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Entropy production from quasinormal modes
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Horizons of black branes have an associated entropy current with non-negative divergence. We compute
this divergence in a late-time transseries expansion for an inhomogeneous system evolving toward a
maximally symmetric asymptotically anti—de Sitter black brane. The horizon area equilibrates on half the
time scale set by the dominant quasinormal mode and we find a simple analytic expression for this
evolution purely in terms of the background and the quasinormal mode frequencies. This computation does
not require a gradient expansion and is thus nonperturbative in momenta. We generalize this to include
scalar and gauge field matter in any number of dimensions. Restricting to homogeneous evolution we
match and prove earlier numerical work showing that the apparent horizon entropy saturates the area
theorem, in that its time derivative periodically vanishes. The same is true for spherically symmetric

evolution toward the Schwarzschild black hole.

DOI: 10.1103/PhysRevD.101.126012

I. INTRODUCTION

Black holes are some of the most fascinating objects in
physics. They have implications for astrophysics, informa-
tion theory, quantum gravity, and can be used to study
holographic theories at strong coupling [1,2]. Recently,
their behavior out of equilibrium has become experimen-
tally accessible through the detection of gravitational waves
from black hole binary collisions [3]. While this is arguably
the most interesting regime of general relativity, it remains
difficult to study. Analytic results are scarce and one often
has to resort to intensive numerics. Any analytic inroads we
can make into this regime are therefore valuable.

In this paper, we present analytic results on the out of
equilibrium behavior of the horizon, which was recently
imaged for the first time [4]. It has long been known that the
horizon area cannot decrease [5]; here we show exactly
how it increases as a function of its quasinormal modes
(QNMs). While we focus on black branes in anti—de Sitter
spacetime, the results presented here apply as well to
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spherical evolution of the Schwarzschild black hole and
could potentially be extended beyond spherical symmetry.

A black hole in equilibrium has entropy given by its area
[6,7]. Out of equilibrium this identification is less clear, but
analogous to the second law of thermodynamics the black
hole area still cannot decrease [5]. In this context, one can
define various horizons satisfying this law, all of which
coincide with the event horizon in equilibrium. Notions of
nonequilibrium entropy have been explored holographi-
cally for the apparent [8] and event horizon [9].

Dynamical horizons have been studied previously
through the fluid gravity correspondence [10]. In these
inhomogeneous systems, one can define a local entropy
current at either the apparent or event horizon with non-
negative divergence [11-13]. Such approaches necessarily
neglect the contributions of gapped QNMs, which we
include in our analysis.

In [14], the area of spatially homogeneous horizons was
studied numerically, and an analytic form was inferred for
their late time behavior,

58(1)  e2'*(cos (20Rt) + B), (1)

where @ is the QNM that gives the dominant damped
oscillation, and superscripts indicate real and imagi-
nary parts.

Curiously, the apparent horizon was found to saturate the
area theorem, in that the area never decreases but at times is
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instantaneously constant, periodically reaching 65’(7) = 0.
The value of the parameter B for this to happen is

()]
By =12 @)
—)

In contrast, the event horizon did not show a similar
saturation and instead always increased.

We build on this previous work by analytically studying
the divergence of entropy currents through a transseries
expansion. Transseries expansions have been explored in
the context of general relativity explicitly in [15,16] and
indirectly in [17,18]. This is an expansion about a static
solution in the parameter e~’, where  is a stable QNM
frequency with negative imaginary part. As the expansion
parameter becomes smaller at later times, we also refer to
this series as a late time expansion. The first order in this
series contains precisely all the QNMs, and from the second
order on their contribution to the backreaction can be seen.
In this paradigm, the amplitude of these modes need not be
small; instead, the expansion is sensible provided Im(w) is
an order one negative number.

We obtain the divergence of the entropy current at
second order in this late time expansion, proving the
numerical results mentioned above and further finding that
the event horizon entropy will obey Eq. (1) with

2] | — izT)|
Bpy=—X——mF—7, 3
BH= —(w —inT)! 3

where T is the Hawking temperature in equilibrium.

