1Þ þ Trð∇σBG−1∇μBG−1∇νB∇ρG−1Þ
− Trð∇ρBG−1∇σBG−1∇μB∇νG−1Þ þ Trð∇νBG−1∇ρBG−1∇σB∇μG−1Þ�; ðC4Þ

F μν
MSM

NF ρσN ¼ Fð1Þm
μν GmnF

ð1Þn
ρσ þHμνmGmnHρσn; ðC5Þ

F μν
MF ρσM ¼ Fð1Þm

μν Fð2Þ
ρσm þ Fð1Þm

ρσ Fð2Þ
μνm; ðC6Þ

F μν
MSM

N∇ρSN
PF σλP ¼ Fð1Þm

μν ðG∇ρG−1ÞmnHρλn − Fð1Þm
μν ∇ρBmnF

ð1Þn
σλ

þHμνmðG−1∇ρBG−1ÞmnHσλn þHμνmðG−1∇ρGÞmnF
ð1Þn
σλ ; ðC7Þ

F μν
M∇ρSM

NF σλN ¼ Fð1Þm
μν ∇ρGmnF

ð1Þn
σλ þ Fð1Þm

μν ð∇ρBG−1ÞmnHρλn

−HμνmðG−1∇ρBÞmnF
ð1Þn
σλ þHμνm∇ρGmnHσλn; ðC8Þ
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F μν
MSM

N∇ρSN
P∇σSP

QF λτQ ¼ Fð1Þm
μν ðG∇ρG−1∇σGÞmnF

ð1Þn
λτ þ Fð1Þm

μν ðG∇ρG−1∇σBG−1ÞmnHλτn

− Fð1Þm
μν ð∇ρB∇σG−1ÞmnHλτn þHμνmð∇ρG−1∇σBÞmnF

ð1Þn
λτ

þHμνmðG−1∇ρBG−1∇σGÞmnF
ð1Þn
λτ þ Fð1Þm

μν ð∇ρBG−1∇σBÞmnF
ð1Þn
λτ

þHμνmðG−1∇ρG∇σG−1ÞmnHλτn þHμνmðG−1∇ρBG−1∇σBG−1ÞmnHλτn; ðC9Þ

F μν
M∇ρSM

N∇σSN
PF λτP ¼ Fð1Þm

μν ð∇ρBG−1∇σGÞmnF
ð1Þn
λτ − Fð1Þm

μν ð∇ρGG−1∇σBÞmnF
ð1Þn
λτ

þ Fð1Þm
μν ð∇ρG∇σG−1ÞmnHλτn þ Fð1Þm

μν ð∇ρBG−1∇σBG−1ÞmnHλτn

þHμνmð∇ρG−1∇σGÞmnF
ð1Þn
λτ þHμνmðG−1∇ρBG−1∇σBÞmnF

ð1Þn
λτ

þHμνmð∇ρG−1∇σBG−1ÞmnHλτn −HμνmðG−1∇ρB∇σG−1ÞmnHλτn: ðC10Þ
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