For homogenous perturbations, Eq. (1) gives the QNM
contribution to the entropy even for the other maximally
symmetric horizons, the sphere and hyperboloid. Our result
does not depend explicitly on the asymptotics of the
spacetime. However, in these cases, one may include
further contributions to the transseries ansatz, such as late
time polynomial tails in asymptotically flat spacetime.

Our computation will focus on evolution of black brane
solutions in asymptotically anti—de Sitter spacetime and
break spatial homogeneity by allowing fluctuations at any
finite momentum. We include contributions from all
fluctuation channels, namely, sound, shear, and tensor
fluctuations. The results we find for the divergence of
the entropy current are very simple and fully determined by
the QNM frequencies and properties of the equilibrium
solution.

We compute the late time expansion to second order,
where the first nontrivial contribution to the entropy current
occurs. The third order contribution is expected to vanish
because it by itself cannot be non-negative, but we did not
prove this. Therefore, our approximation in principle
breaks down at times ¢ < |3Im(wg)|~!, where @, is the
dominant QNM. However, it is often the case that even the
first order QNM approximation can describe nonlinear

general relativity well beyond its expected regime of
validity, even with large perturbations [18-20]. We stress
that while the numerical work in [14] only identified the
contribution of the dominant QNM, the analytic compu-
tation we provide holds for QNMs of any order; they will
all contribute in the same way.

We organize this paper as follows. In Sec. II, we set up
the problem and define the metric, entropy current, and
transseries expansion. In Sec. III, we show our main result
Eq. (13) for the divergence of the entropy current due to
QNM perturbations in the case of Einstein gravity with
negative cosmological constant. We explain how the
entropy density can be obtained from this expression in
the case of homogeneous perturbations. In Sec. 1V, we
generalize our result to Einstein-Maxwell-scalar theory
with arbitrary potential and gauge coupling. We give the
divergences in full detail in Appendix A. Finally, in Sec. V,
we discuss the implications and extensions of our analysis.

II. SETUP

For simplicity, we start with a black brane in anti—de
Sitter in (4 + 1) dimensions. Later, we will generalize to
arbitrary dimension and also include matter.

We take the ansatz for the metric,

ds* = —fdi* + 2dt(dr + FWdx + FO)dy) + 3g,;,

eBcoshG e 2B HsinhG 0
9ij = e_%(B_H) sinh G €B+H coshG 0 ’ (4)
0 0 oB-H

where all functions depend on (¢, r,x) but not on the
remaining coordinates (y,z). To simplify the resulting
equations of motion, we choose a particular ansatz such
that the determinant of the metric is given by a single
function /=g = =%

We further restrict to solutions evolving to a static and
homogeneous equilibrium, so that at infinite ¢ the only
nonzero functions will be f and £ which will depend only
on r. The equilibrium solution is then simply the
Schwarzschild—(anti)de Sitter black brane,

aesfi- () wo-

F) = F{) = By = Gy = Hy = 0, (5)

with equilibrium temperature given by T = f{(r;,)/(4x).
This temperature can be expressed purely in terms of r;, but
to facilitate an easy generalization we do not use Eq. (5)
explicitly, using instead the definition of 7" along with the
fact that f(r,) = 0 at the horizon. Away from equilibrium,
this ansatz contains a tensor fluctuation through H, a vector
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or shear fluctuation through F ), and a scalar or sound
fluctuation through F®).

A. Entropy currents

Out of equilibrium, the identification of entropy with a
horizon surface becomes ambiguous as multiple distinct
codimension-2 surfaces exist on which to define one. We
will consider two such surfaces, the event horizon (EH) and
the apparent horizon (AH). The event horizon is a null
surface defined by its normal vector n*, where M runs over
all the coordinates, while the apparent horizon is a space-
like surface on which the geodesic expansion 6 vanishes,'

AH:60|, =0, EH:nyn"|, =0. (6)

TEH
In the infinite 7 limit, these surfaces align and are given
radially by the zero of the blackening function f.

Our ansatz Eq. (4) preserves the residual gauge freedom
associated with a choice of radial shift r — r 4 &(¢, x). This
is routinely used in numerical evolution schemes to fix the
position of a locally determined apparent horizon, while
doing the same for a globally determined event horizon is
usually not possible. In our setup, however, this is no issue
as we assume knowledge of our final state and expand
our solution backward in time in a controlled way. We will
fix this gauge implicitly by imposing either condition of
Eq. (6) at a fixed constant radius ray or rgg which is
independent of the other coordinates.

For each horizon, we can define an entropy current,
following [11], through its normal vector v,,, which
through our chosen radial gauge is simply v = 0,. The
entropy current is then given by

oM

o (7)

SH =

where s = /—g/4 is the entropy density evaluated at the
appropriate horizon, and y runs over all but the radial
coordinate [10,21]. The divergence of this entropy
current is constrained to be non-negative through the area
theorems [11],

8,5 >0, (8)

which is true for both the event and apparent horizon.

To map this current from the horizon to the boundary, we
simply map the radial coordinate, leaving the others fixed,
as was done in [10,11].

"There is a subtlety here in that this definition depends on how
the full spacetime is foliated by spacelike surfaces; however, here
the late time expansion clearly singles out constant time slices
as the natural foliation.

B. Late time expansion

Following [15], we write the late time expansion as a
transseries in ¢, or a power series in

e,(t,x) = e~ i@nt=hwx), 9)

In this work, we only go to second order and use a
simplified notation. We expand any function in the metric
as follows:

g(r.t,x)=g(r)+ Z‘” {g.(r)e,(t,x)+ gn(r)es(t,x)}
n=0
+ [So : {gunen + (Gui + gin)enesn + ganer }
n=0

(9]

+ Z Z Z gabeaeb:| +O(€3), (10)
n#m=0ae{n,n} be{m,m}
where the coefficients g depend only on r, we suppress the
(1,x) dependence of e, and define k; = —k,, w; = —,,
where @, is the complex conjugate of w,.” With this
convention of using the same symbol g without indices for
the equilibrium value, the number of indices is equal to the
order in the expansion. Higher order contributions can be
included in a similar fashion to [15].

The first term ¢(r) is simply the infinite time equilibrium
solution; note that in what follows we will suppress the
subscript 0 as given in Eq. (5). The first order correction
gives linearized perturbations about equilibrium, contribu-
tions which are identical to quasinormal modes. To
preserve the reality of the solution, we must include each
mode in complex conjugate pairs.

These QNMs come in three decoupled channels, tensor,
shear, and sound with helicities 2, 1, and 0, respectively. It
is convenient to work with gauge-invariant combinations of
these perturbations given, respectively, by

XH = Hﬂ’
Y, =k,FY + 0,52G,,

/
Z, = 4k, w,F) + 212 <% Y, — f,,)

/
+Z<kﬁ%—6w32>3n. (1

The modes in Eq. (11) each satisfy their own decoupled
QNM equation. Under simple coordinate redefinitions,
these equations are found to be the same as those studied

“Both w, and —@, are QNMs. To avoid double counting in
Eqg. (10), we take the indices n and m to sum over only QNMs
with @® > 0. We could have equally chosen to sum over only the
o® < 0 modes.
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in [22]. The usual physical boundary conditions, where the
fluctuations die off at infinity and are ingoing at the
horizon, allow for a countably infinite set of frequencies
w,, which are all included at first order in e,,.

As linear perturbations around equilibrium, these only
depend on the equilibrium solution where the horizons
coincide, r g = rgg = r,- The amplitude and phase of a
given mode at the horizon remain undetermined by the
QNM equations and can be considered initial data. We
parametrize these constants as

X, (ry) = X, e /2, (12)

where by the reality of the solution X; = X,, with analo-
gous definitions holding for Y and Z.

Finally, and most crucially, we include second order
contributions in e,. These terms can be thought of as the
interactions of pairs of QNMs and give the leading back-
reaction due to the perturbations. On the second line of
Eq. (10), we see the contribution of a single mode, which
interacts with its complex conjugate. If we had artificially
excited only a single mode, we could collapse the sum over
n and stop here. Generically, however, an ensemble of
modes are excited and this sum will include interactions
between every different pair, given on the last line in
Eq. (10). In this analysis, we neglect interactions of three
and higher modes, which can in principle be included in a
similar way.

An important point in the calculation that follows is that
the exponentials e, are linearly independent. From this
property, we will be able to separate the equations of
motion out into independent ordinary differential equations
in r for the coefficients g, (r), sourced by the first order
contributions. These equations further reduce to algebraic
relations when evaluated on either the event or apparent
horizon, which allows us to write the divergence of the
entropy currents purely in terms of the horizon values
defined in Eq. (12).

III. RESULTS

We now wish to compute the divergence of the entropy
current, which as mentioned above has been shown to be
non-negative [11]. Before presenting the explicit result, we
can use this fact to constrain the first order contributions,
which from Eq. (10) take the form of damped oscillations.
These oscillating functions cannot be non-negative, so that
any non-negative quantity built from them must vanish to
preserve this feature. Therefore, at first order, there is no
contribution to the divergence of the entropy current. As
shown below, the interaction of modes can cancel out this
oscillation at second order to allow a nontrivial correction.

Following the procedure outlined in Sec. I, we can write
the second order contribution to the divergence of the
entropy current into the following form:

0,8" = Z A @t en) cos(Qif, + 6,)
He{X.V,Z} n,m=0
+ Coum €08(Qip + 8)] + O(€?), (13)
with
Qi = (ky £ kp)x = (0, £ @,)"1. (14)

The first sum runs over the different fluctuation channels,
then within each channel indices m and n sum over QNMs
with @® > 0. While we have simultaneously included all
the channels, we observe that each channel in Eq. (13)
decouples completely with no interactions between differ-
ent channels at this order. The parameters A,,, and &;;,, and
the frequencies w, depend on the channel, but for nota-
tional simplicity we suppress the indices of X, ), and Z.

Each term in this sum has an amplitude A,,,, and phases
5., that depend on the initial condition through the
corresponding QNMs. The more interesting parameter is
C,.» which is related to what was called the damping shift
in [14]. In the simplest case of n = m, the cosine that
multiplies it simplifies to one, and this parameter gives a
constant term that suppresses the other oscillatory term.
This suppression of the oscillation is crucial to having a
positive definite quantity, in particular in the diagonal terms
it has to be greater or equal to one. To distinguish it from the
slightly differently defined damping shift in homogeneous
scenarios [14], we will refer to the parameter C,,, as the
oscillation suppression.

All parameters in Eq. (13) are determined from the
equations of motion. By imposing either horizon condition
Eg. (6) order by order, the Einstein equations E,, = 0 give
relations between the various metric functions at the
horizon that allow us to express Eq. (13) fully in terms
of the QNM frequencies and the horizon values Eq. (12). In
particular, the only necessary second order constraint
comes from solving the unexpanded E,, for 92%, inserting
that into E} and expanding the result to second order.

To present the results compactly, we define

k, =
g+ = 1/2(q, £ q).

(d - l)ﬂTrh/2Qna
A =1/2(h £4,),  (15)

w, = aTh,,

where d = 4 is the number of dimensions in the boundary,
which we keep for later generalization. For notational
simplicity, we do not explicitly write the n, m dependence
of 14 and ¢..

The oscillation suppression C,,, is universal across the
different channels of fluctuations,
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1 2
T (AH),
Com = (16)
Aﬁ 2+ 11 —1 2
e (EH)

Note that C,,, > 1, since then g_ = A_ = 0, which directly
implies positivity of the diagonal contributions to the
divergence of the entropy current. Including the mixed
terms checking positivity is more involved, see Appendix B
for a proof of positivity of the divergence of the entropy
current due to tensor fluctuations. For other cases, we have
done extensive numerical checks showing that they are
indeed always positive.

At zero momentum, C,,, = 1 for the apparent horizon,
which then saturates the area theorem. Interestingly, C,,,
for the event horizon is momentum independent while for
the apparent horizon it is frequency independent.

We recover the previous numerical results of Egs. (2) and
(3) by setting m = n, setting the momenta to zero, and
integrating Eq. (13) to go from 0S to S itself (this gives an
extra factor |w|/(—wy)).

The amplitude and phase of each mode will depend on
initial data, but for a given mode the ratio of the amplitudes
and the difference of the phases associated with the
apparent and event horizon will be independent of these
choices. For the amplitudes, we have the general form

A fme (AR
Anm = W CnCm 1 ' (17)
mor (EH.
where ¢, depend on the channel as
xTra|a,| X, tensor,
¢, = Vo shear, (18)
U L —

8(d—1) 27|43~

We stress again that there is no mixing between the
channels.

The phases 6.5, are somewhat complicated and given in
Appendix A, but the difference between the phases
evaluated at the event and apparent horizons for all
channels is simple and given by

/1R
SEEH _ sEAH — arctan (/1,+ j_E 1). (19)

IV. GENERALIZATIONS

While in the previous section we have worked in
specifically d = 4, the results are given above for arbitrary
dimension.” The only dependence occurs in the rescaled

3We have done the computations for d =4,...,10 and
extrapolated the results.

momentum, the overall power of r;, in Eq. (17) (which can
be obtained from dimensional analysis), and a numerical
prefactor in ¢; for sound.

We further generalize our analysis to a broad class of
Einstein-Maxwell-scalar theories with action,4

S_/dd+'x\/:g'<R—2A—%(8¢)2—@FZ—V(Q[’))’

(20)

with the same metric as defined in Eq. (4) and where the
gauge field F = da has nonzero (¢, r, x,y) components.

The matter fields give rise to one more gauge invariant in
the shear channel and two more in the sound channel given,
respectively, by

)

UnEa}’l ’
(1)
V, =kal + wal’ — k% (B, +23,),
25
¢/
W, =¢ -2 (SB, +25,). 21
o=, (B, 3, 1)

the matter gauge invariants of Eq. (11) remain unchanged.
We define the horizon values of U,,, V,,, and W,, in a similar
way to Eq. (12). Following the same steps as outlined in
Secs. II and 111, the same calculation can be performed. The
different channels still decouple in Eq. (13); however, we
will now have multiple gauge invariants in each channel
and cross terms between these gauge-invariant modes
do exist.

For clarity, the new form of the divergence of the entropy
current, including explicit forms for the amplitudes and
apparent horizon phases, is given Appendix A. Here we
give a more qualitative overview.

Instead of Eq. (15), we now rescale the momentum as
k, = +/(d = 1)aT%,X}/2q, and replace r; in Egs. (17)
and (18) by X;, where the subscript / indicates evaluation
at r, he

After these trivial changes, the oscillation suppression as
given in Eq. (16) remains identical for all channels with the
exception of the Z,Z,, contribution. Furthermore, both
the ratio of amplitudes and difference in phases between the
event and apparent horizon, as given in Egs. (17) and
(A12), remain the same without exception.

Outside of the replacements mentioned above, the tensor
channel contribution X, X, remains identical.

The shear channel contribution from )),),, remains
similarly unchanged; however, we find an additional and
near identical contribution from the gauge-invariant U,
proportional to U,U,,. There is no cross term in J,S*
proportional to V,U,,.

*For a derivation of master equations in exactly this setting,
which are ideal to compute QNMs; see [23].
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The sound channel is more involved. In addition to two
new quadratic contributions from gauge-invariants V, and
W,, we find additional cross terms proportional to V,Z,,
and W,Z,,. There is no cross term due to interactions
between the V,, and W, modes.

The oscillation suppression C,,, of the Z,Z,, contribu-
tion is enhanced by a multiplicative correction Cy,,, > 1 due
to the time component of the gauge field. The amplitude of
this contribution also changes; see Appendix A for this
and all other details. We have verified numerically that
8”5” > 0 for both horizons in all channels.

We finally remark that while the QNM equations all
decouple at zero momentum, the cross term between the
scalar field and the metric, proportional to W, Z,,, does not
vanish in this limit, as can be seen in the Appendix A.

V. DISCUSSION

We have obtained explicit expressions for the divergence
of the entropy currents associated with the event and
apparent horizon to second order in a late time transseries
expansion, allowing for the interactions of two differ-
ent modes.

At first order, no contribution is allowed due to the non-
negativity of entropy growth, meaning that the entropy will
equilibrate at half the time scale set by the dominant QNM.

At third order, we expect no contributions by the same
argument, although it is not strictly necessary for the third
order contribution to be non-negative by itself. For tensor
perturbations, we have checked explicitly that 9,S* has no
O(e3) correction at third order.

We find in this case that the second order tensor
fluctuation satisfies the same equation as the first order
tensor QNM equation, but with twice the frequency. Since
this is not generically a QNM frequency itself, there will be
no nontrivial solution to this equation with physical
boundary conditions. This second order fluctuation then
gives a vanishing contribution to the divergence of the
entropy current, setting the third order contribution to zero.
Optimistically, our expansion would only receive nontrivial
corrections at O(ef) more generally but this warrants an
explicit check.

In contrast to the analysis performed in [10,12], our use
of the transseries expansion allowed use to avoid explicitly
truncating our expansion in gradients. Therefore, our result
is accurate to all orders of momenta provided one is able to
compute @(k). Furthermore, our expressions can be applied
equally to hydrodynamic and gapped QNMs.

In our setup, we have only allowed for spatial depend-
ence along the x coordinate. While one can do this at linear
level without loss of generality, this is not the case at second
order and it remains to be seen what the contribution of
modes with momenta along the other directions would be.

We have focused on asymptotically anti—de Sitter black
branes, but similar results can be obtained for spherical or
hyperbolic black objects, or for de Sitter or flat asymptotics.
In fact, the homogeneous, zero momentum, vacuum limit
of the results presented here apply directly to those cases.

We do not expect significant changes in the presence of
matter fields. In asymptotically flat spacetimes, there is the
complication of late time tails, or polynomial decays which
are present on top of the QNMs. These we have not treated,
but our result still applies to the entropy generated by the
interaction of QNM s separately. A further analysis could in
principle include these effects for a more reliable descrip-
tion of the evolution of the horizon.
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APPENDIX A: SOLUTION IN FULL DETAIL

In this section, we give our most general result in a self-
contained and fully explicit form for a theory given by
Eq. (20). The complete expression for the divergence of the

entropy current is given by
> A,

0,8 = ZAXann + Z

HH UV} nm

+ Z Z AHnH;n s

HHe{VW,Z} nm

(A1)

where we have expanded the sum over channels and
defined

1
Ay, = el ton,) IAH,,HL, [cos (Q; w, T 0420,

n HoHo
+ Cyy, 7, COS (Q;inH’m + 5;{”{:”)] (A2)
and
Qf gy, = (kyy, £ kg )x = (@, £ )01, (A3)
Two of the cross terms vanish,
Ay, = Av,w, =0, (A4)

the other contributions are all nonzero.

We have computed this expression for the event and
apparent horizon, which we denote by EH and AH,
respectively. The difference between the two is identical
for each contribution and summarized as’

SAll functions of the form arctan(a/b), where a and b refer
strictly to the numerator and denominator, respectively, should be
interpreted as Mathematica’s ArcTan[b, a]. This function can
differ by £z depending on the signs of each argument, which is
why we have preserved the signs in Eq. (A12).
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1+¢3
1+ZE (AH)
C'H H = Cg_{ H X
n’tm nllm /1+2+/1+12
iy (B
D { ma (AH)
HoHyw — g 7 CH M,
8T \/hl ; (EH)
+.EH + AH A
(SHLHIW - 57—[;,7—[;, = arctan (’ﬁ = 1). (AS)
Here, we have defined
k, = \/ (d =12, /2q,,  w, = aTi,
g+ = 1/2(Qn + Qm)’ ;Li = 1/2(/111 =+ )“m)v (A6)

and we have omitted the dependence of the frequency and
momenta on the corresponding gauge invariant purely for
notational simplicity.

The oscillation suppressions are almost fully universal,
with

where Q and R depend on the background as

Q =32(d - )aT%, %, Z,(a!")’,
R = Z}(=2V}, + Z,(a;")*)’

+128(d — 1)(d — 2)(aT=})%, (A8)

and we further define several combinations of frequencies
v; and of frequencies and momenta x; as

Vi = ARAR £ 2020,
K = | * 1A |* £ @243,

In = qn+ (4)* — (AF)%

nim = qu|’1m|2 + qgnMn
Pn = 2054

2
’

(A9)
We can write the phases for the apparent horizon as

5i — aHn + aHl/n _ Ai

Mo, = 5 o (A10)

where a’s are the phases of the gauge invariants at the

Chpe, = 1 HH # 2, Z, horizon
219 1217 |12
o, - 7€2|in|2|/1m|2 + 909n (429 2 + 273%), H (r)) = H, el (ALD)
e R[] + 410G (@0 qm Q + 2R) " " ’
(A7) and A’s are as follows:
|
+
Tensor: Ay , = arctan y"f ,
nm
+ +
Shear: A;nym =, Ay =0, A}, = arctan /:%'Z,
+i5, +p
Sound: A, =ux, Ay, =0, AL = arctan —==-, AL, = arctan—2,
unum Z/{nu"’l WYLW”I :l: yl:IFm ZUV"’I q: X”
+014 12T, 2+ R(uE = F ey +
A%, = arctan [ n|2/4i +q;u;m]’ £ arctanT [ (ﬂ,;mkn:l - o éim) QG (Pum £ Pmin)]
e :l:[|/1n| Vim — qnl/nm] e i[R(_yannm + Vnminm) - QQan()(n)(m + pnpm)]
(A12)
Note that in the vacuum limit @ = 0 and the last expression reduces to
+ - F o
Vacuum: AZ . = arctan i [’u"f K"f +#T§T] . (A13)
nm :I:[_Uannm + Vnmgnm}
Finally, the amplitudes usually factorize as ¢y 3y, = ¢3¢, ¢3¢, With
Cx, = |’1n|”TZ%1Xn7 Cy, = Vs u, = |’1n|”TZh\/Zhun,
Z
cy, = 1/22,\/Z,V,,. cy, = 1/2|/1n|ﬂ'T2121Wn, u (A14)

2 T3 d- 1)) - 2]

except in the following three cases:
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2q, \/écz,, v,

czw, = 20242V}, = Zy (@) )ez, om,.

cZan = CZnCZm X \/,R'z|)“l1|2|ﬂ'm|2 + Qqnqm(Qanm + 2R’/;m)

APPENDIX B: POSITIVITY

In this section, we show explicitly that the divergence of
the entropy current for the apparent horizon given by the
lowest two tensor perturbations will be positive definite.
We have checked numerically that this statement holds in
every other channel as well as for the event horizon.

To begin, we rewrite the tensor mode contribution of
Eq. (13) in the form of Eq. (B3). For clarity, we introduce
the following notation:

Q, = k,x — oft+a,/2,

0, = AR cos(Q,) — A, sin(RQ,),
B, = Al cos(Q,) + AR sin(Q,),
9 = o (B1)

VBT 2,21+ q7)

The contribution of a pair of modes w,,, ®,, is given by

a/4SM|nm = Ann + Amm + -Anm + Amm <B2)

using A from Eq. (A1). Using the above notation, we can
recast this contribution in the following form:

0 SH i = +02€*M (4207 + (2 + ¢2)E2)
+ i e (g2,0% + (2 + ¢3)E2)
+ Zgngme(wz-’—w'l")t[ I(QangnGm)

+f2(\/ 2+Qn\/2+QmEnEm>]

with functions f; and f, defined as

(B3)

(A15)
fo= YLV g (B4)
(I+g)(1+42)"
2
f2 _ + 2+q )(Z‘HIEVL) (BS)

(1+ q_)< +43)

We can note that f; and f, are bounded as
0<f, <f,<1. The first two terms of Eq. (B3) are
positive definite, meaning that 9, $* will attain its minimum
value when the last two terms have the largest negative
contribution. Setting f| = f, = 1, we find that Eq. (B3)
can be written as the sum of two squares,

05" = (92" q,0,, + Gne”'q,,0,,)*

+ <gne‘”" \/2+ 48,
2
+ gme®n'\ /2 + qm~m> > 0.

This argument readily generalizes to an arbitrary number of
modes @y, ..., wy, where Eq. (B6) becomes

85”><Zglerq, > <de \/2+q%3n>2

>0,

(B6)

showing positivity at second order in the general case.
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